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Abstract

Understanding how explicit theoretical features are encoded in opaque neural systems is a central challenge
now common to neuroscience and AI. We introduce Metric Learning Encoding Models (MLEMs) to address
this challenge most directly as a metric learning problem: we fit the distance in the space of theoretical
features to match the distance in neural space. Our framework improves on univariate encoding and decoding
methods by building on second-order isomorphism methods, such as Representational Similarity Analysis,
and extends them by learning a metric that efficiently models feature as well as interactions between them.
The effectiveness of MLEM is validated through two sets of simulations. First, MLEMs recover ground-truth
importance features in synthetic datasets better than state-of-the-art methods, such as Feature Reweighted
RSA (FR-RSA). Second, we deploy MLEMs on real language data, where they show stronger robustness
to noise in calculating the importance of linguistic features (gender, tense, etc.). MLEMs are applicable
to any domains where theoretical features can be identified, such as language, vision, audition, etc. We
release optimized code applicable to measure feature importance in the representations of any artificial neural
networks or empirical neural data at https://github.com/LouisJalouzot/MLEM.

Keywords: Multivariate Encoding; Distributed Neural Representations; Metric Learning; Representational Similarity Analysis

1 Introduction

A central goal in both neuroscience and Artificial Intelligence is to understand how complex, high-dimensional systems like
the brain and deep neural networks represent and process information (Belinkov and Glass, 2019; Pohl et al., 2024). These
systems excel at complex tasks such as natural language processing but their internal mechanisms are still not well understood
and for this reason are often called “black boxes”. High-dimensional recordings of neural activity can be obtained from both
biological and artificial systems, but interpreting these complex data remains a major challenge.

A powerful strategy for interpreting these systems is to decompose those internal representations into a set of discrete,
theoretically-grounded features. For instance, in the domain of language, it is natural to ask how different aspects of lan-
guage, such as syntax (Pallier et al., 2011; Hewitt and Manning, 2019; Diego-Simón et al., 2024), semantics (Huth et al., 2016;
Li et al., 2024), or morphology (Crepaldi et al., 2019) are encoded in neural recordings from the human brain or in the activation
patterns of a Large Language Model (LLM). Similarly, in vision, one might investigate how features like object category, shape,
or texture are represented in the visual cortex or in a convolutional neural network.

Two general approaches to study the neural encoding of theoretical features can be discerned in the literature: decoding and
encoding models (Kriegeskorte and Douglas, 2019). Decoding models (or “probes”) attempt to predict features from neural
activity (Hupkes et al., 2018; Tenney et al., 2019; Arps et al., 2022). High performance of a decoding model demonstrates that
feature-related information is present but this approach is susceptible to confounds. Indeed a feature may be decodable simply
because it correlates with another, truly encoded feature (Hewitt and Liang, 2019; Belinkov, 2022; A. Kumar et al., 2022). For
example, a probe trained to decode tense in a sentence from some representations might succeed not because tense is explicitly
encoded in the representations, but because, e.g., future tense correlates with the superficial presence of “will” in the sentence,
which is all the model needs to encode for success without any further level of abstraction. Encoding models, conversely,
predict neural activity from features (Wehbe et al., 2014; Schrimpf et al., 2020; Caucheteux, Gramfort, et al., 2021; Caucheteux
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Figure 1: Overview of the Metric Learning Encoding Models (MLEMs) Approach: an example from natural language
A: Consider a set of n stimuli (rows; sentences) and m theoretical features (columns; grammatical number, tense, gender,
...) along with their values for each stimulus. In this example, the features are categorical and feature distance are defined
as whether a pair of stimuli (si,s j) share a given feature fk: 1 [ fk(si) ̸= fk(s j)]. Accordingly, a Representational Dissimilarity
Matrix (RDM) is computed for each of the m features (DNumber,DTense,DGender, ...∈Rn×n

+ ). Elements of the matrix thus indicate
whether pairs of stimuli share a given feature. Finally, for each pair of stimuli, let DF

i j ∈ Rm be a vector, composed of the (i, j)
elements from all RDMs (bottom panel). DF

i j summarizes the theoretical distance between two stimuli, with respect to all
features.
B: On the other hand, consider n high-dimensional neural representations of the stimuli (e.g. embeddings of LLMs or fMRI
images, here represented in 2D). From these representations, one can compute an RDM of neural distances DN (e.g., based on
Euclidean distance).
C: The core metric learning component of MLEM involves learning a weighted norm of the feature distance vectors ∥DF

i j∥W
to approximate the empirical neural distances DN

i j. This approximation is optimized to maximize the Spearman correlation
ρ between the theoretical and neural distances. The norm is parametrized with a learned Symmetric Positive Definite (SPD)
matrix W ∈ S++

m so as to be a valid metric (distance function). Crucially, the off-diagonal coefficients of W allow for direct
modeling of interactions between features (e.g., between grammatical number and gender) since they may have a combined
effect on neural representations.
D: Permutation Feature Importance is applied to a fitted MLEM model to assess the importance of each feature and their
interactions in predicting neural distances. In practice, the importance is the average decrease in Spearman correlation ρ when
the feature values are permuted.
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and King, 2022; Pasquiou, Lakretz, Hale, et al., 2022; Oota et al., 2022; Pasquiou, Lakretz, Thirion, et al., 2023; Hosseini et al.,
2024). Those models can be fitted on multiple features and confounds and allow for delineating their contribution. However,
unlike decoding models, they are often univariate, fitting each neural unit (e.g., neuron or voxel) independently. Therefore,
they cannot model distributed representations encoded across populations of units, which is a critical characteristic of neural
computation (Georgopoulos et al., 1986; Rumelhart et al., 1986).

Here, we introduce a simple approach, which preserves the best from both worlds, by extending encoding methods to the
multivariate case within a metric learning framework (Kulis, 2013). In a nutshell, the method learns an optimal metric over
a space of theoretical features to best match the geometry of the neural representation space (Goldstein et al., 2024; Brown
et al., 2024). We show that previous methods, such as Representational Similarity Analysis (RSA; Kriegeskorte, Mur, et al.,
2008) and its feature-reweighted variant (FR-RSA, Jozwik et al., 2017; Storrs et al., 2021; Xu et al., 2021; Kaniuth et al.,
2022) can be derived as special cases of MLEMs. We call the method Metric Learning Encoding Models, or MLEMs for
short. A key innovation of MLEM is its ability to model interactions between features by design, a critical requirement for
understanding complex domains like language where features are rarely processed in isolation and are often entangled in a
single representation vector (Huang et al., 2021; S. Kumar et al., 2022). For instance, in English, the marking of a verb with an
“-s” suffix depends on the interaction between two features of its subject: its number (singular) and its person (third). Hence a
neural representation of the verb has to jointly encode both features to be used downstream to produce the correct morphological
form.

The approach is validated in two settings. First, using simulated data with a known ground-truth, we show that MLEM recovers
underlying feature weights more accurately than a strong baseline, FR-RSA. Second, when applied to representations from
an LLM processing controlled syntactic stimuli, MLEM proves more robust to noise and converges faster, while identifying
similar feature importance profiles to FR-RSA. These improvements in robustness and data efficiency are especially useful for
real-world applications, such as analyzing feature encoding in brain data which is often noisy and scarce.

The present study focuses on text stimuli and LLM representations, but the MLEM framework is modality-agnostic. As a
second-order isomorphism method, it can be applied to any domain where stimuli can be described by a set of theoretical
features and measured in a high-dimensional representation space. This includes any experiment involving visual or auditory
stimuli and neural representations can come from various neuroimaging modalities (fMRI, MEG, ECoG, etc.) or even from
intermediate layers of artificial neural networks. This work thus provides a versatile tool for uncovering the principles of neural
information processing in both artificial and biological systems.

