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Abstract

In this paper, we show a new approach for reason-
ing about time and probability that combines a for-
mal declarative language with a graph representation
of systems of random variables for making inferences.
First, we provide a continuous-time logic for express-
ing knowledge about time and probability. Then, we
introduce the time net, a kind of Bayesian network
for supporting inference with statements in the logic.
Time nets encode the probability of facts and events
over time. We provide a simulation algorithm to com-
pute probabilities for answering queries about a time
net. Finally, we consider an incremental probabilistic
temporal database based on the logic and time nets
to support temporal reasoning and planning applica-
tions. The result is an approach that is semantically
well-founded, expressive, and practical.

Introduction

We are interested in the design of robust inference sys-
tems for supporting activity in dynamic domains. In
most domains, things cannot always be predicted ac-
curately in advance. Thus, the capability to reason
about change in an uncertain environment remains an
important component of robust performance. Our goal

is to develop a computational theory for temporal rea--

soning under uncertainty that is well suited to a wide
variety of domains.

To this end, in past work [Dean and Kanazawa, 1988;
Dean and Kanazawa, 1989a), we initiated inquiry into
the application of probability theory to temporal rea-
soning and planning. We chose probability theory, be-
cause it is the most well understood calculus for uncer-
tainty [Shafer and Pearl, 1990]. This effort to develop
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probabilistic temporal reasoning came alongside com-
plementary developments by other researchers [Hanks,
1990; Weber, 1989; Berzuini et al., 1989).

In probabilistic temporal reasoning, we have been
interested first and foremost in projection tasks. As
an example, consider a scenario taken after [Dean and
Kanazawa, 1989b]. We are at a warchouse. Sally the
truck driver arrives at 2pm, expecting to pick up cargo
en route to another warehouse. Trucks arrive to pick
up and deliver cargo all day long; a long time can pass
before a truck is taken care of. What is the chance that
Sally will become fed up and leave without picking up
her cargo? What is the chance of her staying in the
loading dock 10 minutes? 30 minutes? Should we load
Sally’s truck earlier than than Harry’s, who arrived 10
minutes earlier?

In this paper, we extend our past work by defining
new languages for expressing knowledge about time
and probability, and by designing an algorithm for
answering queries about the probability of facts and
events over time. First, we present a temporally-
quantified propositional logic of time and probability.
Then we present the time net, a graph representation
of a system of random variables developed for inference
about knowledge expressed in the logic. We conclude
by considering an incremental probabilistic temporal
database based on the logic and time nets.

A Logic of Time and Probability

In this section, we describe a logic for expressing state-
ments about probability and time. Our primary goal
is to design a language to support expression of facts
and questions such as arising in the warehouse sce-
nario. The key entities of interest are the probability
of facts and events over time.

Our logic of time and probability combines elements
of the logics of time by Shoham [Shoham, 1988] with
elements of the logics of probability by Bacchus [Bac-
chus, 1988] and Halpern [Halpern, 1989]. Basically, the
features related to time are borrowed from Shoham,
and the features related to probability are borrowed
from Bacchus and Halpern. The resulting logic, called
Lcp, is similar in many respects to the logic of time



and chance by Haddawy [Haddawy, 1990].

Lcp is a continuous-time logic for reasoning about
the probability of facts and events over time. It is
temporally-quantified, and has numerical functions for
expressing probability distributions. L., is otherwise
propositional, as far as the basic facts and events that
it addresses. In this paper, we concentrate on the basic
ontology and syntax of Lcp. A detailed exposition of
a family of logics of time and probability, both propo-
sitional and first order, complete with their semantics
and a discussion of complexity, is given in [Kanazawa,
Forthcoming].

