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Abstract
Dataset distillation aims to synthesize a com-
pact subset of the original data, enabling models
trained on it to achieve performance comparable
to those trained on the original large dataset. Ex-
isting distribution-matching methods are confined
to Euclidean spaces, making them only capture
flat structures and overlook the intrinsic geome-
try of real data, e.g., curvature. However, high-
dimensional data often lie on low-dimensional
manifolds, suggesting that the distilled data mani-
fold should be aligned with the original data man-
ifold. In this work, we propose a geometry-aware
distribution-matching framework, called GeoDM,
which operates in the Cartesian product of Eu-
clidean, hyperbolic, and spherical manifolds, with
flat, hierarchical, and cyclical structures all cap-
tured by a unified representation. To adapt to
the underlying data geometry, we introduce learn-
able curvature and weight parameters for three
kinds of geometries. In addition, we design a
geometry-aware optimal transport loss to enhance
the distribution-matching. Our theoretical anal-
ysis shows that the geometry-aware distribution
matching in a product space yields a smaller gen-
eralization error bound than the Euclidean coun-
terparts. Extensive experiments conducted on
standard benchmarks demonstrate that GeoDM
outperforms state-of-the-art data distillation meth-
ods and remains robust across various distribution-
matching strategies for the single geometries.

1. Introduction
Dataset distillation (DD) (Wang et al., 2018) aims to re-
duce the storage and computational burden of large-scale
datasets by synthesizing a compact set of informative sam-
ples. In addition to optimization-based approaches such
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as gradient matching (Zhao et al., 2020a) and trajectory
matching (Cazenavette et al., 2022), distribution matching
(DM) (Zhao & Bilen, 2023) has gained particular traction
due to its efficiency and conceptual simplicity, as it aligns
the distributions of real and synthetic data rather than track-
ing optimization dynamics. A variety of DM methods have
since been proposed: M3D (Zhang et al., 2024) strength-
ens distribution-level consistency via higher-order moments,
DSDM (Li et al., 2024) scales feature-level optimization,
and NCFM (Wang et al., 2025) captures discrepancies by
modeling both frequency and magnitude components (see
Appendix E for more related work).

Despite these advances, nearly all DM-based methods con-
duct the matching in Euclidean latent embedding spaces (Li
et al., 2025). The underlying assumption for the embedding
space, albeit effective on Euclidean data, neglects curvature
and non-Euclidean structures inherent in real data, which
inevitably limits the capacity of distilled samples to capture
underlying geometries. The embeddings in Figure 1 exhibit
distinct geometries: a tree-like hierarchy characterized by
the hyperbolic space (Nickel & Kiela, 2017; Ganea et al.,
2018), or a shell lying in the spherical space (Davidson et al.,
2018), whereas the Euclidean embedding cannot encode the
hyperbolic or spherical geometries. This means that real
data with hyperbolic and/or spherical geometries cannot
be well captured by flat embeddings. This phenomenon
resonates with the manifold hypothesis (Hinton & Salakhut-
dinov, 2006; Tenenbaum et al., 2000) that, high-dimensional
data often lie on low-dimensional manifolds which faithfully
describes data distribution. This motivates us to distill data
via embedding into the product of low-dimensional man-
ifolds where hierarchical, cyclical, or directional patterns
present in the original dataset can be modeled.

In this work, we propose a geometry-aware data distilla-
tion framework which performs distribution matching in a
product Riemannian space that combines Euclidean, hyper-
bolic, and spherical manifolds to adaptively capture intrinsic
geometries of real data. Specifically, we implement this
product manifold with a Riemannian convolutional neural
network (Masci et al., 2015) which can handle factor-wise
feature maps and geometry-aware operations. To align with
the low-dimensional manifold of each dataset, we introduce
learnable curvature for non-Euclidean factors and learnable
weights for different geometries. The former forces the
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product manifold to be aligned with real data manifold,
while the latter captures Euclidean, hyperbolic, and spher-
ical contributions. They shape the embedding space such
that it increasingly conforms to the geometry of the data
manifold during training. In addition, we design a geometry-
aware optimal transport (OT) loss that measures how real
and synthetic samples align across the three components of
the product space. The loss couples different geometries,
preserves class-conditional mass, and prevents degenerate
solutions where one component dominates. Thus, distribu-
tion matching is cast into the alignment between product
manifolds with learnable curvature and weights for approxi-
mate manifold learning while maintaining the efficiency of
modern dataset distillation.

Furthermore, we introduce theoretical foundations for the
geometry-aware dataset distillation. Under mild regularity
assumptions (Assumption 4.1), a high-dimensional sam-
ple x can be decomposed into three parts: content about
task-relevant information, noise describing stochastic fluc-
tuations, and geometry of the underlying manifold. While
most existing approaches implicitly merge the geometry part
into the content part or simply ignore it, our analysis in The-
orem 4.1 shows that the geometry part plays a crucial role in
preserving distributional fidelity during distillation, and that
in contrast, Euclidean embeddings tend to suppress or flatten
this signal. Given this finding, Theorem 4.2 proves that dis-
tribution matching in a latent product space, that combines
Euclidean, hyperbolic, and spherical components, yields
a strictly tighter generalization error bound than in single
Euclidean latent spaces. This implies that our distribution
matching can not only approximate manifold learning itself
but also guide synthetic data to respect structural constraints
of real data distributions.

To summarize, we make the following contributions in this
work:

• Based on the manifold hypothesis, we consider dataset
distillation as a problem of distribution matching be-
tween product manifolds for embedding real and syn-
thetic data, where each factor space comes with its
unique curvature information, e.g., Euclidean, or hy-
perbolic, spherical.

• We design GeoDM, a distribution-matching framework
operating in a Cartesian product of Euclidean, hyper-
bolic, and spherical spaces, where learnable curvature
and weights are introduced to capture the intrinsic ge-
ometry of real data, and an optimal transport loss is
designed to enhance distributional alignment.

• We conduct the theoretical analysis which shows that
the geometric structure of data plays a crucial role
in dataset distillation, and GeoDM provides a tighter

generalization error bound in Cartesian product spaces
than in single Euclidean spaces.

• We conduct extensive experiments on standard bench-
marks which show that GeoDM consistently outper-
forms state-of-the-art dataset distillation methods and
remains robust across different distribution-matching
strategies for individual geometries.

2. Preliminaries
2.1. Dataset Distillation

Dataset distillation (DD) seeks to synthesize a smaller
dataset S = {(x̃i, ỹi)}mi=1 that preserves the essential infor-
mation of a large dataset D = {(xi, yi)}ni=1, where n≫ m.
Formally, the distilled data set is obtained by

S⋆ = argmin
S
D
(
ϕ(D), ϕ(S)

)
,

where D(·, ·) denotes a divergence (e.g., maximum mean
discrepancy, or Wasserstein distance) between representa-
tions computed by a feature map ϕ. The distilled dataset S∗
is then used to train a model whose performance approaches
that of the model trained on the full data D.

Among DD methods, DM stands out for its efficiency and
avoidance of complex bi-level optimization. DM focuses on
aligning the empirical distributions of real and synthetic data
in an embedding space. Let ψϑ : Rd → Rd′

be an embed-
ding function parameterized by ϑ ∼ Pϑ (e.g., a randomly
initialized neural network), and A(·, ω) a differentiable data
augmentation operator parameterized by ω ∼ Ω, where Ω
denotes the domain (or distribution) of augmentation pa-
rameters, referred to as the generalization ball. The DM
objective is:

min
S

Eϑ∼Pϑ,ω∼Ω

∥∥∥∥ 1

|D|
∑

(x,y)∈D

ψϑ (A(x, ω))

− 1

|S|
∑

(x̃,ỹ)∈S

ψϑ (A(x̃, ω))

∥∥∥∥
2

.

By averaging over multiple embeddings ψϑ, DM provides
a robust approximation of the input space, enabling direct
optimization of S without tracking full training dynamics.

However, traditional DM methods operate exclusively in
Euclidean latent spaces, where DM is limited to Euclidean
data. This motivates us to extend DM to product spaces that
incorporate diverse Riemannian geometries to align better
with the underlying manifold structures of real data.

2.2. Riemannian Manifolds

Real-world data often exhibit non-linear structures that are
poorly captured by Euclidean geometry alone, motivating
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Figure 1. 3D embeddings of CIFAR10 data in Euclidean (left), hyperbolic (middle), and spherical (right) spaces with fitted manifolds:
in hyperbolic space the points exhibit a hierarchical pattern and align well with the hyperbolic surface, while in spherical space they
concentrate on a sphere, revealing inherent spherical geometry; the Euclidean space struggles to capture such geometric structure.

the use of Riemannian manifolds to model curved spaces
(Do Carmo & Flaherty Francis, 1992). A Riemannian mani-
fold (M, g) is a smooth manifold equipped with a metric g
that defines distances and angles locally. We focus on three
families of constant-curvature manifolds: Euclidean (zero
curvature), hyperbolic (negative curvature), and spherical
(positive curvature). These spaces capture flat, hierarchical,
and cyclical patterns, respectively.

The Euclidean space En with dimension n is the familiar
flat geometry with the standard inner product metric gE. It
excels at modeling Euclidean data but struggles with non-
Euclidean structure.

The hyperbolic space Hn
c with curvature c < 0 is well-suited

for hierarchical data due to its exponential volume growth.
Under the Poincaré ball model (Mathieu et al., 2019),

Hn
c =

{
z ∈ Rn : ∥z∥2 <

1√
−c

}
with metric gHz = λ2z g

E for λz = 2
1−c∥z∥2

2
, where z is the

embedding.

The spherical space Snc with curvature c > 0 models di-
rectional or cyclical data, such as angles or cycles. It is
defined as Snc = {z ∈ Rn+1 : ⟨z, z⟩ = 1/c}, with metric
gSz induced from the ambient Euclidean space, preserving
rotational symmetries (Meilă & Zhang, 2024).

To handle mixed structures in real data, the following prod-
uct manifold can be constructed:

M =M1 ×M2 × · · · ×MK ,

with metric gM = (gM1 , · · · , gMK ), where eachMk is
Edk , Hdk

ck
, or Sdk

ck
. For any point z = (z(1), . . . , z(K)) ∈

M, the tangent space decomposes additively, and distances
are computed component-wise. This product construction
allows us to embed data into a unified space that adapts
to diverse geometries, forming the basis for our geometry-
aware distribution matching in GeoDM.

3. Proposed Method - GeoDM
We now develop a geometry-aware data distillation
framework which can take advantage of the Eu-
clidean–hyperbolic–spherical product manifold to approxi-
mate the underlying data manifold. The training procedure
of our framework is illustrated in Figure 2, with pseudo
code described by Algorithm 1 in Appendix B.

3.1. Product Space for Distribution Matching

A central part of our framework is the design of the product
space that admits multiple geometries. Specifically, we
define

P = EdE ×HdH
cH × SdS

cS , (1)

where EdE is the dE-dimensional Euclidean space, HdH
cH

is the dH -dimensional hyperbolic space with curvature
cH < 0, and SdS

cS is the dS-dimensional spherical space
with curvature cS > 0. Each real or synthetic sample is
embedded into P , where three components stands for com-
plementary geometric properties of the data.

To embed data into P , we implement a Riemannian convo-
lutional neural network (CNN) (Masci et al., 2015), which
generalizes convolutional operations to non-Euclidean do-
mains. In particular, spherical convolutions are used to ex-
tract features invariant to rotations on SdS

cS , while hyperbolic
layers map Euclidean features into HdH

cH through exponen-
tial and logarithmic maps to ensure consistency with the
hyperbolic geometry. Together with standard Euclidean con-
volutions, this design yields geometry-aware features that
align with their respective factor spaces of P .

Given real and synthetic embeddings zi =
(zEi , z

H
i , z

S
i ), z̃j = (z̃Ej , z̃

H
j , z̃

S
j ) ∈ P , we form a

product-space feature by concatenating the three geometric
components:

ΨP(z) =
[
ψE(z

E) ; ψH(zH) ; ψS(z
S)

]
ΨP(z̃) =

[
ψE(z̃

E) ; ψH(z̃H) ; ψS(z̃
S)

]
3
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Figure 2. Overall pipeline of our GeoDM: Real and synthetic data are first processed by a curved feature network, where hyperbolic
and spherical branches incorporate learnable curvature and dedicated projection heads. The resulting embeddings are mapped to the
Euclidean–hyperbolic–spherical product space. DM aligns real and synthetic features, while a geometry-aware optimal transport (OT)
loss further couples the three geometries and preserves class-conditional mass.

We then align the real and synthetic product features via the
NCFM objective (Wang et al., 2025):

LDM = NCFM
(
{ΨP(zi)}ni=1, {ΨP(z̃j)}mj=1

)
, (2)

which performs distribution matching directly in the product
space (details of NCFM omitted here for brevity; see (Wang
et al., 2025)).

