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Phase-mismatch in nonlinear optical processes can
severely limit the propagation and conversion effi-
ciency of light fields. Here, we present an efficient
optimal-control strategy to mitigate the detrimental
effects of phase-mismatch in an electromagnetically
induced transparency medium via non-resonant four-
wave mixing (FWM). By applying a set of fixed, linearly
modulated coupling fields that induce a dark eigen-
mode, we globally optimize a single coupling detun-
ing to minimize the spontaneous emission loss, the
primary factor limiting conversion efficiency. Our ap-
proach outperforms existing FWM schemes by provid-
ing strong robustness against large phase-mismatch
variations while maintaining efficient probe-to-signal
conversion. These results offer a promising route to-
ward more efficient nonlinear frequency conversion, al-
leviating the stringent requirement for phase matching
in experiments.

Introduction.- Phase mismatch, common in nonlinear atom-
light systems, poses a major obstacle to efficient frequency con-
version due to the limited coherence length of atomic media
[1–3]. Except for elaborate experimental setups [4–7], previous
efforts to overcome this issue have shown that, for example, ef-
fective compensation using a small constant two-photon detun-
ing can significantly suppress the spontaneous emission loss in
a resonant FWM system [8]. However, the required detuning
must be precisely controlled, making the approach highly sen-
sitive to technical imperfections. In parallel, an improved FWM
scheme employing two spatially modulated coupling fields has
been implemented to increase the conversion efficiency (CE)
[9]. In this setup, the system remains in a transmission (dark)
mode, preventing absorptive loss due to spontaneous emission.
Nevertheless, the large phase-mismatch required by the ideal
spatial-light-modulation condition (ϕ ≈ 90◦) strongly disrupts
the adiabaticity of the dark mode, posing a significant challenge
to achieve a high CE under practical phase-mismatch condi-
tions.

Fig. 1. Restriction by the phase-mismatch effect in a non-
resonant double-Λ FWM system [10]. The phase-mismatch
term ∆k, arising from the separated angle ϕ between the prop-
agation directions of the probe (Ωp) and coupling (Ωd,c) beams
is detrimental to the generation of signal field (Ωs). Box:
Schematic level scheme and relevant energy states of cold 87Rb
atoms utilized in this work.

In this work, we propose a global optimal-control method to
mitigate the impact of phase-mismatch in a non-resonant FWM
system, achieving a highly-efficient frequency conversion over
a broad range of mismatch strengths. The numerical optimiza-
tion is performed using Genetic Algorithm (GA) [11], with fine-
tuning applied only to a single coupling detuning that varies
smoothly in space, while maintaining a set of space-delayed
coupling fields in an adiabatic regime to minimize spontaneous
emission loss. The results explicitly demonstrate that a high-
efficiency frequency conversion can be achieved with enhanced
robustness against significant mismatch errors. Notably, even
modest phase mismatches—corresponding to small angles be-
tween the probe and coupling fields—can noticeably reduce CE
in realistic experiments [7]. To illustrate the effectiveness and
robustness of our approach, we explore mismatch angles up to
ϕ ≈ 8◦ for larger optical depth (OD), and extend to ϕ ≈ 13.6◦
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for moderate OD to intentionally stress-test our protocol. This
work therefore extends the scope of phase-mismatch control by
combining it with an advanced optimal-control strategy, which
differs from the approach introduced in Ref. [12], and holds
great promise for applications in versatile scenarios [13, 14].

Theoretical strategy.- The atomic system is of the double-Λ
type, consisting of two ground states |1〉 and |2〉, and two ex-
cited states |3〉 and |4〉. When states |2〉 and {|3〉, |4〉} are driven
by two strong coupling fields Ωc,d, the weak probe beam Ωp

driving the transition from |1〉 to |3〉 induces a fourth weak sig-
nal field Ωs, forming a FWM process |1〉 → |3〉 → |2〉 → |4〉 →
|1〉 [15], as shown in Fig. 1. We note that the detuning δ of the
coupling field Ωd can serve as an effective control knob to en-
hance the CE in FWM by avoiding the multi-photon destructive
interference [16]. The Hamiltonian is given by

H = Ωp|3〉〈1|+Ωc|3〉〈2|+Ωd|4〉〈2|+Ωs|4〉〈1|+H.c.+ δ|4〉〈4|.
(1)

The system dynamics are captured by the density matrix ρ [17]

∂ρ

∂t
= −i [H, ρ] + Ld[ρ] + Lz[ρ], (2)

where the Lindblad superoperators are Ld[ρ] =

∑m<n

(

LmnρL†
mn − 1

2

{

LmnL†
mn, ρ

}

)

with Lmn =
√

Γnm |m〉 〈n|
(n = 3, 4; m = 1, 2) describing the spontaneous decay from

|n〉 to |m〉 (with rate Γnm), and Lz[ρ] = LzρL†
z − 1

2

{

LzL†
z , ρ

}

with Lz =
√

γ (|1〉 〈1| − |2〉 〈2|) accounting for the dephasing
between two ground states |1〉 and |2〉 (with rate γ).

