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Abstract
When frontier LLMs produce numerical solutions
for dynamical systems, their errors are silent: a
trajectory can look plausible while violating con-
servation laws by orders of magnitude. We iden-
tify three distinct failure regimes: catastrophic
divergence, trivial-invariant collapse, and phase
drift, and show that each demands a different ver-
ification strategy. We propose two ground-truth-
free audit signals: the conservation residual R,
which measures invariant drift, and step consis-
tency S, which checks whether the trajectory lo-
cally satisfies the governing ODE. R catches
catastrophic failures but is structurally blind to
phase drift and can be trivially satisfied; the com-
plementary signal S closes these gaps. Within-
model, S rank-orders true trajectory error with
Spearman ρ∈ [0.77, 0.99] across all six frontier
LLMs, and leave-one-task-out analysis confirms
robustness (ρ ∈ [0.81, 0.90]). We further doc-
ument that models split into deterministic and
stochastic numerical reasoners—the latter pro-
ducing over 1,000× error variation across identi-
cal prompts—and that prompting models to pre-
serve invariants triggers Goodhart-style evalua-
tion gaming: some models learn to emit invariant-
preserving but dynamically incorrect trajectories.

1. Introduction
Scientific pipelines route numerical work through Large
Language Models (LLMs) in several ways. The most com-
mon and robust is tool-mediated: the model writes solver
code or calls a numerical library, and a deterministic back-
end does the arithmetic. But a second mode is now routine
in practice—the model is asked to produce the numerical
trajectory directly, in a single exchange, with no code exe-
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cution. This happens whenever a user pastes an ODE into a
chat window and asks for the state at a list of times, when
tool use is unavailable or disabled, in quick interactive ex-
ploration before a pipeline is built, and inside agentic loops
that treat a model’s emitted numbers as intermediate state.
We study this direct-trajectory mode not because it is the
dominant workflow—it is not—but because it is the clean-
est setting in which to isolate and measure a failure that
the tool-mediated path hides: when the model itself plays
the role of the integrator, its numerical errors surface undi-
luted. The signals we develop then transfer to any setting
where a trajectory must be audited, regardless of how it was
produced (Sec. 5).

The direct-trajectory mode is dangerous because LLM er-
rors on numerical tasks are silent. A trajectory that looks
reasonable—smooth, bounded, starting from the correct ini-
tial condition—can quietly violate energy conservation by
orders of magnitude over a single orbit. Unlike factual hal-
lucination (“the capital of France is Cairo”), a numerically
incorrect solution carries no lexical signal; a human inspect-
ing the raw numbers may not notice the error without run-
ning an independent integrator. This raises a fundamental
verification problem: how can we assess whether an LLM-
generated numerical solution is trustworthy, without access
to a reference solver or model internals? We use hallucina-
tion to mean a numerically inaccurate trajectory presented
without any indication of its inaccuracy—encompassing
both gross violations (energy blow-ups) and subtler errors
(correct functional form with wrong phase).

Existing hallucination detectors cannot close this gap. Se-
mantic entropy (Farquhar et al., 2024; Huang et al., 2023)
compares sampled completions for semantic agreement—a
paradigm that does not transfer to numerical trajectories,
where “meaning” is geometric rather than semantic. Self-
reported confidence (Kadavath et al., 2022; Lin et al., 2022)
is, as we show, uncorrelated with accuracy on these tasks.
We are explicit about what our signals are not: when a high-
accuracy reference solver is available and affordable, run-
ning it yields ground truth directly and should be preferred
over any structural proxy. R and S are instead cheap rank-
ing and triage signals for the already-produced trajectory—
useful for screening or rank-ordering outputs (across mod-
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els, runs, or many candidates) when re-solving every one
is undesirable, or when using the LLM’s own output is the
premise rather than a value to be replaced. As Kalai et al.
(2025) formalized, hallucinations persist because training
rewards guessing over admitting uncertainty; for numerical
outputs, no existing detector instantiates their “Is-It-Valid”
oracle.

We make a simple observation: in mathematically structured
domains, verification criteria come for free. Hamiltonian
systems conserve energy; central-force problems conserve
angular momentum; symplectic integrators preserve phase-
space volume (Hairer et al., 2006). These are mathematical
properties of the governing equations, available to anyone
who knows which ODE the LLM was asked to solve. An
LLM that truly integrates the dynamics must preserve these
invariants; one that is pattern-matching will not.

This paper makes three contributions. First, we identify
a taxonomy of three failure regimes in LLM numerical
reasoning—catastrophic divergence, trivial-invariant col-
lapse, and phase drift—each requiring a different verifi-
cation strategy. Second, we propose two complementary
ground-truth-free audit signals—the conservation residual
R and step consistency S—and evaluate them on 6 dynam-
ical systems and 6 frontier LLMs (85 responses). Within
each model, S rank-orders true trajectory error with Spear-
man ρ ∈ [0.77, 0.99]; leave-one-task-out and leave-one-
model-out analyses confirm robustness (ρ ∈ [0.81, 0.90]).
We emphasize that the contribution is a verification tool, not
a calibrated predictor, as absolute error calibration overfits
at this sample size. Third, we document a deterministic-vs-
stochastic split in LLM numerical reasoning and a Goodhart-
style effect of physics-informed prompting, where models
learn to game the conservation metric rather than improve
trajectory accuracy.

2. Related Work
A rich line of physics-informed machine learning encodes
conservation laws, symmetries, and governing equations
directly into model architectures or loss functions (Kar-
niadakis et al., 2021). Physics-informed neural net-
works (Raissi et al., 2019) enforce PDEs as soft constraints;
Hamiltonian and Lagrangian neural networks (Greydanus
et al., 2019; Cranmer et al., 2020) hard-wire symplectic
structure; and Neural ODEs (Chen et al., 2018) parameter-
ize continuous dynamics. All treat invariants as training
signals—they bake physics into the model before it is de-
ployed. Our work takes the complementary view: invariants
serve as post-hoc audit signals applied to the output of
opaque LLMs that were never trained to respect physics.

