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A NOTE ON THE P;-ISOLATION NUMBER OF A GRAPH

X1A0HUA WEI!, GANG ZHANG?*® AND BI1AO ZHAO!

Abstract. For any graph G, a subset D C V(G) is called a Ps-isolating set of G if G — N[D] contains
no Ps; as a subgraph, that is, consists of isolated vertices and isolated edges only. The Ps-isolation
number of G, denoted by (G, Ps3), is the cardinality of a smallest Ps-isolating set of G. Zhang and Wu
[Discrete Appl. Math. 304 (2021) 365-374] investigated the parameter (G, P3) of a graph, and they
proved that if G ¢ {Ps,Cs,Cs} is a connected graph of order n, then «(G, Ps) < %n In this paper,
we shall prove that if G ¢ {Ps, C7,C11} is a connected graph of order n without triangles and induced
6-cycles, then +(G, P3) < %, and the upper bound is sharp. This extends a result on «(T', P3) of a tree

T by Caro and Hansberg [Filomat 31 (2017) 3925-3944).
Mathematics Subject Classification. 05C69.
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1. INTRODUCTION

All the graphs considered in this paper are finite, simple and undirected. Let G = (V| E) be a such graph,
where V = V(QG) is the vertex set and E = E(G) is the edge set of G. As usual, we call |V(G)| and |E(G)| the
order and size of G. For a vertex v € V(G), the set Ng(v) = {u € V(G) | uv € E(G)} is said to be the open
neighborhood of v in G, and the set Ng[v] = Ng(v) U {v} is said to be the closed neighborhood of v in G. As
usual, we would like to abbreviate Ng(v) and Ng[v] to N(v) and N[v], the same below. For a vertex subset
S CV(G), the set N(S) = J,cg N(v) \ S is the open neighborhood of S in G, and the set N[S] = N(S)U S is
the closed neighborhood of S in G. Let H be another graph. We say that H is a subgraph of G if V(H) C V(G)
and E(H) C E(G), and write H C G simply. For a subgraph H C G, the open neighborhood of H in G is the
set N(H) = N(V(H)) and the closed neighborhood of H is the set N[H| = N[V (H)]. Moreover, for any vertex
or edge subset S of G, let G[S] denote the subgraph of G induced by S, and G — S denote the subgraph of G
obtained by deleting S from G. For any two vertex subsets S1 and Sy of G with S; NSz = ), the edge subset
E(S1,52) of G is called the edge cut of G associated with S and Sy, where each edge of E(S7,S2) has one end
in S7 and the other end in S;. Some graph theory notations and terminologies may be used in this paper but
not explicitly defined, and we refer the readers to [2,4].

A subset D C V(G) is a dominating set of G if N[D] = V(G). The domination number of G, denoted by
v(G), is the cardinality of a smallest dominating set of G. Let H be a family of connected graphs. A subset
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D C V(G) is an H-isolating set of G if G — N[D] contains no graph in H. The H-isolation number of G, denoted
by (G, H), is the cardinality of a smallest H-isolating set of G. In particular, taking H = {H}, we call the
‘H-isolation number of G simply the H-isolation number of G, denoted by «(G, H) instead of +(G,H). It is easy
to see that, D is a dominating set of G if and only if D is a Pj-isolating set of G, and thus, v(G) = «(G, P).
Moreover, if D is a dominating set of G, then D must be an H-isolating set of G, implying that ((G, H) < v(G).

In the last few decades, the problems on dominating sets received numerous attention and have been studied
extensively in the literatures (see, for example, [1,3,11,16,19,22,27-30]). Some nice surveys and treatises on
various domination parameters in graphs can be found in [13,14,18,21,24-26]. A well-known result is due to
Ore [31], which states that every graph without isolated vertices has the domination number at most half of its
order (see [23]). Since v(G) = «(G, Py) for any graph G, Ore’s result implies that if G 2 P; is a connected graph
of order n, then «(G, P1) < 5. Note that other types of isolation are also very interesting; while a P;-isolating
set of a graph G is a subset D C V(G) such that G — N[D] is a graph with no vertices, a Ps-isolating set
of G is a subset D C V(G) such that G — N[D] is a graph with no edges. In 2017, Caro and Hansberg [12]
introduced the conception of H-isolation, and they also called it partial domination. It is clear that, the research
on H-isolating sets and partial domination is a natural extension of classical domination theory. In this paper,
we shall further study this generalized domination number of graphs.