We provide an open-source and optimized Python package at https://github.com/LouisJalouzot/MLEM. How to install the
package and examples of code to use it can be found in the repository.

2 Methods and Materials

We formalize multivariate encoding as a metric learning problem. The Metric Learning Encoding Model (MLEM) approach,
summarized in Figure 1, consists of four main steps: (A) For a set of stimuli, pairwise distances are computed for different
theoretical features, creating a Representational Dissimilarity Matrix (RDM) D f for each. (B) An RDM DN is also computed
from neural representations of the same stimuli. (C) A metric over the feature space is learned that maximizes the Spearman
correlation between feature-based distances and neural distances. This metric is parameterized by a symmetric positive definite
matrix W , whose off-diagonal terms explicitly model feature interactions. (D) Permutation Feature Importance is used to assess
the contribution of each feature and interaction to the model’s predictions. The following sections detail each of these steps, as
well as the training procedure, the baseline and datasets used in this study.

2.1 Metric Learning Encoding Models (MLEM)

Formally, consider n stimuli (si)i≤n (e.g., sentences, images) for which values are available for each of m theoretical features
( fk)k≤m (e.g., linguistic features, visual categories, confounds). The features can be continuous, discrete, categorical, ordered
or not, and even multi-dimensional. Assume that high-dimensional (neural) representations Y ∈ Rn×d (e.g., fMRI images, LLM
embeddings) are available for each stimulus si.

2.1.1 Representational Dissimilarity Matrices (RDMs)

Similarly to RSA, MLEM relies on computing RDMs (pairwise distances) between stimuli. On one hand, in the neural space
for a given distance (e.g. Euclidean):

DN
i j =

∥∥Yi−Yj
∥∥

2
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Where Yi is the neural representation of stimulus si (e.g. fMRI image, LLM embedding). The choice of Euclidean distance is
standard in many representation analysis studies. It assumes that neural representations form a vector space where proximity
reflects similarity. While other distance metrics (e.g., cosine distance) could be used, Euclidean distance is a general-purpose
choice that is sensitive to both the angle and magnitude of representation vectors.

On the other hand, feature distances for all pairs of stimuli can be computed. This work mainly explored nominal features
(unordered and categorical) and therefore defined the distance between two stimuli to 1 if they have different values with
respect to a given feature and 0 otherwise. For ordered features, the absolute difference between the values of the two stimuli
is used:

Dk
i j =


∣∣ fk(si)− fk(s j)

∣∣ if fk is ordered

1 [ fk(si) ̸= fk(s j)] otherwise

This choice is arbitrary and other distances could be used depending on the nature of the features. For instance, multidimen-
sional features could be used along with the Euclidean distance.

Note that some features might be underspecified, or undetermined, for some stimuli (e.g. gender value in the case of plural
pronouns in English; ‘we’, ‘they’..). Here, in practice, this is implemented with NaN values and the distance is set to 0 if either
stimulus of a pair is NaN. Here too, other choices can be made depending on one’s dataset and goals.

Finally, let DF
i j be the m-dimensional vector of feature distances for a pair of stimuli (si,s j):

DF
i j =

(
D f1

i j , D f2
i j , . . . , D fm

i j

)
It summarizes the theoretical distance between a pair of stimuli with respect to all features.

2.1.2 Metric learning formulation

The main goal of MLEMs is to learn a metric (distance) function, which approximates the neural distances from the theoretical
distances. The metric function is defined over all features, and it is parametrized using a weight matrix W .

We define MLEM as a metric function implemented via a weighted norm ∥•∥W . That is, given a vector DF
i j for the theoretical

distance between a pair of stimuli, we define the following metric function:

D̂N
i j = ∥D

F
i j∥W =

√
(DF

i j)
TW (DF

i j)

The norm in this metric is parametrized by a matrix W , which weighs each feature and each feature-feature interaction. We
optimize W to maximize the Spearman correlation ρ between the empirical neural distances DN

i j and the modeled ones D̂N
i j:

sup
W∈S++

m

ρi< j

(
D̂N

i j , DN
i j

)
Note that the weight matrix needs to be symmetric positive definite W ∈ S++

m for the norm to be valid (i.e. to satisfy the
properties of a metric, such as positive definiteness and the triangle inequality). This Metric Learning component is the core of
MLEM.

The choice of Spearman correlation as the optimization objective is motivated by its robustness. As a rank-based measure,
it is invariant to monotonic transformations of the distances and less sensitive to outliers than other objectives like Pearson
correlation or Mean Squared Error (MSE). Pearson correlation assumes a linear relationship between the predicted and observed
distances, which may be too restrictive. MSE would aim for a direct match in distance values, making the model highly sensitive
to the scale of the distances and to outliers. Furthermore, Spearman correlation provides a score between -1 and 1, which is
more directly interpretable than unbounded metrics like MSE or R2 (not lower-bounded). While Kendall’s Tau is another
robust rank-based correlation, Spearman correlation is often preferred for its computational efficiency on larger datasets. By
optimizing for rank correlation, MLEM focuses on preserving the relative arrangement of stimuli in the representation space,
which is a core principle of second-order isomorphism methods.

2.2 Model Training

The model is trained using stochastic gradient descent. Further details on the optimization procedure are provided in Section B.

4



2.2.1 Batch size and breaking free from quadratic complexity

The major limitation of methods relying on pairwise comparisons between stimuli, such as computing RDMs, is the quadratic
complexity. However here, the matrix of weights W is optimized through stochastic gradient descent on batches of pairs of
stimuli. A training step only requires a subset of the RDMs corresponding to a batch of pairs. This can be computed on the fly
from the values of the features fk(si) and the high-dimensional representations Y . Empirically, the optimization of the weight
matrix W often converges before the entire RDM has been explored. This removes the need for the computation of all pairwise
distances which can be prohibitive for large datasets.

One question remains: how to choose the batch size? Such a parameter should be small for computing efficiency but large
enough to provide a good coverage of the values of the theoretical features, in particular the sparse ones and their interactions.
In practice we used the smallest batch size that would allow for computing correlations between the features with variability
below a given threshold. This criterion ensures that the gradient estimates during optimization are based on a representative
sample of feature co-occurrences, which is necessary for stable learning of the interaction terms in W . More details about this
procedure can be found in Section C.

2.3 Evaluation and Permutation Feature Importance

Models are evaluated using Spearman correlation ρ (higher is better) between the predicted neural distances D̂N
i j and the empir-

ical ones DN
i j on pairs of held-out stimuli.

Furthermore, we want to quantify the importance of each feature for the model, defined as how much each feature helps approx-
imate neural distances. To this end, Permutation Feature Importance (Breiman, 2001) is used. It measures the importance of a
feature as the average degradation in model performance when permuting the values of the feature across samples. This method
is more reliable than looking directly at the weights of the model and provides quantities which are straightforward to interpret.
For instance, in this setting, an importance of 0.3 for one feature means that the model loses 0.3 of Spearman correlation when
essentially destroying this feature. This provides a clear and interpretable measure of importance, unlike metrics such as R² or
MSE, for which the scale of the importance score is less intuitive.

