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Abstract
The standard finite-difference time-domain (FDTD) wave
solver employs a regular grid that approximates vocal tract
boundaries in a stair-stepped manner, making it less effective for
modeling complex and dynamic geometry. We present a novel
2D wave solver that integrates a unique immersed boundary
method with FDTD, enabling precise approximation of wave
propagation in acoustic tubes. The solver uses Lagrangian
points to define vocal tract boundaries on a regular grid, elimi-
nating their stair-stepped discretization. The boundary and the
flow equations interact via additional forcing terms character-
ized by boundary immittances. The results show that the for-
mant frequencies of a single-segment tube closely align with its
analytical solutions, exhibiting a percentage deviation of less
than 3%. Similarly, the frequency responses of a two-segment
tube and actual vocal tract geometries show good agreement
with existing state-of-the-art 2D and 3D wave solvers, except
for a few discrepancies.
Index Terms: articulatory speech synthesis, vocal tract, im-
mersed boundary method, FDTD, computational acoustic

1. Introduction
Computational modeling of the upper airway presents several
challenges due to the complex geometry of the vocal tract cav-
ity that connects the larynx to the mouth opening. Additionally,
modeling the fluid-structure interaction between the airflow and
moving vocal tract boundary demands advanced computational
techniques. The conventional approach to the vocal tract mod-
eling involves employing a regular Cartesian grid that conforms
to its boundary in a stair-stepped manner [1, 2, 3], which is ideal
for accelerating the acoustic wave solver [4]. It also enables
the straightforward implementation of essential boundary con-
ditions by directly changing the grid cell properties [3]. Never-
theless, this method necessitates high spatiotemporal resolution
to reduce the discretization error of complex geometries [2, 5],
and also affects numerical stability while modeling dynamic vo-
cal tracts due to frequent transformation of grid cell properties
close to the surface boundary [6, 7].

An alternative approach to sidestepping the need for mesh-
ing boundary surfaces by employing grid cells is through the use
of immersed boundary methods (IBMs) [8, 9]. The distinctive
feature of IBM lies in carrying out simulations on a Cartesian
grid that does not need to conform to the boundaries of the sim-
ulated bodies, thereby entirely avoiding the stair-stepped dis-
cretization error in complex geometries [10]. IBM employs a
set of Lagrangian markers or points distributed throughout the
computational domain to describe the immersed surface of a
body. The immersed body (IB) then interacts with the underly-
ing fluid flow, defined using a Cartesian grid, by adding forcing

terms to the wave equations.
Peskin first developed the IB technique [11] to simulate car-

diac mechanics and associated blood flow. Since then, several
variants of this approach have been proposed to solve various
fluid-structure interaction problems, typically involving nonlin-
ear flow and complex boundaries [9, 12, 13, 14]. In the realm of
speech synthesis applications, IBMs have primarily been used
for modeling vocal fold vibration in the larynx [15, 16]. Re-
cently, Wei et al. [7] utilized IBM to propose a novel wave
solver for modeling vocal tract acoustics. The solver introduces
a force field exclusively to the momentum equation, which is
calculated at the Lagrangian points situated along the vocal tract
boundary and then extrapolated to the nearby Eulerian grid cells
to account for fluid-structure interactions. The wave equations
are subsequently solved using a 2D Finite-Difference Time-
Domain (FDTD) numerical scheme. However, the added force
field is independent of wall impedance, which makes model-
ing the vocal tract wall losses challenging. These losses signifi-
cantly influence the formant frequencies and bandwidth of vocal
tract transfer functions [17]. Additionally, the spectral features
of Wei’s acoustic wave solver were not validated against state-
of-the-art vocal tract models.