In order to provide an explicit discussion, we consider the
weak-probe approximation where Ωp ≪ Ωc,d, so that atoms
will persistently stay in the initial state |1〉, satisfying ρ11 ≈ 1,
ρjj ≈ 0 (j ∈ (2, 3, 4)). We retain only the atomic coherence terms
associated with |1〉, yielding a set of reduced equations for den-
sity matrix elements

∂

∂t
ρ41 = i (Ωs + Ωdρ21) +

(

iδ − Γ + γ

2

)

ρ41, (3a)

∂

∂t
ρ31 = i

(

Ωp + Ωcρ21

)

− Γ + γ

2
ρ31, (3b)

∂

∂t
ρ21 = i (Ω∗

c ρ31 + Ω∗
dρ41)− γρ21, (3c)

where we have assumed Γnm = Γ/2 for simplicity. We adopt
a zero dephasing rate (γ = 0) to obtain an explicit interpreta-
tion with the perfect EIT condition [18], while this dephasing is
included in the numerical calculations. Using the steady-state
assumption, we can directly solve the atomic coherence related
to the propagation of probe and signal fields

ρ31 = i
(

− |Ωd|2 Ωp − Ω∗
dΩcΩs

)

/D, (4a)

ρ41 = i
(

−Ω∗
c ΩdΩp + |Ωc|2 Ωs

)

/D, (4b)

with all quantities rescaled by the frequency unit Γ and D =
(1 − 2iδ)|Ωc|2 + |Ωd|2. In order to study the behavior of the
probe (Ωp) as well as the generated signal (Ωs) fields propagat-
ing in the atomic medium, we use the Maxwell-Bloch equations

∂Ωp

∂z
= i

α

2L
ρ31,

∂Ωs

∂z
+ i∆kΩs = i

α

2L
ρ41, (5)

in which we include the non-negligible phase mismatch, with
its strength measured by ∆k [see Fig.1]. Note that this phase
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Fig. 2. Comparison of CE as a function of phase mismatch κ,
with optimal parameters (θopt(κ), δopt(κ)) (red, Protocol I) and
fixed parameters (θopt(0), δopt(0)) (blue). The realistic behavior
of CE solved from Eq.(2) is shown by the solid lines. While
the theoretical predictions shown by dashed lines are plotted
using the computed CE function in Eq.(9). Other parameters
are α = 200, γ = 0, Ωp = 0.03, Ωd = 1.5, Ωc = Ωd cot θ is
κ-dependent.

mismatch arises from the inevitably small angle ϕ used for re-
ducing the leakage from two coupling fields [19]. Here, L de-
notes the length of atomic medium and α represents OD. We
define a dimensionless mismatch parameter κ = ∆kL, scaled
such that κ ∈ [0, 5], corresponding to a relatively small angle
ϕ . 8◦ for L = 3.5 mm.

By inserting Eq.4(a-b) into the propagation equations (5), the
system forms Schrödinger-like coupled equations (L serves as a
length unit)

i
∂

∂z





Ωp

Ωs



 = M





Ωp

Ωs



 (6)

where

M =





ζ sin2 θ −ζ sin(2θ)/2

−ζ sin(2θ)/2 ζ cos2 θ + κ



 (7)

with the coefficient given by

ζ =
α

2

(

2δ cos2 θ − i

1 + 4δ2 cos4 θ

)

. (8)

Remarkably, we define a new ratio Ωc/Ωd = cot θ, indicat-
ing that propagation depends only on the ratio of the two
coupling fields rather than their absolute values. In principle,
Ωc and Ωd can vary arbitrarily in space, provided that the
dark eigenmode ψD is maintained (see Eq.12). Additionally,
the spontaneous loss, incorporated through the non-Hermitian
matrix M via the imaginary part of ζ, scales as ∝ e−α/2

for both Ωp and Ωs, decreasing exponentially with increas-
ing α. Hence, a dense medium with a large α can achieve
near-unity signal conversion [20]. In what follows we con-
sider three protocols for controlling efficient FWM. Protocol
I (‘Constant-Optimization’) uses fixed, position-independent pa-
rameters; Protocol II (‘Unoptimized Dark-State’) employs simple
linearly-varying coupling fields based on dark state without
further optimization; and Protocol III (‘Spatially-Dependent De-
tuning’) introduces a spatially-varying detuning, which signifi-
cantly improves CE under phase mismatch.

