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Abstract

We study regret minimization for time-homogeneous episodic tabular reinforcement
learning with S states and A actions under non-interactive e-local differential
privacy (LDP). In each episode k € [K], the decision-maker sends a policy to a
user, the user executes the policy for H steps, and sends an e-locally differentially
private message back to the decision-maker. When H = 1, the problem reduces to
an LDP contextual bandit with S contexts, A arms and horizon K. We prove that

\/max(S,exp(e)+1)SAK (exp(e)+1)
’ exp(e)—1

the minimax regret is min <K ), up to constants

and a y/log(A) factor. The upper bound is achieved by an adaptation of EXP3 and
a unary encoding mechanism. When H > 1, and for small €, we show a lower

bound in Q(HS¥4X ) and an upper bound in O(H?S? VAEK) The upper bound
is achieved by an algorithm based on UCBVI and a unary encoding mechanism.
For small €, these bounds improve the previously known lower bound by a factor

/S and the previously known upper bound by a factor of H+v/A.

1 Introduction

Reinforcement learning (RL) is the problem of learning to make decisions through interaction.
Typical applications of RL include recommender systems, online advertising, healthcare, routing
or robotics |[Kober et al.|[2013]], |Afsar et al.| [2023]], |Cai et al.| [2017]], |[Yu et al.| [2023]], Nazari et al.
[2018]]. The entity running the RL algorithm is called the decision-maker, which could be a dating
application, an ad displaying platform or a scientist running a medical experiment. In the classical RL
framework, an interaction proceeds as follows. The decision-maker observes the current state which
could be the profile of a user, the context of an ad or the health status of the subject and decides on
an action to take based on the observed state which could be a partner recommendation, the display
of an ad or the choice of treatment to give to a subject. Conditionally on the state and action, the
decision-maker receives a random numerical reward which could be a like of the recommended
person, a click on the displayed ad or a numerical measure of the subject’s health. The next state is a
random function of the current state and action. The goal of reinforcement learning is to optimize the
policy used by the decision-maker to choose actions from previous observations so that the sum of
rewards gathered over time is maximized.

In classical RL, the focus is on the decision-maker and the constraints of the user, which could be
a client of a dating application, a viewer of the ad, or a subject of the medical experiment are not
taken into account. A primary concern of users in the above applications is privacy. A user may
not want to publicly disclose their activity on a dating application, their browsing history, or their
health condition. While the decision-maker may be trustworthy, it can be hacked or leak data by
accident. For instance, the dating application Ashley Madison was hacked in 2015 exposing the data
of 32 million users Jones|[2016]]. Another example is the UK Biobank data containing health and
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genetic information of 500 000 subjects that was partially uploaded on Github by accident Rocher
and Morley| [2026].

While the UK Biobank data is de-identified, meaning the personal information such as the name or
the address of the subjects is removed, journalists from the Guardian were able to re-identify some
subjects [Devlin and Burgis| [2026]. The fact that removing personal information is not sufficient
to protect the privacy of users is well-documented [Sweeney| [2000], Narayanan and Shmatikov
[2008]], [Rocher et al.|[2019] and justifies the use of more rigorous privacy frameworks such as local
differentially privacy (LDP) Duchi et al.|[2013].

The above considerations motivate the study of reinforcement learning under LDP. We consider a
tabular RL problem with S states and A possible actions, where the decision-maker learns an optimal
policy by interacting with K different users sequentially. The transition kernel—the probabilities of
moving from one state to another when an action is taken—and reward distributions are fixed (but
unknown) and the same across all users. Each user interaction corresponds to one episode, where
the initial state varies from users to users. When interacting with a user the decision-maker sends
a policy to the user who executes it for H steps and applies a randomized mechanism to privatize
its data before sending the privatized data back to the decision-maker. The mechanism is chosen
by the decision-maker but must satisfy e-LDP constraints which guarantee a limit on the amount of
information that the decision-maker - or hackers - can learn about the user.

Our contributions We first study the case H = 1. We prove that the minimax regret rate is given
by

min (K, v/max(S, exp(e) + 1) SAK (exp(e) + 1))
exp(e) — 1

up to constants and a 4/log(A) factor. This result is a consequence of Theorem showing the lower
bound and Theorem [2| providing an algorithm and a mechanism whose regret matches the lower

bound up to constants and a 1/log(A) factor.

Second, we study the case H > 1. A reduction from the bandit case implies a new lower bound shown
in Corollary [T|improving upon previous work Garcelon et al.| [2021]] uniformly across all parameters.
The improvement is particularly significant when e < 1, gaining, in this case, a factor v/S over the
previously known lower bound. Then, we present Theorem |3| which provides an algorithm and a
mechanism whose regret, for e < 1, is in O(% vAK) improving, in this high privacy regime, over
the previous upper bound [Garcelon et al., 2021, Theorem 5] by a factor of H+/A. We emphasize that,
for e < 1, a multiplicative gap of order H.S remains between this upper bound and the lower bound

of Corollary |1} which is in Q(L VEAK) Closing this gap is left as an open question (see Section @)

2 Related Work

Regret minimization for non-private time-homogeneous episodic tabular RL is well studied. A lower
bound for the minimax regret of order Q(H+v/ SAK) is obtained by |Azar et al.|[2017] thanks to a
reduction to contextual bandits. Many works |Azar et al.| [2017]], Dann et al.| [2019], Zanette and
Brunskill [2019], Zhang et al.| [2021] study regret minimization in RL and various algorithms have
been proposed. The best upper bound up to date is given by a model-based algorithm that achieves a
regret in O(H+/SAK + HS2?A) up to log factors [Zhang et al.|[2021]]. This result shows that tabular
RL is essentially as hard as contextual bandits. Whether a model-free algorithm can achieve a leading
rate of Hv/ S AK is an active area of research |Jin et al.| [2018]], Zhang et al.|[2020].

The combination of online decision-making and local differential privacy is well studied in
the bandits case. In classical multi-armed bandits, the optimal regret under e-LDP is in

@(max(—“ﬁK7 VAK)) Ren et al[[2020]. We recover this rate up to constants and log factor by
setting S = 1 in Theorem[IJand Theorem [2]

The works most related to ours are those studying RL under LDP constraints |Garcelon et al.|[2021]],
Qiao and Wang| [2023[], Chowdhury and Zhou! [2022b]]. The work of |Garcelon et al.| [2021] studies
the same time-homogeneous setting as us, while |Qiao and Wang| [2023]] and |(Chowdhury and Zhou
[2022b] study the time-varying case where rewards and transition matrices change over time. Since



their bounds are for this more general setting, they are loose if applied directly. Our main point of
comparison is therefore |Garcelon et al.|[2021]]. We improve the lower bound obtained in|Garcelon
et al.|[2021]] and give an upper bound improving that of (Garcelon et al.|[2021] in the high privacy
regime € < H \/Z

Although tabular contextual bandit under LDP has never been studied specifically, some general-
izations were considered in the literature. Contextual linear bandits under LDP have been studied
in|Zheng et al.|[2020]. After embedding the reward using one-hot features and rescaling so that the
unit-norm assumption on the parameter is satisfied, the guarantee of Zheng et al. gives in the tabular
setting a rate in O(M)
assumptions, an O (K 1/ 2) rate can be recovered Han et al.| [2021]], |[Pavlovic et al.| [2025]]. The setting
we study differs in that there are no restrictions on how contexts are chosen. Another generalization
is contextual nonparametric bandits under LDP, which have been studied in Ma et al.|[2025]], where
the authors obtain sublinear regret under regularity assumptions (Assumptions 2.2 and 2.3) and a
margin assumption (Assumption 2.4). These assumptions do not necessarily hold in the setting we
study. Lastly, a related problem is LDP contextual-bandit pricing [Zhao et al.| [2026]], |Chen et al.
[2023]], where the price is the action and the revenue is the reward. However, none of the results
of Zhao et al.|[2026] or|Chen et al.|[2023] apply in the setting we consider because of incompatible
assumptions. Notably, in Zhao et al., the reward has a specific parametric form derived from a GLM
assumption, and in Chen et al., the reward is assumed to be strongly concave. In contrast, none of
these restrictions are imposed in the setting we study.

, which is suboptimal. If contexts are chosen i.i.d., then, under some

Besides LDP, other notions of privacy have been studied in bandits and RL. In global differential
privacy, the decision-maker is trusted but the sequence of action it takes must not reveal too much
information about the users’ reward |Azize and Basu| [2022], |Azize et al, [2026]]. This setting
is only relevant for multi-armed bandits since in contextual bandits and RL, a linear regret is
unavoidable |Shariff and Sheffet|[2018]]. This motivates the notion of joint differential privacy |Sharitf
and Sheffet| [2018]], |Vietri et al.| [2020] which is weaker. It guarantees that the actions taken by the
decision-maker at time ¢ do not reveal too much information about the users’ information up to
time ¢’ < t. Intermediate notions based on shuffling have also been studied for linear contextual
bandits (Chowdhury and Zhou| [2022a], (Garcelon et al.| [2022].

