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Abstract
Inmulti-viewmulti-label learning, each sample is characterized bymultiple views and simul-
taneously labeled with multiple semantic labels. Previous approaches typically combined
information from various views to obtain a shared subspace, assuming each view has a shared
set of labels. However, these methods ignore the diversity of multiple views, and each view
can only capture a fraction of the complete label space. Moreover, the current approaches in
this field often rely on either global label structures or local smoothness for learning label
correlations, disregarding scenarios where both global and local correlations are crucial. To
tackle these issues, we present a new method to improve multi-label classification through
Multi-view Fusion and View-specific-labels Learning (MFVL). More concretely, we first get
the shared subspace to capture shared information across the various views. Next, we com-
bine it with the original multi-view dataset to construct a newmulti-view dataset. To enhance
multi-label classification performance, we learn view-specific labels and simultaneously con-
sider global and local label correlations. Finally, our model is extended to nonlinear version
to effectively handle linearly inseparable problem. In numerous experiments conducted on
nine multi-view multi-label datasets, the proposed method achieves superior performance
compared to state-of-the-art algorithms.

Keywords Multi-label classification · View-specific-labels learning · Multi-view fusion ·
Label correlation

1 Introduction

With the arrival of the information age, a huge amount of data is generated every day. These
data are not only obtained from diverse perspectives but can also be represented in multiple
forms. For instance, a news report may be presented in the form of text, images, and videos.
Similarly, an image can be described using some feature types like GIST, RGB, SIFT, and
HSV. This type of data is called multi-view data. In contrast to single-view data, multi-view
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data has richer feature information and can solve different data problems more effectively.
Recently, multi-view learning [1–3] has gained significant attention in research and is now
widely utilized in tasks such as classification [4] and clustering [5].

Furthermore, a sample is no longer restricted to a single semantic label, but can be anno-
tated with multiple labels. For instance, a movie can be simultaneously tagged as horror,
suspense, and drama, while a landscape photo can be labeled with different categories like
sky, snow-capped mountains, and forests [6]. Compared to traditional single-label learning,
multi-label learning provides a more accurate representation of the multiple semantic infor-
mation contained in an object. Over the past few decades, research on multi-label learning
has quickly gained extensive attention. Some mature methods [7–9] have been presented and
widely used in various fields like image annotation [10], protein categorization [11], gene
annotation [12], and text classification [13].

As an integration of the two types of learning, multi-view multi-label learning presents a
more effective solution to tackle the intricacies of real-world data classification problems. In
this learning paradigm, each target has several views and is assigned several labels. Currently,
there are three key difficulties in this field:

1. Multi-view learning involves consistency and complementarity. Consistencymeans learn-
ing consistent information from multiple views, while complementarity indicates the
diverse information learned from different views. To addressmulti-viewmulti-label learn-
ing problem, it is important to exploit the consistency and complementarity of multi-view
data comprehensively.

2. In Multi-label Learning, different semantic labels are interrelated and exhibit strong
correlations. Therefore, exploiting label correlation can effectively improve multi-label
classification.

3. Most real-world data is not linearly separable. To ensure the robustness of the proposed
approach, it is essential to handle nonlinear data more effectively.

To address the first challenge, current methods can be roughly classified into two cate-
gories. The first category utilizes matrix factorization techniques to extract shared subspace
information from multi-view data. Subsequently, discriminative prediction classifiers are
trained by considering the varying contributions of different views to the labels [14–18]. Nev-
ertheless, this approach primarily emphasizes extracting shared information from multiple
views while disregarding their individual discrepancies. In addition, while subspace learning
techniques for multi-view multi-label approaches can effectively handle high-dimensional
problems, they ignore the inherent architectural information in the original feature space. The
second category involves training separate classifier for each view and assigning them dif-
ferent contribution weights, followed by integrating them into a unified prediction classifier
[19–21]. Nonetheless, this method does not take into account consistency across multiple
views. As for the second challenge, exploiting label correlation has been proven to be an
effective approach [22–27]. Considering kernel functions can map the original data into
higher-dimensional spaces, For the third challenge, existing research methods address the
problemof linear inseparability by using kernel functions to extend linearmodels to nonlinear
ones [20, 28, 29].

Based on the aforementioned analysis and discussion, this paper presents an innovative
framework aimed at addressing the three challenges mentioned in learning with multiple
views and multiple labels. Fig. 1 depicts the model framework of the proposed approach.
Specifically, we extract common low-dimensional subspace from multi-view multi-label
dataset. The subspace is then fused as a complementary view with the original dataset.
By applying label correlation information over a shared label dataset along with the view
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Fig. 1 The framework of the proposed MFVL method

manifold, we obtain view-specific labels. We carefully consider the contribution weights of
each view-specific label and integrate the predictions into the multi-label classification. To
address the linear indivisibility problem, we developed the model as a non-linear one. Our
optimization problem is addressed by an alternating iteration method. Through extensive
experiments, we demonstrate the superiority of our approach over some relevant methods.
The key contributions of this paper can be summarized as follows:

1. We propose an innovative multi-view multi-label learning approach that addresses two
major challenges in thefield by integratingmultiple views, processingview-specific labels,
and capturing label correlations.

2. We implement a nonlinear framework in the development of our model to deal with linear
inseparability, which not only solves the third challenge but also improves the robustness
and flexibility of the model.

3. Weuse the alternating iteration approach to solve the optimization problemof the proposed
method. By employing a two-step optimization strategy, we first obtain the complemen-
tary subspace view, followed by optimizing each variable in a multi-view multi-label
framework.

This paper is arranged in the following: Section II provides a short review of existing
research in the area of multi-view multi-label learning. Section III details our proposed
method, while Section IV utilizes an alternating iteration approach to solve it. Section V
presents comprehensive experimental results and analyses. In Section VI, we summarize the
paper and suggest potential directions for future research.

