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Abstract

In voxel-based neuroimaging disease predic-
tion, it was recently found that in addition
to lesion features, there exists another type
of feature called “Procedural Bias”, which
is introduced during preprocessing and can
further improve the prediction power. How-
ever, traditional sparse learning methods fail
to simultaneously capture both types of fea-
tures due to their heterogeneity in sparsity
types. Specifically, the lesion features are
spatially coherent and suffer from volumet-
ric degeneration, while the procedural bias
refers to enlarged voxels that are dispers-
edly distributed. In this paper, we propose
a new method based on differential inclu-
sion, which generates a sparse regularized
solution path on multiple parameters that
are enforced with heterogeneous sparsity to
capture lesion features and the procedural
bias separately. Specifically, we employ To-
tal Variation with a non-negative constraint
for the parameter associated with degener-
ated and spatially coherent lesions; on the
other hand, we impose ℓ1 sparsity with a non-
positive constraint on the parameter related
to enlarged and scatterly distributed proce-
dural bias. We theoretically show that our
method enjoys model selection consistency
and ℓ2 consistency in estimation. The utility
of our method is demonstrated by improved
prediction power and interpretability in the
early prediction of Alzheimer’s Disease.
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1 INTRODUCTION
Early diagnosis is important for progressive dementias
(Chouliaras and O’Brien, 2023), such as Alzheimer’s
Disease (AD), and Vascular Dementia. To achieve
this goal, many machine learning methods based on
voxel-based neuroimaging data (e.g., structural Mag-
netic Resonance Imaging (sMRI) images) have been
proposed (De Martino et al., 2008; Liu et al., 2012; Xin
et al., 2014). Most of these methods with sparse lin-
ear models focus on lesion features that are related to
pathological changes. A typical example is Alzheimer’s
Disease, in which lesions refer to degenerated voxels
in early damaged regions such as the two-sided hip-
pocampus (Mu and Gage, 2011).

In the study by Sun et al. (2017), procedural bias was
identified as a result of widely used but imperfect seg-
mentation and spatial normalization, leading to results
from improperly enlarged gray matter voxels after pre-
processing. Although mixed with information about
gray matter atrophy, this bias occurs frequently in re-
gions with enlarged lateral ventricles. The sparsity
distribution of procedural bias differs from the spar-
sity distribution of lesions: lesions tend to cluster geo-
metrically, whereas procedural bias is dispersed. Take
Alzheimer’s Disease in Fig. 1 (a) as an example. The
lesions are spatially clustered into the two-sided hip-
pocampus (marked by orange circles) which is believed
to degenerate during the progression of AD (Mu and
Gage, 2011). On the other hand, the procedural bias
is located at the edges/space of the gyrus (marked by
blue circles), which is caused by the enlargement of
cerebral spinal fluid (CSF) space (Ashburner and Fris-
ton, 2001). The lesions are spatially coherent, whereas
they are more dispersedly distributed.

The presence of such heterogeneous sparsity poses a
challenge for existing sparse optimization methods, as
they may struggle to accurately identify either lesions
or procedural bias, resulting in interpretability issues
and a decline in prediction performance. Specifically,
as shown in Fig. 1 (b), the ℓ1-sparse method such as
Lasso (Tibshirani, 1996; Liu et al., 2012) or Elastic
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(a) Normal vs. AD (b) Lasso (c) GenLasso (d) Ours

Figure 1: Visualization of lesions and the procedural bias in AD. (a) Left: normal; right: AD, with the locations
of lesions and the procedural bias respectively marked by orange and blue circles. (b)-(d): selected lesions
(orange) and procedural bias (blue) of Lasso, GenLasso, and our method.

Net lacks the ability to capture lesions with spatially
clustered structure (Zou and Hastie, 2005); while the
Total Variation based method such as GenLasso (Xin
et al., 2014, 2015; Tibshirani and Taylor, 2011) may
be too spatially smoothed to accurately identify the
procedural bias, as shown in Fig. 1 (c).

To well capture both features, we propose a general
framework in neuroimaging analysis, dubbed Hetero-
geneous Linearized Bregman Iteration from the per-
spective of differential inclusion, which generates a reg-
ularized solution path on a couple of parameters en-
forced with heterogeneous sparsity. Motivated by the
belief that lesions and procedural bias are positively
and negatively correlated, respectively, with the dis-
ease status (Sun et al., 2017), we model these feature
types as the positive and negative components of the
ground-truth coefficient vector in the generalized lin-
ear model. To simultaneously estimate these features,
we split the original single parameter into the addition
of two separate parameters, applying Total Variation
sparsity to capture spatial smoothness among lesions
and ℓ1 sparsity to represent sparse procedural bias.
To implement this, we propose a differential inclusion-
based method that is provably consistent in estima-
tion.

To demonstrate the utility, we apply our method to the
Alzheimer’s Disease Neuroimaging Initiative (ADNI)
(Petersen et al., 2010). In addition to the improved
prediction power, we achieve better interpretability by
observing in Fig. 1 (d) that the lesions and the pro-
cedural bias selected by our methods are respectively
located in early degeneration regions and enlarged lo-
cations such as the edges of the gyrus, the surrounding
of the ventricular, etc.

Our contribution is summarized as follows:

• Methodologically, we propose a differential
inclusion-based method called Heterogeneous Lin-
earized Bregman Iteration (Heter-LBI) that en-
forces heterogeneous sparsity to capture lesion

features and procedural bias.

• Theoretically, we demonstrate the existence
and uniqueness within our differential inclusion
framework. Based on this foundation, we further
establish consistency results in estimation.

• Experimentally, we achieve better prediction
power and interpretability on Alzheimer’s Dis-
ease.

2 RELATED WORKS

Early Prediction in Neurodegenerative Disease.
Sparse learning-based methods have been widely ap-
plied in the diagnosis and prediction of neurological
diseases. For example, ASD-SAENet (Almuqhim and
Saeed, 2021) uses a sparse autoencoder to classify
autism spectrum disorder from fMRI data by simul-
taneously optimizing both reconstruction and classi-
fier errors during training. Similarly, HB-DFL intro-
duced by Ke et al. (2023), a deep factor learning model
that uses CNNs to extract stable, low-dimensional
features from tensor-structured neuroimaging data,
achieving superior classification of Parkinson’s Disease
and ADHD compared to state-of-the-art methods.

Notably, prior to the onset of clinical symptoms, many
neurodegenerative diseases such as AD experience de-
generation in gray matter voxels, typically regarded
as imaging biomarkers in existing methods like Lasso,
Elastic Net and GenLasso. As reported by Sun et al.
(2017), “Procedural Bias” refers to mistakenly en-
larged gray matter voxels during the preprocessing
stage, which are believed to be scatterly distributed
and can further enhance prediction power. However,
existing methods failed to account for the heterogene-
ity between degenerated voxels and procedural bias,
leading to inaccurate feature selection and prediction
loss. GenLasso only considered to learn lesion fea-
tures, which are believed to be spatial coherent and
negatively correlated with the disease label. By in-
corporating total variation regularization and non-
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negativity constraints, it selects lesions that are more
interpretable than those identified by Lasso. Without
non-negativity constraint, the Lasso and GSplit LBI
(Sun et al., 2017) can capture both procedure bias and
lesion features. However, both of these methods em-
ploy uniform sparsity constraint for procedural bias
and lesion features, thus it is not efficient in captur-
ing heterogeneity. Specifically, the ℓ1 sparsity of Lasso
is not appropriate for capturing spatially coherent le-
sion features; while the total variation regularization
in GSplit LBI may overly smooth out the procedu-
ral bias that is not as spatially coherent as lesions.
In this paper, we propose a unified sparse learning
framework, where heterogeneous sparse penalties are
enforced to capture both types of features.

Differential Inclusion in Sparse Recovery. Our
method is based on differential inclusion with sparse
penalties, which has been proposed in Osher et al.
(2016) for variable selection and can be viewed as the
dynamic limit of Linearized Bregman Iteration (Yin
et al., 2008; Osher et al., 2005) that was originally
proposed in image denoising. Similar to Lasso, it en-
joys model selection consistency in sparse recovery but
is more efficient than Lasso in generating the regu-
larized solution path. Further, Huang et al. (2016)
extended this method to Total Variation. Different
from these works that focus on a single type of spar-
sity, our method can simultaneously enforce hetero-
geneous sparse penalty types and unify them into a
single model. Furthermore, our method also enjoys
consistency in estimation.

3 METHODOLOGY

Problem Setup of Heterogeneous Sparsity. Sup-
pose we have {xi, yi}n

i=1 with yi denoting the cognitive
status (larger y indicates better cognitive status) and
xi ∈ Rp representing gray matter volume of p voxels,
which are i.i.d generated from the following general-
ized linear model:

p(y|x, β⋆) ∝ exp
(

⟨x, β⋆⟩ · y − ψ (⟨x, β⋆⟩)
d(σ)

)
, (1)

where ψ : R → R is link function and d(σ) is
known parameter related to the variance of distribu-
tion. Eq. (1) degenerates to the linear model when
y denotes the continuous cognitive score, or to the
logistic model when y denotes disease label. Denote
β∗,+ := max(β∗, 0) and β∗,− := max(−β∗, 0) as the
positive and negative parts of β∗, which respectively
correspond to lesion features and procedural bias (Sun
et al., 2017). That is, a decrease in the volume of lesion
voxels (or an increase in the volume of procedural bias
voxels) is associated with a lower cognitive score. Be-
sides, they are believed to be heterogeneous in spatial

coherence. Formally speaking, we assume

Lesion: γ∗,+,I := β∗,+ and γ∗,+,D := DGβ
∗,+

are sparse,
S+,I := supp(Ipβ

∗,+), S+,D := supp(DGβ
∗,+); (2a)

Procedural bias: γ∗,− := −β∗,− is sparse,
S− := supp(γ∗,−), (2b)

where DG ∈ Rm×p denotes the graph difference matrix
according to G := (V,E) (m := |E|, (i, j) ∈ E if voxels
i and j are adjacent) such that (DGβ)i,j = βi − βj .
Let D := (I⊤

p , D⊤
G)⊤, we denote γ∗,+ := Dβ∗,+ =(

(γ∗,+,I)⊤, (γ∗,+,D)⊤)⊤. We first assume that both β∗,+

and β∗,− are sparse since only a few of them are corre-
lated with the disease. Additionally, the lesion vector
β∗,+ satisfies spatial smoothness: DGβ

∗,+ is sparse.
Besides, we assume the lesion parameter β∗,+ (resp.
the procedural bias parameter −β∗,−) is non-negative
because the decrease (resp, increase) of the volume in
lesion voxels (resp, procedural bias) leads to a lower
cognitive score. Note that such priors generally hold
for many neurological diseases. Our goal is recover
S+ and S− and estimate β∗,+ and −β∗,−.