More formally, assume a set of n input samples xi ∈ Rd , with corresponding targets yi ∈ Rd′ , a (trained) model M : Rd → Rd′

that predicts targets from inputs, and a score function S : Rn×d′×Rn×d′→ R that evaluates the model performance. Permutation
Feature Importance breaks the relationship between an input feature and the target by permuting the feature values across all
samples. If Sbaseline is the score of the model without any permutation:

Sbaseline = S
(

M
(

X
)
,Y

)
and Sk

p is the score of the model after applying permutation p to the values of feature fk across all samples:

Sk
p = S

(
M
(
X fk

p
)
,Y

)
then the importance of feature fk is quantified as:

Ep

[
Sbaseline−Sk

p

]
In practice, we find low variability across permutations therefore we approximate the expectation over p by averaging over only
10 random permutations for computational efficiency. The Permutation Feature Importance framework is extended to quantify
the importance of feature interactions, which correspond to the off-diagonal terms in the weight matrix W . This involves
reshaping the input space to treat each interaction as a separate feature. A detailed explanation of this procedure is provided in
Section D.

Ablation studies (leave-one-covariate-out, Lei et al., 2018) are another approach to feature importance which are more com-
putationally expensive since they require retraining the model. They are also unsuitable here since ablating/removing a single
feature would require removing its interactions as well to be able to retrain with the parametrization on W . Therefore it would
be impossible to isolate the importance of a single feature or an interaction.

However Permutation Feature Importance is prone to false detections in the presence of high correlations between the features
(Strobl et al., 2008). Other methods are more robust to this, such as feature grouping (Chamma et al., 2024) and Conditional
Permutation Importance (CPI, Strobl et al., 2008), but they are not applicable here. In the NLP examples, grouping features
would lead to groups that are hard to interpret. Regarding CPI, the gist of this method is to permute only the independent part
of the features with respect to the other ones. To do so, the method relies on training a predictor to reconstruct a feature based
on the others and then permuting the residuals (intrinsic information from the feature). In the MLEM framework, since the
objective is to model feature interactions, the residuals would be null. Indeed, predicting the interactions between f1 and f2
given at least f1 and f2 is very easy for a general predictor.
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2.4 Baseline: FR-RSA with interactions (FR-RSA-I)

By design MLEM has parameters for each feature interaction (off-diagonal elements of W ) and Permutation Feature Importance
allows their importance to be quantified. It can be critical to account for feature interactions in domains such as natural
language processing. For a fair comparison, an augmented variant of FR-RSA that includes interaction terms between features
is considered as a state-of-the-art baseline. We denote it as FR-RSA-I. In practice, FR-RSA-I is the same as MLEM without
the symmetric positive definite (SPD) constraint on W . It is hypothesized that enforcing this constraint in MLEM is beneficial
for a more reliable estimation of W . The model is constrained to be a distance, which should help predict the target distance in
neural space more precisely and more sample efficiently. It is also hypothesized that it makes the model more robust to noise
and overfitting.

2.5 Datasets

MLEM is evaluated in two setups, using two types of datasets: (1) synthetic datasets and (2) a fully annotated dataset of English
sentences for which representations are extracted from a Large Language Model (LLM). The reason to evaluate MLEM on
synthetic datasets is that the true effects of features, and their interactions, on neural distances are known. That is, all values
of the elements of W are known, to which we refer as the ground-truths. This allows assessment of MLEM’s ability to recover
a known underlying metric. The sentence dataset, on the other hand, provides a more realistic setting to test the method on
empirical data.

2.5.1 Simulated datasets

To evaluate MLEM’s ability to recover a ground-truth metric over features and their interactions, synthetic datasets are generated
with a known ground-truth weight matrix WGT . We consider n = 256 stimuli (si) and m = 16 binary theoretical features ( fk).
The features have two categories, “A” and “B”, which are randomly assigned to each stimulus, such that fk(si) takes the value
“A” with a probability of 0.5 and “B” otherwise. From these features, feature RDMs Dk

i j are derived using an indicator distance
(1 if feature values differ, 0 otherwise).

To establish a true underlying metric in the feature space, a ground truth symmetric positive definite matrix WGT ∈ S++
m is

generated using make_spd_matrix from scikit-learn (Pedregosa et al., 2011) and normalized to have a Frobenius norm of
1 for comparability across datasets. To generate neural representations that reflect this feature space, pairwise neural distances
DNGT

i j between stimuli si and s j are computed as:

DNGT
i j = ∥DF

i j∥WGT =
√
(DF

i j)
TWGT DF

i j

where DF
i j = [D f

i j] f is the vector of feature distances for the pair of stimuli (si,s j). To create high-dimensional representations,
Multidimensional Scaling (MDS) is used to generate d = 768-dimensional representations Y whose pairwise distances closely
match DNGT . To simulate realistic neural variability, Gaussian noise is added to these representations. This noise is scaled by
the standard deviation of each dimension of the generated representations and an additional configurable noise level parameter
called ”Noise level” in the figures. Finally, to obtain the actual neural distances DN

i j, the pairwise Euclidean distances between
these noisy, high-dimensional representations are computed.

Models are trained on five datasets generated with different random seeds, using an 80% training and 20% testing split. Metrics
are reported as their average (full line) and their standard deviation (shaded area) across the five seeds. Figures display the
metrics measured on the test set when applicable.

2.5.2 Relative Clause Sentence Dataset

To test and compare MLEM and FR-RSA-I on real data, we use a dataset of generated sentences emphasizing a specific
linguistic structure: relative clauses. Following syntactic theory, relative clauses create sentences that are relatively complex, in
particular object relative clauses due to a syntactic movement. We focus are interested in relative clauses since this movement
is expected to generate large distances in neural space. We therefore contrast sentence stimuli with and without such syntactic
movement. In addition, we mark all sentence stimuli also based on other, presumably simpler, features, such as grammatical
number (singular/plural).

A dataset of 7.7k sentences was generated with manually crafted grammars to emphasize the relative clause linguistic structure
in a 2x2 design: center-embedded vs peripheral (right-branching) and subject vs object relative clauses. This design is sum-
marized in Table 1. The dataset has 12 features which are displayed in Table S1 along with their values, the distance function
used, and a brief description. Feature RDMs are then computed using either the indicator function (categorical values) or the
absolute difference (continuous values) depending on the feature.
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Attachment Site Relative Clause Type

Center-Embedded

Subject relative
Template: Subj [who verb obj] verb obj.

Example: The woman [who sees the princess] admires the actress.

Object relative
Template: Subj [who subj verb] verb obj.

Example: The woman [who the princess sees] admires the actress.

Peripheral
(Right-Branching)

Subject relative
Template: Subj verb obj [who verb obj].

Example: The woman sees the princess [who admires the actress].

Object relative
Template: Subj verb obj [who subj verb].

Example: The woman admires the actress [who the princess sees].

Table 1: 2x2 design of the relative clause sentence dataset to emphasize center-embedded vs peripheral and subject vs object
relative clauses.

Permutation Feature Importance is known to be sensitive to high correlations between features. Because importances are harder
to interpret under such correlations, the dataset was carefully balanced to mitigate them. As a result, the correlations between
the feature RDMs are negligible (c.f. Figure S1).

For this sentence dataset, representations are taken from a well-studied Large Language Model: BERT (Devlin et al., 2019).
More precisely, the pre-trained bert-base-uncased model from the transformers library (Wolf et al., 2020). BERT is fed
with the sentences and hidden states are extracted from its 12 layers. These hidden states are averaged over the token dimension
to get fixed-size sentence embeddings, which is necessary for the method. These embeddings are then regarded as the neural
representations of the sentences for BERT. Neural distances DN

i j are computed as the Euclidean distance between these sentence
embeddings. To also evaluate robustness to noise in this more realistic setting, we added artificial Gaussian noise to the BERT
representations in a similar way as the simulation. The noise is scaled by the standard deviation of the representations for each
dimension and a configurable noise level parameter, called ”Artificial Noise level” in the figures.

5-fold cross-validation is applied and metrics are reported as their average (full line) and their standard deviation (shaded area)
across the five folds. Figures display the metrics measured on the test set when applicable.

