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Self-Supervised Training with Autoencoders
for Visual Anomaly Detection

Alexander Bauer, Shinichi Nakajima, Klaus-Robert Muller

Abstract—We focus on a specific use case in anomaly detection where the distribution of normal samples is supported by a
lower-dimensional manifold. Here, regularized autoencoders provide a popular approach by learning the identity mapping on the set of
normal examples, while trying to prevent good reconstruction on points outside of the manifold. Typically, this goal is implemented by
controlling the capacity of the model, either directly by reducing the size of the bottleneck layer or implicitly by imposing some sparsity
(or contraction) constraints on parts of the corresponding network. However, neither of these techniques does explicitly penalize the
reconstruction of anomalous signals often resulting in poor detection. We tackle this problem by adapting a self-supervised learning
regime that exploits discriminative information during training but focuses on the submanifold of normal examples. Informally, our
training objective regularizes the model to produce locally consistent reconstructions, while replacing irregularities by acting as a filter
that removes anomalous patterns. To support this intuition, we perform a rigorous formal analysis of the proposed method and provide
a number of interesting insights. In particular, we show that the resulting model resembles a non-linear orthogonal projection of
partially corrupted images onto the submanifold of uncorrupted samples. On the other hand, we identify the orthogonal projection as
an optimal solution for a number of regularized autoencoders including the contractive and denoising variants. Among the idempotent
mappings, orthogonal projection further provides a certain conservation effect on its arguments by projecting the anomalous samples
in a way largely preserving the original content. This, in turn, enables accurate detection and localization of the anomalous regions by
means of the reconstruction error. We support our theoretical analysis by empirical evaluation of the resulting detection and localization
performance of the proposed method. In particular, we achieve a new state-of-the-art result on the MVTec AD dataset — a challenging
benchmark for visual anomaly detection in the manufacturing domain.

Index Terms—Autoencoders, anomaly detection, manifold learning.
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1 INTRODUCTION

HE task of anomaly detection (AD) in a broad sense
Tcorresponds to searching for patterns, which consider-
ably deviate from some concept of normality. The criteria
for what is normal and what is an anomaly can be very
subtle and depends heavily on the application. Visual AD
specifically aims to detect and locate anomalous regions
in imagery data with practical applications in the indus-
trial, medical and other domains [1]-[17]. The continuous
research in this area produced a variety of methods ranging
from classical unsupervised approaches like PCA [18]-[20],
One-Class SVM [21], SVDD [22], nearest neighbor algo-
rithms [23]], [24], and KDE to more recent methods | |
including various types of autoencoders [5], [12], [26]-[32], SOSEOET S SO TR ee
deep one-class classification [33]-[35], generative models [6], P E N SSEOREE TS T EES
[13], self-supervised approaches [1], [3], [36]-[41] and others ISR SEERENSSSSE SN

The one-class classifiers [21], [22], for example, aim at
learning a tight decision boundary around the normal ex-
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Fig. 1. A few anomaly detection results of our approach. Each row
shows the input image, an overlay with the anomaly heatmap, and the
resulting prediction mask, respectively.



amples in the feature space and define a distance-based
anomaly score relative to the center of the training data. The
success of this approach strongly depends on the availability
of suitable features. Therefore, it usually allows for detection
of outliers only, which greatly deviate from the normal
structure. In practice, however, we are often interested in
more subtle deviations, which require a good representation
of the data manifold. The same applies to the combined
approach based on training deep neural networks (DNNs)
directly with the one-class objective [35], [77], [78]. Although
this objective encourages the network to concentrate the
training data in a small region in the feature space, there
is no explicit motivation for anomalous examples to be
mapped outside of the decision boundary. In other words,
the one-class objective gives preference to models, which
map its input domain to a narrower region and does not
explicitly focus on separating anomalous examples from the
normal data.

Recently, deep autoencoders (AEs) have been used for
the task of anomaly detection in the visual domain [[1]], [40],
[41]. Unlike one-class based approaches, they additionally
provide a way for locating the anomalous regions in images
by leveraging the pixel-wise nature of a corresponding
training objective. By optimizing for the reconstruction error
using anomaly-free examples, the common belief is that a
corresponding network should fail to accurately reconstruct
anomalous regions in the application phase. Typically, this
goal is implemented by controlling the capacity of the
model, either directly by reducing the size of the bottleneck
layer or implicitly by imposing some sparsity or contraction
constraints on parts of the corresponding network [32], [79]-
[82]. However, neither of these techniques does explicitly
penalize reconstruction of anomalous signals often resulting
in a poor detection. This is similar to the issue related
to training with the one-class objective, where no explicit
mechanism exists for preventing anomalous examples from
being mapped to the normal region. In fact, an unsupervised
trained AE aims to compress and accurately reconstruct
the input images and does not care much about the actual
distinction between normal and anomalous samples. As a
result, the reconstruction error for the anomalous and nor-
mal regions can be very similar preventing reliable detection
and localization.

In this paper, we propose a self-supervised learning
framework, which introduces discriminative information
during training to prevent good reconstruction of anoma-
lous patterns in the testing phase. We begin with an obser-
vation that the abnormality of a region in the image can be
implicitly characterized by how well it can be reconstructed
from the context of the surrounding pixels. Imagine an im-
age where a small patch has been cut out by setting the cor-
responding pixel values to zeros. We can try to reconstruct
this patch by interpolating the surrounding pixel values
according to our knowledge about the patch distribution of
the training data. If the reconstruction significantly deviates
from the original image, we consider a corresponding patch
to be anomalous and normal otherwise. Following this
intuition, we feed partially distorted images to the network
during training while forcing it to recreate the original
content — similar to the task of neural image completion
[83]-[88]. However, instead of setting the individual pixel

2

values to zeros — as for the completion task — we apply a
patch transformation, which approximately preserves the
color distribution of the distorted regions, making it more
difficult for the network to realize which image regions have
been modified. In order to succeed, the network now must
accomplish two different tasks: a) detection of image regions
deviating from the expected pattern and b) recreation of the
original content from the neighboring pixel sets. Altogether,
the resulting training effect regularizes the model to produce
locally consistent reconstructions while replacing irregular-
ities, therefore, acting as a filter that removes anomalous
patterns. Figure [1|illustrates a few examples to give a sense
of visual quality of the resulting prediction masks when
training according to our approach.

To support our intuition, we perform a theoretical anal-
ysis of the proposed method and provide a number of
interesting insights. In particular, we show that with the
increasing number of image pixels, the resulting model con-
verges to the (non-linear) orthogonal projection of partially
corrupted images onto the submanifold of normal samples.
Given the orthogonal projection, we can naturally measure
the abnormality of anomalous samples according to their
distance from the submanifold. Additionally, we investigate
the effect of projection mappings on the segmentation ac-
curacy of anomalous regions. Specifically, we analyze the
conservation property of the orthogonal projection, which
removes anomalous patterns in a way largely preserving
the original content. As our final result, we establish a close
connection of our approach to the previous autoencoding
models based on the assumption that the target distribution
concentrates in the vicinity of a lower-dimensional manifold
embedded in the input space. More precisely, we show that
the orthogonal projection provides an optimal solution for
a number of regularized AEs including the contractive and
denoising variants.

The rest of the paper is organized as follows. In Section
we discuss the main differences of our approach to the
related works and summarize the main contributions. In
Section |3} we formally introduce the proposed framework
including our training objective, data generation, and model
architecture followed by a deeper theoretical analysis in
Section [} In Section [, we evaluate the performance of our
approach and provide a conclusion in Section [6|

2 RELATED WORKS

The plethora of existing AD methods (see [76] for an
overview) can be roughly divided in three main groups:
methods based on probabilistic models, one-class classifica-
tion methods, and methods based on reconstruction models,
while our approach is a member of the latter. Without
going deeper into the details we note that the first two
groups appear less suitable in our use case, where the data
distribution is supported by a lower-dimensional manifold.
Due to this fact the Lebesgue measure of the data manifold
is zero excluding the existence of a density function over
the input space, which only takes on positive values on the
manifold. On the other hand, methods based on the one-
class objective implicitly assume a non-zero volume of the
corresponding data in order to provide accurate detection



results, which again violates our assumption on the data
distribution.

Here, we focus on the reconstruction methods repre-
sented by the regularized AEs including the contractive
and denoising variants and a number of self-supervised
methods inspired by the task of neural image comple-
tion. The central idea behind the contractive autoencoder
(CAE), for example, is to learn a reconstruction mapping
r(x) = d(e(x)) composed from encoder and decoder part
by adding a regularization term ||0,e()||2 to the objective,
which implicitly promotes a reduction in magnitude of
gradients in direction v pointing outside the tangent plane
on a corresponding data manifold at point «. In contrast,
the denoising autoencoder (DAE) aims to minimize the
reconstruction error without regularization terms, but aug-
ments the training procedure by adding a stochastic noise
to the inputs. The goal here is to learn a model, which can
reconstruct the original inputs from noisy samples. Previous
work [82]] has demonstrated that the DAE with small noise
corruption of variance o2 is similar to the CAE with penalty
coefficient A = o2 but where the contraction is imposed
explicitly on the whole reconstruction function rather than
on the encoder part alone. Our approach also aims to train a
model to reconstruct original content from modified inputs
but differs from the DAE by more involved input modifi-
cations beyond the i.i.d. corruption noise. Therefore, it can
be considered as a generalization of the DAE (and therefore
also of the CAE) to arbitrary complex input modifications.
In particular, the corruptions introduced during training can
be either fully, partially, or non-stochastic at all allowing for
a wider range of anomalous patterns, which can be detected
during the application phase.