To further enhance the expressiveness of the product space,
we introduce two complementary mechanisms, i.e., learn-
able curvature and learnable weights, which allow the ge-
ometry of each factor space to adapt to the intrinsic structure
of relevant data and control their relative contributions dur-
ing training.

Learnable curvature. We treat the curvature parameters
of the hyperbolic and spherical components, cH < 0 and
cS > 0, as learnable variables optimized together with the
network weights. To ensure stability and prevent degenerate
solutions, we introduce a curvature loss

Lcurv = λH RH(zH , cH) + λS RS(z
S , cS), (3)

where λH , λS are fixed hyperparameters. Let rH =
1/
√
−cH and rS = 1/

√
cS denote the radius of the hy-

perbolic Poincaré ball and the sphere, respectively. We
regularize embeddings by penalizing their deviation from
these radii:

RH(zH , cH) = E
[ ∣∣∥zH∥2 − rH ∣∣ ],

RS(z
S , cS) = E

[
(∥zS∥2 − rS)2

]
.

where RH penalizes hyperbolic embeddings that approach
the Poincaré-ball boundary and regularizes the magnitude of
cH , while RS encourages spherical embeddings to stay near
the unit sphere and keeps cS well-scaled. We fix the dimen-
sions (dE , dH , dS) across all datasets rather than learning

them, as varying dimensionality often introduces extra de-
grees of freedom that destabilize optimization and reduce
generalization (refer to Appendix D.2 for more detail).

Learnable weights. Given an embedded pair of points
z = (zE , zH , zS) and z̃ = (z̃E , z̃H , z̃S), the product-space
distance is defined as

d2P(z, z̃) = α ∥zE − z̃E∥2

+ β d2HcH
(zH , z̃H) + γ d2ScS

(zS , z̃S),
(4)

where α, β, γ > 0 are learnable weights controlling the rel-
ative contributions of Euclidean, hyperbolic, and spherical
components. We normalize them as

(α̃, β̃, γ̃) = softmax(α, β, γ) =

(
eα, eβ , eγ

)
eα + eβ + eγ

. (5)

so that α̃+ β̃ + γ̃ = 1. This formulation allows the model
to automatically adjust the importance of each geometry
during training while avoiding trivial solutions and ensuring
stability.

By the joint learning of curvature (cH , cS) and weights
(α̃, β̃, γ̃), the product space dynamically adapts to the in-
trinsic geometry of the data. This flexibility enables the
synthetic data distribution to be aligned with the real data
distribution under the optimal geometric representation.

Besides, it is worth mentioning that our framework is agnos-
tic to the specific choice of the distribution matching method.
Although we adopt the NCFM method for concreteness,
other distribution matching approaches can also be seam-
lessly integrated. As shown in Figure 3, replacing NCFM
with alternative matching schemes does not affect the im-
provement, demonstrating the robustness of our framework
to the choice of the distribution matching objective.
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3.2. Optimal Transport

To improve the representational faithfulness of the distilled
dataset, we design an auxiliary OT loss to measure the cor-
respondence between real and synthetic samples across the
product manifold. Let X and Xsyn denote the real and syn-
thetic data manifolds, equipped with probability measures
ρ ∈ P(X ) and ρsyn ∈ P(Xsyn), respectively. We construct
an embedding ϕ : X ∪ Xsyn → P , where for any points
z, z̃ ∈ P , we utilize the product-space metric dP(z, z̃) de-
fined in Eq. (4). The OT loss is defined as the squared
2-Wasserstein distance between the push-forward measures:

LOT(ρ, ρsyn) =W 2
2 (µ, ν)

= inf
π∈Π(µ,ν)

∫
P×P

d2P(z, z̃) dπ(z, z̃)
(6)

where Π(µ, ν) is the set of couplings with marginals µ and
ν, dπ(z, z̃) indicates integration with respect to coupling π.

When optimizing the OT loss with respect to the syn-
thetic embeddings z, we compute the Riemannian gradient
gradz LOT in the tangent space TzP , obtained by project-
ing the Euclidean derivative onto TzP under the product
metric gP . A descent step is taken in TzP , and the result is
mapped back to the manifold via the exponential map, so
the updated embedding remains inside P .

It is important to emphasize that this OT loss is a comple-
mentary, non-essential component of our framework. While
it further enhances distribution fidelity, the core geometric
benefits of GeoDM arise from the product-manifold model-
ing itself. The removal of the OT loss does not undermine
the core performance of our method.

3.3. Overall Objective

To guide the optimization of the distilled dataset, we in-
tegrate all objectives into a single training criterion that
balances distribution matching, geometry-aware transport,
and curvature regularization. Specifically, the overall loss is
defined as

Ltotal = LDM + λOTLOT + λcurvLcurv, (7)

where LDM aligns the real and synthetic data distributions in
the product space, LOT further refines this alignment via OT
computed in the tangent spaces of curved components, and
Lcurv stabilizes the learnable curvature parameters {cH , cS}.
In addition, learnable weights (α̃, β̃, γ̃) regulate the relative
contributions of the Euclidean, hyperbolic, and spherical
components. By minimizing Ltotal via gradient-based opti-
mization methods, the synthetic data progressively approxi-
mate the real data distribution while retaining the intrinsic
manifold geometry, with the expectation of strong general-
ization across diverse tasks.

4. Theoretical Analysis
Given the proposed framework above, we are wondering if
our intuition could be theoretically justified on why dataset
distillation benefits from incorporating non-Euclidean ge-
ometry and why modeling data in a product space helps
improve performance.

Notions and notations. We denote by (M, dM) the in-
trinsic data manifold with geodesic metric dM, and by
(Xκ, dXκ) the matching space (Euclidean, hyperbolic, or
spherical) with its canonical metric. A representation
map Φκ : M → Xκ induces the push-forward measure
Φκ#ρ(B) = ρ(Φ−1

κ (B)) for any distribution ρ on M.
The population risk is R(θ;µ) = E(z,y)∼µ[ℓ(fθ(z), y)],
and IPM(Xκ) denotes an integral probability metric on
(Xκ, dXκ

). We write µy for the class prior of label y. Finally,
the geometric distortion introduced by Φκ is controlled by a
multiplicative factor β(κ) and an additive residual εdist(κ),
which measures how faithfully the matching space preserves
the curvature of the original manifold. Specifically, for all
x, x′ ∈M,

dXκ

(
Φκ(x),Φκ(x

′)
)
≤ β(κ) dM(x, x′) + εdist(κ).

Assumption 4.1 (Regularity and convergence).

i) (Data manifold) The real data distribution µ is sup-
ported on a measurable manifold (M, dM).

ii) (Lipschitz loss) For all θ and y, the loss is L-Lipschitz
with respect to the input:

|ℓ(fθ(z), y)−ℓ(fθ(z′), y)| ≤ LdXκ(z, z
′), ∀z, z′ ∈ Xκ.

iii) (Algorithmic stability) The training algorithm A is uni-
formly stable with bounded constant εstab, i.e.,∣∣R(θρ1 ; ρ)−R(θρ2 ; ρ)

∣∣ ≤ εstab, ∀ρ1, ρ2, ρ.

iv) (Label-prior matching and statistical convergence) The
distilled distribution preserves the real class priors, i.e.,
νy = µy for every label y. Moreover, the empirical
distilled distribution νM satisfies, for every label y,

W
(M)
1

(
µ(·|y), νM (·|y)

)
≤ E(y)stat(M) + εopt,

where E(y)stat(M) → 0 as M → ∞. Equivalently, the
class-weighted average satisfies∑

y

µyW
(M)
1

(
µ(·|y), νM (·|y)

)
≤ Estat(M) + εopt

with Estat(M) → 0 as M → ∞. Here W (M)
1 is com-

puted with the intrinsic metric dM.
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Theorem 4.1 (Geometry-driven risk decomposition). Let
µ be the real data distribution and νM the distilled data
distribution of size M . ∆ denotes the population risk gap
between the real-data-trained model and the distilled-data-
trained model. Then

∆ ≤ 2L
(
β(κ)·

[
Estat(M)+εopt

]
+C εdist(κ)

)
+ εstab,

where Estat(M) :=
∑

y µy E(y)stat(M) is the class-weighted
average statistical error, and C = 1 for the W1 discrep-
ancy proved in Appendix A.1. For another IPM, the same
display is used only when that IPM satisfies an analogous
domination bound with constant C.

Theorem 4.1 establishes that the generalization gap of
dataset distillation can be decomposed into statistical Estat,
stability εstab, and geometric εdist terms. Particularly, the
geometry plays a critical role: if the matching space fails
to capture the curvature of the underlying data manifold,
the bound can degrade significantly. To improve the bound
in this case, we assume that the real data distribution µ is
supported on a mixed-curvature product manifold

M⋆ ⊂ EdE ×HdH
cH × SdS

cS ,

contained in a geodesic ball of radius R. This theorem
is both mathematically natural and empirically grounded:
hyperbolic spaces are known to embed taxonomies with ex-
ponentially smaller distortion than Euclidean spaces (Sarkar,
2011; Verbeek & Suri, 2014), spherical spaces are the canon-
ical setting for directional statistics and cyclic representa-
tions (Mardia & Jupp, 2009), and Euclidean spaces provide
accurate local approximations by standard Riemannian ar-
guments. Therefore, we can assume that real-world datasets
rarely conform to a purely Euclidean geometry but instead
exhibit a mixture of flat, hierarchical, and angular structures.

Under the assumption, we show that product spaces of con-
stant curvature yield provably tighter guarantees than Eu-
clidean spaces alone. Specifically:

Theorem 4.2 (Product spaces yield tighter bounds). Under
Assumption 4.1, assume S := Estat(M) + εopt > 0 and
compare against a Euclidean-only representation satisfying
one of the faithful non-collapse conditions in Lemma A.8.
Assume also that the product-space numerical residual is
small enough that gRS > Cεnum, with gR as in Lemma A.8.
let Uproduct and UEuclid denote the upper bounds obtained
by applying Theorem 4.1 with the product and Euclidean
matching spaces, respectively. There exists a constant δ > 0
such that

Uproduct ≤ UEuclid − Lδ.

Consequently, the product-space generalization gap satis-
fies ∆product ≤ Uproduct, giving a strictly tighter certified
guarantee than Euclidean-only matching.

The improvement δ comes from two sources under faithful
Euclidean comparison: for hierarchical data, non-collapsing
Euclidean embeddings require growing Lipschitz distortion
with radius τ , whereas hyperbolic embeddings represent
such structure isometrically; for angular or periodic data,
globally non-contracting Euclidean chordal representations
incur a fixed distortion gap (at least a π/2 factor), while
spherical embeddings preserve the geodesic geometry ex-
actly. Flat data incurs no loss in either case. By combin-
ing these advantages, product manifolds reduce the multi-
plicative distortion factor β(κ) and the numerical residual
εdist, giving rise to strictly tighter certified guarantees than
Euclidean-only matching under the conditions above. A
complete proof, including hyperbolic packing arguments
and spherical arc–chord inequalities, is provided in Ap-
pendix A.

5. Experiments
5.1. Experimental Setup

Datasets and baselines To validate the efficiency of our
work, we conduct experiments on three datasets, includ-
ing MNIST (LeCun et al., 1998), CIFAR-10 (Krizhevsky
et al., 2009), and CIFAR-100 (Krizhevsky et al., 2009). We
compare our method, GeoDM, against a broad range of
baselines. Gradient-matching approaches include DC (Zhao
et al., 2020b), DCC (Lee et al., 2022), and DSA (Zhao &
Bilen, 2021). Distribution-matching methods considered are
CAFE (Wang et al., 2022), DM (Zhao & Bilen, 2023), IDM
(Zhao et al., 2023), M3D (Zhang et al., 2024), IID (Deng
et al., 2024), DREAM (Liu et al., 2023b), DSDM (Li et al.,
2024), G-VBSM (Shao et al., 2024), HDD (Li et al., 2025)
with its two variants (DM-HDD, IDM-HDD) and NCFM
(Wang et al., 2025). We also evaluate on trajectory-matching
techniques such as MTT (Cazenavette et al., 2022), FTD
(Du et al., 2023), and ATT (Liu et al., 2024). In addition,
we include coreset-selection baselines, namely random se-
lection, Herding (Welling, 2009; Rebuffi et al., 2017), and
K-center (Farahani & Hekmatfar, 2009; Sener & Savarese,
2017).

