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A NOTE ON THE 𝑃3-ISOLATION NUMBER OF A GRAPH

Xiaohua Wei1, Gang Zhang2,* and Biao Zhao1

Abstract. For any graph 𝐺, a subset 𝐷 ⊆ 𝑉 (𝐺) is called a 𝑃3-isolating set of 𝐺 if 𝐺−𝑁 [𝐷] contains
no 𝑃3 as a subgraph, that is, consists of isolated vertices and isolated edges only. The 𝑃3-isolation
number of 𝐺, denoted by 𝜄(𝐺, 𝑃3), is the cardinality of a smallest 𝑃3-isolating set of 𝐺. Zhang and Wu
[Discrete Appl. Math. 304 (2021) 365–374] investigated the parameter 𝜄(𝐺, 𝑃3) of a graph, and they
proved that if 𝐺 /∈ {𝑃3, 𝐶3, 𝐶6} is a connected graph of order 𝑛, then 𝜄(𝐺, 𝑃3) ≤ 2

7
𝑛. In this paper,

we shall prove that if 𝐺 /∈ {𝑃3, 𝐶7, 𝐶11} is a connected graph of order 𝑛 without triangles and induced
6-cycles, then 𝜄(𝐺, 𝑃3) ≤ 𝑛

4
, and the upper bound is sharp. This extends a result on 𝜄(𝑇, 𝑃3) of a tree

𝑇 by Caro and Hansberg [Filomat 31 (2017) 3925–3944].
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1. Introduction

All the graphs considered in this paper are finite, simple and undirected. Let 𝐺 = (𝑉,𝐸) be a such graph,
where 𝑉 = 𝑉 (𝐺) is the vertex set and 𝐸 = 𝐸(𝐺) is the edge set of 𝐺. As usual, we call |𝑉 (𝐺)| and |𝐸(𝐺)| the
order and size of 𝐺. For a vertex 𝑣 ∈ 𝑉 (𝐺), the set 𝑁𝐺(𝑣) = {𝑢 ∈ 𝑉 (𝐺) | 𝑢𝑣 ∈ 𝐸(𝐺)} is said to be the open
neighborhood of 𝑣 in 𝐺, and the set 𝑁𝐺[𝑣] = 𝑁𝐺(𝑣) ∪ {𝑣} is said to be the closed neighborhood of 𝑣 in 𝐺. As
usual, we would like to abbreviate 𝑁𝐺(𝑣) and 𝑁𝐺[𝑣] to 𝑁(𝑣) and 𝑁 [𝑣], the same below. For a vertex subset
𝑆 ⊆ 𝑉 (𝐺), the set 𝑁(𝑆) =

⋃︀
𝑣∈𝑆 𝑁(𝑣) ∖ 𝑆 is the open neighborhood of 𝑆 in 𝐺, and the set 𝑁 [𝑆] = 𝑁(𝑆) ∪ 𝑆 is

the closed neighborhood of 𝑆 in 𝐺. Let 𝐻 be another graph. We say that 𝐻 is a subgraph of 𝐺 if 𝑉 (𝐻) ⊆ 𝑉 (𝐺)
and 𝐸(𝐻) ⊆ 𝐸(𝐺), and write 𝐻 ⊆ 𝐺 simply. For a subgraph 𝐻 ⊆ 𝐺, the open neighborhood of 𝐻 in 𝐺 is the
set 𝑁(𝐻) = 𝑁(𝑉 (𝐻)) and the closed neighborhood of 𝐻 is the set 𝑁 [𝐻] = 𝑁 [𝑉 (𝐻)]. Moreover, for any vertex
or edge subset 𝑆 of 𝐺, let 𝐺[𝑆] denote the subgraph of 𝐺 induced by 𝑆, and 𝐺− 𝑆 denote the subgraph of 𝐺
obtained by deleting 𝑆 from 𝐺. For any two vertex subsets 𝑆1 and 𝑆2 of 𝐺 with 𝑆1 ∩ 𝑆2 = ∅, the edge subset
𝐸(𝑆1, 𝑆2) of 𝐺 is called the edge cut of 𝐺 associated with 𝑆1 and 𝑆2, where each edge of 𝐸(𝑆1, 𝑆2) has one end
in 𝑆1 and the other end in 𝑆2. Some graph theory notations and terminologies may be used in this paper but
not explicitly defined, and we refer the readers to [2, 4].

A subset 𝐷 ⊆ 𝑉 (𝐺) is a dominating set of 𝐺 if 𝑁 [𝐷] = 𝑉 (𝐺). The domination number of 𝐺, denoted by
𝛾(𝐺), is the cardinality of a smallest dominating set of 𝐺. Let ℋ be a family of connected graphs. A subset
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𝐷 ⊆ 𝑉 (𝐺) is an ℋ-isolating set of 𝐺 if 𝐺−𝑁 [𝐷] contains no graph in ℋ. The ℋ-isolation number of 𝐺, denoted
by 𝜄(𝐺,ℋ), is the cardinality of a smallest ℋ-isolating set of 𝐺. In particular, taking ℋ = {𝐻}, we call the
ℋ-isolation number of 𝐺 simply the 𝐻-isolation number of 𝐺, denoted by 𝜄(𝐺, 𝐻) instead of 𝜄(𝐺,ℋ). It is easy
to see that, 𝐷 is a dominating set of 𝐺 if and only if 𝐷 is a 𝑃1-isolating set of 𝐺, and thus, 𝛾(𝐺) = 𝜄(𝐺, 𝑃1).
Moreover, if 𝐷 is a dominating set of 𝐺, then 𝐷 must be an ℋ-isolating set of 𝐺, implying that 𝜄(𝐺,ℋ) ≤ 𝛾(𝐺).

In the last few decades, the problems on dominating sets received numerous attention and have been studied
extensively in the literatures (see, for example, [1, 3, 11, 16, 19, 22, 27–30]). Some nice surveys and treatises on
various domination parameters in graphs can be found in [13, 14, 18, 21, 24–26]. A well-known result is due to
Ore [31], which states that every graph without isolated vertices has the domination number at most half of its
order (see [23]). Since 𝛾(𝐺) = 𝜄(𝐺, 𝑃1) for any graph 𝐺, Ore’s result implies that if 𝐺 � 𝑃1 is a connected graph
of order 𝑛, then 𝜄(𝐺, 𝑃1) ≤ 𝑛

2 . Note that other types of isolation are also very interesting; while a 𝑃1-isolating
set of a graph 𝐺 is a subset 𝐷 ⊆ 𝑉 (𝐺) such that 𝐺 − 𝑁 [𝐷] is a graph with no vertices, a 𝑃2-isolating set
of 𝐺 is a subset 𝐷 ⊆ 𝑉 (𝐺) such that 𝐺 − 𝑁 [𝐷] is a graph with no edges. In 2017, Caro and Hansberg [12]
introduced the conception of ℋ-isolation, and they also called it partial domination. It is clear that, the research
on ℋ-isolating sets and partial domination is a natural extension of classical domination theory. In this paper,
we shall further study this generalized domination number of graphs.

Caro and Hansberg [12] proved that if 𝐺 /∈ {𝑃2, 𝐶5} is a connected graph of order 𝑛, then 𝜄(𝐺, 𝑃2) ≤ 𝑛
3 .