In practice we run the batch size estimation procedure described in Section 2.2.1 and Section B with a conservative set of
parameters and obtain a large batch size of ∼20,000 for this dataset for high accuracy.

3 Results

3.1 MLEMs are more accurate and robust to noise compared to the strongest baseline method

A key difference between MLEM and FR-RSA-I is that MLEM enforces the weight matrix W to be symmetric positive definite
(SPD), constraining it to define a valid metric. We hypothesize that this constraint provides regularization that leads to more
accurate weight recovery and greater robustness to noise, as demonstrated in the following results.

Simulation Results. First, we used simulated datasets where the ground-truth weight matrix WGT is known (see Section 2).
Figure 2a shows the Frobenius distance between the estimated weights and the ground-truth weights for both methods across
different levels of noise. MLEM consistently achieves a lower Frobenius distance, indicating that its estimated weights are
closer to the ground truth and demonstrating its superior accuracy in recovering the true feature geometry.

Experiments with LLMs. Second, to evaluate robustness, we measured how much the estimated weights changed when
artificial noise was added to the neural representations from layer 7 of the LLM. Figure 2b shows the Frobenius distance
between weights estimated with and without this noise. The weights from MLEM show a smaller distance to their noiseless
counterpart across all noise levels, demonstrating the superior stability and robustness of MLEM.
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To provide a more detailed view of this robustness, we examined the profiles of learned weights and feature importances under
increasing levels of artificial noise (Figures S4 and S5). For both weights and feature importances, the profiles for FR-RSA-I
degrade more rapidly than for MLEM, confirming MLEM’s superior stability. To quantify the stability of the feature rankings,
we used Kendall’s weighted τ to compare feature importance profiles at each noise level to the noiseless profile (Figure S6).
MLEM maintains a consistently higher correlation, indicating that its feature importance rankings are more reliable in noisy
conditions.
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Figure 2: MLEM is more accurate and robust to noise than FR-RSA-I. Frobenius distance at different noise levels between
estimated weights and (a) ground-truth weights in synthetic data (accuracy), and (b) estimation at noise level 0 on LLM
embeddings (robustness). MLEM (blue) consistently achieves lower error than FR-RSA-I (orange). In both plots, the full line
represents the average and the shaded area represents the standard deviation across 5 runs.
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(a) Simulated data.
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(b) Relative clause dataset with LLM embeddings.

Figure 3: MLEM converges faster than FR-RSA-I. The plots compare the number of training steps (epochs) of MLEM
(blue) and FR-RSA-I (orange). (a) On simulated datasets, MLEM converges faster across all noise levels. (b) On the relative
clause dataset with LLM embeddings, MLEM converges faster for each of the 12 layers. This demonstrates MLEM’s superior
computational efficiency. The full line represents the average and the shaded area represents the standard deviation across 5
runs.

3.2 MLEMs converge faster than baseline methods

We next compared the convergence speed of MLEMs and FR-RSA-I. Figure 3 shows the number of training steps for both
methods on the simulated datasets (Figure 3a) and the relative clause dataset with LLM embeddings (Figure 3b). In both
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cases, MLEM converges faster than FR-RSA-I. As our approach does not explore the whole RDMs before converging (see
Section 2.2.1), this result also means that MLEM is more data efficient.

As shown in Figure S14, MLEM’s speed advantage is most pronounced at low artificial noise levels but both methods seem to
converge at the same speed when noise increases. However MLEM still shows less variability in the number of training steps
across runs.

3.3 Encoding performance is comparable between MLEM and FR-RSA-I

MLEM and FR-RSA-I obtain similar final encoding performance measured by Spearman correlation between predicted and
observed neural distances on held-out stimuli (see Figure S9). Therefore MLEM recovers more faithful feature and interactions
weights, yields more reliable feature importance profiles, and converges faster, while preserving encoding power.

3.4 MLEMs reveal importance profiles of the theoretical feature across layers of an LLM

To understand how the LLM represents sentences, we train one MLEM per layer and investigate the importance of features and
interactions obtained.

For readability, we display a subset of the 12 features from the relative clause dataset. We selected the top features in terms of
both highest importance and absolute weight across layers for MLEM and FR-RSA-I, resulting in 4 features and one interaction.
Figure 4 shows the profiles of feature importances across layers and Figure S2 shows the absolute weights. The importance
curves show interesting patterns. For instance ”Relative Clause type” and ”Attachment site” achieve their highest scores in the
middle layers, consistent with prior work suggesting that LLMs process syntax predominantly in middle layers (in particular
Hewitt and Manning, 2019 for BERT).

1 3 6 9 12
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Fe
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MLEM

1 3 6 9 12
Layer

FR-RSA-I

Feature
Subj. num.
Attachment site
Relative clause type
(Obj. freq. x Embed. freq.)
Embed. num.

Figure 4: MLEM and FR-RSA-I identify similar profiles of feature importance across LLM layers. The plots show the
top feature importances for MLEM (left) and FR-RSA-I (right) across the 12 layers of the LLM. Each line represents a feature
or interaction, and its y-value indicates its importance at a given layer. Both methods reveal a similar pattern: features related
to sentence structure, such as ”Relative Clause type” and ”Attachment site”, gain importance in the middle layers, which is
consistent with prior work on LLM’s syntactic processing. This suggests that both methods can uncover meaningful linguistic
information. The full line represents the average and the shaded area represents the standard deviation across 5 cross-validation
folds.

3.5 Feature Importance of MLEMs reveal complex geometrical structures in LLM representations

To verify that importance values correspond to meaningful geometric structures, we visualized the representations in 2D using
Multidimensional Scaling (MDS, Kruskal, 1964). The layer-wise feature importance profiles reflect the geometry of the neural
representation. Figure 5 shows that a clear clustering based on ”Relative Clause type” emerges in the middle layers, where its
feature importance peaks in Figure 4. This validates that feature importance profiles produced by MLEM are informative about
the geometry of neural representations.

Furthermore, the relative feature importances of different features reflect a nested-structure geometry. Figure 6 demonstrates at
the layer 6, the most important features define a hierarchical clustering. The space is first organized by ”Relative Clause type,”
then by ”Attachment site,” and finally by ”Subject number,” offering an interpretable visualization of how abstract linguistic
properties are hierarchically encoded.
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Layer 9 Layer 10 Layer 11 Layer 12

Relative clause type
Object relative Subject relative

Figure 5: The geometry of LLM representations reflects syntactic structure, especially in middle layers. This figure shows
2D MDS visualizations of sentence representations from each of the LLM’s 12 layers. Points are colored by the ”Relative
Clause type” feature (object relative: blue, subject relative: orange). A clear clustering based on this feature emerges in the
middle layers, where the two colors become separable. This geometric separation aligns with the peak importance of the
”Relative Clause type” feature shown in Figure 4, validating that the feature importances identified by the approach correspond
to tangible structures in neural space.

Figure S7 compares MLEM and FR-RSA-I across layers (weights and feature importance agreement), and Figure S8 extends
this comparison under artificial noise. Finally, Figure S12 contrasts the multivariate MLEM with unit-wise univariate MLEMs,
showing the benefit of modeling distributed representations.

To contextualize MLEM’s informativeness against alternative approaches, we compared it with both decoding and multivariate
encoding baselines. A standard decoding approach, using linear classifiers to predict features from representations, confirms
that feature information is present but reveals little about how representational geometry evolves across layers, as accuracies
remain uniformly high (Figure S10). In contrast, a multivariate random forest encoding baseline recovers a feature importance
profile similar to MLEM’s but cannot model feature interactions by design and lacks the robustness conferred by MLEM’s
metric learning framework (Section H). These comparisons underscore MLEM’s unique advantage in providing detailed and
robust insights into the structure of neural representations.