Notations. We denote γ∗ :=
(
(γ∗,+)⊤, (γ∗,−)⊤)⊤ as

the concatenation of γ∗,+ and γ∗,− in Eq. (2). Cor-
respondingly, we denote S := supp(γ∗). Similarly, we
denote β̂∗ :=

(
(β∗,+)⊤, (−β∗,−)⊤)⊤ as the concatena-

tion of β∗,+ and −β∗,−. For simplicity, we use β∗ to
represent β̂∗. Besides, we denote X := (x1, ..., xn)⊤

and y := (y1, y2, ..., yn)⊤ as the concatenation of {xi}i

and {yi}i. Let λA,ΛA as the non-zero minimum and
maximum singular value of some matrix A. We use
a to denote the average of the vector a. Let [m1 :
m2] := {m1,m1 + 1, ...,m2} for any integers m2 > m1.
We then define G+,I := [1 : p], G+,D := [p+ 1 : p+m]
and G− := [m+p+1 : m+2p] as the set of row indexes
in γ+,I , γ+,D and γ−. We denote S1\S2 := S1 ∩Sc

2 for
two sets S1, S2.

3.1 Heterogeneous Linearized Bregman
Iteration.

To learn (β∗, γ∗) in Eq. (1), (2), we consider the fol-
lowing objective function:

ℓν(β, γ) := ℓ(X̃β) + 1
2ν ∥D̃β − γ∥2

2 (ν > 0),

where ℓ(X̃β) := − 1
n

∑n
i=1 log p(yi|x̃⊤

i β) denotes the
negative log-likelihood of the model in Eq. (1) with

X̃ = (X,−X) ∈ Rn×2p, D̃ :=
(
D 0
0 −Ip

)
∈ R(m+2p)×p

such that β :=
(
(βl)⊤, (βp)⊤)⊤ ∈ R2p and γ :=(

(γl)⊤, (γp)⊤)⊤ ∈ Rm+2p, where (βl, βp) and (γl, γp)
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are expected to estimate (β∗,+, β∗,−) and (γ∗,+, γ∗,−),
respectively. The 1

2ν ∥D̃β − γ∥2
2 := 1

2ν ∥Dβl − γl∥2
2 +

1
2ν ∥βp−γp∥2

2 denotes the variable splitting term, which
has been introduced in ADMM (Boyd et al., 2011) and
Split Bregman (Ye and Xie, 2011; Huang et al., 2016)
to implement sparsity on γ. Particularly, Huang et al.
(2016) and Huang et al. (2020) showed that this term
can improve model selection consistency. Further, Sun
et al. (2017) showed that this variable splitting can
give β more degree of freedom to capture the proce-
dural bias. To implement, we consider the following
differential inclusion:

0 = −∇βℓ(β(t), γ(t)), (3a)
v̇(t) = −∇γℓ(β(t), γ(t)), (3b)
v(t) ∈ ∂γf(γ(t)), (3c)

where β(0) = 0, v(0) = γ(0) = 0 and f(γ) := ∥γ∥1 +
⊮(γl,I ≥ 0) + ⊮(γp ≤ 0). Eq. (3) can be viewed as an
extension of Split Bregman Inverse Scale Space (Split
ISS) in Huang et al. (2016) to the heterogeneous spar-
sity of γ∗,+ := Dβ∗,+ and γ∗,− = −β∗,− that are ad-
ditionally constrained with γl,I ≥ 0 and γp ≤ 0 to well
capture β∗,+ and β∗,−, instead of only f(γ) := ∥γ∥1
in Huang et al. (2016). Therefore, we call Eq. (3) as
Heterogeneous Inverse Scale Space (Heter-ISS). With
such a newly defined f(γ), the form of v ∈ ∂f(γ) can
be written as:

v = ρ+ g : ρ ∈ ∂∥γ∥1 and (4)
g ∈ ∂

(
⊮(γl,I ≥ 0) + ⊮(γp ≤ 0)

)
, (5)

where ρ ∈ [−1, 1]m+2p and g :=
(
(gl,I)⊤, 0⊤

m, (gp)⊤)⊤

such that gl,I ≤ 0 and gp ≥ 0 according to the def-
inition of subgradient. Starting from β(0) = 0 and
γ(0) = 0, Eq. (3) generates a regularization solu-
tion path (β(t), γ(t)) from sparse to dense. Specifi-
cally, as t grows until some ti > 0 when vl,I

i (ti) (resp.
|vl,D

i (ti)| and vp
i (ti)) reaches 1 (resp. |vl,D

i (ti)| = 1
and vp

i (ti) = −1), the corresponding element γl,I
i (ti)

(resp. γl,D
i (ti) and γp

i (ti)) will be selected as non-zero.
Besides, as will be shown in Sec. 4, this solution path
enjoys model selection consistency in estimation. Fur-
ther, equipped with an early-stopping strategy, the so-
lution can recover γ∗ and S. Since β∗,+ = γ∗,+ and
−β∗,− = γ∗,−, this means we can recover the lesion
features and the procedural bias.

To implement efficiently, we adopt the Linearization
method (Osher et al., 2016; Yin et al., 2008) for dis-
cretization.

Heter-LBI via Discretization of Eq. (3). Specif-
ically, we first append an ℓ2 norm to f(γ) make the
penalty strongly convex:

fκ(γ) := ∥γ∥1 + ⊮(γl,I ≥ 0) + ⊮(γp ≤ 0) + 1
2κ∥γ∥2

2,

where κ is large enough to approximate f(γ). With
such a fκ(γ), we have the following differential inclu-
sion:

β̇(t)
κ

= −∇βℓ(β(t), γ(t)), (6a)

ż(t) = −∇γℓ(β(t), γ(t)), (6b)
z(t) ∈ ∂γfκ(γ). (6c)

According to fκ(γ), we have z(t) := v(t)+ γ(t)
κ . There-

fore, we can obtain γ from z as:

γ = κproxf(γ)(z) := κ arg min
γ

1
2∥γ − z∥2

2 + f(γ). (7)

The solution to Eq. (7) is γl,I = κmax(zl,I − 1, 0),
γl,D = κsign(zl,D) max(|zl,D| − 1, 0), and γp =
κmax(−zp,I + 1, 0). We call Eq. (6) as Heteroge-
neous Linearized Bregman Inverse Scale Space (Heter-
LBISS), which can be discretized with step size α,
leading to the iteration referred to as Heter Linearized
Bregman Iteration (Heter-LBI) below:

βk+1 − βk = −ακ∇βℓ(βk, γk), (8a)
zk+1 − zk = −α∇γℓ(βk, γk), (8b)

γk+1 = κproxf(γ)(zk+1). (8c)

Sparse estimators via graph projection. To ob-
tain sparse parameter β̃k := [(β̃l

k)⊤, (β̃p)⊤
k ]⊤ at k-th

step, we project the dense parameter βk onto the sub-
space of supp(γk) via the following optimization:

β̃l
k := argmin

x≥0,x(G+,I \Sl,I
k

)=0,

DG(G+,D\Sl,D
k

,:)x=0

∥x− βl
k∥2, (9)

β̃p
k := argmin

x≥0,x(G−\Sp
k

)=0
∥x− βp(t)∥2. (10)

It is easy to solve β̃p
k(i) from Eq. (10) as β̃p

k(i) = 0 for
all i ∈ G−\ (Sp

k ∩ {i : βp
k(i) ≥ 0}); = βp

k(i) otherwise.
Regarding β̃l

k, the following proposition offers an effec-
tive approach by leveraging the connected components
of the graph G :=

(
V,EG+,D\Sl,D

k

)
.

Proposition 3.1. Denote G := (V,EG+,D\Sl,D
k

) where
V := {1, ..., p} and EG+,D\Sl,D

k
denotes the edge set in-

duced by G+,D\Sl,D
k : (i, j) ∈ G+,D\Sl,D

k =⇒ β̃l
k(i) =

β̃l
k(j). If G := G1 ∪ ... ∪ GC contains C connected

components with Gk := (Vc, Ec), then for each Vc and
j ∈ Vc:

β̃l
k(j) =

{
0 Vc ∩

(
G+,I\Sl,I

k

)
̸= ∅

βl
k(Vc)⊮

(
βl

k(Vc) ≥ 0
)

Vc ∩
(
G+,I\Sl,I

k

)
= ∅ .

(11)

Remark 3.2. The proof of Prop. 3.1 is left to Appx. 6.
Intuitively, it exploits the graph structure related
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to DG. Specifically, we first note that for each
(i, j) ∈ EG+,D\Sl,D

k
, DG(G+,D\Sl,D

k , :)x = 0 means
(DGx)(i,j) = xi − xj = 0. Therefore, the nodes
in the same connected component (say Vc) share the
same value, which is either 0 if Vc is overlapped with
G+,I\Sl,I

k (which is the set that enforced to be 0 ac-
cording to Eq. (9)) otherwise is the average of βl

k(Vc)
if this average is greater than 0.

The complexity of calculating β̃l(t) is O(p2+m), which
is comparable to the gradient descent step in Eq. (8a).
Therefore, the projection given by Eq. (33) can be ef-
ficiently incorporated in Eq. (8). However, for the re-
sulting solution path (βk, β̃k, γk), several questions re-
main regarding estimation properties. First, i) given
that X̃ := [X,−X] is not full-column rank, are β∗,+

and −β∗,− identifiable? Additionally, ii) does a so-
lution of Heter (LB)ISS (Eq. (3), (6)) exists, and is it
unique? Finally, iii) if the answer of ii) is yes, then can
this unique solution well estimate the lesion features
β∗,+ and the procedural bias −β∗,−? We provide our
answers to these questions in the subsequent section.

4 THEORETICAL ANALYSIS

In this section, we show the consistency of Heter-
LBI in estimating β∗ under the linear model when
ℓ(Xβ) := 1

2n ∥y − Xβ∥2
2. Specifically, we first intro-

duce some basic assumptions to ensure the identifia-
bility of β∗ in Sec. 4.1. Then we establish the solu-
tion existence and uniqueness of Heter-ISS (Eq. (3))
and Heter-LBISS (Eq. (6)) in Sec. 4.2, followed by the
consistency results in Sec. 4.3.

4.1 Assumptions for Identifiability of β∗

In this section, we introduce some basic assumptions
to identify (β∗, γ∗,+,I , γ∗,+,D, γ∗,−). Note that γ∗ only
being nonzeros on S := supp(γ∗). Therefore, the iden-
tifiability of (β∗, γ∗) is equivalent to the identifiability
of the S := supp(γ∗) and parameters restricted on
the sparse subspace (β, γS), which can be respectively
guaranteed by the Irrepresentable Condition (IRC)
(assum. 4.1) and the Restricted Convexity Condition
(RSC) (assum. 4.3).