Moreover, they also showed that if 𝐺 is a connected graph of order 𝑛, then 𝜄(𝐺, 𝐾1,𝑘) ≤ 𝑛
𝑘+1 , and if 𝑇 � 𝐾1,𝑘 is

a tree of order 𝑛, then 𝜄(𝐺, 𝐾1,𝑘) ≤ 𝑛
𝑘+2 . For maximal outerplanar graphs 𝐺 of order 𝑛, they proved if 𝐺 � 𝐶3,

then 𝜄(𝐺, 𝑃2) ≤ 𝑛
4 . Tokunaga, Jiarasuksakun and Kaemawichanurat [32] improved this result by the numbers

of vertices of degree 2, and they proved if 𝐺 /∈ {𝐶3, 𝐾
−
4 } is a maximal outerplanar graph of order 𝑛 with 𝑛2

vertices of degree 2, then

𝜄(𝐺, 𝑃2) ≤

{︃
𝑛+𝑛2

5 , if 𝑛2 ≤ 𝑛
4 ,

𝑛−𝑛2
3 , otherwise,

where 𝐾−
4 is the diamond graph that is obtained from a 𝐾4 by deleting an edge. Borg and Kaemawichanurat

[7] proved that if 𝐺 /∈ {𝐶3, 𝐾
−
4 } is a maximal outerplanar graph of order 𝑛 with 𝑛2 vertices of degree 2, then

𝜄(𝐺, 𝑃3) ≤ 𝑛
5 , and

𝜄(𝐺, 𝑃3) ≤

{︃
𝑛+𝑛2

6 , if 𝑛2 ≤ 𝑛
3 ,

𝑛−𝑛2
3 , otherwise.

Recently, the same authors of [7] extended the results above to 𝜄(𝐺, 𝐾1,𝑘) (𝑘 ≥ 2), and they in [8] proved that
if 𝐺 a maximal outerplanar graph of order 𝑛 ≥ 2𝑘 + 1 with 𝑛2 vertices of degree 2, then 𝜄(𝐺, 𝐾1,𝑘) ≤ 𝑛

𝑘+3 , and

𝜄(𝐺, 𝐾1,𝑘) ≤

{︃
𝑛+𝑛2
𝑘+4 , if 𝑛2 ≤ 3𝑛

2𝑘+5 ,
𝑛−𝑛2
𝑘+1 , otherwise.

For more research and results on the ℋ-isolation number of a graph, the readers can be referred to [5, 6, 8–
10, 17, 20, 33]. Among the previous work, it is worth noting that the study of 𝑃𝑘-isolating sets is a pretty
interesting and important problem in this topic, where 𝑘 is a positive integer. Particularly, a 𝑃3-isolating set of
a graph 𝐺 is a subset 𝐷 ⊆ 𝑉 (𝐺) such that 𝐺−𝑁 [𝐷] contains no 𝑃3 as a subgraph if and only if ∆(𝐺−𝑁 [𝐷]) ≤ 1
if and only if 𝐺−𝑁 [𝐷] consists of isolated vertices and isolated edges only. Zhang and Wu [34] proved that if
𝐺 /∈ {𝑃3, 𝐶3, 𝐶6} is a connected graph of order 𝑛, then 𝜄(𝐺, 𝑃3) ≤ 2

7𝑛. Borg [6] proved a stronger result that if 𝐺
is a connected graph of order 𝑛 ≥ 8 with 𝑛1 vertices of degree 1, then 𝜄(𝐺, 𝑃3) ≤ 4𝑛−𝑛1

14 . The girth of a graph 𝐺,
denoted by 𝑔(𝐺), is the length of a shortest cycle of 𝐺. In [34], the authors also proved that if 𝐺 /∈ {𝑃3, 𝐶7, 𝐶11}
is a connected graph of order 𝑛 with girth at least 7, then 𝜄(𝐺, 𝑃3) ≤ 𝑛

4 . Moreover, they proposed the following
problem in the closing.

Problem 1.1 ([35]). Let 𝑘 be a positive integer. Determine the exact upper bound on 𝜄(𝐺, 𝑃𝑘) for connected
graphs 𝐺 of order 𝑛.
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Towards Problem 1.1, Zhang and Wu [35], Borg [6] independently, proved that if 𝐺 � 𝐶7 is a connected
graph of order 𝑛, then 𝜄(𝐺, 𝑃4) ≤ 𝑛

4 . Chen and Xu [15] proved that if 𝐺 � 𝐶8 is a connected graph of order 𝑛,
then 𝜄(𝐺, 𝑃5) ≤ 2

9𝑛. More explicitly, we make a summary of known results on 𝜄(𝐺, 𝑃𝑘) of a connected graph 𝐺
for small 𝑘.

Theorem 1.2. Let 𝐺 be a connected graph of order 𝑛. Then the following holds:

(i) [31] If 𝐺 � 𝑃1, then 𝜄(𝐺, 𝑃1) ≤ 𝑛
2 ·

(ii) [12] If 𝐺 /∈ {𝑃2, 𝐶5}, then 𝜄(𝐺, 𝑃2) ≤ 𝑛
3 ·

(iii) [6, 34] If 𝐺 /∈ {𝑃3, 𝐶3, 𝐶6}, then 𝜄(𝐺, 𝑃3) ≤ 2
7𝑛.

(iv) [34] If 𝐺 /∈ {𝑃3, 𝐶7, 𝐶11} and 𝑔(𝐺) ≥ 7, then 𝜄(𝐺, 𝑃3) ≤ 𝑛
4 ·

(v) [6, 35] If 𝐺 � 𝐶7, then 𝜄(𝐺, 𝑃4) ≤ 𝑛
4 ·

(vi) [15] If 𝐺 � 𝐶8, then 𝜄(𝐺, 𝑃5) ≤ 2
9𝑛.

Inspired by Theorem 1.2, it is natural for us to propose a conjecture as follows, which is also mentioned in
[15] as an open problem.

Conjecture 1.3. Let 𝑘 ≥ 4 be an integer. If 𝐺 � 𝐶𝑘+3 is a connected graph of order 𝑛, then 𝜄(𝐺, 𝑃𝑘) ≤ 2𝑛
𝑘+4 ·

If Conjecture 1.3 is true, then the upper bound above is tight, since we can easily check that 𝐶𝑘+4 is a
graph attaining the bound. Instead of attacking this conjecture, we shall in this paper continue the study on
the 𝑃3-isolation number of a graph. The main result of this paper is the following.

Theorem 1.4. If 𝐺 /∈ {𝑃3, 𝐶7, 𝐶11} is a connected triangle-free graph of order 𝑛 without induced 6-cycles, then
𝜄(𝐺, 𝑃3) ≤

⌊︀
𝑛
4

⌋︀
·

Note that Theorem 1.2(iii) and (iv) improve the results of Caro and Hansberg [12] on the 𝐾1,𝑘-isolation
number in connected graphs and trees for the case 𝑘 = 2, respectively. Our main result Theorem 1.4 improves
the result of Theorem 1.2(iv), and also the Caro–Hansberg result [12] on 𝜄(𝑇, 𝐾1,2) = 𝜄(𝑇, 𝑃3) in trees 𝑇 .

In the rest of this section, we will construct some extremal graphs that attain the bound in Theorem 1.4.
Firstly, it is easy to check that for each graph 𝐺 ∈ {𝑃4, 𝑃8, 𝐶4, 𝐶8, 𝐶12, 𝐶16}, 𝜄(𝐺, 𝑃3) = |𝑉 (𝐺)|

4 . For an infinite
set of extremal graphs, let 𝐹 be a connected triangle-free graph of order 𝑘 ≥ 1 without induced 6-cycles. For
any vertex 𝑢 ∈ 𝑉 (𝐹 ), let 𝐻𝑢 be a copy of 𝑃3, 𝐶7 or 𝐶11. A graph 𝐺 is obtained from 𝐹 and

⋃︀
𝑢∈𝑉 (𝐹 ) 𝐻𝑢, in

which each vertex 𝑢 of 𝐹 is joined to a vertex of 𝐻𝑢 by exactly one edge. Let 𝑣𝑢
𝑑 and (𝑣𝑢

𝑑 )′ (if they exist) be the
vertices of 𝐻𝑢 at distance 𝑑 from 𝑢 in 𝐺, where 1 ≤ 𝑑 ≤ 6. As an illustration in Figure 1, we take

𝐷𝑢 =

⎧⎪⎨⎪⎩
{𝑢}, if 𝐻𝑢

∼= 𝑃3,

{𝑢, 𝑣𝑢
4 }, if 𝐻𝑢

∼= 𝐶7,

{𝑢, 𝑣𝑢
4 , (𝑣𝑢

4 )′}, if 𝐻𝑢
∼= 𝐶11.