4 Discussion

This work introduced Metric Learning Encoding Models (MLEM), a multivariate encoding framework that learns an optimal
metric over a feature space to model the geometry of neural representations. Experiments on simulated and real-world data
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Relative clause type
Obj. relative
Subj. relative

Attachment site
Center embedding
Peripheral

Subj. num.
Plural
Singular

Figure 6: Top features from MLEM reveal a hierarchical clustering in the space of neural representation. This figure
visualizes the sentence representations from layer 6 of the LLM, demonstrating how the top three features identified by MLEM
for this layer organize the space hierarchically. First, representations cluster by ”Relative Clause type” (subject relative: blue,
object relative: orange). Within the subject-relative cluster, a secondary split emerges based on ”Attachment site” (center-
embedded: green, peripheral: red). Finally, within the subject-relative, center-embedded cluster, a third level of organization
appears based on ”Subject number” (plural: purple, singular: brown). This hierarchical structure, discovered using MLEM’s
feature importances, provides a clear and interpretable view of the geometry of neural representations. See Figure S13 for a
complete view.

demonstrate that MLEM offers several advantages over existing methods like FR-RSA: it is more accurate in recovering ground-
truth feature weights (Figure 2a), more robust to noise (Figure 2b), and converges faster (Figures 3a and 3b) which makes it
more data-efficient. By combining this with Permutation Feature Importance, MLEM reliably quantifies the contribution of
both individual features and their interactions to neural representations, revealing interpretable geometric structures in high-
dimensional data (Figures 5 and 6).

4.1 Advantages of multivariate encoding over alternative approaches

MLEM’s multivariate approach offers several key advantages over decoding methods and univariate encoding approaches.
Decoding models (or ”probes”), while demonstrating that feature-related information is present, are susceptible to confounds
where a feature may be decodable simply because it correlates with another, truly encoded feature (Hewitt and Liang, 2019;
Belinkov, 2022; A. Kumar et al., 2022). Moreover, as shown in Figure S10, decoding accuracies remain uniformly high across
layers and provide little insight into how representational geometry changes, highlighting a key limitation of this approach.

Univariate encoding approaches, which fit each neural unit independently, cannot model distributed representations encoded
across populations of units, a critical characteristic of neural computation (Georgopoulos et al., 1986). The comparison with
univariate MLEMs (Figure S12) demonstrates that the multivariate approach successfully captures geometric structure encoded
across multiple units, which individual univariate models cannot access. This is particularly important for understanding com-
plex domains like language, where information is often distributedly encoded across neural populations rather than localized in
individual units.

4.2 Modeling feature interactions through metric learning

A central contribution of MLEM is its principled approach to modeling feature interactions through metric learning. Feature-
Reweighted RSA (FR-RSA) can be seen as a special case of MLEM where the weight matrix is constrained to be diagonal,
corresponding to independent feature contributions without interactions. Even when FR-RSA is artificially extended to capture
interactions (FR-RSA-I), it fails to match MLEM’s performance because the set of weights is not constrained to form a valid
metric. While our analysis of LLM representations did not reveal strong, interpretable interactions, the ability to model them is
crucial. Even if interactions are not of primary interest, their inclusion can lead to more accurate estimates of the main effects
of individual features, as demonstrated in our simulations.
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The symmetric positive definite (SPD) constraint in MLEM ensures that the learned weights define a valid metric, which serves
multiple purposes. First, it provides theoretical grounding by guaranteeing that the weighted distance satisfies metric properties
such as positive definiteness and the triangle inequality. Second, this constraint functions as a form of regularization, guiding the
optimization toward more stable and interpretable solutions. As demonstrated in our results (Figure 2), this constraint is crucial
for achieving superior accuracy in recovering ground-truth weights and increased robustness to noise compared to FR-RSA-I.
Without this constraint, as in FR-RSA-I, the learned weights may not correspond to a meaningful geometric structure, making
the model more prone to overfitting and less robust to noise. The uncoupled estimation of interaction terms in FR-RSA-I can
impair their accuracy, as shown in our simulations. The superior performance of MLEM in recovering ground-truth weights
and its increased robustness can be attributed to this principled metric learning formulation.

4.3 Robustness to noise in neural data

Neural data, whether from biological systems or artificial networks, inevitably contains noise from various sources includ-
ing measurement error, biological variability, and computational precision. The robustness analysis (Figures 2b, S4 and S5)
demonstrates that MLEM maintains more stable weight estimates and feature importance profiles under increasing noise levels
compared to FR-RSA-I. This robustness stems from the SPD constraint, which regularizes the learning process and prevents
the model from fitting to spurious noise patterns. Additionally, the use of Spearman correlation as the optimization objective
makes the approach less sensitive to outliers and non-linear relationships between feature and neural geometries. This is be-
cause Spearman correlation operates on ranks, making it invariant to monotonic transformations of the distances and robust to
extreme values. This choice also makes the resulting scores and feature importances more interpretable than alternatives like
MSE or R2. This robustness is crucial for real-world applications where neural measurements are inherently noisy.

4.4 Computational efficiency and practical impact

The computational efficiency of MLEM stems from multiple innovations that make it convenient for both large and small
datasets.

First, the use of stochastic gradient descent for the optimization along with the on-the-fly computation of batches of data
(Section 2.2.1) avoids the quadratic complexity of computing full RDMs. For instance on the relative clause dataset, MLEM
converges in less than 200 steps (Figure 3b). With the estimated batch size of 20,000 pairs, this means it explored at most 4
million of the ∼30 million possible pairs, or less than 15% of the full RDMs. This makes MLEM scalable to datasets with
thousands or even millions of stimuli for which computing and storing full RDMs would be computationally intractable with
traditional RSA-based methods. Furthermore, convergence without needing to see all stimulus pairs makes MLEM more data-
efficient. This means that for limited data scenarios, which is common in neuroimaging studies where acquisition is expensive
and time-consuming, MLEM converges to a better solution with the same amount of data.

Second, as demonstrated in Figures 3a and 3b, MLEM converges faster than FR-RSA-I. The sole difference between the
two methods is the SPD constraint, hence the speed advantage can be directly attributed to this principled parametrization.
By constraining the optimization to the manifold of valid metrics, the SPD parametrization guides gradient descent toward
meaningful solutions more efficiently than the unconstrained approach of FR-RSA-I. Therefore the SPD constraint provides an
additional performance boost in addition to its regularization benefits.

4.5 Comparing MLEM with similar approaches from the literature

The closest variant of RSA to MLEM is Representational Similarity Learning (RSL, Oswal et al., 2016). RSL is a decoding
approach: given human similarity judgments S and neural measurements X , it seeks a sparse and symmetric weight matrix
W such that XWXT ≈ S. In contrast, MLEM is an encoding approach, neural distances are predicted from feature distances.
Furthermore, its focus is on the neural encoding of multiple theoretical features while RSL was applied to decode a single
matrix of human similarity judgments.

Another related method is Mixed RSA (Khaligh-Razavi et al., 2017), which combines voxel-receptive-field (RF) modeling with
RSA. Mixed RSA first learns a linear mapping from model features to individual voxel responses on a training set, and then
computes an RDM from the predicted voxel responses on a test set. This predicted RDM is then compared to the empirical
RDM. While both MLEM and Mixed RSA aim to find a better alignment between feature-based and neural representations, they
operate at different levels. Mixed RSA is a hybrid approach that first builds a first-order encoding model (features to activations)
and then performs a second-order comparison (RSA). In contrast, MLEM is a pure second-order model that directly learns a
metric on the feature space to match the geometry of the neural space, without modeling individual neural units. This makes
MLEM more directly focused on the representational geometry and less dependent on the quality of individual unit predictions.
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A similar metric learning approach was also adopted more practically in the study of phoneme perception, based on behavioral
phoneme-confusion data (Lakretz et al., 2018).