Denote H(ν) := ∇2ℓν(β, γ) as the Hessian matrix of
ℓν(β, γ) on the vector (β, γl,I , γl,D, γp):

H(ν) =
(

X̃∗X̃ + D̃⊤D̃/ν −D̃⊤/ν
−D̃/ν Im/ν

)
,

where Hβ,:(ν), HG+,I ,:, HG+,D,:, HG−,: (resp., H:,β(ν),
H:,G+,I , H:,G+,D , H:,G−) respectively denotes the rows
(resp., columns) of H(ν) corresponding to β, γl,I , γl,D

and γp. Besides, let H(β,S),(β,S)(ν) denote the subma-
trix of H(ν) restricted on (β, S = S+,I ∪ S+,D ∪ S−).

Now we are ready to introduce the IRC condition as
follows:
Assumption 4.1 (Irrepresentable Condition (IRC)).
Denote H0 := H(β,S),(β,S). There is a constant η ∈
(0, 1] such that

IRC+,I(ν) := sup
v∈V

max
i∈G+,I \S+,I

Hi,(β,S)(ν)H†
0(ν)

0p

v


≤ 1 − η,

IRC+,D(ν) := sup
v∈V

∥∥∥∥∥∥HG+,D\S+,D,(β,S)(ν)H†
0(ν)

0p

v

∥∥∥∥∥∥
∞

≤ 1 − η,

IRC−(ν) := sup
v∈V

min
i∈G−\S−

Hi,(β,S)(ν)H†
0(ν)

0p

v


≥ −1 + η,

where V := (∞, 1]|s+,I | × [−1, 1]|s+,D| × [−1,∞)|s−| as
the dual space s.t. vS ∈ V for each v ∈ f(γ).
Remark 4.2. We will show in Appx. 1 that this IRC
condition can hold as long as ν is large enough.

Compared to the irrepresentable condition with sin-
gle type of sparse penalty (Zhao and Yu, 2006; Osher
et al., 2016; Vaiter et al., 2012), our condition is not
only imposed on S+,I and S+,D that are required to
be identifiable from G+,I\S+,I , G+,D\S+,D to iden-
tify lesion features that are related to S+; but also on
S− that should be identifiable from G−\S− to iden-
tify procedural bias in S−. Moreover, different from
the previous methods that define over the supreme of
subgradient of ℓ1 norm, our assumption defines over V
as dual space given by ∂f(γ).

After identifying the true signal set S := S+,I ∪S+,D ∪
S−, we additionally need the following RSC condition
to ensure the identifiability of (β∗, γ∗).
Assumption 4.3 (Restricted Strongly Convexity
(RSC)). There is a constant λH > 0 such that

(
βT , γT

S

)
H(β,S),(β,S)

(
β

γS

)
≥ λH

∥∥∥∥∥
(
β

γS

)∥∥∥∥∥
2

2

. (12)

This RSC assumption has been similarly assumed in
sparse learning (Osher et al., 2016; van de Geer and
Bühlmann, 2009), implies that ℓ(β, γ) is strongly con-
vex restricted to the sparse subspace of γ. Indeed, we
can show that this assumption is equivalent to the one
in the linear model where the Hessian is X⊤X (Osher
et al., 2016).
Proposition 4.4. The RSC condition in assum. 4.3
holds if and only if there exists a constant λX > 0 such
that X⊤

SβXSβ ⪰ λX , with Sβ := supp(β∗).
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Remark 4.5. The proof is left in Appx. 2. Intuitively,
Prop. 4.4 holds because D contains the identity ma-
trix, which hence mimics the RSC behavior of ℓ1 spar-
sity.

4.2 Solution Existence and Uniqueness

In this section, we show that the solution of Heter
ISS (Eq. (3)) and Heter LBISS (Eq. (6)) exists and is
unique.
Proposition 4.6 (Solution existence and uniqueness
of Heter (LB)ISS). With v(t), ρ(t), g(t) in Eq. (4), we
have

1. For Heter-ISS in Eq. (3), assume that ρ(t), g(t)
are right continuously differentiable; and
β(t), γ(t) are right continuous. Then the solution
exists. Besides, v(t) is unique. If additionally
H(β,S(t)),(β,S(t)) ≻ 0 with S(t) := supp(γ(t))
for some 0 ≤ t ≤ τ , (β(t), γ(t)) is unique when
0 ≤ t ≤ τ .

2. For Heter-LBISS in Eq. (6), assume that
v(t), β(t) are right continuously differentiable,
then there is a unique solution for t ≥ 0.

According to assum. 4.3, Prop. 4.6 implies that
(β(t), γ(t)) is unique under no-false-positive property,
i.e., S(t) ⊂ S when t < τ for some τ > 0. In the
next section, we will first show the no-false-positive
of Heter (LB) ISS and moreover the recovery of S at
some τ̄ < τ ; then, once S is recovered, we further show
that ℓ2 consistency of (β(τ̄), γS(τ̄)).

4.3 Consistency of Heter-LBI

In this section, we establish the consistency of HLBI
in Eq. (8), including no-false-positive, sign-consistency
and ℓ2-consistency in the following theorem.
Theorem 4.7 (Consistency of Decomposed LBI). Un-
der IRC 4.1 and RSC 4.3 assumptions and β̃ defined
in Eq. (33), suppose κ is large enough to satisfy

κ ≥ 2
η

(
1 + 2

λD̃

)1 +

√√√√2
(

1 + νΛ2
X̃

+ Λ2
D̃

)
λHν


·

(
(1 + ΛD̃) ∥β⋆∥2 + 2σ

λH

(
ΛX̃

λD̃

+ ΛX̃

λ2
D̃

))
,

and the step size α satisfies κα∥H∥2 < 2. Define
τ̄ := η

8σ · λD̃

ΛX̃

√
n

log(m+2p) . Then at K :=
⌊

τ̄
α

⌋
, with

probability not less than 1 − 8
m+2p − 3 exp(−4n/5), we

have:

1. No-false-positive: The solution has no false-
positive, i.e. supp (γk) ⊆ S, for 0 ≤ kα ≤ τ̄ .

2. Sign consistency of γK: Once the signal is
strong enough such that (s := |S|)

γ⋆
min ⪰ O

(
M log s
λH

√
log(m+ 2p)

n

)
(13)

for some constant M > 0, then γk has sign consis-
tency at K, i.e. sign (γK) = sign

(
D̃β⋆

)
.

3. ℓ2 consistency of βK:

∥∥β̃K − β⋆
∥∥

2 ⪯ O

(
M

λH

√
s log(m+ 2p)

n

)
.

Since γ∗,+ is composed of γ∗,+,I = β∗,+ and γ∗,− =
−β∗,−, item 2 means we can identify the lesion and
the procedural bias. By projecting βK into the sparse
subspace of γK , item 3 further shows the ℓ2 consistency
of β̃K . Besides, this theorem informs us about the
hyperparameter selection that will be discussed in the
following.

Choosing the hyperparameters. Since the solu-
tion path generated by Eq. (6) is from sparse to dense,
the early stopping mechanism is required to avoid over-
fitting. To choose the stopping time t, we implement
cross-validation. For ν, it is a trade-off between pre-
cision and the recall of feature selection. On the one
hand, the IRC condition can be easier to satisfy as
ν increases (see remark 4.2); on the other, according
to Eq. (13), the γ∗

min is inversely scaled λH that in-
creases w.r.t. ν; therefore, the overshooting of ν can
miss some features. Empirically, we find 0 < ν < 1
can work well. The step size α and κ should satisfy
κα∥H∥2 < 1 to satisfy the consistency.

5 NUMERICAL EXPERIMENTS

In this section, we apply our method to synthetic data.
To measure the model selection consistency of Heter-
LBI, we calculate the Area Under Curve (AUC).

Data Generation. We set n = 500, p = h×w = 1600
with h = w = 40. We first generate the matrix form
of the signal, i.e., B∗ ∈ Rh×w such that B∗(i, j) = 1
if 21 ≤ i ≤ 27, 21 ≤ j ≤ 27; = −1 if i, j are odd
numbers less than 15; otherwise = 0. For DG with
G := (V, E), we set E := {((i1, j1), (i2, j2)) : i1, i2 ≤
h, j1, j2 ≤ w, |i1−i2|+|j1−j2| = 1}. We then vectorize
B∗ as β∗ ∈ Rp×1, with β∗,+ := max(β∗, 0) and β∗,− :=
max(−β∗, 0). Then we set γ∗,+ := [I,D⊤

G]⊤β∗,+ and
γ∗,− := β∗,−. We generate X ∈ Rn×p where Xi,j ∼i.i.d

N (0, 1). We fix X and generate y = Xβ∗ + ε, where
εi ∼i.i.d N (0, 1). We also used Lasso and GenLasso as
baseline methods.

Implementation Details. We run Heter-LBI with
κ = 10, ν = 0.2 and α = 1

κ∥H∥2
. To calculate AUC,
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Figure 2: Illustration of estimation errors of β∗,+ and β∗,−. From left to right: original feature β∗, with β∗,+

marked by red and β∗,− marked by red; estimated lesions β̃l; residue of lesions β∗,+ − β̃l; estimated procedural
bias β̃p; residue of procedural bias β∗,− − β̃p.

we record the selection time tγ := [t1, ..., tm] with
ti := mint>0{γi(t) ̸= 0} and the selection order of each
element according to tγ , i.e., πγ := [i1, ..., im] such that
ti1 ≤ ti2 ≤ ... ≤ tim

. Then the AUC of πγ and the Or-
acle selection vector [⊮(i1 ∈ S), ...,⊮(im ∈ S)] defined
by S can measure the goodness of variable selection in
the solution path. That is, the higher the AUC implies
that variables in S are selected earlier than variables
in Sc.

Table 1: Mean and the std of AUC over 20 times for
Heter-LBI.

S+ S− S Sβ

mean 0.9998 0.9849 0.9936 0.9608
std 0.0000 0.0005 0.0002 0.0016

Results Analysis. To remove the randomness effect,
we repeat for 20 times. We report the mean and the
standard deviation (std) of AUC for S+ := supp(γ∗,+),
S− := supp(γ∗,−), S and Sβ := supp(β∗) in Tab. 1. As
shown, our methods can selects true signals for both
γ and β.

To further highlight the advantages of our method, we
compared it against Lasso and GenLasso as baselines.
Through 20 repeated experiments, we computed the
mean and standard deviation of the AUC for Sβ . The
average AUC values for Lasso and GenLasso are 0.9460
and 0.7728, with standard deviations of 0.0023 and
0.0075, respectively. These results clearly demonstrate
the superior performance of our method in variable
selection compared to both.