Despite surprising quantitative capacity (Lewkowycz et al.,
2022; Ahn et al., 2024), LLMs fail persistently on scien-

tific tasks: SciCode (Tian et al., 2024) reports 4.6% solve
rate on research coding, PRL-Bench (Miao et al., 2026)
finds sub-50% accuracy on physics research questions, and
FEM-Bench (Mohammadzadeh et al., 2025) documents sys-
tematic failures in finite-element code under physical con-
straints. Agentic frameworks like AgenticSciML (Jiang &
Karniadakis, 2025) use PDE residuals to steer evolutionary
searches over model architectures—quality signals concep-
tually related to ours, but applied at design time over many
candidates to produce a fixed artifact. We focus on inference-
time auditing: given one trajectory from a single LLM call,
can we tell whether it is trustworthy without re-running the
computation? A standalone user can apply R and S with
a few lines of code and the system’s known invariants; no
agentic infrastructure is required.

Kalai et al. (2025) recently formalized the statistical roots
of hallucination, showing that training and evaluation pres-
sures reward guessing over expressing uncertainty, and that
hallucination rates are lower-bounded by the misclassifi-
cation rate of a binary “Is-It-Valid” (IIV) oracle. Exist-
ing detectors approach this oracle through text: semantic
entropy (Farquhar et al., 2024; Huang et al., 2023) com-
pares sampled completions for semantic agreement, and
self-reported confidence (Kadavath et al., 2022; Lin et al.,
2022) probes the model’s own assessment. Neither transfers
to numerical trajectories, where “meaning” is geometric
(energy, phase-space volume) rather than semantic—and
self-reported confidence is, as we show, essentially uncor-
related with accuracy on these tasks, consistent with the
post-training miscalibration documented in GPT-4 (Ope-
nAI, 2023). In the white-box direction, Li et al. (2025)
train neural ODEs on LLM hidden states to flag divergences
from “truthful” latent dynamics, but this requires internal
activation access that frontier APIs do not provide. A recent
survey by Liu et al. (2025) taxonomizes UQ methods for
LLMs and finds that most require logits, multiple samples,
or model internals; semantic uncertainty (Kuhn et al., 2023)
clusters completions by meaning, but numerical trajectories
have no meaningful “paraphrases”—two slightly different
state-vector sequences are two distinct geometric objects
with different errors against the true solution.

The audit signals we propose instantiate Kalai et al.’s IIV or-
acle for dynamical systems without requiring model access,
training data, or a learned detector. They are epistemic in
the taxonomy of Kendall & Gal (2017): they measure what
the LLM does not know about the dynamics. The distinction
matters here, because the failure modes we flag (wrong inte-
gration scheme, drifted phase, blown-up close encounters)
are squarely epistemic on deterministic ODEs. They require
only the LLM’s output and the system’s known invariants,
making them suited to the black-box, single-completion
setting in which most scientific LLM use occurs.
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More broadly, our work connects to the growing need
for mathematical verification of LLM outputs. Formal
provers verify symbolic reasoning via proof assistants;
code-generation benchmarks verify programs via test suites;
retrieval-augmented systems verify claims against knowl-
edge bases. Numerical trajectories occupy a gap: too struc-
tured for text-based detectors, too opaque for formal verifi-
cation (the LLM’s “integration scheme” is not inspectable),
and too cheap to warrant a full solver rerun. Conservation
laws and ODE residuals fill this gap by providing mathe-
matical constraints that any correct solution must satisfy—
lightweight, domain-specific verification that trades com-
pleteness for practicality. The principle generalizes: wher-
ever a problem’s governing equations impose verifiable
structure on solutions—balance laws in chemistry, feasi-
bility constraints in optimization, consistency conditions in
symbolic computation—the same audit logic applies.

The contribution of this paper is to show concretely, on a
benchmark spanning six dynamical systems and six frontier
LLMs, when such structural checks succeed, when they fail,
and why either happens.

3. Experimental Setup
3.1. The Integration Task

Every experiment poses the same request to every model:
numerically integrate a given ODE and return the trajectory
at prescribed time points. Using a single task type iso-
lates the effect of the dynamics: the prompt format, output
schema, and evaluation pipeline are identical, so any varia-
tion in quality is attributable to the model and the dynamics
alone.

Task T = (f, y0, [t0, tf ], N, {ϕk})

Given (encoded as a JSON prompt):
f : ODE ẏ = f(t,y)
t0, y0: initial conditions
tf , N : time interval and number of output points
{ϕk}: known conserved quantities (ϕ̇k = 0)

Return (using internal reasoning only — no code, no tools):
ŷM : N state vectors at the requested times

Audit (computed post-hoc — no reference solver needed):
R: Do conserved quantities stay constant along trajectory?
S: Does each step locally satisfy the governing ODE?

3.2. Benchmark Systems

The six systems (Fig. 1) satisfy three criteria: (i) a difficulty
gradient from closed-form recall to genuine integration;
(ii) at least one known invariant per system; and (iii) one
system with non-standard parameters. Kepler (e = 0.5)
admits an exact solution and sets a capability ceiling. The
harmonic oscillator (Goldstein et al., 2002) (x = cos t)

plays a subtler role: energy is preserved by any output of
correct amplitude regardless of phase, so R is blind to phase
drift—motivating S. The nonlinear pendulum (Goldstein
et al., 2002) (θ̈ = − sin θ, θ0 = 1 rad) yields a hybrid
regime of partial recall and partial integration. The figure-
8 three-body orbit (Chenciner & Montgomery, 2000) is
chaotic with three independent invariants, forcing genuine
numerical reasoning. Lotka–Volterra (Strogatz, 2015) is
non-Hamiltonian, testing whether R generalizes beyond en-
ergy. The Duffing oscillator (Kovacic & Brennan, 2011)
(ẍ=−x−0.3x3, x0=0.7) uses non-standard parameters to
separate recall from reasoning.