Finally, other multivariate encoding approaches include Reduced-Rank Ridge Regression (RRR, Mukherjee et al., 2011) and
Back-to-back (B2B) regression (King et al., 2020). Both are first-order encoding models that predict neural activations directly
from features, unlike MLEM, which is a second-order model that operates on distances. RRR regularizes the linear mapping
from features to neural activations by enforcing a low-rank constraint on the coefficient matrix. This is conceptually different
from MLEM’s approach of learning a metric on the feature space. B2B regression aims to disentangle correlated features
by chaining a decoding model (from neural data to features) with an encoding model (from features back to the decoder’s
predictions). While it addresses feature collinearity, it does not explicitly model feature interactions or the geometry of the
representation space in the way MLEM does.

4.6 Broader impact and future applications

The MLEM framework is modality-agnostic and opens several avenues for future research across multiple domains. In neu-
roscience, applying MLEM to human brain data (fMRI, MEG, ECoG) could help bridge the gap between findings from com-
putational models and the principles of neural computation in biological systems. In artificial intelligence, MLEM provides a
powerful tool for interpreting the internal representations of deep learning models across various modalities.

The method’s ability to uncover hierarchical clustering based on feature importance (Figure 6) demonstrates its potential for
discovering interpretable structure in high-dimensional representations. This capability could prove valuable for understanding
how abstract concepts are organized in both artificial and biological neural systems.

4.7 Limitations

Large and Heterogeneous Datasets As explained in Section 2.2.1, the implementation of MLEM uses a subsampling strat-
egy to avoid the quadratic complexity of pairwise comparisons. Optimization often converges long before the entire set of
stimulus pairs has been seen. This efficiency, however, poses a risk for very large and heterogeneous datasets. If convergence is
reached too early, some informative stimulus pairs, especially those related to sparse features, may not be sampled, potentially
biasing the learned metric. While the adaptive batch sizing procedure (Section 2.2.1) is designed to mitigate this by ensuring
feature correlations are stable within batches, it may lead to computationally expensive large batches for highly diverse datasets.

Weighting Units in the Neural Space One could consider extending MLEM to learn weights for individual units (e.g.,
neurons or voxels) in the neural space, similar to some variants of RSA (Oswal et al., 2016). For instance one could learn a
diagonal matrix λ to compute a weighted neural distance: DN

i j =
∥∥Yi−Yj

∥∥
λ
. While this could improve the alignment between

feature and neural spaces (i.e., achieve a higher Spearman correlation), it would come at the cost of interpretability. The
resulting feature importances would explain a distorted or degenerated neural space, making it difficult to draw conclusions
about the original representations. For spatial data like fMRI, a searchlight analysis remains a more advisable approach for
localizing feature information. If such a feature were to be implemented, regularization on λ would be necessary to prevent it
from becoming overly sparse, which would amount to selecting only a few neural units.

5 Conclusion

This work presented MLEM, a novel framework for interpreting high-dimensional representations by modeling their geome-
try as a learned metric over theoretical features. By explicitly accounting for feature interactions through a principled metric
learning approach and leveraging a robust optimization objective, MLEM provides more accurate, stable, and efficient inter-
pretations than previous methods. Its effectiveness has been demonstrated in both controlled simulations and in analyzing the
representations of a large language model. MLEM represents a significant advance over existing approaches by combining the
strengths of encoding models with the ability to capture distributed neural representations and modeling feature interactions.
The framework’s versatility makes it a powerful tool for researchers seeking to uncover the principles of neural information
processing in both artificial and biological systems.
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Supplementary Information

A Relative Clause dataset

A.1 Dataset construction and balancing

The Relative Clause dataset was generated to emphasize syntactic variation in a 2×2 design that manipulates embedding site
(center-embedded vs peripheral) and relative-clause role (subject vs object). Sentences were produced using controlled gram-
mars to fill a combinatorial space of linguistic features; the final dataset contains approximately 7.7k sentences and 12 features
(listed in Table S1). Features include binary syntactic properties (e.g., relative-clause type, attachment site), morphologi-
cal attributes (subject/object/embedded number and gender), lexical frequency bins (Zipf scores), and the verb lemma. The
dataset was balanced with respect to these features to avoid spurious correlations between feature RDMs; Figure S1 shows the
(near-zero) correlations across feature RDMs, indicating a well-balanced design where permutation-based importances remain
interpretable.

Feature Values Distance Description

Relative Clause type Subject, Object Indicator Whether the relative clause modifies the subject or the
object of the main clause.

Attachment site Peripheral, Center-embedded Indicator Position of the relative clause relative to the main
clause.

Subject number Singular, Plural Indicator Grammatical number of the main clause subject.

Subject gender Feminine, Masculine Indicator Grammatical gender of the main clause subject.

Subject frequency 4.0, 4.5, 5.0, 5.5 Euclidean Zipf frequency of the main clause subject.

Object number Singular, Plural Indicator Grammatical number of the main clause object.

Object gender Feminine, Masculine Indicator Grammatical gender of the main clause object.

Object frequency 4.0, 4.5, 5.0, 5.5 Euclidean Zipf frequency of the main clause object.

Embedded number Singular, Plural Indicator Grammatical number of the embedded clause subject.

Embedded gender Feminine, Masculine Indicator Grammatical gender of the embedded clause subject.

Embedded frequency 4.0, 4.5, 5.0, 5.5 Euclidean Zipf frequency of the embedded clause subject.

Verb lemma admire, see Indicator Lemma of the verb.

Table S1: Linguistic features and their values in the Relative Clause dataset.
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Figure S1: Feature RDMs in the Relative Clause dataset are uncorrelated. This heatmap shows the Pearson correlation
between the Representational Dissimilarity Matrices (RDMs) of the 12 linguistic features in the dataset. The correlations are
computed over all pairs of stimuli. The low values across the matrix (the largest being 0.125) indicate that the dataset is
well-balanced and that the features are largely independent. This is crucial for the interpretability of methods like Permutation
Feature Importance, as it minimizes the risk of attributing importance to confounded features.
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B Optimization Details

Optimizing the Spearman correlation while constraining the weight matrix W to be symmetric positive definite (SPD) is a
non-trivial problem. This optimization is performed through stochastic gradient descent on a differentiable relaxation of the
Spearman correlation introduced by Blondel et al., 2020 and we used the optimized PyTorch implementation from torchsort.

To enforce the SPD constraint on the weight matrix W , a parametrization based on the Cholesky decomposition is used, as
described in the Parametrization Cookbook (Leger, 2023). Any SPD matrix W can be uniquely decomposed as W = LLT ,
where L is a lower-triangular matrix with strictly positive diagonal entries. Instead of optimizing W directly under constraints,
an unconstrained matrix A is optimized. L is then constructed from A by taking the lower-triangular part of A and ensuring its
diagonal entries are positive by applying the softplus function. Specifically, Li j =Ai j for i> j, Lii = softplus(Aii)= log(1+eAii),
and Li j = 0 for i < j. The resulting matrix W = LLT is guaranteed to be SPD. This construction is differentiable so A can be
optimized even if W is used in practice. A is implemented as an nn.Linear module from the PyTorch library (Ansel et al.,
2024).

The AdamW optimizer (Loshchilov et al., 2017) is used with a learning rate of 0.1 and no weight decay. Training stops when the
optimized Spearman has not increased for 50 steps or after a maximum of 1000 steps.