Configuration We follow prior work (Wang et al., 2025)
to conduct our experiments. Unless otherwise specified, we
use a 3-layer convolutional network as the backbone. The
matching optimization is performed for T = 104 iterations.
The weight for the OT loss λOT is set to 2, while the weight
for the curvature regularization λcurv is set to 1. Both the
hyperbolic and spherical curvatures are initialized uniformly
at random, along with the weights of each factor space.
Without explicit evidence, our experiments are conducted
on 3 spaces across all setting. For dimension allocation,
we set the dimension as (1024, 512, 512) for Euclidean,
Hyperbolic and Spherical space respectively, which makes it
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Table 1. Comparison of dataset distillation methods on MNIST, CIFAR-10, and CIFAR-100. “Whole” denotes the test accuracy of a
model trained on the full dataset. Note that methods marked with † are quoted from (Wang et al., 2025)

.
Datasets MNIST CIFAR-10 CIFAR-100

IPC 1 10 50 1 10 50 1 10 50
Ratio 0.017% 0.17% 0.83% 0.02% 0.2% 1% 0.2% 2% 10%

Whole 99.6± 0.0 84.8± 0.1 56.2± 0.3

Random † 64.9± 3.5 95.1± 0.9 97.9± 0.5 14.4± 2.0 26.0± 1.2 43.4± 1.0 1.4± 0.1 5.0± 0.2 15.0± 0.4

Herding † 89.2± 1.6 93.7± 0.3 94.8± 0.3 21.5± 1.2 31.6± 0.7 40.4± 0.6 8.4± 0.3 17.3± 0.3 33.7± 0.5

K-center 89.3± 1.5 84.4± 1.7 97.4± 0.3 21.5± 1.3 14.7± 0.7 27.0± 1.4 8.3± 0.3 7.1± 0.2 30.5± 0.3

DC 91.7± 0.5 97.4± 0.3 98.8± 0.2 28.3± 0.5 44.9± 0.5 53.9± 0.5 12.8± 0.3 25.2± 0.3 31.5± 0.2

DCC - - - 32.9± 0.8 49.4± 0.5 61.6± 0.4 13.3± 0.3 30.6± 0.4 40.0± 0.3

DSA 88.7± 0.6 97.8± 0.1 99.2± 0.1 28.8± 0.7 52.1± 0.5 60.6± 0.5 13.9± 0.3 32.3± 0.3 42.8± 0.4

MTT - - - 46.3± 0.8 65.3± 0.7 71.6± 0.7 24.3± 0.3 40.1± 0.4 47.7± 0.2

ATT - - - 48.3± 0.8 67.7± 0.7 74.5± 0.7 26.1± 0.3 44.2± 0.4 51.2± 0.2

FTD - - - 46.8± 0.8 66.6± 0.7 73.8± 0.7 25.2± 0.3 43.4± 0.4 50.7± 0.2

DM 89.7± 0.6 97.5± 0.1 98.6± 0.1 30.3± 0.1 48.9± 0.6 63.0± 0.4 11.4± 0.3 29.7± 0.3 43.6± 0.4

CAFE 93.1± 0.3 97.2± 0.2 98.6± 0.2 42.6± 3.3 46.3± 0.6 55.5± 0.6 12.9± 0.3 27.8± 0.3 37.9± 0.3

IDM - - - 45.6± 0.7 58.6± 0.1 67.5± 0.1 20.1± 0.3 45.1± 0.1 50.0± 0.2

M3D 94.4± 0.2 97.6± 0.1 98.2± 0.3 45.3± 0.5 63.5± 0.2 69.9± 0.5 26.2± 0.3 42.4± 0.2 50.9± 0.7

IID - - - 47.1± 0.1 59.9± 0.1 69.0± 0.3 24.6± 0.1 45.7± 0.4 51.3± 0.4

DREAM 95.3± 0.2 98.4± 0.2 99.0± 0.1 50.4± 0.3 67.2± 0.2 73.3± 0.6 26.7± 0.2 43.0± 0.4 48.5± 0.5

DSDM 94.5± 0.4 98.1± 0.3 98.7± 0.2 44.3± 0.4 66.1± 0.3 75.3± 0.3 19.2± 0.4 46.0± 0.2 53.1± 0.5

G-VBSM † - - - - 46.5± 0.7 54.3± 0.3 16.4± 0.7 38.7± 0.2 45.7± 0.4

DM-HDD 90.3± 0.5 96.8± 0.5 97.3± 0.3 26.9± 0.6 49.8± 0.5 61.6± 0.3 13.0± 0.4 30.1± 0.3 43.6± 0.3

IDM-HDD 95.4± 0.7 97.3± 0.2 98.1± 0.3 45.7± 0.6 60.7± 0.7 69.9± 0.3 26.2± 0.4 44.1± 0.5 48.6± 0.6

NCFM 93.4± 0.5 95.7± 0.6 96.9± 0.3 49.5± 0.3 71.8± 0.5 77.4± 0.3 34.4± 0.5 48.4± 0.3 54.7± 0.2

GeoDM + DSDM 96.7± 0.3 98.7± 0.2 99.1± 0.1 46.1± 0.3 68.0± 0.4 76.6± 0.3 22.0± 0.3 47.2± 0.4 53.9± 0.1

GeoDM 96.1± 0.2 98.2± 0.2 99.2± 0.1 51.2± 0.2 74.4± 0.3 78.3± 0.2 38.0± 0.4 49.2± 0.3 55.0± 0.2

Table 2. Cross-architecture resuls on CIFAR10.

IPC Evaluation DREAM M3D DSDM NCFM Ours

10
ConvNet-3 67.2±0.2 63.5±0.2 66.1±0.3 70.4±0.5 74.4±0.3
ResNet-18 64.7±0.2 29.9±0.3 51.7±0.2 67.3±0.4 69.1±0.5
AlexNet 65.1±0.3 34.5±0.1 47.7±0.5 67.4±0.5 69.0±0.3

50
ConvNet-3 73.3±0.6 69.9±0.5 75.3±0.3 77.4±0.3 78.3±0.2
ResNet-18 69.3±0.4 31.6±0.9 61.4±0.3 73.7±0.2 74.5±0.4
AlexNet 72.3±0.1 35.6±0.8 48.2±0.2 75.5±0.3 75.6±0.1

equals to 2048 in NCFM setting. For evaluation, models are
trained for 1500 epochs. We use accuracy as the evaluation
metric across all experiments. All experiments are repeated
three times, with mean and standard deviation of results
(refer to Appendix C.1 for results under more settings).

5.2. Result Analysis

Table 1 summarizes the test accuracy (%) of representa-
tive dataset distillation methods on MNIST, CIFAR-10,
and CIFAR-100 under different images-per-class (IPC) bud-
gets. We report the performance while our geometric-aware
framework combines with DSDM and NCFM. On MNIST,
GeoDM+DSDM achieves 96.7% accuracy at IPC = 1, im-
proving over the best baseline (DREAM, 94.4%) by about

2%. On CIFAR-10, GeoDM attains 74.4% at IPC = 10,
surpassing state-of-the-art by approximately 3%. For the
more challenging CIFAR-100, GeoDM reaches 38.0% and
49.2% at IPC = 1 and 10, yielding gains of about 3% and
1% respectively. These results demonstrate more than in-
cremental improvements: the consistent gains at low IPC
indicate that incorporating curvature information allows
the distilled synthetic images to encode richer geometric
structure, compensating for severe data scarcity. As IPC
increases, however, the relative improvement gradually di-
minishes, since the abundance of synthetic samples reduces
the need for additional structural information.

Robustness Figure 3 shows that our experimental results
further validate the effectiveness of product-space modeling.
Specifically, when replacing the distribution matching com-
ponent with a simple DM objective (Zhao & Bilen, 2023),
our method achieves up to 2.79% improvement over single-
space baselines. Even when adopting a stronger DSDM
formulation (Li et al., 2024), the performance gain remains
around 2%. These results highlight that the product space
is capable of capturing richer geometric information in the
features, enabling synthetic images to retain curvature prop-
erties that would otherwise be neglected. Beyond absolute
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Figure 3. Comparison between product spaces and single spaces
on CIFAR-10 with IPC=10.

accuracy gains, moreover, the consistent advantages across
different DM variants confirm the generality of our frame-
work and echo our theoretical analysis, indicating that the
benefit of product-space modeling is intrinsic to the align-
ment process rather than tied to a specific instantiation of
distribution matching.

Cross-architecture Table 2 reports the cross-architecture
evaluation results on CIFAR-10 with IPC values of 10 and
50. In this setting, we first distilled synthetic datasets using
ConvNet-3 as the condensation model, and then trained
two different architectures, ResNet-18 and AlexNet, on
the distilled data. The performance was evaluated on the
CIFAR-10 test set. Across both IPC settings, our method
consistently achieves the best results when transferring to
deeper or alternative architectures, demonstrating stronger
generalization ability of the distilled data.

Complexity analysis To fairly compare our method with
the Euclidean NCFM baseline, we further match methods
at the same final accuracy and report the total training cost
in Table 3. Under an equal-performance target on CIFAR-
10 with IPC=10, NCFM requires 4000 epochs, while our
product space with curvature and weights needs only 2000

epochs. Despite a slightly higher per-iteration cost, the re-
duced number of epochs results in fewer total FLOPs (181.7
vs. 270.0 GFLOPs). The full model with OT achieves simi-
lar accuracy but incurs higher cost, which is 242,4 GFLOPs,
reflecting the expected trade-off when OT is enabled (see
Appendix D.1 for more details).

Table 3. Total FLOPs at matched performance on CIFAR-10,
IPC=10. “Product Space+C&W” denotes our method without OT.
“Full” denotes the complete model including OT.

Method Epochs FLOPs(G)

NCFM 4000 270.0
Product Space+C&W 2000 181.7
Full (with OT) 1800 242.4

Higher-resolution datasets To verify that our geometric
modeling extends beyond low-resolution benchmarks, we
evaluate on the higher-resolution Imagenette and Image-
Woof datasets under the NCFM setup. Table 4 summarizes
the results. Across all IPC settings, our product-manifold
method consistently improves over the NCFM baseline by
approximately 1–1.5 points, mirroring the gains observed
on CIFAR. This indicates that explicit manifold geometry
remains beneficial and practical on higher-resolution data
(see Appendix D.6 for more details).

Table 4. Experiments on Imagenette and ImageWoof with image
size 128 × 128.

Imagenette ImageWoof

IPC 1 10 1 10

Random 24.5 ± 2.9 46.4 ± 2.1 15.2 ± 1.8 27.5 ± 1.7
MTT 47.5 ± 0.8 63.0 ± 1.3 28.4 ± 0.7 35.8 ± 1.7

NCFM 53.4 ± 1.6 77.3 ± 1.4 27.2 ± 1.1 47.9 ± 1.1
GeoDM 54.8 ± 1.3 78.8 ± 0.8 28.1 ± 1.1 49.1 ± 0.6

Ablation study Table 5 presents the ablation study on
CIFAR-10 with IPC = 10. We first note that the product
space alone already delivers a clear improvement (73.5% vs.
71.8% for single-geometry modeling), confirming that com-
bining multiple geometries inherently captures richer struc-
tural information than a flat Euclidean embedding. Adding

Table 5. Ablation study

Product Curv & Weight OT CIFAR-10

71.8±0.3
✓ 73.5±0.2

✓ 72.3±0.1
✓ ✓ 73.9±0.2
✓ ✓ 73.8±0.1
✓ ✓ ✓ 74.4±0.2
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Table 6. Learned curvature across datasets and under noise pertur-
bation.

Dataset Euclidean Spherical Hyperbolic
MNIST 0 0.17 -0.135
CIFAR-10 0 1.41 -0.79
CIFAR-100 0 0.10 -0.98
CIFAR-10 (with noise) 0 0.84 -0.48

Table 7. Comparison with diffusion-based dataset distillation meth-
ods.

Method
CIFAR-10 CIFAR-100

IPC=10 IPC=50 IPC=10 IPC=50
Minimax 45.1±0.9 54.5±0.7 31.2±0.4 38.6±0.7
D4M 56.2±0.4 72.8±0.5 45.0±0.1 48.8±0.3
DiT-IGD 54.8±0.5 66.8±0.5 45.8±0.5 53.9±0.6
GeoDM 74.4±0.3 78.3±0.2 49.2±0.3 55.0±0.2

curvature adaptation and learnable weights further improves
performance by making the synthetic embeddings better
follow the underlying data manifold, rather than being con-
fined to fixed-curvature assumptions. Finally, incorporating
the OT loss provides consistent transport between real and
synthetic distributions while preventing dominance of any
single geometry, resulting in the best performance of 74.4%
when all components are combined (refer to Appendix D
for additional experiments).

Interpretability analysis To further investigate inter-
pretability, we conduct an additional experiment by replac-
ing 50% of the CIFAR-10 dataset with synthetic Gaussian
noise samples, which preserve the input dimensionality
(32×32×3) but remove structured geometric patterns. In
this setting, both spherical and hyperbolic curvatures de-
crease significantly in Table 6, indicating that the learned
curvature reflects the presence of geometric information in
the dataset.

Diffusion-based method We include additional compar-
isons with recent diffusion-based distillation methods (Min-
imaxDiffusion, D4M, and DiT-IGD). As shown in Table 7,
GeoDM consistently outperforms these approaches across
datasets and IPC settings.