3 Episodic Finite-Horizon Tabular RL under LDP

Notations For an integer n, we use [n] to denote the set {1,2,...,n}. For a finite set X', we use
A(X) to denote the set of functions v : X — [0, 1] such that ), #(x) = 1 and denote by v/(-) the
corresponding distribution over X'. We use f(z) = Q(g(z)) to denote that there exists a constant
C > Osuch that f(x) > Cg(z), f(x) = O(g(z)) to denote that there exists a constant C' > 0 such
that f(x) < Cg(z) and f(z) = O(g(x)) if f(z) = Qg(x)) and f(z) = O(g(x)). We use O-),
Q(-) and O(-) to hide constants and logarithmic factors. We denote 5(p) the Bernoulli distribution
with parameter p. Dy (v,v') = E, [log 4%] and Drv(v,v') = sup 4 [v(A) — /(A)| denote the
Kullback-Leibler divergence and total variation distance between distributions v and v/'.

Non-private interaction, value functions and regret A Markov Decision Process (MDP) is
defined by the tuple I = (S = [S], A = [A], P,r, (p*)K_,), where S is the set of S states, A = [A]
the set of A actions, P : S x A — A(S) is the transition kernel, r : S x A — [0, 1] is the expected
reward function and p*¥ € A(S) is the distribution of the starting state at episode k for each k € [K].
We call M(S, A, K), or simply 99t when the context is clear, the set of MDP with S states, A actions
and K episodes. The above description corresponds to the fabular case where the number of states,
actions and episodes are finite.

In the non-private setting, the decision-maker interacts directly with the MDP. The interaction consists
of K episodes each consisting of H steps. At episode k, the decision maker selects a policy 7% =
(7f : 8 = A(A))per) and samples a starting state ST from p*. Then, at step h € [H], the decision
maker observes S¥ € S, samples an action A € A from 7} (SF, ), obtains a reward R} € [0, 1]
and transitions to S¥ 41 € S. The reward RY and the next state S 1 are sampled independently
conditionally on (SF, A), with E[R} | S, AF] = r(Sf, AF) and SF_, | S§, A} ~ P(Sk, A}, ).
The trajectory of episode k is denoted by 7% = (S, Ak RF ... Sk AF R, SIk_IH) € T where



T = (S x A x [0,1]) x S is the set of possible trajectories. The value of a policy 7 at step h on
MDP 1 at state s is defined as

VIT(s)=E

H
> RF|SE=s
i=h

where the expectation is taken over the trajectory 7. We often omit the superscript I when it is

clear from the context. The optimal value function is defined as V" (s) = max, VhI " (s). Lastly,
note that the policies we use depend only on the current state and step. It can be shown that using
history-dependent policies instead does not increase the optimal value function [Puterman, 2014,
Theorem 4.4.2]. We call the process by which the decision maker updates policies from episode to
episode the (non-private) algorithm A = (A, : TF "1 — (S — A(A))H) ek and call AP the
set of non-private algorithms. where 2l maps the past k — 1 trajectories (71,...,7%~1) to the policy

k.

The performance of an algorithm 2 on an MDP [ is computed by the regret defined as
K

S (Vs - v (sh))

k=1

and the difficulty of the problem is quantified by the minimax regret defined as

RPPlie — inf  sup R(A, ).
Q[EAPUI’HC Iem

RPUbliC(Ql7 I) —E k—l)

. T~ (T

9

Private interaction and local differential privacy In the setting we study, the user does not
allow the decision maker to access its true data. The algorithm will therefore not have access to the
trajectories but only to a version privatized by a mechanism M : T — A()) satisfying the following
e-LDP guarantee: for any two trajectories 7,7’ and any measurable subset Y C )/, we must have

PM(1)eY) <ePM(T) eY).
We call M, the set of such e-LDP mechanisms.

The interaction then proceeds as follows. The decision maker first selects a privacy mechanism
M. Then, at episode k, the decision maker selects a policy 7" and sends it to user k, who executes
the policy 7* for H steps and observes the resulting trajectory 7% which is then privatized by the
mechanism M to produce a privatized statistic M* = M(7") sent back to the decision maker.

The process by which the decision maker updates policies from episode to episode is now charac-
terized by a private algorithm %A = (A, : Y1 — (S = A(A))")e(x) and the set of private
algorithms is denoted by AP, Here )*~! is the Cartesian-product space containing all possible
sequences of k — 1 private messages: at episode k, the realized input to the algorithm is the history
(MY, ..., MF1) e YE-L

Furthermore, the performance of the decision maker is now determined by the choice of mechanism
M and the private algorithm 2(. We still measure the performance by the regret given by

K 1 K
% ok Ml,...,MKNM(T ),..‘,M(T )

Z (Vll’ (Sf) - Vll’ (Sf))] ) k

1 7~ A ((Mi)iepe—17)

and the minimax regret is defined as

R= inf sup R(A, I, M).

AC AP T
MeM,

R(A,I,M)=E

In the following sections, we present upper and lower bounds on fA.

4 Private contextual bandits

The current lower bounds available in the literature in either the non-private |/Azar et al.|[2017] or
private |Garcelon et al.|[2021]] case use a reduction to contextual bandits. It is therefore natural to first
study this simpler case. We therefore set in this section H = 1. In this case, the transition kernel P
plays no role and since A and S are fixed, an instance of contextual bandits is characterized by the
reward function 7 and the initial distributions {p*}X_,.



4.1 Lower bound

In Theorem [T} we show a lower bound on %R.

Theorem 1. Assume A > 2, for any e-LDP mechanism M and any algorithm 2 that the decision
maker can choose, there exists an instance I characterized by a reward function r and initial
distributions {p* }i_, such that the regret is lower bounded as

v/max(S, exp(e) + 1)SAK (exp(e) + 1))
exp(e) — 1

REA,M,I) > 3% min (K,

Proof sketch (see Section[Alfor the full proof). Fix an algorithm 2, a mechanism M and a gap A >
0. For each ¢ € AS and o € S¥, define the hard instance . 6,0 Dy

Foo(s,a) = 5 +A{a=0(s)},  pha(s)=1{s =ox}.

Let I, . be sampled uniformly from this family and let I? be the same random instance with all
rewards at state s replaced by 1/2. A standard change-of-measure argument lower bounds the
expected regret by the gap times the probability of not identifying the best action, and upper bounds
this identification probability through Dk, (M, ..., Mk)sol/(M, ..., Mk)s, ;).

The improvement comes from controlling this KL term using both LDP contractions of [Asoodeh
and Zhang, 2024, Theorems 1 and 2], namely

ml’mhlm,
fexp(e) — 1)*
eXp(e)

Combining these inequalities with the chain rule yields the two regimes in the bound. Optimizing A
and using the trivial upper bound R < K concludes.

Dy, (M || Ms) <

Dy, (M, || M) < Dry (71, 72)%

When e < 1, the lower bound of Theoremis in Q(LEAK) Compared to the non-private rate of
(:)(\/ SAK) obtained by |Azar et al.|[2017], there is a multiplicative cost of @ due to privacy. When
€ < 1, the rate of private bandits with SA arms is in O(v/SAK /¢), the results of Theorem shows

that private contextual bandit with S context and A arms is strictly harder as a factor of order v/S is
gained.

Intuitively the difficulty in private bandits with S context and A arms is that since context must
remain private, when a privatized reward is received it is not clear from which bandit it came. The
computation of the TV distance in the proof of Theoremin SectionH shows that a factor % appears
SVAK

€

become of the randomness of the context. This ultimately leads to the lower bound in in the

high privacy regime € < 1.

Remark 1 (Sequentially interactive mechanisms). In the setting of Section 3| the same mechanism
M privatizes every trajectory. Theorem[I| holds more generally for sequentially interactive e-LDP
mechanisms (Definition[I]in Section[A), for which the e-LDP channel used at episode k may depend
on the previous messages M", ..., M*~'. The proof only uses that, given the past messages, the
same e-LDP channel is applied under the two instances being compared, whether or not this channel
depends on the history. The proof in Section[Alis written for this more general class.

4.2 Upper bound

In this subsection, we show that the lower bound of Theorem I]is essentially tight by showing that
there exists an algorithm and a mechanism achieving a regret upper bound matching the lower bound

up to constants and a multiplicative +/log(A) factor.
The algorithm we use is based on Exp3 with forced exploration |Auer et al. [2002] and the mechanism

we use is based on the optimized unary encoding mechanism |Wang et al.| [2017]. We name the
procedure Exp3-OUE and give an implementation in Algorithm I}



We first describe the optimized unary encoding mechanism (OUE). Given v € {0, 1} with ||v||; <
1, the OUE mechanism outputs a vector OUE(v) € {0, 1} where each coordinate is generated
independently as follows:

OUE:v € {w € {0,1}*: |w||; <1} — OUE(v) € {0,1}% such that
B(3),ifv; =1
Vi € [d], OUE(v); | v; ~ B 1 o =0 (1)
exp(e)+1

As shown in|Wang et al.|[2017]], OUE is e-LDP. This mechanism is optimal for histogram estimation
under LDP (Canonne and Gentle|[2024]. It is therefore a natural candidate for our problem.