In Lcp, there is a set of propositions that rep-
resent facts or events, such as here(Sally) and
arrive(Sally), intended to represent, respectively,
the fact of Sally being here, and the event of Sally
arriving. A proposition such as here(Sally) taken
alone is a fact (or event) fype, the generic condi-
tion of Sally being here. Each particular instance
of here(Sally) must be associated with time points,
e.g., via the holds sentence former, in a statement
such as holds(2pm, 3pm, here(Sally)). Such an in-
stance is a fact (or event) foken. Each token refers to
one instance of its type. Thus if Sally comes to the
warehouse twice on Tuesday, there will be two tokens
of type here(Sally), which might be referred to as
hereq(Sally) and hereq(Sally). Where unambigu-
ous, we commonly use the same symbol to refer to both
a token and its type.

Facts and events have different status in Lcp. A fact
is something that once it becomes true, tends to stay
true for some time. It is basically a fluent [McCarthy
and Hayes, 1969]. A fact is true for some interval of
time [t0, t1] if and only if it is true for all subintervals
[0, v] where t0 <u < v < t1.

By contrast, an event takes place instantaneously;
it stays true only for an infinitesimally small interval
of time. We restrict events to be one of three kinds:
persistence causation [McDermott, 1982] or enab, per-
sistence termination or clip, or point event. The first
two are, respectively, the event of a fact becoming
true, and the event of a fact becoming false. For the
fact type here(Sally), the enab event type is written
beg(here(Sally)) and the clip event type is written
end(here(Sally)).

A point event is a fact that stays true for an instant
only, such as Sally’s arrival. In Lc,’s ontology, a point
event at time t is a fact that holds true for an infinites-
imally small interval of time [t, t+¢], € > 0. Although
a point event such as arrive(Sally) is really a fact,
because it is only true for an instant, we usually omit
its enab and clip events.

In L., sentences, a fact or event token is associated
with an interval or instant of time. Facts are associ-
ated with time by the holds sentence former as we
saw earlier, e.g., holds(2pm, 3pm, here(Sally)), and
events are associated with a time instant with the
occ sentence former, e.g., occ(t,arrive(Sally)) or

occ(t,beg(here(Sally))). occ(t,e) is equivalent to
holds(t, t+e, €) for some € > 0.

Sentences about probability are formed with the
P operator. For instance, the probability that
Sally arrives at 2pm is P(occ(2pm,arrive(Sally))).
The probability that she never arrives is writ-
ten as P(occ(+0o,arrive(Sally))). The proba-
bility that Sally is here between 1lpm and 2pm is
P(holds(1:00,2:00,here(Sally))).

With continuous time, the probability of a random
variable at a point in time is always 0. Because of
our definition of events as facts that hold for ¢, this is
not problematic. An alternative is to introduce prob-
ability density functions into the language, and de-
fine probability in terms of such functions [Kanazawa,
Forthcoming]. The probability that a fact holds for an
arbitrary interval, P(holds(u, v, ¥)), is given by

P(occ(b,beg(yp)) A occ(e,end(¢p))
Ab<u A v<e)

Knowledge about how events cause other events, and
how events follow other events, are expressed by con-
ditional probability statements. Let ¢ stand for the
proposition here(Sally). Then, the probability that
Sally is still here, given that she arrived some time ago,
can be written as P(holds(-,now, ) locc(-,beg(p))).
A function that describes such probability of a fluent’s
persistence is often called a survivor function [Cox and
Oakes, 1984].

In the semantics for L.y, the meaning of a token is
the time over which it holds or at which it occurs. In
other words, the meaning of a fact token here(Sally)
is the interval over which it holds, and the meaning of
an event token arrive(Sally) is the instant at which
it takes place. The functions range and date are used
to denote those times, i.e., range(here(Sally)) and
date(arrive(Sally)).

More precisely, Lcp has possible worlds semantics,
and the meaning of a token is a set of interval - world
pairs {{[t00,t01],w0), ([t10,t11],w1),...}, where the
interval is the times over which the token holds or oc-
curs in that world (actually, a potential world history,
or chronicle [McDermott, 1982]). This interpretation
is similar to that in [McDermott, 1982] and [Shoham,
1988]. Together with a probability measure over the
chronicles, this defines the semantics for statements
about probability in L¢p. For temporal logics that have
similar semantics, see [Haddawy, 1990].