Caro and Hansberg [12] proved that if G ¢ {P»,Cs} is a connected graph of order n, then (G, P>) < %.
Moreover, they also showed that if G is a connected graph of order n, then (G, K1 1) < kL_H, and if T2 K 1, is
a tree of order n, then ¢(G, K1) < 743+ For maximal outerplanar graphs G of order n, they proved if G' 2 Cj,
then +(G, P,) < 4. Tokunaga, Jiarasuksakun and Kaemawichanurat [32] improved this result by the numbers
of vertices of degree 2, and they proved if G ¢ {C3, K, } is a maximal outerplanar graph of order n with ng
vertices of degree 2, then

n+no : n

nTnz ifn, <2

UG Po) <9 5%, 2=
= otherwise,

where K is the diamond graph that is obtained from a K, by deleting an edge. Borg and Kaemawichanurat
[7] proved that if G ¢ {C5, K } is a maximal outerplanar graph of order n with ny vertices of degree 2, then
(G, P3) < %, and

e ifpy <%,

L(Ga P3) < { n—6n2 ’
3

, otherwise.

Recently, the same authors of [7] extended the results above to ¢(G, K1 1) (k > 2), and they in [8] proved that

if G a maximal outerplanar graph of order n > 2k + 1 with ng vertices of degree 2, then «(G, K1 ) < s and
n+nso f < 3n
WG Ky g) <4 407 2= s
Tl otherwise.

For more research and results on the H-isolation number of a graph, the readers can be referred to [5,6, 8-
10,17, 20, 33]. Among the previous work, it is worth noting that the study of Py-isolating sets is a pretty
interesting and important problem in this topic, where k is a positive integer. Particularly, a Ps-isolating set of
a graph G is a subset D C V(G) such that G— N[D] contains no Pj as a subgraph if and only if A(G—N[D]) <1
if and only if G — N[D] consists of isolated vertices and isolated edges only. Zhang and Wu [34] proved that if
G ¢ {P3,C5,Cg} is a connected graph of order n, then «(G, P3) < %n Borg [6] proved a stronger result that if G
is a connected graph of order n > 8 with n; vertices of degree 1, then +(G, P5) < 4”11"1 . The girth of a graph G,
denoted by g(G), is the length of a shortest cycle of G. In [34], the authors also proved that if G ¢ {P5,Cr,C11}
is a connected graph of order n with girth at least 7, then +(G, P3) < %. Moreover, they proposed the following
problem in the closing.

Problem 1.1 ([35]). Let k be a positive integer. Determine the exact upper bound on «(G, Py) for connected
graphs G of order n.
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Towards Problem 1.1, Zhang and Wu [35], Borg [6] independently, proved that if G 2 C7 is a connected
graph of order n, then «(G, P;) < %. Chen and Xu [15] proved that if G 2 Cg is a connected graph of order n,
then «(G, Ps) < %n. More explicitly, we make a summary of known results on ¢(G, Py) of a connected graph G
for small k.

Theorem 1.2. Let G be a connected graph of order n. Then the following holds:

| If G % Py, then (G, P1) < 5-

| If G ¢ {Py,Cs}, then (G, Py) < 2

34] If G ¢ {P3703706}, then (G,Pg) < %n

34]) If G ¢ {P5,C7,C11} and g(G) > 7, then (G, Ps) <
35] If G £ Cr, then o(G, Py) < %-

5] If G 2 Cy, then (G, Ps) < %

31
12
6

n,
4

i) |
(ii) [
(111) [

)l

) [6,

i) [1

Inspired by Theorem 1.2, it is natural for us to propose a conjecture as follows, which is also mentioned in
[15] as an open problem.

Conjecture 1.3. Let k > 4 be an integer. If G 22 Ck43 is a connected graph of order n, then (G, Py) < k2_‘7_‘4

If Conjecture 1.3 is true, then the upper bound above is tight, since we can easily check that Cii4 is a
graph attaining the bound. Instead of attacking this conjecture, we shall in this paper continue the study on
the Ps-isolation number of a graph. The main result of this paper is the following.