Visualization of Reconstruction. To illustrate the
estimation error, we also visualize the original “lesion
features” β∗,+ (marked by red) and “procedural bias”
−β∗,− (marked by blue) in Fig. 2. As shown, the le-
sions are spatially clustered and thus satisfy spatial
coherence while the procedural bias is dispersedly dis-
tributed and thus is implemented by the ℓ1 sparsity.
Besides, our method can reconstruct both types of
features well (the 2nd and 4th columns) with minor

residues (the 3rd and the 5th columns).

6 DISEASE PREDICTION OF
ALZHEIMER’S DISEASE

In this section, we primarily validate our method
on the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) dataset (http://adni.loni.usc.edu/).

Data Description and Preprocessing. We in-
corporated ADNI data from ADNI1, ADNI2, and
ADNI GO. Participants were selected based on the
availability of baseline T1-weighted MRI scans and
corresponding clinical assessments. Our dataset in-
cluded three groups—Alzheimer’s Disease (AD), Mild
Cognitive Impairment (MCI), and Normal Control
(NC)—covering the full spectrum of cognitive health
from normal aging, through early impairment, to clin-
ically diagnosed AD. We follow Dartel VBM (Ash-
burner, 2007) to preprocess the ADNI data from two
sMRI scan magnetic field strengths, namely 1.5 Tesla
sMRI scan (a.k.a, 15T) and 3.0 Tesla sMRI scan (a.k.a,
30T). The 15T data contains 64 AD, 110 MCI, 90 NC;
while the 30T data contains 66 AD, 247 MCI, and 90
NC. Similar to Sun et al. (2017) and Xin et al. (2015),
we consider three classification tasks1: i) 15ADNC,
i.e., classify AD/NC on 15T; ii) 30ADNC, i.e., classify
AD/NC on 30T; iii) 15MCINC, i.e., classify MCI/NC
on 15T. We use y = −1 and y = 1 to respectively
represent the diseased and non-diseased status.

Compared Baselines. We compare with i) Sup-
port Vector Machine (SVM), ii) Random For-
est, iii) Lasso (Tibshirani, 1996; Liu et al., 2012), iv)
Elastic Net (Zou and Hastie, 2005; Xiao et al., 2021),
v) GenLasso (Xin et al., 2014) with D =

(
I⊤

p , ρD
⊤
G

)⊤

where DG corresponds to the Total Variation matrix
and ρ > 0 balances the spatial smoothness and ℓ1 spar-
sity, and vi) GSplit LBI (Sun et al., 2017) that intro-
duces a dual parameter such that the sparse parameter

1We also predict Alzheimer’s Disease Assessment Scale
(ADAS) as a regression task in Appx. 8.2.
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Figure 3: Ratio % of selected lesions in each region R: |supp(β̃)∩R|
|R| . Here, we choose R as the Frontal Lobe,

Temporal Lobe, Hippocampus and ParaHippocampal.

Table 2: Classification accuracy of our method and
other baselines.

Method
Setting 15ADNC 30ADNC 15MCINC

SVM 83.10% 87.58% 73.50%
Random Forest 84.00% 84.00% 66.00%
Lasso 88.31% 87.50% 58.00%
Elastic Net 88.31% 87.50% 68.00%
GenLasso 85.06% 86.93% 63.00%
GSplit LBI 88.31% 88.64% 71.50%
Ours 88.96% 91.48% 74.00%

is enforced with spatial smoothness and non-negativity
constraint to learn the lesion features and a dense pa-
rameter to additionally learn the procedural bias.

Implementation Details. We set ℓ(β) as the lo-
gistic regression loss, and implement Heter-LBI with
κ = 5, α = 1

κ∥H∥2
and ν = 0.1. The stopping

time t is selected according to the cross-validation
results for our method and GSplit LBI. For Lasso,
Elastic Net, and GenLasso, λ is optimized from
{0.05, 0.05, ..., 1, 10, 102}; for Elastic Net, the mixture
parameter α is optimized from {0, 0.05, 0.1, ..., 1}. For
GenLasso, GSplit LBI, and our method, the smooth-
ing hyperparameter ρ is optimized from {0.5, 1, ..., 10}.
The SVM parameters are set with C and γ taking val-
ues from {10−5, 10−4, . . . , 105}. In Random Forest, the
number of trees ranged from 50 to 500 in steps of 100,
and the minimum leaf size ranged from 1 to 5.

Results Analysis. We report the 10-fold cross-
validation result in Tab. 2. As shown, our method
can outperform others in all tasks. The advantage
of our method over Lasso, Elastic Net, and GenLasso
may be due to the enforcement of heterogeneous spar-
sity on the lesions and procedural bias. Although the
dense parameter of GSplit LBI can also capture the

procedural bias and thus perform better than other
baselines, it can also include noise information, which
may cause over-fitting of the trained model.

To further evaluate our method under the same param-
eter settings, we conducted validation on the OASIS
dataset (https://sites.wustl.edu/oasisbrains),
another AD diagnostic dataset. In our experiment,
we selected a subset consisting of 82 AD cases and
81 NC cases for the classification task. Our method
achieved a classification accuracy of 76.67%, surpass-
ing the Lasso method’s accuracy of 75%.

Visualization of Selected Features. To further
validate the effectiveness of our method in identifying
heterogeneous features, we visualize the selected le-
sions (marked by orange) and procedural bias (marked
by blue) on the task of ADNI in Fig. 1 (b)-(d). Ad-
ditional visualizations and details can be found in
Appx. 8.1. As shown, the lesion features selected
by our method are located around the two-side hip-
pocampus, parahippocampal, and medial temporal
lobe, which are believed to be the early damaged re-
gions (Mu and Gage, 2011; van Hoesen et al., 2000;
Visser et al., 2002); while the procedural bias is lo-
cated at the edges of the gyrus and the lateral ven-
tricular, which are believed to be enlarged (Ashburner
and Friston, 2001). In contrast, the Lasso (resp. Gen-
Lasso) is too under-smoothed (resp. over-smoothed)
to capture the lesions (resp. procedural bias) well.

To formally measure the effectiveness of selecting le-
sion features, we calculate the ratio of selected lesions
in each region R, |supp(β̃)∩R|

|R| . As shown in Fig. 3, in
regions Frontal Lobe (Cajanus et al., 2019), Temporal
Lobe, Hippocampus, and ParaHippocampal that have
been well-established as the early degenerated regions
in AD, the selected lesions by our method account for
a larger proportion than others.
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Stability of Feature Selection2. In addition to bet-
ter interpretability, Fig. 4 - 5 (Appx. 8.1) also shows
that our method is more stable in terms of feature se-
lection. To formally assess the stability, we adopt the
multi-set Dice Coefficient (mDC) (Xin et al., 2015) of
selected features across 10 folds: mDC = 10|∩Sk|∑10

k=1
|Sk|

,
where Sk denotes the set of selected features in the k-
th fold. To measure the stability of the whole feature
selection set (Sβ := supp(β∗)), lesion features (S+,I),
and procedural bias (S−), we respectively report the
mDC, mDCl (“l" stands for lesion), and mDCp (“p"
stands for procedural bias) in Tab. 3. As shown, our
method is constantly more stable than other methods.

Table 3: mDC, mDCl and mDCp of selected features.
15ADNC 30ADNC

mDC mDCl mDCp mDC mDCl mDCp

Lasso 0.2038 0.1709 0.2941 0.1811 0.2283 0.1071
Elastic Net 0.2038 0.1709 0.2941 4399 0.5073 0.3605
GenLasso 0.3362 0.6728 0.0035 0.5221 0.5725 0.4925

GSplit LBI 0.3240 0.3240 N/A 0.4267 0.4267 N/A
Ours 0.4542 0.5084 0.4294 0.5757 0.5824 0.5349

7 CONCLUSIONS

In this paper, we propose a new method to select lesion
voxels and procedural bias with heterogeneous spar-
sity in neuroimaging analysis. Our method is guided
by a differential inclusion whose solution existence and
uniqueness are guaranteed. We theoretically show the
model selection consistency and ℓ2 consistency of the
solution path in estimating lesion features and the pro-
cedural bias. Our method achieves better prediction
results for Alzheimer’s Disease. Moreover, the iden-
tified lesion features are spatially clustered into early
damaged regions; while the features belonging to pro-
cedural bias are dispersedly distributed in the enlarged
space such as lateral ventricles.

Limitations and Future work. Although splitting
the original parameter into two parts allows us to iden-
tify heterogeneous sparsity, it increases computational
cost. Additionally, while our method provides a gen-
eral framework beyond Alzheimer’s Disease, it would
be interesting to apply it to other conditions, such
as Frontotemporal dementia and Parkinson’s disease.
Such an exploration and more efficient implementation
of our algorithm will be explored in the future.

2We only calculate the mDC, mDCl for the sparse es-
timator of GSplt LBI, since it does not select procedural
bias.
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Supplementary Materials

1 SUPPORTING LEMMAS

Lemma 1.1 (Lemma 1 in Huang et al. (2016)). Suppose that ϵ ∼ N(0n, σ
2In), then

P
(

∥Bϵ∥∞

σ
≥ z

)
≤ 2q exp

(
− z2

2∥B∥2
2

)(
B ∈ Rq×n, z ≥ 0

)
, (14)

P
(

∥ϵ∥2
2

nσ2 ≥ 1 + z

)
≤ exp

(
−n(z − log(1 + z))

2

)
(z ≥ 0). (15)

By Eq. (14), we have that for B ∈ Rq×n, with probability not less than 1 − 2q/m2,

∥Bϵ∥∞ ≤ 2σ · ∥B∥2
√

logm. (16)

By Eq. (15) we have that with probability not less than 1 − exp(−4n/5),

∥ϵ∥2 ≤ 2σ
√
n. (17)

Lemma 1.2 (Lemma 6 in Huang et al. (2016)). Denote Σ := I−D̃A−1D̃⊤

ν with A := X̃∗X̃ + D̃⊤D̃
ν . Then the

RSC condition is equivalent to ΣS,S ⪰ λΣIs for some λΣ > 0. Besides, we have λH ≤ λΣ.
Lemma 1.3 (Lemma 2 in Huang et al. (2016)). ΣS,S ≻ 0 if and only if ker (DSc) ∩ ker(X) ⊆ ker (DS).

2 PROOF OF PROP. 4.4

Proposition 2.1. The RSC condition in assum. 4.3 holds if there exists a constant λX > 0 such that X⊤
SβXSβ ⪰

λX , with Sβ := supp(β∗).