Syntax of L,

Lcp is a three-sorted logic, with a different sort that
corresponds to each of the different types of things that
we wish to represent, domain objects, time, and prob-
ability. These are the object, time, and field sorts.
The object sort O is used to represent objects of
interest in the domain. It is a countable collection of
objects, including things like Sally. Object constants
and predicates are used to form propositions such as
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here(Sally) The time sort 7 is used for expressing
time. L, is temporally-quantified, and contains both
time constants and variables, and the date function.
The operator < defines time precedence.

The field sort F is used to represent real-numbered
probability. In addition to constants, the field sort
contains functions for representing probability distri-
butions. An example is nexp(t,0.75), which is the
negative exponential distribution for time t with the
parameter denoted by the field constant 0.75. As in
this example, field functions range over both time and
field sorts, for spec1ﬁcat10n of probability functions of
time.

We now present the syntax for our logic Lcp. In the
followmg, a n(i, j)-ary function is a function of arity n,
with 7 time sort arguments and j field sort arguments,
where n = i+ j, and both 7,7 > 0. Given this, we can
provide an inductive definition of L, starting with the
terms.

First of all, a single object constant is an @-term.

If p is an n-ary object predicate symbol and
01,...,0pn are O-terms, then p(0y,...,0,) is a proposi-
tion. The set of all propositions is P. If # € P, then
beg(w) and end(x) are events. The set of all events
is £. £ includes the point events, a subset of P.

A single time variable or constant is a T-term. If ¢
is an event, then date(e) is a 7-term. A single field
constant is an F-term. If g is an n(3, j)-ary field func-
tion symbol, t1,...,t; are 7-terms, and #;,4,...,t, are
F-terms, then g(t1,...,t,) is an F-term.

The well-formed formulas (wffs) are given by:

o Ift; and t; are 7-terms, then t, < t, is a wff.

o If 3 and ¢; are 7-terms, and # € P, then
holds(ty,t2, ) is a wif.

o If {is a 7-term, and ¢ € £, then occ(t, ) is a wff.

o If ¢ is a wif not containing the P operator, and f is
an F-term, then P(p) = f is a wif.

We add standard wifs involving logical connectives and
quantifiers, as well as those involving an extended set
of time relations such as - and €, the latter of which
denotes temporal interval membershlp Conditional
probability is defined as P(ply) = P(«p AY) / P(Y),

where ¢ and v are wffs.

Some examples of L, sentences follow. The
predicate always that is always true is defined by:
Vtq,ty holds(tq,ts,always). It has the property:
Vt4,to P(holds(tq,ts,always)) = 1.0. The chance
that Sally arrives at a certain time today might be
given by
Vt € today

P(occ(t,arrive(Sally))) = norm(2pm,0:15,1t,¢€)
where norm(u,0,t) is a field function giving the nor-
mal distribution A'(u, o) for each time t, where today
is an abbreviation for the time interval that comprises

the current date, and € is the duration of instantaneous
events. The chance that Sally leaves without her cargo,
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beg(here(Sally)) end(here(Sally))

here(Sally)

Figure 1: A time net for here(Sally).

given that she arrives at 2pm might be given by the
negative exponential distribution with parameter 0.75.

Vt € today P(occ(t,leave/load(Sally)) |
occ(2pm, arrive(Sally))) = nexp(2pm,t,0.75,¢€)

Time Nets

Our goal is to construct a probabilistic temporal
database for making inferences and supporting queries
based on knowledge expressed in a language such as
Lcp. In this section, we show how to represent knowl-
edge for making inferences about time and probability
in graphs called time nets.