It is easy to see that 𝐺 is a connected graph without triangles and induced 6-cycles, and the set
⋃︀

𝑢∈𝑉 (𝐹 ) 𝐷𝑢

is a smallest 𝑃3-isolating set of 𝐺. Therefore,

𝜄(𝐺, 𝑃3) =

⃒⃒⃒⃒
⃒⃒ ⋃︁
𝑢∈𝑉 (𝐹 )

𝐷𝑢

⃒⃒⃒⃒
⃒⃒ =

∑︁
𝑢∈𝑉 (𝐹 )

|𝐷𝑢| =
∑︁

𝑢∈𝑉 (𝐹 )

|{𝑢} ∪ 𝑉 (𝐻𝑢)|
4

=
|𝑉 (𝐺)|

4
=

𝑛

4
·
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Figure 1. A graph 𝐺 of order 𝑛 = 28 with 𝜄(𝐺, 𝑃3) = 7 = 𝑛
4 ·

2. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. The following lemmas are useful.

Lemma 2.1 ([12,34]).

(i) If 𝐺 � 𝑃3 is a path of order 𝑛, then 𝜄(𝐺, 𝑃3) ≤ 𝑛
4 ·

(ii) If 𝐺 /∈ {𝐶3, 𝐶6, 𝐶7, 𝐶11} is a cycle of order 𝑛, then 𝜄(𝐺, 𝑃3) ≤ 𝑛
4 ·

Lemma 2.2 ([34]). Let 𝐺 be a graph and 𝑆 ⊆ 𝑉 (𝐺) be a subset. If 𝐷 is a 𝑃3-isolating set of 𝐺[𝑆] with
𝐸(𝑆 ∖𝑁 [𝐷], 𝑉 ∖ 𝑆) = ∅, then 𝜄(𝐺, 𝑃3) ≤ |𝐷|+ 𝜄(𝐺− 𝑆, 𝑃3).

Lemma 2.3 ([5, 34]). If 𝐺1, 𝐺2, · · · , 𝐺𝑘 are the distinct components of a graph 𝐺, then 𝜄(𝐺, 𝑃3) =∑︀𝑘
𝑖=1 𝜄(𝐺𝑖, 𝑃3).

Proof of Theorem 1.4. Let 𝐺 be a connected graph of order 𝑛 without triangles and induced 6-cycles. Then
𝐺 /∈ {𝐶3, 𝐶6}. Suppose 𝐺 /∈ {𝑃3, 𝐶7, 𝐶11}. Apply induction on 𝑛. Since 𝜄(𝐺, 𝑃3) is an integer, it suffices to show
𝜄(𝐺, 𝑃3) ≤ 𝑛

4 . The result is trivial for 𝑛 ≤ 3. So, we let 𝑛 ≥ 4.
If ∆(𝐺) ≤ 2, then 𝐺 is a path or cycle. By Lemma 2.1, 𝜄(𝐺, 𝑃3) ≤ 𝑛

4 . Let 𝑣 ∈ 𝑉 (𝐺) with 𝑑(𝑣) = ∆(𝐺). If
∆(𝐺) = 𝑛− 1, then 𝜄(𝐺, 𝑃3) = |{𝑣}| = 1 ≤ 𝑛

4 . So, we may assume that 3 ≤ ∆(𝐺) ≤ 𝑛− 2.
Let 𝐺′ = 𝐺 − 𝑁 [𝑣] with order 𝑛′ = |𝑉 (𝐺′)|. Let ℋ be the set of components of 𝐺′, and ℋ* the set of

components of 𝐺′ isomorphic to a copy of 𝑃3, 𝐶7 or 𝐶11. Let ℋ′ = ℋ ∖ ℋ*. By the induction hypothesis,
𝜄(𝐻,𝑃3) ≤ |𝑉 (𝐻)|

4 for any 𝐻 ∈ ℋ′.
Ifℋ* = ∅, then since ∆(𝐺) ≤ 𝑛−2,ℋ′ ̸= ∅. The set {𝑣} is a 𝑃3-isolating set of 𝐺[𝑁 [𝑣]]. By Lemmas 2.2 and 2.3,

and the induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑣}|+ 𝜄(𝐺′, 𝑃3) = 1 +
∑︁

𝐻∈ℋ′
𝜄(𝐻,𝑃3) ≤ 1 +

1
4

(𝑛−∆(𝐺)− 1) ≤ 𝑛

4
·

Hence, we may assume that ℋ* ̸= ∅. Choose a vertex 𝑥 ∈ 𝑁(𝑣) such that there exists some 𝐻 ∈ ℋ* with
𝑥 ∈ 𝑁(𝐻). Let 𝑥𝑦 ∈ 𝐸(𝐺) for some 𝑦 ∈ 𝑉 (𝐻). Recall 𝐻 ∈ {𝑃3, 𝐶7, 𝐶11}. Let 𝑦𝑖 and 𝑦′𝑖 (if they exist) be the
vertices at distance 𝑖 from 𝑦 in 𝐻, where 1 ≤ 𝑖 ≤ 5. Moreover, let ℋ*𝑥 be the set of components 𝐻 of ℋ* such
that 𝑁(𝐻) = {𝑥}, and ℋ′𝑥 the set of components 𝐻 of ℋ′ such that 𝑁(𝐻) = {𝑥}. Clearly, ℋ*𝑥 ⊆ ℋ* and
ℋ′𝑥 ⊆ ℋ′. We divide the following proof into two cases.

Case 1: ℋ*𝑥 ̸= ∅.
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Figure 2. For the case of ℋ*𝑥 ̸= ∅.

Let 𝑐3, 𝑐7 and 𝑐11 be the numbers of components of ℋ*𝑥 that are isomorphic to 𝑃3, 𝐶7 and 𝐶11, respectively.
By the present assumption, 𝑐3 + 𝑐7 + 𝑐11 ≥ 1. Let 𝑋 = {𝑥} ∪

⋃︀
𝐻∈ℋ*𝑥

𝑉 (𝐻) and (𝐺−𝑋)𝑣 be the component of
𝐺−𝑋 containing 𝑣. Then 𝐺−𝑋 = (𝐺−𝑋)𝑣 ∪

⋃︀
𝐻∈ℋ′𝑥

𝐻. For each 𝐻 ∈ ℋ*𝑥, let

𝐷𝐻 =

⎧⎪⎨⎪⎩
{𝑥}, if 𝐻 ∼= 𝑃3,

{𝑥, 𝑦3}, if 𝐻 ∼= 𝐶7,

{𝑥, 𝑦3, 𝑦
′
3}, if 𝐻 ∼= 𝐶11,

as shown in Figure 2. We can see that
⋃︀

𝐻∈ℋ*𝑥
𝐷𝐻 is a 𝑃3-isolating set of 𝐺[𝑋], and there are two subcases to

consider in the following.

Subcase 1.1: (𝐺−𝑋)𝑣 /∈ {𝑃3, 𝐶7, 𝐶11}.