6. Conclusion
In this work, we revisit dataset distillation from the perspec-
tive of manifold learning. Existing distribution-matching ap-
proaches largely operate in Euclidean feature spaces, which
fail to capture the intrinsic geometry of real-world data.
To address this, we propose GeoDM, a geometry-aware
framework that performs matching in a Cartesian product of
Euclidean, hyperbolic, and spherical manifolds. By model-

ing varying curvature, introducing learnable weights across
geometries, and designing an optimal transport loss, our
method achieves more faithful manifold-aware alignment.
Moreover, our theoretical analysis shows that product-space
matching provides tighter error bounds than Euclidean base-
lines. Extensive experiments on benchmark datasets further
validate our approach and support the theoretical findings.
A limitation of our work is that the dimensionality of each
manifold is fixed; future research could explore incorporat-
ing learnable dimensions to better fuse multiple geometries
without sacrificing performance.

Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Missing Proofs
A.1. Proof of Geometry-driven Risk Decomposition Theorem 4.1

Theorem A.1 (Geometry-driven risk decomposition repeat). Let µ be the real distribution and νM the distilled distribution
of size M . The excess risk satisfies

∆ ≜
∣∣R(θν ;µ)−R(θµ;µ)∣∣

≤ 2L
(
β(κ) ·

[
Estat(M) + εopt

]
+ C εdist(κ)

)
+ εstab,

where Estat(M) :=
∑

y µy E(y)stat(M) is the class-weighted average statistical error, and C = 1 for the W1 proof below. For
another IPM, the displayed statement requires an analogous domination inequality with constant C.

Proof. Step 0 (Notation and setup). Recall the population risk R(θ; ρ) = E(x,y)∼ρ[ℓ(fθ(x), y)], and let ∆ := |R(θν ;µ)−
R(θµ;µ)|. Write Φκ : M → Xκ for the representation map, and denote push-forward measures on Xκ by Φκ#ρ:
Φκ#ρ(B) = ρ(Φ−1

κ (B)) for measurable B ⊆ Xκ. We use the distortion condition

dXκ

(
Φκ(x),Φκ(x

′)
)
≤ β(κ) dM(x, x′) + εdist(κ).

Step 1 (Triangle inequality). Add and subtract R(θν ; νM ) and R(θµ; νM ), then use the triangle inequality:

∆ =
∣∣R(θν ;µ)−R(θµ;µ)∣∣

≤
∣∣R(θν ;µ)−R(θν ; νM )

∣∣︸ ︷︷ ︸
(Aν ) distribution shift under fixed θν

+
∣∣R(θν ; νM )−R(θµ; νM )

∣∣︸ ︷︷ ︸
(B) algorithmic stability

+
∣∣R(θµ; νM )−R(θµ;µ)

∣∣︸ ︷︷ ︸
(Aµ) distribution shift under fixed θµ

. (8)

Step 2 (Bounding distribution-shift terms via Lipschitz loss and W1 on Xκ). Fix any θ ∈ {θν , θµ} and define
hθ(z, y) := ℓ(fθ(z), y) for z ∈ Xκ. By Assumption 4.1 (ii), for each y the map z 7→ hθ(z, y) is L-Lipschitz:

|hθ(z, y)− hθ(z′, y)| ≤ LdXκ
(z, z′), ∀z, z′ ∈ Xκ.

We assume label-prior matching, i.e., µy = νy, so that the label marginals coincide and only the conditionals µ(·|y) and
νM (·|y) may differ. Then ∣∣R(θ;µ)−R(θ; νM )

∣∣ =∣∣∣ Ey∼µy

[
Ex∼µ(·|y)hθ(Φκ(x), y)− Ex∼νM (·|y)hθ(Φκ(x), y)

] ∣∣∣
≤ Ey∼µy

∣∣∣Ex∼µ(·|y)hθ(Φκ(x), y)− Ex∼νM (·|y)hθ(Φκ(x), y)
∣∣∣.

For each fixed y, by the Kantorovich–Rubinstein duality on (Xκ, dXκ
) (Villani et al., 2008),∣∣∣Eµ(·|y)hθ(Φκ(x), y)− EνM (·|y)hθ(Φκ(x), y)

∣∣∣
≤ LW (Xκ)

1

(
Φκ#µ(·|y),Φκ#νM (·|y)

)
Averaging over y with weights µy = νy yields the class-wise bound∣∣R(θ;µ)−R(θ; νM )

∣∣
≤ L

∑
y

µyW
(Xκ)
1

(
Φκ#µ(·|y),Φκ#νM (·|y)

)
. (9)

We denote the right-hand side by

W
(Xκ)

1,y (µ, νM ) :=
∑
y

µyW
(Xκ)
1

(
Φκ#µ(·|y),Φκ#νM (·|y)

)
,
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so that (9) is equivalently
∣∣R(θ;µ)−R(θ; νM )

∣∣ ≤ LW (Xκ)

1,y (µ, νM ).

Step 3 (Relating class-wise W1 on Xκ toM via geometric distortion). For each label y, use the primal definition of W1:

W
(Xκ)
1

(
Φκ#µ(·|y),Φκ#νM (·|y)

)
= inf

π∈Π(µ(·|y),νM (·|y))

∫
dXκ

(
Φκ(x),Φκ(x

′)
)
dπ(x, x′).

By the geometric distortion condition, for any coupling π,

dXκ

(
Φκ(x),Φκ(x

′)
)
≤ β(κ) dM(x, x′) + εdist(κ).

Integrating both sides w.r.t. π and taking the infimum yields

W
(Xκ)
1

(
Φκ#µ(·|y),Φκ#νM (·|y)

)
≤ β(κ)W (M)

1

(
µ(·|y), νM (·|y)

)
+ εdist(κ).

Weighting by µy and summing over y gives∣∣R(θν ;µ)−R(θν ; νM )
∣∣+ ∣∣R(θµ; νM )−R(θµ;µ)

∣∣
≤ 2L

(
β(κ)W

(M)

1,y (µ, νM ) + εdist(κ)
)
,

(10)

where
W

(M)

1,y (µ, νM ) :=
∑
y

µyW
(M)
1

(
µ(·|y), νM (·|y)

)
.

Step 4 (Bounding term (B) via uniform stability). By Assumption 4.1 (iii), the training algorithm A is uniformly stable
with constant εstab in the sense of Bousquet & Elisseeff (2002):∣∣R(θρ1 ; ρ)−R(θρ2 ; ρ)

∣∣ ≤ εstab, ∀ρ1, ρ2, ρ.

Setting ρ1 = ν, ρ2 = µ, and evaluating on ρ = νM gives∣∣R(θν ; νM )−R(θµ; νM )
∣∣ ≤ εstab. (11)

Step 5 (Statistical convergence of the class-wise IPM onM). By Assumption 4.1 (iv), for each y there exists a decreasing
function E(y)stat(M) and an optimization/modeling error εopt such that

W
(M)
1

(
µ(·|y), νM (·|y)

)
≤ E(y)stat(M) + εopt.

Hence the class-weighted average satisfies

W
(M)

1,y (µ, νM ) ≤ Estat(M) + εopt,

Estat(M) :=
∑
y

µyE(y)stat(M).
(12)

Step 6 (Combine all bounds). Combining (10), (11), and (12) yields

∆ ≤ 2L
(
β(κ) ·

[
Estat(M) + εopt

]
+ εdist(κ)

)
+ εstab.

This matches the claimed inequality with C = 1 for W1. For other IPMs (e.g., MMD), the same displayed form is valid only
if the IPM controls the loss-class discrepancy by a geometry-dependent constant C induced, for example, by the kernel’s
Lipschitz/smoothness envelope on (Xκ, dXκ

) (Sriperumbudur et al., 2010).

13
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A.2. Detailed Proofs for Product-Space Advantages

Product geometry and metrics. We equip product spaces with the ℓ2 product metric unless stated otherwise. IfM =
M1 × · · · ×MK and X = X1 × · · · × XK have product metrics d2M =

∑K
k=1 d

2
Mk

and d2X =
∑K

k=1 d
2
Xk

, then for a
representation Φ = (Φ(1), . . . ,Φ(K)) with component-wise distortions

dXk

(
Φ(k)(xk),Φ

(k)(x′k)
)
≤ βk dMk

(xk, x
′
k) + εk,

we have (by Minkowski/triangle inequality) (Yosida, 2012)

dX
(
Φ(x),Φ(x′)

)
≤

√√√√ K∑
k=1

(
βk dMk

(xk, x′k) + εk
)2

≤
(
max

k
βk

)
dM(x, x′) +

( K∑
k=1

ε2k

)1/2

≤
(
max

k
βk

)
dM(x, x′) +

K∑
k=1

εk,

(13)

so that we may take βprod = maxk βk and εdist,prod = (
∑

k ε
2
k)

1/2, or the looser bound
∑

k εk.

Two canonical W1 representations. We will repeatedly use (i) the primal W1 formulation via couplings:

W1(α, β) = inf
π∈Π(α,β)

∫
d(u, v) dπ(u, v),

and (ii) the dual KR characterization W1(α, β) = sup∥g∥Lip≤1

∣∣Eαg − Eβg
∣∣ (Villani et al., 2008).

A.2.1. HYPERBOLIC FACTOR: LOWER BOUNDS ON EUCLIDEAN DISTORTION

We first show that the hyperbolic component of the data manifold forces any Euclidean-only matching space to incur a
multiplicative distortion that grows at least linearly in the geodesic radius R. The proof uses a standard chain: (a) large
hyperbolic balls contain large tree-like subsets; (b) trees embed themselves into hyperbolic space with O(1) distortion; (c)
finite trees require Ω(log n) bi-Lipschitz distortion to embed into Euclidean/Hilbert spaces.

Lemma A.2 (Hyperbolic volume growth and large separated subsets). Let BH(R) be a geodesic ball of radius R in HdH
cH

with cH < 0 and dH ≥ 2. For every fixed ∆ ∈ (0, 1], there exist constants C1, γ > 0 (depending only on dH , |cH |, and ∆)
such that BH(R) contains a ∆-separated subset PR with cardinality

|PR| ≥ C1 e
γR.

Proof. Step A.2.1 (Normalization and geodesic spheres). By a standard rescaling, HdH
cH is isometric to HdH

−1 with distances

multiplied by
√
|cH |

−1
, and (dH−1)-dimensional measures multiplied by |cH |−(dH−1)/2 (see, e.g., Ratcliffe (2006)).

Therefore it suffices to prove the claim for curvature −1 and then rescale constants at the end. We henceforth work in
Hd ≡ HdH

−1 and write d for dH .

Fix R > 0 and set r := R/2. Let S(r) be the geodesic sphere of radius r centered at some o ∈ Hd, i.e., S(r) = {x ∈ Hd :
dH(o, x) = r}. Clearly S(r) ⊂ BH(R).

Step A.2.2 (Area of geodesic spheres). The (d−1)-dimensional area of S(r) equals

Area(S(r)) = ωd−1 sinh d−1(r),

where ωd−1 is the area of the unit sphere Sd−1 (Ratcliffe, 2006). In particular, Area(S(r)) grows like cd e(d−1)r as r →∞
because sinh r = 1

2 (e
r − e−r) ≥ 1

2e
r−1 for r ≥ 1.

14
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Step A.2.3 (From angular separation to hyperbolic separation). Take two points u, v ∈ S(r) with central angle θ ∈ [0, π]
(i.e., the angle at o between geodesics ou and ov is θ). By the hyperbolic law of cosines (curvature −1) (Anderson, 2005),

cosh dH(u, v) = cosh2 r − sinh2 r cos θ

= 1 + sinh2 r
(
1− cos θ

)
.

Since cosh is increasing on [0,∞), for any target metric separation ∆ > 0,

dH(u, v) ≥ ∆ ⇐⇒ sinh2 r
(
1− cos θ

)
≥ cosh∆− 1. (14)

For θ ∈ [0, π], we have the elementary bound 1 − cos θ ≥ 2
π2 θ

2 (since cos θ ≤ 1 − 2θ2/π2 on [0, π]). Therefore it is
sufficient to enforce an angular separation θ ≥ θ0 with

θ0 :=
π
√
cosh∆− 1√
2 sinh r

, (15)

which gives
θ ≥ θ0 =⇒ dH(u, v) ≥ ∆. (16)

Thus, constructing a θ0-separated set on S(r) immediately gives a ∆-separated set in BH(R). For fixed ∆, θ0 ≤ π for all
sufficiently large r; the remaining bounded range of R is handled by adjusting the final constant C1 in Step A.2.10.