3.3. Models and Protocol

We evaluate six frontier LLMs in deliberative mode: GPT-
5.3 (OpenAI, 2025) (Thinking), Claude Opus 4.6 (An-
thropic, 2026) (Extended), Gemini 3.1 Pro (Google Deep-
Mind, 2026) (Thinking), Muse Spark (Meta Superintelli-
gence Labs, 2026) (Thinking), DeepSeek R1 (DeepSeek-AI,
2025) (DeepThink), and Qwen 3 (Team, 2025) (Thinking).
Beyond the 6×6 = 36 baseline pairs (Run 1, 41 output
points; 61 for three-body), we collect Run 2 (identical
prompt, stochasticity check), Run 3 (halved grid, resolu-
tion sensitivity), non-deliberative ablations for GPT and
Claude (2×5 = 10 extra pairs), and additional multi-run
samples—85 responses total.

All queries were issued via public chat interfaces between
April 14–23, 2026, using default temperature and sam-
pling settings. Models self-report version strings inconsis-
tently across runs (GPT alternates “5.3-mini”/“5.4”; Claude
“4.6”/“4.7”), likely reflecting provider-side updates. All 36
baseline pairs parsed successfully. The main analysis uses
85 responses (baseline, reruns, and ablations); the supple-
mentary corpus of 129 files also includes physics-informed
prompt variants, 81-point grid diagnostics, and perturbed-
parameter probes not reported in the main text.

3.4. Audit Signals

For validation we compute reference trajectories via
DOP853 (Hairer et al., 2006) (rtol= 10−11, atol= 10−13)
and define true error as the max normalized pointwise devi-
ation: E = maxi ∥y⋆

i − ŷM,i∥2 / maxi ∥y⋆
i ∥2. The refer-

ence is available only offline; the audit signals work without
it.

Conservation residual R. Let {ϕk} be the system’s invari-
ants (ϕ̇k =0). R measures how much the LLM trajectory
violates them:

R(ŷM ) = max
k

maxi |ϕk(ŷM,i)− ϕk(ŷM,0)|
max(|ϕk(ŷM,0)|, ϵ)

, (1)

where ϵ= 10−3. Any trajectory that violates an invariant
must deviate from the true solution; the converse does not
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(a) Kepler 2-body
r̈ =−r/r3, e = 0.5
Memorized solution — capability ceiling

t

x(t)

(b) Harmonic oscillator
ẍ =−ω2x, ω = 1
R-blind phase drift — motivates S

θ

θ̇

(c) Nonlinear pendulum
θ̈ =−sinθ , θ0 = 1rad
Closed-form at small θ — hybrid regime

x

y

(d) Figure-8 three-body
r̈i = ∑ j ̸=i(r j−ri)/∥r j−ri∥3

Chaotic — forces genuine integration
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y

(e) Lotka–Volterra
ẋ = αx−βxy, ẏ = δxy− γy
Non-Hamiltonian — R beyond energy

x

ẋ

(f) Duffing oscillator
ẍ =−x−0.3x3, x0 = 0.7
Atypical ODE — recall vs. reasoning

Figure 1. The six benchmark dynamical systems with governing equations and benchmark roles. Each panel contrasts a faithful trajectory
against a physically inadmissible one of the kind LLMs are prone to emit. Visual key: blue solid — reference (DOP853) trajectory in
the system’s natural state space, with arrow indicating direction of time; red dashed — a hallucinated trajectory exhibiting the failure
mode our audit signals are designed to flag: (a) inward spiral (energy decay), (b) phase drift, (c) amplitude growth (energy injection),
(d) outward divergence of the choreographic orbit, (e) spiral away from the closed orbit (drift of the first integral), (f) escape from the local
well into a cross-well orbit. Conserved quantities violated by the red curves: (a) energy E and angular momentum L; (b, c, f) energy
E; (d) E, total momentum P, and L; (e) the first integral V =δx−γ lnx+βy−α ln y.

hold—a trajectory can preserve all invariants while being
completely wrong—and this asymmetry sources R’s blind
spots (Sec. 4.2).

Step consistency S. To cover those blind spots, S checks
whether the trajectory locally satisfies the ODE:

S(ŷM ) = max
i

∥∥(ŷM,i+1 − ŷM,i)/∆t− f(ti, ŷM,i)
∥∥

max
(
∥f(ti, ŷM,i)∥, ϵ

) .

(2)
This is the forward-Euler local truncation residual; our con-
tribution is its application as a post-hoc audit on opaque
LLM output. S is orthogonal to R: a trajectory can have
R=0 with large S, or vice versa. Centered differences yield
slightly higher ranking (ρS =0.90 vs. 0.85; Appendix E);
we retain the forward stencil as the simplest default.

Two limitations of S are structural and worth stating up
front. First, S is a local consistency check, so low S is
necessary but not sufficient for global accuracy: a trajectory
generated by a crude explicit-Euler scheme on the same
output grid would satisfy this first-order stencil to leading
order and score a small S, yet still accumulate large global
error against the true solution. S therefore ranks how well
each step honors the ODE, not how far the trajectory has
drifted; when local consistency is not discriminative across
an LLM panel, S loses ranking power (Duffing, Sec. 4.2).
Second, because S is first-order, even a perfect trajectory
has a nonzero finite-difference floor (S-floor): S evaluated
on the DOP853 reference yields Sref =0.12–0.28 on five
tasks and 3.14 on Lotka–Volterra (∆t = 0.75); S is only
informative above this floor, and no single grid-independent

pass/fail threshold follows from it. Log-linear calibration
of R overfits at this sample size (in-sample ECE= 1.44,
leave-one-out ECE= 3.14); we treat both signals as ranking
tools, not calibrated predictors.