To overcome these limitations, we introduce a novel vo-
cal tract model that employs a unique IBM, previously used
for virtual and room acoustics modeling [10, 18], to seam-
lessly immerse vocal tract contours within a 2D Cartesian grid.
The model then takes advantage of the 2D FDTD scheme to
discretize the governing wave equations and approximate the
acoustic wave propagation. Unlike Wei’s wave solver, our pro-
posed model incorporates a couple of discrete forcing terms ob-
tained from the Lagrangian points of the immersed vocal tract
contours into the both Eulerian momentum and mass equations.
The inclusion of these forcing terms, characterized by distinct
immittances, allows the precise modeling of vocal tract bound-
ary conditions, thus enhancing the spectral features of synthe-
sized acoustic output. As we use a regular computational grid
for the acoustic fluid simulation, the parallelization and numer-
ical stability condition of the FDTD wave solver remains undis-
turbed [10]. The accuracy of our proposed model is validated
using three types of acoustic tubes resembling vocal tracts, each
exhibiting varying degrees of geometrical complexity. To as-
sess the model, transfer functions are compared against those
derived from an extended 2D FDTD model [1] and a highly ac-
curate 3D Finite Element (FE) model [19].

2. Method
2.1. Acoustics Wave Equations

Consider an air medium having uniform density ρ confined to
a two-dimensional (2D) space, specifically the x/y plane. Sup-
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Figure 1: (a) A 2D contour Ω immersed in R2, defined using
K Lagrangian points (red dots) and normal vectors nk. (b)
Triangular kernel function jkp to approximate the Dirac Delta
function over grid cells.

pose at time t, an infinitesimally small fluid particle located in
the medium at X moves in response to an external force. As
discussed later, this force could be prescribed using a source
excitation function with a velocity of us. Consequently, the
spatiotemporal evolution of pressure p and particle velocity v
within the medium can be approximated by a system of Euler-
ized linear wave equations [7] as follows,

1

ρc2
∂p

∂t
+∇ · v = δ(2)(X −Xs)us (1)

ρ
∂v

∂t
+∇p = 0 (2)

with: v = ( vx, vy ) and X ∈ R2

Here, vx and vy are the vector components of the parti-
cle velocity, and c is the sound speed. The 2D Dirac delta
function δ(2)(X −Xs) introduces an external source velocity
at a position X = Xs within the computation domain. ∇
and ∇· represent the 2D gradient and divergence operations,
respectively. These wave equations can be used to model sound
resonances and radiation in acoustic tubes, such as vocal tracts
[1] and musical instruments [20].

2.2. Immersed Boundary Method

2.2.1. Immersed Boundary

Let us consider the sagittal contour (i.e., the immersed bound-
ary) Ω ⊂ R2 of a body, defined on a 2D Cartesian grid, consists
of K distinct Lagrangian points, as shown in Figure 1a. These
points are positioned at coordinates ξ within the Lagrangian
space Ω. Associated with each point is a normal vector n(ξ),
oriented perpendicularly to the body contour. Then the Equa-
tions 1 and 2 can be updated for the immersed boundary condi-
tion using a pair of forcing terms as described in [21],

1

ρc2
∂p

∂t
+∇ · v +

∫
Ω

v∆(ξ, t)δ(2)(X − ξ)dξ =

δ(2)(X −Xs)us (3)

ρ
∂v

∂t
+ ∇p +

∫
Ω

p∆(ξ, t)n(ξ)δ(2)(X − ξ)dξ = 0 (4)

Here, the scalar forcing functions v∆(ξ, t) and p∆(ξ, t), de-
fined at each Lagrangian point coordinate ξ, helps in represent-
ing passive vocal tract boundaries and coupling the airflow with

that of the immersed boundary. In acoustic applications, such
forcing functions can also be expressed in terms of immittances
in the Laplace domain as follows [22],

p̂∆(ξ, s) = 2Z0Zd ˆ̄v(ξ, s) (5)

v̂∆(ξ, s) = 2Y0Ym ˆ̄p(ξ, s) (6)

Here, p̄ and v̄ are the average pressures and velocities at the
immersed surface, respectively. Using these interpolated aver-
age field variables, the forcing functions can be derived from
the acoustic parameters of the wave equations, defined in the
Cartesian grid (see the next subsection). Z0 and Y0 represent
the characteristic impedance and admittance of air, respectively.
Zd = 1/Ym is defined as the impedance of the immersed sur-
face. The value of Zd is set as proposed by Yokota et al. [23],
and the vocal tract contours are simulated by adapting the local
reactive boundary approach. This approach is in line with the
work of Takemoto et al. [3] for modeling vocal tract wall ab-
sorption. Prior to interpolation and discretization, Equations 3
and 4 can be approximated by a sum of a finite number of point
forcing functions as follows,