Theorem 1.4. If G ¢ {P5,Cr7,C11} is a connected triangle-free graph of order n without induced 6-cycles, then
L(G, Pg) S L%J .

Note that Theorem 1.2(iii) and (iv) improve the results of Caro and Hansberg [12] on the K j-isolation
number in connected graphs and trees for the case k = 2, respectively. Our main result Theorem 1.4 improves
the result of Theorem 1.2(iv), and also the Caro-Hansberg result [12] on «(T, K1,2) = ¢(T, Ps) in trees T.

In the rest of this section, we will construct some extremal graphs that attain the bound in Theorem 1.4.
Firstly, it is easy to check that for each graph G € { Py, Ps,Cy, Cs, C12,C16}, t(G, Ps) = ‘V(G)l . For an infinite
set of extremal graphs, let F' be a connected triangle-free graph of order £ > 1 without 1nduced 6-cycles. For
any vertex u € V(F), let H, be a copy of Ps, C7 or C11. A graph G is obtained from F' and UueV(F) H,, in
which each vertex u of F' is joined to a vertex of H, by exactly one edge. Let v} and (v})" (if they exist) be the
vertices of H, at distance d from u in G, where 1 < d < 6. As an illustration in Figure 1, we take

{’U,}, if Hu = P37
D, = ¢ {u,v¥}, if H, = Cy,
{u,v¥, (v})'}, if H, = Cy;.

It is easy to see that GG is a connected graph without triangles and induced 6-cycles, and the set Uuev( ) D,
is a smallest Ps-isolating set of GG. Therefore,

(e Py=| U b= ¥ D= I{u}UV(Hu)IZIV(G)IZ%

4 4
ueV(F) ueV(F) ueV(F)
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FIGURE 1. A graph G of order n = 28 with (G, P3) =7 = }-

2. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4. The following lemmas are useful.

Lemma 2.1 ([12,34]).

(i) If G % Ps is a path of order n, then (G, P3) < §-
(ii) If G ¢ {C3,Cs,Cr,C11} is a cycle of order n, then «(G, P3) < %-

Lemma 2.2 ([34]). Let G be a graph and S C V(G) be a subset. If D is a Ps-isolating set of G[S] with
E(S\ N[D],V\S) =0, then «(G,P;) < |D|+ (G — S, Ps).

Lemma 2.3 ([5, 34]). If G1,G2,---,Gy are the distinct components of a graph G, then 1(G,P3) =
izt o(Gi, Py).

Proof of Theorem 1.4. Let G be a connected graph of order n without triangles and induced 6-cycles. Then
G ¢ {C3,Cs}. Suppose G ¢ {P5;,Cr,C11}. Apply induction on n. Since ¢(G, Ps) is an integer, it suffices to show
(G, P3) < %. The result is trivial for n < 3. So, we let n > 4.

If A(G) <2, then G is a path or cycle. By Lemma 2.1, +(G, Ps) < 4. Let v € V(G) with d(v) = A(G). If
A(G) =n — 1, then (G, P5) = [{v}| =1 < . So, we may assume that 3 < A(G) <n —2.

Let G' = G — N[v] with order n’ = |[V(G’)|. Let H be the set of components of G', and H* the set of
components of G’ isomorphic to a copy of Ps, Cy or Ci;. Let H' = H \ H*. By the induction hypothesis,
L(H,P;) < uf)‘ for any H € H'.

If H* = (0, then since A(G) < n—2, H' # 0. The set {v} is a Ps-isolating set of G[N[v]]. By Lemmas 2.2 and 2.3,
and the induction hypothesis, we have

WG Ps) < o} 4 4G, Ps) = 14+ 3 4, Ps) < 14 1 (n = AG) ~ 1) <
HeH'

Hence, we may assume that H* # (. Choose a vertex z € N(v) such that there exists some H € H* with
x € N(H). Let xy € E(G) for some y € V(H). Recall H € {P3,C7,C11}. Let y; and y} (if they exist) be the
vertices at distance ¢ from y in H, where 1 < < 5. Moreover, let H} be the set of components H of H* such
that N(H) = {z}, and H), the set of components H of H' such that N(H) = {z}. Clearly, H: C H* and
H!. C H'. We divide the following proof into two cases.

Case 1: H: # 0.
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)

FIGURE 2. For the case of H* # ().

