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1. Introduction. Canonical Genetic Algorithms (CGA) as introduced in [6] are
often used to search for optimal points of functions; that is, they are used to find

arg max f(z) or equivalently max{f(b)/b € B'}, (1.1)
rzeB?

where B is the discretization of the domain of the function f, and f is supposed to be
a nonconstant function, limited over its domain. In optimization theory, an algorithm is
said to converge to the global optimum if it generates a sequence of solutions or functions
values in which the global optimum is a limit value.

Markov chains offers an appropriate model to analyze CGAs, and it has been used
in [4] and [5] to prove probabilistic convergence of the best solution within a population to
the global optimum under elitist selection (best individual survives with probability one).
In [8], CGAs global convergence properties were analyzed and a modified version of the
CGA was presented in which they kept the best element of the population in an extra place,
but it is not used in the evolutionary process. This element just changes if throughout
the evolution of the algorithm a better element appears in the population. In [2] some
operations were used in order to obtain an expression for transition probabilities, and some
conditions were given for the convergence of the algorithm. In the previously mentioned
papers, the mutation and crossover probabilities were kept fixed through the evolution of
the algorithm.

In this paper, we extend the ideas presented in [8] to the cases where mutation and
crossover parameters are allowed to change through the evolution of the algorithm. In [1]
and [2], Cerf modeled the mutation and crossover steps using Markovian operators in-
stead of using crossover and mutation parameters obtaining what he called new genetic
algorithm.

This paper is divided into 4 sections. In Section 2, we present the definitions and
results we use in the rest of the paper. In Section 3, we introduce the model of CGA
in which the crossover and mutation parameters are allowed to vary through time. In
Theorem 3.2, we give conditions to guarantee the convergence of the algorithm when
only the mutation parameter is allowed to change. In Theorem 3.3, we give conditions
to guarantee the convergence of the algorithm when both the crossover and mutation
parameters are allowed to change through time.

2. Preliminaries. Let {X,} be a nonhomogeneous Markov chain with finite state
space E = {1,..., N} and with transitions matrices given by {Pp, }m>0, where

Pou(i,§) = P(Xmi1 = j| Xm = i) = P™™ (i, 5), i€ E.
By the properties of nonhomogeneous Markov chains, the k step transition is given by the
product of the transitions matrices Pp, Pp41 -+ Pmyk—1, for all m > 0. Thus,
PG ) = Y Puliyi)Parain,i2) - Ptk (ik-1, )
iWEE,...,i_1€E
and we can write the Chapman—Kolmogorov equation as
P(m,m+k) — P(m,m+r)P(m+r,m+k) 1<r<k.

Definition 2.1. A nonhomogeneous Markov chain {P,}n,en is said to be
weakly ergodic if it satisfies

Jim o P ™ ) — iy PU™M | =0,  vm >0, (2.1)
—00
where o and 1 are probability distributions, |P| = sup,; >, g [Pi| and [luf =

> jer l1i]. When the state space is finite (2.1) is equivelent to

lim [P — P =0, Vi k€ B, Ym>0.
— 00
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In [7], it is proved that (2) is equivalent to

lim a(P™)=1 or lim §(P™")=0, Vm3>o0.

k—oco k—oo

Here, for a stochastic matrix Q = (gij):,jer, Dobrushin’s ergodic coefficient is defined by

a(Q) =1— sup ¥ [gi; —ar;]"  with [gi; — grs]" = max{0, gi; — qrs}
z,keE].eE

and §(Q) =1 — a(Q) is called the delta coeflicient. We see easily that §(P) < 1, for any
stochastic matrix P.

Definition 2.2. A constant transition matrix is a transition matrix which has
all its lines equal to a vector.

Definition 2.3. A nonhomogeneous Markov chain {P,},en is said to be
strongly ergodic if there exists a constant transition matrix P such that

lim |[P™% — Po||=0, Vm3>0.
k— o0

The following preliminaries results will be used to prove the strong ergodicity of the non-
homogeneous Markov chain in Section 3.

Theorem 2.1 (see [3]). If Ps is a weakly ergodic transition matriz and a discrete
nonhomogeneous Markov chain {P,}n,eN satisfies

lim || P, — Pl =0,
n—r o0

then {Pn}ncN is strongly ergodic.

The previous theorem will be used extensively in this paper and it is an extension of
the Theorem V.4.5. presented in [7].

Lemma 2.1 (see [7]). Let P,Q, and R be transition matrices, then

Pl <[Pl (P.Q) < s(P)Q), (2.2)
16(P) = 0(@) < [P - Q- 2.3

Theorem 2.2. Let {P,}n,eN be a discrete weakly ergodic nonhomogeneous Markov
chain and assume there exists a probability distribution m, = (7n(j))jer such that T, =

TPy and
S5 ) = mena ()] < o,

k>1j€S
then {Pp}neN 18 strongly ergodic.