1

ρc2
∂p

∂t
+∇ · v +

K∑
k=1

vk∆δ(2)(X − ξk)Sk =

δ(2)(X −Xs)us (7)

ρ
∂v

∂t
+ ∇p +

K∑
k=1

pk∆nkδ(2)(X − ξk)Sk = 0 (8)

where, k represents kth Lagrangian point on contour Ω, and Sk

represents the boundary segment length at kth point.

2.2.2. Forcing Functions Interpolation

In general, the coordinates of Lagrangian points ξ do not co-
incide with the Eulerian points X . Therefore, to model the
fluid-structure interactions [10], the forcing functions on an im-
mersed surface need to be derived directly from the acoustic
field parameters through their dependence on average field vari-
ables p̄ and v̄ (shown in Equations 5 and 6), defined as follows,

p̄k =

∫∫
R2

p(X, t)δ(2)(X − ξk)dX (9)

v̄k(t) = nk ·
∫∫

R2

v(X, t)δ(2)(X − ξk)dX (10)

These equations effectively perform an interpolation operation
by using 2D Dirac delta functions and compute a weighted av-
erage of p and v over the adjacent Cartesian grid cells, which
yields the corresponding p̄ and v̄ at each Lagrangian point.

2.2.3. Discrete Approximation to the Dirac Delta Function

A smoothed approximation to the 2D Dirac delta function is
required since it has been used both in the forcing terms (Equa-
tions 7 and 8) and the interpolation operation (Equations 9 and
10). It also arises in the discrete representation of the source
term as shown in Equation 1. Therefore, we have employed
a non-negative Triangular distribution function (illustrated in
Figure 1b) to smoothly discretize the Dirac delta function over
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the computational grid, adopting a similar approach to that pro-
posed by Bilbao [21].

To demonstrate this process, let us consider equation 9,
which requires an approximation to the Dirac delta function at
the kth Lagrangian point over the pressure grid. This approx-
imation can be represented as a grid function jkp that contains
values from the Triangular distribution and is defined using an
Np×1 vector. Here, Np represents the number of pressure grid
points. The grid function jkp must satisfy the moment condition
[24], ensuring that the sum of all elements in jkp equals unity.
Given that there are K Lagrangian points, we can arrange these
vectors into an Np×K matrix, denoted as Jp =

[
j1p , . . . , j

K
p

]
.

A similar approach can also be followed to approximate the
Dirac delta function for the velocity components (vx and vy)
and the source term us as discussed by Bilbao. They can be
denoted as Jvx , Jvy and Js, respectively. Jvx and Jvy incor-
porate the components of normal vector nk as well. Updating
the interpolation Equations 9 and 10 with the discrete approxi-
mation of Dirac Delta function yields,

p̄ = JT
p p (11)

v̄ = JT
v v (12)

with: Jv = (Jvx ,Jvy )
The continuous form of updated wave equations with im-

mersed boundary conditions can be derived by substituting
Equations 5, 6, 11, and 12 into Equations 7 and 8 as follows:

1

ρc2
∂p

∂t
+∇ · v + 2Mp = Jsus (13)

ρ
∂v

∂t
+ ∇p + 2Nv = 0 (14)

with: M = Y0YmSkJpJ
T
p and N = Z0ZdS

kJvJ
T
v

2.3. FDTD Numerical Scheme

For the FDTD simulation, we employed the standard 2D Yee
scheme, where the simulation grid is composed of square 2D
cells [1, 25]. At each time step n, pressure values p(n) are
recorded at the centers of these cells across the entire domain.
Concurrently, the velocity vector components v(n)

x and v
(n)
y are

measured at the edges adjacent to the right and top neighbor-
ing cells, respectively. Therefore, within a specific cell located
at discrete coordinates (x̂, ŷ), the pressure p is sampled at
(x̂, ŷ), the velocity component vx at (x̂ + 1/2, ŷ), and vy
at (x̂, ŷ + 1/2). This leads to the following discrete update
rules of Equations 13 and 14 in the vector-matrix form, where
we denote ∇̃ with the standard discrete spatial derivatives as
performed in FDTD and I with identity matrix.