4. Experimental Results
We evaluate R and S on 85 LLM responses across 6 dy-
namical systems and 6 frontier models, with repeat runs and
reasoning-mode ablations on a subset. Throughout, ρR and
ρS denote within-task Spearman rank correlation of R and
S with the true error E: ρ=1 means perfect rank-ordering,
ρ≤0 means no useful ranking. Section 4.1 establishes that
the two signals together rank-order trajectory error; Sec-
tion 4.2 traces this power back to three failure regimes; and
Section 4.3 probes robustness.

4.1. Rank-ordering trajectory error

Figure 2 plots R against E for each of the six tasks (one
point per LLM). The within-task ranking power varies
sharply. On Kepler, R rank-orders models well (ρR=0.83):
models that recognize the analytical solution—Claude and
Muse—score R, E ≲ 10−3, while DeepSeek, Qwen, and
GPT show substantially larger errors. On the remaining
five tasks, however, R provides little to no ranking power
(ρR≤0.31) due to the blind spots characterized in Sec. 4.2.
Aggregated across all 36 pairs, ρR = 0.69 (95% CI [0.45,
0.84]) excluding 3 R=0 points; including them drops the
figure to 0.41, a degradation attributable entirely to those
blind spots.
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Figure 2. Per-task scatter of conservation residual R vs. true
error E (one point per LLM, n=6); both axes log-scale, per-panel
ranges. Within-task Spearman ρR in each title; dashed line marks
E=0.1. The Kepler panel (green tint, ✓) is the only one where R
rank-orders models (ρR=0.83, near-monotone diagonal); on the
other five tasks R scatters with ρR ≤ 0.31. Trivial-invariant cases
are placed at the left edge with an “R=0” label (Gemini, Qwen on
three-body; Gemini on Lotka–Volterra), and Claude’s three-body
blow-up is shown by an off-axis arrow at R∼1030.

That low ranking power on five of six tasks is exactly where
the complementary signal S becomes essential: by checking
local ODE satisfaction rather than global invariant preserva-
tion, S catches the failure modes R misses. Across all 36
points—including the R=0 cases that R must exclude—S
achieves ρS=0.85 with no exclusions. Figure 3 visualizes
the complementarity: S matches or exceeds R on every
task, specifically repairing the three blind spots of harmonic
(ρR = 0.09→ ρS = 1.0), pendulum (ρR =−0.14→ ρS =
0.94), and three-body (ρR=0.06→ρS =0.53). The head-
line value is robust to LLM stochasticity: substituting the
median of all available runs (1–7 per cell) for the single-shot
Run 1 value yields ρS = 0.88 (n= 36, p < 10−12), ruling
out a favorable single-roll artefact.

Within-model and leave-one-out decomposition. The
aggregate ρS=0.85 pools across models and tasks, which
could mask heterogeneity. We therefore decompose it
along two axes. Within-model (fixing a model, varying
tasks, n = 6), S rank-orders true error for every model:
ρS=0.99 (Gemini), 0.94 (GPT), 0.83 (Claude, DeepSeek),
and 0.77 (Muse, Qwen); four of six reach p < 0.05. By

Kepler
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Figure 3. Within-task Spearman ρ for R (blue) and S (gold) on
each of the six tasks (n=6 models). S matches or exceeds R
everywhere; green arrows mark the three blind spots where R fails
(ρR ≤ 0.09) and S recovers ranking power.

contrast, the conservation residual R is inconsistent within-
model (ρR ranges from −0.46 to +0.94, only three of
six significant). Leave-one-task-out (dropping each task
in turn, n = 30) yields ρS ∈ [0.81, 0.90], confirming that
no single task drives the result; notably, dropping Lotka–
Volterra or Duffing—the two weakest individual tasks—
increases ρS to 0.90. Leave-one-model-out (n=30) yields
ρS ∈ [0.84, 0.86], equally stable. The signal’s ranking
power is thus distributed across the benchmark rather than
concentrated in a few favorable pairs.

Self-reported confidence (Kadavath et al., 2022; Lin et al.,
2022) does not track error: within-task Spearman(conf, E)
ranges from −0.77 to +0.31 (mean ≈ 0). On pendulum,
Gemini reports confidence 0.85 at E=0.16 while Claude
reports 0.25 at E=0.008. R and S measure the output, not
the model’s opinion of it.

4.2. Three failure regimes

The per-task scatter reveals three qualitatively distinct fail-
ure regimes, each corresponding to a different way an LLM
can go wrong on a numerical task. A practitioner deploying
R and S needs to know not just that they work on average
but when each succeeds, when it fails, and why.

Regime (i): catastrophic divergence. On three-body,
Claude produced a trajectory whose Hamiltonian drift
reached R∼1030 (Fig. 4j), the signature of a near-singular
close encounter handled incorrectly—at step 20 (t=2.11),
the model collapsed all three bodies to the exact origin
with identical velocities, a physically impossible config-
uration. R flags this pathology instantly with no ground
truth. Repeating the same prompt five times reveals that
Claude’s R spans 31 orders of magnitude across identical
inputs (R∈ [0.25, 1030]): three of five runs are catastrophic
(E > 2.5), one is mediocre (E = 1.9 at R= 0.4, where R
gives false reassurance but S = 1.04 stays elevated), and
one is reasonable (E = 0.24). The model can solve this
task but usually does not, and the variance underscores the
stochastic-reasoner unreliability quantified in Sec. 4.3.