Another group of reconstruction-based methods, which
are related to our approach, has been inspired by the task of
neural image completion [83]-[88]. This includes a number
of self-supervised methods like LSR [3], RIAD [39], CutPaste
[40], InTra [41], DRAEM [38], SimpleNet [89], which (similar
to our approach) aim at training a model on corrupted
inputs to reconstruct the original content either in the latent
or the input space. The main differences of these methods
to our approach are in the choice of data augmentation
during training and specific network architecture of our
model, which in summary lead to a higher performance in
our experiments on the MVTec AD dataset [90]. Another
two recent works (PatchCore) [10] and (PNI) [68] report
impressive results on this benchmark. Both are based on
usage of memory banks comprising locally aware nomi-
nal patch-level feature representations extracted from pre-
trained networks. In contrast, our approach neither requires
pre-training nor additional storage place for the memory
bank and performs on-par with the two methods. In the
following we briefly summarize our contributions.

As our first contribution, we formulate an effective AD
framework for the special (and frequent) case, where the
normal examples live on a lower-dimensional submanifold
embedded in the input space. While similar ideas have been
used across different domains, our approach distinguishes
itself by the specific form of data augmentation and the
network architecture that together produce a model, which
consistently outperforms previous methods. In particular,
we achieve a new state-of-the-art result for both detec-
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tion and localization tasks on the MVTec AD dataset — a
challenging benchmark for visual anomaly detection in the
manufacturing domain.

As our second contribution, we provide a rigorous
theoretical analysis of the proposed approach and show that
the corresponding model resembles the orthogonal projec-
tion of partially corrupted images onto the submanifold of
uncorrupted (anomaly-free) examples. This covers various
forms of input modifications including partial replacements
and additive noise. On the other hand, we show that the
orthogonal projection acts as a filter for irregularities by
removing anomalous patterns from the inputs. Therefore,
we conclude that the orthogonality of a projecting model
provides (loosely speaking) a necessary and sufficient con-
dition for accurate anomaly detection and segmentation.

As our third contribution, we establish close connec-
tions of our approach to the previous autoencoding models.
Precisely, we identify the (non-linear) orthogonal projection
as an optimal solution minimizing the training objective of
the reconstruction contractive autoencoder (RCAE), which
is closely related to the CAE and DAE. This provides a
unified view on the group of regularized AEs based on the
assumption that the target distribution concentrates in the
vicinity of a lower-dimensional manifold embedded in the
input space.

3 METHODOLOGY

In the following, we formally introduce our self-supervised
framework for training a model to detect and localize
anomalous regions in images. More precisely, we describe
the objective function, the form of input modifications dur-
ing training and our choice of the model architecture.

3.1 Training Objective

We identify the map f: [0, 1]">w>3 — [0,1]h*%>*3, b w € N
with a DNN that implements an autoencoder with in-
put and output tensors corresponding to color images.
Furthermore, we denote by = € [0,1]"*%*3 an original
(anomaly-free) image and by & a copy of x, which has
been partially modified. The modified regions within & are
encoded through a real-valued mask M € [0, 1]">wx3,
while M := 1 — M denotes a corresponding complement
with 1 € {1}"*%*3 being a tensor of one’s. Technically, we
train a parameterized model fy to project arbitrary inputs
from the data space to the submanifold of normal images
by minimizing the following objective

T, x = (1j)\) -\ M %) —x) |2
L(z,z, M) il Mo (fo(x)—x)[z + "
A . 2

where © denotes an element-wise tensor multiplication and
A € [0,1] is a hyperparameter controlling the importance
of the two terms during training. Here, ||-||, denotes the
[P-norm on a corresponding tensor space. In terms of su-
pervised learning, we feed a partially corrupted image &
as input to the network, which is trained to recreate the
original image « representing the ground truth label.

By minimizing the above objective, a corresponding au-
toencoder aims to interpolate between two different tasks.



The first term steers the model to reproduce uncorrupted
image regions M © x, while the second term requires
the network to correct the corrupted regions M © & by
recreating the original content. Altogether, the objective
n (I) encourages the model to produce locally consistent
reconstruction of the input while replacing irregularities —
acting as a filter for anomalous patterns. Figure 2] shows
a few reconstruction examples produced by our model fg.
We can see how normal regions are accurately replicated,
while irregularities (e.g., scratches or threads) are replaced
by locally consistent patterns. During training, we use a
specific procedure to generate corrupted images & from
normal examples x based on randomly generated masks
M marking the corrupted regions. We provide a detailed
description of this process in the next section.

Given a trained model fg, we can perform AD on an
input image & as follows. First we compute the difference
map Diff[%, fo(2)] € R" ™ between the input & and its
reconstruction fg(a?:) by averaging the pixel-wise squared
difference (£ — fo(2))? over the color channels according
to:
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P (e~ @)eee] . @)

c=1

Diff[, fo(&)] :=

The binary segmentation mask can be computed by thresh-
olding the difference map. To get a more robust result we
smooth the difference map before thresholding according to
the following formula:

Gy (Diff[z, fo(2)]), ©)

anomap}zk (x) =

where G} = G} 0--- oG}, denotes a repeated application
of a convolution n;latf)n&sng G}, defined by an averaging filter
of size k x k with all entries set to 1/k>. We treat the
numbers n,k € N, k > 1 as hyperparameters, where GY
is the identity mapping. By thresholding anomap’;’ o ( ) we
get a binary segmentation mask for the anomalous regions.
We compute the anomaly score for the entire image & from

anomap’fz{;k(:i') by summing the scores for the individual

input image

output image

Fig. 2. lllustration of the reconstruction effect of our model trained either
on the wood, carpet or grid images (without defects) from the MVTec AD
dataset.

autoencoder

Diff[z, fo(2)]

Fig. 3. lllustration of our AD process. Given input &, we first compute an
output f¢ (&) by replicating normal regions and replacing irregularities
with locally consistent patterns. Then we compute a pixel-wise squared
difference (& — fo(2))2, which is subsequently averaged over the color
channels to produce the difference map Diff[&, fo(2)] € R"*™. In
the last step we apply a series of averaging convolutions Gy, to the
difference map to produce our final anomaly heatmap anomap’;(;’“(fc).

pixelsﬂ The complete detection procedure is summarized
in Figure|3] In the next section, we investigate which image
transformations approximately preserve the orthogonality
of the corresponding transformations.

3.2

Since we use a self-supervised approach we need to provide
the training data as input-output (&,x) pairs. Here, the
ground truth outputs are given by the original images x
corresponding to the normal examples. The inputs & are
generated from these images by partially modifying some
regions according to the procedure illustrated in Figure {4
For each normal example x, we first randomly sample
the number, the size and the location of patches to be
modified. In the next step, each randomly selected patch
is modified according to the following procedure. First,
we create a real-valued mask M € [0,1]"*%*3 based on
the elastic deformation technique to mark the corrupted
regions within the selected patch. Precisely, we start with
a static mask shaped as a disk at the center of the patch
with a smoothly fading boundary towards the exterior of
the disk. We then apply gaussian distortion (with random
parameters) to this mask resulting in varying shapes il-
lustrated on the right side in Figure [} These masks are
used to smoothly merge the original patches with a new
content given by replacement patches. Here, we consider
two types of replacements. On the one hand we can use any

Input Modifications

1. Note that for n = 0, if we skip the averaging step over the
color-channels in (2), this reduces to ||& — fo(&)||3. Alternatively to
the summation, we could take the maximum over the pixel scores
making the anomaly score potentially less sensitive to size variation
of the anomalous regions.



original

corrupted mask

Fig. 4. lllustration of data generation for training. After randomly choosing the locations of the patches to be modified, we create a new content
by glueing the extracted patches with the corresponding replacements. Given a real-valued mask M € [0, 1]»*%*3 marking corrupted regions
within a patch, an original image patch x, and a corresponding replacement y, we create the next corrupted patch by merging the two patches
together according to the formula & := M © y + M © x. All mask shapes M are created by applying gaussian distortion to the same (static) mask
representing a filled disk at the center of the patch with a smoothly fading boundary towards the exterior of the disk.

natural image (sufficiently different from the original patch)
as a potential replacement. In our experiments, we used
the publicly available Describable Textures Dataset (DTD)
consisting of images of varying backgrounds. On the
other hand, we use the extracted patches as replacements
after passing them through a gaussian distortion process
similarly to how we create the masking shapes. An im-
portant aspect here is that the corresponding corruptions
approximately preserve the original color distribution.

Given an input x and a replacement y, we create a
corrupted image & by smoothly gluing the two images
together according to the formula & := M ©y+ M © . In
the last step, the patches extracted at the beginning are re-
placed by their modified versions in the original image. The
individual shape masks are embedded in a two-dimensional
zero-array at the corresponding locations to create a global
mask M € [0,1]"*%*3, During testing phase there are
no input modifications and images are passed unchanged
to the network. Anomalous regions are then detected by
thresholding the anomaly heatmap based on the difference
between the inputs and the outputs of the model according
to the formula in equation (3).

3.3 Mode Architecture

We follow an established architecture of deep auto-
encoders, where the encoder is build from layers gradually

decreasing spatial dimension and increasing the number of
feature maps, while the decoder reverses this process by
increasing the spatial dimension and decreasing the num-
ber of channels. Additionally to the standard convolutions,
we exploit the dilated convolutions for approximating
higher order dependencies between the individual pixels
and their local neighbourhood. An overview of the whole
architecture is given in Table[I] Here, after each convolution
Conv (except in the last layer) we use batch normalization
and rectified linear units (ReLU) as the activation function.
Max-pooling MaxPool is applied to reduce the spatial di-
mension of the intermediate feature maps. TranConv de-
notes the convolution transpose operation and also uses
batch normalization with ReLUs. In the last layer we use
a sigmoid activation function without batch normalization.
SDC1 2.4,8,16,32 refers to a stacked dilated convolution block
where multiple dilated convolutions are stacked together.
The corresponding subscript {1,2,4,8,16,32} denotes the
dilation rates of the six individual convolutions in each
stack. After each stack we add an additional convolutional
layer with the kernel size 3 x 3 and the same number of fea-
ture maps as in the stack followed by a batch normalization
and ReLU activation. We refer to this baseline architecture
as Model L.