Step A.2.4 (Maximal angular packing on S(r)). Consider the intrinsic (Riemannian) metric on S(r). A θ0-separated
set Q ⊂ S(r) means that the central angle between any two distinct points of Q is at least θ0. Using a greedy maximality
argument on the compact manifold S(r), there exists a maximal θ0-separated setQ such that the collection of spherical caps
{Cap(q, θ0/2) : q ∈ Q} is pairwise disjoint, while the caps {Cap(q, θ0) : q ∈ Q} cover S(r) (Conway & Sloane, 2013,
see sphere packing arguments).Here, Cap(q, φ) denotes the subset of S(r) with central angle at most φ from q.

Step A.2.5 (Area of spherical caps on S(r)). The induced metric on S(r) is (up to isometry) the round metric on a sphere
of “radius” sinh r, i.e., the area element scales by sinhd−1 r times that of Sd−1. Consequently, the area of a cap of angular
radius φ ∈ (0, π) on S(r) is

Area
(
Cap(·, φ)

)
= sinhd−1 r · ωd−2

∫ φ

0

sind−2 t dt.

Using sin t ≤ t for t ∈ [0, π], we obtain the upper bound

Area
(
Cap(·, φ)

)
≤ sinhd−1 r · ωd−2

∫ φ

0

td−2 dt

= sinhd−1 r · ωd−2

d− 1
φ d−1.

(17)

Step A.2.6 (Lower bound on the packing number on S(r)). Let N := |Q| be the cardinality of a maximal θ0-separated
set on S(r). Because the caps {Cap(q, θ0)}q∈Q cover S(r), we must have

Area
(
S(r)

)
≤

∑
q∈Q

Area
(
Cap(q, θ0)

)
= N ·Area

(
Cap(·, θ0)

)
.

Therefore,

N ≥
Area

(
S(r)

)
Area

(
Cap(·, θ0)

) . (18)

Substituting Area(S(r)) = ωd−1 sinh
d−1 r and using (17) with φ = θ0, we obtain

N ≥ ωd−1 sinh
d−1 r

sinhd−1 r · ωd−2

d−1 θ
d−1
0

=
( (d− 1)ωd−1

ωd−2

)
θ
−(d−1)
0 . (19)
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Hence the packing number on S(r) at angular resolution θ0 satisfies

N ≥ Cd θ
−(d−1)
0 , Cd :=

(d− 1)ωd−1

ωd−2
.

Step A.2.7 (From angular θ0 to metric ∆ on BH(R)). By (16) and the choice (15), any θ0-separated set Q ⊂ S(r) is
∆-separated in the ambient hyperbolic metric. Therefore, with θ0 = π

√
cosh∆−1√
2 sinh r

, inequality (19) gives

|PR| ≥ N ≥ Cd

( √
2 sinh r

π
√
cosh∆− 1

)d−1

.

Step A.2.8 (Exponential growth in R). For r = R/2 and R ≥ 2, we have sinh r ≥ 1
2e

r−1 and hence

|PR| ≥ C̃d (cosh∆− 1)−
d−1
2 e(d−1)r = C̃d (cosh∆− 1)−

d−1
2 e

(d−1)
2 R,

for some constant C̃d > 0 depending only on d and ∆. Thus there exist constants C1, γ > 0 (depending only on d and ∆)
such that

|PR| ≥ C1 e
γR, γ =

d− 1

2
.

Step A.2.9 (Rescaling to curvature cH < 0). Returning to curvature cH < 0, let a =
√
|cH |. Rescaling to curvature −1

multiplies distances by a: a ball of radius R in HdH
cH corresponds to a ball of radius aR in HdH

−1 , and a fixed separation ∆
corresponds to separation a∆ in the normalized metric. Applying the curvature −1 bound and rescaling back gives

|PR| ≥ C1(dH , |cH |,∆) eγ(dH ,|cH |)R,

with, for example, γ = (dH − 1)
√
|cH |/2 after changing constants.

Step A.2.10 (Small R). For bounded R ∈ (0, 2], the claim holds by decreasing C1 so that C1e
γR ≤ 1 ≤ |PR|; note that

any ball contains at least one point, and the dependence on R is monotone.

Lemma A.3 (Trees embed into hyperbolic space with constant distortion). Assume dH ≥ 2. Let Tn be any finite rooted b-ary
tree of height h and n = Θ(bh) nodes with unit edge lengths (tree metric dT ). There exists an embedding ι : Tn → HdH

cH
such that for some constant D0 ≥ 1 (depending only on b, dH , and |cH |, but not on n or h),

1

D0
dT (u, v) ≤ dH

(
ι(u), ι(v)

)
≤ D0 dT (u, v),∀u, v ∈ Tn.

Moreover, the image lies in a hyperbolic ball of radius O(h); equivalently, trees of height h ≤ cR embed with the same
distortion into BH(R) for a constant c > 0 depending only on b, dH , |cH |.

Proof. Step A.3.0 (Normalization of curvature). It suffices to construct ι into Hd
−1 (curvature −1) with bi-Lipschitz

distortion D′
0(b, d). The general case follows by the standard rescaling isometry between HdH

cH and HdH
−1 , which multiplies

distances by |cH |−1/2 and alters only the constant by a factor depending on |cH | (Ratcliffe, 2006).

Step A.3.1 (Radial–angular embedding scheme). Fix a radial scale λ > 0 to be chosen later (depending only on b, d), and
fix a root o ∈ Hd. Each vertex at depth t will be embedded at radial distance r(t) := λt from o. To separate subtrees, assign
to each vertex v at depth ℓ a spherical cone cone(v) ⊂ Sd−1 of angular radius

ϕ(ℓ) = ϕ0 e
−λℓ,

for some ϕ0 > 0 independent of n, h. Children of v receive sub-cones inside cone(v), each of radius at most ϕ(ℓ+1) and
with pairwise angular gaps comparable to ϕ(ℓ). Such an allocation is possible by the standard cap-volume estimate on Sd−1,
provided

b · ϕ(ℓ+1)d−1 ≤ 1
2ϕ(ℓ)

d−1,
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which (by substitution) holds whenever
λ ≥ 1

d−1 log(2b). (20)

Choosing λ larger if necessary gives both separation and angular slack at every level (cf. spherical cap packing arguments
(Conway & Sloane, 2013)). Let ξv ∈ Sd−1 be the axis assigned to v, and set ι(v) := expo(λ depth(v) ξv).

Step A.3.2 (Angular separation across subtrees). Let u, v be two distinct vertices with lowest common ancestor w at
depth ℓ. If neither vertex is an ancestor of the other, then they lie in different child cones below w. The construction gives

c1 e
−λℓ ≤ Θ(u, v) ≤ c2 e

−λℓ, (21)

for constants c1, c2 > 0 depending only on (b, d). The lower bound comes from the enforced gap between sibling cones; the
upper bound holds because both descendant rays remain inside the cone of w. If one vertex is an ancestor of the other, only
the upper bound in (21) is needed below.

Step A.3.3 (Hyperbolic law of cosines). Write s = depth(u), t = depth(v), rs = λs, rt = λt, and ℓ = depth(w). The
hyperbolic law of cosines (curvature −1) gives

cosh dH(ι(u), ι(v)) = cosh rs cosh rt − sinh rs sinh rt cosΘ(u, v), (22)

see, e.g., (Anderson, 2005; Ratcliffe, 2006).

Step A.3.4 (Lower bound). If one of u, v is an ancestor of the other, then the reverse triangle inequality with the root gives

dH(ι(u), ι(v)) ≥ |rs − rt| = λ|s− t| = λdT (u, v).

Otherwise, ℓ < min{s, t} and (21) applies. Rewrite (22) as

cosh dH(ι(u), ι(v)) = cosh(rs − rt) + sinh rs sinh rt
(
1− cosΘ(u, v)

)
.

Choose ϕ0 small enough that all relevant angles are at most a fixed number below π. Then 1− cos θ ≥ c θ2 on this range.
Since s, t ≥ 1 in the non-ancestor case, sinh(λs) sinh(λt) ≥ c′ exp(λ(s+ t)). Together with (21), this yields

cosh dH(ι(u), ι(v)) ≥ c′′ exp
(
λ(s+ t− 2ℓ)

)
= c′′ eλdT (u,v).

Choosing λ large enough makes the right-hand side at least 1 for dT (u, v) ≥ 1. Taking cosh−1 and using cosh−1(y) ≥ log y
for y ≥ 1, we obtain, in all cases after decreasing constants if necessary,

dH(ι(u), ι(v)) ≥ λ dT (u, v)− C1, (23)

with C1 = C1(b, d) independent of n, h.

Step A.3.5 (Upper bound). Construct a broken path: radially from ι(u) to S(λℓ), then along S(λℓ) by arc length
sinh(λℓ)Θ(u, v), then radially to ι(v). Thus

dH(ι(u), ι(v)) ≤ λ(s− ℓ) + λ(t− ℓ) + sinh(λℓ)Θ(u, v).

By the upper bound in (21), sinh(λℓ)Θ(u, v) ≤ 1
2e

λℓ · c2e−λℓ = O(1). Hence

dH(ι(u), ι(v)) ≤ λ dT (u, v) + C2. (24)

Step A.3.6 (Bi-Lipschitz conclusion). Combining (23)–(24) gives

λ dT (u, v)− C1 ≤ dH(ι(u), ι(v)) ≤ λ dT (u, v) + C2.

Choose λ > C1 + 1. Since dT (u, v) ≥ 1 for distinct vertices, adjusting constants yields

1

D′
0

dT (u, v) ≤ dH(ι(u), ι(v)) ≤ D′
0 dT (u, v),

for D′
0 = D′

0(b, d) <∞ independent of n, h. The largest radial coordinate is λh, so the image lies in BH(λh).

Step A.3.7 (Curvature rescaling). Rescaling back to curvature cH < 0 multiplies distances by |cH |−1/2, which only
affects constants. Absorbing this factor into D0 completes the proof.
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Lemma A.4 (Lower bounds for embedding trees into Euclidean/Hilbert). Let Tn be the vertex set of a rooted b-ary tree of
height h with unit edge lengths, so n = Θ(bh). For any embedding f : Tn → ℓm2 , the bi-Lipschitz distortion satisfies

dist(f) ≜
(
sup
u̸=v

∥f(u)− f(v)∥2
dT (u, v)

)
·
(
sup
u̸=v

dT (u, v)

∥f(u)− f(v)∥2

)
≥ cb

√
h = c′b

√
logn,

for constants cb, c′b > 0 depending only on the branching factor b and independent of n, h.

Proof. We follow a standard Poincaré/energy argument for trees in Hilbert spaces, as developed in Linial et al. (1995) and
refined in Gupta et al. (2004). Let T denote a rooted b-ary tree of height h with unit edge lengths, and let V , E, and L be its
sets of vertices, edges, and leaves, respectively. Then |L| = Θ(bh) and |E| = Θ(|V |) = Θ(n).

Step A.4.1: Distortion, Lipschitz and co-Lipschitz constants. For f : V → ℓm2 , write

β ≜ sup
u̸=v

∥f(u)− f(v)∥2
dT (u, v)

α ≜ sup
u̸=v

dT (u, v)

∥f(u)− f(v)∥2
.

Then the distortion is dist(f) = β · α. Note that scaling f by a positive constant scales β and α inversely, leaving the
product unchanged.

Step A.4.2: Edge energy notation. Root the tree at o. For each edge e = (x, parent(x)) ∈ E define the edge increment
ae ≜ f(x)− f(parent(x)) ∈ ℓm2 . Then for any v ∈ V , if P (o→ v) is the unique root-to-v path,

f(v)− f(o) =
∑

e∈P (o→v)

ae (telescoping along the path).

Let the (Hilbert) edge energy be
E(f) ≜

∑
e∈E

∥ae∥22.

By the definition of β and unit edge lengths, ∥ae∥ ≤ β for all e, hence

E(f) =
∑
e∈E

∥ae∥2 ≤ |E| · β2. (25)

Step A.4.3: A tree Poincaré inequality for leaves (LLR). Consider the multiset of ordered leaf pairs L× L. Then there
exists a universal constant C > 0 such that for every mapping f : V → ℓ2,

1

|L|2
∑

u,v∈L

∥f(u)− f(v)∥22 ≤ C h · 1

|E|
∑
e∈E

∥ae∥22. (26)

Inequality (26) is a special case of the Poincaré type bounds in Linial et al. (1995) (see also Gupta et al. (2004) for related
formulations), which control averaged pairwise squared distances on L by the edge energy times the tree height.1

Step A.4.4: Lower bound the LHS via co-Lipschitzness and leaf distances. For leaves u, v, their tree distance is
dT (u, v) = 2(h− depth(LCA(u, v))). If U, V are drawn independently and uniformly from L, then E[dT (U, V )] ≥ c0h
for some c0 = c0(b) > 0 (indeed, the LCA has bounded average depth). By Jensen’s inequality, E[dT (U, V )2] ≥
(E[dT (U, V )])2 ≥ c20h2. Using the co-Lipschitz property of f ,

∥f(u)− f(v)∥2 ≥
1

α
dT (u, v)

⇒ ∥f(u)− f(v)∥22 ≥
1

α2
dT (u, v)

2.