We now describe Exp3-OUE informally. At episode k, the user receives a deterministic policy
7% from the decision-maker and executes it, which yields a trajectory 7% = (S*, A¥, R¥). Then,
the user binarizes the reward by sampling B* ~ B(RF) and constructs a vector V* of dimension
S where V¥(s) = 1{S* = s, B¥ = 1}. This vector is then privatized by OUE yielding a vector
MP* = OUE(V'*) sent back to the decision-maker. The decision maker then builds an importance-
weighted estimator V’“(s, a) of the reward for each state s € S and action a € A and uses it to
update the weights of Exp3 as w1 = wy, exp(nf/k) where 7 is a learning rate parameter and wy
is known from previous episodes (we set wy = (1,...,1)). Following the Exp3 algorithm, these
weights are used to compute the new policy as in Equation (2)). For every state s € S, we sample a
from IT¥*1(-, 5) and define the deterministic policy 75! by 7%*1(s) = . The policy 7%+ is then
sent to the user of episode k£ + 1 and the process continues.

Algorithm 1: Exp3 with optimized unary encoding for private contextual bandits (Exp3-OUE)
Input: ¢, K, A, S, n, v

> Decision maker (public operations)

Initialize w1 (s,a) = 1 foralls € Sanda € A

Define the distributions IT! (-, s) as II'(a, s) = (1 — 7)% + J foreachs,a € S x A

Za’eA w1 (s,a
Set 7t (s) = as where ag ~ IT1!(, s) and send 7! to user 1.
for k =1to K do
> User k (private operations)
Observe S*, select A¥ = 7%(S*), observe R¥, and sample B* ~ B(RF)
Construct V¥(s) = 1{S* = s} B¥ foralls € S
Construct M* € {0,1}° = OUE(V'*) via the OUE mechanism Equation (1)
Send MP to the decision maker
> Decision maker (public operations)
For each s € S and a € A, construct the estimator

1{a=7"(s)}
I1*(a, s)

VE(s,a) = M*(s)
Update the weights as for each s,a € S x A,

wr1(s,a) = wi(s, a) exp(nvk(s,a))‘

Define TT¥*1(-, 5) as foreach s,a € S x A,

141 (0, 8) = (1 7) ettt 0 @

YweaWeri(s,a’) A

| Set 7**1(s) = s where ag ~ IT*F1(-, s) for each s € S and send 7% to user &k + 1.

In essence, Exp3-OUE is Exp3 applied to privatized input, but two implementation choices make a
significant difference compared to a direct Laplace-based LDP-OBI|Garcelon et al.|[2021]] adapted to
the bandit case. First, in Exp3-OUE, the decision-maker sends a deterministic realization 7 of TT¢
rather than IT* directly, so the user privatizes a vector indexed by states rather than by state-action



pairs, improving the dependence on A. Second, the user binarizes the reward and applies OUE, which
improves the dependence on €. The estimator V¥ (s, a) also gives the right bias-variance trade-off;
debiasing it would increase the regret.

In Theorem 2] we precisely characterize the regret of Exp3-OUE and show that it matches the lower
bound of Theoremup to constants and a multiplicative 1/log(A) factor.

Theorem 2. Assume A > 2, for any instance I characterized by a reward function r and initial
distributions {pk},C 1» the regret ofAlgorzthmIrun with v = An and

1y = min(— 1 Sln(A) )
24° (6 - I)KA(% B exp(le)—i-l + exp(i)—i—l)

is upper bounded as

R(A M, I) < 16m1n( Vmax(S, exp(e) + 1)SAK (exp(e) + l)log(A)>

exp(e) — 1

Proof sketch (see Section[B|for the full proof). The proof follows the standard Exp3 potential argu-
ment [Auer et al.,[2002, Theorem 3.1]. Let

D, —Zlog(Zwk s a))
sES acA
Since V¥(s,a) € [0, A/4] and v = Az, we have nV*(s,a) € [0,1]. Expanding ®;,; — Py,
summing over k, using ®; = Slog(A) and comparing with the best fixed action a*(s) gives, after
taking expectations,
K

K
Sln(A)
E[Zr( Zr (S* Ak} —(l_ —
k=1 k=1 N3 =~ =plo+t
1 1 S
+ 2(6 - I)KAT](§ ~ exp(e)+1 + exp(e)+1)
1_ 1 ’
2 exp(e)+1
Plugging in the chosen learning rate and using that regret is at most K yields the theorem. O

As a consequence of Theorem [T|and Theorem [2] we have that the lower bound in Theorem [I]is tight
up to log-factor. Therefore, the minimax regret R for private contextual bandits satisfies

NS < - < ¢, Y/max(5,exp(e) + SAR (exp(e) + 1) > ) |

exp(e) — 1

5 Private Tabular Reinforcement Learning

In this section, we attempt to extend the lower bound of Theorem T]and the upper bound of Theorem 2]
to the case of finite-horizon MDPs. We first focus on lower bound and see in Corollary [I] that the
usual reduction from reinforcement learning to contextual bandits applies in the private setting as
well. This yield a lower bound for private tabular reinforcement learning that improves over previous
work [Garcelon et al|[2021]]. We then establish an upper bound in Theorem [3] adapting the ideas used
to prove Theorem [2|to the case of finite-horizon MDPs. In the high privacy regime e < 1, this upper
bound improves over known upper bounds for private tabular reinforcement learning |Garcelon et al.
[2021]], |[Qiao and Wang| [2023]], Chowdhury and Zhou|[2022b].

5.1 Lower bound

We first show the following corollary of Theorem I}

Corollary 1. Assume S > 4and A > 2 and H > 2. For any e-LDP mechanism M and any
algorithm 2 that the decision maker can choose, there exists an instance I of finite-horizon MDP
such that the regret is lower bounded as

Vv/max(S, exp(e) + 1)SAK (exp(e) + 1))

H
I)> — min | K
REAM,I) > 1og min ( ) oxp(e) — 1



Proof sketch (see Section|[Q\for the full proof). Consider a finite-horizon MDP with S = [S], A =
[A]. p* has support over [S — 2]. The other 2 states are labelled "good" and "bad". Both good and
bad states are absorbing and yield a reward of 1 and O respectively. For any s € [S — 2], any actions
lead to the good state with some probability and to the bad state with the remaining probability with
the reward being 0 in both cases. This MDP is identical to a contextual bandit problem with S — 2
contexts and A actions except that rewards are scaled by H — 1. Then, choose P and p such that the
hard instance of Theorem [I]is obtained and the lower bound is proved. O

The lower bound in|Garcelon et al.|[2021] is given (up to constants) by H min(exp(6)=T.1) fo)‘é)K_ll) a rate that is

lower than that of Corollary[I[for any value of H, S, A, K, e. More precisely, the two bounds coincide
when ¢ is on the order of log S or larger, and when ¢ < log S the improvement is a multiplicative

factor of order /.S/ exp(e).

The reason why the lower bound in Theoremdominates is because in|Garcelon et al.| [2021]), authors
construct a tree in which one starts at the root and moves deterministically depending on the actions
played, the number of leaves being of order S, and in which one special leaf-action pair is slightly
more rewarding than the others. Their construction therefore reduces the problem to a private bandit
instance with SA arms. In contrast, our lower bound reduces the problem to a private contextual
bandit with S context and A arms which is a more difficult problem.

5.2 Upper bound

In this sub-section, we show an upper bound for the minimax regret improving over known upper
bounds in the high privacy regime.It is obtained using a variant of UCBVI as the algorithm and the
optimized unary encoding as the e-LDP mechanism.

We name the procedure UCBVI-OUE, which we now present informally. A precise implementation
is available in Algorithm At episode k, the user receives a deterministic policy 7% and an index
J* from the decision-maker. The user executes the policy 7%, which yields a trajectory 7% =
(St, A Ry, ..., ST, A%  RY,). Then, the user binarizes the reward at step J* by B%, ~ B(RE,).

The user then constructs a vector I* = (H{Sﬁk =5, Bk =b,Sh | = s’})ses’be{ojl}ysles of

dimension 252 and privatizes it using the OUE mechanism to get M*¥ = OUE(I*). M¥ is then
sent back to the decision-maker who uses it to build for each s € S and a € A, confidence
sets C¥(s, a) which contain P(s, a,-) and (s, a) with high probability. Then, the decision maker
computes optimistic (-value estimates Qr () using the confidence sets by backward induction as
in Equation (@) Then the new policy is computed as 71! (s) = argmax, ¢ 4 QIZ’(” (s, a) for each
s € Sand h € [H] and J¥*1 is sampled uniformly at random from [H]. 7%*1 and J**! are then
sent to the user of episode k + 1 and the process continues.

In addition to the two ideas already used in the case of contextual bandits, which are sending a
deterministic policy instead of a randomized one and binarizing the reward to use the OUE mechanism,
UCBVI-OUE also uses the idea of sending the indicator of only a triplet S §k , B ’}k S ’}k 4 from the
trajectory chosen uniformly at random as opposed to sending the indicator of the whole trajectory.
This reduces the amount of noise that needs to be added to ensure LDP and ultimately leads to an

estimator that has lower variance.