In our experiments, we observed that Model I struggles
to reproduce finer visual patterns sometimes resulting in



TABLE 1
Network architecture Model .

Layer Type Number of Filters  Filter Size ~ Output Size
Conv 64 3x3 512 x 512 x 64
Conv 64 3x3 512 x 512 x 64
MaxPool 2x2/2 256 X 256 x 64
Conv 128 3x3 256 X 256 x 128
Conv 128 3x3 256 x 256 x 128
MaxPool 2x2/2 128 x 128 x 128
Conv 256 3x3 128 x 128 x 256
Conv 256 3x3 128 x 128 x 256
MaxPool 2x2/2 64 X 64 x 256
SDC1,274,8,16,32 64 X 6 3x3 64 X 64 x 384
SDC1,2,4,8,16,32 64 X 6 3x3 64 X 64 x 384
SDC1,2,4,8’15,32 64 X 6 3x3 64 X 64 x 384
SDC1,274,8,16,32 64 X 6 3x3 64 X 64 x 384
TranConv 256 3x3/2 128 x 128 x 256
Conv 256 3x3 128 x 128 x 256
Conv 256 3x3 128 x 128 x 256
TranConv 128 3x3/2 256 X 256 x 128
Conv 128 3x3 256 X 256 x 128
Conv 128 3x3 256 x 256 x 128
TranConv 64 3x3/2 512 X 512 x 64
Conv 64 3x3 512 x 512 x 64
Conv 64 3x3 512 x 512 x 64
Conv 3 1x1 512 x 512 x 3

false positive detection. In order to improve the recon-
struction ability, we propose the following adjustment il-
lustrated in Figure [5} Similarly to the idea often used in
image segmentation, we introduce skip connections into the
network. Providing direct access to feature maps from the
earlier stages seems (sometimes) to encourage the network

input output

1 x 1 Conv,3
3 x 3 Conv, 64
3 x 3 Conv, 64

CCM, 64

3 x 3 Conv, 64

3 x 3 Conv, 64

2 x 2/2 MaxPool

3 x 3 Conv, 128
3 x 3 Conv, 128

3 x 3 Conv, 128

3 x 3 Conv, 128

2 x 2/2 MaxPool

3 x 3 Conv, 256
3 x 3 Conv, 256

3 x 3 Conv, 256

3 x 3 Conv, 256

2 x 2/2 MaxPool

3x 3SDC,64 x 6| x4

Fig. 5. lllustration of our network architecture Model Il including the
Convex Combination Module (CCM) marked with brown color and the
skip-connections represented by the horizontal arrows. Without these
additional elements we get the baseline Model I.
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Fig. 6. lllustration of the CCM module. The module receives two inputs:
x5 along the skip connection and x. from the current layer below. In the
first step (image on the left) we compute the squared difference of the
two and stack it together with the original values [zs, z¢, (£s — xc)?].
This combined feature map is processed by two convolutional layers.
The first layer uses batch normalization with ReLU activation. The
second layer uses batch normalization and sigmoid activation function to
produce a coefficient matrix 3. In the second step (image on the right),
we compute the output of the module x,, as a convex combination of the
inputs by broadcasting 3 along the last dimension.

to neglect other parts of the computation responsible for
the reconstruction of corrupted regions. To prevent this,
we combine the information from different layers in the
network by leveraging some sort of attention mechanism.
Precisely, we first compute a matrix of coefficients between
zero and one, which we then use to compute a convex com-
bination of the individual feature maps. The corresponding
procedure is illustrated in Figure[] The intuition here is that
the network now can learn to reuse, refine or replace regions
from the input based on its belief about the abnormality of
a region. We bundle the corresponding computations in a
single Convex Combination Module (CCM) marked brown
in Figure [5| We refer to the corresponding architecture as
Model II. In our experiments on the MVTec AD dataset,
we observed a significant performance boost on some object
categories when using Model II over I. See Figure [14]in the
supplements for comparison of the reconstruction quality of
both models.

4 THEORETICAL ANALYSIS

Here we provide a theoretical analysis supporting the in-
tuition behind the AD method proposed in the previous
section. In particular, we show that the resulting model
approximates the orthogonal projection of partially cor-
rupted images onto the submanifold of normal samples.
We begin by establishing a close connection to the previous
regularized AEs by identifying the orthogonal projection
as an optimal solution for the optimization problem of the
RCAE. We then investigate the conservation properties of
the orthogonal projections with respect to the segmentation
accuracy in the context of AD. Finally, we specify the form
of input modifications ensuring the orthogonality of the
corresponding transformations.



« )A\/ D
Fig. 7. lllustration of the general concept of the orthogonal projection f
onto a data manifold D. Here, anomalous samples & € R™ (red dots)

are projected to points @ := f(&) € D (blue dots) in a way minimizing
the distance d(&, z) = infyecp d(&, y).

For the purpose of the following analysis, we iden-
tify each projecting autoencoder (PAE) with an idempotent
mapping f:U — R™ from an input space i/ C R", n € N to
a differentiable manifold D := f(U/) C R", dim(D) < n. In
the context of AD, we refer to the manifold D as the (non-
linear) subspace of normal examples, while each & € R" \ D
is considered to be anomalous. In particular, we exploit a
generalization of orthogonal projection to non-linear map-
pings defined below and illustrated in Figure

Definition 1. For n € N in a metric space (R™, d(-,-)), we call
a (non-linear) mapping f:U — R™, U C R™ the orthogonal
projection onto D C R™ if it satisfies the equality

d(z, f(®)) = inf d(z,y) )

yeD

forall & € U.

Note that the expression in can be written as a set of
inequalities. Namely, for d(&, f(2)) := || — f(Z)]|2, we get
the following alternative description

Vy € D: |z — f(@)[2 < 2 = ylla- ®)

We will use the form (§)) later in Section[4.3]
In order to train a PAE, we minimize the following
objective E]

Lpap =E[||fo(T(x)) —z|}], ©)

where p € Ny and T:D — R”™ denotes some random
data transformation. That is, the expectation in () is taken
with respect to x € D and T' € T. Note that the shape
of 7 mainly determines the properties of the projection
map to be learned, which, in turn, can be seen as the
reverse mapping of the corresponding input corruptions 7.
Depending on our goal, 7 can be very specific ranging from
additive noise (e.g. gaussian noise) to partial occlusions and
elastic deformations. In Section we identify a number
of input transformations, which approximately preserve the
orthogonality of the corresponding projections.

2. Compare to the objective in . There we explicitly use a mask M
only to balance the training with respect to the reconstruction accuracy
of normal and anomalous regions. If we fix the value of || M||1 and set
A = ||[M|1/(||M||1+]M]|1), the objective (1) reduces to minimizing
the loss L(&,x) = || fo(2) — x||2.

4.1 Connections to Regularized Autoencoders

Typically, an autoencoder is composed from two building
blocks: the encoder e(:), which maps the input x to some
internal representation, and the decoder d(-), which maps
e(z) back to the input space. The composition f(x) =
d(e(x)) is often referred to as the reconstruction mapping.
Most of the regularized autoencoders aim to capture the
structure of the training distribution based on an interplay
between the reconstruction error and the regularization
term. They are trained by minimizing the reconstruction
loss on the training data either by directly adding a reg-
ularization term to the objective or by introducing the
regularization through some kind of data augmentation.

Specifically, the contractive autoencoder (CAE) [81] is
trained to minimize the following regularized reconstruc-
tion loss

Loap = E[|f(x) — |3+l Daell] , @)

where A € Ry is a weighting hyperparameter and || Dge| ¢
is the Frobenius norm of the Jacobian of the encoder e(-).
The denoising autoencoder (DAE) [93], on the other hand,
is trained to minimize the following denoising criterion

Lpas =E[||f(x+e) — 3], 8)

where € represents some additive noise and the expectation
is over the training distribution and the corruption noise
El Previous work [82] has demonstrated that there is close
connection between the CAE and DAE when the standard
deviation of the corruption noise approaches zero o — 0.
More precisely, they showed that under some technical
assumptions the objective of the DAE can be written as

Lpap =E[|f(x) - z[3+0°|Dafl%] aso = 0. (9)

That is, for small variance o2 of the corruption noise the
DAE becomes similar to a CAE with penalty coefficient A =
o2, but where the contraction is imposed explicitly on the
whole reconstruction mapping f. This connection motivated
the authors to define the RCAE, a variation of the CAE by
minimizing the following objective

Lrcar = E[||f(x) — 2|3+ D f[|7]

where the regularization term affects the whole reconstruc-
tion mapping. Finally, a common variant of the SAE applies
an [!'-penalty on the hidden unit activations effectively
making them saturate towards zero — similarly to the effect
in the CAE.

We now show that a PAE realized by the orthogonal
projection onto the submanifold of normal samples is an
optimal solution minimizing the objective of the RCAE in
(I0). We provide a formal proof in the supplements.

(10)

Proposition 1. Let f*:U C R™ — R™,n € N be an orthogonal
projection onto D := f*(U) with respect to an [P-norm,

3. Here, the term noise includes additive (e.g., isotropic gaussian
noise) and non-additive transformation (e.g., masking pepper-noise).
However, the unifying feature of the considered corruptions is that the
transformations of the individual entries in the input are statistically in-
dependent. In contrast, we consider in @ more complex modifications,
which result in strong spatial correlation of the corruption variables.



p € Ny. Then f* is an optimal solution to the following
optimization problem
C 2 2
minimize Bowp || /() 2|3+ |D=fI3] (1)

where A € Ry and q € {F,2} is a placeholder denoting
either the Frobenius or the spectral norm.