1Intuitively, ∥f(u)− f(v)∥2 can be expanded in terms of the increments ae along the two root-to-leaf paths, and averaging over all
leaves makes cross-terms cancel while each level contributes additively; the factor h accounts for the h possible levels at which the two
paths can diverge.
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Averaging over u, v ∈ L yields

1

|L|2
∑

u,v∈L

∥f(u)− f(v)∥22 ≥
1

α2
· 1

|L|2
∑

u,v∈L

dT (u, v)
2

≥ c20
α2

h2.

(27)

Step A.4.5: Upper bound the RHS via the edge energy and β. By (25), the RHS of (26) satisfies

C h · 1

|E|
∑
e∈E

∥ae∥22 ≤ C h · 1

|E|
· |E| · β2 = C hβ2. (28)

Step A.4.6: Combine the inequalities. From (27) and (28), plugging into the Poincaré inequality (26), we obtain

c20
α2

h2 ≤ C hβ2.

Multiplying both sides by α2 yields
c20h

2 ≤ C hβ2α2.

Dividing by h and taking square roots gives
βα ≥ c0√

C

√
h.

Therefore, the distortion satisfies
dist(f) = βα ≥ cb

√
h,

for some constant cb > 0 depending only on b and independent of n, h.

Step A.4.7: Express the bound in terms of n. Since n = Θ(bh), we have h = Θ(log n). Consequently,

dist(f) ≥ c′b
√

log n,

for a constant c′b > 0 depending only on b.

We now propagate these bounds from trees to hyperbolic balls.

Lemma A.5 (Euclidean Lipschitz factor lower bounds on BH(R)). Assume dH ≥ 2. Fix R > 0 and consider the hyperbolic
ball BH(R) ⊂ HdH

cH . Let f : BH(R)→ ℓm2 be any mapping. There exist constants C1, γ > 0 depending only on dH , |cH |
such that:

(A) Uniform separation (strong non-collapse). Assume there exists SR ⊂ BH(R) with |SR| ≥ C1e
γR such that ∥f(u)−

f(v)∥ ≥ ∆ for all distinct u, v ∈ SR, where ∆ > 0 is independent of R. Then for sufficiently large R,

βeuc ≥ cA
eγR/m

R
,

for some constant cA = cA(dH , |cH |,m,∆) > 0. In particular, since the exponential term dominates, there exists c′A > 0
such that βeuc ≥ c′AR for all sufficiently large R.

(B) Global co-Lipschitz on a tree (moderate non-collapse). Assume there exists a rooted b-ary tree Tn of height h = Θ(R)
with n = Θ(eγR), together with an embedding ι : Tn → BH(R) of constant distortion (Lemma A.3), such that f is
co-Lipschitz on ι(Tn) with constant α0 <∞, i.e., ∥f(ι(u))− f(ι(v))∥ ≥ α−1

0 dT (u, v) for all u, v ∈ Tn. Then

βeuc ≥ cB α
−1
0

√
R,

for some cB > 0 depending only on dH , |cH |.
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Proof. We prove (A) and (B) separately. Throughout, βeuc denotes the upper Lipschitz constant of f with respect to the
hyperbolic distance on BH(R): ∥f(x)− f(y)∥ ≤ βeuc dH(x, y).

Proof of (A): Euclidean packing vs. hyperbolic growth. Let o be the center of BH(R). For any x ∈ SR ⊂ BH(R) we
have ∥f(x)− f(o)∥ ≤ βeuc dH(x, o) ≤ βeucR, so f(SR) lies in the Euclidean ball Bℓm2

(
f(o), ρ

)
with ρ := βeucR. Since

points in SR are ∆-separated in ℓm2 , the standard packing bound in Rm (e.g., (Papaspiliopoulos, 2020)) yields

|SR| ≤ Nℓm2
(ρ,∆) ≤

(
1 +

2ρ

∆

)m

=
(
1 +

2βeucR

∆

)m

.

Using |SR| ≥ C1e
γR by hypothesis, we obtain

C1e
γR ≤

(
1 +

2βeucR

∆

)m

⇒ βeuc ≥
∆

2R

(
(C1)

1/meγR/m − 1
)
.

Absorbing (C1)
1/m and the “−1” into a constant for large R gives βeuc ≥ cA e

γR/m/R. Since the exponential term
dominates any polynomial, there exists c′A > 0 such that βeuc ≥ c′AR for all sufficiently large R.

Proof of (B): Tree lower bound + co-Lipschitz control. Let F := f ◦ ι : Tn → ℓm2 be the composition with the tree
embedding. By hypothesis, F is co-Lipschitz on Tn with constant α0, i.e., ∥F (u)−F (v)∥ ≥ α−1

0 dT (u, v) for all u, v ∈ Tn.
Let

βF := sup
u̸=v

∥F (u)− F (v)∥
dT (u, v)

be the upper Lipschitz constant ofF with respect to dT . By the Linial–London–Rabinovich/Gupta–Newman–Rabinovich–Sinclair
lower bound for trees into Hilbert spaces ((Linial et al., 1995); see also (Gupta et al., 2004)), the bi-Lipschitz distortion of
any F : Tn → ℓ2 satisfies

dist(F ) = βF αF ≥ c∗
√
h,

where αF is the co-Lipschitz constant of F and c∗ > 0 is universal. Since αF ≤ α0, we get

βF ≥
c∗
α0

√
h.

Next, relate βF to βeuc. By Lemma A.3, ι has constant distortion D0, so for all u ̸= v

∥F (u)− F (v)∥ = ∥f(ι(u))− f(ι(v))∥
≤ βeuc dH(ι(u), ι(v)) ≤ βeucD0 dT (u, v),

hence βF ≤ D0 βeuc. Combining the last two displays and using h = Θ(R) from the tree–ball construction,

βeuc ≥
1

D0
βF ≥

c∗
D0 α0

√
h = cB α

−1
0

√
R,

with cB > 0 depending only on dH , |cH | through D0 and the height–radius comparability.

Remark (Geometric penalties of Euclidean embeddings). Lemmas A.2–A.5 demonstrate that hyperbolic components of
data manifolds impose unavoidable penalties for faithful, non-collapsing Euclidean representations. Without a non-collapse
condition, a map could shrink all distances and have a small one-sided Lipschitz constant, so the lower bounds above should
be read as faithful-representation lower bounds:

In the hyperbolic regime, exponential packing growth (Lemma A.2) together with tree–hyperbolic embeddings (Lemma A.3)
and the Euclidean distortion lower bound for trees (Lemma A.4) imply that a Euclidean embedding of BH(R) that preserves
the stated non-collapse conditions must inflate the Lipschitz constant to at least Ω(R) in the strong-separation case, or at
least Ω(

√
R) in the tree co-Lipschitz case.

In the tree co-Lipschitz regime, the GNRS/LLR bounds show that co-Lipschitz control still forces βeuc ≥ Ω(
√
R).
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These findings confirm that the geometric constants entering Theorem 4.1 deteriorate with R when hyperbolic factors are
represented faithfully in a fixed-dimensional Euclidean space. They also provide the foundation for Theorem 4.2, where
product spaces are shown to mitigate such distortions.

Finally, in addition to hyperbolic penalties, spherical factors introduce a distinct and fixed gap: Euclidean embeddings
replace geodesic arcs by chords. As we establish next (Lemma A.6), this substitution inevitably incurs a bi-Lipschitz
distortion of at least π/2, independent of the radius. Hence, while hyperbolic geometry amplifies distortion with scale,
spherical geometry contributes an irreducible constant distortion gap.

A.2.2. SPHERICAL FACTOR: CHORD VS. ARC AND A FIXED GAP

We next quantify the irreducible loss of using Euclidean chordal distance in place of spherical geodesics.

Lemma A.6 (Spherical arc–chord inequality and sharp bi-Lipschitz constants). Let SdS

RS
⊂ RdS+1 be the dS-dimensional

sphere of radius RS > 0 with the induced Euclidean metric ∥ · ∥2 from the ambient space. For any two points p, q ∈ SdS

RS
,

let θ = θ(p, q) ∈ [0, π] denote the central angle at the sphere’s center between p and q. Then the spherical geodesic (arc)
distance and the chordal (ambient Euclidean) distance satisfy

dgeo(p, q) = RS θ, dchord(p, q) = ∥p− q∥2 = 2RS sin(θ/2),

and the following double inequality holds:

2

π
dgeo(p, q) ≤ dchord(p, q) ≤ dgeo(p, q). (29)

Consequently, the identity map
id :

(
SdS

RS
, dgeo

)
−→

(
SdS

RS
, dchord

)
is bi-Lipschitz with Lipschitz constant 1 and co-Lipschitz constant 2/π (equivalently, its inverse has Lipschitz constant
π/2). Therefore the distortion is exactly π/2, and these constants are sharp (Burago et al., 2001; Berger, 2009; Bridson &
Haefliger, 2013).

Proof. Step A.6.1 (Formulas for dgeo and dchord). By definition of the spherical metric on a sphere of radius RS , the
length of a minimizing geodesic (great-circle arc; unique unless θ = π) between p and q equals

dgeo(p, q) = RS θ,

where θ ∈ [0, π] is the central angle between p and q (Berger, 2009). Since p and q lie on the sphere of radius RS in RdS+1,
the ambient Euclidean (chordal) distance is

dchord(p, q) = ∥p− q∥2

=
√
∥p∥22 + ∥q∥22 − 2⟨p, q⟩

=
√
2R2

S

(
1− cos θ

)
.

Using the identity 1− cos θ = 2 sin2(θ/2), we obtain

dchord(p, q) = 2RS sin(θ/2). (30)

Step A.6.2 (Upper bound dchord ≤ dgeo). For all x ≥ 0 we have sinx ≤ x. Apply this with x = θ/2 ∈ [0, π/2]:

sin(θ/2) ≤ θ/2.

Multiplying by 2RS and invoking (30) gives

dchord(p, q) = 2RS sin(θ/2) ≤ RS θ = dgeo(p, q).
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Step A.6.3 (Lower bound dchord ≥ 2
πdgeo). Consider ϕ(x) := sinx− 2

πx on [0, π/2]. We have ϕ(0) = ϕ(π/2) = 0 and
ϕ′′(x) = − sinx ≤ 0, so ϕ is concave. A concave function lies above its chord, i.e., sinx ≥ 2

πx for all x ∈ [0, π/2]. Taking
x = θ/2 yields

sin(θ/2) ≥ θ

π
.

Multiplying by 2RS gives

dchord(p, q) = 2RS sin(θ/2) ≥ 2

π
RS θ =

2

π
dgeo(p, q).

Step A.6.4 (Bi-Lipschitz constants and sharpness). The inequalities (29) are equivalent to

2

π
dgeo(p, q) ≤ dchord(p, q) ≤ dgeo(p, q) for all p, q ∈ SdS

RS
.

Hence for the identity f = id we have the (global) Lipschitz seminorm

L(f) := sup
p̸=q

dchord(p, q)

dgeo(p, q)
= 1,

and the co-Lipschitz constant

ℓ(f) := inf
p̸=q

dchord(p, q)

dgeo(p, q)
=

2

π
.

Therefore the metric distortion is

Dist(f) =
L(f)

ℓ(f)
=
π

2
.

Sharpness: as θ → 0, dchord

dgeo
→ 1 so L(f) = 1; at θ = π, dchord

dgeo
= 2

π so ℓ(f) = 2/π. Thus Dist(f) = π/2 is attained,
proving the constants are optimal.

Step A.6.5 (Consequence). Any Euclidean-only representation that relies on chordal distances for spherical data incurs
an irreducible π/2 distortion relative to the intrinsic spherical metric (Burago et al., 2001). By contrast, using spherical
geometry yields (L(f), ℓ(f)) = (1, 1) up to negligible projection/discretization error.

A.2.3. FLAT FACTOR: NO ADVANTAGE OR DISADVANTAGE

We now analyze the Euclidean (flat) component of the product manifold. Unlike hyperbolic and spherical components,
Euclidean geometry introduces no additional distortion because geodesic distances coincide exactly with the standard ℓ2
metric.

Lemma A.7 (Flat factor is preserved without distortion). Let (EdE , ∥ · ∥2) denote dE-dimensional Euclidean space with its
canonical norm. Then for any two points u, v ∈ EdE :

dgeo(u, v) = ∥u− v∥2,

where dgeo is the geodesic distance induced by the Euclidean metric. Consequently, any embedding ι : (EdE , ∥ · ∥2)→ ℓm2
that is an isometric inclusion satisfies

1

1
∥u− v∥2 ≤ ∥ι(u)− ι(v)∥2 ≤ 1 · ∥u− v∥2,

so the bi-Lipschitz distortion is exactly 1.