Let c3, c¢7 and ¢11 be the numbers of components of H that are isomorphic to P;, C7 and Cy1, respectively.
By the present assumption, c3 +c7 +c11 > 1. Let X = {2} U{Jpycy- V(H) and (G — X), be the component of
G — X containing v. Then G — X = (G — X), Uy ey H. For each H € Hj, let

{z}, if H= P,
Dy = {1‘793}7 if H = C7a
{'r7y37yé}’ if = 0117

as shown in Figure 2. We can see that |J; ¢y« D is a P3-isolating set of G[X], and there are two subcases to
consider in the following.

Subcase 1.1: (G — X), ¢ {Ps,C7,C11}.

It is clear that each component of G—X contains no triangles and induced 6-cycles, and E(X\N[Dx],V\X) =
0 where Dx = Upens Du- By Lemmas 2.2 and 2.3, and by the induction hypothesis, we have

L(G7P3) < |Dx| + L(G - X, P3)
=1+cr+2e1+((G—X)y,Ps)+ > u(H, Py
HeH/,

V(G - X)) V()
X

<1+4cr+2c1 +
HeH!,

1
< 1—|—C7—|—2011+Z(n—1—303—707—11011)

~1 3

n 3
ZJri(l* (c3+cr+en)) <
Subcase 1.2: (G — X), € {P5,C7,C11}.

Let Y = X UV((G - X),) and G =Y = |y H. Let v; and v; (if they exist) be the vertices at distance i
from v in (G — X),, where 1 <34 <5.

Subcase 1.2.1: (G — X), & P;.
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It is easy to observe that (4. Dp is also a Ps-isolating set of G[Y]. By Lemmas 2.2 and 2.3, and by the

induction hypothesis, we have

UG Py) < | |J Dul+uG-Y, Py
HeH:
=1+cr+2c11 + Z L(H, Ps)
HeH!,

V(H
<1+4cr+2c1+ Z %
HeH!,

1
S1+C7+2011+1(n—1—363—767—11011—3)

3
— Z(Cg + c7 +C11) <

»Jk\.z

n
4
Subcase 1.2.2: (G — X), = (.

Observe that {vs} UJpyey- D is a Ps-isolating set of G[Y]. By Lemmas 2.2 and 2.3, and by the induction
hypothesis, we have

(G, P3) < [{vs} U U Dy|+ (G -Y, Ps3)

HeH:
=2+cr+ 21 + Z L(H, Ps3)
HEH,,
V(H
<2+cr+ 21+ Z | (4)‘

HcH!,
1
§2+07+2011+1(n—1—303—707—11011—7)

3 les+or+ o) <
— —(ester+e —
4 3 7 11 4

~1 3

Subcase 1.2.3: (G — X), = C4;.

We see that {v3,v3} UJpyep- Du is a P3-isolating set of G[Y]. By Lemmas 2.2 and 2.3, and by the induction
hypothesis, we have

L(G,Pg,) < |{113,’Ué} U U DH‘ + L(G — KPg)
HeM:
=3+ cr+2c11 + Z L(H,Pg)
Hen,
\V(H)|

<3+cr+2c1 + Z
Hewr,
1

§3+C7+2011+Z(n7173037707711011711)

n 3
:Z_Z(Cg+07+611)<

~1 3

Case 2: H: = 0.
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gL U
e —touo .
eHx’)) ..................... ,’ O O
yO’”” V1 Uy Vs
Yio H*
Y20

FIGURE 3. For the case of H/, # (), where H* = P; and (G — X), = C’.

By the arbitrary choice of z, we know that |[N(H)| > 2 for any H € H*. Recall that H* # (. Take H* € H*.
Let x € N(H*), zy € E(Q) for some y € V(H*), and y;,y; defined as previously. Let X = {z} UV (H*) and
(G — X), be the component of G — X containing v. Clearly, G — X = (G — X ), Uy, H.

Subcase 2.1: (G — X), € {P5,C7,C11}.

It is easy to see that A(G) = d(v) = 3 throughout this subcase. Let Y = X UV ((G — X),). Then G - Y =
Upen: H. Since zy, zv € E(G), |H,| € {0,1}.