Theorem 2.2, which is presented in [7], as well as Theorem 2.1 have their hypotheses
easily checked in practical problems, which make them very useful.

3. Nonhomogeneous genetic algorithm: results. In [8], it is explained that a
genetic algorithm consists of an n-tuple of binary strings b; of length [, where the bits
of each string are considered to be the genes of an individual chromosome and where the
n-tuple of individual chromosomes is said to be a population. So, the algorithm evolves in
following way: first, a random population is generated and it is called initial population.
Afterwards, three operations are performed on the initial population, namely: mutation,
crossover, and selection. Each of these operations is modeled by a stochastic matrix
which describes such operation. Each individual b; represents a feasible solution of the
problem (1) and its objective function value f(b;) is said to be its fitness which is to be
maximized. The algorithm can be sketched as follows: an initial population is randomly
generated
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repeat
perform selection
perform crossover
perform mutation
until some stopping criterion applies

There are a lot of ways to perform each operation above. The transition matrix for the
selection step, when using so-called proportional selection, is built in the following way:
Suppose the initial population is given by z = (z1,z2,...,Z»), so the probability that
after the selection step we get the population y = (y1,y2,...,Yyn) is

Mo, f) T
Stw) = (o fp)r - On vz e} G,

0, otherwise.

The parameter p., which is called crossover probability, is used to select population’s
elements which will participate in the crossover process. Although many crossover oper-
ators have been proposed, there is not a closed expression to the inputs of the transition
matrix for crossover, except in very particular situations. Fortunately, even not having the
knowledge of the inputs of the transition matrix for crossover, we will be able to proceed
the convergence analysis of the Markov chain, which is generated in this process.

The parameter p,,, which is called mutation probability, is used to select which genes
will change in each individual chromosome of the population. In contrary to transition
matrix for crossover, there is a closed expression to each input of the transition matrix
for mutation. For example, suppose the population before the mutation step is given by
z = (z1,®2,...,Txs), S0 the probability that after the mutation step we get the population
Y= (y17y27-~,yn) iS

M(z,y) = pu®* (1 = p)™ ~HE),

where H(z,y) is the Hamming distance between x and y, = and y are considered as a string
obtained by the concatenation of the strings z1,z2,..., %, and y1,y2, ..., Yn, respectively.

The CGA is modeled by a Markov chain whose transition matrix P, which represents
the algorithm, is the product of three stochastic matrices (S), (C), and (M), which describe
the intermediate transitions caused by selection, crossover, and mutation, respectively.
Thus, the transition matrix is given by P = SCM, where C, M, and S are kept fixed
throughout the evolution of the algorithm.

In this section, we allow the mutation probabilities to change throughout time, py,
will represent the mutation probability on the nth step of the algorithm, and we represent
this allowance by representing the mutation matrix as

M = M, = (mn(i,j))i,jeE, n €N,
and we consider the transition matrix P, as the following product:
P, =SCM,, (3.1)

where S and C are the selection and crossover matrices, respectively, as in [8]. This
product order is seemed to us more natural than the order used in [8]. Thus, we have a
nonhomogeneous Markov chain {P,},eN-

Lemma 3.1. Let {P,},en be the nonhomogeneous Markov chain given in (5). If the
mutation probabilities py, are such that py, € (0,1) for any n € N, then there exists a
sequence {an }, with ay, > 0, for any n such that

inf Pu(i,j) 2 Vj€E.

Proof. S and C are stochastic matrices and M, is a positive stochastic matrix
for all n € N because p;, € (0,1) for any i,j € E for alln € N, so P = SCM, is a
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positive matrix for all n € N. By the hypothesis, E is finite; hence, for each n € N, we
can guarantee the existence of a, > 0 such that

inf Po(i,j) > o, Vj€E.

Lemma 3.1 is proved.
Theorem 3.1. Suppose that for m = 0,1,... there exist an integer vm, a constant
dm > 0, and a subset E,, C E, with #E., = Nm > 1 (where #E is the cardinality of E)
such that
inf  pUmTTYm) 55, (3.2)

i€E,j€E,
Then we have the following upper bound:
k(m,n)
P = P < [T (- 6n), (33)
u=0

where 1o = m, Ty = Ty—1 + Vr, -1, and k(m,n) = max{u: r, < m+ n}.

Moreover, if 32 | 0, = oo then {P,} is weakly ergodic.