Proof. Step A.7.1 (Definition of geodesic distance). On any Riemannian manifold (M, g), the geodesic distance between
two points is the infimum of lengths of smooth curves γ : [0, 1]→M with γ(0) = u, γ(1) = v:

dgeo(u, v) = inf
γ

∫ 1

0

√
gγ(t)(γ̇(t), γ̇(t)) dt.

See, e.g., Do Carmo & Flaherty Francis (1992) or Lee (2006).
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Step A.7.2 (Euclidean case). ForM = EdE with g = ⟨·, ·⟩ the standard Euclidean inner product, the straight line

γ(t) = (1− t)u+ tv, t ∈ [0, 1],

is a (globally) minimizing geodesic; see Do Carmo & Flaherty Francis (1992). Its derivative is constant γ̇(t) = v− u, hence∫ 1

0

√
⟨v − u, v − u⟩ dt =

∫ 1

0

∥v − u∥2 dt = ∥v − u∥2,

which gives dgeo(u, v) ≤ ∥v − u∥2.

(Lower bound for any curve). For any absolutely continuous γ with γ(0) = u, γ(1) = v, the triangle inequality for vector
integrals (Minkowski) yields ∫ 1

0

∥γ̇(t)∥2 dt ≥
∥∥∥∫ 1

0

γ̇(t) dt
∥∥∥

= ∥γ(1)− γ(0)∥2 = ∥v − u∥2,
see, e.g., Burago et al. (2001). Taking infimum over all such γ gives dgeo(u, v) ≥ ∥v − u∥2. Combining both inequalities,

dgeo(u, v) = ∥u− v∥2.

Step A.7.3 (Bi-Lipschitz constants). Consider an isometric inclusion ι : EdE ↪→ ℓm2 (e.g., ι(x) = (x, 0, . . . , 0)). Then

∥ι(u)− ι(v)∥2 = ∥u− v∥2 = dgeo(u, v),

so the Lipschitz and co-Lipschitz constants are both 1, and the bi-Lipschitz distortion equals 1 (Burago et al., 2001).

Step A.7.4 (Conclusion). The distortion β/α = 1 exactly, which is the minimum possible. Therefore, unlike the hyperbolic
or spherical factors, the flat factor introduces no geometric mismatch between Euclidean-only and product spaces.

This lemma simply formalizes the fact that in flat Euclidean geometry, geodesic and Euclidean distances coincide, so both
Euclidean-only and product manifolds preserve distances identically for the flat component. Thus there is no advantage or
disadvantage on this factor.

A.2.4. COMBINING FACTORS: PRODUCT VS. EUCLIDEAN

We now combine the factor-wise analyses of hyperbolic, spherical, and Euclidean components to compare the geometric
distortion parameters β(κ) and εdist(κ) between a purely Euclidean embedding and a curvature-aware product embedding.
Lemma A.8 (Comparison of distortion under faithful Euclidean normalization). Let the data manifold be supported on a
mixed-curvature productM⋆ ⊂ EdE ×HdH

cH × SdS
cS , with the ℓ2 product metric, and suppose its support contains at least

one of the following faithful comparison configurations:

(H1) Strong hyperbolic separation. A hyperbolic slice contains the separated sets from Lemma A.2, and the Euclidean-only
representation keeps their images ∆-separated as in Lemma A.5(A).

(H2) Tree non-collapse. A hyperbolic slice contains an embedded b-ary tree of height h = Θ(R), and the Euclidean-only
representation is co-Lipschitz on that tree as in Lemma A.5(B).

(S) Spherical scale normalization. A spherical slice is represented by the standard ambient chordal embedding, up to a
global scaling, with global non-contraction relative to the intrinsic spherical metric; equivalently, after the chosen scaling
its co-Lipschitz constant is at least 1.

Denote by βeuc, εdist,euc the one-sided distortion constants for the Euclidean-only embedding into ℓm2 , and by
βprod, εdist,prod those for the natural product embedding. Then

βprod = 1, εdist,prod ≤ εnum,

where εnum denotes numerical/projection residuals. Moreover, for sufficiently large R in the hyperbolic cases,

βeuc − βprod ≥ gR :=


a1R, under (H1),
b1
√
R, under (H2),

π/2− 1, under (S),
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for constants a1, b1 > 0 depending only on curvature, dimension, and the non-collapse constants.

Proof. Step A.8.1 (Product embedding). The natural product embedding uses the intrinsic metric on each factor. By
Lemma A.7, the flat factor has distortion 1; by construction, the hyperbolic factor is represented by its hyperbolic metric;
and by Lemma A.6, using the spherical geodesic metric avoids the chordal contraction. Applying the product aggregation
bound (13) gives

βprod = max{1, 1, 1} = 1, εdist,prod ≤ εnum.

Step A.8.2 (Hyperbolic faithful configurations). Under (H1), Lemma A.5(A) gives βeuc ≥ cAeγR/m/R, hence βeuc ≥
1 + a1R for sufficiently large R after decreasing a1 > 0. Under (H2), Lemma A.5(B) gives βeuc ≥ cBα

−1
0

√
R, hence

βeuc ≥ 1 + b1
√
R for sufficiently large R after decreasing b1 > 0. These lower bounds apply to the overall Euclidean-only

Lipschitz factor because we may restrict the supremum defining βeuc to point pairs in the corresponding hyperbolic slice.

Step A.8.3 (Spherical scale-normalized configuration). For the chordal Euclidean representation of a spherical factor,
Lemma A.6 gives Lipschitz constant 1 and co-Lipschitz constant 2/π. If the Euclidean representation is globally non-
contracting after scaling, the scale factor must be at least π/2, and therefore its upper Lipschitz constant is at least π/2.
Restricting again to pairs in the spherical slice gives βeuc ≥ π/2, so βeuc − βprod ≥ π/2− 1.

This lemma formalizes the comparison only under explicit faithful/non-collapse conditions. In contrast, the curvature-aware
product space accommodates all three geometries natively, achieving unit multiplicative constants and negligible residuals.
This factor-wise advantage underlies the tighter bounds of Theorem 4.2.

A.2.5. PROOF OF THEOREM 4.2

We compare the general bound Theorem 4.1 under two matching spaces: Euclidean-only (subscript “euc”) and the
curvature-aware product space (subscript “prod”).

Step Theorem 4.2.1: Write both bounds explicitly:

∆euc ≤ 2L
(
βeuc [Estat(M) + εopt] + C εdist,euc

)
+ εstab,

∆prod ≤ 2L
(
βprod [Estat(M) + εopt] + C εdist,prod

)
+ εstab.

For brevity, denote S := Estat(M) + εopt > 0.

Step Theorem 4.2.2: Product-space geometry (factor-wise aggregation). By Lemma A.7 (flat factor), Lemma A.6
(spherical factor with geodesic metric), and the construction of the hyperbolic factor (isometric up to negligible projection),
the product space achieves

βprod = 1, εdist,prod ≤ εnum,

where εnum ≥ 0 collects small numerical/projection errors. This uses the ℓ2 product aggregation; the overall Lipschitz
constant equals the maximum of factor-wise constants, and the additive deviation is at most the ℓ2-sum of factor-wise
deviations (hence ≤ the ℓ1-sum) (Burago et al., 2001).

Step Theorem 4.2.3: Euclidean-only geometry under faithful comparison. By Lemma A.8, under one of the faithful
comparison configurations (H1), (H2), or (S), the Euclidean-only representation satisfies

βeuc − βprod ≥ gR > 0,

where gR = a1R in the strong hyperbolic separation case, gR = b1
√
R in the tree non-collapse case, and gR = π/2− 1 in

the spherical scale-normalized case. Also εdist,euc ≥ 0 and εdist,prod ≤ εnum.
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Step Theorem 4.2.4: Compare the bounds. Let

Ueuc := 2L
(
βeuc S + C εdist,euc

)
+ εstab,

Uprod := 2L
(
βprod S + C εdist,prod

)
+ εstab.

Then
Ueuc − Uprod = 2L

(
(βeuc − βprod)S + C

(
εdist,euc − εdist,prod

))
.

Using Step 2 and Step 3,
Ueuc − Uprod ≥ 2L

(
gRS − C εnum

)
.

Thus the product-space certified bound is strictly smaller whenever gRS > C εnum; in the exact product metric case
εnum = 0, this holds whenever S > 0.

Step Theorem 4.2.5: Conclude Theorem 4.2. Since ∆prod ≤ Uprod and the preceding step gives a strictly smaller
certified upper bound for product-space matching, we obtain

Uprod ≤ Ueuc − Lδ,
δ := 2

(
gRS − C εnum

)
> 0.

Hence, whenever the real data manifold contains the stated faithful hyperbolic or spherical comparison configuration,
curvature-aware product matching strictly improves the certified bound in Theorem 4.1. For an MMD variant, the risk-
decomposition step additionally requires the domination condition discussed after Theorem A.1 (e.g., via kernel smoothness
as in Gretton et al., 2012); the geometric comparison above is unchanged.

Remark A.9 (Geometric intuition for Theorem 4.2). The theorem highlights a simple but fundamental fact: when the
underlying data manifold contains hyperbolic or spherical components, Euclidean space is inherently mismatched under
faithful non-collapse requirements. In the hyperbolic case, exponential volume growth forces a multiplicative Lipschitz
constant that diverges with radius R via packing and tree-embedding lower bounds. In the spherical case, the arc–chord
inequality guarantees an irreducible π/2 bi-Lipschitz gap under global non-contraction (Burago et al., 2001; Berger, 2009).
By contrast, the curvature-aware product space faithfully incorporates Euclidean, hyperbolic, and spherical factors, so that
each component achieves distortion 1 (up to negligible projection error). As a result, the product embedding yields strictly
tighter certified error guarantees in Theorem 4.2 under the stated comparison conditions.

B. Algorithm
The pseudo code of our GeoDM algorithm is described in Algorithm 1.

C. Reproducibility
C.1. Hyperparameter Setting

We adopt a Convnet-3 backbone with batch normalization and width multiplier 1.0. Synthetic training uses a batch size
of 128. Training runs for 1500 evaluation epochs with evaluation every 100 epochs, preceded by 60 pretraining epochs.
Optimization is performed using AdamW with base learning rate 0.001, momentum 0.9, and weight decay 5× 10−4. For
synthetic images, we use learning rate 0.01 and momentum 0.5. The overall condensation process runs for 10,000 iterations
with frequency parameter 4096 and factor 2. Data augmentation includes mixup (Beta = 1.0, probability 0.5). For curvature
regularization, we fix λH = λS = 1. The learnable geometry weights for Euclidean, hyperbolic, and spherical components
are initialized uniformly at 1/3 each. All experiments are run with 3 independent model initializations and random seed 0.

C.2. Architecture Setting

We provide more detailed implementation of our Riemannian CNN to improve reproducibility.

Feature extraction. Given an input x, we first extract convolutional features:

h = fθ(x), z = vec(h) ∈ Rd,
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Algorithm 1 GeoDM – Dataset Distillation in Product Space with Geometry-Aware Matching

Require: Real dataset Dr = {xi}Ni=1; number of synthetic samples M ; product space P = EdE ×HdH
cH × SdS

cS ; learning
rate η; max iterations T

Ensure: Synthetic dataset Ds = {x̃j}Mj=1

1: Initialization: Initialize synthetic data Ds, learnable curvatures cH < 0, cS > 0, and learnable weights wE , wH , wS .
2: for t = 1 to T do
3: Sample minibatches Xr ⊂ Dr, Xs ⊂ Ds.
4: for all x ∈ Xr ∪Xs do
5: Extract Euclidean features fE(x) via CNN.
6: Extract Hyperbolic features fH(x) = expcH0 (CNN(x)) via Riemannian CNN.
7: Extract Spherical features fS(x) via spherical CNN.
8: Form embedding z(x) = (fE(x), fH(x), fS(x)) ∈ P .
9: end for

10: Compute distribution matching loss using z(x) with Eq. (2).
11: Compute optimal transport loss with Eq. (6).
12: Compute curvature regularization with Eq. (3).
13: Compute weight regularization/learning with Eq. (5).
14: Ltotal ← LDM + λOTLOT + λcLcurv.
15: Update Ds ← Ds − η∇DsLtotal.
16: end for

where fθ is a standard CNN and vec(·) denotes flattening.

Hyperbolic mapping. For hyperbolic space (Poincaré ball with curvature k < 0), we map z using the exponential map at
the origin:

expH0 (z) = tanh
(√
|k| ∥z∥

) z

∥z∥
.

The mapped point is projected to ensure ∥x∥ < 1/
√
|k|:

Π(x) =
x

max

(
1, ∥x∥

1/
√

|k|−ϵ

) .

Spherical mapping. For spherical space (k > 0), we use:

expS0(z) = sin(∥z∥) z

∥z∥
, Π(x) =

x

∥x∥
.

Euclidean case. For Euclidean space, no transformation is applied:

zE = z.