2 Related work

In this section, we will primarily introduce the latest research related to our proposed
approach, which can be further categorized into three parts: multi-view multi-label learn-
ing, label correlation learning, and kernel extension learning.
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2.1 Multi-viewmulti-label learning

In this learning area, each instance has many views and is associated with many semantic
labels simultaneously. Currently, there are two main research methods: One is solving the
problem from a multi-view perspective and the other is solving the problem from a multi-
label perspective. In the first category, the primary focus is processing the multiple views and
subsequently performing multi-label classification. This category can be further divided into
three subcategories: feature concatenation, early fusion, and late fusion.

Feature concatenation refers to transforming the multi-view multi-label problem into a
single-view multi-label problem by combining the features from all views into a single view.
For example, Ren et al. [30] merged all views into a hybrid feature matrix and expanded
the original label matrix using a correlation matrix to improve the accuracy of the labels.
However, this direct concatenation method not only leads to the curse of dimensionality but
also overlooks the potential differences between views.

Early fusion involves learning a shared subspace from multiple views through matrix fac-
torization. As an example, Liu et al. [14] presented an approach that incorporates low-rank
matrix constraints to achieve a low-dimensional common representation and investigated the
complementary of different views by allocating individualweight to each view. Subsequently,
they embedded the low-dimensional shared representation into the matrix completion frame-
work formulti-label classification. Zhang et al. [16] utilizedmatrix factorization techniques to
obtain a latent subspace that effectively captures the complementarity among various views.
By preserving a coherent latent semantic basis in the kernel space, they were able to improve
the consistency of shared representations across multiple views. Tan et al. [18] employed
non-negative matrix factorization to learn a discriminative low-rank common subspace from
incomplete views and solved the problem of missing label by considering label correlation.
Liu et al. [17] learned a shared subspace across heterogeneous incomplete views and utilized
the shared subspace and disambiguated labels to learn the predictionmodel. Tan et al. [15] first
learned a shared subspace that captures collaborative patterns across different views. They
then explored the features of individual views using multiple separate classifiers followed by
an ensemble strategy for prediction. The methods mentioned have demonstrated promising
results in effectively exploring both the individual characteristics and shared patterns inmulti-
view multi-label data. Nevertheless, when the number of views increases, obtaining shared
semantic information between multiple views using subspace-based methods becomes more
challenging.

Late fusion methods typically involve constructing individual classifiers for each view,
and subsequently combining the projected results for all views with corresponding view
contribution weights. For example, Zhang et al. [19] constructed a support vector machine
classifier for each view and addressed the multi-view multi-label learning problem with a
uniform learning pattern. Huang et al. [21] first learned label-specific representations for each
view and constructed amodel using label correlation and view consensus. They then obtained
the final prediction by aggregating the predictions from all classifiers using the contribution
weights. Zhao et al. [28] employed a unified feed-forward neural network model to build a
separate classifier for each view to achieve a consistent label prediction. They integrated the
Hilbert Schmidt criterion of independence with an exploration of the differences between
perspectives. Eventually, they obtained a classification prediction model by combining label
relevance and the contribution of views. The drawback of these methods is that they only
consider the differences between multiple views without considering their consistency.

In the second category, they typically make the assumption that the label sets for each
view are uniform and aligned. However, there are privacy protection issues in the real world.
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For instance, in social communities, users may register several accounts on Twitter, Weibo,
and WeChat, but linking these social accounts to the same user is a challenge for privacy
reasons. Therefore, each view can only capture partial information in the label space, leading
to the phenomenon of view non-aligned. To address this problem, multiple techniques have
been presented for handling view non-aligned. Houthuys and Suykens [31] were the first to
introduce the concept of non-aligned multi-views. They also proposed a method to enhance
learning efficiency by incorporatingmust-link and cannot-link constraints into kernel spectral
clustering. Li et al. [32] tackled the challenge of non-aligned views by assuming that, despite
lacking explicit alignment, the views can still be indirectly linked through the presence of
shared labels. Zhao et al. [33] highlighted that each view may not learn a complete set
of labels. Therefore, the authors learned specific labels for each view and maximized the
dependency between view-specific labels and their corresponding features. Zhao et al. [28]
also utilized view-specific labels to learn information about agreement and variety between
views and labels. From these methods, we can realize the fact that each view can only learn
a subset of labels in the real-world scenario.

2.2 Label correlation learning

In multi-label learning, an object is related to more than one semantic label. But at an earlier
stage of research, it was assumed that each label was mutually exclusive and independent
of the others. Therefore a first-order strategy [22] was used to study label correlation. Later,
researchers found that there are certain relationships between labels. Intuitively, labels with
strong correlations tend to have similar classifier outputs, which led to the creation of a
second-order strategy [23] to address label correlation. Indeed, label correlation exists not
only between label pairs, but also has more complicated and higher dimensional connections.
Therefore, to address more complex scenarios problems and enhance the accuracy of multi-
label classification, higher-order label correlation are used to reconstruct and enrich the
original label information [24, 25].

In previous research, most methods considered either the global structure of label cor-
relations or only the local smoothness of labels. For instance, Xu et al. [34] introduced a
novel approach for tackling missing labels, where they integrated a complementary label
matrix with a low-rank structure to capture and leverage global label correlations. Huang
et al. [35] highlighted that label correlations may only be applicable to a specific subset of
data. However, multiple research studies have provided evidence that global and local label
correlations can coexist, and taking into account both factors together can produce favorable
results. For instance, Zhu et al. [26] addressed the problem considering both complete and
missing labels by optimizing label manifolds through learning latent label representations
and utilizing both global and local label correlations. Ren et al. [30] integrated data from
all views into a hybrid feature matrix, learned global label correlations using kernel norms,
and introduced manifold regularization to enhance local smoothness. Che et al. [27] assigned
labels to corresponding label groups while simultaneously computing local and global label
correlations.