For numerical stability the weight matrix W is normalized to have Frobenius norm 1 at each step, and online min–max scaling
is applied to neural distances DN so they remain in [0, 1]. These normalizations do not change the optimization problem as
Spearman correlation is invariant to scaling.

C Batch Size Selection

To select an appropriate batch size for stochastic gradient descent, a preprocessing procedure is run on the feature values to
estimate correlation variability. The goal is to find a batch size that is small enough for computational efficiency but large
enough to provide a stable estimate of the correlations between feature distances. Formally, p = 64 batches are sampled:
B1, ...,Bp. Starting with a small batch size b = 4096, each batch Br is a set of b pairs of indices:

Br = {(i1, j1), ...,(ib, jb)}

The corresponding feature (and interaction) distances are computed and correlations between them are evaluated within the
different batches. Then, if the individual variabilities of those correlations across the p batches are not too high (e.g., standard
deviation below 0.01), this batch size is kept; otherwise it is increased by multiplying by a factor γ = 1.2 (b← b× γ) and the
estimation is restarted. In practice, this preprocessing step can be unbounded for imbalanced datasets with very sparse features
and relaxing the threshold may be necessary.

D Permutation Feature Importance Details

A trained MLEM model is defined by a matrix W ∈ S++
m that can be used to predict neural distances DN

i j from feature distances
DF

i j as follows:

DN
i j ∼ D̂N

i j = ∥D
F
i j∥W =

√
∑

1≤k,l≤m
WklDk

i jD
l
i j

To obtain feature importance for the interactions between features (corresponding to off-diagonal Wkl), the input space of the
MLEM is reshaped to fit the Permutation Feature Importance framework. Instead of considering the m-dimensional vector DF

i j,

it is transformed to an mp-dimensional vector Pi j where mp =
m(m+1)

2 is the number of pairs of features (including pairs ( f , f )
corresponding to a single feature). For an index 1≤ k′ ≤ mp corresponding to a pair of features (k, l) with k ≤ l define:

Pk′
i j =

{
Dk

i jD
l
i j if k = l

2Dk
i jD

l
i j if k ̸= l

The factor 2 accounts for symmetry and avoids duplication. Then the MLEM model can be rewritten as a mapping hW : Rmp →
R:

hW (Pi j) =

√
∑

1≤k′≤mp

Wkl Pk′
i j

With the same correspondence between k′ and (k, l) as above. Considering different pairs of stimuli as samples, Permutation
Feature Importance can be applied to hW with Spearman correlation as the score to obtain importance for each feature and for
each interaction between them.
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E Weights

In addition to permutation importances, the absolute value of learned weights is inspected to understand the model’s parame-
terization. Figure S2 reports absolute weights for the top features across BERT layers for MLEM and FR-RSA-I. While weight
profiles are broadly similar across methods and layers, raw weights can be misleading. A large absolute weight does not neces-
sarily imply that a feature explains the geometry; it may reflect parameter scaling or compensate for other learned interactions.
For instance, the interaction between object frequency and embedded frequency has a large absolute weight for both methods
but negligible importance.

The MDS visualization in Figure S3 provides an example where weight magnitudes suggested a strong interaction, but the
geometry did not clearly reflect the purported clustering. This discrepancy suggests that feature importance is a more reliable
measure than weights for understanding the geometry of neural representations.
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Figure S2: Weight profiles are similar across methods but can be misleading. This figure shows the absolute values of the
learned weights for top features in FR-RSA-I (left) and MLEM (right) across BERT’s 12 layers. While the profiles are broadly
similar, raw weights are not always a reliable indicator of feature importance. For example, the interaction between ”object
frequency” and ”embedded frequency” receives a large weight from both methods, but its permutation importance is negligible.
This suggests that large weights can arise from model-internal parameter adjustments rather than true explanatory power.
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Layer 1 Layer 2 Layer 3 Layer 4

Layer 5 Layer 6 Layer 7 Layer 8

Layer 9 Layer 10 Layer 11 Layer 12

(Object frequency x Embedded frequency)
4, 4 4, 5 5, 4 5, 5

Figure S3: Large weights do not always correspond to clear geometric structure. This figure shows 2D MDS visualizations
of BERT’s sentence representations, colored by the interaction of ”object frequency” and ”embedded frequency”. The clustering
with respect to this interaction in early layers is not as clear as its weight seemed to suggest in Figure S2, in particular by FR-
RSA-I. This provides a concrete example of why permutation feature importance is a more reliable measure than raw weights
for interpreting the geometry of neural representations.
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F Quantitative comparison of methods

To provide a more rigorous comparison between methods, we introduce quantitative measures of similarity for both weight and
feature importance profiles. These measures can be used to compare results from different methods (MLEM vs. FR-RSA-I),
different models, or under varying conditions like noise level.

For weights, we use the Frobenius distance between two weight matrices. This is used to compare estimated weights to ground
truth in simulations (Figure 2a) and to assess robustness to noise (Figure 2b).

For feature importance profiles, standard correlation measures like Spearman’s ρ are suboptimal as they treat all features equally.
The agreement on top-ranking features is of particular interest, as these have the most explanatory power. Misranking features
with low importance is less critical than misranking features with high importance.

Kendall’s weighted τ (Vigna, 2015) is a rank correlation coefficient that addresses this by assigning more weight to disagree-
ments involving higher-ranked items. Given n items (features in our case) and two lists of scores for those items (feature
importances in our case), R and S, it is defined as:

τw(R,S) =
∑i< j w(i, j)sgn(Ri−R j)sgn(Si−S j)

∑i< j w(i, j)

where the weight w(i, j) is a function of the ranks of items i and j. A classical choice is hyperbolic weighting (Vigna, 2015)
which we describe next. Let ρR(i) be the rank of item i in list R (starting from 0). The weight for a pair of items (i, j) can be
based on their ranks in list R:

wR(i, j) =
1

ρR(i)+1
+

1
ρR( j)+1

Similarly, a weight function wS can be defined based on the ranks in S. To ensure symmetry, the final correlation τh is the
average of the correlations computed with each weighting scheme:

τh(R,S) =
τwR(R,S)+ τwS(R,S)

2
This symmetric approach ensures the measure does not depend on an arbitrary choice of which ranking to use for weights.
In practice, weightedtau from the scipy library (Virtanen et al., 2020) is used, which implements this hyperbolic weighting
scheme by default.

F.1 Robustness to noise
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Figure S4: MLEM’s weight profile is more stable under noise than FR-RSA-I’s. The plots show the learned weights for
top features in BERT’s 7th layer for MLEM (left) and FR-RSA-I (right) under increasing levels of artificial noise. While both
methods start with similar profiles at zero noise, the weight profile of FR-RSA-I degrades more rapidly as noise increases,
showing greater instability. MLEM’s profile remains more consistent, highlighting its superior robustness.
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Figure S5: MLEM’s feature importance profile is more robust to noise. This figure compares the feature importance
profiles for FR-RSA-I (left) and MLEM (right) on BERT’s 7th layer as artificial noise is added. Similar to the weight profiles,
the feature importance profile for FR-RSA-I shows degradation with increasing noise. In contrast, MLEM’s feature importance
profile remains relatively stable, indicating that its interpretations are more reliable in noisy conditions.
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Figure S6: MLEM’s feature importance rankings are more stable against noise. This plot shows Kendall’s weighted τ

correlation between the feature importance profile at each noise level and the noiseless feature importance profile, for MLEM
(blue) and FR-RSA-I (orange). A higher correlation indicates greater stability. MLEM maintains a higher and more stable
correlation as noise increases, whereas FR-RSA-I’s correlation drops and shows high variability. This quantifies MLEM’s
superior robustness in preserving feature importance rankings under noise.