Proof. According to Lemma 1.3, we have that the RSC condition holds if

ker(D̃Sc) ∩ ker(X̃) ⊂ ker(D̃S). (18)

If X⊤
SβXSβ is positive, then we have ker(X̃S+,I ∪(p+S−)) = 0 since S+,I ∩S− = ∅. For any β ∈ ker(D̃Sc) ∩ ker(X̃),

we have β(S+,I ∪(p+S−))c = 0. Together with X̃β = 0, we have X̃S+,I ∪(p+S−)βS+,I ∪(p+S−) = 0. We then have
β = 0, which means ker(D̃Sc) ∩ ker(X̃) = 0 ⊂ ker(D̃S). Indeed, we have that

ker(D̃(G+,I \S+,I )∪(G−\S−)) ∩ ker(X̃) ⊂ ker(D̃S) (19)

holds if and only if X⊤
SβXSβ is positive. The sufficiency can be obtained similarly. For the necessity, note that

if Eq. (18) holds, we have that for any β ∈ ker(D̃Sc) ∩ ker(X̃), βS+,I ∪(p+S−) = 0. If this does not hold, then
there exists a β′ with β′

S+,I ∪(p+S−) ̸= 0, which means β′ ̸∈ ker(D̃S). This violates the condition. Therefore, if
X⊤

SβXSβ is positive, we have that there exists a β′ with β′
S+,I ∪(p+S−) ̸= 0, such that β′ ∈ ker(X̃S+,I ∪(p+S−)). We

set β′
(S+,I ∪(p+S−))c = 0, then we have β′ ∈ (D̃(G+,I \S+,I )∪(G−\S−)) ∩ ker(X̃) however does not belong to ker(D̃S).

This violates the condition.
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3 UNIQUENESS OF SOLUTION PATH

In this section, we discuss the existence and uniqueness of the solution of Heter-LBISS in Eq. (6) and Heter-ISS
in Eq. (3).
Proposition 3.1 (Solution existence and uniqueness for Heter (LB) ISS). With v(t), ρ(t), g(t) defined in Eq. (4),
we have

1. For Heter-ISS in Eq. (3), assume that ρ(t), g(t) are right continuously differentiable; and β(t), γ(t) are right
continuous. Then the solution exists. Besides, the v(t) is unique. If additionally H(β,S(t)),(β,S(t)) ≻ 0 with
S(t) := supp(γ(t)) for some 0 ≤ t ≤ τ , we have (β(t), γ(t)) are unique when 0 ≤ t ≤ τ .

2. For Heter-LBISS in Eq. (6), assume that v(t), β(t) are right continuously differentiable, then there is a
unique solution for t ≥ 0.

Proof. We first prove the case for Heter ISS in Eq. (3). Denote A := X̃∗X̃ + D̃⊤D̃/ν, where D̃ := [D; Ip×p].
With Σ =

(
I −DA†DT

)
/ν, according to Eq. (3a), we have

β(t) := A−1(X̃∗y + D̃⊤γ(t)/ν). (20)

Besides, according to Eq. (3b), i.e.,

v̇(t) := −∇γℓ(β(t), γ(t)) = D̃β(t) − γ(t)
ν

, (21)

we substitute Eq. (20) into Eq. (21) and obtain:

v̇(t) := D̃A−1X̃∗y − Σγ(t) := −Σ 1
2

(
Σ 1

2 γ(t) − Σ† 1
2A−1X̃∗y

)
.

Note that v(t) ∈ ∂f(γ) :=
(
∥γ∥1 + ⊮(γl,I ≥ 0) + ⊮(γp ≤ 0)

)
; therefore, if we denote g(γ(t)) := 1

2 ∥ỹ − Σ 1
2 γ(t)∥2

2
with ỹ := Σ† 1

2A−1X̃∗y. Then the Heter ISS is equivalent to the following differential inclusion:

v̇(t) = −∇γg(γ(t)), (22a)
v(t) ∈ ∂ (∥γ∥1 + ⊮C) , (22b)

where C := {γ : γl,I ≥ 0, γp ≤ 0}. The existence of a slightly different version (i.e., v(t) ∈ ∂∥γ(t)∥1) of Eq. (22)
has been studied in Burger et al. (2013) and Osher et al. (2016). Similar to the [Theorem 1 in Burger et al.
(2013)], we can obtain the solution by defining a sequence of changing points of t, i.e., 0 = t0 < t1 < t2 < such
that v(t0) = γ(t0) = 0 and for each k, tk+1 := sup{v(tk) − (t − tk)∇γ(t)g(γ(tk)) ∈ ∂ (∥γ(tk)∥1 + ⊮C(γ(tk)))}
and it is allowed that tk+1 = ∞. Simply speaking, tk+1 is the earliest time the sub-gradient of the penalty
function changes. Writing v := [(vl,I)⊤, (vl,D)⊤, (vp)⊤]⊤, for each t, we define Sl,I(t) := {i : vl,I

i (t) = 1},
Sl,D(t) := {i : |vl,D

i (t)| = 1}, Sp(t) := {i : vp
i (t) = 1}, S(t) := supp(γ(t)). With these changing points, we define

v(t) := v(tk) − (t− tk)∇g(γ(tk)), (23a)
γ(t) := arg min

γ
g(γ), subject to:

γl,I
i ≥ 0, ∀i ∈ Sl,I(tk) ∪ Sp(tk); vl,D

i (tk)γl,D
i ≥ 0, ∀i ∈ Sl,D(tk); γi = 0, ∀i ∈ Sp(tk), (23b)

for t ∈ [tk, tk+1) and for each k. We show that the (v(t), γ(t))t given by Eq. (23) is the solution of Eq. (22). We first
show that tk+1 ̸= tk. We discuss two cases, ∇ig(γ(tk)) = 0 and ∇ig(γ(tk)) ̸= 0, respectively. For ∇ig(γ(tk)) = 0,
we have vi(t) = vi(tk) − (t − tk)∇ig(γ(t)) = vi(tk) ∈ ∂ (∥γ(tk)∥1 + ⊮C(γ(tk))). For ∇ig(γ(tk)) ̸= 0, which can
only happen when γi(tk) = 0 according to the KKT optimality conditions of Eq. (23b). Further, by inspecting
the same KKT optimality conditions, we have that among the set of elements of γ(tk) with ∇ig(γ(tk)) ̸= 0,
∇ig(γ(tk)) < 0 for vi(tk) = 1 and γi(tk) = 0; ∇ig(γ(tk)) > 0 for vi(tk) = −1 and γi(tk) = 0. Therefore, as long
as t satisfies that |(t− tk)∇ig(γ(tk))| ≤ 2, we have vi(t) ∈ ∂ (∥γ(tk)∥1 + ⊮C(γ(tk))). This implies tk+1 − tk > 0.
Taking derivatives with respect to t in Eq. (23a), we obtain that (v(t), γ(t)) satisfies Eq. (22a). The constraints
on γ(t) in Eq. (23b) further makes the (v(t), γ(t)) satisfies Eq. (22b). Therefore, (v(t), γ(t)) is the solution of
Eq. (23).
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Next, we prove the uniqueness. We first show the uniqueness of ∇f(γ(t)) and Σ 1
2 γ(t), which ensures the

uniqueness of v(t) due to v(0) = 0 and Eq. (22a). We discuss two cases, S(t) = ∅ and S(t) ̸= ∅, respectively.
When S(t) = ∅, we have that γ(t) = 0; hence ∇f(γ(t)) = ∇f(0) and Σ 1

2 γ(t) = 0. Therefore ∇f(γ(t)) and
Σ 1

2 γ(t) are unique. When S(t) ̸= ∅, note that Eq. (22) implies:
γi(t) ≥ 0 and ∇ig(γ(t)) ≥ 0, ∀vi(t) = 1 and i ∈ S(t)
γi(t) ≤ 0 and ∇ig(γ(t)) ≤ 0, ∀vi(t) = −1 and i ∈ S(t)
γi(t) = 0, ∀i ∈ (S(t))c.

(24)

This is because when vi(t) = 1 (resp. vi(t) = −1) for i ∈ S(t), v̇i(t) ≤ 0 (resp. v̇i(t) ≥ 0) since vi(t) = 1 (resp.
vi(t) = −1) reaches the maximality (resp. minimality). According to Eq. (22a), we have ∇if(γ(t)) ≥ 0 (resp.
∇ig(γ(t)) ≤ 0) for vi(t) = 1 (resp. vi(t) = −1) for i ∈ S(t). According to the definition of v(t) in Eq. (22b),
we have that γi(t) ≥ 0, γi(t) ≤ 0 and γi(t) = 0 when vi(t) = 1, i ∈ S(t), vi(t) = −1, i ∈ S(t) and i ∈ (S(t))c,
respectively. Besides, we have

γi(t)∇ig(γ(t)) = 0. (25)

This is obvious when γi(t) = 0. When γi(t) ̸= 0, due to the right continuity of γ(t), there exists δ > 0, such that
γi(s) ̸= 0 and does not change the sign on [t, t+ δ). Besides, we have γ(s) ∈ C on (t, t+ δ) as long as γ(t) ∈ C.
Therefore, we have v̇i(t) = 0, which means ∇if(γ(t)) = 0. Eq. (24), (25) are the KKT conditions of Eq. (23b),
which is a constrained convex optimization problem. Since g(γ(t)) := h(Σ 1

2 γ(t)) with h(a) := 1
2 ∥ỹ−a∥2

2, therefore
the h is a strict convex function. Therefore, we obtain the uniqueness of Σ 1

2 γ(t) and hence ∇g(γ(t)). Therefore,
we have that v(t) is unique. If further we have ΣS(t),S(t) ≻ 0 for 0 ≤ t ≤ τ , we have γ(t) is unique. Particularly,
if we can recover the true signal set S(t) = S, the solution is unique.

For Heter LBISS in Eq. (6), note that it is equivalent to(
β̇(t)
ż(t)

)
= −

(
−κX̃∗(X̃β(t) − y) − κD̃T (D̃β(t) − κScombine(z(t), 1))/ν

−(κScombine(z(t), 1) −Dβ(t))/ν

)
:= h(β(t), z(t)),

where Scombine(z(t), 1) := [S+(zl,I(t), 1); S(zl,D(t), 1); S−(zp(t), 1)] with S+(z, 1) := max(z − 1, 0), S(z, 1) :=
max(|z| − 1, 0), and S(z, 1) := max(−z + 1, 0). Since h(β(t), z(t)) is Lipschitz continuous, the Picard-Lindelöf
Theorem implies that there exists a unique solution to this ODE.

4 NON-INCREASING PROPERTIES

In this section, we show that ℓ(β(t), γ(t)) is non-increasing w.r.t. t for the path given by Heter-ISS in Eq. (3)
and Heter-LBISS in Eq. (6).
Proposition 4.1 (Non-increasing of ℓ(β(t), γ(t)) along the paths given by Heter (LB)ISS). For a solution
(ρ(t), β(t), γ(t)) of Heter ISS in Eq. (3) and Heter LBISS in Eq. (6), ℓ(β(t), γ(t)) is non-increasing w.r.t. t.