5



When LLMs Solve ODEs: Failure Modes, Conservation Blind Spots, and Ground-Truth-Free Auditing

Fa
ith

fu
l

x

y
Muse

R = 10 8

S = 0.26
E = 10 7

(a) Muse

t

x

DeepSeek

R = 10 4

S = 0.125
E = 10 4

(b) DeepSeek

Claude

R = 0.0116
S = 0.248

E = 0.00845

(c) Claude

x

y

GPT

R = 2.1
S = 0.752
E = 0.201

(d) GPT

x

y

Claude

R = 0.167
S = 2.7

E = 0.0734

(e) Claude

t

x

Gemini

R = 0.0265
S = 0.304

E = 0.0191

(f) Gemini

H
al

lu
ci

na
te

d

x

y

Qwen

R = 3.1
S = 21

E = 1.9

(g) Qwen —R catches

t

x
GPT

R = 0.00165
S = 2.1

E = 0.532

(h) GPT —S catches

Qwen

R = 0.00749
S = 1.2

E = 0.625

(i) Qwen —S catches

x

y

Claude

R = 1030

S = 9.5
E = 1.8

(j) Claude —R catches

x

y

Gemini

R = 0
S = 1

E = 0.705

(k) Gemini —S catches

t

x

Qwen

R = 0.0366
S = 2.2

E = 2

(l) Qwen — both weak

Kepler Harmonic Pendulum Three-body Lotka–V. Duffing

Figure 4. Failure atlas: faithful (top, blue solid) vs. most illustrative hallucination (bottom, red dashed) for each of the six benchmark
systems, overlaid on the DOP853 reference (gray). Italic tag names the audit signal that catches each failure; cell tint echoes it (blue =
R catches, gold = R misses / S catches, pink = both weak). Spy insets in (h, k, l) magnify the deviation region where the failure is not
shape-visible. Each panel shows the model name (top-left) and audit values R, S, E (bottom-right).

Regime (ii): trivial-invariant collapse. The opposite blind
spot: the trajectory preserves invariants exactly (R=0) yet
has large true error. On Lotka–Volterra, Gemini emits a
literal constant value (R=0 at E=0.71; Fig. 4k, where the
spy inset shows a single red dot floating on the gray orbit),
trivially satisfying the first integral by failing to integrate
at all. The same shortcut appears on three-body, where
both Gemini and Qwen score R = 0 at E = 1.77. The
asymmetry is fundamental: Noether’s theorem (Noether,
1918) guarantees that symmetries imply conservation laws,
but preserving a conserved quantity does not imply a correct
trajectory.

Regime (iii): phase drift. On the harmonic oscillator, all
six LLMs claim x=cos t and preserve energy (R∼10−5–
10−3), yet their true errors span four orders of magnitude.
GPT accumulates up to 0.54 rad of phase while preserving
amplitude perfectly, yielding E = 0.53 at R= 1.6×10−3

(Fig. 4h).

The output looks like cos t but has the wrong argument—
an error that R is structurally unable to see, because any
sinusoid of unit amplitude conserves energy regardless of
phase. This is exactly the failure mode S addresses: S de-
tects that the finite-difference derivative does not match the
ODE right-hand side, even though the invariant is perfectly
preserved. The same dynamic plays out on Duffing (Fig. 4l),
where Qwen reproduces the right position trajectory but
with sign-flipped velocity in the second half: R stays un-
obtrusive (0.04) while S spikes (2.21, versus 0.30 for the
faithful Gemini run).

In regimes (ii)–(iii), S recovers ranking power where R
has none—ρS=1.00 on harmonic, 0.94 on pendulum, 0.53
on three-body against ρR ≤ 0.09 (Fig. 3)—with weaker
but still positive recovery on Lotka–Volterra (ρS = 0.37)

and Duffing (0.49). The weak Lotka–Volterra ranking is
partly a floor effect: the coarse time step (∆t=0.75) gives
Sref =3.14 on the DOP853 reference itself, so most LLM
S values cluster near the stencil floor rather than spreading
over a discriminative range.

Visually, only some failures are shape-level: Kepler (Fig. 4g)
and three-body (Fig. 4j) hallucinations spiral recognizably,
while harmonic, Lotka–Volterra, and Duffing failures re-
quire spy insets to surface—exactly why a scalar audit signal
is necessary.

4.3. Robustness and ablations

Run 2 reveals that frontier deliberative models split into
deterministic and stochastic reasoners. Gemini produced
byte-identical output on all five tasks, and Muse on three of
five—deterministic reasoners. GPT and Claude produced
substantially different trajectories on every task—stochastic
reasoners. Repeated queries to Claude on the pendulum al-
ternate between runs that track the reference almost perfectly
(E=0.008) and runs that drift progressively (E=0.59).

Across 7 runs of GPT on Kepler, the max/min error ratio is
1,253×; on three-body, 5 runs of Claude yield R spanning
31 orders of magnitude (0.25 to 1030). This aligns with the
“guessing over IDK” thesis of Kalai et al. (2025): stochastic
models produce plausible but variable output rather than
expressing uncertainty. Perturbing Kepler’s eccentricity
from 0.5 to 0.4937 confirms that the deterministic models
genuinely compute rather than recall cached orbits.

Halving the output grid from 41 to 21 points (Run 3) pre-
serves ranking: Spearman(R41, R21) = 0.73 (p < 0.001,
n=18); surprisingly, R at 21 points tracks true error better
than at 41 (ρR=0.91 vs. 0.77), likely because fewer output
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points give the LLM less room for cumulative phase drift
while still exposing invariant violations. Isolating the resolu-
tion effect on the deterministic Gemini yields near-identical
R and E at both grids on all five tasks, so a user requesting
fewer output points can still trust the signal.

Switching Claude from Extended to standard mode degrades
accuracy on every task (13–2687× higher E), confirming
that deliberative reasoning genuinely helps scientific com-
putation; pooling deliberative and standard data yields com-
bined Spearman(R,E) = 0.89 (n = 18, p < 10−6). On
Duffing (non-standard parameters), all six LLMs fell back
on heuristic cosine approximations—none claimed a text-
book solution.

Five of six produced structurally similar outputs (S∼0.3,
E ∈ [0.02, 0.20]), with Qwen the outlier (E = 2.01,
S = 2.21). When all models fail similarly, neither signal
discriminates—a tight within-task spread of S diagnoses
this regime and tells the practitioner to fall back on multi-
sample evaluation.