Geodesic distance. The hyperbolic distance is:

dH(x, y) =
2√
|k|

atanh
(√
|k|∥x− y∥

)
,

and the spherical distance is:
dS(x, y) = arccos(⟨x, y⟩).

Mobius linear layer. For hyperbolic classification, we use Möbius linear transformation:

W ⊗ x =
Wx

1 + k∥x∥2
, x⊕ b = x+ b

1 + k⟨x, b⟩
.
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The output is projected back to the manifold:

ŷ = Π
(
(W ⊗ x)⊕ b

)
.

Summary. Overall, the embedding process is:

zM = ΠM
(
expM0 (fθ(x))

)
,

where M ∈ {E,H, S}. This design follows standard Riemannian operations (expmap, logmap, projection, geodesic
distance).

D. Additional Experimental Results
We provide additional empirical results to complement the main paper.

D.1. Complexity Analysis

As shown in Table 8, the product space alone incurs a moderate cost increase over the Euclidean baseline (≈ 1.06× in speed
and 1.08× in memory). Adding curvature and weights yields a small, consistent performance gain with negligible overhead
relative to the product space. The geometry-aware OT component further improves accuracy, but it is the main source of
additional cost (reaching ≈ 1.49× slower and 1.30× higher peak memory compared to the baseline). This decomposition
highlights that our core idea, explicit product-manifold modeling, remains efficient, while OT acts as an optional accuracy
booster; removing it does not hurt the core performance of our method.

Table 8. Component-wise complexity and accuracy on CIFAR-10, IPC=10. S: Speed, M: Peak GPU Memory, P: Product Space, C:
Curvature, W: Weights.

Component S (s/iter) M (GB)

E 0.0345 (1.00×) 2.519 (1.00×) 71.8
P (E×H×S) 0.0367 (1.06×) 2.728 (1.08×) 73.5
+ C & W 0.0372 (1.08×) 2.759 (1.10×) 73.9
+ OT 0.0513 (1.49×) 3.286 (1.30×) 74.4

Next, we compare different OT variants to clarify the cost–benefit trade-off of geometry-aware matching (Table 9). Replacing
our original OT with classic entropic Sinkhorn or Greenkhorn solvers reduces per-iteration cost while preserving most of the
accuracy gain. For example, Sinkhorn OT cuts the overhead to about 1.20× in speed and 1.08× in memory relative to the
product space, yet still improves accuracy by approximately 0.8 pp over the product space alone. This confirms that OT
is an optional, flexible module whose complexity can be tuned to the available budget, while the product manifold itself
delivers the core geometric benefit.

Table 9. Complexity and accuracy of different OT variants on CIFAR-10, IPC=10. Multipliers in parentheses are relative to the Product
Space row.

Component Training Speed (s/iter) Peak GPU Mem (GB) Acc. (%)

Product Space (E×H×S) 0.0410 (1.00×) 2.6709 (1.00×) 73.5
+ Curvature & Weights 0.0422 (1.03×) 2.6798 (1.00×) 73.9
+ OT (Original) 0.0569 (1.39×) 3.0559 (1.14×) 74.4
+ Sinkhorn OT (ε = 0.1) 0.0492 (1.20×) 2.8871 (1.08×) 74.3
+ Greenkhorn OT (ε = 0.1) 0.0820 (2.00×) 2.8940 (1.08×) 74.2

D.2. Dimensionality Analysis

We next study how the total embedding dimension and its allocation across geometries affect performance. Table 10 reports
a grid around our default total dimension on CIFAR-10 with IPC=10, comparing our product space to Euclidean NCFM.
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Lowering the total dimension underfits the manifold geometry and hurts accuracy, while excessively increasing it introduces
noise and reduces generalization. The default setting (2048) yields the best accuracy and consistently outperforms NCFM
under the same budget.

Table 10. Dimension grid (low/default/high) around the default total embedding dimension on CIFAR-10, IPC=10.

CIFAR-10, IPC=10 NCFM (Euclidean) Ours (Product)

Low dims (1024) 71.1 72.5
Default dims (2048) 71.8 74.4
High dims (4096) 71.3 72.8

To probe how capacity should be distributed across geometries, we fix the total dimension at 2048 and redistribute it among
Euclidean, hyperbolic, and spherical factors. As shown in Table 11, the split does matter: a slightly Euclidean-dominant
allocation (1024/512/512) achieves the best accuracy (74.2%), while hyperbolic or spherical dominant splits lead to small
but measurable changes. Overall, the near-equal default split is robust and performs competitively, suggesting that dataset-
specific geometry may admit an even better allocation, but searching over dimension splits would introduce substantial
complexity beyond our current scope.

Table 11. Dimension allocation across geometries (E,H,S) on CIFAR-10, IPC=10. Total dimension is fixed at 2048.

Dimension allocation (E,H,S) Acc. (%)

Default (near-equal split) 73.9
E-dominant (1024, 512, 512) 74.2
H-dominant (512, 1024, 512) 73.7
S-dominant (512, 512, 1024) 73.5

D.3. Different Spaces Analysis

We further test how different spaces combination will affect the final performance. As shown in Table 12, combining only
two spaces leads to limited performance gains, suggesting that pairwise space combinations are often insufficient to fully
model the underlying data manifold. In contrast, jointly leveraging Euclidean, hyperbolic, and spherical spaces yields a
clear improvement, indicating that product spaces provide better geometric manifold alignment.

Table 12. Different Spaces combination across geometries (E,H,S) on CIFAR-10, IPC=10.

Space Combination (dimension) Acc. (%)

NCFM (1024) 71.1
E + H (512, 512) 71.3
H + S (512, 512) 71.4
E + S (512, 512) 71.3
E + H + S (512, 256, 256) 72.5

D.4. Deeper Backbone: ResNet-18

We also test GeoDM with a deeper ResNet-18 backbone to examine whether geometry remains useful when the feature
extractor is more expressive. Results on CIFAR-10 and CIFAR-100 are shown in Table 13. Using ResNet-18 amplifies
the benefits of geometry: GeoDM maintains a consistent margin over Euclidean baselines across all IPC budgets, and the
absolute gains are larger than those observed with a shallow ConvNet. This suggests that deeper networks can better exploit
the non-Euclidean cues encoded in the product manifold.

D.5. Deeper Backbone: Transformer-12

We further use Transformer-12 for computing the geometric embedding and evaluate with ConvNet-3 and Transformer-12
respectively. As shown in Table 14, GeoDM consistently outperforms NCFM under both backbones. These results indicate
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Table 13. Comparison of dataset distillation methods on CIFAR-10 and CIFAR-100 using ResNet-18. We report accuracy (%) for different
IPC budgets. Ratios for IPC=1/10/50 correspond to 0.02%, 0.2%, and 1% of CIFAR-10, and 0.2%, 2%, and 10% of CIFAR-100.

CIFAR-10 CIFAR-100

Method IPC=1 IPC=10 IPC=50 IPC=1 IPC=10 IPC=50

Whole dataset 84.2 ± 0.6 – – 56.3 ± 0.4 – –
DM 13.3 ± 0.2 20.2 ± 0.2 26.7 ± 0.1 1.8 ± 0.1 4.3 ± 0.1 12.4 ± 0.6
M3D 42.5 ± 0.5 55.2 ± 0.3 63.3 ± 0.4 3.3 ± 0.2 14.9 ± 0.5 17.7 ± 0.4
DREAM 40.8 ± 0.3 64.0 ± 0.4 71.1 ± 0.3 19.2 ± 0.4 37.4 ± 0.6 43.5 ± 0.4
NCFM 35.6 ± 0.8 57.4 ± 0.7 68.9 ± 0.6 19.6 ± 0.2 29.2 ± 0.6 44.8 ± 0.4
GeoDM 43.6± 0.2 68.2± 0.3 73.8± 0.2 22.2± 0.6 39.8± 0.4 47.6± 0.2

Table 14. Cross-backbone evaluation with ConvNet and Transformer.

Method
ConvNet-3 Transformer-12

IPC=1 IPC=10 IPC=1 IPC=10
NCFM 35.8±0.7 54.7±0.6 23.88±0.6 29.02±0.5
GeoDM (Ours) 38.2±0.4 56.5±0.5 25.1±0.4 30.6±0.4

that our method is robust across different architectures.

D.6. ImageNet100

We further conducted experiments on the ImageNet100 dataset. Table 15 reports the results, where our method continues to
improve upon NCFM, demonstrating its effectiveness in a more challenging, large-scale setting.

Table 15. Experiments on ImageNet100 with image size 128 × 128.

ImageNet100

IPC Random NCFM GeoDM

1 5.9 ± 0.5 11.8 ± 0.7 12.9 ± 0.6
10 14.4 ± 0.8 24.6 ± 1.0 26.1 ± 0.9

D.7. Different Initialization

As shows in table 16, the geometry order is fixed as (E,H, S), with cE = 0, cS > 0, and cH < 0. To avoid early collapse of
any geometry branch, we do not initialize any weight to zero. Across a wide range of initializations—e.g., curvature settings
(0, 1,−1) or (0, 0.5,−0.5) and weight initializations (1, 1, 1), (1, 0.2, 1.0), or (1, 1, 0.2)—training consistently converges
to nearly identical geometric configurations, with final curvatures around (0,−0.79, 1.41) and weights (0.50, 0.15, 0.35).
This indicates that our method is largely insensitive to initialization.

E. Related Work
Dataset distillation with distribution matching and feature matching Dataset distillation (DD) was first introduced by
(Wang et al., 2018) with the aim of synthesizing compact datasets that enable models trained on it to achieve performance
comparable to those trained on the original large dataset. Among various approaches, distribution matching (DM) (Zhao
& Bilen, 2023) has been recognized as a simple yet efficient framework that maintains a good balance between accuracy
and efficiency. Within the DM family, CAFE (Wang et al., 2022) proposed a curriculum-based strategy to progressively
match features from shallow to deep layers. M3D (Zhang et al., 2024) minimized discrepancies in higher-order moments to
strengthen distribution-level consistency, while DSDM (Li et al., 2024) further advanced this by conducting distribution
matching directly in the feature space with a scalable optimization strategy. WDDD (Liu et al., 2023a) employs Wasserstein
metrics for feature-level matching, while OPTICAL (Cui et al., 2025) leverages optimal transport to allocate contributions
during dataset distillation. More recently, NCFM (Wang et al., 2025) proposed a novel condensation framework that captures
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Table 16. Sensitivity analysis on curvature and weight initialization (CIFAR-10, IPC=10).

Curvature Init. (cE , cH , cS) Weight Init. (α, β, γ) Final Curvatures Final Weights Acc. (%)

(0, 1,−1) (1.0, 1.0, 1.0) (0,−0.79, 1.41) (0.50, 0.15, 0.35) 74.4
(0, 1,−1) (1.0, 0.2, 1.0) (0,−0.79, 1.41) (0.51, 0.14, 0.35) 74.2
(0, 1,−1) (1.0, 1.0, 0.2) (0,−0.79, 1.41) (0.49, 0.16, 0.35) 74.1

(0, 0.5,−0.5) (1.0, 1.0, 1.0) (0,−0.79, 1.41) (0.50, 0.15, 0.35) 74.3
(0, 0.5,−0.5) (1.0, 0.2, 1.0) (0,−0.79, 1.41) (0.51, 0.14, 0.35) 74.0
(0, 0.5,−0.5) (1.0, 1.0, 0.2) (0,−0.79, 1.41) (0.49, 0.16, 0.35) 74.2

the overall distributional discrepancy between synthetic and real data. While (Li et al., 2025) use hyperbolic space to do the
distribution matching, it doesn’t declare the advantage of hyperbolic space. And single hyperbolic space will not surpass
Euclidean space in most of the situation.

Manifold learning with non-Euclidean and product geometries A growing body of work emphasizes that the geometry
of the representation space should match the structural biases of data (Nickel & Kiela, 2017; Meila & Zhang, 2023).
Hyperbolic models (Ganea et al., 2018) are effective in capturing hierarchical growth, with extensions to embeddings,
networks, and graph convolutions, often incorporating trainable curvature to enhance flexibility (Wang et al., 2021).
Spherical models (Davidson et al., 2018) handle directional or rotation-equivariant signals by employing hyperspherical
latent variables and spherical convolutions. To better represent heterogeneous structures, product manifolds that combine
Euclidean, spherical, and hyperbolic components have been proposed (Gu et al., 2018), offering a principled way to encode
mixed curvatures. Recent advances extend this line by introducing mixed-curvature spaces (Wang et al., 2021) where
curvature parameters are learned jointly with embeddings, thereby adapting geometry to data in a more flexible manner.
Beyond embeddings, general-purpose manifold-aware architectures have emerged, such as Riemannian residual neural
networks (Katsman et al., 2023), which extend ResNets to arbitrary manifolds using exponential maps and vector fields.

F. Synthetic images
Condensed images in Figure 4.
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Figure 4. Condensed images
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