The time net belongs to the popular class of directed
graph representation of knowledge about probability
often known as the Bayesian network [Pearl, 1988]. A
time net is a directed acyclic graph G = (N, A4), con-
sisting of a set of nodes N, and a set of arcs A. We
often refer to a node Ng representlng a random vari-
able R by the random variable itself. Arcs are directed
edges that represent direct dependence between ran-
dom variables. Parents and children of nodes, on the
basis of arc direction, are defined in the usual fashion,
as are root and leaf nodes.

In a time net, we allow nodes representing random
variables that have values that are discrete or contin- -
uous. In addition, there are range nodes, which are
bivariate nodes representing continuous non-negative
length subsets of the real line. As an example, a range
node might represent the probability of the range of
body weight of an individual. The use of range vari-
ables in time nets is for representing time intervals as
random variables.

Each node has a distribution for the random vari-
able that it represents. As usual, there are marginal
distributions for root nodes, and conditional distribu-
tions for other nodes. For details on the workings of
Bayesian networks, we refer the reader to [Pearl, 1988].

A time net is used to represent probabilities about
fact and event tokems in a body of L., sentences
as nodes, and direct conditional dependence between
facts and events (on the basis of conditional distribu-
tions) as arcs. The random variables that a time net
represents are the date of event tokens, and the range
of fact tokens. For each point event token, we create a
continuous valued node, a date node, representing the



arrive(Sally) load leave(Sally)

O

beg(here(Sally)) end(here(Sally))

here(Saily)

Figure 2: A simple time net for arrive and load.

time at which the event occurs. The distribution for
a date node is the marginal distribution for the prob-
ability of the event. For each fact token, we create a
range valued node, a range node, representing the in-
terval over which the fact holds. The distribution for
a range node is the marginal distribution for the in-
terval over which the fact holds. For each fact token,
we also create two date nodes representing the enab
and clip events for the fact token, the enab node and
clip node. A time net corresponding to the fact token
here(Sally) is shown in figure 1. For convenience,
we name a date node by its event token, and a range
node by its fact token. For a given fact token w, we
commonly refer to its c1ip node as the clip node of
w’s enab node, and so on.

The time net is similar to the network of dates of
Berzuini and Spiegelhalter [Berzuini, to appear]. The
major difference is that we provide range nodes, and
that we have the enhanced ontology of the enab and
clip events that we use to represent knowledge em-
bodied in sentences such as in Lep.

There is clear dependence between the three types
of nodes for a fact token. The range node of a fact
token depends on its enab and clip nodes because the
range of the former is given by values of the latter.
Furthermore, a clip node depends on its enab node
always because a fact can only become false after it be-
comes true, and sometimes because we know how long
the fact persists. For example, we may know that a
telephone weather report always ends 60 seconds after
it begins. Note that the arcs between the nodes could
conceivably reversed. For instance, if we know the du-
ration of some fact, such as a concert, and the time
at which it ended, we can infer the time at which this
concert began. However, note that in general, we do
not expect to have the distribution corresponding to a
range node.

A simple example of a more general time net is
shown in figure 2. This represents a scenario with
arrive, load, and leave point events, and the fact to-
ken here(Sally). The fluent here(Sally) is caused
by arrive(Sally). The latter event also causes load
to occur, which in turn causes leave(Sally). Fi-
nally, leave(Sally) causes here(Sally) to termi-
nate. The interval over which here(Sally) holds
is [beg(here(Sally)),end(here(Sally))]. Typi-
cally, there are delays between, arrive(Sally) and

end(load)

arrive(Sally) po-leave/load(Sally) leave(Sally)

leave/load(Sally)

beg(here(Sally)) end(here(Saliy))

here(Sally)

Figure 3: A time net with potential dates.

load, and between load and leave(Sally), so that
here(Sally) is not an instantaneous event.