Proof First of all, note that if (3.3) and lim, . [[*"%™ (1 - §,,) = 0 are true,
then we have not only the weak ergodicity but also

lim sup ‘P£?,k+n) (k k—‘—n)‘
n—00 4y
Because v, > 1, we have ro < r1 < ---. By the hypotheses, Zu>0 ér, = 00, then it

follows that [[7_,(1 — dr,) —» 0. So we have only to prove that k(m,n) -5 co. Observe
that given myo, there always exists uo > mo such that r,, < m + n for n sufficient large,
so k(m,n) = co. In order to prove (3.3), we define

L;m’m+") sup P;; ,
1eE

EY = E*(i,k,u,v) = {l: L € E, P{"") > P\"")},

(m,m+n) l(_m,m-‘rn) — inf P,i(jm,m+n)7
icE

E~ = E (i,k,u,v) = {l: L € E, P{*") < P0*")}.
Using the Chapman—Kolmogorov equation we can write

(m,m+n) (m,m+n) __ (m,m+n) (m,m+n)
L; =1 = sup (P - P )

i,k
_ Z (P(m s MAVim) P(m m+um)) P(m+Vm,m+n)
= sup .
“k 1cE
Note that
(m,m+vm) (m,m+vm) (m~+vm,m+n)
Z (le - Pkl )Pl]
leE+
(m,m+vm) (m,m+vm) (m4vm,m+n)
< Z (Pil - Py )Lj
leE+
and

Z (P_(m,erum) _ PIEZn,erum))Pl(jm+vm,m+n)

il
leE—

(m,m~+vm) (m,m+vm) \ j(m+vm,m+n)
leE—

Using that Zng(P(m mtvm) P,glm’"”r”"")) =0and E = ET UE™, we have

m,m+vm) m,ym-+vm mym-+vm mym-+vm
Z(Pi(l *Pigz )):*Z(Pi(z )*PJEL ))-

leEt leE—
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Thus,

(m,m+n) ;(m,m+n) (m,m+vm) (m,m+vm) (m4vm,m+n) j(m+vm,m+n)
L I <sup 3O (P o ) (£ 1 ):
% et
We will show later that
Z (Pi(lmam+um) _ Plglm’m-'—ym)) <1-— 5m (34)
leEt+
After (3.4) proved, we can conclude that
m,m-+n m,m+n m—+vm ,m+n m—+vy,,m+n
L§. ) _ l§. ) < sl}llﬁp)(l — (Sm)(L;. IS )).
Using 7o = m and r1 = ro + vy, we can rewrite the previous equation as
(ro,m+n) (ro,m+n) (r1,m+n) (r1,m+n)
L —1 gs;;}g(l—dro)(Lj —1 ):
Repeting this procedure until k(m,n) = max{u: r, < m + n}, we have
k(m,n)

(ro,m+n) (ro,m+n) (Tk(m,n) ym+n) (Tk(m,n)vm+”)
L{rormEm) _glro < IT (1-6.00 _y )
u=0

k(m,n)

< I a-é.). (3.5)

u=0

In the last inequality we used the fact that 0 < L;(-,-) — l;(-,) < 1. From (3.5) we
have (3.3). Now we are going to prove (3.4). For ro = m and r1 = m + vy, we have

Z Pi(lro,ﬁ) —1— Z Pi(lTo,Tl)

leEt leE—
and
3 (Pi(lro,m) _ P,El")’”)) -1- Y pirom) _ 3 plrors),
leE+ leE— leE+

Using (3.2) and the fact that #E,, = #(ET N E,) +#(E~ N E,,), we have
Z (Pi(lTo;ﬁ) _ P]slroyrl)) <1-— Z PZ_(ZTOM) _ Z P)S‘oml)
I€eE+ lEE—NE,;, IEETNE,
< 1= 0m#(E" NEp) —6m#(ETNEy)
Theorem 3.1 is proved.

Note that Theorem 3.1 is an alternative approach to prove the weak ergodicity without
using Dobrushin’s ergodic coefficient and it is easier to use.
Corollary 3.1. Let {Pn}nen be the nonhomogeneous Markov chain given in (5) and

the mutation probabilities py, be such that py, € (0,1) for any n € N. If the sequence
{an}nen obtained in Lemma 3.1 satisfies

E Qy = 00,
n

then {Pp}neN s weakly ergodic.

Proof Using Theorem 3.1 with v,, = 1,6, = am, and E,, = E we obtain
k(m,n) = n and with the additional information that }_  a, = oo we obtain that { P, }nenN
is weakly ergodic.

Corollary 3.1 is proved.
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Corollary 3.2. Let {P,}n,enN be the nonhomogeneous Markov chain given in (5). If
the mutation probabilities py, are such that py, > v > 0 for all n € N, then {P,}neN is
weakly ergodic.