Proof. This proof is similar to that in Huang et al. (2016). Denote v(t), β(t), γ(t), Sl,I(t), Sl,D(t), Sp(t), S(t)
in Prop. 3.1. According to the proof in Prop. 3.1, the (β(t), v(t), γ(t)) in Heter ISS (3) is the solution of the
following constrained optimization:

min
β,γ

ℓ(β(t), γ(t))

Subject to


γi(t) ≥ 0, vi(t) = 1, i ∈ S(t),
γi(t) ≤ 0, vi(t) = −1, i ∈ S(t),
γi(t) = 0, i ∈ (S(t))c.

For any t, due to the continuity of v(t) (since v(t) is piece-wise linear), there exists δ > 0, such that for any
t′ ∈ (t − δ, t + δ), −1 < vi(t′) < 1 for i ∈ S(t) (in fact, we only need −1 < vi(t′) < 1 for i ∈ Sl,D(t)), then we
have γi(t) ≥ 0. For vi(t) = −1, i ∈ S(t), we have vi(t′) < 1 for i ∈ S(t); then we have γi(t′) ≤ 0. Finally, for
i ∈ S(t), i.e., vl,I

i (t) < 1 for i ∈ Sl,I(t) and vp
i (t) < 1 for i ∈ Sp(t); and −1 < vl,D

i (t) < 1 for i ∈ Sl,D(t), we
respectively have vl,I

i (t′) < 1 for i ∈ Sl,I(t′) and vp
i (t′) < 1 for i ∈ Sp(t); and −1 < vl,D

i (t′) < 1 for i ∈ Sl,D(t). In
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these three cases, we have γi(t) = 0. Therefore, we have γi(t) = 0 for i ∈ (S(t))c. Since (β(t), v(t), γ(t) are right
continuous, the ℓ(β(t), γ(t)) is also right continuous since ℓ is continuously differentiable. Then the γ(t′) satisfies
the constraints, which implies ℓ(β(t), γ(t)) ≥ ℓ(β(t′), γ(t′)) for any t′ ∈ (t− δ, t+ δ). This means ℓ(β(t), γ(t)) is
the local minimum for every t.

Suppose ℓ(β(t), γ(t)) is not non-increasing, then there exists t̃1 < t̃2 such that ℓ(β(t̃1), γ(t̃1)) < ℓ(β(t̃2), γ(t̃2)).
Since there are at most countable changing points in (t̃1, t̃2), we first assume there exists one changing point
tk ∈ (t̃1, t̃2) such that ℓ(β(tk), γ(tk)) > limt→tk− ℓ(β(t), γ(t)), which violates the local minimum property of
tk. If there is no such changing point, then there exists at least one piece, say [tk, tk+1) ⊂ (t̃1, t̃2) such that
ℓ(β(tk), γ(tk)) < ℓ(β(tk), γ(tk)) < ℓ(β(tk+1), γ(tk+1)). Since ℓ(β(t), γ(t)) is continuous in [tk, tk+1], then there
exists at least one t′ ∈ [tk, tk+1] such that (β(t′), γ(t′)) is not the local minimum of ℓ(β(t′), γ(t′)).

For Heter-LBISS in Eq. (6), note that ⟨v̇(t), γ(t)⟩ = 0 according to the proof in Prop. 3.1. Since

d
dt ℓ(β(t), γ(t)) =

〈(
β̇(t)
γ̇(t)

)
,

(
∇βℓ(β(t), γ(t))
∇γℓ(β(t), γ(t))

)〉
=
〈(

β̇(t)
γ̇(t)

)
,

(
−β̇(t)/κ

−v̇(t) − γ̇(t)/κ

)〉
= 1
κ

∥∥∥∥( β̇(t)
γ̇(t)

)∥∥∥∥2

2
≤ 0,

we have that the ℓ(β(t), γ(t)) is non-increasing.

Proposition 4.2 (Non-increasing of ℓ(β(k), γ(k)) w.r.t. k in Heter LBI (8)). For the solution (v(k), β(k), γ(k))
of Heter LBI in Eq. (8), the ℓ(β(k), γ(k)) is non-increasing w.r.t. k, if κα∥H∥2 < 2.

Proof. We have

ℓ(β(k + 1), γ(k + 1)) − ℓ(β(k), γ(k)) =〈
∇ℓ(β(k), γ(k)),

(
β(k + 1) − β(k)
γ(k + 1) − γ(k)

)〉
+

1
2(β⊤(k + 1) − β⊤(k), γ⊤(k + 1) − γ⊤(k))H

(
β(k + 1) − β(k)
γ(k + 1) − γ(k)

)
≤ − 1

α

〈
−α∇ℓ(β(k), γ(k)),

(
β(k + 1) − β(k)
γ(k + 1) − γ(k)

)〉
+ ∥H∥2

2

∥∥∥( β(k + 1) − β(k)
γ(k + 1) − γ(k)

)∥∥∥2

2

≤ − 1
α

〈(
β(k+1)−β(k)

κ

v(k + 1) − v(k) + γ(k+1)−γ(k)
κ

)
,

(
β(k + 1) − β(k)
γ(k + 1) − γ(k)

)〉
+

∥H∥2

2

∥∥∥( β(k + 1) − β(k)
γ(k + 1) − γ(k)

)∥∥∥2

2

≤ − 1
α

⟨v(k + 1) − v(k), γ(k + 1) − γ(k)⟩ +
(

∥H∥2

2 − 1
κα

)∥∥∥( β(k + 1) − β(k)
γ(k + 1) − γ(k)

)∥∥∥2

2

Since

⟨v(k + 1) − v(k), γ(k + 1) − γ(k)⟩
= ∥γ(k + 1)∥1 + ⊮C(γk+1) + ∥γ(k)∥1 + ⊮C(γk) − ⟨v(k), γ(k + 1)⟩ − ⟨v(k + 1), γ(k)⟩ ≥ 0,

we have ℓ(β(k + 1), γ(k + 1)) ≤ ℓ(β(k), γ(k)) as long as κα∥H∥2 ≤ 2.

5 ORACLE DYNAMICS

In this section, we introduce Oracle dynamics, i.e., the dynamics on the true signal set S. We first show that
the solution of the Oracle dynamics is sign-consistent to the Oracle Solution as long as t > τ∞ < τ̄ where τ̄
denotes the time such that before τ̄ the no-false-positive property holds. In this regard, the Heter LBISS will be
sign-consistent to the Oracle Solution, which will be shown to be sign-consistent to the (β∗, γ∗).
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We consider the following Oracle dynamics of Heter LBISS:

γ′
Sc(t) = 0, (26a)
β̇′

κ
= −X̃∗(X̃β′(t) − y) + D̃⊤(D̃β′(t) − γ′(t))

ν
, (26b)

v̇S(t) = −γ′
S(t) − D̃Sβ

′(t)
ν

, (26c)

vS(t) ∈ ∂
(

∥γS(t)∥1 + ⊮(γl,I
S+,I (t) ≥ 0) + ⊮(γp

Sp(t) ≤ 0)
)
. (26d)

We call the dynamics in Eq. (26) as Oracle dynamics in terms of the support set since the dynamics constantly
keep the value of γ on Sc as 0 in Eq. (26a). Denote (βo,+, βo,−, γo,+, γo,−) as the Oracle point:

(βo,+, βo,−, γo,+, γo,−) ∈ arg min
(γo,+,I )

S+,I ≥0,(γo,−)S− ≤0,γSc =0
ℓ(β, γ).

We then expect the Oracle dynamics of (β′,l(t), β′,p(t), γ′(t)) converge to the Oracle point (βo,+, βo,−, γo) in
terms of ℓ2 distance:

d(t) =
√

∥dβ(t)∥2
2 + ∥dγ(t)∥2

2,

where dβ(t) = β′(t) − βo, dγ,S(t) = γ′
S(t) − γo

S . For simplicity, we rewrite Eq. (26) as:

γ′
S(t) = 0, (27a)(

0
v̇′

S(t)

)
+ 1
κ

(
β̇′(t)
γ̇′

S(t)

)
= −H(β,S),(β,S)

(
dβ(t)
dγ,S(t)

)
, (27b)

Define the potential function Ψ(t) as:

Ψ(t) := ∥γo
S∥1 + ⊮(γo

S ∈ C) − ∥γ′
S∥1 − ⊮(γ′

S ∈ C) + ∥γ′
S(t) − γo

S∥2
2

2κ + ∥β′
S(t) − βo∥2

2
2κ .

The following property shows that the potential function decreases fast enough as t grows.
Lemma 5.1 (Generalized Bihari’s inequality). Denote γo

min := mini∈S |γo
i |, we have

d
dtΨ(t) ≤ −λHF

−1(Ψ(t)),

where

F (x) := x

2κ +


0, 0 ≤ x < (γo

min)2
,

Mx/γo
min, (γo

min)2 ≤ x < s (γo
min)2

,

M
√
sx, x ≥ s (γo

min)2
,

F−1(x) := inf(y : F (y) ≥ x)(y ≥ 0),

where M := maxi∈S maxt≥0 |v′
i(t)|.