23



F.2 Comparing MLEM and FR-RSA-I

To further compare MLEM and FR-RSA-I, the Frobenius distance between their weight profiles and the Kendall’s weighted τ

between their feature importance profiles are computed across all BERT layers and noise levels.

Figure S7a shows that the Frobenius distance between the weight matrices of the two methods decreases in the middle and
higher layers of BERT, suggesting they converge to more similar weight solutions in these layers. Conversely, Figure S7b
shows that the correlation between their feature importance profiles is highest in the early layers and decreases in later layers.
This indicates that while the raw weights may become more similar, the resulting interpretations in terms of feature importance
diverge. Given the earlier finding that feature importance is a more reliable measure, this divergence is significant.

When examining the effect of noise (Figure S8a and Figure S8b), the weight matrices of the two methods diverge as noise in-
creases, as expected. However, the agreement on feature importances remains relatively stable, albeit with increased variability.
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(a) Dissimilarity of weight matrices.
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Figure S7: Comparison of MLEM and FR-RSA-I across BERT layers. (a) The Frobenius distance between the weight
matrices learned by MLEM and FR-RSA-I decreases in later BERT layers, suggesting the models converge to more similar
weight solutions. (b) In contrast, the agreement on feature importance (Kendall’s weighted τ) is highest in early layers and
decreases thereafter. This suggests that even when raw parameters become more similar, their interpretations in terms of
feature importance can diverge.
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(a) Dissimilarity of weight matrices.
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Figure S8: Comparison of MLEM and FR-RSA-I under noise. (a) The Frobenius distance between the weight matrices of
MLEM and FR-RSA-I for BERT’s 7th layer increases with noise, indicating they diverge more in noisier conditions. (b) Despite
the growing dissimilarity in their weight matrices, the agreement on the ranking of important features (Kendall’s weighted τ)
remains relatively stable, though with increased variability.
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F.3 MLEM and FR-RSA-I obtain the same encoding performance

Although MLEM yields improved recovery of weight structure, improved robustness, and faster convergence, the two methods
obtain similar final encoding performance measured by Spearman correlation on pairs of held-out stimuli (see Figure S9).
That is, both methods achieve comparable alignment to observed neural distances in terms of standard predictive scores. The
additional contributions of MLEM are therefore interpretability and stability: MLEM recovers more faithful feature interactions
(by Frobenius to ground truth), yields more reliable feature importance profiles, and converges faster, while preserving encoding
power.
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(a) Simulated data.
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(b) BERT layers.
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(c) Artificial noise.

Figure S9: MLEM and FR-RSA-I achieve similar encoding performance. The plots show the test Spearman correlation
for MLEM (blue) and FR-RSA-I (orange). (a) On simulated data, both methods achieve comparable performance, which
degrades as noise increases. (b) Across BERT layers, both models show nearly identical predictive performance. Performance
peaks in middle layers, consistent with prior work (Hewitt and Manning, 2019). (c) On BERT’s 7th layer with artificial noise,
performance degrades similarly for both methods. This confirms that MLEM’s advantages do not come at the cost of encoding
performance.
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G A decoding baseline is not informative

To contrast the encoding-based approach with a standard decoding baseline, linear classifiers are trained to decode linguistic
features from BERT’s layer-wise representations. As shown in Figure S10, decoding accuracy for key features is high across
all layers. While this confirms that feature information is present, the flat accuracy profiles provide little insight into how the
representational geometry changes across layers. This highlights a key advantage of encoding models like MLEM, which are
designed to reveal the structure of representations, not just the presence of information.
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Figure S10: Decoding accuracy provides limited insight into representational geometry. This figure displays the decoding
accuracy of selected linguistic features from BERT’s layers using a linear classifier. Unlike the profiles of weights or feature
importance, decoding accuracy remains consistently high across all layers, offering little differentiation of the underlying
representational structure. The mean test AUC (full line) and standard deviation (shaded area) from 5-fold cross-validation are
reported.
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H A multivariate encoding baseline

To further contextualize MLEM’s performance, we compare it to a multivariate encoding baseline: a random forest regres-
sor. A random forest regressor was trained to predict the multi-dimensional BERT representations at each layer from the
theoretical features. Random forests can naturally handle multi-dimensional targets and categorical inputs. We used the
RandomForestRegressor implementation from scikit-learn and the built-in feature importance. As shown in Figure S11,
this baseline surprisingly recovers a feature importance profile very similar to that of MLEM and FR-RSA-I, with syntactic
features peaking in the middle layers. However, similarly to FR-RSA, standard random forests cannot model interactions be-
tween input features, hence the absence of an importance value for the interaction term. Furthermore, such an approach does
not benefit from the noise and overfitting robustness conferred by the distance-based and Spearman-optimized framework of
MLEM.
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Figure S11: A random forest encoding baseline recovers similar feature importance profiles but cannot model interac-
tions. This figure displays the feature importance from a random forest model trained to predict BERT’s layer-wise represen-
tations from the theoretical features. The importance profile is similar to that found by MLEM, with syntactic features gaining
importance in the middle layers. However, the model cannot capture feature interactions by design. The full line represents the
average feature importance across the 100 trees of the forest, and the shaded area represents the standard deviation.
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I Univariate vs. Multivariate MLEM

To assess whether MLEM captures distributed patterns of neural activity, the performance of the standard multivariate MLEM
is compared against a univariate baseline. The multivariate MLEM is trained on all the units of a given layer simultaneously,
allowing it to learn weights that reflect interactions across units. In contrast, a separate univariate MLEM is trained for each
individual unit within a layer. This univariate model can only capture information encoded in the activation of a single unit.
Figure S12 compares the encoding performance (test Spearman correlation) of the multivariate MLEM with the distribution of
performances from all univariate models for each layer of BERT.
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Figure S12: Multivariate MLEM captures distributed representations more effectively than univariate models. This
figure compares the encoding performance (test Spearman correlation) of a single multivariate MLEM (orange) against the
distribution of performances from univariate MLEMs (blue) for each layer of BERT. Each univariate model is trained on a
single unit, while the multivariate model is trained on all the units in a layer. The superior performance of the multivariate
MLEM indicates that it successfully captures geometric structure encoded across multiple units, which individual univariate
models cannot. Units with a performance 3 times the interquartile range above the third quartile are considered outliers and are
shown as crosses.
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J Other clusters of the BERT representations

Figure 6 in the main text provides a walkthrough of the hierarchical clustering for a subset of the data. For completeness,
Figure S13 shows the full partitioning of the representation space for layer 6, illustrating how the top three features organize all
sentence representations into a nested structure.

Relative clause type
Obj. relative
Subj. relative

Attachment site
Center embedding
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Subj. num.
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Figure S13: Complete hierarchical clustering of BERT layer 6 representations. This figure extends Figure 6 to show the
full hierarchical clustering defined by the top three features from MLEM. Each row corresponds to a primary cluster based
on ”Relative Clause type” and ”Attachment site”. Within each of these, sub-clusters are formed based on ”Subject number”.
This complete view illustrates how the combination of these three features partitions the entire representation space into a fine-
grained, interpretable geometric structure.
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K Convergence speed
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Figure S14: MLEM’s speed advantage diminishes at high artificial noise levels. This plot shows the number of training steps
for MLEM (blue) and FR-RSA-I (orange) on BERT’s 7th layer with increasing artificial noise. While MLEM is faster at low
noise levels, its speed advantage over FR-RSA-I decreases as noise increases, with both methods showing similar convergence
times at high noise. However, MLEM’s number of training steps exhibits less variability across runs.
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