We now present Theorem 3] which gives an upper bound on the regret of Algorithm 2]

Theorem 3. Assume S > 4, A > 2 and H > 2. For any instance I of finite-horizon MDP, the
regret of Algorithm 2] is upper bounded up to constants and log-factors (see the exact expression
in Section[D) as

exp(e) + 1

R(A, M, I) gO(HQSA/TgAK+H252AT€>, T, = 01
exp(e) —

Proof sketch (see Section[D|for the full proof). Let

H
N*¥(s,a,b,8') = Z Z]I{Sfl =s,B),=b,5,,,=5,m(s)=a}
i€[k] h=1



Algorithm 2: UCBVI with optimized unary encoding for private tabular RL (UCBVI-OUE)

. _ exp(e)+1 — 1
Input: ¢, K, A, S, H, Te = 05770 4c = a1
> Decision maker (public operations)
Initialize QY (s,a) = H forall s,a,h € S x A x [H]
Send 7}, (s) = argmax,c 4 @V (s, a) to user 1 for each s € S and h € [H].

Sample J! uniformly at random from [H] and send J* to user 1.

for k =1to K do

> User k (private operations)

Play according to policy * and observe (S¥, Ay, R, SF .1 )ne(n

Sample BF ~ B(RY) for each h € [H]

Construct I¥(s, b, s') = ]l{S_’}k =s,B% =0, S?"‘H = S/} forall s,s" € S,b € {0,1}.
Construct M* € {0,1}° = OUE(I¥) via the OUE mechanism Equation

Send M¥ to the decision maker

> Decision maker (public operations)

For each s,b, 5" € S x {0,1} x S, define I*(s,b,s') = 2Y(M*(s,b,") — qc)
For each s,a,b, 8" € S x A x {0,1} x S, compute 3(s, a) as in Equation (7)) and define

N*¥(s,a,b,s') = H Z I'(s,b, s1{r%:(s) = a}
1€ (K]

N*()(s,a) = max(1, Z (N¥(s,a,b,s') — Bi(s,a)))
be{0,1},s’€S

Then, build confidence sets

Ck(s,a) = {1/ € A(S),p€[0,1]: [NFT(s,a)p— > N¥(s,a,1,5)| < TSBk(s,a)
s'eS

INF O s () = D N’C(aa,b,-)ul<855k<87“>} ©

be{0,1}

Set QI;{(J:? (s,a) = 0 foreach s,a € S x A and then compute

k,(+ Ak (+
BT =, e, 0 2 mg Q)

Send 71T (s) = argmax, . 4 Q:’H)(s, a)touser k + 1 foreach s € Sand h € [H].

| Sample J**1 uniformly at random from [H] and send J*** to user &k + 1.




and let N* be the private estimator in Equation . Freedman’s inequality Hsu et al.|[2015] implies
(Lemma that, with probability at least 1 — 4, for all s,a,b, s, k,

\Nk(s,a,b, s') = N¥(s,a,b,s")| < Br(s,a),

2 Q2 2 Q2
Bk(sva): QOHTS Z ﬂ{a:wi(s)}log%+4}[r€10g%.

he[H], i€ k]

N

Furthermore, Lemma shows C* (s, a) Equation (5) contains with high probability the true reward
and transition probabilities for all s, a, k. By Lemma 2] under these events, the optimistic Q)-values
then satisfy the Bellman-type bounds

Ak, (+) Ak, (+)
0< @y (s,0)— (r(s,0) + X P s o) my Q] (',a')) < bi(s,a,h)

~Z*(s,a) <H-h+1

where by, (s, a,h) = min(H — h + 1,1858k (s, a)H/ max(1, N¥(s,a) — 4S8k (s,a))). As shown
by Lemma , optimism reduces regret to bounding >, , br—1(S ,]f, AZ) ; the counting argument in
Section D] gives the stated rate. O

The upper bound shown in Theorem [3is clearly sub-optimal in the low privacy regime. As € — oo,
the upper bound becomes O(H 262/ AK ) which is much worse than the optimal non-private regret
rate in ©(H+/SAK). Furthermore, the private term in the upper bound of |Garcelon et al.[[2021] is
given by H 38 2A\/? /€ which is better than the bound of Theoremas soonase > H \/Z However,
whene < H \/Z — 2, the bound of Theoremdominates and when e < 1, the gain is of order H \/Z

The gain of the v/A factor is linked to the fact that we send a deterministic version of the policy and
that we privatize a randomly chosen triplet from the trajectory. Indeed, privatizing a quantity such as
>onepm LS = s, A} = a, S}, = s’} by adding Laplace noise as done in Garcelon et al.|[2021]

gives an estimator of variance H? /¢2. Instead, privatizing ]l{S";k =s5,Ak, =a, S§k+1 = s’} can

be done with a noise of scale 1/¢? and the variance of the resulting estimator is on the order of

H/e2 S 1{nf(s) = a} which can be much smaller for actions rarely selected. The gain of the /
factor is due to a tighter analysis. In|Garcelon et al.|[2021], the summation of the bonuses introduces
an additional factor on top of the one due to the Bellman updates and the one due to the privacy-noise
variance (see their Equation (50)). In contrast, our careful handling of the counts k.h br—1(S ’}f , A’,j)
in the proof of Theorem [3|allows us not to pay this additional factor.

6 Conclusion and future work

We improved regret bounds for tabular RL under local differential privacy. For contextual bandits,
the minimax regret is characterized up to constants and a /log(A) factor Theorems|l|and 2| For
finite-horizon RL, our reduction Corollary (1| gives a lower bound that is  times the contextual
bandit lower bound. The improvement over previous results increases as € decreases, yielding a
/S improvement when e < 1. Our UCBVI-OUE upper bound Theorem [3{improves over previous
results when ¢ < max(H VA - 2, 1), which includes the high privacy regime ¢ < 1, where a H VA
improvement is obtained. We note that when ¢ — oo the upper bound of Theorem [3| becomes
O(H?S%\/AK) which is much worse than the optimal non-private regret rate in ©(Hv/SAK). In
fact, when € > H+/A, the approach of Garcelon et al.| [2021] is preferable.

The main open question is whether the lower bound of Corollary|l|is tight. In non-private problems,
contextual bandits and tabular RL differ by a factor H, and it is natural to conjecture that this remains
true under LDP. How to close the remaining H.S gap in the high-privacy regime is then the most
pressing question. We conjecture that closing the S-factor gap requires model-free approaches,
as model-based methods struggle with the high dimensionality of the transition kernel. However,
existing analyses of model-free algorithms produce suboptimal rates even without privacy constraints.
These challenging questions remain open for future investigation.
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A Proof of Theorem 1]

We prove Theorem [I] for the following class of mechanisms, which contains the mechanisms of Sec-
tion[3

Definition 1 (Sequentially interactive e-LDP mechanism). Following|Duchi et al.|[2013|], a sequen-
tially interactive mechanism is a sequence of channels M = (Qk)ke[ K] Where, for each trajectory
7 € T and each sequence of past messages y € Y*~1, QF(- | 7,y) is a probability distribution
over ). At episode k, user k sends M* ~ QF(- | 7% (M?*, ..., M*=1)), drawn independently of
everything else given % and (M*,. .., M*~1). The mechanism is e-LDP if, for every k € [K] and
everyy € Y*=1, the channel Q* (- | -, y) is e-LDP: for any two trajectories T, 7' and any measurable
subsetY C Y,

QF(Y | 1y) < e“QF(Y | 7', y).

The (non-interactive) mechanisms of Sectionare the special case where Q¥ (- | 7, y) is the distri-
bution of M(7) for every k and y. Since the policy 7% of a deterministic algorithm is a function
of (M?',..., M*~1), the channel used at episode k& may in particular depend on 7*. The regret is
defined as in Section 3| with M* drawn as above.

Proof. Fix A > 0, we will choose its value later. Given ¢ € A° and o € S¥, we define an instance
I¢,U = (TdJ,m p(b,d) by

Foo(s,0) = 5+ Al{a=0(s)} . pho(s) = 1s = o)

Then consider the random instance I = (1, p;) = I, . where a(s) is chosen uniformly at random
from A for each s € S and ¢y, is chosen uniformly at random from S for each k € [K]. In other
words, I is uniformly distributed over the set of instances {I¢,’U NS AS ,o€ES K }. Lastly, consider
instance 19 = (r?, p?) defined as I except that 7%(s,a) = 1 foreacha € Aand r(s',a) = r;(s', a)
foreach s’ # sand a € A.

Fix a deterministic algorithm 2( and a sequentially interactive e-LDP mechanism M = (QF) ke[K]
(Definition [1). We will show a lower bound on the expected regret of (2(, M) on the random instance
I and then conclude the proof by application of Yao’s minimax principle|Yaol|[[1977].
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The expected regret can be expressed as

E[R(2L, M, I)]

= E[i (vr(sh) - v(sh) ]

:Z [i]l{Sk—s} (V*(s)—V“’“(s))}
=Z Zﬂ{sk—s}M{A’“#a 5)}]

k=1

= [ n{sk_s,A’f_a(s)}D

o(3lf
(v 2
(x|

-y

SES jE

;1{14’“ =j} 5" =s,a(s) =j]51A)

éE[ﬂ{Ak—ﬂ}Sk Dielk— 1]]| (s)zj}slA). ®)

N ;

Call v ; and v,  the distributions of the sequence of privatized messages (1 i)ie[ K] on instance [
conditioned on «(s) = j and on instance I? respectively, and denote E; ; and E; o the corresponding
expectations.