p(n+1) = (I +Mρc2∆t)−1
[
(I −Mρc2∆t)p(n)

+ρc2∆tJsu
(n)
s − ρc2∆t ∇̃ · V (n)

]
(15)

v(n+1) = (I +N∆t/ρ)−1
[
(I −N∆t/ρ)v(n)

−∆t ∇̃p(n+1)/ρ
]

(16)

Our solution procedure to obtain the p(n+1) and v(n+1) at
each time step is as follows:

Figure 2: Illustration of single-segment, two-segment and vocal
tract geometries (left to right).

1. Extract the 2D contour from a scaled 3D tube area functions,
as described by Arnela and colleagues (2014). Define this
contour in a 2D Eulerian grid using a set of Lagrangian points
with coordinates ξ.

2. Before starting the simulation, initialize the acoustic param-
eters p(n) and v(n) to zero.

3. For each Lagrangian point, interpolate the forcing terms from
the surrounding grid cells’ acoustic parameters to compute
M , N , and Js matrices.

4. Update the source velocity us by using a source excitation
function.

5. Update the pressure p(n+1) and velocity components v(n+1)

by extrapolating the pressure and velocity at the Lagrangian
points to the adjacent Eulerian grid cells.

6. Iterate steps 3 through 5 for the entire simulation duration.

3. Experiments & Results
3.1. Model Evaluation

We evaluated the acoustic characteristics of the proposed model
(2D IBM) by using an extended 2D FDTD [1] model and a
high-accuracy 3D Finite Element model (3D FEM [19]) as ref-
erences. To this end, we compared their transfer functions for
three types of acoustic tubes that resemble human vocal tracts.
Figure 2 shows the geometrical complexity of these tubes.

First, we validated our model for a cylindrical tube by com-
paring its obtained resonance frequencies with the correspond-
ing analytical solution. This tube, designed with a length of
L = 170 mm and an internal diameter of d = 14.5 mm, aimed
to roughly approximate the vocal tract length of vowel /a/ for a
male speaker [19, 26]. Subsequently, we increased the tube’s
geometrical complexity by approximating the vocal tract us-
ing two waveguide sections [27]. Each section had a length
of L = 85 mm, with internal diameters of d1 = 14.5 mm and
d2 = 29.5 mm. Lastly, we evaluated our model for actual vo-
cal tract geometries derived through MR imaging of the vowel
sounds /a/, /i/ and /u/ [28]. These vocal tracts are composed of
44 juxtaposed cylindrical segments with varying cross-sectional
areas. For simplicity, we will henceforth refer to these tubes as
single-segment, two-segment, and vocal tract geometries. We
directly compared the transfer functions of two-segment and
vocal tract models to those derived from the 2D FDTD and 3D
FEM simulations.

3.2. Experimental Setup

For all simulations, we set the sound speed to c = 350 m/s and
air density to ρ = 1.14 kg/m3. We empirically fine-tuned the
boundary admittance of the proposed model to match the for-
mant bandwidths of the 3D FEM solution. For the FEM simula-
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tion, we set the mesh size to 2.5 mm. For optimal performance,
the spatial resolution of the Cartesian grid (∆s) in the 2D FDTD
and IBM models was set to 1.1 mm and 0.74 mm, respectively.
For numerical stability, the corresponding temporal resolution
was derived using the Courant-Friedrichs-Lewy (CFL) condi-
tion, i.e., ∆t ≤ ∆s/

√
2c, as in standard 2D FDTD simulations.

As proposed in [29], we maintained the distance between two
adjacent Lagrangian points at less than ∆s/2. We ran the 3D
FE simulations with a mesh size of 2.5 mm and temporal reso-
lution of ∆t = 5×10−6 s. For the 2D FDTD model, the spatial
resolution was set to 0.75 mm. While generating the sagittal vo-
cal tract boundaries inside the Eulerian computational domain
for the 2D IBM model, we constrained the distance between the
upper and lower boundary to a minimum value of 2∆s to avoid
boundary interference.