A time net showing a more complex example of the
same scenario is shown in figure 3. This is essen-
tially the example given in the beginning of the pa-
per. Unlike the previous case, where load was guaran-
teed to occur, and leave always followed 1load, in this
case, Sally may become impatient and leave without
her cargo. Furthermore, load is not an instantaneous
event, but a fact that takes some time to complete.

This example potentially introduces circularities into
the dependencies. For example, beg(load) depends
on Sally not having left, and Sally leaving depends
on both beg(load) not having taken place, and
on beg(load) having taken place already (causing
end(load)). To handle this, first of all, it is neces-
sary to separate out the different cases of Sally leav-
ing. This is done by inventing the new event type
“Sally leaves without cargo”. We name this event
leave/load(Sally). Sally actually leaves if either
end(load) or leave/load(Sally) occurs. The cir-
cularity is handled with a new kind of event, the po-
tential date [Berzuini, to appear]. A potential date
is the date at which an event would take place, if
something does not prevent it from happening. For
example, po-load, the potential date of beg(load),
is the time at which beg(load) would take place if
Sally does not become impatient and leave. Sim-
ilarly, po-leave/load(Sally) is the time at which
Sally becomes completely impatient, if beg(load) does
not take place. The date of the actual beg(load) is
po-load iff po~load < po-leave/load(Sally); oth-
erwise, it is +oco. Similarly, leave takes place at
po-leave/load(Sally) iff po-leave/load(Sally) <
po-load; otherwise, it takes place at some fixed time
after end(load).

Simulation Algorithm

In this section, we show a simple algorithm for com-
puting densities in a time net. A time net represents
knowledge about time, probability, and dependence
embodied in a body of L, sentences as a system of
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les. The main use of the {ime net is
for answermg queries about proba.bxhtles of facts and
events over time. When a time net is created, only the
marginal densities of root nodes are a.h'eady known,
perhaps along with some evidence about the value of
some other random variables. Marginal densities for
all other nodes must be computed on the basis of con-
ditional densities and known marginal densities.

The algorithm that we show is a sampling algorithm.
Samplingis a widely used method for estimating prob-
ability distributions , including its use for estimating
probabilities in Bayesian networks (see, e.g., [Pearl,
1988]). Sampling is the best available general method
for estimating densities for continuous variables, and
it has been employed for continuous-time probablhs-
tic reasonmg [Berzuini et al., 1989]. The algorithm
given here is simpler than those previously proposed.
It is a forward sampling method, suitable principally
for predictive inference. Although more sophisticated
algorithms are available, the algorithm is conceptually
simple, and illustrates the essentials. The algorithm
is easily extended to handle explanatory inference, for
instance, by likelihood weighting [Shachter and Peot,
1991].

The central idea in sampling algorithms is to esti-
mate variables, in our case densities, by repeated tri-
als. In each trial, each random variable represented in
a time net is sampled from its underlying distribution
in a fixed order. A sample is a simulated value for the
random variable. Each sample is scored according to
some criteria. During repeated trials, a random vari-
able takes different values with varying frequency, and
the different values accumulate different scores. At the
end, the scores are used to estimate the distribution
for each random variable. Under certain conditions,
the estimates are shown to converge to the true distri-
bution (see, for example, [Geweke, to appear]).

For a discrete random variable, each sample is a par-
ticular discrete state out of a finite set. Thus, scoring
the samples is easy. For a continuous random vari-
able, we discretize the range of the continuous vari-
able into a finite number of subranges, or buckets. A
bucket is scored each time a sample falls within its
subrange. The discretization defines the resolution to
which we can distinguish the occurrence of events. In
other words, it fixes the € over which we considered
an event to occur. We must bound the range in addi-
tion to discretizing it, to limit the number of buckets.
At the same time, it is sometimes convenient to create
distinguished uppermost and bottommost buckets con-
taining +o0o and —oo, respectively. For a continuous
range variable, we store the upper and lower bound of
the sampled range and the score of each trial.