Protocol I: Constant-Optimization. In general, Eq.(6) can be
solved exactly under constant parameters. We define the con-
version efficiency as CE = |Ωs(z = 1)|2/|Ωp0|2 which quanti-
fies the performance of signal transmission. An explicit form is
given by

CE =
|ζ sin(2θ)|2

4|λ+ − λ−|2
|eλ+ − eλ− |2 (9)
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Fig. 3. Performance of the FWM scheme as a function of phase
mismatch κ under different optimized waveforms δ(z). The
curves comparably represent the cases of δ(z) = 0 (Protocol
II, dashed) and δ = δ(z) (Protocol III, solid) where all co-
efficients are (a0, a1, a2, a3, b1, b2, b3) = (−13.55, 20.15, 6.17 −
8.93,−0.91, 2.86, 1.45). (a) and (b) correspond to the detuning
waveforms and the calculated CE values, respectively. The light
gray curves in (a) indicate the unchanged adiabatic amplitudes
of Ωc and Ωd. Relevant parameters are α = 200, Ωp = 0.03,

γ = 10−4, Ωc0 = Ωd0 = 1.5.

where λ± = 1
2

(

ζ + κ ±
√

ζ2 + κ2 + 2κζ cos(2θ)
)

are the eigen-

values of M. To maximize CE, in Protocol I we introduce the
constant-optimization method, where the diagonal energy shift
of matrix M is set to vanish and a π-pulse coupling is enforced

via
∫ 1

0 |ζ sin(2θ)|dz = π, based on which we obtain an optimal
set of κ-dependent constants (θ, δ) for a best CE:

θopt =
π

4
+

1

2
arctan(κ/π), δopt =

α

2π2
(κ +

√

κ2 + π2) (10)

For the special case of perfect phase matching κ = 0, one gets
(θopt, δopt) = (π

4 , α
2π ) yielding the maximal CE

CE =
1

4
(1 + e−

2π2

α )2. (11)

At a large OD, e.g., α = 200, this gives CE=0.911, comparable
to other FWM protocol [21]. For a moderate OD (α = 50),
CE decreases to 0.700 with phase-matching. However, any
nonzero phase-mismatch κ 6= 0 would be detrimental to the
high-efficiency generation of FWM signals.

Figure 2 shows the CE impacted by κ in a double-Λ FWM
system. If the parameters are fixed at their optimal phase-
matched values (θ, δ) = (π

4 , α
2π ) (blue curves), CE drops

rapidly with increasing κ, reaching CE ≈ 0.01 at κ = 5. In
contrast, the analytic solution of Eq.(10) developed in Protocol
I (red curves) yields substantial improvement: for any given κ,
setting the coupling fields in the ratio Ωc = Ωd cot θopt together
with the κ-dependent detuning δopt significantly enhances CE,
reaching 0.72 for κ = 5. The full numerical solutions (solid)
based on the density matrix equation (2) perfectly validate the
scheme accuracy (dashed). Thus, this Constant-Optimization
strategy can partly compensate for phase mismatch, but re-
quires a precise knowledge of κ, which is unrealistic in exper-
iments, motivating a more robust space-dependent optimiza-
tion.

Protocols II and III: Space-dependent optimization. To further im-
prove the CE, especially in the case of a large phase mismatch,

we introduce two orthogonal base vectors

ψD = (cos θ, sin θ)T , ψB = (sin θ,− cos θ)T , (12)

which coincide with the eigenstates of M for κ = 0, correspond-
ing to eigenvalues λ+ = 0 and λ− = ζ. In the phase-matched
case, ψD forms a dark state, fully protected from spontaneous
dissipation arising from the imaginary part of ζ. Ideally, with
θ(z = 0) = 0, the system can adiabatically evolve along the
dark state ψD to achieve a complete transfer from Ωp to Ωs

at z = 1, requiring θ(z = 1) = π/2. To test the above adia-
batic control of θ(z), we introduce spatially varying amplitudes
for the two coupling fields, analogous to the counter-intuitive
pulse sequence used in adiabatic passage [22] . Here Ωc,d(z) are
simply linearly modulated at lower technical cost, following the
implementation in [23]

Ωc(z) = Ωc0(1 − z), Ωd(z) = Ωd0z (13)

where Ωc0, Ωd0 denote the maximal amplitudes. This configura-
tion allows global optimization to be performed solely through
the detuning δ(z), while maintaining the adiabatic evolution
along the dark state. Notably, the detuning waveform required
to achieve high CE is not unique, providing a degree of freedom
that can be exploited either to maximize the average CE over a
broad range of κ or to optimize CE for a specific large κ.