Since N; ; is bounded by K and is a function of the sequence of privatized messages (M i)ie[ K]
from |Auer et al.[[2002] (see also [Lattimore and Szepesvaril 2020, Exercise 15.2]), we have

1
Es ; |:Ns,j:| <Espo |:Ns,j:| + K §DKL(VS,O||VS,j)' ©)]

Let us now detail the KL divergence Dy (vs,0||vs,;). To simplify notation, we write KL between
random variables to mean the KL between the distributions they are sampled from. Furthermore, for
a random variable X that depends on the instance we consider, we write Dx. (X | a(s) = 0||X |
a(s) = j) to mean the KL divergence between the distribution of X when the instance is sampled
from 9 and the distribution of X when the instance is sampled from I | a(s) = j.

For any ¢ € [K], let H* = (M*){_,, we have

D (M")ieiry | e(s) = 0[[(M")ser) | (s) = j)
K—-1

- Es 0 [DKL(Mff+1 | a(s) = 0, HY| M | a(s) = j, HY|. (10)
=0

where the last equality is a direct consequence of the chain rule for KL divergence. We now detail
the KL divergence term Dy (M‘*! | a(s) = 0, HY M | a(s) = j,H"). Let P and
P{*" denote the distributions of (S*+!, A“*1, R“1) | a(s) = 0, H' and of (S+1, A“+1, R*H1) |
a(s) = j, H'. Conditionally on H*, the message M**! is obtained by passing (S‘*1, A¢+1 RH1)
through the channel Q**!(- | -, H). Hence, the distributions of M**! | a(s) = 0, H* and of
MY | a(s) = j, H" are P{T Q" and Pf"‘lQ“l, where PQ+! denotes the distribution of

the output of Q**1(- | -, H®) when its input is drawn from P. The same channel appears in both
distributions, and it is e-LDP by Deﬁnition Therefore, [Asoodeh and Zhang, 2024} Theorem 2]
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gives

Dyu(M* [ afs) = 0, HY [ M [ afs) = j, H")

(exp(e) — 1)

<4
- exp(e)

DTV(S€+1’A€+17RZ+1 | a(s) _ O’HZHSK—&-17A2+17R£+1 | a(s) — j7 HZ)Z
(11)

We now upper bound the TV divergence term. Notice that, the distribution of S**1 is independent of
o and H*, and the distribution of A“*! given S**' and H* is also independent of o since 7‘*! is a
function of H. Furthermore, given S**! and A“*!, the reward R‘*! is independent of H*. Since
both instances share the optimal actions ¢(s’) at the states s’ # s, its distribution is the same under
both instances unless ST = s and A*"! = j, in which case it is B(%) under I? and B(1 + A)
under I | a(s) = j. Therefore, we have
DTV(SZ+1’A€+17R£+1 | a(s) — O’H€|‘S£+1’A€+17RZ+1 | a(s) Zj,Hé)
1
= Z )IP’(S’L]H =z, A =, R =1 | a(s) = 0, H)
z€S,a€ A,re{0,1}
—P(S =g, AT = a, R =1 | a(s) = 4, H)
1
=3 Z P(S“! = 2)P(AH = | ST =2, HY)
z€S,acA,re{0,1}
)IP’(RL]H =7 | S =, A = a,a(s) = 0, H)
~ PR =¢ | ST =2, AT = a,a(s) = 4, HY)

1 1
=P(S™ = s)P(A! = j | S = 5, H)Drv(B(3). B(5 + 1))

A
=GP = | 87 =5, H) (12)
Plugin the above upper bound into (TT) we get
Dy (M™! [ a(s) = 0, H'|M™! [ a(s) = j, HY)

exp(e) = 1) 5 1 41 _ | g+l 22
<
exp(e) A S2IE”(A =758 =s5H" (13)

Then, plugin the above upper bound into the chain rule decomposition of KL divergence Equation (I0)
we get

Do ((M)ieixy | a(s) = Ol (M")ieix) | als) = j)

< 4(€XP(6) - 1)2A2i [ilE IP)(AZ-{-I :,7 ‘ Sf-ﬁ-l — HK)Q
- exp(e) S2 — 0 ’ '

Lastly, plugin the above upper bound into the KL inequality (9) we get

Es,j |:Ns,j:| § ES,O |:Ns,j:|

K-1

(exple) — 12 ,, 1 |
K.|2 A2 3 B |P(ASL = j | S5+ = 5 HE?2|.
+ exp(e) S2 pard 5,0 ( J ‘ S S, )
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Summing over j € A, using Cauchy-Schwarz inequality and the fact that > jeA P(A! = j |
St = 5, H)? < 1, we get

> By [Ns,j] <D Ewo [NS,J} +K 2AK2_:1 le}(;)(e‘)l)zyl

2
JjeEA JEA £=0 5
—K+K oA &P —1)? \, 1
exp(e) 52
Then, we set A = min(3, VA ), the above bound becomes

1
> E.; {Nsﬁj] <K+ AK
jeA

Finally, plugin this upper bound into the regret decomposition (8) we get

SR M) 2 (K- S [ g7

seSjeA
SNPRPLSSLy
> A(iK - K/A)
> A (iK - K/2>

1
>4(3%)
S min(E S/ AK exp(e) )
- 87 16v/2(exp(e) — 1)
1 . Sv/AK (exp(e) + 1)

TR e R VR

Then we re-start the proof again and develop the same argument but replacing the bound used in

Equation (TT) by the KL contraction of [Asoodeh and Zhang| [2024] Theorem 1], applied to the same
¢-LDP channel Q**1(- | -, HY):

D (M | a(s) = 0, HY|M* | a(s) = j, H)
(exp(e) — 1) 41 qL+1 pl :
< D A + +1 _ HZ l+1 Af+1 l+1 — HZ
= (exp(e) + 1)2 KL<S ’ 7R | Oé(S) 0, HS ’ >R | Oé(S) J )
(exp(e) — 1)
(exp(e) +1)?
E[Dx (R | as) = 0, H', ST ATHRTT [ a(s) = j, HY, 81, A [ a(s) = 0, H

= ) 1 _ 1_ _ 1 1
= WP<S€+ =g, A = J| Hg,a(s) = O)DKL(B(§)||B(§ +A))
1

(eXP(G) — )QAQEP(AZ—i-l :j | Hf7sé+l — S)
(exp(e) + 12 5
where the last inequality is a consequence of the fact that Dy (B(2)

[B(3 + A)) < 4A2 for A <
The bound we obtain is analogous to the one given in Equation (]T_a_’;[)

1
-

Proceeding as before by plugin the above upper bound in the chain rule decomposition of KL
divergence Equation (T0), then into the KL inequality Equation (J), summing over j using the identity
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Yjea P(AS = j | 81 =5, H) = 1 and applying Cauchy-Schwarz, we get

ZEsJ[ } ZESO[ SJ]+K 2A§18+BA2

jeEA jEA

Nl —

_ (exp(e) —1)% \, 1
_K+K\/2AK(GXP(€>H)2A 5

Taking A = min(5, %), we get
[of¢ (xp()-1)2 1
WK oz s

1
S V| < &+ JaK
JjEA
Then the proof follows the same steps and yield the bound

K +SAK(exp(e) +1)
16" 16v/2(exp(e) — 1)

E[R(2, M, I)] > min(— )

1 min(F. Y SAK (exp(e) + 1)
z ppuinE — e - )

Putting the two bounds together we get

/max(S, exp(e) + 1)SAK (exp(e) + 1)
exp(e) — 1

1.
E[R(A, M, T)] > 3—2m1n(K, )

B Proof of Theorem

Proof. The proof closely follows the standard analysis of Exp3 [Auer et al., 2002, Theorem 3.1].
Form the potential

O =) In (Z wk(s,a)> .

seS acA
We have

(ZaeA wk+1(870)>

P —® = 1
k+1 k Z n ZaeAwk(57a)

seS

= Zln (Z _ w59 7 exp(nvk(s,a))>

SES acA ZG/E'A U}k(S,(l

Then notice that V* (s, a) € [O, %} We choose 7 such that v = Az < 1 so that nV*(s,a) € [0, 1].

We can then can apply successively the inequalities exp(z) < 1+ z + (e — 2)2? for z € [0, 1] and
In(1+ z) < z for z € R to get

Dpy1 — Dy
(5 a’) ke wk(s,a) 2k 9
<) In(1+ —nV (s,a) + —22 (e —2)*VFE(s,a)
sezs ( GGZA > reA wg(s,a’) anA Za/eA wi(s,a’)
wi(s,a) k wi (s, a) ok )
< —nV s,a) + " _(e—2)n*V¥(s,0)
;S(; Za E_Awk‘(s CI,) SEZS(; Za/eAU}k(S,a/)
S 3) DRLSLCHEIIRS 3) i LoC TR
s€S acA s€SacA
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Then, summing over k, we get

(I)K+1 — @

S5 3) 3 SLACCIUNANS 3 p) gt

k=1seSacA k=1se€SacA

Wehave @1 =3 _oIn (X, 4wi(s,a)) = SIn(A) and

Dy = Zln Z wK_H(s,a))

seS acA

where a*(s) = argmax, 4 (s, a).