In our algorithm, we first find an order for sampling
nodes. We may sample a node if it has no parents,
or the values of all of its parents are known, either
as evidence, or by sampling. It is easy to show that
there is always such an order starting from any root
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node, provided that the time net is a proper Bayesian
network, i.e., it is acyclic.

We sample each node from its distribution according
to the order we find. In our basic algorithm, we score
each sampie equally by 1. At the end, we approximate
the distribution of date nodes by examining the score
in each bucket. Dividing by the number of trials gives
the probability for that bucket.! This can be used to
estimate a distribution such as P(beg(n) € [t,t+e]).
Because of our discretization, our estimate corresponds
to the probability that beg(w) occurred in the in-
terval constituting the bucket that contains the time
point t, not necessarily the probability that it occurred
in the interval [t,t+e]. It is also possible to com-
pute cumulative densities simply by summing; thus
it is possible to answer queries about the probability
that an event takes place over a longer interval, e.g.,
P(beg(m) € [u,v])?, or even if it ever occurs at all,
e.g., P(beg(m) < +o00)? (Note that we have loosely
used an event for its date in these example queries).

In general, we do not compute the complete proba-
bility distribution for a range node. Instead, the prob-
ability of a particular range is computed only on de-
mand. To do this, we count the number of trials whose
sample is the queried range. For instance, in response
to a query P([8am, 10am] = w)?, we count each trial
where the sample for r was [8am, 10am]. The count is
divided by the number of trials to estimate the proba-
bility. The query P(holds(8am, 10am, 7))? is different
from the above, because holds(8am, 10am, ) is true if
7 begins before 8 a.m. and ends after 10 a.m.. Thus,
we would count each trial for which the sample for 7
contained the interval [8am, 10am].

There is ample scope for optimizations and improve-
ments to this scheme. We may apply variance re-
duction techniques such as importance sampling for
faster convergence. In many cases, optlmlzatlon de-
pends heavily on knowing what type of queries are ex-
pected. If we are only interested in the marginal den-
sities of a select few nodes, then we can considerably
improve performance by reducing the network through
node elimination [Kanazawa and Dean, 1989), and by
focusing only on relevant portions of a network based
on graph theoretic criteria [Shachter and Peot, 1991].
Although we have only considered samphng algorithms
here, it may also be possible to further improve perfor-
mance by combining with other types of algorithms.

Summary

We have described an approach of reasoning about
time and probability using logic and time nets. The
ideas and algorithms in this paper have been im-
plemented in a program called goo (for grandchild

'If we know the number of trials n beforehand, then we
can score each sample by 1/7n instead of 1. Alternatively, we
can forget division altogether; the scores are proportional
to the true distribution.



of ODDS; ODDS is an earlier probabilistic temporal
database and decision theoretic planning system [Dean
and Kanazawa, 1989b]). We are currently reimple-
menting goo as a probabilistic temporal database.

The probabilistic temporal database is a system for
maintaining and applying knowledge and information
about time and probability. It allows specification of
general knowledge about facts, events, time, and prob-
ability in terms of L., sentences. On the basis of this
knowledge, the database constructs and incrementally
augments or clips time nets in response to information
about true events and relevant scenarios. It is thus
similar to other systems that construct and maintain
Bayesian networks on the fly (e.g., [Breese, 1987]).

As far as extensions to this work, promising exten-
sions to the logic and to time nets involve continu-
ous quantities, especially in the context of a time-
branching logic of plans. Such an extension is useful
for decision theoretic planning and for control applica-
tions [Haddawy, 1990]. It may also be applied fruit-
fully in control of inference [Dean and Boddy, 1988).
Other, relatively trivial, but useful, extensions include
a life operator denoting the duration of fact tokens,
and sentence formers for higher moments such as the
mean.

Important outstanding research issues involve the
construction of time nets from L, sentences, including
the automatic unfolding of circularities, and practical
performance characteristics in large scale applications.
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