Proof. We rewrite the ℓ(β′(t), γ′
S(t)) := 1

2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
β′(t)
γ′

S(t)

)∥∥∥∥2

2
. According to the def-

inition of (βo, γo
S) and the KKT optimality conditions, we have

1
n

(
X̃ 0

−
√
n/νD̃S Is

)⊤((
X̃ 0

−
√
n/νD̃S Is

)(
βo

γo
S

)
−
(
y
0

))
+
(

0
go

S

)
= 0, (28)

⟨γo
S , g

o
S⟩ = 0, go

i ≤ 0,∀i ∈ S+,I ; go
i = 0,∀i ∈ S+,D; go

i ≤ 0,∀i ∈ S−. (29)
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According to the definition of Ψ(t), we have

dΨ(t)
dt

= −⟨γ̇′
S(t), v′

S(t)⟩ − ⟨γo
i − γ′

S(t), v̇′
S(t)⟩ + ⟨γ̇′

S(t), v′
S(t)⟩ +

〈(
β′(t) − βo

γ′
S(t) − γo

S

)
,

(
β̇′(t)

κ
γ̇′

S(t)
κ

)〉

=
〈(

β′(t) − βo

γ′
S(t) − γo

S

)
,

(
β̇′(t)

κ

v̇′
S(t) + γ̇′

S(t)
κ

)〉

= −
(
d⊤

β (t), d⊤
γ,S(t)

) 1
n

(
X̃ 0

−
√
n/νD̃S Is

)⊤((
X̃ 0

−
√
n/νD̃S Is

)(
β′(t)
γ′

S(t)

)
−
(
y
0

))
= −

(
d⊤

β (t), d⊤
γ,S(t)

)
H(β,S),(β,S)

(
dβ(t)
dγ,S(t)

)
+
(
d⊤

β (t), d⊤
γ,S(t)

)( 0
go

S

)
≤ −

(
d⊤

β (t), d⊤
γ,S(t)

)
H(β,S),(β,S)

(
dβ(t)
dγ,S(t)

)
:= −2L(t),

where the last inequality is due to ⟨γ′
S(t) − γo

S , g
o
S⟩ = ⟨γ′

S(t), go
S⟩ ≤ 0. Therefore, it is sufficient to show that

2L(t)
λH

≥ F−1(Ψ(t)) =⇒ F
(

2L(t)
λH

)
≥ Ψ(t). We first prove that M is finite. Since

dΨ(t)
dt

≤ −λHd
2(t),

Ψ(t) is non-increasing. We show that there exists t0 such that ∀t > t0, vi(t) = 1 for all i ∈ S. Since we know
that d2(t) < (γo

min)2 means ∥γo
S∥1 − ⟨γo

S , v
o
S⟩ = 0, we denote t0 := inf{t : d2(t) ≤ (γo

min)2/2} and have that:

Ψ(t0) ≤ Ψ(0) − λH ∗ t0 ∗ (γo
min)2/2.

We then have t0 ≤ 2Ψ(0)
λH (γo

min)2 . Due to the right continuity of (β(t), γ(t)), we then have d2(t0) ≤ (γo
min)2/2,

which means Ψ(t0) ≤ (γo
min)2

4κ . If not there exists i ∈ S such that v′
i(t0) < 1, implying a contradiction that

Ψ(t0) > d2(t0)
2κ ≥ (γo

min)2

2κ . Due to the non-increasing property of Ψ(t), we have Ψ(t) ≤ Ψ(t0) ≤ (γo
min)2

4κ . This
means ∀t ≥ t0, we have v′

i(t) = 1. Then we have M := maxi∈S max(max0≤t≤t0 |v′
i(t)|, 1). Due to the continuity

of v′(t), we have that M is finite.

Now we prove 2L(t)
λH

≥ F−1(Ψ(t)). Note first that we have ∥γo
S∥1 −⟨γo

S , v
′
S(t)⟩ = 0 if ∥γ′

S(t) − γo
S∥2

2 < (γo
min)2. Be-

sides, we have ∥γo
S∥1−⟨γo

S , v
′
S(t)⟩ ≤ M

∑
v′

i
(t)<1 ∥γo

S∥1, which simultaneously less and equal than M
γo

min
∥γ′

S(t)−γo
S∥2

2

and M
√
s∥γ′

S(t) − γo
S∥2

2. Therefore, we have Ψ(t)− 1
2κ

(
∥dγ,S(t)∥2

2 + ∥dβ(t)∥2
2

)
≤ F

(
∥dγ,S(t)∥2

2

)
− 1

2κ ∥dγ,S(t)∥2
2.

Since F (y + x) ≥ F (y) + x
2κ for any x ≥ 0, y ≥ 0 and L(t) ≥ λHd

2(t), we have

F

(
2L(t)
λH

)
≥ F (d2(t)) = F

(
∥dβ(t)∥2

2 + ∥dγ,S(t)∥2
2

)
≥ F

(
∥dγ,S(t)∥2

2

)
+ 1

2κ ∥dβ(t)∥2
2 ≥ Ψ(t).

The proof is completed.

Lemma 5.2. We have

d(t) < cγo
min,∀ c < 1, (30)

if t ≥ τ∞(c) := 1
κλH

log 1
c + M log s+2M+d(0)/κ

λH γo
min

(0 < c < 1). This means we have sign(γ′
i(t)) = sign(γo

i ) for i ∈ S.
Besides, we have

d(t) ≤ min

2M
√
s+ d(0)/κ
λHt

,

√√√√2
(

1 + νΛ2
X + Λ2

D̃S

)
λHν

· d(0)

 . (31)

Proof. Suppose there exists t′ ≤ τ∞(c) such that d(t′) < cγo
min, then we have

Ψ(t) ≤ Ψ(t′) ≤ cγo
min,∀t ≥ τ∞(c),
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due to the non-increasing property of Ψ(t) and that d(t′) < cγo
min with c < 1 implies that v′

i(t) = 1 thus
∥γo

S∥1 − ⟨γo
S , v

′
S⟩ = 0. Therefore, we have d(t) < cγo

min for t ≥ τ∞(c). Suppose there does not exist t with
0 ≤ t ≤ τ∞(c) such that d(t) < cγo

min, then we have

Ψ(t) ≥ d2(t)
2κ ≥ c2(γo

min)2

2κ ,

which means F−1(Ψ(t)) > 0. According to lemma 5.1, we have

λHτ∞(c) ≤
∫ τ∞(c)

0

− d
dt Ψ(t)

F−1(Ψ(t))dt =
∫ Ψ(0)

Ψ(τ∞(c))

dx
F−1(x)

≤

(∫ (γo
min)2/(2κ)

c2(γo
min)2

/(2κ)
+
∫ F((γo

min)2)

(γo
min)2

/(2κ)
+
∫ F(s(γo

min)2)

F
(
(γo

min)2) +
∫ F(d(0)2)

F
(

s(γo
min)2)

)
dx

F−1(x)

≤
∫ (γmin)2/(2κ)

c2(γo
min)2

/(2κ)

dx
2κx +

∫ F((γo
min)2)

(γo
min)2

/(2κ)

1
(γo

min)2 dx+
∫ s(γo

min)2

(γo
min)2

dF (x)
x

+
∫ d(0)2

s(γo
min)2

dF (x)
x

= 1
2κ log 1

c2 + 2
γo

min
+
∫ s(γo

min)2

(γo
min)2

(
1

2κx + M

γo
minx

)
dx+

∫ d(0)2

s(γo
min)2

(
1

Mκx
+ M

√
s

2x
√
x

)
dx

<
1

2κ log 1
c2 + M

γo
min

+ 1
2κ log d(0)2

(γo
min)2 + M log s

γo
min

+ M

γo
min

≤ 1
κ

log 1
c

+ M log s+ 2M + d(0)/κ
γo

min
.

Therefore, we have τ∞(c) < 1
κλH

log 1
c + M log s+2M+d(0)/κ

λH γo
min

, which contradicts to the definition of τ∞(c). This
means Eq. (30) holds.

To prove Eq. (31), first note that

ℓ(β′(t), γ′
S(t)) := 1

2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
β′(t)
γ′

S(t)

)∥∥∥∥2

2

= 1
2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
βo

γo
S

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
dβ(t)
dγ(t)

)∥∥∥∥2

2

= 1
2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
βo

γo
S

)∥∥∥∥2

2
+ 1

2n

∥∥∥∥( X̃ 0
−
√
n/νD̃S Is

)(
dβ(t)
dγ(t)

)∥∥∥∥2

2〈(
dβ(t)
dγ(t)

)
,

1
n

(
X̃ 0

−
√
n/νD̃S Is

)⊤((
X̃ 0

−
√
n/νD̃S Is

)(
βo

γo
S

)
−
(
y
0

))〉

= 1
2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
βo

γo
S

)∥∥∥∥2

2
+

1
2n

∥∥∥∥( X̃ 0
−
√
n/νD̃S Is

)(
dβ(t)
dγ(t)

)∥∥∥∥2

2
−
〈(

dβ(t)
dγ(t)

)
,

(
0
go

S

)〉
,

=1
2
(
d⊤

β (t), d⊤
γ,S(t)

)
H(β,S),(β,S)

(
dβ(t)
dγ(t)

)
− d⊤

γ,S(t)go
S + 1

2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
βo

γo
S

)∥∥∥∥2

2

:=L(t) + d⊤
γ,S(t)go

S︸ ︷︷ ︸
L(t)

+ 1
2n

∥∥∥∥( y
0

)
−
(

X̃ 0
−
√
n/νD̃S Is

)(
βo

γo
S

)∥∥∥∥2

2
,

where the third equation is due to Eq. (28). Besides, we have L(t) ≥ L(t). Using the same technique in Prop. 4.1,
we can derive that the ℓ(β′(t), γ′

S(t)) along the Oracle dynamics is also non-increasing. Therefore, the L(t) is
also non-increasing. If L(t) = 0 at some t, then Eq. (31) naturally holds since d2(t) ≤ 2L(t)

λH
= 0. If L(t) > 0,

denote C =
√

2L(t)/λH > 0, then for any 0 ≤ t′ ≤ t, we have

d
dt′ Ψ (t′) = −L(t′) − L(t′) ≤ −L(t) − L(t) ≤ −2L(t) = −λHC

2.
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Besides, we denote F̃ (x) = x/(2κ) +M
√
sx ≥ F (x) (where F (x) is defined in lemma (5.1)), we have

d
dt′ Ψ (t′) ≤ −λHF

−1 (Ψ (t′)) ≤ −λH F̃
−1 (Ψ (t′))

Since
F̃
(
d(0)2) ≥ F̃

(
∥γo

S∥2
2

)
+ ∥βo∥2

2 /(2κ) ≥ Ψ(0).

Next, we prove λHt ≤ 2M
√

s
C + 1

2κ

(
1 + log d(0)2

C2

)
≤ 2M

√
s+d(0)/κ

C . We first consider the case when d(0) > C, we
have:

λHt ≤
∫ t

0

− d
dt′ Ψ (t′)

max
(
C2, F̃−1 (Ψ (t′))

)dt′ =
∫ Ψ(0)

Ψ(t)

dx
max

(
C2, F̃−1(x)

)
≤
∫ F̃(d(0)2)

F̃ (0)
=
∫ F̃(C2)

F̃ (0)

dx
C2 +

∫ d(0)2

C2

dF̃ (x)
x

= C2/(2κ) + 2
√
sC

C2 +
∫ d(0)2

C2

(
1

2κx + M
√
s

2x
√
x

)
dx

≤ 2M
√
s

C
+ 1

2κ

(
1 + log d(0)2

C2

)
≤ 2M

√
s+ d(0)/κ
C

If otherwise d(0) ≤ C,

λHt ≤
∫ F̃(d(0)2)

F̃ (0)

dx
max

(
C2, F̃−1(x)

) ≤
∫ F̃(d(0)2)

F̃ (0)

dx
C2

= d(0)2/(2κ) + 2
√
s · d(0)

C2 ≤ 2M
√
s+ d(0)/κ
C

.