Appending “your output MUST preserve [invariant]” to
three-body and Lotka–Volterra prompts yields a double-
edged result: Claude’s blow-up vanishes (R :1030→0.02)
and Gemini’s trivial shortcut breaks (R : 0 → 8.52), but
GPT switches to trivially-invariant trajectories (R= 0, E
unchanged)—satisfying the invariant without solving the
dynamics, a concrete instance of evaluation gaming (Kalai
et al., 2025).

Physics-informed prompting shifts failure modes rather than
eliminating them, underscoring the need for post-hoc audit
signals that operate after generation rather than constraints
imposed during it. The asymmetry is fundamental: a signal
communicated to the model becomes a target it can opti-
mize; a signal computed on fixed output cannot be gamed.

5. Discussion
R and S are not universal detectors, and they are not a sub-
stitute for a reference solve when ground truth is cheaply
available. They have structurally characterized blind spots,
they require models to fail in distinct ways to produce rank-
ing power, and they function as cheap ranking and triage
tools rather than calibrated predictors at this sample size.
In particular S, being a first-order local residual, certifies
step-wise consistency rather than global accuracy: a tra-
jectory that is locally consistent on the output grid—as a
crude explicit-Euler integration would be—can still drift
far from the true solution, so S should be read as a ranking
signal, not a global-error bound. But within their domain the
signals are free, black-box, and more reliable than LLM self-
reported confidence. In practice R excels on Kepler but fails
on the remaining five tasks; S fills those gaps (ρS =0.37–
1.00 where ρR≤0.31). When all models fail in structurally

similar ways (Duffing), neither signal discriminates—a fun-
damental limitation of any ranking-based estimator, not of
the signals themselves; the within-task spread of S is itself
the diagnostic that this regime is in play.

For a practitioner building a pipeline that routes numerical
work through an LLM, the audit-signal protocol reduces to
three rules. First, compute R against the system’s analyt-
ically known invariants: large R flags catastrophic diver-
gence (regime i) and R=0 flags trivial-invariant collapse
(regime ii). Second, compute S as a forward-Euler local
truncation residual: large S at small R flags phase drift
on closed-form tasks (regime iii), the failure R structurally
cannot see. Third, when neither signal varies across an
LLM panel, fall back to multi-sample evaluation: a tight
within-task spread of S is itself a signal that the rank-order
is meaningless and that the trustworthy answer is the median
across runs together with its variance.

A subsidiary finding is the deterministic-vs-stochastic split
among frontier reasoners. Gemini and Muse produce byte-
identical output across repeated identical prompts under
default chat settings; GPT and Claude vary by orders of
magnitude on the same input. The split is not a quality dif-
ference per se—Claude can solve three-body when it tries,
but usually does not—yet it changes the appropriate evalua-
tion methodology: deterministic reasoners admit single-shot
benchmarking, stochastic ones do not. A leaderboard re-
porting a single number per (model, task) cell is silently
averaging over a distribution with no central tendency. The
standard deviation, range, or max/min ratio of multi-run R
is itself an informative epistemic signal, and we encourage
future LLM-for-science benchmarks to report it alongside
accuracy.

R and S require mathematical structure—analytically
known invariants or an explicit ODE—which limits the ap-
proach to well-specified systems rather than general black-
box outputs. More broadly, the signals apply to any domain
where the governing equations impose verifiable constraints
on solutions: conservation laws in physics, balance equa-
tions in chemistry, or consistency conditions in mathemati-
cal optimization. Our benchmark covers low-dimensional
ODE trajectory generation; with six models and 85 total re-
sponses, it is sufficient to demonstrate the method and char-
acterize regimes but not to claim statistical power over fine-
grained model rankings (95% CI for ρR: [0.45, 0.84]). The
within-model decomposition (ρS∈ [0.77, 0.99]) and leave-
one-out analyses (ρS ∈ [0.81, 0.90]) show that the ranking
power is distributed rather than pooling-driven, but wider
benchmarks with more models and tasks would sharpen
per-cell confidence intervals.

Our evaluation probes LLMs as internal numerical reason-
ers (no code execution or tools), which isolates the phe-
nomenon cleanly but differs from realistic workflows where
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LLMs generate solver code. The audit signals themselves
are agnostic to how the trajectory was produced: R and
S operate on the output trajectory regardless of whether
it came from internal reasoning, generated code, or a hy-
brid pipeline. Evaluating them in tool-assisted settings is
a natural next step. Agentic frameworks (Jiang & Karni-
adakis, 2025) could integrate R and S as cheap selection
criteria, weighting candidate trajectories by their physics
violation rather than asking the model to self-grade. Higher-
order step-consistency stencils may sharpen S when grids
are dense enough, and a learned classifier on top of (R, S)
could turn ranking into calibrated probabilities once sample
sizes allow.

A natural alternative to physics-grounded auditing is multi-
sample disagreement: query the model K times and flag
high variance. We computed pairwise trajectory disagree-
ment from the existing multi-run data (2–8 runs per cell,
20 cells with K ≥ 2). Disagreement shows essentially no
correlation with true error (Spearman ρ=−0.002, p=0.99),
because deterministic models (Gemini, Muse) produce zero
disagreement regardless of accuracy, while stochastic mod-
els (GPT, Claude) can disagree substantially yet occasion-
ally solve the task. By contrast, single-shot S on the same 20
cells yields ρ=0.78 (p<10−4) at one-Kth the query cost.
Multi-sample methods detect model uncertainty, not solu-
tion error; when models are confidently wrong—exactly the
dangerous case—they offer no signal. A lightweight solver
call would bypass the LLM entirely and answer a different
question; R and S occupy the niche of cheap, single-call
verification when using the LLM’s output is the premise.

The physics-informed prompt result reinforces a Goodhart-
style caution for LLM evaluation. Reminding a model that
“your output MUST preserve [invariant]” fixes some fail-
ure modes (Claude’s three-body blow-up vanishes; Gem-
ini’s trivial shortcut breaks) but creates others (GPT learns
to game the conservation metric by emitting invariant-
preserving but dynamics-violating trajectories). The signal
enforced at training or prompting time is the signal a model
will exploit; only post-hoc audits that operate on fixed out-
put after generation are immune to this gaming. R and S
are designed for exactly that role.