2.3 Kernel extension learning

In machine learning, traditional linear classifiers such as support vector machines often fail
to separate different classes in linearly inseparable datasets. Kernel extension addresses this
issue by transforming the data from a lower-dimensional space to a higher-dimensional
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space to achieve linear separability. This mapping relationship can be represented by kernel
functions. In recent researches, scholars have incorporated nonlinear mappings into models.
For instance, Zhao et al. [20, 28] presented a number of effective studies and highlighted the
importance of nonlinear techniques in addressing these challenges. Zhu et al. [29] applied
the technique of maximizing correlation to train their model, and further extended it to a
nonlinear model.

3 The proposedmethod

In this section, we first provide a conceptual explanation of the proposed approach, followed
by a comprehensive description of our model.

3.1 Problem definition and notation

We define a collection of n instances and V views as X = {Xv}Vv=1. Here, Xv =
[
x1v , x2v , · · · , xnv

]T ∈ Rn×dv is the data matrix of the vth view. Y = [y1, y2, · · · , yn]T ∈
{0, 1}n×q represents the label matrix, while q refers to the total number of class labels. The
value of yi j = 1 ( j = 1, . . . , q) represents the association between the j-th label and the i-th
sample, otherwise it is irrelevant. By utilizing the partially labeled matrix Y and the feature
matrix X , our proposed method aims to accurately predict the label matrix for unlabeled
samples.

3.2 Problem formulation

Through the analysis discussed above, subspace learning methods have been shown to be
effective in obtaining valuable multi-view information. Among these methods, Non-negative
Matrix Factorization (NMF) stands out due to its unique properties. Therefore, in this paper,
we leverage NMF to derive a shared and distinct latent subspace. Specifically, given a multi-
view dataset X , we apply standard NMF to discover a shared subspace denoted by B, as
presented below:

min
B,Qv

V∑

v=1

||Xv − BQ�
v ||2F s.t. B ≥ 0, Qv ≥ 0, (1)

where B ∈ Rn×d represents the shared low-dimensional subspace that captures the shared
complementary information across all views, and Qv ∈ Rdv×d represents the basic mapping
matrix corresponding to the vth view. Here, dv refers to the size of the vth view, while
d represents the dimensionality of the lower-dimensional subspace. In this paper, we set
d = dmin , where dmin is the smallest dimensionality among the multiple views. ||.||F refers
to the Frobenius norm, and the constraints Qv ≥ 0 and B ≥ 0 impose non-negativity on the
matrices.

The initial prediction model is a standard regression problem represented by the least
squares loss function defined below:
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min
Wv,θv

L = 1

2

V∑

v=1

{
θv‖XvWv − Y‖2F + λ1‖Wv‖2F

} + λ2

2
‖θ‖22

s.t. θv ≥ 0,
V∑

v=1

θv = 1,

(2)

In equation (2), where θ = [θ1, θ2, · · · , θV ], Wv ∈ Rdv×q represents the confidence
matrix, θv represents the weight contribution of the vth view, and L denotes the objective
function. Here, we impose non-negativity and normalization constraints on θ to ensure that
each view has a certain contribution to the predicted labels and to obtain a consistent label
prediction.

Next, we use the common low-dimensional subspace B obtained from equation (1) as
a complementary view, forming a new multi-view datasetX̂v with the original multi-view
dataset Xv , i.e. X̂v = {X1, X2, . . . , XV , B}. The updated multi-view dataset now contains
V̂ = V + 1 views. After this modification, the preceding equations can be restated in the
following manner:

min
Wv,θv

L = 1

2

V̂∑

v=1

{
θv

∥
∥X̂vWv − Y

∥
∥2
F + λ1 ‖Wv‖2F

}
+ λ2

2
‖θ‖22

s.t. θv ≥ 0,
V̂∑

v=1

θv = 1,

(3)

In equation (3), we assume that all samples in all views share a common label set, implying
that all views are aligned. However, as mentioned earlier, this assumption is an idealized
scenario and may not be applicable in real-world situations. In practical scenarios, we can
only observe a partial set of labels for each view, rather than the complete label space.
Therefore, we introduce a view-specific label matrix Uv to address the issue of inconsistent
observable information among different views. Similarly, in order tomaintain the consistency
of the semantic information between the feature space and different views, we introduce the
graph Laplace regularization. The representation is as follows:

min
Uv,Wv,θv

L = 1

2

V̂∑

v=1

{
θv

(∥∥X̂vWv −Uv

∥∥2
F + λ3 tr

(
U�

v LvUv

))
+ λ1 ‖Wv‖2F

+ λ4 ‖Uv − Y‖2F
} + λ2

2
‖θ‖22

s.t. θv ≥ 0,
V̂∑

v=1

θv = 1, (4)

In equation (4), Lv represents the graph Laplacian matrix, which satisfies Lv = Dv −
Sv . Here, the matrix Si j denotes the similarity matrix between sample Xi and sample X j .
Additionally, the diagonal matrix Dv is formed with elements Dv

i,i as D
v
i,i = ∑n

v=1 S
v
i, j . To

capture the local geometric structure in the feature space, we construct a graph based on the
nearest neighbor technique. The computation of similarity between two samples in the vth
view is as follows:

Sv
i, j =

⎧
⎨

⎩
e−

∥
∥∥xvi −xvj

∥
∥∥
2

2σ2 , if xv
j ∈ Nk

(
xv
i

)
or xv

i ∈ Nk

(
xv
j

)