Since M, is positive for all n € N this implies that P, = SCM,, is positive, and we
can conclude, from the homogeneous Markov chain theory, that for each n there exists a
probability distribution 7, that satisfies 7, = 7, P,. Thus, using Theorem 2.2 and under
the same hypothesis of Corollary 3.1, if the probability distributions 7, guaranteed above

satisfies
S i) = men ()] < o0
E>1j€E
then {P,}neN is strongly ergodic.
Example 3.1. The CGA introduced by [6] fits in all cases discussed above when
we consider P, = P since the transition matrix does not change through time.
Observation 1. IfQ = (qij)i,jeE is a nonconstant positive stochastic matrix,
then §(Q) < 1. In fact, since each element of @ is positive, we can write
D lais = arsl = D (a5 — ars) + (ks — ai3),
JEE A B

where A = {j: qij > qr;} and B = {j: q¢i;j < qx;}. @ is nonconstant, it follows that

A,B # (. Thus
D g —arsl <D g+ Dk <2
jEE A B
As the last inequality holds for any ¢ and k, the observation follows.
Theorem 3.2. If there exist v < 1 and k € N such that 6(My) < v forn > k and
M such that
[Mn — Moo — O, (3.6)
then {P,} is strongly ergodic and {Pp},eN converges in law to a unique stationary distri-
bution of SCMeo.

Proof Let P =SCMs. By Lemma 2.1 (2.2) we have
|Pr. — Pso|| = ||ISCM,, — SCMu|| < || My — M| — 0.

By (2.3) we have
16(Mn) — 6(Moo)|| < [|[Mn — Mool — 0.

By the hypotheses we have §(M,) < v for n large, so §(Ms) < 7. Thus
0(SCMs) < 0(SCY(Ms) <y < 1,

hence SC My is weakly ergodic. By Theorem 2.1 we obtain that {P,} is strongly ergodic.
The convergence in law of {P,} to a unique stationary distribution of SC' M is guarateed
by Theorem 2 in [3].

Theorem 3.2 is proved.

In the prior theorem we proved the ergodicity of the Markov chain {P,} = {SCM,}
keeping the crossover and selection matrices fixed through time. Now we allow the
crossover matrix to change through time by allowing changes in crossover probabilities. We
will call pZ the crossover probability at the nth step of the algorithm and we set conditions
in order to guarantee the ergocidicity of the Markov chain {P,} = {SC,M,}.

Theorem 3.3. If there exist v < 1 and N € N such that §(My) < v forn > N or
d(Cn) <« forn> N and
|My — M| =0 and ||Crn —Cuxl —0,

then {P,} is strongly ergodic and {Pp},eN converges in law to a unique stationary distri-
bution of SCoo Moo .
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P r oo f The proof is similar to that of Theorem 3.2. _
Observation 2. In [8] Rudolph modeled the CGA by P, = CMS. If we

consider P, = CMS, and suppose for S, the same hypothesis we considered for My, we
can guarantee the convergence of the nonhomogeneous Markov chain P,.

Conclusions. These results give us an infinite number of possibilities to vary the

parameters and study the convergence of the algorithm, for this reason we are still de-
veloping simulations and exploring those possibilities. We hope in the future be able to
present a policy of changing parameters that improve the performance of the traditional
genetic algorithm.

—_
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CONTINUOUS DISINTEGRATIONS OF
GAUSSIAN PROCESSESY

Ienp HacToOsIIEe# cTaThU — ONHUCATH YCIOBHOE DAaCIpeNeseHue CIIyJaii-
HOT'O Imponecca IIo Ha6J'IIO,HeHPI§IM 3a HUM Ha HHTEpPBaJIc. BBO,HI/ITCSI IIOHATUE
HEIIPEPBIBHOI'O OE3MHTErPUPOBAHUA — PEYJIAPpHasd YCJIOBHAs BEPOATHOCTHAA
Mepa, HEMPEPBLIBHO 3aBUCIIIas OT mapamerpa B ycioBuu. OGyCIoBIuBaHUE
GECKOHEUYHOMEPHO IIO0 CBOEMY XapaKTepy, UYTO IIPUBONUT HAC K PacCMOTpe-
HUIO OOIIIEro CITy4asi BEPOSITHOCTHBIX Mep B GAHAXOBBIX MPOCTpaHCTBax. Harr
OCHOBHOW Pe3yjIbTaT COCTOUT B TOM, UTO OJjIsd HeKoTOoporo uumcia M, 3aBu-
CSIIIEr0 OT KOBapUAIlMOHHOW CTPYKTYPHBI, ycioBue M < oo sBiisieTcs HeoO-
XOOUMBIM W IIOCTATOYHBIM IUJIS TOTO, YTOOBI I'ayCCOBCKasi Mepa MOIIyCKaila
HEIIPEPLIBHOE He3mHTerpupoBanme. Y cimosue M < 00 OOBOIBHO Pa3yMHO: B
cilydae CTalrOHAPHBIX mporeccoB M = 1.
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