We first suppose |H,| = [{H'}| = 1. Since |[N(H*)| > 2, G[Y] —2 =G[V(H*)UV((G — X),)] is a connected
graph, and since H*, (G — X), € {P3,C7,C1}, we have |V(H*)|,|[V((G — X),)| € {3,7,11}. Hence, |V(G[Y] —
D) = |GIV(H*) UV((G — X))]| = [V(H)|+ [V((G — X),)]| € {6,10,14,18,22}, and G[Y] — & ¢ {Ps,Cs, Ci1 .
As shown in Figure 3, let zz € E(G) for some z € V(H'). Let Z = {z} UY. By the induction hypothesis, we
have

(GIY] = o P) < | FAVIGIY] = a)) | = JIV(GY] - 2)] = 2) = 3121 - 0.

Let Dy\ (s} be a smallest Ps-isolating set of G[Y] — 2. Then Dz = {z} U Dy~ () is a Ps-isolating set of G[Z]
with E(Z\ Dz,V \ Z) =0, and we have

1 1
1Dz| = Rz} U Dy\ay| = R}l + [Dy\ay | = 1+ o(GlY] -2, P3) <1+ 2(12] = 4) = £1Z].

Note that d(z) < A(G) = 3. Then, G — Z is a graph with at most two components. If there is a component
of G — Z isomorphic to a member of {Ps, C7,C11}, then it is clear that d(z) = 3 = A(G) and z € N(z). By
regarding = and z as v and x separately, we can see H: # (), and this subcase is covered by Case 1. If each
component of G — Z is not a member of {Ps,C7,C11}, then by Lemmas 2.2 and 2.3, and by the induction
hypothesis, we have

Z y
UG, P3) < |Dz|+ (G~ Z,P3) < %+ V(G-2)| _ V(@) _n

4 4 4
Now suppose |H,| = 0. Hence, H., = ) and G = G[{z} UV (H*)UV ((G—X),)]. Recall that d(v) = A(G) =3
Clearly, d(c_x), (v) = 2. Let v;, v; be the two vertices at distance i from v in (G — X),, where 1 < < 5. Based

on the structure of H*, we further distinguish Subcase 2.1 into the following three subcases.

Subcase 2.1.1: H* = P;3.

(D) If dug«(y) = 2, then d(y) = 3 = A(G) = d(v). By the present assumption, Np«(y) =
{y1,y1}. Since |N(H*)| > 2, we may assume that yjv; € F(G). Since G is a triangle-free graph,
$U17$Ul1a$y17$y/1aUlviaylyi ¢ E(G)
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(i) Suppose that (G — X), = Ps. If y1v] € E(G), then {y1} is a Ps-isolating set of G, implying that
UG, Ps) < {yi}] =1 < T =12 1f yju; € E(G), then {v,} is a Ps-isolating set of G, implying that
UG, P3) < {n} =1 < T =2 Tf y1v],yjv1 ¢ E(G), then y{v] ¢ E(G); otherwise, yiyy1vivviy] is an
induced 6-cycle of G. Now the set {z} is a Py-isolating set of G, and «(G,P3) < [{z}|=1< I =12.

(ii) Suppose that (G — X), = C. Clearly, d(v1) = 3 = A(G). Since y|yyiv1vv]y] can not be an induced
6-cycle of G, yjv} ¢ E(G). Thus, d(y;) = 1. Take

{z,vs},  ify] ¢ E(G),
D = ¢ {y1,vs}, if y1v] € E(G) and zv) ¢ E(G),
{v1,v5}, if y10] € E(G) and zvj € E(G).

For any subcase, it can be easy to check that D is a Ps-isolating set of G. Hence, we have +(G, P3) <

|D|:2<%:%'

iii) Suppose that (G — X), = C11. As noted in (ii), d(y;) = 1 also. Take
1

{z,vs,v5}, if y1v] ¢ E(G),
D = ¢ {y1,vs,v5}, if y1v] € E(G) and zvs ¢ E(G) and zvf ¢ E(G),
{z,v2,v}}, if y1v] € E(G) and zvs € E(G) or zvf € E(G).