0, otherwise
, (5)
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where the term Nk() represents the k nearest neighbors.
Utilizing label propagation dependency and considering global label correlations and

local smoothness assumptions concurrently can effectively enhancemulti-label classification
performance. Hence, in our work, we first learn the global label correlations. This is realized
by obtaining a complementary label matrix YC through the use of a label correlation matrix
C to complement the initial label matrix Y . To ensure reliable label correlations, we introduce
a reconstruction loss term that constrains the original and supplemental label matrices. The
modified objective function is as follows:

min
Uv,Wv,θv,C

L = 1

2

V̂∑

v=1

{
θv

(∥
∥X̂vWv −Uv

∥
∥2
F + λ3 tr

(
U�

v LvUv

))
+ λ1 ‖Wv‖2F

+ λ4 ‖Uv − Y‖2F
} + λ5

2
‖YC − Y‖2F + λ2

2
‖θ‖22

s.t. θv ≥ 0,
V̂∑

v=1

θv = 1, (6)

To ensure the robustness of our model, it is essential to take into account label corre-
lations at both the global and local levels. Local label correlations can be explored using
the smoothness assumption, which states that the distance between any two samples in the
feature space reflects the similarity of their corresponding class labels. Additionally, if two
original label vectors yi and y j are strongly correlated in the geometric space, then there is
also a strong correlation between their corresponding supplemented true label vectors. Thus,
the representation is as follows:

�(C) =
n∑

i, j=1

∥∥YCi − YC j
∥∥2 Si, j

= Tr
(
(YC)TLvYC

)
.

(7)

In equation (7), the label similaritymatrixC preserves the local smoothness of the samples.
Here, Si j is the sample similarity matrix, which can be calculated using equation (5), and
Lv is the corresponding graph Laplacian matrix. Considering the previous discussions and
analyses, we can express the final objective function in the following manner:

min
Uv,Wv,θv,C

L = 1

2

V̂∑

v=1

{
θv

(∥∥X̂vWv −Uv

∥∥2
F + λ3 tr

(
U�

v LvUv

))
+ λ1 ‖Wv‖2F

+ λ4 ‖Uv − Y‖2F + λ6 tr
(
(YC)�Lv(YC)

)}

+ λ5

2
‖YC − Y‖2F + λ2

2
‖θ‖22

s.t. θv ≥ 0,
V̂∑

v=1

θv = 1.

(8)

To address the linear indivisibility problem of the given data, we extend our approach
to nonlinear models for improved performance. We introduce a mapping function φ (·) that
maps features from the original space to a higher-dimensional Hilbert space. By leveraging
the representation theorem [23] and assuming the existence of a kernel matrix K satisfies
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K = φ(x̂)φ(x̂)T , with κ(·, ·) denoting the kernel function, we can express the initial linear
variable W as W = φ

(
x̂
)T

A. Thus, Equation (8) is accordingly revised:

min
Uv,Av,θv,C

L = 1

2

V̂∑

v=1

{
θv

(
‖KvAv −Uv‖2F + λ3 tr

(
U�

v LvUv

))
+ λ1 tr

(
A�

v KvAv

)

+ λ4 ‖Uv − Y‖2F + λ6 tr
(
(YC)�Lv(YC)

)}

+ λ5

2
‖YC − Y‖2F + λ2

2
‖θ‖22

s.t. θv ≥ 0,
V̂∑

v=1

θv = 1.

(9)

In summary, we can obtain an innovative multi-view multi-label learning model MFVL,
which can be optimized by minimizing a loss function L containing multiple parts, each as
follows:

• Reconstruction error: ‖KvAv −Uv‖2F denotes the reconstruction error of the feature
matrix X̂v in view v, where Kv is the kernel matrix, and Av and Uv are the parameters
to be learned.

• Graph regularization terms: λ3 tr(U�
v LvUv) , λ1 tr(A�

v LvAv) and λ6 tr((YC)�Lv(YC))

use graph structure information to enhance the generalization of the model.
• Label consistency: λ4 ‖Uv − Y‖2F ensures consistency between predicted labels and true

labels.
• Label correlation: λ5

2 ‖YC − Y‖2F reinforces the correlation between labels.

• Weight regularization: λ2
2 ‖θ‖22 regularizes the weight vector θ to avoid overfitting.

By optimizing the above loss function, the model learns the weights of each view θv and
other parameters Av,Uv and C . Finally, it is then possible to predict the label by fusing the
features of multiple views with the learned weights and parameters. The fused features are

Fp = ∑V̂
v=1 θv

(
K test

v

)
Av , where K test

v is the kernel matrix of the test data. A threshold δ is
set as 0.5 by cross-validation. With δ, the fused features Fp are converted to the predictive
label matrix Yp as follows:

Yp = sign
(
Fp − δ

)
. (10)

where the sign(·) function maps the value of each element to 0 or 1, indicating the presence
or absence of a label. The sign function sign (·) satisfies the following conditions:

sign(p) =
{
1, if p > 0

0, otherwise
. (11)

3.3 Optimization

In this article, we first obtain a low-dimensional subspace as an additional complementary
view using the original multi-view data. Then we use the newly acquired dataset and label
matrix to facilitate multi-label learning across multiple views. Therefore, the optimization
contains two steps.
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3.3.1 The first step in optimization

Firstly, we use non-negative matrix factorization to obtain a low-dimensional subspace B.
The objective function in equation (1) is a convex optimization problem involving two vari-
ables, B and Qv . We adopt an alternating iterative update method to optimize the variables.
Specifically, during each iteration, we optimize one variable while fixing the others. The
iterative update optimization process is outlined as follows:

(1) Update B while fixing {Qv}Vv=1 The partial derivative of L with repect to B as:

∇B = 2B
V∑

v=1

Q�
v Qv − 2

V∑

v=1

XvQv. (12)

By setting∇B = 0, the closed-form solution for B can be derived, and it can be expressed
as:

B =
(

V∑

v=1

XvQv

) (
V∑

v=1

Q�
v Qv

)−1

. (13)

(2) Update {Qv}Vv=1 while fixing B For each view v, we can obtain the gradient of the
objective function with respect to Qv , which can be formulated as:

∇Qv = 2QvB
T B − 2Xv

T B. (14)

By setting ∇Qv = 0 , we can deduce the solution for Qv using a closed-form expression
as:

Qv = X�
v B

(
BT B

)−1
. (15)

Algorithm 1 The first step of the learning process of MFVL

Require: Training dataset: X = {Xv}V
v=1 ∈ Rn×dv

Ensure: Updating Variables: B, {Qv}V
v=1

1: Randomly initialize B as rand(n, d)

2: while not converged do
3: for v = 1 to V do
4: Update variable Qv according to equation (15)
5: end for
6: Update variable B according to equation (13)
7: end while

3.3.2 The second step in optimization

After obtaining the low-dimensional subspace B, we obtain a new multi-view dataset X̂v .
By analysis, the objective function in equation (9) involves four variables: Av , Uv , θ and
C , making it a non-convex problem overall. To address this issue, we utilize an alternative
optimization approach in the second step of the optimization process. The specific update
process is summarized as follows:
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(1) Update Av while fixing Uv , θ and C We find the equation of L with respect to Av as:

L(Av) = 1

2

V̂∑

v=1

{
θv ‖KvAv −Uv‖2F + λ1tr

(
AT

v KvAv

)}
. (16)

By differentiating Av in L (Av), we get the following derivatives:

∇Av = θvKv
T (KvAv −Uv) + λ1

2
KvAv + λ1

2
Kv

T Av. (17)

By setting ∇Av = 0, we can obtain the following equation,

Kv
T (θvKvAv − θvUv + λ1Av) = 0. (18)

In this article, further simplification of the above equation leads to a closed-form solution
for Av , expressed as follows:

Av = (θvK v + λ1 I )
−1 (θvUv) . (19)

(2) Update Uv while fixing Av , θ and C We find the equation of L with respect to Uv as:

L (Uv) = 1

2

V̂∑

v=1

{
θv

(
‖KvAv −Uv‖2F + λ3tr

(
UT

v LvUv

))
+ λ4 ‖Uv − YC‖2F

}
.

(20)

We can denote the derivative of L with respect to Uv as:

∇Uv = 1

2
θvλ3LvTUv + 1

2
θvλ3LvU v + λ4 (Uv − YC) − θv (KvAv −Uv) . (21)

In this article, as it is stated that, Lv
T = Lv , the aforementioned equation can be refor-

mulated as follows:

∇Uv = λ3θvLvU v + λ4 (Uv − YC) + θv (Uv − KvAv) . (22)

By setting ∇Uv = 0, we can obtain the closed-form solution for Uv , which is expressed
as follows:

Uv = (λ3θvLv + (θv + λ4) I )
−1 (λ4YC + θvK vAv) . (23)

(3) Update C while fixing Uv , θ and Av

We find the equation of L with respect to C as:

L (C) = 1

2

V̂∑

v=1

{
λ4 ‖ Uv − YC ‖2F +λ6tr((YC)T Lv(YC))

}
+ λ5

2
‖ YC − Y ‖22 .

(24)

By differentiating L (C) with respect to C , we can obtain the derivative as:

∇C =
V̂∑

v=1

{
λ6Y

T LvYC + λ4Y
T (YC −Uv)

}
+ λ5Y

T (YC − Y ) . (25)
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By setting ∇C = 0, the closed-form solution for C can be derived, and it can be repre-
sented as:

C =
⎛

⎝
V̂∑

v=1

λ6Y
T LvY + λ4Y

T Y + λ5Y
T Y

⎞

⎠

−1 ⎛

⎝
V̂∑

v=1

λ4Y
TUv + λ5Y

T Y

⎞

⎠ . (26)

(4) Update θ while fixing Uv , Av and C
We find the objective function with respect to θv , which can be formulated as follows:

L(θv) = 1

2

V̂∑

v=1

{
θv

(
‖KvAv −Uv‖2F + λ3 tr(U

T
v LvUv)

)}

+ λ2

2
‖θ‖22

s.t. θv � 0,
V̂∑

v=1

θv = 1.

(27)

Considering the constraints on the parameter θv in the objective function, with the total sum of
θv constrained to be 1, according to [20], we utilize the Lagrangian functionmethod to update
θv . We set Hv= 1

2 (‖ KvAv −Uv ‖2F + λ3tr
(
UT

v LvUv

)
). Then the specific representation is

as follows:

θv =
{ ∑V̂

v=1 Hv+λ2−V̂ Hv

V̂λ2
ifϕ > 0

ε ifϕ ≤ 0
. (28)

where ϕ = ∑V̂
v=1 Hv + λ2 − V̂ Hv , and ε is a very small non-negative number.

Algorithm 2 The second step of the learning process of MFVL

Require: The training dataset: X = {
X̂v

}V̂
v=1 ∈ Rn×dv ; The label matrix: Y ∈ Rn×q ; The parameters:

λ1, λ2, λ3, λ4, λ5, λ6;
Ensure: The predictive labeling matrix for unlabeled samples: Yp
1: Randomly initialize Uv = rand(n, q) and C = zeros(q);
2: Calculate the Laplacian matrix Lv according to equation (5);
3: Let i = 0;
4: while not converged do
5: for v = 1 to V̂ do
6: i = i + 1;
7: Update variable Av according to equation (19);
8: Update variable Uv according to equation (23);
9: Update variable C according to equation (26);
10: Update variable θ according to equation (28);
11: end for
12: end while
13: Calculate the predicted label matrix Yp according to equation (10).