6. Conclusion
We introduced two verification signals—R (invariant drift)
and S (local ODE satisfaction)—that rank-order LLM trajec-
tory error across 6 dynamical systems and 85 responses with-
out a reference solver or model internals. A three-regime
failure taxonomy explains when each signal succeeds and
fails; within-model (ρS ∈ [0.77, 0.99]) and leave-one-out
(ρS∈ [0.81, 0.90]) analyses confirm robustness. The same
logic extends wherever governing equations impose veri-
fiable constraints on solutions—PDE discretizations, opti-

mization feasibility, symbolic computation—turning known
invariants into post-hoc verification signals. Immediate next
steps include tool-assisted evaluation, higher-dimensional
benchmarks, and threshold-based accept/reject rules. As
LLMs are increasingly routed through scientific workflows,
the asymmetry between training-time and inference-time
signals matters: invariants that train models can be gamed;
invariants that audit outputs cannot.

All raw LLM responses, task prompts, DOP853 reference
trajectories, and the full analysis pipeline are provided as
supplementary material accompanying this paper and are
available from the author upon request. Queries were issued
via public chat interfaces; exact model version strings and
file-level metadata are documented in the response corpus.
We encourage replication on newer model versions as the
frontier evolves.
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A. Prompt Template
Below is a representative excerpt (first 30 lines) of the standardized JSON-schema prompt used for the Kepler two-body
task. All six task prompts follow the same structure; full prompts are included in the supplementary material.

01 kepler.json — prompt field (excerpt)

You are an expert numerical-integration assistant.
Do NOT execute code, do NOT call external tools.
Use only your internal reasoning.

================================================================
TASK: Kepler two-body (e=0.5)
DESCRIPTION: Keplerian orbit, reduced mass, GM=1,

eccentricity e=0.5.
TASK_ID: 01_kepler
================================================================

SYSTEM EQUATIONS:
dx/dt = vx
dy/dt = vy
dvx/dt = -x / rˆ3 where r = sqrt(xˆ2 + yˆ2)
dvy/dt = -y / rˆ3

PARAMETERS:
e = 0.5
GM = 1.0

INITIAL CONDITIONS (at t = 0.0000):
x = 0.50000000
y = 0.00000000
vx = 0.00000000
vy = 1.73205081

OUTPUT TIMES -- produce the state at EXACTLY these
41 time points (linearly spaced from t=0 to t=6.283185):
t = [0.000000, 0.157080, 0.314159, ... , 6.283185]
...

B. Sample LLM Responses
We show contrasting raw responses on the Kepler task to illustrate the performance gap between models.

Claude on Kepler — near-perfect (R ≈ 0.0006, E ≈ 0.003)

{"task_id": "01_kepler",
"model": "Claude Opus 4.6 (internal reasoning only)",
"integration_method": "analytical (Kepler equation

solved via Newton iterations by hand)",
"self_confidence": 0.35,
"trajectory": [
[0.000000, 0.50000, 0.00000, 0.00000, 1.73205],
[0.157080, 0.45257, 0.26360, -0.58117, 1.57530],
[0.314159, 0.32865, 0.48476, -0.95577, 1.22534],
[0.471239, 0.16329, 0.64812, -1.11990, 0.85939],
[0.628319,-0.01626, 0.75795, -1.15448, 0.55259],
[0.785398,-0.19563, 0.82497, -1.12352, 0.31092],
[0.942478,-0.36700, 0.85837, -1.06176, 0.12338],
... ],

"notes": "Solved analytically: a=1, T=2pi,
Kepler eqn M=E-0.5*sin(E) solved by 3 Newton
iterations per point. Energy and angular momentum
conservation verified at multiple points."}
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GPT on Kepler — large error (R ≈ 3.8, E ≈ 1.5)

{"task_id": "01_kepler",
"model": "GPT-5.3",
"integration_method": "heuristic-circular-

parametrization (mean-anomaly sampling with
trigonometric approximation)",

"self_confidence": 0.62,
"trajectory": [
[0.000000, 0.500000, 0.000000, 0.000000, 1.732051],
[0.157080, 0.487688, 0.135299, -0.312868, 1.710000],
[0.314159, 0.451057, 0.267949, -0.618034, 1.647000],
[0.471239, 0.391007, 0.393000, -0.907980, 1.543000],
[0.628319, 0.309017, 0.509000, -1.175570, 1.401000],
[0.785398, 0.207107, 0.612000, -1.414214, 1.225000],
[0.942478, 0.087785, 0.700000, -1.618034, 1.018000],
... ],

"notes": "Heuristic trigonometric parametrization
used; does not strictly enforce Kepler equation
or energy conservation."}

Claude solves the Kepler equation analytically and reports low confidence (0.35), while GPT uses a heuristic circular
parametrization and reports higher confidence (0.62)—an inversion that illustrates the unreliability of self-reported confidence
discussed in Section 4.

C. Stochasticity: Same Prompt, Different Output
We re-queried every model with the identical prompt used in Run 1. Most models returned near-identical trajectories; Claude
did not. On the pendulum task, the two runs chose entirely different solution strategies, producing qualitatively different
outputs from the same input.

Claude — Pendulum Run 1 (E ≈ 0.008)

"integration_method": "RK4 with h=0.5
(manual arithmetic)",

"self_confidence": 0.25,
"trajectory": [

[0.000, 1.00000, 0.00000],
[0.500, 0.89600, -0.41070],
[1.000, 0.60000, -0.75500],
[1.500, 0.16700, -0.94400],
[2.000,-0.30600, -0.90900],
...