It is easy to check that D is a Ps-isolating set of G, and we have «(G, P3) < |[D| =3 < 12 = 2.
(II) It dH* (y) = 17 then NH* (yl) = {yayQ} Clearly, ZL'”Ul,Z"Ull, Ty ¢ E(G)

(i) Suppose that yv; € E(G) or yv; € E(G). By the symmetry of v; and v}, we may let yv; € FE(QG).
Then y;v1 ¢ E(G); otherwise, yy v1y is a triangle of G. If y1v] € E(G), then yov] ¢ E(G); otherwise,
Y1y2v1y1 s a triangle of G. If y1v] ¢ FE(G) and yov] € E(G), then since yavjvv1yy1y2 or Yo vTyy1 Yo
can not be an induced 6-cycle of G, yav1 € E(G) and xys € E(G). However, now z,y1,v1,v] € N(y2)
and d(y2) > 4, a contradiction to A(G) = 3. Thus, no matter whether y1v] ¢ E(G) or not, we determine
yav] ¢ E(G). Take

{y}, if (G—)()vgpg7
D = ¢ {y,vi}, if (G—X),=Cy,
{y,Uzg,'Ué}, if (G_X)’U %ClL
It is easy to see that D is a Ps-isolating set of GG, and we have

1+ V(G = X))l _ Re} VAT + VG- X)o)[ =3 _n=3 n
4 4 4 4
(ii) Suppose that yvi,yv] ¢ E(G). Further, we may assume that y1v1 € E(G) or y1v] € E(G). By the
symmetry of v; and v}, we may let y1v; € E(G). Then yav; ¢ E(G); otherwise, y1y2v1%1 is a triangle of
G. For the subcase of (G — X), € {C7,C11}, zvs ¢ E(G); otherwise, xyy v1v2vsz is an induced 6-cycle
of G. If xys ¢ E(QG), then yov} ¢ E(G); otherwise, yavjvayyiys is an induced 6-cycle of G. Take

G, P;) <|D| =

{Ul}, if (G—X)U ng,
D = { {vy, v}, if (G- X), = Cy,
{v1,v5,v5}, if (G—X),=Chy.

If zyy € E(G), then we take

{z}, if (G —X), = P,
D = { {z,vs3}, if (G—-X), =Cy,
{$,’l)3,'l)§}a if (G—X)v %CH‘

For any subcase above, we can easily check that D is a Ps-isolating set of G. Thus, we have ¢(G, P3) <
Dl =25 < 5
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Based on the supposition that yvq,yv] ¢ E(G), it remains to consider the case that yjvi,y10] ¢ E(G).
Since |N(H™*)| > 2, yav1 € E(G) or yov] € E(G). By the symmetry of v; and v}, we may let yov; € E(G).
Since yov1vxYY1y2 can not be an induced 6-cycle of G, we know zys € E(G). Take

{y2}, if (G—X), =P,
D = q {y2,v3}, if (G — X), = Cr,
{yo,v3,05},  if (G — X), = Cyy.

We can check that D is a Ps-isolating set of G, and thus, ¢«(G, P3) < |D| = "T_?’ <%

Subcase 2.1.2: H* = (.

(i)

(iii)

Suppose that (G— X), = Ps. Clearly, d(y) = 3 = d(v) = A(G). Since G is triangle-free, xvy, v}, zy1, vy] ¢
E(G). Since y2v1vxyy1 Y2 OF Y20]02YY1 Y2 can not be an induced 6-cycle of G, yav1 ¢ E(G) and yov] ¢ E(G).
Similarly, yhv1 ¢ E(G) and yhv] ¢ E(G); otherwise, yhvivayyiyh or yhviveyyiys is an induced 6-cycle of
G. Hence, we know E({ya,v5}, {v1,vi}) = 0.

If E({y1,y1},{v1,v1}) = 0, then by |[N(H*)| > 2, E({ys,y5}, {v1,v}}) # 0. By the symmetries of y3 and
y5, and v1 and v}, we may assume that ysv; € E(G). It is clear that {z,ys} is a Ps-isolating set of G, and
(G, Py) < [{r,ysf =2 < U = 2.

If E{y1,v1},{vi,v1}) # 0, then by the symmetries of y; and y{, and v; and v], we may assume that
y1v1 € E(G). Clearly, d(y1) = 3 = A(G) and yv] ¢ E(QG); otherwise, d(y]) = 3 = A(G) and yjvjvv1y1yy]
is an induced 6-cycle of G. Moreover, y3v] ¢ E(G); otherwise, d(y3) = 3 = A(G) and y3vjvv1y1y2ys is an
induced 6-cycle of G. Take

{z,ys} if yiv1 ¢ B(G),
D= q{vi,y5},  ifyju € E(G) and zys ¢ E(G),
{vi,2},  if yiv1 € BE(G) and zy, € E(G).