We therefore get the following identity

K
YD Vis,a'(s)

seES k=1
Sln K K IT*(s,a
P Y e £ 33 Y
k=1s€SacA k=1s€SacA
K
Z Z 1°(s,a)V%(s,a)
k=1s€SacA
S’ al N al II*(s,a
( ) % ;%;Hk(&a)vk(&a) + ;SES%A - (_ -
The term 3, 4 II*(s,a)V*(s,a)? can be upper bounded as

Z 1% (s,a)V* (s, a)?

acA

B 1{a=7"(s)} -

— ;H’f(s,a)w(s)ka(s, a)

<Y Vi(sa)

ac€A
Then, we compute E[V (s, a)).
a = ﬂ'k S
7G50 = Bt o) L Ty
a=7k(s
= BBV ) | V) e O
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The term E[M*(s) | V*(s)] is given by

E[M"(s) | VE(s)] = V’“(s)% +(1— vk(s))ﬁ
oyt 1 1
- Vk(S)(§ ol T )+ T
TR P20 S
2 exp(e)+1 exp(e) + 1
which yield
E[V*(s,a)]
1{st=54" = a} 1 1
S T (2 e I Yl R,
=E[1{s" = s}]r(s,a)(% - exp(el) . 1) + exp(:) -

Taking expectations in Equation (T4)), we get

1 1
(5 exple) + 1)E[

Sln(A) vy 1 1 S
<SHAL Y )
7 1=y =2 exp(e) +1  exp(e) +1
K
A 1 1 S
—Nn(= —
+;1—7(6 )77(2 exp(e)+1+exp(e)+1)
Sln(A) 1 1 S
—+2(e—-1)KAn(=z —
- +2e—1) ’7(2 exp(e) + 1 + exp(€) + 1)
where we used vy = Anp and v < %
So that
K K
B[ r(S*,a*( Zr S, AF)]
k=1
1 s
Sln( ) + - )KA?](§ T exp(e)+1 + exp(6)+1)
- (l — é) (l _ é)
M3 exp(e)+1 2 exp(e)+1
Choosing 7 = min (5, Sn(A) ields in case n < ==,
& (2A \/2(6_1)KA(§_ exp(ls)+1 +exp(se)+1) ) Y ! A
K K
E[) (8% a*(S%) = > r(S*, A%)]
k= k=1

1
\/2(6 B I)KAS ID(A)(% - exp(le)+1 + exp(i)-ﬁ-l)

(3~ smo71)

, \/2(6 — 1)K AS In(A) (2(exp(e) + 1)2 +4(S — 1)(exp(e) + 1))

exp(e) — 1
g () +1\/SKT+8V6XI()()€ S\/IT
exp €) €
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1 exp(e)—1

1 _
where we used 5 — P11 — 2(exp(e)+1)°

If n = 5%, then we have

1 Sln(A)
— <
24 — \/2(6 —~1)KA(5 — =+

exp(e)+1 + exp(i)+1>
2AS1n(A)
(6 - 1)(% - exp(16)+1 + exp(‘i)+1)
4AS In(A)(exp(e) + 1)
~ (e— 1)(exp(e) +2(5 — 1))
K< 4AS In(A)(exp(e) + 1)
(exp(e) — 1)

— K<

Finally, notice that the regret is always upper bounded by K and we can then write
K =vVEKVK

<\F\/4A51n )(exp(e) +1)
(exp(e) — 1)

SKAln(A)

exp(e
exp(e ) 1

therefore, the bound Equation (I5)) holds in all cases.
Finally, using the identity z + y < 2max(z,y), we get

K K
B[ " r(S*,a%(S*) =) r(S*, AM)
=1

k=1

k
< 16 max (ZXP «/SKAl VP T 2 eXp S\/KAI )

\/max S, exp(e) + 1)SAK(exp(6) +1) ln(A))
exp(e) — 1

< 16 min(K

C Proof of Corollary ]|

Proof. Fix an algorithm 2l and an e-LDP mechanism M and consider the instance I =
(S VAT {pk le) of Theorem that achieves high regret in the private contextual bandit setting
with S — 2 states and A arms. In instance I , rewards are sampled from a Bernoulli distribution with
mean 7 (s, a) foreach s € Sand a € A

We construct an instance I’ with S states and A actions of finite-horizon MDP (S, A, P, r, {p*} )

as follows. The action space is A = A. The state space is S = Su {good, bad} having two
additional states. All states have reward zero, except the good state which has reward one for every
action. The good state and the bad state are absorbing. The initial distributions are defined as

p¥(good) = p¥(bad) = 0 and p*(s) = j*(s) for each s € S. Then, we choose the transition
probabilities as

P(good | s,a) =7(s,a), P(bad|s,a)=1-7(s,a)
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foreach s € Sand a € A. Fix s € S\ {good,bad}, a € A, k € [K], fix any policy 7 and sample a
trajectory (S¥, A¥)IL  such that S¥ = s and A¥ = a. We have

DSk AR) =1 (s,a +Z (Sk, AF)

he[H] h=
=1(s,a) + (H — 1)1{S5 = good}
=(H - 1)]1{5;C = good} .

Notice that ]l{SéC = good} is a Bernoulli random variable with mean 7(s, a). Therefore, instance

I is equivalent to that of I but with rewards scaled by H — 1. Furthermore, the bandit mechanism
induced by M is e-LDP private since each bandit observation is mapped to a trajectory and then
privatized. Therefore, the lower bound of Theorem [I]applies with a multiplicative factor of H — 1
and we have

R(AM,T) =

(K, Vvmax(S — 2,exp(e) + 1)(S — 2) AK (exp(e) + 1))
exp(e) — 1

Then since H > 2and S > 4, we have H —1 > Z 5 and S — 2 >3 5 which concludes the proof. [J

D Proof of Theorem
Proof. Define foreach s,a € S x A, b€ {0,1} and s’ € S,

N¥(s,a,b,s") Z Z ﬂ{Sh—SA —aaB;L:baS}iz-s-l:S/}
i€[k] he[H

The following Lemmaquantiﬁes the deviation of N"f(s7 a,b,s') from N*(s,a,b,s').

Lemma 1. Let £, be the event that for each s € S,a € A,b € {0,1},s' € S,k € [K]and § < 1,
the following holds

|Nk(s’ a, b> S/) - Nk(s7 a, b> S/)l

; KS2Alog(16K KS?Alog(16K
< J2HT2 Y e =)} o2 5Og(6 )y ¢ amr, o358 5°g(6 )\
he[H],i€[k]
: 48K252A A8K2S%A
SNEUACEDD ]l{azﬁz(s)}log(f)+4HT610g(f
he[H], i€ k]

=Bk (s,a)
Then P(€;) > 1 —0.

The proof of Lemma ] relies on Freedman’s inequality for martmgales We use the following version
from Hsu et al.|[2015][Corollary 1, with ¢ = 2, x = 1og( )1

Theorem 4 (Freedman’s inequality Hsu et al.| [2015]). Let (X;);c[x] adapted to a filtration (F;);c(x]
such that E[X; | Fi—1] = 0and | X;| < bforeachi € [K]andb € R,.

Define Sy, = Ele X;and Vi, = Zle E[X? | Fi_1] for each k € [K]. Then,

P (Elk € [K]: Sk > /44 log(%) + ;lblog((ls)> < (1 4 max(1, [log(?K/log(%))])ﬁ

from which we derive the following corollary.
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Corollary 2. Under the same assumptions as Theorem if % > e, we have,

log((156K) )> <5

log(16K)

4
5 )+ gblog(

P (Elk €[K]: S > \/ 4V}, log(

Proof of Lemmall] Define the martingale difference sequence (X )e[x] Where
Xk = ka(s,b,sl)]l{wﬁk(s) = CL} - Z ]].{S}]f = 87A§ = CL,B;? = b7S}I§+1 = S/} .
he[H]

Define a filtration (Fy),e|x) adapted to (X )re[x] by

Fi=0((J', S}, AL, B, St M) je(m),icin)-

VR

It holds that E[X}, | F_1] = 0 for each k € [K] and since |I*| < 2T for each k € [K], we have
that | X| < 3HY, for each k € [K]. Moreover, we have

E[X7 | Fr-1]

2
:E[(ka(s,b,s’)ll{wﬁk(s):a}— Z 1{S} =s,Af =a,B} =b,55, zs’}> .7:;@_1}

he[H]

< 5HTY? Z 1{a=7f(s)}

he[H]

Then Freedman’s inequality applied to (X},) and (— X} )y, along with a union bound over s, a, b, s’ €
S x Ax{0,1} x S x [K] and over the two resulting inequalities gives the proof. O

Then define Qj, for each (s,a,h) € S x A x [H] by Q};,,(s,a) = 0 and
Qj(s,a) =r(s,a) + Z P(s' | s,a) max Qhi1(s',a")
s’eS
Then, we show in Lemmathe following optimism property for QF (),

Lemma 2. With probability at least 1 — 36, for each k € [K|, s € S,h € [H] and a € A, we have

0< QE’H)(S,CL) — (r(s,a) + Z P(s' | s,a) max Q;ﬁ?(s’,a/)) < bi(s,a,h) (16)
s'eS

Qi (sva) < H - Dt 1 0
where
max(1, N¥(s,a) — 4S8k (s,a))’

bi(s,a,h) = min(H —h + 1,

Proof of Lemma[2] Equation (T7) follows easily by induction. The case H + 1 is satisfied since
QZS:)(S: a) = 0 then assuming Q’Zflr) (s,a) < H — h,wehavesince p < land ), sv(s') =1
that Q" (s,a) < H — h+ 1.