Claude — Pendulum Run 2 (E ≈ 0.59)

"integration_method": "analytical via Jacobi
elliptic functions (theta(t) =
2*arcsin(k*cn(t,k)), k=sin(0.5))",

"self_confidence": 0.6,
"trajectory": [
[0.000, 1.00000000, 0.00000000],
[0.500, 0.88148405, -0.46017476],
[1.000, 0.54711649, -0.80685657],
[1.500, 0.08851401, -0.93542265],
[2.000,-0.39048340, -0.86469960],
...

Run 1 applies RK4 step-by-step with low confidence (0.25) and achieves E ≈ 0.008—an accurate result. Run 2 attempts an
analytical solution via Jacobi elliptic functions, reports higher confidence (0.6), yet produces a trajectory with E ≈ 0.59—
two orders of magnitude worse. The model’s self-reported confidence is inversely correlated with actual accuracy, and the
same model can choose entirely different algorithmic paths on repeated queries. This underscores why external audit signals
like R and S are necessary: self-confidence is unreliable, and stochastic reasoning introduces unpredictable failure modes.
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D. Physics-Informed Prompt Variant
To test whether explicitly reminding models of conservation laws improves compliance, we created a physics-informed
prompt variant by appending the following constraint to the standard prompt (shown here for the three-body task):

Added constraint (physics-informed variant)

IMPORTANT PHYSICS CONSTRAINT: This system
conserves total energy E = T + V, total
linear momentum P, and total angular
momentum L. Your output trajectory MUST
preserve these quantities. Check your
values before outputting.

The results, discussed in Section 4.3, reveal a double-edged effect. On the three-body task, the physics-informed prompt
eliminated Claude’s catastrophic blow-up (R dropped from ∼1030 to 0.02), indicating that the explicit constraint successfully
redirected the model’s reasoning. However, on the Lotka–Volterra task, GPT’s conservation residual improved from
R = 1.09 to R = 0.01 while the true error E remained high (0.98 → 0.82), suggesting the model learned to game the
R metric without improving trajectory accuracy—a behavior consistent with the evaluation gaming predicted by Kalai
et al. (2025). This finding reinforces our recommendation that R and S should be used as complementary signals, not as
optimization targets communicated to the model.

E. Step Consistency Sensitivity Analysis
A natural concern is whether the step consistency metric S (Eq. 2) is sensitive to the choice of finite-difference stencil
or the output grid resolution. We test three stencil variants on the Run 1 data (41-point grid, 36 pairs) and compare the
forward-difference S across grid resolutions.

Variant ρS n

Forward difference (Eq. 2) 0.85 36
Centered difference 0.90 36
Second-order forward 0.83 36

Forward, 21-point grid (Run 3) 0.90 20
Table 1. Aggregate Spearman ρS between S and true error E under different finite-difference stencils and grid resolutions. All variants
yield ρS ∈ [0.79, 0.90], with a maximum deviation of |∆ρ| = 0.05 across stencils.

The ranking power of S is stable across all tested variants. The centered difference gives slightly higher ρS = 0.90
(it averages out local noise), while the second-order forward stencil gives slightly lower ρS = 0.83 (it amplifies high-
frequency artifacts). The coarser 21-point grid actually yields higher ρS = 0.90, paralleling the same effect observed for
R in Section 4.3: fewer output points give the LLM less room for compensating errors while still exposing fundamental
dynamical violations.

To test the finer-grid direction, we queried Gemini and Muse (the two deterministic models) with 81-point grids on five tasks.
The S values computed on the full 81-point trajectory and on the same trajectory subsampled to 41 points agree closely
(rank correlation ρ = 0.89, n = 10), confirming that the metric itself is stable under grid refinement. The aggregate ρS vs E
drops at 81 points (0.36), but this reflects the LLMs producing different trajectories in response to a changed prompt—not a
failure of the metric.

We retain the first-order forward difference as the default because it is the simplest, uses all available points, and performs
well in the middle of the observed range.

F. Anatomy of the R∼1030 Blow-Up
The most extreme residual in our dataset is Claude’s R∼2.3×1030 on the three-body task (Run 1). To verify this is not a
data-entry artifact, we show the raw trajectory around the blow-up point and the five-run distribution.

At step 20 (t = 2.11), Claude placed all three bodies at the exact origin:

12



When LLMs Solve ODEs: Failure Modes, Conservation Blind Spots, and Ground-Truth-Free Auditing

Claude three-body Run 1: steps 19–21 (raw output)

step 19 (t=2.003):
[x1,y1, x2,y2, x3,y3] = [0.099, 0.091,
-0.099,-0.091, -0.098,-0.088]
d23 = 0.003 (near collision)

step 20 (t=2.109): ALL POSITIONS = (0, 0)
[x1,y1, x2,y2, x3,y3] = [0, 0, 0, 0, 0, 0]
[vx,vy] = [-0.932,-0.865] for ALL 3 bodies
-> gravitational potential = -infinity
-> energy = -3e30

step 21 (t=2.214): trajectory "recovers"
[x1,y1, x2,y2, x3,y3] = [-0.098,-0.088,
0.098, 0.088, 0.099, 0.091]

The model collapsed all positions to zero during what appears to be a loss of internal state during mental arithmetic. The
identical velocities for all three bodies (vi = (−0.932,−0.865) for i = 1, 2, 3) are physically impossible for the figure-8
orbit. One step later, the trajectory “recovers” to plausible values arranged symmetrically, suggesting the model filled in a
pattern rather than propagating the dynamics.

Repeating the query five times confirms the blow-up is a real but stochastic failure mode:

Run R S E

1 2.3× 1030 9.54 1.80
2 5.2× 103 3.14 4.62
4 4.0× 101 2.57 2.68
5 2.5× 10−1 0.56 0.24
6 4.1× 10−1 1.04 1.94

Table 2. Claude on three-body across 5 runs (identical prompt). R spans 31 orders of magnitude; 3 of 5 runs are catastrophic (E > 2.5).
Run 5 achieves E = 0.24, showing the model can solve this task. Run 6 (R = 0.41, E = 1.94) illustrates a case where R gives false
reassurance but S = 1.04 remains elevated.
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