In particular, for the subcase of yjv; € E(G) and xys € E(G), we know y4v] ¢ E(G) since ysvivryaysys
can not be an induced 6-cycle of G. Therefore, for any subcase above, D is a Ps-isolating set of G, and
UG, Py) <Dl =2< 3 =14
Suppose that (G — X), = Cy. Clearly, d(y) = 3 = d(v) = A(G) and zvy,2v],zy1,2y; ¢ E(G).
In the same manner of proof in (i), we may first assume that E({ys,y5},{v1,v]}) = 0. Moreover, if
E({y1,v1}, {v1,v1}) =0, then E({ys,y5},{v1,v1}) # 0 and we further assume that ysv; € E(G). It is easy
to see that D = {x,ys,v3} is a Ps-isolating set of G. If E({y1,y!},{vi,v1}) # 0, then we may assume
that y1v1 € E(G). Since d(y1) = d(v1) = 3 = A(G) and yjvjvviyiyy] is not an induced 6-cycle of G,
v, yiv1 € E(G) and yjv) ¢ E(G). It is clear that D = {x, y3,v3} is also a Ps-isolating set of G. For these
two subcases, we have (G, P3) < |D| = [{z,y3,v3}| =3 < 12 = 2.
Suppose that (G — X), = C11. By the same proof of (ii), now D = {z,ys,vs,v5} is a Ps-isolating set of G,

and we have (G, P3) < |D| =4 < 12 =12.

Subcase 2.1.3: H* = ;.

(i)

Suppose that (G — X), = Ps. For the same reason in Subcase 2.1.2(i), we have E({y2,95}, {v1,v]}) = 0.
If E({y1,91},{v1,v1}) = 0, then it is easy to check that D = {z,y4,y,} is a Ps-isolating set of G, and
UG, P3) < |D|=3< =1
If E({y1, 1}, {vi,v1}) # 0, then we may assume that y1v; € E(G). Clearly, xvy, zv], 2y1, zy], y2v1 ¢ E(G).
Then, yjv] ¢ E(G); otherwise, yjvivv1y1yy] is an induced 6-cycle of G. Moreover, ysv; ¢ E(G); otherwise,

d(v1) =3 = A(G) and y5v1y1y2y3y4ys is an induced 6-cycle of G. Take

{z, 93,94} if yyv1 ¢ E(G),

{v1, Y4, Y} } if yjv1 € E(G) and zy2 ¢ E(G) and zy), ¢ E(G),
{v1,y3, ¥, } if yjv1 € E(G) and zy2 € E(G),

{v1, Y%, ya}s if yjv1 € E(G) and xyh € E(G).
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We can check that D is a Ps-isolating set of G, and «(G, P3) < |D| =3 < 12 = 2.

(ii) Suppose that (G — X), = C+. For the same reason in Subcase 2.1.2 (i), we have E({y2,v5}, {vi,v1}) = 0. If
E({y1,v1}, {v1,v1}) = 0, then it is clear that D = {x,v3,y4, vy} is a P3-isolating set of G, and «(G, P3) <
Dj=4<2 =1
If E({y1,v,},{v1,v]}) # 0, then we may assume that y1v; € E(G). Since d(y1) = d(v1) = 3 = A(G) and
yivivvy1yy) is not an induced 6-cycle of G, we know that y1v],yjv1 ¢ E(G) and yjv] ¢ E(G). Take

D= {337U3ay3,y£1}7 if ySUi ¢ E(G)7
{yav3ay57yé}7 if y5vi € E(G)

It is clear that D is a Ps-isolating set of G. Thus, «(G, P3) < |[D| =4 < 1 = 2.

(iii) Suppose that (G — X), = C11. Let D be the set defined as in (ii). Corresponding to every subcase in (ii),
now {v3} U D is a Ps-isolating set of G. Therefore, we have «(G, P3) < [{v}UD| =5 < 2 = 2.

Subcase 2.2: (G — X)v ¢ {Pg, 07, Cll}~

Recall that X = {z} UV(H*) and G — X = (G — X), UUpey, H, where (G — X), is the component of
G — X containing v. There are also three subcases to consider due to the structure of H*.