Note that the objective in the above proposition is slightly
more general than in allowing the use of the spectral
norm. Although being closely related to each other, the
Frobenius and the spectral norm might have different effects
on the optimization. Namely, the spectral norm measures
the maximal scale by which a unit vector is stretched by
a corresponding linear transformation and is determined
by the maximal singular value, while the Frobenius norm
measures the overall distortion of the unit circle taking into
account all the singular values. In a more general sense,
Proposition [T reveals the close connection between the PAE
and other types of regularized autoencoders (see Figure
for an overview). The orthogonal projection, in particular,
appears to be an optimal ChoiCEﬂ with respect to the shared
goals of the autoencoding models discussed in this section.

4.2 Conservation Effect of Orthogonal Projections

Here, we focus on the subtask of AD regarding the segmen-
tation of anomalous regions in the inputs. In the following,
we identify each image tensor with a column vector € R",
where S C {1,...,n} and S := {1,...,n} \ S denote a set of
pixel indices and its complement, respectively. We write x g
to denote a restriction of a vector x to the indices in S.

Consider an & € R", which has been generated by a
(partial) modification & := T'(x), T' € T from an z € D. We
define the modified region as the set of disagreeing indices
according to

S(x,x):={i e{l,...,nhd; #x;}.

There is some ambiguity about what might be considered an
anomalous region, which motivates the following definition.

(12)

4. In Section we will show that in the limit when the dimension-
ality of the inputs goes to infinity, the DAE converges stochastically to
the orthogonal projection restricted to the specific noise corruptions.

SAE PAE

! VAN
GAE) — (AR ) ~— (RCAE)

Fig. 8. lllustration of the connections between the different types of
regularized autoencoders. For small variance of the corruption noise, the
DAE becomes similar to the CAE. This, in turn, gave rise to the RCAE,
where the contraction is imposed explicitly on the whole reconstruction
mapping. A special instance of PAE given by the orthogonal projection
yields an optimal solution for the optimization problem of the RCAE.
On the other hand, the training objective for PAE can be seen as an
extension of DAE to more complex input modifications beyond additive
noise. Finally, a common variant of the SAE applies an I'-penalty on the
hidden units resulting in saturation towards zero similarly to the CAE.

Fig. 9. lllustration of the conservation effect of the orthogonal projec-
tions with respect to different (P-norms. Here, the anomalous sample &
is orthogonally projected onto the manifold D according to [|& — v ||l,=
infyepll@ — yllp for p € {1,2,00}. We can see that projections y;
for lower p-values better preserve the content in & resulting in smaller
modified regions S(&, y;,).

Definition 2. Let D € R", n € N be a data manifold. Given
& € R" \ D, we define the set of anomalous regions in & as
the areas of smallest disagreement according to

A(z) := {S(fc,m) cx € argminS(ﬁ:,y)|}. (13)

yeD

We refer to each S € A(&) as anomalous region, to the
pair (S, &s) as anomalous pattern and to & as anomalous
sample.

We now provide some intuition motivating our definition
of anomalous patterns. Consider an example of binary
sequences © € {0,1}® restricted by the condition that
the pattern “11” is forbidden. For example, the sequence
(0,1,0,1,1,1,1,0) is invalid because it contains “11”. If
we define the anomalous region as the smallest subset of
indices, which need to be corrected in order for the point
to be projected to the data manifold, we encounter the fol-
lowing ambiguity problem. Namely, there are three different
ways to correct the above example using minimal number of
changes. These are (0,1,0,1,0,1,0,0), (0,1,0,0,1,0,1,0),
and (0,1,0,1,0,0,1,0), which we denote as y;, y, and ys,
respectively. All three sequences correspond to orthogonal
projections to the feasible set, where || Z—y, |l2= ||Z— Y3 |l2=
| & — ysl2= V2. However,

3 3

) S@ ) # | S&, v,)-

i=1 =1

(14)

That is, there are multiple anomalous patterns giving rise
to the same corrupted point &. In particular, the anomalous
regions in & are not uniquely determined and depend on
the structure of D. Based on this terminology, we highlight
below a special projection map, which maximally preserves
the content of its arguments.

Definition 3. For n € N, we call a mapping f:U — R,
U C R™ the conservative projection onto D C R™ if for



each pair (&, ) with (&) = x and S := S(&, x) it satisfies
the following properties

(@) SeA)
(b) |&s = fs(@)ll2 < infeep.as—as [|€s — T2

The next proposition relates the conservation properties of
orthogonal projections for different /”-norms. See Figure [9]
for an illustration.

Proposition 2. Let D C R", n € N be a data manifold and & €
R™ \ D a corrupted example. Furthermore, let S € A(&) and
Sp == S(&,y,), where y;, € infyep|| — yl|, corresponds
to an orthogonal projection of & onto D with respect to the
{P-norm. For all p,q € N4, p < g the following statements

are true:
(a) SCSp,CS,
(b) IDCR™ S # S,

The above proposition shows that orthogonal projection
with respect to the [P-norm is more conservative for lower
p > 2 values regarding the preservation of normal regionﬂ
Furthermore, the orthogonal projection with respect to the
[>-norm (unlike the conservative projection) is not maxi-
mally preserving in general. We will show later, however,
that in the limit (when the dimensionality of the input vec-
tors goes to infinity) the conservative and the [-orthogonal
projection disagree only on a zero-measure probability set.
While Proposition [2] describes the conservation proper-
ties of orthogonal projections relative to each other, the fol-
lowing proposition specifies (asymptotically) how accurate
the corresponding reconstruction error describes the anoma-
lous region. Here, we introduce the notion of a transition
set, which glues the disconnected parts of an input together
illustrated in Figure We provide more details in the
supplements.
Proposition 3. Let f:[0,1]" — D C [0,1]", n € N be the
orthogonal projection with respect to an [P-norm, p € N and
x € D with a finite set of states xz; € I C [0,1], |I|< oc.
Consider an & € [0, 1]", which has been generated from x by
partial modification with &g = x g for some S C {1,...,n},
S :={1,...,n} \ S. Furthermore, let B C {1, ...,n} denote
a transition set from S to S \B.Forallp € N,p > 1 the
following holds true:

1f5(2) — z5llp< |B

where | B| grows asymptotically according to O(

(15)
E!

When projecting corrupted points onto the data manifold,
we would like the transition set B around the anomalous
region S to be as small as possible. The inequality in
implicitly upper-bounds the number of entries in the normal
region S, which are not preserved by the projection. It is
mostly practical for lower values of p and least informativeﬂ
in the case p = oco. For p = 1, for example, the interpretation
is the simplest in the case of short sequences of binary val-
ues. The number of disagreeing components is then upper-
bounded by the number | B| corresponding to the size of the

5. However, [2-norm has practical advantages over [!-norm regard-
ing the optimization process and is, therefore, often a better choice.

1
6.Namely, lim |B|p= 1 provides a trivial upper bound, since
oo
[|l||co< 1 for @ € [0, 1]™.

S\ B

Fig. 10. lllustration of the concept of a transition set. Consider a 2d-
image tensor identified with a column vector z € R™, n = 202, which is
partitioned accordingto S C {1,...,n} (gray area)and S := {1, ...,n}\S
(union of light-blue and dark blue areas). The transition set B (dark blue
area) glues the two disconnected sets S and S\ B together such that «
is feasible.

transition set, which, in turn, is determined by the form of
the underlying data distribution.

To summarize, we showed that orthogonal projection
with respect to the [P-norm preserves the normal regions
more accurately for smaller p-values. Furthermore, we iden-
tified the conservative projection as the one, which is max-
imally preserving (unlike the orthogonal projection). As
previously mentioned, we will show in Section that in
the limit (when the dimensionality of the input vectors goes
to infinity) the conservative and the [?-orthogonal projection
are the same up until a zero-measure probability set.

4.3 Data Augmentation

In the following, we specify a range of input modifications,
which (approximately) preserve the orthogonality of the
corresponding projections. In the context of image process-
ing, the plethora of existing data augmentation techniques
can be roughly divided into five groups corresponding to
the affine transformations, color jittering, mixing strategies,
elastic deformations, and additive noise. Here, we char-
acterize each image transformation either as (a) a partial
modification (of any type) or as (b) a modification affecting
the entire image represented by the additive noise meth-
ods. Image mixing strategies like MixUp, for example, can
simply be seen as a transformation with additive noise,
while CutMix is an example of partial modification. On the
other hand, linear and affine data transformations like shift,
rotation or color-channel permutation, in general, do not
preserve orthogonality.

For the purpose of the subsequent analysis, we identify
the image tensors in our input space with multivariate
random variable x € R" corresponding to Markov Random
Fields (MRFs) [94]-[99]. In particular, we assume that the
variables representing the individual pixels are organized
in a two-dimensional grid. Based on this view, we consider
sequences D(™) C [0, 1]™ of spaces of increasing dimension-
ality n € N representing images of gradually increasing
size by adding new nodes along the rows and columns
of the grid. Furthermore, we use the notation dg(z;, ;)
to denote the distance between the variables x; and x; in



a corresponding MRF graph G defined by the number of
edges on a shortest path connecting the two nodes.

4.3.1 Partial Modification

The following theorem describes the technical conditions,
under which a corresponding partial modification (of arbi-
trary type) corresponds to the orthogonal projection.

Theorem 1. Consider a pair x,y € D™ of independent MRFs
over identically distributed variables x;,y; with finite fourth
moment E[r}] < oo, variance 0 := Var|z;| and vanishing
covariance

Cov[xﬂmé-] — 0 for dg(z;,xzj) — o0

(16)

for all k,l € {1,2}. Furthermore, let & € [0, 1]™ be a copy
of , which has been partially modified, where g = xg for
some S C {1,..,n}, S :={1,...,n} \ S. The following is
true

lim Py (& —alo< |&—yl) =1, (7)

n

provided the inequality

1S]< 2079 (18)

holds for all n € N.