It is clear that each component of 𝐺−𝑋 contains no triangles and induced 6-cycles, and 𝐸(𝑋∖𝑁 [𝐷𝑋 ], 𝑉 ∖𝑋) =
∅ where 𝐷𝑋 =

⋃︀
𝐻∈ℋ*𝑥

𝐷𝐻 . By Lemmas 2.2 and 2.3, and by the induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |𝐷𝑋 |+ 𝜄(𝐺−𝑋, 𝑃3)

= 1 + 𝑐7 + 2𝑐11 + 𝜄((𝐺−𝑋)𝑣, 𝑃3) +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 1 + 𝑐7 + 2𝑐11 +
|𝑉 ((𝐺−𝑋)𝑣)|

4
+

∑︁
𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

≤ 1 + 𝑐7 + 2𝑐11 +
1
4

(𝑛− 1− 3𝑐3 − 7𝑐7 − 11𝑐11)

=
𝑛

4
+

3
4

(1− (𝑐3 + 𝑐7 + 𝑐11)) ≤ 𝑛

4
·

Subcase 1.2: (𝐺−𝑋)𝑣 ∈ {𝑃3, 𝐶7, 𝐶11}.

Let 𝑌 = 𝑋 ∪ 𝑉 ((𝐺−𝑋)𝑣) and 𝐺− 𝑌 =
⋃︀

𝐻∈ℋ′𝑥
𝐻. Let 𝑣𝑖 and 𝑣′𝑖 (if they exist) be the vertices at distance 𝑖

from 𝑣 in (𝐺−𝑋)𝑣, where 1 ≤ 𝑖 ≤ 5.

Subcase 1.2.1: (𝐺−𝑋)𝑣
∼= 𝑃3.
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It is easy to observe that
⋃︀

𝐻∈ℋ*𝑥
𝐷𝐻 is also a 𝑃3-isolating set of 𝐺[𝑌 ]. By Lemmas 2.2 and 2.3, and by the

induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |
⋃︁

𝐻∈ℋ*𝑥

𝐷𝐻 |+ 𝜄(𝐺− 𝑌, 𝑃3)

= 1 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 1 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

≤ 1 + 𝑐7 + 2𝑐11 +
1
4

(𝑛− 1− 3𝑐3 − 7𝑐7 − 11𝑐11 − 3)

=
𝑛

4
− 3

4
(𝑐3 + 𝑐7 + 𝑐11) <

𝑛

4
·

Subcase 1.2.2: (𝐺−𝑋)𝑣
∼= 𝐶7.

Observe that {𝑣3} ∪
⋃︀

𝐻∈ℋ*𝑥
𝐷𝐻 is a 𝑃3-isolating set of 𝐺[𝑌 ]. By Lemmas 2.2 and 2.3, and by the induction

hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑣3} ∪
⋃︁

𝐻∈ℋ*𝑥

𝐷𝐻 |+ 𝜄(𝐺− 𝑌, 𝑃3)

= 2 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 2 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

≤ 2 + 𝑐7 + 2𝑐11 +
1
4

(𝑛− 1− 3𝑐3 − 7𝑐7 − 11𝑐11 − 7)

=
𝑛

4
− 3

4
(𝑐3 + 𝑐7 + 𝑐11) <

𝑛

4
·

Subcase 1.2.3: (𝐺−𝑋)𝑣
∼= 𝐶11.

We see that {𝑣3, 𝑣
′
3}∪

⋃︀
𝐻∈ℋ*𝑥

𝐷𝐻 is a 𝑃3-isolating set of 𝐺[𝑌 ]. By Lemmas 2.2 and 2.3, and by the induction
hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑣3, 𝑣
′
3} ∪

⋃︁
𝐻∈ℋ*𝑥

𝐷𝐻 |+ 𝜄(𝐺− 𝑌, 𝑃3)

= 3 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 3 + 𝑐7 + 2𝑐11 +
∑︁

𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

≤ 3 + 𝑐7 + 2𝑐11 +
1
4

(𝑛− 1− 3𝑐3 − 7𝑐7 − 11𝑐11 − 11)

=
𝑛

4
− 3

4
(𝑐3 + 𝑐7 + 𝑐11) <

𝑛

4
·

Case 2: ℋ*𝑥 = ∅.
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Figure 3. For the case of ℋ′𝑥 ̸= ∅, where 𝐻* ∼= 𝑃3 and (𝐺−𝑋)𝑣
∼= 𝐶7.

By the arbitrary choice of 𝑥, we know that |𝑁(𝐻)| ≥ 2 for any 𝐻 ∈ ℋ*. Recall that ℋ* ̸= ∅. Take 𝐻* ∈ ℋ*.
Let 𝑥 ∈ 𝑁(𝐻*), 𝑥𝑦 ∈ 𝐸(𝐺) for some 𝑦 ∈ 𝑉 (𝐻*), and 𝑦𝑖, 𝑦

′
𝑖 defined as previously. Let 𝑋 = {𝑥} ∪ 𝑉 (𝐻*) and

(𝐺−𝑋)𝑣 be the component of 𝐺−𝑋 containing 𝑣. Clearly, 𝐺−𝑋 = (𝐺−𝑋)𝑣 ∪
⋃︀

𝐻∈ℋ′𝑥
𝐻.

Subcase 2.1: (𝐺−𝑋)𝑣 ∈ {𝑃3, 𝐶7, 𝐶11}.

It is easy to see that ∆(𝐺) = 𝑑(𝑣) = 3 throughout this subcase. Let 𝑌 = 𝑋 ∪ 𝑉 ((𝐺−𝑋)𝑣). Then 𝐺− 𝑌 =⋃︀
𝐻∈ℋ′𝑥

𝐻. Since 𝑥𝑦, 𝑥𝑣 ∈ 𝐸(𝐺), |ℋ′𝑥| ∈ {0, 1}.
We first suppose |ℋ′𝑥| = |{𝐻 ′}| = 1. Since |𝑁(𝐻*)| ≥ 2, 𝐺[𝑌 ]− 𝑥 = 𝐺[𝑉 (𝐻*)∪ 𝑉 ((𝐺−𝑋)𝑣)] is a connected

graph, and since 𝐻*, (𝐺−𝑋)𝑣 ∈ {𝑃3, 𝐶7, 𝐶11}, we have |𝑉 (𝐻*)|, |𝑉 ((𝐺−𝑋)𝑣)| ∈ {3, 7, 11}. Hence, |𝑉 (𝐺[𝑌 ]−
𝑥)| = |𝐺[𝑉 (𝐻*)∪ 𝑉 ((𝐺−𝑋)𝑣)]| = |𝑉 (𝐻*)|+ |𝑉 ((𝐺−𝑋)𝑣)| ∈ {6, 10, 14, 18, 22}, and 𝐺[𝑌 ]− 𝑥 /∈ {𝑃3, 𝐶7, 𝐶11}.
As shown in Figure 3, let 𝑥𝑧 ∈ 𝐸(𝐺) for some 𝑧 ∈ 𝑉 (𝐻 ′). Let 𝑍 = {𝑧} ∪ 𝑌 . By the induction hypothesis, we
have

𝜄(𝐺[𝑌 ]− 𝑥, 𝑃3) ≤
⌊︂

1
4

(|𝑉 (𝐺[𝑌 ]− 𝑥)|)
⌋︂

=
1
4

(|𝑉 (𝐺[𝑌 ]− 𝑥)| − 2) =
1
4

(|𝑍| − 4).

Let 𝐷𝑌 ∖{𝑥} be a smallest 𝑃3-isolating set of 𝐺[𝑌 ]− 𝑥. Then 𝐷𝑍 = {𝑥} ∪𝐷𝑌 ∖{𝑥} is a 𝑃3-isolating set of 𝐺[𝑍]
with 𝐸(𝑍 ∖𝐷𝑍 , 𝑉 ∖ 𝑍) = ∅, and we have

|𝐷𝑍 | = |{𝑥} ∪𝐷𝑌 ∖{𝑥}| = |{𝑥}|+ |𝐷𝑌 ∖{𝑥}| = 1 + 𝜄(𝐺[𝑌 ]− 𝑥, 𝑃3) ≤ 1 +
1
4

(|𝑍| − 4) =
1
4
|𝑍|.