Subcase 2.2.1: H* = P;3.

If dy~(y) = 2, then {y} is a Ps-isolating set of G[X]. By Lemmas 2.2 and 2.3, and by the present structure
and induction hypothesis, we have
n—4
WG Py) < [{yH + (G = X)o, P) + Y u(H Py) <1 —— =
HEH!,

n
4

Let dg~(y) = 1. By the choice of z, 2'y; ¢ E(G) for any «’ € N(v); otherwise, by regarding «’ as « and y; as
y, this subcase is covered by either the subcase of dy-(y) =2 if (G — X'), ¢ {P5,C7,C11}, or Subcase 2.1.1 if
(G—X"), € {P5,C7,Cy1}, where X' = {2’} UV (H*) and (G — X'), is the component of G — X’ containing v.
Hence, d(y1) = 2. If d(y2) = 1 or zys € E(G), then {z} is a P3-isolating set of G[X]. By Lemmas 2.2 and 2.3,
and by the induction hypothesis, we have
UG Ps) < [} (G = X} Po) + 30 u(H Py <1470 =
HEM,

n
4

Hence, 2'ys € E(G) for some o' € N(v) \ {z}. It is easy to see that now ysz'vaxyy y» is a 6-cycle in G, and
thus, ya’ € E(G) for avoidance of a triangle or an induced 6-cycle in G. We can regard z’ as z, and this
subcase will be covered by either the subcase of zys € E(G) if (G — X'), ¢ {Ps,C7,C11}, or Subcase 2.1.1 if
(G - X’)U € {Pg, Cy, 011}, where X' = {JZ’} U V(H*)

Subcase 2.2.2: H* € {C7,C11}.

Let X~ = {z,y,y1,y1}. Clearly, X~ C X. Since G has no triangles, G[X ] = K; 3. As an illustration in
Figure 4, we shall consider the graph G — X ~. Let ¢(G — X)) and ¢(G — X ™) be the numbers of components of
G — X and G — X, respectively. Then, ¢(G—X) <c(G-X")<ce(G-X)+1.Ifc(G—X") =¢(G-X)+1,
then G - X" = (G-X)U(G—-—X")y, =(G-X), U(G—X7),, U UHEH; H, where (G — X7),, is the
component of G — X~ containing the vertices of V/(H*)\ {y,y1, vy} }. It is clear that (G — X~),, € {P4, Ps} and
(G—X7)y, ¢ {P5,C7,C11}. Recall that (G — X), ¢ {P5,C7,C11}. The set {y} is a Ps-isolating set of G[X ~].



A NOTE ON THE P3;-ISOLATION NUMBER 4617

FIGURE 4. The set X~ and the graph G — X .

By Lemmas 2.2 and 2.3, and the induction hypothesis, we have
UG, Ps) < {y}l + (G — X7, P3)
=14 1((G = X)y, Ps) +1t((G = X7)y,, Ps) + Y 1(H, Py)

HeH!,
V(G = X))l | VUG = X))l |V (H)|
<
<1+ 1 - ; + Y
HEeM,
Ik
- 4 4

Let ¢(G—X7)=¢(G—X). Then,G—- X~ =(G—X"), U UHeH; H, where (G — X ™), is the component
of G — X~ containing v. Clearly, (G — X), C (G—X "), and V(H*)\ {y,v1,¥1} C V((G — X7),). Note that
(G=X7)y ZPs. If (G—X7), € {C7,C11}, then A(G) =d(v) =3 =d(y). Let X' = {2} UV(G—-X7),). It is
easy to see that G — X' = (G- X'), U UHeH; H, where (G — X'), = Pj is the component of G — X' containing
y. We switch the roles of y and v and regard X’ as X, and this subcase is covered by Subcases 2.1.2 or 2.1.3 in
terms of the structure of (G — X7),. If (G—X7), ¢ {C7,C11}, then the set {y} is a Ps-isolating set of G[X ~].
By Lemmas 2.2 and 2.3, and the induction hypothesis, we have

UG, Ps) < {yH +u(G — X7, P3)

=1+((G—=X")y, P3)+ Z (H, P3)
HeM!,

VG = X))l Z V(H)]

This completes the proof of Theorem 1.4. O
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