Given two samples z,y € D and a corrupted copy
& € [0,1]", Theorem [l| describes how the expression
|z — x|2< || — yl||2 approaches a true statement when
the dimensionality of the embedding space n € N goes to
infinity. In particular,  can be identified with the image of
& under the conservative projection f(&) = z. That is,

lim Pay (1@~ f@)2 < 2 - yla) =1 (9)
Therefore, the conservative projection converges stochasti-
cally to the orthogonal projectiorﬂ while the inequality in
(18) controls the maximal size of corrupted regions |S| by
taking into account the distribution of normal examples. On
the other hand, the equation in suggests that (in the
limit) the orthogonal and the conservative projection dis-
agree at most on a subset of the data manifold D, which has
zero probability measure under the training distribution.

4.3.2 Additive Noise

The following theorem describes the technical conditions,
under which the denoising process (for arbitrary noise dis-
tribution) corresponds to the orthogonal projection.

Theorem 2. Consider a pair x,y € D) of independent MRFs
over identically distributed variables x;,y; with finite fourth
moment E[z}] < oo, variance 0? := Var[z;] and vanishing
covariance

Cov[xfmé-] — 0 for dg(z;,z;) — o0

forall k,1 € {1,2}. Furthermore, let & := x + € be another
MREF, where € = (ey,...,€,) is an additive noise vector of
i.i.d. variables with jic := Ele;] and 02 := Varle;]. Then the
following holds true

(20)

limoopw,y (2 —=zll2< 2 -yll2) =1, (21)

n

7. Compare to the definition of orthogonal projection in @

10

provided
o 2 _1
pi+ol< s’

5 (22)

In the special example of the isotropic gaussian noise
e ~ N(0,02 - 1), the condition in (22) is reduced to
o2 < %02. Here, again x can be identified with the image
of the conservative projection, which removes the specific
type of noise from its arguments. The equation in then
implies its convergence to the orthogonal projection.

5 EXPERIMENTS

In our experiments, we used the publicly available MVTec
AD dataset [90]], [100] — a popular benchmark in the man-
ufacturing domain, which provides a substantial data vari-
ation including 5 texture and 10 object categories. During
training we artificially increase the amount of data by
using simple data augmentation like rotation and flipping
depending on the category while using 5% of data as
validation set. For each category we trained a separate
model based on the proposed architectures (Model I and
II). For both models we used the same image resolution of
512 x 512 pixels for texture and 256 x 256 pixels for object
categories and AdamOptimizer [101] with initial learning
rate of 1071 We report the pixel-level and the image-
level AUROC metric to illustrate both segmentation and
recognition performance in Table [2] and 3} respectively. We
compare the results with a number of previous methods like
AnoGAN [6], VAE [9], LSR [3]], including top-ranking algo-
rithms such as RIAD [39], CutPaste [40|], InTra [41], DRAEM
[38], SimpleNet [89], PatchCore [10], MSFlow [102], and
PNI [68]. Our method achieves high performance with both
models, while Model I significantly outperforms Model I on
the cable, capsule and transistor category due to a reduction
in false positive detections supporting our intuition around
the CCM module. To give a sense of visual quality of the
resulting segmentation masks, we show a few examples in

Figure [T1}

6 CONCLUSION

We focused on the important AD use case, where the data
distribution is supported by a lower-dimensional manifold.
On the example of imagery data, we introduced a self-
supervised training framework, which aims at learning a
reconstruction model to repair artificially corrupted inputs
based on a specific form of stochastic occlusions. Altogether,
the resulting training effect regularizes the model to produce
locally consistent reconstructions while replacing irregular-
ities, therefore, acting as a filter that removes anomalous
patterns. We demonstrated the effectiveness of our approach
by achieving new state-of-the-art results on the MVTec
AD dataset — a challenging benchmark for visual anomaly
detection in the manufacturing domain.

Additionally, we preformed a theoretical analysis of the
proposed method providing a few interesting insights. As
our main result, we showed that when the dimensionality
of the inputs goes to infinity, a corresponding model con-
verges stochastically to the orthogonal projection of partially
corrupted inputs onto the submanifold of uncorrupted ex-
amples. In the case where the covariance between the input



Fig. 11. lllustration of our anomaly segmentation results as an overlay of the original image and the anomaly heatmap. Each row shows four random
examples from a category (carpet, grid, leather, cable and transistor) in the MVTec AD dataset.




TABLE 2
Experimental results for anomaly segmentation measured with pixel-level AUROC on the MVTec AD dataset.

12

Category AnoGAN VAE LSR RIAD CutPaste InTra DRAEM  SimpleNet PatchCore MSFlow PNI  Modell Model II
carpet 54 78 94 96.3 98.3 99.2 95.5 98.2 98.7 99.4 99.4 99.7 99.8
grid 58 73 99 98.8 97.5 98.8 99.7 98.8 98.8 99.4 99.2 99.7 99.8
leather 64 95 99 99.4 99.5 99.5 98.6 99.2 99.3 99.7 99.6 99.7 99.7
tile 50 80 88 89.1 90.5 94.4 99.2 97.0 96.3 98.2 98.4 99.2 99.2
wood 62 77 87 85.8 95.5 88.7 96.4 94.5 95.2 97.1 97.0 98.4 98.4
avg. tex. 57.6 80.6 934 93.9 96.3 96.1 97.9 97.5 97.7 98.8 98.7 99.3 99.4
bottle 86 87 95 98.4 97.6 97.1 99.1 98.0 98.6 99.0 98.9 98.6 98.9
cable 86 87 95 94.2 90.0 91.0 94.7 97.6 98.7 98.5 99.1 98.2 98.5
capsule 84 74 93 92.8 97.4 97.7 94.3 98.9 99.1 99.1 99.3 99.1 99.1
hazelnut 87 98 95 96.1 97.3 98.3 99.7 97.9 98.8 98.7 99.4 98.9 99.1
metal nut 76 94 91 92.5 93.1 93.3 99.5 98.8 99.0 99.3 99.3 98.5 98.5
pill 87 83 91 95.7 95.7 98.3 97.6 98.6 98.6 98.8 99.0 99.3 99.3
screw 80 97 96 98.8 96.7 99.5 97.6 99.3 99.5 99.1 99.6 99.7 99.7
toothbrush 90 94 97 98.9 98.1 98.9 98.1 98.5 98.9 98.5 99.1 99.1 99.4
transistor 80 93 91 87.7 93.0 96.1 90.9 97.6 97.1 98.3 98.0 98.6 98.9
zipper 78 78 98 97.8 99.3 99.2 98.8 98.9 99.0 99.2 99.4 99.5 99.6
avg. obj. 83.4 885 946 95.3 95.8 96.9 97.0 98.4 98.7 98.8 99.1 99.0 99.1
avg. all 74.8 859 942 94.8 96.0 96.7 97.3 98.1 98.4 98.8 99.0 99.1 99.2
TABLE 3
Experimental results for anomaly recognition measured with image-level AUROC on the MVTec AD dataset.
Category AnoGAN VAE LSR RIAD CutPaste InTra DRAEM  SimpleNet PatchCore = MSFlow PNI ~ Modell  Model II
carpet 49 78 71 84.2 93.1 98.8 97.0 99.7 98.2 100 100 100 100
grid 51 73 91 99.6 99.9 100 99.9 99.7 98.3 99.8 98.4 100 100
leather 52 95 96 100 100 100 100 100 100 100 100 100 100
tile 51 80 95 93.4 93.4 98.2 99.6 99.8 98.9 100 100 100 100
wood 68 77 96 93.0 98.6 97.5 99.1 100 99.9 100 99.6 100 100
avg. textures 54.2 80.6  89.8 94.0 97.0 98.9 99.1 99.8 99.0 99.9 99.6 100 100
bottle 69 87 99 99.9 98.3 100 99.2 100 100 100 100 100 100
cable 53 90 72 81.9 80.6 70.3 91.8 99.9 99.7 99.5 99.8 98.0 99.9
capsule 58 74 68 88.4 96.2 86.5 98.5 97.7 98.1 99.2 99.7 98.2 98.8
hazelnut 50 98 94 83.3 97.3 95.7 100 100 100 100 100 100 100
metal nut 50 94 83 88.5 99.3 96.9 98.7 100 100 100 100 100 100
pill 62 83 68 83.8 924 90.2 98.9 99.0 97.1 99.6 96.9 99.5 99.6
screw 35 97 80 84.5 86.3 95.7 93.9 98.2 99.0 97.8 99.5 98.9 98.9
toothbrush 57 94 92 100 98.3 100 100 99.7 98.9 100 99.7 100 100
transistor 67 93 73 90.9 95.5 95.8 93.1 100 99.7 100 100 98.8 100
zipper 59 78 97 98.1 99.4 99.4 100 99.9 99.7 100 99.9 100 100
avg. objects 56.0 888 826 89.9 94.4 93.1 97.4 99.5 99.2 99.6 99.5 99.3 99.7
avg. all 55.4 86.1  85.0 91.3 95.2 95.0 98.0 99.6 99.2 99.7 99.6 99.6 99.8

variables rapidly goes to zero with increasing distance, the
orthogonal projection maps its input in a way largely pre-
serving the original content supporting our intuition around
the filtering behavior of the model. Therefore, we can jointly
perform detection and localization of corrupted regions by
means of the pixel-wise reconstruction error.

Furthermore, we deepen the understanding of the rela-
tionship between the regularized autoencoders. Specifically,
we showed that the orthogonal projection provides an op-
timal solution for the RCAE, which has been shown to be
equivalent to the DAE for small variance of the corruption
noise. Our results extend the equivalence to more com-
plex input modifications beyond the i.i.d. pixel corruptions,
which are not limited by the assumption of small variance.
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APPENDIX
1 AUXILIARY STATEMENTS

In order to prove the formal statements in the main body of the paper, we first introduce a set of auxiliary statements
including Theorem [3|and Corollary [I} which themselves provide an additional contribution. For convenience, we extend
our notation as follows. Given a vector € R", a set of indices S C {1,...,n} and its complement S := {1,...,n} \ S, we
interpret the restriction 5 in two different ways depending on the context either as an element s € Rl or as an element
s € R™ where the indices in S are set to zeros, that is, & 5g=0c¢ RIS, and vice versa. Given such notation, we can write
r=xs+xg3.