3.4 Complexity analysis

In our method, the time complexity of MFVL is mainly influenced by multiple variables, i.e,
the update of B, Qv , Av , Uv and C . In the first optimization, the computation complexity
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Table 1 The summary of datasets.

Datasets Views Dimension in each view Samples Labels Domain

Yeast 2 79/24 2417 14 biology

Emotions 2 8/64 593 6 music

Pascal07 4 100/512/1000/4096 9963 20 image

Mirflickr 4 100/512/1000/4096 4000 38 image

Scene 6 49/49/49/49/49/49 2407 6 image

Espgame3k 6 100/512/1000/4096/4096/4096 3000 268 image

Birds 4 65/65/65/65 645 20 audio

Arts 5 100/100/100/100/62 5000 26 text

Espgame 6 100/512/1000/1000/100/5184 20770 268 image

of updating B and Qv are O(
∑V

v=1 ndvd + ∑V
v=1 dvd2 + d3 + nd2) and

∑V
v=1 O(dvnd +

d3 + nd2 + dvd2), where dv denotes the dimensionality of the vth view. In the second
optimization, the computation complexity of updating Av , Uv and C are V̂ O(n3 + n2q),
V̂ O(n3 + n2q + nq2) and V̂ O(n2q + nq2 + q3). Owing to n � d and n � q , we can
obtain the total time complexity of MFVL is (t1

∑V
v=1 O(dvnd + nd2) + t2V̂ O(n3)). t1

denotes the required number of iterations of the algorithm1 and t2 represents the number of
the algorithm2.

4 Experiment

4.1 Datasets

In this paper, we use nine widely used multi-labeled datasets for experiments. These datasets
cover a wide range of domains, including biology, music, images, audio, and text. Most of
these datasets are taken from the Mulan dataset website [36] 1, and Pascal07, Espgame and
Mirflickr are three of the widely used image datasets from the Lear website [37, 38]2. Table
1 details the characteristics of each dataset.

4.2 Comparisonmethods

To evaluate the performance of our proposedmethod,we compare itwith eight state-of-the-art
multi-view multi-label learning methods.

1. VLSF 3 [21]: It addresses the problem of multi-view multi-label learning by learning
features that are specific to each view and label. We utilize the parameter settings recom-
mended by the original paper, where λ1 = 10−1, λ2 = 102, λ3 = 105, λ4 = 104.

2. ICM2L 4 [15]: It learns individuality and commonality information in multi- view multi-
label data by constructing a unified model for multi-view multi-label classification. The

1 datasets: http://mulan.sourceforge.net/datasets-mlc.html.
2 datasets: http://lear.inrialpes.fr/people/guillaumin/data.php.
3 code: https://www.escience.cn/people/huangjun/index.html.
4 code: https://mlda.swu.edu.cn/codes.php?name=ICM2L.
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recommended parameter settings from the original paper are used with α = 0.6, β = 0.7
and k = 0.5dim.

3. iMVWL 5 [18]: An effective method for addressing incomplete view and missing label
learning. The recommended parameter settings from the original paper are used with
α = 10−2 and β = 10−2.

4. LSML 6 [39]: It fills the missing label matrix by jointly learning label-specific features
and utilizing label correlations. The parameter settings recommended in the original paper
are used for comparison experiments with λ1 = 102, λ2 = 10−2 , λ3 = 10−2, λ4 = 10−3

and λ5 = 10−5.
5. CDMM 7 [20]: A new neural network-based framework for multi-view multi-label learn-

ing. We use the parameter settings recommended in the original paper for comparison
experiments, where α = 10−4, λ = 105, C = 1.0, σ is searched in {10i | i =
−2,−1, .., 2}, and η is searched in 0.5, 0.6, 0.7, 0.8.

6. LVSL 8 [28]: It addresses non-aligned multi-view multi-label classification by learning
view-specific labels. We adopt the parameter settings suggested in the original paper,
where λ1 = 10−1, λ2 = 105, λ3 = 10−1, λ4 = 102 and λ5 = 10−1.

7. NAIM3L 9 [32]: It addresses the challenges of missing labels, incomplete views, and
view misalignment in multi-view multi-label learning by exploiting view consensus and
labeling structure. We adopt the parameter settings suggested in the original paper, where
λ is in [0.1, 1].

8. DICNet 10 [40]: It introduces a deep instance-level comparison network that uses deep
neural networks to extract high-level semantic representations of samples, aiming at solv-
ing the problem of dual incompleteness of views and labels in multi-view multi-label
classification. We use the parameter settings recommended in the original paper.

4.3 Evaluationmetrics

To assess the performance of each algorithm, we select six widely used evaluation metrics
for multi-label classification: Hamming Loss (HL), Ranking Loss (RL), Average Precision
(AP), Area Under Curve(AUC), One Error (OE) and Coverage (CV). In our experiments,
we utilize 1-HL and 1-RL as substitutes for HL and RL. For the six metrics, a higher value
of 1-HL, 1-RL, AP and AUC indicates better performance, whereas lower values of OE and
CV represents better performance. The specific definitions of metrics can be found in [41].

4.4 Experimental results and analysis

In this paper, we conduct experiments on a Windows 10 system equipped with an Intel(R)
Core(TM) i5-8500 CPU and 16GB RAM. The experiments were implemented in MAT-
LAB R2022a. To ensure the reliability of our experimental results, we employ five-fold
cross-validation on each dataset and repeat each experiment five times. The final results are
presented by the mean value and standard deviation of each metric, and these results are sum-

5 code: https://mlda.swu.edu.cn/codes.php?name=iMvWL.
6 code: http://www.escience.cn/people/huangjun/index.html.
7 code: https://github.com/chengyshaq/CDMM.
8 code: https://github.com/zhaodwahu/LVSL.
9 code: https://github.com/EverFAITH/NAIM3L.
10 code: https://github.com/justsmart/DICNet.
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marized in Tables 2–3. Based on the results presented in Tables 2–3, several key observations
can be found:

1. MFVL achieves the best performance in 66.7% of the experimental results (54 metrics (9
datasets × 6 metrics)), significantly outperforming the second place DICNet (11.1%).