Note that 𝑑(𝑧) ≤ ∆(𝐺) = 3. Then, 𝐺− 𝑍 is a graph with at most two components. If there is a component
of 𝐺 − 𝑍 isomorphic to a member of {𝑃3, 𝐶7, 𝐶11}, then it is clear that 𝑑(𝑥) = 3 = ∆(𝐺) and 𝑧 ∈ 𝑁(𝑥). By
regarding 𝑥 and 𝑧 as 𝑣 and 𝑥 separately, we can see ℋ*𝑧 ̸= ∅, and this subcase is covered by Case 1. If each
component of 𝐺 − 𝑍 is not a member of {𝑃3, 𝐶7, 𝐶11}, then by Lemmas 2.2 and 2.3, and by the induction
hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |𝐷𝑍 |+ 𝜄(𝐺− 𝑍, 𝑃3) ≤ |𝑍|
4

+
|𝑉 (𝐺− 𝑍)|

4
=
|𝑉 (𝐺)|

4
=

𝑛

4
·

Now suppose |ℋ′𝑥| = 0. Hence, ℋ′𝑥 = ∅ and 𝐺 = 𝐺[{𝑥}∪𝑉 (𝐻*)∪𝑉 ((𝐺−𝑋)𝑣)]. Recall that 𝑑(𝑣) = ∆(𝐺) = 3.
Clearly, 𝑑(𝐺−𝑋)𝑣

(𝑣) = 2. Let 𝑣𝑖, 𝑣′𝑖 be the two vertices at distance 𝑖 from 𝑣 in (𝐺−𝑋)𝑣, where 1 ≤ 𝑖 ≤ 5. Based
on the structure of 𝐻*, we further distinguish Subcase 2.1 into the following three subcases.

Subcase 2.1.1: 𝐻* ∼= 𝑃3.

(I) If 𝑑𝐻*(𝑦) = 2, then 𝑑(𝑦) = 3 = ∆(𝐺) = 𝑑(𝑣). By the present assumption, 𝑁𝐻*(𝑦) =
{𝑦1, 𝑦

′
1}. Since |𝑁(𝐻*)| ≥ 2, we may assume that 𝑦1𝑣1 ∈ 𝐸(𝐺). Since 𝐺 is a triangle-free graph,

𝑥𝑣1, 𝑥𝑣′1, 𝑥𝑦1, 𝑥𝑦′1, 𝑣1𝑣
′
1, 𝑦1𝑦

′
1 /∈ 𝐸(𝐺).
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(i) Suppose that (𝐺 − 𝑋)𝑣
∼= 𝑃3. If 𝑦1𝑣

′
1 ∈ 𝐸(𝐺), then {𝑦1} is a 𝑃3-isolating set of 𝐺, implying that

𝜄(𝐺, 𝑃3) ≤ |{𝑦1}| = 1 < 7
4 = 𝑛

4 . If 𝑦′1𝑣1 ∈ 𝐸(𝐺), then {𝑣1} is a 𝑃3-isolating set of 𝐺, implying that
𝜄(𝐺, 𝑃3) ≤ |{𝑣1}| = 1 < 7

4 = 𝑛
4 . If 𝑦1𝑣

′
1, 𝑦

′
1𝑣1 /∈ 𝐸(𝐺), then 𝑦′1𝑣

′
1 /∈ 𝐸(𝐺); otherwise, 𝑦′1𝑦𝑦1𝑣1𝑣𝑣′1𝑦

′
1 is an

induced 6-cycle of 𝐺. Now the set {𝑥} is a 𝑃3-isolating set of 𝐺, and 𝜄(𝐺, 𝑃3) ≤ |{𝑥}| = 1 < 7
4 = 𝑛

4 ·
(ii) Suppose that (𝐺 − 𝑋)𝑣

∼= 𝐶7. Clearly, 𝑑(𝑣1) = 3 = ∆(𝐺). Since 𝑦′1𝑦𝑦1𝑣1𝑣𝑣′1𝑦
′
1 can not be an induced

6-cycle of 𝐺, 𝑦′1𝑣
′
1 /∈ 𝐸(𝐺). Thus, 𝑑(𝑦′1) = 1. Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑥, 𝑣3}, if 𝑦1𝑣

′
1 /∈ 𝐸(𝐺),

{𝑦1, 𝑣3}, if 𝑦1𝑣
′
1 ∈ 𝐸(𝐺) and 𝑥𝑣′2 /∈ 𝐸(𝐺),

{𝑣1, 𝑣
′
2}, if 𝑦1𝑣

′
1 ∈ 𝐸(𝐺) and 𝑥𝑣′2 ∈ 𝐸(𝐺).

For any subcase, it can be easy to check that 𝐷 is a 𝑃3-isolating set of 𝐺. Hence, we have 𝜄(𝐺, 𝑃3) ≤
|𝐷| = 2 < 11

4 = 𝑛
4 ·

(iii) Suppose that (𝐺−𝑋)𝑣
∼= 𝐶11. As noted in (ii), 𝑑(𝑦′1) = 1 also. Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑥, 𝑣3, 𝑣

′
3}, if 𝑦1𝑣

′
1 /∈ 𝐸(𝐺),

{𝑦1, 𝑣3, 𝑣
′
3}, if 𝑦1𝑣

′
1 ∈ 𝐸(𝐺) and 𝑥𝑣5 /∈ 𝐸(𝐺) and 𝑥𝑣′5 /∈ 𝐸(𝐺),

{𝑥, 𝑣2, 𝑣
′
2}, if 𝑦1𝑣

′
1 ∈ 𝐸(𝐺) and 𝑥𝑣5 ∈ 𝐸(𝐺) or 𝑥𝑣′5 ∈ 𝐸(𝐺).

It is easy to check that 𝐷 is a 𝑃3-isolating set of 𝐺, and we have 𝜄(𝐺, 𝑃3) ≤ |𝐷| = 3 < 15
4 = 𝑛

4 ·
(II) If 𝑑𝐻*(𝑦) = 1, then 𝑁𝐻*(𝑦1) = {𝑦, 𝑦2}. Clearly, 𝑥𝑣1, 𝑥𝑣′1, 𝑥𝑦1 /∈ 𝐸(𝐺).

(i) Suppose that 𝑦𝑣1 ∈ 𝐸(𝐺) or 𝑦𝑣′1 ∈ 𝐸(𝐺). By the symmetry of 𝑣1 and 𝑣′1, we may let 𝑦𝑣1 ∈ 𝐸(𝐺).
Then 𝑦1𝑣1 /∈ 𝐸(𝐺); otherwise, 𝑦𝑦1𝑣1𝑦 is a triangle of 𝐺. If 𝑦1𝑣

′
1 ∈ 𝐸(𝐺), then 𝑦2𝑣

′
1 /∈ 𝐸(𝐺); otherwise,

𝑦1𝑦2𝑣
′
1𝑦1 is a triangle of 𝐺. If 𝑦1𝑣

′
1 /∈ 𝐸(𝐺) and 𝑦2𝑣

′
1 ∈ 𝐸(𝐺), then since 𝑦2𝑣

′
1𝑣𝑣1𝑦𝑦1𝑦2 or 𝑦2𝑣

′
1𝑣𝑥𝑦𝑦1𝑦2

can not be an induced 6-cycle of 𝐺, 𝑦2𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 ∈ 𝐸(𝐺). However, now 𝑥, 𝑦1, 𝑣1, 𝑣
′
1 ∈ 𝑁(𝑦2)

and 𝑑(𝑦2) ≥ 4, a contradiction to ∆(𝐺) = 3. Thus, no matter whether 𝑦1𝑣
′
1 /∈ 𝐸(𝐺) or not, we determine

𝑦2𝑣
′
1 /∈ 𝐸(𝐺). Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑦}, if (𝐺−𝑋)𝑣

∼= 𝑃3,

{𝑦, 𝑣′3}, if (𝐺−𝑋)𝑣
∼= 𝐶7,

{𝑦, 𝑣3, 𝑣
′
3}, if (𝐺−𝑋)𝑣

∼= 𝐶11.