For Equation (I6), we first need to show the following Lemma [3]stating that P and r belong to the
confidence sets.

Lemma 3. Call & the event that for each s € S, a € A, k € [K), the following holds
P(s,a,-),r(s,a) € C*(s,a)
Then ]P)(EQ N 51) Z 1-— 35
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Proof of Lemma[B] Firstif N*(=)(s,a) = 1 and &, holds, we have for each s,a,k € S x A x [K]
that
Z N¥(s,a,b,s") < Z (N*(s,a,b,5") + Bi(s,a)) By &1)
s'€8,be{0,1} s'€8,be{0,1}
> (N¥(s.a,b,5') + Bi(s, a))

s'€S,be{0,1}
= Z Nk(saaab7 8/) +256k(53a)

s'€8,be{0,1}
< N*(s,a) + 4SBk(s,a)
=1+ 4Sﬁk(87 Cl)

IA

and thus
IN® () (s, a)r( ZN (s,a,1,s")|
s'eS
- Z N*(s,a,1,5")|
s'eS
<1+| Z N¥(s,a,1,5")|
s'eS
<1+ Y N (s,0,1,8)
s'eS
<14 ) N¥s,a,1,8) + Bi(s,a)) (By & and fy(s,a) > 0)
s'eS
< 2—|—5S,8k(570,)
< 750Bk(s,a)
and
||Nk7(7)(57a’)P(Saa7 ) - Z Nk(83a7b7 )”1
be{0,1}
= [|P(s,a,) — Z Nk(saavb")nl
be{0,1}
<1+ Z |N®(s,a,b,s")|
be{0,1},s’€S
<1+ Y (N™s,a,b,s") + Bi(s,a) (By &)
be{0,1},s’€S
<2+46S5pk(s,a)

< 8SBk(s,a)
which implies &s.
We now study the case N*(=)(s,a) > 1. Define the martingale difference sequence (X, k)ke[K]
where

X = HI*(s,b, sHL{rk.(s) =a} - Z 1{Sf =s,Af =a,Bj =b} P(s' | s,a).
he[H]

Then, denoting
*(s,a,b) ZZ]I{Sh—sAh—th—b}
1€[k] he[H]
and applying the same steps as in the proof of Lemmal[I] we show that with probability at least 1 — 6,
foreach s € S,a € A,b € {0,1},s' € S,k € [K], it holds that

|Nk(5,a,b)P(s,a,s') - Nk(s,a,b, s < Br(s,a).
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Equivalently, if we denote &3 the event that for each s,a,b,s", k € S x A x {0,1} x S x [K],
IN*(s,a,b)P(s,a,s") — N¥(s,a,b,s")| < Bu(s,a),
then P(E3) > 1 — 4.
Consider & and & holds and N*/(-)(s, a) > 1 meaning
NF ) (s,a) = Z (N*(s,a,b,8') — Bi(s,a)).
be{0,1},s’€S

Then, we have that for each s,a,s’, k € S x A x S x [K],

Z N*¥(s,a,b,s")

be{0,1}
> Z (Nk(s,a,b)P(s,a, 3,) _5k(5aa)) (By 53)
be{0,1}
Z Z (Z (Nk(87a7b7y) _Bk(s7a))P(87a7SI) _Bk(sva)) (By 51)
be{0,1} “yeS
= Nk’(*)(s, a)P(s,a,s") — 28k(s,a) (By ]\7’“"(*)(5, a)>1)

Similarly, we can write for each s,a,s, k € S x A x S x [K],

Z N*(s,a,b,s")

be{0,1}
< Z (N*(s,a,b)P(s,a,s') + Bi(s,a)) By &3)
be{0,1}
< ) (Z(N’“(s,mb,y)+6k<s,a))P(s,a,s’)+6k<s,a>) (By &1)
be{0,1} “yeS
= (N*()(s,a) 42 Z Br(s,a))P(s,a,s") +2Bk(s,a) By N¥T(s,a) > 1)

be{0,1},y€S
< Nk’(f)(s, a)P(s,a,s") + 488k (s,a)P(s,a,s") + 2Bk(s, a)

So we get
IN® () (s,a)P(s,a,s") — Z N¥(s,a,b,s")| < 4SBk(s,a)P(s,a,s') + 2B1(s,a)
be{0,1}
which implies
|N®) (s, a)P(s,a,-) — Z N*¥(s,a,b,-)||1 < 6SBk(s,a)
be{0,1}
meaning P(s, a, -) satisfies the corresponding constraint of the confidence set C*(s, a).
For the other constraint, we consider the martingale difference sequence (Xy)c(x) where
X, = HI"(s, 1,1 {nh(s) =a} - Z 1{S; =s,Af =a,SF,, =5 }r(s,a).
he[H]

and apply the same steps as in the proof of LemmalI|to show that with probability at least 1 — 4, for
eachs € S,a € Ak € [K],s' €S, it holds that

IN*(s,a,s)r(s,a) — N’“(s,a, 1,8")| < Bk(s,a).
Equivalently, if we denote £, the event that for each s,a,s’, k € S x A x S x [K],

|Nk(s,a, sr(s,a) — Nk(s,a, 1,5")| < Be(s,a),
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then P(£4) > 1 — §. Consider & and & hold and N¥(-)(s,a) > 1. We have that for each
s,a,8 ke SxAxS x[K],

Z N*¥(s,a,1,5")

s'eS

> Z (Nk(s,a7 s')r(s,a) — Bi(s, a)) (By &)
s'eS

>3 (X #6abs) - 20sa)rsn - Alsn)  Byé)
s'eS be{0,1}

> N5 (s, a)r(s, a) — SBi(s, a) By N*(s,a) > 1)

and
N¥(s,a,1,5")

s'eS

< Z (Nk(s,a, s')r(s,a) + Bi(s, a)) (By &4)
s'eS

< Z < Z (Nk(s,a, b,s") +ﬁk(s,a))r(s,a)+5k(s,a)> By &1)

s’eS “be{0,1}
< (Nk’( )(s,a) + 458k (s,a))r(s,a) + SBk(s,a) (By Nk’(*)(s,a) > 1)
< Nk’(f)(s, a)r(s,a) + 5SBk(s,a)

So it holds that £, 2 £ N E3 N &4 and therefore P(E; N &) > 1 — 30. O

In the rest of the proof, we assume £; N &; holds. First, we show the left-hand side of Equation (]E[)
We have that for each s,a € S x Aand h € [H],

QZ,(-&-)( — (r(s,a) + Z s'|s,a) maXQh’(+)(5 a ))

s'eS

=  max <p+zu(s)maXQh<+>(s a))

v,pECk(s,a) oS a’eA
Ak, (+)
- (r(s,a) + Z P(s' | s,a) max Quia (s’,a’))
s'eS
>0 (By &)
Then, we show the right-hand side of Equation . By &, and the definition of C*(s, a), it holds
that for any v, p € C*(s, a),
IN® ) (s, a)(p — r(s,a))|
<IN (s,a)p — Z N¥(s,a,1,8)| +| Z N*¥(s,a,1,8) — N*) (s, a)r(s,a)|
s'eS s'eS
< 1458k (s, a)
Due to &, N*(7)(s,a) > max(1, N¥(s,a) — 4S8k (s, a)) so that we have
145/81((570')
max(1, N¥(s,a) — 458k (s,a))

lp—r(s,a)| <
Similarly for v, we have
IN*(F)(s,a)(v = P(s,a,-))|1

< INEO(s,ay— Y Ns,a,0,)l +1I Y N*(s,a,b,-) = N*O)(s,0)P(s,a, )]s
be{0,1} be{0,1}
< 16SPBk(s,a)
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and due to £, N¥ () (s,a) > max(1, N¥(s,a) — 4S8k (s, a)) so that we have

16‘961((83 Cl)
max(1, N¥(s,a) — 458k (s,a))

[ = P(s;a,-)[l <

Then, we conclude the proof by writing for each s,a € S x A and h € [H],

Qr ™ (s,a) — (r(s,a) + Y P(s' | s, G)maXQh’H)(S a'))

s'eS

k(4
— l,’pené%)((s,a) <p + SZE‘:S y(s’) ?gj QhJ(rl)(S/7 a/)>
- (0 + X P s max @Y )
s'esS
1456}((8’@)
<
< u,pg(li%?s,a) (7’(8,(1) + max(1, N*¥(s,a) — 4SPk (s, a))