2. MFVL consistently performs optimally on key metrics such as classification, ranking,
coverage, etc. Specifically, formetrics 1-HL,OE,AP,AUC,MFVL ranks 1st on 6 datasets;
for metric CV, MFVL ranks 1st on 5 datasets; for metric 1-RL, MFVL ranks 1st on 7
datasets.

3. MFVL performs robustly on datasets with different characteristics, especially in complex
scenarios. On Espgame dataset, MFVL ranks 1st for all 6 metrics, outperforming DICNet,
demonstrating that the multi-view fusion strategy effectively integrates the complemen-
tary information from multiple views; on Scene dataset, MFVL is optimal for all metrics,
verifying the adaptability of global-local labeling coalition modeling to multi-level label-
ing; onYeast dataset,MFVL ranks 1st for 5metrics, and is only slightly inferior to CDMM
for CV.

4.5 Statistical hypothesis test

To further evaluate the performance differences between different algorithms on dataset, we
conduct a statistical hypothesis test. Specifically, the Friedman test method [42] was used to
evaluate the performance of each algorithm. Firstly, we propose the null hypothesis that all
algorithms have the same performance. The Friedman test statistic FF and the corresponding
critical value for each evaluation metric are presented in Table 4. From Table 4, we observe
that for eachmetric, the calculated FF is greater than the critical value of 2.087 at a confidence
level of α = 0.05. Therefore, we reject the null hypothesis, indicating that all algorithms do
not have the same performance.

Next, to compare the significance differences between two algorithms,we use theNemenyi
test as the post-hoc test. At a confidence level of α = 0.05, we found that qα = 3.102. By

the formula CD = qα

√
k(k+1)
6N , we can calculate CD = 4.0047. In Figure. 2, we plot the

CD diagrams for different algorithms under different evaluation metrics. In Nemenyi test, if
average rank difference between two algorithms is less than the CD value, it means that there
is no significant difference between the performances of these two algorithms, and they will
be connected by a red solid line in the CD diagram. Finally, according to all the experimental
results (Tables 2–4 and Figure 2), we can draw the following conclusions:

1. By observing the average rank values of each algorithm in Tables 2–3 and the ranking
positions of different algorithms in Figure. 2, we find that our proposed method MFVL
consistently has the lowest average rank value and is always ranked at the rightmost
position in the CD diagrams. This indicates that MFVL outperforms other methods and
has the best performance.

2. MFVL and ICM2L are significantly different for all evaluation metrics. For 5 metrics,
MFVL is significantly different from VLSF, iMVWL, and LSML. This strongly suggests
that multi-view fusion is more effective than subspace learning or learning individual
and common information from multiple views. However, for all metrics, MFVL does not
show significant differences from LVSL, CDMM, NAIM3L, and DICNet. This may be
because MFVL, LVSL, and CDMM are all nonlinear models.
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Table 4 The summary of the
Friedman Statistics FF and the
critical value in terms of each
evaluation metric (K=9, N=9,
α = 0.05)

Metric FF Critical value(α = 0.05)

1-HL 4.9989 2.087

OE 9.0414

1-RL 17.8081

CV 20.5253

AP 16.4294

AUC 14.7701

Fig. 2 Comparing the significance differences in performance betweenMFVL and other comparative methods
using the Nemenyi test (α = 0.05)

4.6 Sensitivity analysis

In our proposed method, we have eight key parameters that significantly affect the model’s
performance and behavior. Here’s a concise explanation of each parameter:

• λ1 controls the model’s complexity. Its value range is
{
10i

∣∣i = −4,−3, · · · , 3
}
. A larger

λ1 increases the model’s regularization strength, reducing complexity and preventing
overfitting, while a smaller λ1 allows the model to learn more complex features.
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• λ2 balances the contributions fromdifferent views. Its value range is
{
10i

∣
∣i = −1, 0, · · · ,

6}. A larger λ2 enhances the influence of certain views, while a smaller λ2 makes the
model rely more on other views.

• λ3 controls the structural diversity of view-specific labels. Its value range is
{
10i

∣
∣i = −3,

−2, · · · , 4}. A larger λ3 enhances label relationships, while a smaller λ3 reduces these
relationships.

• λ4 controls the information consistency between view-specific labels and ground truth
labels. Its value range is

{
10i

∣
∣i = −4,−3, · · · , 5

}
. A larger λ4 strengthens label consis-

tency, while a smaller λ4 weakens label consistency.
• λ5 balances the impact of reconstructing loss by utilizing label correlation to supple-

ment the original label matrix. Its value range is
{
10i

∣
∣i = −5,−4, · · · , 3

}
. A larger

λ5 enhances the role of label correlation, while a smaller λ5 reduces the model’s label
correlation.

• λ6 controls the influenceof local label smoothing. Its value range is
{
10i

∣
∣i = −3,−2, · · · ,

4}.A largerλ6 enhances the local smoothing effect,while a smallerλ6 reduces themodel’s
robustness to noisy labels.

• k controls the neighborhood size. Its value range is {2, 5, 10, 15, 20, 50}. A larger k
introduces noise, while a smaller k leads to sparsity.

• σ controls the kernelwidth. Its value range is {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}.
A larger σ may result in all data points being considered “near neighbors”, while a smaller
σ may result in only very close data points being considered “near neighbors”.

To verify the impact of parameter selection on experimental results, we conduct parameter
sensitivity experiments. Due to space limitations, we only present the results on the Yeast
andMirflickr datasets, and the similar findings can observe on the other datasets. Figures 3–4
illustrate the effects of parameter variations for evaluation metrics.