It is easy to see that 𝐷 is a 𝑃3-isolating set of 𝐺, and we have

𝜄(𝐺, 𝑃3) ≤ |𝐷| =
1 + |𝑉 ((𝐺−𝑋)𝑣)|

4
=
|{𝑥} ∪ 𝑉 (𝐻*)|+ |𝑉 ((𝐺−𝑋)𝑣)| − 3

4
=

𝑛− 3
4

<
𝑛

4
·

(ii) Suppose that 𝑦𝑣1, 𝑦𝑣′1 /∈ 𝐸(𝐺). Further, we may assume that 𝑦1𝑣1 ∈ 𝐸(𝐺) or 𝑦1𝑣
′
1 ∈ 𝐸(𝐺). By the

symmetry of 𝑣1 and 𝑣′1, we may let 𝑦1𝑣1 ∈ 𝐸(𝐺). Then 𝑦2𝑣1 /∈ 𝐸(𝐺); otherwise, 𝑦1𝑦2𝑣1𝑦1 is a triangle of
𝐺. For the subcase of (𝐺−𝑋)𝑣 ∈ {𝐶7, 𝐶11}, 𝑥𝑣3 /∈ 𝐸(𝐺); otherwise, 𝑥𝑦𝑦1𝑣1𝑣2𝑣3𝑥 is an induced 6-cycle
of 𝐺. If 𝑥𝑦2 /∈ 𝐸(𝐺), then 𝑦2𝑣

′
1 /∈ 𝐸(𝐺); otherwise, 𝑦2𝑣

′
1𝑣𝑥𝑦𝑦1𝑦2 is an induced 6-cycle of 𝐺. Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑣1}, if (𝐺−𝑋)𝑣

∼= 𝑃3,

{𝑣1, 𝑣
′
2}, if (𝐺−𝑋)𝑣

∼= 𝐶7,

{𝑣1, 𝑣
′
3, 𝑣5}, if (𝐺−𝑋)𝑣

∼= 𝐶11.

If 𝑥𝑦2 ∈ 𝐸(𝐺), then we take

𝐷 =

⎧⎪⎨⎪⎩
{𝑥}, if (𝐺−𝑋)𝑣

∼= 𝑃3,

{𝑥, 𝑣3}, if (𝐺−𝑋)𝑣
∼= 𝐶7,

{𝑥, 𝑣3, 𝑣
′
3}, if (𝐺−𝑋)𝑣

∼= 𝐶11.

For any subcase above, we can easily check that 𝐷 is a 𝑃3-isolating set of 𝐺. Thus, we have 𝜄(𝐺, 𝑃3) ≤
|𝐷| = 𝑛−3

4 < 𝑛
4 ·
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Based on the supposition that 𝑦𝑣1, 𝑦𝑣′1 /∈ 𝐸(𝐺), it remains to consider the case that 𝑦1𝑣1, 𝑦1𝑣
′
1 /∈ 𝐸(𝐺).

Since |𝑁(𝐻*)| ≥ 2, 𝑦2𝑣1 ∈ 𝐸(𝐺) or 𝑦2𝑣
′
1 ∈ 𝐸(𝐺). By the symmetry of 𝑣1 and 𝑣′1, we may let 𝑦2𝑣1 ∈ 𝐸(𝐺).

Since 𝑦2𝑣1𝑣𝑥𝑦𝑦1𝑦2 can not be an induced 6-cycle of 𝐺, we know 𝑥𝑦2 ∈ 𝐸(𝐺). Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑦2}, if (𝐺−𝑋)𝑣

∼= 𝑃3,

{𝑦2, 𝑣
′
3}, if (𝐺−𝑋)𝑣

∼= 𝐶7,

{𝑦2, 𝑣3, 𝑣
′
3}, if (𝐺−𝑋)𝑣

∼= 𝐶11.

We can check that 𝐷 is a 𝑃3-isolating set of 𝐺, and thus, 𝜄(𝐺, 𝑃3) ≤ |𝐷| = 𝑛−3
4 < 𝑛

4 ·
Subcase 2.1.2: 𝐻* ∼= 𝐶7.
(i) Suppose that (𝐺−𝑋)𝑣

∼= 𝑃3. Clearly, 𝑑(𝑦) = 3 = 𝑑(𝑣) = ∆(𝐺). Since 𝐺 is triangle-free, 𝑥𝑣1, 𝑥𝑣′1, 𝑥𝑦1, 𝑥𝑦′1 /∈
𝐸(𝐺). Since 𝑦2𝑣1𝑣𝑥𝑦𝑦1𝑦2 or 𝑦2𝑣

′
1𝑣𝑥𝑦𝑦1𝑦2 can not be an induced 6-cycle of 𝐺, 𝑦2𝑣1 /∈ 𝐸(𝐺) and 𝑦2𝑣

′
1 /∈ 𝐸(𝐺).

Similarly, 𝑦′2𝑣1 /∈ 𝐸(𝐺) and 𝑦′2𝑣
′
1 /∈ 𝐸(𝐺); otherwise, 𝑦′2𝑣1𝑣𝑥𝑦𝑦′1𝑦

′
2 or 𝑦′2𝑣

′
1𝑣𝑥𝑦𝑦′1𝑦

′
2 is an induced 6-cycle of

𝐺. Hence, we know 𝐸({𝑦2, 𝑦
′
2}, {𝑣1, 𝑣

′
1}) = ∅.

If 𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) = ∅, then by |𝑁(𝐻*)| ≥ 2, 𝐸({𝑦3, 𝑦

′
3}, {𝑣1, 𝑣

′
1}) ̸= ∅. By the symmetries of 𝑦3 and

𝑦′3, and 𝑣1 and 𝑣′1, we may assume that 𝑦3𝑣1 ∈ 𝐸(𝐺). It is clear that {𝑥, 𝑦3} is a 𝑃3-isolating set of 𝐺, and
𝜄(𝐺, 𝑃3) ≤ |{𝑥, 𝑦3}| = 2 < 11

4 = 𝑛
4 ·

If 𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) ̸= ∅, then by the symmetries of 𝑦1 and 𝑦′1, and 𝑣1 and 𝑣′1, we may assume that

𝑦1𝑣1 ∈ 𝐸(𝐺). Clearly, 𝑑(𝑦1) = 3 = ∆(𝐺) and 𝑦′1𝑣
′
1 /∈ 𝐸(𝐺); otherwise, 𝑑(𝑦′1) = 3 = ∆(𝐺) and 𝑦′1𝑣

′
1𝑣𝑣1𝑦1𝑦𝑦′1

is an induced 6-cycle of 𝐺. Moreover, 𝑦3𝑣
′
1 /∈ 𝐸(𝐺); otherwise, 𝑑(𝑦3) = 3 = ∆(𝐺) and 𝑦3𝑣

′
1𝑣𝑣1𝑦1𝑦2𝑦3 is an

induced 6-cycle of 𝐺. Take

𝐷 =

⎧⎪⎨⎪⎩
{𝑥, 𝑦3}, if 𝑦′1𝑣1 /∈ 𝐸(𝐺),
{𝑣1, 𝑦

′
3}, if 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 /∈ 𝐸(𝐺),

{𝑦′1, 𝑦2}, if 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 ∈ 𝐸(𝐺).