+ Z mauXQh+ (s’,a’))

s’eS
- ( s,a) + ZP (s s, a)maXQh’H)(s a))
s'es
- 14SBk (s, a) , , R (4)
- max(1, N*(s,a) — 458k (s, a)) + Verélk‘%ia)s,;s(y(s )= P(s' | s a))maXQh_H (s,d)
1458k (s, a)
~ max(1, N¥(s,a) — 4S8k (s,a)) + Ve (o) Il () = P, a. )| (H = h)
1458k (s, a) 1658k (s,a)(H — h)
~ max(1, N¥(s,a) — 4S8k (s,a)) max(1, N¥(s,a) — 4S8k (s,a))
1858k (s,a)H

~ max(1, N¥(s,a) — 458k (s,a))

Furthermore, since Q ’(+)( a)<H-—h+1and
Q:’(H(s,a) (r(s,a) + Z P(s' | s,a) maXQh’(+)(s a')) >0,
s'eS
we have
~;CL’H')(s,a) (r(s,a) +ZP3 \sa)math(H( d)<H-h+1
s'eS

thus concluding the proof. O

Then, we show the optimism of V*/(+)(s) = max,c 4 Qﬁ’(ﬂ(& a) foreach s,h, k € S x [H| x
[K] U {0}. Define V;*(s) = max,eca @} (s,a) foreach s € S and h € [H] where Q;(s,a) =
r(s,a) + Y cs P(s' | 5,a) maxyea Q1 (8',a’) foreach s € S,a € Aand h € [H] with the
convention that Q73;, ;(s,a) = 0 foreach s € S, a € A. We show the following result.

Lemma 4. Under £ N &y, foreach s € S,h € [H|, k € [K] U {0}, we have

Ve (s) > Vi ().

Proof of Lemma The result for £ = 0 comes from V;* < H. For k > 0, assume £ N &7 holds. We

show the result by induction. The case H + 1 is satisfied since V;}_ﬁ)( )=0and Vj; ,(s) =0 for
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each s € S. Then, assuming Vh+(1 )( ) > Vi 1 (s) for each s € S, we have that for each s € S,

- .
Vi s) = Vi)
= max QZ’(+)(S, a) — max Q3 (s,a)

> P k(+)
maj(r(sa +Z s' | s,a)V, (s")

h+1
s'eS
- max (s,a) + Z s'1s,a)Vii1(s))  (By & and & and Lemmal[2)
s'eS

> maxr(s, a) + Z@SP(SI | 5.a) Vil (5))
— max (s,a) + Z s'| s, a)Vi (s )) (By & and &7 and induction hypothesis)

s'eS
>0

O

Finally, we show the regret bound. Assume £ N &; holds. We will first show by induction that for
k€ [K]and h € [H],

E[V; M (SE) — Vi (SE) | Fieer, SF]

<Ezbk 1 17 1, 1))‘-/—-}? 175}1] (18)

The above result is true for h = H + 1 since Vgﬂ’(ﬂ(s) = 0 and Vgil(s) = 0foreachs € S.
Then, assuming the result holds for h + 1, we have that for each k € [K] that

E[V; P (SE) = Vir (SE) | Fier, S
= Blmax @} (5%, @) — Q5" (8K, 7E(S5) | Fio1, SE]
= E[Q) " (Sk,wk(SE) — Q' (S, wE(SE)) | Fier, SE] (By the definition of 7*)

<E[VyE P (SE ) + b 1<Shmh<sh>> — VT (S | Frer, S (By & and & and LemmalP)

Elbr-1(Sy;, 74 (%)) + E| Z bre—1(SF, 75 (SF)) | Frer, Shial | Fimr, Sh]
i=h+1

Zbkl 7,77, ))|‘7:k 1’Sh]

Then, the regret bound can be derived as follows. Given s € S, we have

K k
Z (Vl* (s) = V" (5))

k=1

K
<ST W) v (s)) (By Lemmad)
k=1

=

<> E| Z br_1(SF,ANI{E N &) | SF = 5] + 3H?K (By Equation (T8))
k=1 h=1

We set § = 3t and then focus on Zszl ZhH:1 br—1(Sk, AR).
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K H
SN be-a(SFLAR)
k=1h=1
K H k o k(qk
- Z Zmin (H—h+1, k—118fﬁ12(5hk, (%)) 2 R
k=1h=1 max(1, N*=1(Sp, mp (S3)) — 458k (Sy, ™4, (Sy)))
Define
h—1
Ni(s,a) = N*"Y(s,a) + > 1{S} = 5, A} = a}
i=1
foreach s € S,a € A, h € [H] and k € [K]. It holds that N*~1(s,a) > N (s,a) — H so we can
write
K H
> D biea(Sh, AR)
k=1h=1
K H
1858k (SE, Tk (Sk)H
< mm H h+1,
22 (1, NE(SF. (55 - 459(S5, mh(SE) — )

Mx

H
Z Z Z ]l{Sh:sA 7a,N,’f(s,a):n}
=1

s€S ac Ane[KH]

o

1h
. 1850k (s,a)H
min (11, max(1,n — 4S8k (s,a) —H)) (19

Then, notice that given s,a,n € S x A x [KH], {S,’f =s,Af = a,NF(s,a) = n} is zero except
for maybe a single couple k, h we call k(s,a,n), h(s

,a,m), SO we have

K H
Z Z bi—1(S%, A})
k=1h=1
k(s,a,n k(s,a,n k(s,a,n
< Z ]l{Sh((s,a,n; =5 AhEs,a,n% =a, Nh((s,a,n))(s’ a) = TL}
$,a,nESXAX[KH]
. 1858k (s,a)H
H
min(H, max(1,n —4SPKk(s,a) — H))
. 1858k (s,a)H
< Z min(H, )
eanESmtx [KH] max(l,n —4SBk(s,a) — H)
<4HS > Bi(s,a)+ H’SA+18S Y Bi(s,a)Hlog(KH)
s€S,ac A s,aESXA
< 22HSlog(3KH) > Px(s,a)+ H>SA
s,aESXA
and then we can bound > _ 5, 4 Br (s, a) as follows.
Z BK(sv a)
s€S,acA
< > J20HY2 Y 1{a=m(s)}log(144K3S2A)
s€S,acA he[H],i€[K]
+4HSAY log(148 K352 A)

< SV/20Y2AH?K log(148K352A) + 4HSAY log(148K3S%A)
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The final regret bound is therefore given by

ST () -V (s)

ke[K]

< 22H?S5%\/20T2AK log(148 K352 A) log(3K H) 4 88 H2S2 AT log(148K35% A) log(3K H)
+ H?SA + H?

< 22H?S5%\/20T2AK log(148K3S2A) log(3K H) + 92H?S%AY  log (148 K*S? A) log (3K H)

O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state the minimax regret bounds claimed
in the paper. All claims are supported by formal theorems (Theorem [I} Theorem [2] Corol-
lary [T} Theorem [3)) with complete proofs, and the scope (time-homogeneous episodic tabular
RL under non-interactive e-LDP) is precisely defined.

Guidelines:

e The answer [N/A ] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The conclusion section discusses the remaining gap of H.S between lower and
upper bounds for the high-privacy regime (¢ < 1), the sub-optimality of the upper bound
in the low-privacy regime, and the conjecture that the S? dependency is unimprovable for
model-based algorithms.

Guidelines:

» The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theorems and corollaries are numbered, their assumptions are explicitly
stated, and complete proofs are provided in the appendix (Sections [A] [B] and [D). Proof
sketches in the main body provide intuition for the full appendix proofs.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [N/A]
Justification: The paper is purely theoretical and contains no experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
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In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [N/A]

Justification: The paper is purely theoretical and contains no experiments requiring code or
data.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [N/A]
Justification: The paper is purely theoretical and contains no experiments.
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [N/A]
Justification: The paper is purely theoretical and contains no experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [N/A]
Justification: The paper is purely theoretical and contains no experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification:
Guidelines:

e The answer [N/A| means that the authors have not reviewed the NeurIPS Code of
Ethics.

o If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: This is foundational theoretical research on privacy-preserving reinforcement
learning. The work contributes to understanding fundamental limits of private learning, with
no direct path to negative applications.

Guidelines:
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11.

12.

» The answer [N/A] means that there is no societal impact of the work performed.

¢ If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The paper releases no models, datasets, or other assets that pose a risk of
misuse.

Guidelines:

e The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]

Justification: The paper does not use any external code, datasets, or models. All prior works
are properly cited.
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]
Justification: The paper introduces no new datasets, models, or code assets.
Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing or research with human subjects.
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research

with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing or research with human subjects.
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: ChatGPT 5.5 was used to brainstorm proof strategies, verifying proposed
algorithms and proofs, proofreading and polishing the manuscript. The authors verified the
correctness and originality of all content.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.

36



	Introduction
	Related Work
	Episodic Finite-Horizon Tabular RL under LDP
	Private contextual bandits
	Lower bound
	Upper bound

	Private Tabular Reinforcement Learning
	Lower bound
	Upper bound

	Conclusion and future work
	Proof of thm:lowerbound
	Proof of thm:upperbound
	Proof of cor:lowerbound
	Proof of thm:upperboundrl