Lemma 1. Consider anx € R", n € Nand S C {1,...,n}, S :={1,...,n} \ S. The following holds true for all p € N :

s + z55= l2slpElzs]- (23)

1,
5P

The proof follows directly by writing out: ||zs + x5|b= (Zies(mi 0P £350+ xj)p) = |lzs||b+zsll?

Lemma 2. For all ,z,y € R",n € N with 5 = xg for some non-empty sets S C {1,...,n}, S := {1,..,n}\ S, the
following holds true for all p € N :

& = zlp< |2 -yl ll&s - zslp=l2s —yslp< llzs —ysllp (24)
Proof:
& —z[,< |2 - yl, = |2 - zlj< [I& -yl

= [[(@s —zs) + (25 —z3) < (@5 —ys) + (@5 —ys)l}

C) s . .

llzs —zslp< llEs —yslp+llEs —yslp

= l2s —zslp—lzs —yslp< l£5 — ysll
where in step (x) we used Lemma [l]and our assumption our assumption g = 3.

O

2 WEAK LAwW OoF LARGE NUMBERS FOR MRFs.

Here we derive a version of the weak law of large numbers adjusted to our case of MRFs with identically distributed but
non-independent variables.

Theorem 3 (Weak Law of Large Numbers for MRFs). Let ({x1,...,2,})nen be a sequence of MRFs over identically
distributed variables x; with finite variance Var|z;] < co and vanishing covariance

Coviz;,z;] — 0 for dg(z;, z;) — oo. (25)
Then the following is true:

1 n
— g zi E[zy] for n — oo. (26)
n

i=1

Proof: First we reorganize the individual terms in the definition of variance as follows:

o ffoe] <o ( - [54])

i=1
= i Y Covlz;, z;]
i=1j=1
= ZVar[xi] —1—22 Z Cov|z;, z;].
i=1 i=1 j=i+1

Let e > 0. Since Cov|xz;,z;] — 0 for dg(z;, ;) — o0, thereis an L € N such that for all 4, j satisfying d¢ (z;, z;) > L
we get |Cov[z;, z;]| < e. Later we will consider n — oo. Therefore, we can assume n > L and split the inner sum of



2

the covariance term in the last equation in two sums as follows. Here, we abbreviate the index set {j € N:i +1 < j <
n,dg(z;, ;) < Lyand {j € N:i +1 < j < n,dg(xi,z;) > L} by da(zs, x;) < L and dg(z;, ;) > L, respectively. That is,

n n n
Z Z Covlz;,z;] = Z Z Covlz;, z;] + Z Coviz;,z;] | <n-L-0*+n?-¢
i=1j=i+1 i=1 j:dg(zi,rj)gLT j:dc(zi,m_f)>LT

where in the last step we used, on the one hand, the Cauchy-Schwarz inequality |Cov|z;, z;]|< /Var[z;] - Var[z,] =
Var[z;] =: 0%, and on the other hand, an upper bound L on the cardinality of the running index set in the second sum.
Altogether, we get the following estimation:

1 ~ o? 2.L-0?
ﬁVar [ZL} <;+7+2-e.

n
Since the first two terms on the right hand side converge to zero (for n — 00) and ¢ is chosen arbitrarily small, this

implies:
hm —Var [Z xl] =0. (27)

=1

Finally, for all € > 0:

S

1 n
P(
n1:1

(9 1 1 & 1 =
where in step (%) we used the Chebyshev’s inequality. The convergence

1 n
lim P ( —
n — 0o n
=1

o

> e> =0 (28)

follows from equation (27).
d

3 COROLLARY OF THEOREM[3]
Applying Theorem [3|to our discussion in the paper we get the following useful corollary.
Corollary 1. Consider a pair «,y of independent MRFs over identically distributed variables x;,y; with finite fourth

moment E[z?] < oo and vanishing covariance according to
Cov[xf,xé} — 0 for dg(zi,x;) — o0 (29)

for all k,1 € {1,2}. The following statements are true:

(a) EH:BSH% £, u’+o? for |S| — oo, (30)
1
®) rglles sl = 207 for |S] — oo, (31)
1
() —xzlyg B2 for |S| — oo, (32)
S|
2
P M
(d) cosolxs, ys] — 2102 for |S| — oo, (33)

where i := E[z;], 0% := Var[z;], ¢[xs, yg] is the angle between the two vectors and S C N denotes a subset of the
variable indices.

Proof: First we prove the statement (a) in By setting z; := :c we get:
El[z] = E[xl] = Var[z;] + E[le] =02 4 u?. (34)

On the other hand, we get:

€S

Since we assumed E[z}] < oo, it holds

Var(z;] = Var[2z?] = E[z}] — E[z7]? = E[2]] — (6% + 11*)? < 0.



Furthermore, due to our assumption in (29):

Covz;, zj] = Cov[w%,x?] — 0 for dg(z;,x;) — oo.

That is, the variables z; satisfy all the requirements in Theorem 3| Applying this theorem directly to the above derivations
proves the claim in (30).
Now we prove the statement (b) in . For this purpose we set z; := (z; — ;). It holds:

El[] = El(e, — 41)°] = E[¢?] - 2E[e191] + Ely?] = 2 (Ba?] — Bla,]?) = 2Var[r,] = 20
On the other hand we get:

1 2_

ZGS €S

Things remaining to be shown are that the corresponding variance is finite and that the covariance vanishes. It holds:

- yi)2(z.7 - 91)2]

(@
= E[(e] — 2ziy; + ;] )(12 —22;y; + y2)]
= E['rf ? — 2g2 Txiy; + z2 yj — 2z, yl"c +4ziyir;y; — 22iYiy; +yl27"? — 2y12xjy] +yl2y]2]
= E[wf f] — 2E[$ xzjy;] + E[w yJ] — 2E[wbybw ]+ 4E[z;yiz y;5] — 2E[mbybyj] + E[yl IJ] — 2E[y1 Tiy;] + E[y yl]
= E[e}a]] - 2E[}2;]E[y;] + E[2|E[y]] — 2E[w:a}]Ely:] + 4E[z:2;]E[y;y;] — 2E[z:]Elysy;] + Ely;|E[2]] — 2E[e;]E[y] y;] + Ely; v;]
= 2E[z}27] — 8E[2}x;]E[r;] + 2E[.’1:?]E[.1,J] + 4E[z;2,]°.

On the other hand:

E[(z: — v:)*1E[(z; — y;)°]
= E[(z} — 2z,u: + v))E[(2f — 2,5 + )]
= (E[2}) - 2E[z;y:] + E[y]])(E[z]] — 2E[z;y;] + E[y])
= E[+]]E[e}] — 2E[2]]E[z;y;] + E[s]]E[y]] — 2E[z:y:|E[s]] + 4E[2;y:]Elx;y;] — 2E[zy:]Ely}] + Ely]E[27)
— 2E[y]]E[z;y;] + E[y;]E[y]]
= E[2}|E[2}] — 2E[«]]E[x;]Ely;] + E[2]|E[y]] — 2E[x,]E[y;]E[]] + 4E[2;]E[y:E[2;]E[y;] — 2E[2;]E[y:]E[y]] + E[y]E[«]]
- 2E[y}|E[z;]E[y;] + E[y;]E[y]]
= El?E[e’] - 2E[?|E[,]* + Ele?|E[e’] — 2E[2;]°Elo?] + 4E[z,]°Elz,]* - 2E[z,*E[z?] + Bl |E[e?] — 2E[?|E[z,]* + El2?|E[z’]
= 4E[2]|E[z}] — 8E[z]|E[z;]® + 4E[z;]*B[z;]*.

Based on the above derivations we now analyze the covariance term
Covlzi, ] = E[(zi — yi)*(x; — y;)*] — El(zi — 4:)*|E[(z; — y;)°]
in the limit d(2;, zj) —> 0. Because of our assumption in (29), the terms E[z?

E[z7]|E[23], E[2}]E[z;] and E[z,]E[x;], respectively. It follows:

w723), E[z}x;] and E[z;z;] converge against

im  EB[(z; —y:)*(z; —y;)°] = lim  (2B[z}a]] - 8E[z]x;]E[z;] + 2E[27]E[2]] + 4E[z;2;]?)

dg(2i,25) = o0 da(zi,25) = o0
= 2E[27]E[z}] — 8E[27|E[x;|E[z;] + 2E[z}]E[z]] + 4E[z|*E[z;]*
= 4E[27]E[z3] - 8E[27]E[1;]* + 4E[z;]*Elz;]”
= E[(z: — y:)"JEl(x; - y)°]-
Therefore, Cov|z;, z;] — 0 for dg(z;,2;) — ooc. Finally, by writing out

Var(z] = E[2]] — E[z;]* = E[(z; — )] — E[(z; — 1:)°]?

and using the independence assumption of x; and y;, we can see that all monomials has the degree at most 4. Due to
our assumption of finite fourth moment, this implies Var|z;] < co. Altogether, the variables z; satisfy the requirements in
Theorem [3| Applying this theorem directly to the above derivations proves the claim in (31).