In particular, for the subcase of 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 ∈ 𝐸(𝐺), we know 𝑦′3𝑣
′
1 /∈ 𝐸(𝐺) since 𝑦′3𝑣

′
1𝑣𝑥𝑦2𝑦3𝑦

′
3

can not be an induced 6-cycle of 𝐺. Therefore, for any subcase above, 𝐷 is a 𝑃3-isolating set of 𝐺, and
𝜄(𝐺, 𝑃3) ≤ |𝐷| = 2 < 11

4 = 𝑛
4 ·

(ii) Suppose that (𝐺 − 𝑋)𝑣
∼= 𝐶7. Clearly, 𝑑(𝑦) = 3 = 𝑑(𝑣) = ∆(𝐺) and 𝑥𝑣1, 𝑥𝑣′1, 𝑥𝑦1, 𝑥𝑦′1 /∈ 𝐸(𝐺).

In the same manner of proof in (i), we may first assume that 𝐸({𝑦2, 𝑦
′
2}, {𝑣1, 𝑣

′
1}) = ∅. Moreover, if

𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) = ∅, then 𝐸({𝑦3, 𝑦

′
3}, {𝑣1, 𝑣

′
1}) ̸= ∅ and we further assume that 𝑦3𝑣1 ∈ 𝐸(𝐺). It is easy

to see that 𝐷 = {𝑥, 𝑦3, 𝑣3} is a 𝑃3-isolating set of 𝐺. If 𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) ̸= ∅, then we may assume

that 𝑦1𝑣1 ∈ 𝐸(𝐺). Since 𝑑(𝑦1) = 𝑑(𝑣1) = 3 = ∆(𝐺) and 𝑦′1𝑣
′
1𝑣𝑣1𝑦1𝑦𝑦′1 is not an induced 6-cycle of 𝐺,

𝑦1𝑣
′
1, 𝑦

′
1𝑣1 /∈ 𝐸(𝐺) and 𝑦′1𝑣

′
1 /∈ 𝐸(𝐺). It is clear that 𝐷 = {𝑥, 𝑦3, 𝑣3} is also a 𝑃3-isolating set of 𝐺. For these

two subcases, we have 𝜄(𝐺, 𝑃3) ≤ |𝐷| = |{𝑥, 𝑦3, 𝑣3}| = 3 < 15
4 = 𝑛

4 ·
(iii) Suppose that (𝐺−𝑋)𝑣

∼= 𝐶11. By the same proof of (ii), now 𝐷 = {𝑥, 𝑦3, 𝑣3, 𝑣
′
3} is a 𝑃3-isolating set of 𝐺,

and we have 𝜄(𝐺, 𝑃3) ≤ |𝐷| = 4 < 19
4 = 𝑛

4 ·
Subcase 2.1.3: 𝐻* ∼= 𝐶11.
(i) Suppose that (𝐺 −𝑋)𝑣

∼= 𝑃3. For the same reason in Subcase 2.1.2(i), we have 𝐸({𝑦2, 𝑦
′
2}, {𝑣1, 𝑣

′
1}) = ∅.

If 𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) = ∅, then it is easy to check that 𝐷 = {𝑥, 𝑦4, 𝑦

′
4} is a 𝑃3-isolating set of 𝐺, and

𝜄(𝐺, 𝑃3) ≤ |𝐷| = 3 < 15
4 = 𝑛

4 ·
If 𝐸({𝑦1, 𝑦

′
1}, {𝑣1, 𝑣

′
1}) ̸= ∅, then we may assume that 𝑦1𝑣1 ∈ 𝐸(𝐺). Clearly, 𝑥𝑣1, 𝑥𝑣′1, 𝑥𝑦1, 𝑥𝑦′1, 𝑦2𝑣1 /∈ 𝐸(𝐺).

Then, 𝑦′1𝑣
′
1 /∈ 𝐸(𝐺); otherwise, 𝑦′1𝑣

′
1𝑣𝑣1𝑦1𝑦𝑦′1 is an induced 6-cycle of 𝐺. Moreover, 𝑦5𝑣1 /∈ 𝐸(𝐺); otherwise,

𝑑(𝑣1) = 3 = ∆(𝐺) and 𝑦5𝑣1𝑦1𝑦2𝑦3𝑦4𝑦5 is an induced 6-cycle of 𝐺. Take

𝐷 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
{𝑥, 𝑦3, 𝑦

′
4}, if 𝑦′1𝑣1 /∈ 𝐸(𝐺),

{𝑣1, 𝑦4, 𝑦
′
4}, if 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 /∈ 𝐸(𝐺) and 𝑥𝑦′2 /∈ 𝐸(𝐺),

{𝑣1, 𝑦3, 𝑦
′
4}, if 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦2 ∈ 𝐸(𝐺),

{𝑣1, 𝑦
′
3, 𝑦4}, if 𝑦′1𝑣1 ∈ 𝐸(𝐺) and 𝑥𝑦′2 ∈ 𝐸(𝐺).
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We can check that 𝐷 is a 𝑃3-isolating set of 𝐺, and 𝜄(𝐺, 𝑃3) ≤ |𝐷| = 3 < 15
4 = 𝑛

4 ·
(ii) Suppose that (𝐺−𝑋)𝑣

∼= 𝐶7. For the same reason in Subcase 2.1.2 (i), we have 𝐸({𝑦2, 𝑦
′
2}, {𝑣1, 𝑣

′
1}) = ∅. If

𝐸({𝑦1, 𝑦
′
1}, {𝑣1, 𝑣

′
1}) = ∅, then it is clear that 𝐷 = {𝑥, 𝑣3, 𝑦4, 𝑦

′
4} is a 𝑃3-isolating set of 𝐺, and 𝜄(𝐺, 𝑃3) ≤

|𝐷| = 4 < 19
4 = 𝑛

4 ·
If 𝐸({𝑦1, 𝑦

′
1}, {𝑣1, 𝑣

′
1}) ̸= ∅, then we may assume that 𝑦1𝑣1 ∈ 𝐸(𝐺). Since 𝑑(𝑦1) = 𝑑(𝑣1) = 3 = ∆(𝐺) and

𝑦′1𝑣
′
1𝑣𝑣1𝑦1𝑦𝑦′1 is not an induced 6-cycle of 𝐺, we know that 𝑦1𝑣

′
1, 𝑦

′
1𝑣1 /∈ 𝐸(𝐺) and 𝑦′1𝑣

′
1 /∈ 𝐸(𝐺). Take

𝐷 =

{︃
{𝑥, 𝑣3, 𝑦3, 𝑦

′
4}, if 𝑦5𝑣

′
1 /∈ 𝐸(𝐺),

{𝑦, 𝑣3, 𝑦5, 𝑦
′
3}, if 𝑦5𝑣

′
1 ∈ 𝐸(𝐺).

It is clear that 𝐷 is a 𝑃3-isolating set of 𝐺. Thus, 𝜄(𝐺, 𝑃3) ≤ |𝐷| = 4 < 19
4 = 𝑛

4 ·
(iii) Suppose that (𝐺−𝑋)𝑣

∼= 𝐶11. Let 𝐷 be the set defined as in (ii). Corresponding to every subcase in (ii),
now {𝑣′3} ∪𝐷 is a 𝑃3-isolating set of 𝐺. Therefore, we have 𝜄(𝐺, 𝑃3) ≤ |{𝑣′3} ∪𝐷| = 5 < 23

4 = 𝑛
4 ·

Subcase 2.2: (𝐺−𝑋)𝑣 /∈ {𝑃3, 𝐶7, 𝐶11}.

Recall that 𝑋 = {𝑥} ∪ 𝑉 (𝐻*) and 𝐺 − 𝑋 = (𝐺 − 𝑋)𝑣 ∪
⋃︀

𝐻∈ℋ′𝑥
𝐻, where (𝐺 − 𝑋)𝑣 is the component of

𝐺−𝑋 containing 𝑣. There are also three subcases to consider due to the structure of 𝐻*.