Then we have that

d(t)2 ≤ 2
λH

L(t) = 2
λH

· λHC
2

2 ≤
(

2M
√
s+ ·d(0)/κ
λHt

)2

.

To prove d(t) ≤

√
2
(

1+νΛ2
X

+Λ2
D̃S

)
λH ν · d(0), note that L(0) := L(0), we then have

d(t)2 ≤ 2
λH

L(t) ≤ 2
λH

L(t) ≤ 2
λH

L(0) = 2
λH

L(0).

Since

2L(0) := ((βo)⊤, (γo
S)⊤)H(β,S),(β,S)

(
βo

γo
S

)
:= 1

n
∥X̃β∥2

2 + 1
ν

∥D̃Sβ
o − γo

S∥2
2

≤ 1
n

∥X̃β∥2
2 + 2

ν
∥D̃Sβ

o∥2
2 + 2

ν
∥γo

S∥2
2 ≤

2(νΛX + Λ2
D̃S

+ 1)
ν

d2(0).

The proof is completed.

6 SPARSE PARAMETER β̃ VIA PROJECTION

In this section, we introduce an efficient projection method to obtain sparse estimators β̃k at each k via

β̃l
k := argmin

x≥0,x(G+,I \Sl,I
k

)=0,DG(G+,D\Sl,D
k

,:)x=0
∥x− βl

k∥2, β̃
p
k := argmin

x≥0,x(G−\Sp
k

)=0
∥x− βp(t)∥2. (32)

The β̃p
k can be directly obtained as: β̃p

k(i) = 0 for all i ∈ G−\Sp
k ∩ {i : βp

k(i) ≥ 0}; = βp
k(i) otherwise. For

β̃l
k, the following proposition provides an efficient method by exploiting the connected components of the graph
G := (V,EG+,D\Sl,D

k
):
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Proposition 6.1. Denote G := (V,EG+,D\Sl,D
k

) where V := {1, ..., p} and EG+,D\Sl,D
k

denotes the edge set
induced by G+,D\Sl,D

k : (i, j) ∈ G+,D\Sl,D
k =⇒ β̃l

k(i) = β̃l
k(j). If G := G1 ∪G2 ∪ ... ∪GC contains C connected

components with Gk := (Vc, Ec), we have

β̃l
k(j) =

0 Vc ∩
(

G+,I\Sl,I
k

)
̸= ∅

βl
k(Vc)⊮

(
βl

k(Vc) ≥ 0
)

Vc ∩
(

G+,I\Sl,I
k

)
= ∅

, for all Vc and j ∈ Vc. (33)

Moreover, the complexity of calculating β̃l(t) is O(p2 +m), which is less than the complexity of gradient descent
w.r.t. β, i.e., O(n2p2 +m).

Proof. Since DG(G+,D\Sl,D
k , :) is the graph-difference matrix, then if two nodes are connected by an edge in,

they share the same value. We can thus obtain the connected components of G := G1 ∪G2 ∪ ... ∪GC via DFS
(Depth First Search) with complexity O(p + m), in which nodes in each component share the same value. If
Vc ∩ (G+,D\Sl,D

k ) ̸= ∅, then we have β̃l
k(Vk) = 0 the β̃l

k on Vc shares the same value and each element G+,I\Sl,I
k

should be 0 due to the constraint. If otherwise Vc ∩ G+,I\Sl,I
k = ∅, then we optimize over β̃l

k(Vc) to minimize
∥β̃l

k(Vc) − βl
k(Vc)∥2. Since each elements β̃k

k (Vc) are the same (denoted by a), then we optimize a to minimize∑
j∈Vc

(a− βl
k(j)2. The minimizer is thus the average of the vector βl

k(Vc), i.e., βl
k(Vc) if βl

k(Vc) ≥ 0; otherwise,
due to the non-negativity constraint we have β̃l

k(Vc) = 0. The computation of the average for each component
is O(p). Since there are at most p components, then the overall complexity is O(p2 +m).

7 NUMERICAL EXPERIMENTS

In this section, we apply our method to synthetic data. To measure the model selection consistency of Heter-LBI,
we calculate the Area Under Curve (AUC).

Data Generation. We set n = 500, p = h × w = 1600 with h = w = 40. We first generate the matrix
form of the signal, i.e., B∗ ∈ Rh×w such that B∗(i, j) = 1 if 21 ≤ i ≤ 27, 21 ≤ j ≤ 27; = −1 if i, j are odd
numbers less than 15; otherwise = 0. For DG with G := (V, E), we set E := {((i1, j1), (i2, j2)) : i1, i2 ≤ h, j1, j2 ≤
w, |i1−i2|+|j1−j2| = 1}. We then vectorize B∗ as β∗ ∈ Rp×1, with β∗,+ := max(β∗, 0) and β∗,− := max(−β∗, 0).
Then we set γ∗,+ := [I,D⊤

G]⊤β∗,+ and γ∗,− := β∗,−. We generate X ∈ Rn×p where Xi,j ∼i.i.d N (0, 1). We fix
X and generate y = Xβ∗ + ε, where εi ∼i.i.d N (0, 1).

Implementation Details. We run Heter-LBI with κ = 10, ν = 0.2 and α = 1
κ∥H∥2

. To calculate AUC, we
record the selection time tγ := [t1, ..., tm] with ti := mint>0{γi(t) ̸= 0} and the selection order of each element
according to tγ , i.e., πγ := [i1, ..., im] such that ti1 ≤ ti2 ≤ ... ≤ tim

. Then the AUC of πγ and the Oracle
selection vector [⊮(i1 ∈ S), ...,⊮(im ∈ S)] defined by S can measure the goodness of variable selection in the
solution path. That is, the higher the AUC implies that variables in S are selected earlier than variables in Sc.

Table 4: Mean and the std of AUC over 20 times for Heter-LBI (Transposed).
S+ S− S Sβ

mean 0.9998 0.9849 0.9936 0.9608
std 0.0000 0.0005 0.0002 0.0016

Results Analysis. To remove the randomness effect, we repeat for 20 times. We report the mean and the
standard deviation (std) of AUC for S+ := supp(γ∗,+), S− := supp(γ∗,−), S and Sβ := supp(β∗) in Tab. 4. As
shown, our method can select the true signals for both γ and β.

Visualization of Reconstruction. To illustrate the estimation error, we also visualize original “lesion features”
β∗,+ (marked by red) and “procedural bias” −β∗,− (marked by blue) in Fig. 2. As shown, the lesions are spatially
clustered and thus satisfy the spatial coherence while the procedural bias is dispersedly distributed and thus is
implemented by the ℓ1 sparsity. Besides, our method can reconstruct both types of features well (the 2nd and
4th columns) with minor residues (the 3rd and the 5th columns).
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8 MORE EXPERIMENTAL RESULTS ON AD

More about ADNI dataset. We consider p = 2, 527 voxels, which have an average value in the GM population
template that is greater than 0.1.

8.1 Visualization of ADNI

We visualize the selected lesions (marked by orange) and procedural bias (marked by blue) on the task of
30ADNC (Fig. 4) and 15ADNC (Fig. 5). The results are similar for both tasks. They show that some selected
lesions by our method and GenLasso are spatially clustered into the Thalamus, which has been found to be an
early degenerating region among patients (Aggleton et al., 2016).

(a) Selected Features by Lasso

(b) Selected Features by GenLasso

(c) Selected Features by our method

Figure 4: Visualization of (selected) lesion features (marked by orange) and the procedural bias (marked by
blue) at the 2nd, 4th, 6th, 8th, and 10th folds on the 30ADNC. Top, middle, and bottom present the selected
features by Lasso, GenLasso, and our method.

8.2 Prediction of Alzheimer’s Disease Assessment Scale (ADAS) score

Data Description. In this experiment, we predict Alzheimer’s Disease Assessment Scale (ADAS) score (Kueper
et al., 2018), which is a regression task and hence we consider the linear model, i.e., ℓ(β) := 1

2n ∥y − X̃β∥2
2. Our

data is divided into 15T and 30T, in which 15T contains 64 AD, 229 MCI, and 103 NC; and 30T contains 62
AD, 204 MCI, and 90 NC.

Results Analysis. We report the 5-fold validation relative mean squared error (MSE) in Tab. 5. As shown,
our method achieves comparable results to the best among all baseline methods. However, almost all methods
suffer from large errors, which may be due to that ADAS is only one of the measurements (Mohs, 1996) that
also include the Mini-Mental State Examination (MMSE), Clinical Dementia Rating (CDR), The Functional
Activities Questionnaire (FAQ) (A Marshall et al., 2015). Therefore, it may be less reflective of the disease
status compared to the disease label y.
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Figure 5: Visualization of (selected) lesion features (marked by orange) and the procedural bias (marked by
blue) at the 2nd, 4th, 6th, 8th, and 10th folds on the 15ADNC. Top, middle, and bottom present the selected
features by Lasso, GenLasso, and our method.

Table 5: Relative Mean Square Error (MSE) when y denotes ADAS.
Method Lasso Elastic Net TV + ℓ1 GSplit LBI Ours

15T 0.1446 0.1317 0.1394 0.1290 0.1304
30T 0.2197 0.2048 0.2156 0.2047 0.2020

Stability Analysis. We in Tab. 6 report the mDC, mDCl and mDCp of Selected Features in 15T and 30T tasks.
Our method achieves comparable mDC to the one of GSplit LBI on 30T; while on 15T our method achieves the
second stable result.

Table 6: mDC, mDCl and mDCp of Selected Features in Regression.
Method Lasso Elastic Net GenLasso GSplit LBI Ours

15T
mDC 0.1408 0.4943 0.2155 0.2521 0.3719
mDCl 0.1610 0.5318 0.2132 0.2521 0.3260
mDCp 0.0450 0.3911 0.2336 N/A 0.3775

30T
mDC 0.1270 0.2462 0.2638 0.4543 0.4154
mDCl 0.1509 0.2642 0.3287 0.4543 0.3768
mDCp 0.0904 0.2105 0.0926 N/A 0.4129

Visualization of Selected Features. We visualize the selected features on 15T and 30T in Fig. 6 and Fig. 7,
respectively. Although Lasso can well select procedural bias, their selected lesions are dispersedly distributed.
Besides, some features that are selected as procedural bias are taken as lesions by GenLasso, which may be due
to the over-smoothing of GenLasso in feature selection.
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Figure 6: Visualization of (selected) lesion features (marked by orange) and the procedural bias (marked by
blue) at the 1-5 folds on the 15T. Top, middle, and bottom present the selected features by Lasso, GenLasso,
and our method.

Figure 7: Visualization of (selected) lesion features (marked by orange) and the procedural bias (marked by
blue) at the 1-5 folds on the 30T. Top, middle, and bottom present the selected features by Lasso, GenLasso,
and our method.