The statement (¢) in (32) can be proven in a similar way. Alternatively, we can use the statements in (a) and (b) and
apply the limit algebra of convergence in probability

1 2 2 2 T 1 2
_— i _—
—_———— ——— ——

L, o952 L, p2+o2 N n2+4o2

which implies ﬁwgys L w2



Similarly, we prove the statement (d) in as follows:

cos p[Ts, Yg] - HmSH lysll= wgys

1
> cosP[Ts,Ys] - ——= stll 7”?!5” S TSYs
VIS 5] |5
LN \/m LN v pu2+o? £ w2
2
. s H
= cosPlrs,yg] — Z o7 for |S| —
O
4 PROOF OF THEOREM[]]
Proof: Consider the case:
s —ysli5 < |&s — zsl3—|l&s — ysl5 < &5 — zs[3< |S], (37)

where the last inequality holds due to #;,y; € [0, 1]. This implies:

(@) llos = vsl < o5 - @s|P—los — ysl*} € {(@.v): s —ysl*< 151} @)
Consider now the following derivation:
1 Bl
lzs —ys|® < 1Sle= = lzs —ysll” < {5
|51 B

1
= @ng —ysl* < 207

>0,

1
= |gillzs —ysl® —20
’IS
where in the second step we used |S| < 202|S|. Therefore, it follows from :
{(z.y):llzs — ysl® < |2s — zsll*~&s — ys/*}

> 0}

1
C {(x.y): \muws ~ys|? —20?

1
>t

> 1) U (@) o > g les — sl 207

k>2

1 2
= L= g — Q 72
(o) | o — vl —20°

Using the above derivations we now upper bound the probability of the corresponding events, where P = P, ,, denotes a

joint probability distribution over (x, y):
P (lzs —ysl* < ll&s — zs|*~|2zs — ys?) (U{ ’|S |lzs — ys||> —202%| > })

() 1
]

where in step (*) we used the fact that all the sets in the union are disjoint. Note that we use a short notation | J, and
> which runs over all previously defined terms (including k£ = 1). Next we consider the above derivations in the limit
n —s oo for S C {1,...,n}, S :={1,....,n} \ S with a fixed ratio |S|/|S| < 202. It holds:

1

“ %

lim P (les — sl < |&s — s[>~ |&s — ys|*) < lim ZP ( ‘ 3 lzs —ysl® —20°

<1
) . 1 T S
I tim P (> gyl —wsl 20
. 1 > g2 o ]
<) lim P gyles —wsl =27 > ¢
k

=0
where in step (*) we can swap the limit and the sum signs because the series converges for all n € N. The last step follows
from Corollary

:0’



To summarize, we’ve just shown:
lim Poy (s — zs|’~[lEs — yslP< lzg —ysl®) = 1. 39)
According to Lemma [2]it holds:
lzs — zs[l3—l12s — ysl3< lzs —yslie= & — zll2< |12 -yl (40)
Therefore,

im Py (|~ o< &~ yl) = lim Py (s — @sl3-[&s — ysl3< s — vsl3) = 1

Note that « in the above derivation can be identified with the image of & under the conservative projection. In order to
prove the following equality (where f := fcon)

lim Poy (& — f(@)]< &~ yll2) = 1.
it suffices to show that for all pairs (x,y) € D x D the following implication holds true
Iz —z[2< [[& =~ yl= |2 — f@)]2< |& — yl2- (41)
Namely, it holds:
. . . . . iz s . X .
1z — f@)I1*= |lzs — fs@)| + |25 — [s@)I” <ll&s — 2s|*+ |25 — 25]° = [|& - |*< & — 9],
—————

<lles—zsl? =0 =0

where in step (x) we used our Definition [3|of the conservative projection.

U
5 PROOF OF THEOREM 2]
Lemma 3. Let x,y, &,e € R", where & := x + €. Then the following holds true:

1 ) R
lel< sllz - yl= |z - zl< |z -yl (42)

Proof: It holds: A )
12 —zll< |2 -yl |z +e—z|< [z +e—yllelel< [ —y) +e
—_————

>llz—yll—e|
< llell< llz = yll=lell

1
& llell< 5lle — vl
|

We now prove Theorem [2| First we show:

. 1
Jim P (Jel< glle vl ) =1 ®3)
It holds:
lelP< Sz - y)?
4
o (Lelr-2 o)) <2 (Le—y2-202) + (Lo? - (u2 4 02)
n (> £ 4 n 2 (>4 >
=:X =Y =:C
It follows:
{X>Y +C}
C{X>Y}

={X>Y,X20Y20U{X>Y,X>0Y<0}U{X>Y,X<0,Y <0}
U{X>Y,X<0,Y >0}
={|X|>Y,X20,Y>20U{|X|>0,X>0,Y <0}U{|X|<|Y],X <0,Y <0}
={X|>Y,X>0Y>0U{|X]>0,X >0,Y <0}U{X =0,|Y|> 0}
U {|XI<|Y],X <0,Y <0}
CHIX> YT U{IX[> 0} U{Y]> 0} U{[X|< [Y]}.



That is,
P(X >Y +C) <P{|X|> [Y]}) + P{|X[> 0}) + P({|Y[> 0}) + P({|X|< [Y]}).

We can represent {|X|> |Y'|} and {|X|> 0} as a union of disjoint sets according to
1 1 1
= > s z -
{X]> Y|} <k|>1{k+ 121|Y|> k| X|>k+ 1}) U (k>2{k — Z Y |> o | X|> - 1})

and

{IX]> 0} = (U{k+1> X|> k}) U (U{kll > |X|> }9) _

k>1 k=2

(44)

We get similar representation for {| X|< |Y'|} and {|Y'|> 0}. Now we consider the above derivations in the limit n — oo.

We look at the individual terms on the right-hand side of the equation in separately.
lim P({|X[> [Y]})

. 1 1 1
= lim P([ (J{k+12Y[>k|X[>k+1} | U U{m>|Y|>E,|X|> )
"o k>1 k>2
(*) . 1 1 1
e > > - -
nlgnooZP(k—&—l/|Y\> k,|X|>k+1)+ZP<k71 >Y]> =, | X]> kq)
k>1 k=2
<1 <1
(+) . . 1 1 1
= lim P (k+ 1> |Y[>k |X[>k+1) +> lim P (ﬁ > Y[> 4 1X]> m)
k>1 k>2
<> lim P(X[>k+1)+ > lim P(\Y|> %)
k21n~>oo k>2n~>oo
= " tim P(|S P2 +o2)| > k+ 1)+ Y tim Pz -yl 20| > )
n' — oo n n — oo n k
k>2 k>2
=0 =0
=0,

where in step (%) we use the fact that all the sets are disjoint. In step (+) we swap the limit and the sum signs because
the two sums are finite for all n € N. In the last step we use the weak law of big numbers and ints variant for dependent

variables with vanishing covariance. Similarly, we get
lim P(|X|< [Y]) = lim P(|X|>0)= lim P(|Y|>0)=0.
n — oo n — 00 n — 00
Therefore,
1
lim P(||e|\< f||a:—y||) = lim P(X<Y+C)=1- lim P(X>Y +C)=1.
n — oo 2 n — 0o n — 0o
Applying Lemma [3| to the above equation completes the proof:

lim P ([|& -z <[z -y) =1

n — o

6 PROOF oF PRoOPOSITION[T]

In order to prove Proposition[I]in the main body of the paper, we first introduce a set of auxiliary statements.

Lemma 4. Let f:R™ DU — R", n € R be idempotent. Then the equality
flz) =z
holds for all x € f(U).
Proof: For any « € f(U) there is z € U with f(z) = x. It follows:
fR) =2 = [(f(z)=f®) = [(z)=flz) = z=[(z)
where in the penultimate step we used the idempotency assumption and in the last step z = f(2).

O

(45)

(46)

(47)

(48)

Lemma 5. Let D C R™,n € N be a differentiable manifold and f, g:R™ — R"™ differentiable mappings such that f(x) = g(x) for

all © € D. Then the equality
Dmf(v) = ng(’U)

(49)



holds true for all x € D, v € T, D.

Proof: Letx € D and v € T, D\ {0}. Since D is a differentiable manifold there exists a parametrization ¢: U4 — R™, z € U
such that f o ¢=!, g o ¢~ are differentiable. Because D¢~ !(R™) = T, D for ¢ = ¢(x) holds, there exists w € R™ such
that Dg¢p~! (w) = v. It follows:

f(x) =g(x) forallxze D

foop ™ q)=goo'(q) forallqc p(ld)

qu © ¢_1 = Dqg o (b_l

D¢—1(q)f o quﬁfl = D(b—l(q)g o} Dq¢71

DyfoDgdp ' (w) = DggoDg¢p ' (w) forallw € R™

Dy f(v) = Dzg(v).

N

O

Lemma 6. Let D C R"™ be a differentiable manifold. Consider an orthogonal projection f and another projection g onto D. The
following holds true for all x € D:

Proof: Let * € D be fixed. Because R" = T, D & (T, D)+, each v € R™ can be represented as a sum of two vectors
v = u + w, where u € T, D, w € (T,;D)*. In particular, it holds u " w = 0. It follows:

D D D D
1Dafll> = sup [Daf(v)ll2 sup [ D f (u+ w)ll2 () sup 1Deg(w)llz = [ Dacg(u)l|2
w0 |[v]]2 wtwz0 U+ w2 utw0 [|[u+ w2 utw£0,u0 ||U+ wl2
(%) D_glu D,g(u
p sup [Dag(w)ll2 _ sup [Dag(w)ll2 _ 1Daglla,
wtwA0uz0  |ull2 uzo  |lull2

where in step () we used the orthogonality of f, according to which D, f(w) = 0 for all w € (T;D)*, and Dy f(u) =
Dgg(u) for all w € T,D (according to Lemma [5). In step (+*), we used the fact that the supremum of a corresponding
term is achieved for u # 0, since || Dzg(0)||2= 0 and we can always find a u # 0 with || Dzg(u)||2, ||u + w||2> 0. In step
(* * ¥) we used the following argument: u ' w = 0 = ||u + w2 > ||ul|2.