In all three models (3D FEM, 2D FDTD and 2D IBM), a
Gaussian band-pass filter was applied at the start of the tube
as a source excitation function [3]. Additionally, a Dirichlet
boundary condition (p = 0) was enforced at the tube end for
open-end termination. A virtual microphone was placed at 3
mm inside from the tube end to record pressure samples at each
time step. Transfer functions were obtained up to 8 kHz using
the recorded pressure samples to validate the proposed model.
The duration for all simulations was set to 50 ms.

3.3. Results and Discussion

3.3.1. Single-segment Tube Model

The transfer function of the single-segment tube was obtained
by applying the Fast Fourier Transform to the recorded pressure
samples at the tube end. The first eight formants (i.e., resonance
frequencies) were extracted from the transfer function and com-
pared with the corresponding analytical solution. The analytical
solution can be determined using the following equation [19],
where n is the formant index and L is the tube length.

f =
(2n− 1)c

4L
(17)

Table 1 shows the formant frequency positions derived from
the analytical calculations and the 2D IBM simulation. The for-
mants obtained from the proposed model match well with the
analytical solution with a maximum deviation of 1.0% and an
average deviation of 0.5%. This level of accuracy suggests that
the 2D IBM model can precisely simulate wave propagation and
boundary immittances in simplified acoustic tubes.

Formants (fn) Analytical (in Hz) 2D IBM (in Hz)

f1 514 520 (1.0%)
f2 1544 1560 (1.0%)
f3 2574 2580 (0.3%)
f4 3603 3620 (0.5%)
f5 4632 4660 (0.6%)
f6 5662 5680 (0.3%)
f7 6691 6700 (0.1%)
f8 7721 7740 (0.3%)

Table 1: The first eight formant frequencies of the single-
segment tube model obtained by the analytical calculation and
the proposed 2D IBM method. The percentage of formant posi-
tion deviations is provided in blue color.

Figure 3: Transfer functions of two-segment and vocal tract ge-
ometries (Vowels: /a/, /i/ and /u/) obtained with the 3D FEM
(dotted lines), 2D FDTD (dashed lines) and 2D IBM (solid
lines) simulations; Curves were offset manually.

3.3.2. Two-segment Tube Model and Vocal Tract Models

As discussed in the preceding subsection, we examined the fre-
quency responses of both two-segment tubes and the vocal tract
geometries of three vowels using all three models. We com-
pared their transfer functions to assess the efficacy of the pro-
posed 2D Immersed Boundary Method (IBM) model, as illus-
trated in Figure 3. As anticipated, the transfer functions from
the 2D IBM method exhibited a strong correlation with those
obtained through 2D Finite-Difference Time-Domain (FDTD)
and 3D Finite Element Method (FEM) simulations. For all
vowels, the percentage deviation in formant frequencies above
3 kHz is less than 5% for the proposed 2D IBM model when
compared to the highly precise 3D FEM and 2D FDTD models.
However, for the vowels /i/ and /u/, some discrepancies were
observed at lower frequencies, with deviations greater than 5%.
These differences could be attributed to the narrow constrictions
in their vocal tract geometry and can be reduced by increasing
the sampling rate of the proposed wave solver [4].

4. Conclusion
In this study, we introduced a novel 2D Immersed Bound-
ary Method (IBM) specifically designed to approximate the
propagation of acoustic waves in tube geometries similar to
the human vocal tract. This model, distinct from traditional
Finite-Difference Time-Domain (FDTD) methods, employs La-
grangian points to model the tube boundary. The interaction
between the boundary and airflow is captured using additional
forcing terms. This approach facilitates the modeling of com-
plex acoustic tubes, enabling the synthesis of a diverse array
of speech sounds. Furthermore, our method offers the potential
for extension to simulate dynamic changes in vocal tract geome-
tries. Enhancing the model’s efficiency through parallelization
of the algorithm could lead to significant advancements in the
field of articulatory speech synthesis.
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