Subcase 2.2.1: 𝐻* ∼= 𝑃3.

If 𝑑𝐻*(𝑦) = 2, then {𝑦} is a 𝑃3-isolating set of 𝐺[𝑋]. By Lemmas 2.2 and 2.3, and by the present structure
and induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑦}|+ 𝜄((𝐺−𝑋)𝑣, 𝑃3) +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3) ≤ 1 +
𝑛− 4

4
=

𝑛

4
·

Let 𝑑𝐻*(𝑦) = 1. By the choice of 𝑥, 𝑥′𝑦1 /∈ 𝐸(𝐺) for any 𝑥′ ∈ 𝑁(𝑣); otherwise, by regarding 𝑥′ as 𝑥 and 𝑦1 as
𝑦, this subcase is covered by either the subcase of 𝑑𝐻*(𝑦) = 2 if (𝐺−𝑋 ′)𝑣 /∈ {𝑃3, 𝐶7, 𝐶11}, or Subcase 2.1.1 if
(𝐺−𝑋 ′)𝑣 ∈ {𝑃3, 𝐶7, 𝐶11}, where 𝑋 ′ = {𝑥′} ∪ 𝑉 (𝐻*) and (𝐺−𝑋 ′)𝑣 is the component of 𝐺−𝑋 ′ containing 𝑣.
Hence, 𝑑(𝑦1) = 2. If 𝑑(𝑦2) = 1 or 𝑥𝑦2 ∈ 𝐸(𝐺), then {𝑥} is a 𝑃3-isolating set of 𝐺[𝑋]. By Lemmas 2.2 and 2.3,
and by the induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑥}|+ 𝜄((𝐺−𝑋)𝑣, 𝑃3) +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3) ≤ 1 +
𝑛− 4

4
=

𝑛

4
·

Hence, 𝑥′𝑦2 ∈ 𝐸(𝐺) for some 𝑥′ ∈ 𝑁(𝑣) ∖ {𝑥}. It is easy to see that now 𝑦2𝑥
′𝑣𝑥𝑦𝑦1𝑦2 is a 6-cycle in 𝐺, and

thus, 𝑦𝑥′ ∈ 𝐸(𝐺) for avoidance of a triangle or an induced 6-cycle in 𝐺. We can regard 𝑥′ as 𝑥, and this
subcase will be covered by either the subcase of 𝑥𝑦2 ∈ 𝐸(𝐺) if (𝐺 −𝑋 ′)𝑣 /∈ {𝑃3, 𝐶7, 𝐶11}, or Subcase 2.1.1 if
(𝐺−𝑋 ′)𝑣 ∈ {𝑃3, 𝐶7, 𝐶11}, where 𝑋 ′ = {𝑥′} ∪ 𝑉 (𝐻*).

Subcase 2.2.2: 𝐻* ∈ {𝐶7, 𝐶11}.

Let 𝑋− = {𝑥, 𝑦, 𝑦1, 𝑦
′
1}. Clearly, 𝑋− ⊂ 𝑋. Since 𝐺 has no triangles, 𝐺[𝑋−] ∼= 𝐾1,3. As an illustration in

Figure 4, we shall consider the graph 𝐺−𝑋−. Let 𝑐(𝐺−𝑋) and 𝑐(𝐺−𝑋−) be the numbers of components of
𝐺−𝑋 and 𝐺−𝑋−, respectively. Then, 𝑐(𝐺−𝑋) ≤ 𝑐(𝐺−𝑋−) ≤ 𝑐(𝐺−𝑋) + 1. If 𝑐(𝐺−𝑋−) = 𝑐(𝐺−𝑋) + 1,
then 𝐺 − 𝑋− = (𝐺 − 𝑋) ∪ (𝐺 − 𝑋−)𝑦2 = (𝐺 − 𝑋)𝑣 ∪ (𝐺 − 𝑋−)𝑦2 ∪

⋃︀
𝐻∈ℋ′𝑥

𝐻, where (𝐺 − 𝑋−)𝑦2 is the
component of 𝐺−𝑋− containing the vertices of 𝑉 (𝐻*) ∖ {𝑦, 𝑦1, 𝑦

′
1}. It is clear that (𝐺−𝑋−)𝑦2 ∈ {𝑃4, 𝑃8} and

(𝐺−𝑋−)𝑦2 /∈ {𝑃3, 𝐶7, 𝐶11}. Recall that (𝐺−𝑋)𝑣 /∈ {𝑃3, 𝐶7, 𝐶11}. The set {𝑦} is a 𝑃3-isolating set of 𝐺[𝑋−].
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Figure 4. The set 𝑋− and the graph 𝐺−𝑋−.

By Lemmas 2.2 and 2.3, and the induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑦}|+ 𝜄(𝐺−𝑋−, 𝑃3)

= 1 + 𝜄((𝐺−𝑋)𝑣, 𝑃3) + 𝜄((𝐺−𝑋−)𝑦2 , 𝑃3) +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 1 +
|𝑉 ((𝐺−𝑋)𝑣)|

4
+
|𝑉 ((𝐺−𝑋−)𝑦2)|

4
+

∑︁
𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

= 1 +
𝑛− 4

4
=

𝑛

4
·

Let 𝑐(𝐺−𝑋−) = 𝑐(𝐺−𝑋). Then, 𝐺−𝑋− = (𝐺−𝑋−)𝑣 ∪
⋃︀

𝐻∈ℋ′𝑥
𝐻, where (𝐺−𝑋−)𝑣 is the component

of 𝐺−𝑋− containing 𝑣. Clearly, (𝐺−𝑋)𝑣 ⊂ (𝐺−𝑋−)𝑣 and 𝑉 (𝐻*) ∖ {𝑦, 𝑦1, 𝑦
′
1} ⊂ 𝑉 ((𝐺−𝑋−)𝑣). Note that

(𝐺−𝑋−)𝑣 � 𝑃3. If (𝐺−𝑋−)𝑣 ∈ {𝐶7, 𝐶11}, then ∆(𝐺) = 𝑑(𝑣) = 3 = 𝑑(𝑦). Let 𝑋 ′ = {𝑥}∪𝑉 ((𝐺−𝑋−)𝑣). It is
easy to see that 𝐺−𝑋 ′ = (𝐺−𝑋 ′)𝑦 ∪

⋃︀
𝐻∈ℋ′𝑥

𝐻, where (𝐺−𝑋 ′)𝑦
∼= 𝑃3 is the component of 𝐺−𝑋 ′ containing

𝑦. We switch the roles of 𝑦 and 𝑣 and regard 𝑋 ′ as 𝑋, and this subcase is covered by Subcases 2.1.2 or 2.1.3 in
terms of the structure of (𝐺−𝑋−)𝑣. If (𝐺−𝑋−)𝑣 /∈ {𝐶7, 𝐶11}, then the set {𝑦} is a 𝑃3-isolating set of 𝐺[𝑋−].
By Lemmas 2.2 and 2.3, and the induction hypothesis, we have

𝜄(𝐺, 𝑃3) ≤ |{𝑦}|+ 𝜄(𝐺−𝑋−, 𝑃3)

= 1 + 𝜄((𝐺−𝑋−)𝑣, 𝑃3) +
∑︁

𝐻∈ℋ′𝑥

𝜄(𝐻,𝑃3)

≤ 1 +
|𝑉 ((𝐺−𝑋−)𝑣)|

4
+

∑︁
𝐻∈ℋ′𝑥

|𝑉 (𝐻)|
4

= 1 +
𝑛− 4

4
=

𝑛

4
·

This completes the proof of Theorem 1.4. �
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