O
Corollary 2. Let D be a differentiable manifold. Consider an orthogonal projection f and another projection g onto D. The following
holds true for all © € D:
1Dz fllr < | Dagllp- (51)

Proof: The proof follows directly from Lemma [f} Namely, based in the geometric interpretation, the singular values of a
matrix A correspond to the length of the major axis of the ellipsoid E4, which is given by the image of the euclidian unit-
ball under the linear transformation A. If the inequality || Az||< ||Bx|| holds for all «, this implies that E4 is completely
contained within Eg. Let us denote by Ay, ..., A, and 1, ..., i, 7 < k the positive singular values (in descending order) of
A and B, respectively. Then this implies A\; < y; for all ¢ € {1,...,7}. In particular, it follows:

A= /A2 + .22 < \Jid + 2 = || Bl

In particular, since D, f(v) = Dgg(v) for all v € T, D, the singular vectors lying in T, D (and the corresponding singular
values) will be the same for both matrices.

O

Now we can prove the statement in Proposition Note that any idempotent mapping f € C'*(U) satisfies || f(z) — x||=
and (according to Lemmaand Corollary |Dzf*|l2 < | Dafll2 and || Dy f*||F < || Do f]| < forallz € D and f € CH(U).
Since f* minimizes both terms of the sum in (T1), it is an optimal solution.

7 PROOF OF PROPOSITION 2]

Consider the plot in Figure [J] illustrating the unit circles with respect to [P-norm for p € {1,2, 00} centered around the
point & € R%. Now choose some p and increase the radius of the unit circle around & until it touches the set D, which here
represents the submanifold of normal examples. Note that the touching points y;, correspond to orthogonal projections of
onto D with respect to the [P-norm. For p = 1 there are two possible cases for the position of touching points independently
of the shape of D. In the first case, the [!-unit circle touches D at one of its corners. Without loss of generality assume
that this corner is the point (r,0) for some r > 0. This implies that &1 # y} and &2 = y3, that is, S; = {1}. However,
since all norms are equal at the corners of 1-circle, it also holds 1 € Sy for p > 2. On the other hand, if the touching point
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Fig. 12. lllustration of a counterexample for the claim that orthogonal projections maximally preserve normal regions in the inputs. Here, & € Z° is
the modified version of the original input « € D according to the partition S, S and f(&) denotes the orthogonal projection of & onto D with respect
to the l2-norm. This example also shows that orthogonality property is dependent on our choice of the distance metric.

_________

Fig. 13. lllustration of the concept of a transition set on two examples with different shapes. Each of the two images represent an MRF = =
(z1,...,2zn), n € N of the Markov order K € N with nodes corresponding to the individual pixels with values from a finite set of states z; € I,
|[I|< oo. The grey area marks the corrupted region S C {1,...,n}, where the union of the dark blue and light blue areas is the complement
S := {1,...,n} \ S marking the normal region. The dark blue part of S corresponds to the transition set B C S. W < |I|¥ denotes (loosely
speaking) the width at the thickest part of the tube B around S.

lies on a side (or on an edge in the higher-dimensional case) of the I1-circle, it implies S; = {1, 2}. Obviously, we also get
Ss = {1,2}. Consider now an orthogonal projection of D onto R? spanned by a pair of axes . Note that each [P-circle
for 2 < p < oo at such a touching point has a non-zero curvature towards the interior of the circle. See Figure [J] for an
illustration. This implies that the touching point with respect to the [P-norm must lie within the rectangular triangle shaped
by the touching points y7, y%,, and the lines through these points parallel to the two axes. In particular, for all p < q the
touching point y; lies in a smaller triangle shaped by the points y;, y7, and the lines through these points parallel to
the coordinated axes. For the plot in Figure E} this means that y; will lie on a red curve between the points y; and y%,
implying S, = {1, 2}. Since this argument is independent of our choice of the axes, it proves the statement (a).

In order to prove the statement in (b), we provide a counterexample for the equality. Consider an example of a Markov
chain describing a simple random walk on the one-dimensional grid of integers illustrated in Figure Precisely, we
consider a sequence of i.i.d variables (§;);en with values in {—1,1} and define a Markov chain (z,)nen according to
T, = Y & with zg := 0. Finally, we define the set of normal examples D C {(Zp41, ..., Znt5) € Z° | n € N} as the
set of all feasible configurations for subsequences of length 5. We can see that there is a mismatch between S(&, ) and
S(&, f(&)). This provides a counterexample for the claim that orthogonal projection maximally preserves uncorrupted
regions.

8 PROOF OF PROPOSITION[3]

In the following, we naturally generalize some properties of Markov chains to the two-dimensional case of MRFs, where
the nodes are organized in a grid-like structure similarly to the Ising model. Here, we omit a formal definition and provide
only an intuition, which is sufficient for our purposes. Informally, we introduce the notion of the order of an MRF by
relating the definition for Markov chains to the width of the corresponding Markov blanket. Furthermore, we generalize
the notion of irreducible Markov chains to irreducible MRFs by assuming that each state is reachable from any other
state on the chain-subgraphs of the MRF, where each node z; on the chain has a higher distance (with respect to the
topology of the MRF graph G) to the start node z; than all of the previous nodes x; according to the metric dg(,-).
That is, i < j = dg(x;,21) < dg(zj,x1). Note that the notion of a state at position ¢ on the path now also involves
the values of the variables in the neighborhood (corresponding to the Markov blanket) of x; in the MRFE. Essentially,
this property is covered by our assumption on the variables to be identically distributed with vanishing covariance.
Based on this informal extension we introduce an auxiliary concept we refer to as the transition set. Consider first a
Markov chain of the order K € N with a finite set of possible states z; € I,|I|< oo. Then the maximal number of
steps required to reach a state j € I from a state i € I is upper-bounded by |I|¥, that is, by a constant independent
of the graph size of the MRF. Namely, when traveling from one node to another we see at most |I|% combinations of
states (Zp_K, .., Tn_1, Tn) With P(zy|Tp_K, ..., zn—1) > 0, which locally affect our path. The shortest path would have
no redundant configurations (z,,_k, ..., n—1). Therefore, given two patterns (Zm11, ...; Tmir—1) and (Tmtr s Tmgn),
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we can always find (for sufficiently large numbers 7,n € N) a sequence B = (T ir—p, s Tmir—1), b < |I| such
that P(Zpm41s -oos Tmtbr—bt1, Tmtr—bs - Tmtr—1, Lmtrs s Tmtn) > 0. This example can be generalized to the MRF by
considering transitions between the individual nodes, which respect the values of the surrounding variables in their
neighborhoods (or Markov blankets). Basically, this corresponds to considering Markov chains with an increased set of
states upper-bounded by |I|% *. We refer to the set of pixels B as a transition set. See Figureﬂ for an illustration.

Now we can prove the statement of Proposition B In the following, we use the notation y* := F(&). Consider now
y = (y5 ,yp, w—sf\ B)T for some feasible y 5. Provided min{|S|, |S|} is sufficiently greater than K, we can always find a
feasible transition set B such that y € B. It follows:

A n m A A A n A
12 =y [lp< 12 = yll, <= ll&s — yslp+lEs —yslp< |1Zs — yslp+lze —yslpt+ 1255 — 25\5l5
| ——
=0
= |25 —yslp<ll&s —yplp< B

— [les — Fs(@)[p< |Bl,

where in the penultimate step we used z;,y; € [0, 1].

Now we show |B|e O(4/]S|). Without loss of generality, we assume that S and B have a square-shape with equal-
length sides as illustrated in the right part of Figure That is, each side of the grey square has the length /|S|. The
area of the region corresponding to B is then given by [B|= 4./|S|W + 4W?, where W is a graph independent constant.
Furthermore, by putting the last equation in the inequality | B|< |S| and solving the resulting quadratic equation, we get a
criterion min{| S|, |S|} > (2 + v/8)?W?2, which guarantees the existence of a feasible transition set B.

9 VISUALIZATION OF QUALITATIVE IMPROVEMENT IN RECONSTRUCTION WHEN USING MoODEL Il OVER |

As outlined in the main body of the paper, in order to achieve high detection and localization performance based on
the reconstruction error, the model must replace corrupted regions in the input images with a different content. At the
same time, it is important to reproduce uncorrupted regions as accurate as possible to reduce the chance of false positive
detections. In this sense, the overall reconstruction quality of the original content during training correlates strongly with
the ability of the corresponding model to detect anomalous samples. We compared the reconstruction performance of
two model architecture, which we refer to as Model I and Model II in the paper. During our empirical evaluation we
observed that using Model I, while on average achieving good reconstruction, can sometimes result in higher number of
false positive detections than Model II. For example, it struggles to reproduce the normal regions, which are characterized
by frequent change of the gradient along the neighboring pixel values, on two object categories “cable” and ”transistor”
from the MVTec AD dataset. In contrast, Model II accurately reconstructs these regions resulting in a significant reduction
of false positive detections. See Figure 14| for further examples. Similarly, we observed an improvement in reconstruction
quality for texture categories, The corresponding heatmaps, however, show similar quality. We provide a few examples in

Figure 5]
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input image reconstruction |l reconstruction | anomaly heatmap I anomaly heatmap |

Fig. 14. lllustration of the qualitative improvement when using Model Il over |. We show six examples: three from the category "cable” and three
from the category "transistor” of the MV Tec AD dataset. The images in each row represent the original image, the reconstruction produced by Model
11, the reconstruction produced by Model I, the anomaly heatmap by Model Il and the anomaly heatmap by Model I, respectively. Note the dramatic
improvement in the quality of heatmaps.
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input image reconstruction Il

Fig. 15. lllustration of the qualitative improvement of the reconstruction when using Model Il over | on texture categories of the MVTec AD dataset.
We show five examples: one from each category "carpet”, “grid”, "leather”, "tile” and "wood”. The images in each row represent the original image,
the reconstruction produced by Model Il, the reconstruction produced by Model |, the anomaly heatmap by Model Il and the anomaly heatmap by
Model |, respectively. Despite the reconstruction improvement, the resulting heatmaps show similar quality.
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