During the experiments, we found that the parameters significantly influence the model’s
performance. For example, a smaller λ1 value allows themodel to learnmore complex feature
representations, thereby enhancing the model’s expressive power but potentially leading to
overfitting. In contrast, a larger λ1 value enhances the model’s generalization ability, but it
may reduce the model’s precision. Similarly, adjusting λ2 optimizes the fusion of multi-view
information, thereby improving the model’s ability to fit multi-source data. The adjustments
of λ3 and λ4 directly affect the model’s label information, thereby influencing the model’s
prediction accuracy. Moreover, the adjustments of λ5 and λ6 optimize the model’s robustness
to label noise and local smoothing effects, thereby enhancing the model’s robustness and
stability. Meanwhile, the similarity graph forms the basis for feature and label manifold
regularization, where the selection of neighborhood size k and kernel width σ critically
influences its construction.

Through experimentation, we determine the optimal parameter settings as follows: λ1 =
10−1, λ2 = 105, λ3 = 10−1, λ4 = 104, λ5 = 102, λ6 = 10−1, k = 10, σ = 0.5. These
parameter settings achieve the best performance across multiple datasets, demonstrating their
significant role in enhancing model performance.

4.7 Ablation experiment

In our method, MFVL consists of three main modules: multi-view fusion, view-specific
labels, and global and local label correlations. We perform ablation experiments on Yeast
and Emotions datasets to validate each module’s effect, and the results are presented in Fig-
ure 5. The various variants of the algorithm corresponding to MFVL are defined as follows:
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Fig. 3 Parameter sensitivity analysis of MFVL algorithm on Yeast dataset
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Fig. 4 Parameter sensitivity analysis of MFVL algorithm on Mirflickr dataset
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Fig. 5 The Ablation experimental results of MFVL on Yeast and Emotions datasets

For MFVL-F, we remove the multi-view fusion step and perform multi-view multi-label
learning on original dataset. For MFVL-P, we learn a shared label space. For MFVL-LC, we
ignore the impact of label correlations. By comparing MFVL-F with MFVL, we find that the
performance is significantly improved by fusing multiple views. This indicates that multi-
view fusion can learn multi-view information more comprehensively. Comparing MFVL-P
and MFVL, we found that incorporating view-specific labels enhances overall performance.
However, further analysis reveals that sometimes MFVL-P performs similarly to MFVL,
indicating that learning view-specific labels can be improved. We compare MFVL-LC with
MFVL and observe significantly improved experimental results by incorporating global and
local label correlation. These findings indicate that multi-view multi-label learning is effec-
tively improved by considering both global and local label correlations. Similar results are
obtained on other datasets.

In addition, Figure 6 presents a visualization of the prediction results on the Espgame
dataset, where the numbers in parentheses represent the rankings assigned by themodel to the
likelihood that an image belongs to the corresponding category. A smaller number indicates
a higher likelihood that the model considers the image to belong to that category. Through
specific examples, it can be shown that view-specific labeling and fusion can effectively
improve the accuracy of classification.

4.8 Convergence analysis

In this section, we analyze the convergence of the MFVL algorithm. Figure. 7 demonstrates
the objective function loss values for each iteration of our method on Yeast and Mirflickr
datasets. The objective function value of MFVL exhibits a sharp decrease from its highest
value at about 20 iterations, and the convergence trend gradually stabilizes after 20 itera-
tions. Overall, after 100 iterations, MFVL achieves convergence on both Yeast and Mirflickr
datasets. We can get the same conclusion on other datasets as well.

4.9 Runtime analysis

To verify the proposed method MFVL’s computational efficiency, we compare the running
time of multi-view multi-label learning methods on different datasets. The experimental
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Fig. 6 Visualization of the prediction results on the Espgame dataset

Fig. 7 Convergence trend analysis of MFVL on Yeast and Mirflickr datasets
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results are shown in Table 5. Here are the specific findings: For large-scale datasets, MFVL
shows a significant lead in efficiency. For example, on the Pascal07 dataset, MFVL takes
714.9 seconds, while LVSL requires 2106.9 seconds and DICNet needs 2511.1 seconds.
This is because MFVL’s two-steps optimization strategy, which significantly reduces com-
putational complexity. For medium-sized datasets, MFVL does really well in both efficiency
and accuracy. On the Mirflickr dataset, MFVL takes 119.1 seconds, which is much lower
than the label-completion method LSML (180.5 seconds). Although it is slightly slower than
the lightweight network CDMM (114.8 seconds) and the non-aligned-view method LVSL
(112.7 seconds), MFVL is more competitive in terms of classification accuracy. For small-
scale datasets, MFVL’s efficiency is close to traditional methods. On the Emotions dataset,
MFVL takes 1.9 seconds, slightly higher than the VLSF method (0.2 seconds), but much
lower than the neural networkmethodCDMM(19.4 seconds) and the complexmodel ICM2L
(3.3 seconds); on the Birds dataset, MFVL takes 7.4 seconds, close to the label-completion
method LSML (8.1 seconds).

5 Conclusion

In this article, we propose a novel method for multi-view multi-label learning. We perform
subspace learning on the original multi-view data to obtain a low-dimensional subspace and
integrate it with the original data to create a new multi-view dataset, while learning view-
specific label spaces instead of a shared label space. Furthermore, we consider both global
and local label correlations, assigning appropriate view weight parameters for each view. To
address the issue of linear inseparability, we extend our model to nonlinear version using
kernel functions. Experimental results on benchmark datasets showed that our method is
superior to current state-of-the-art algorithms. In the future work, we will extend our method
to incomplete multi-label data and will consider utilize parallel computing and distributed
processing technique to reduce the training time.
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