We utilize a numerical GA to determine an optimal wave-
form δ(z) that can achieve a higher CE even for relatively large

κ. We take the average value F = ∑
N
i=1 CE(κi)/N as the target

and minimize the cost function 1− F under sufficient samplings
N = 20 for κi = i/4, i = 0, ..., N. We first assume the Fourier
series form

δ(z) = a0 +
3

∑
n=1

[an cos(nπz) + bn sin(nπz)] (14)

The detuning waveform is a smooth function in space, facilitat-
ing experimental implementation. Note that the coupling am-
plitudes Ωc,d(z) are kept unchanged as linear modulation.

To demonstrate the improved robustness of FWM protocol
against the phase-mismatch effect, we first calculate the CE
without optimization by choosing δ = 0 labeled as Protocol
II: Unoptimized Dark-State. Excitingly, thanks to the presence
of a dark mode ϕD that adiabatically protects the system from
spontaneous loss, the CE values displayed in Fig.3b by the
dashed line can achieve a dramatically increased insensitivity
to κ. Even at κ = 5, the CE remains as high as 0.876, outper-
forming the maximum 0.72 achieved in Protocol I (see Fig.2). As
turning to the Protocol III: Spatially-Dependent Detuning, labeled
by the solid line, we can obtain stronger robustness against the
change of κ. In Fig.3b, the CE increases to 0.893 for κ = 5,
though at the cost of slightly reduced, yet still high CE values
for small mismatch κ ≤ 1. Because our numerical algorithm re-
quires the maximization of average CE value within κ ∈ [0, 5],
it tends to improve the overall insensitivity of scheme perfor-
mance to the phase-mismatch effect. Specifically, in Protocol
III the optimized δ(z) function needs to be far from resonance
after the adiabatic transfer at Ωc = Ωd, aiming to compensate
for the large phase mismatch κ by employing a largely negative
detuning δ (≈ −45.5Γ) see Fig. 3a.

Mitigating larger phase mismatch.- We demonstrate that the
spontaneous loss due to a finite OD can be decreased by ap-
plying an off-resonant detuning, as in Protocol III. A large nega-
tive detuning can also mitigate the significant (positive) phase-
mismatch effect in practice. A natural question at this stage is
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Fig. 4. (a1-2) The optimized waveforms of coupling de-
tuning function. (a1) δ(z) takes the Fourier-series form
with coefficients (a0, a1, a2, a3, b1, b2, b3)=(-1.73,-2.32,-9.08,-
13.04,67.86,43.09,1.74). (a2) A different waveform uses Bern-
stein polynomial where δ(z) = ∑

7
n=0 anCn

7 zn(1 − z)7−n with
coefficients (a0, a1, a2, ..., a7)=(143.76,71.73,-42.35,-53.98,111.60,-
59.90,-59.94,-39.85). Here Cn

7 denotes the binomial coefficient.
(b1-2) The corresponding transmissions of the probe (solid)
and signal (dashed) fields. Here α = 50, κ = 15 and other
parameters are the same as in Fig.3.

whether such space-dependent optimal control of δ(z) can fur-
ther improve FWM performance under larger phase mismatch
and moderate OD values. To address this, we examine CE at
κ = 15 (corresponding to the separated angle ϕ ≈ 13.6◦) with
α = 50. This extreme mismatch case, though beyond typical ex-
perimental conditions, is intentionally considered to highlight
the robustness and potential of the proposed protocol under de-
manding scenarios. This choice only gives CE ≈ 0.019 based on
Protocol I with optimal constants (θopt, δopt) = (0.467π, 76.82).
Switching to Protocol II improves CE to 0.132, but the simple
spatial-light modulation remains insufficient to overcome the
severe energy loss caused by large phase mismatch.

In order to achieve a highly efficient conversion for larger
mismatch strength in a more practical setting, Protocol III em-
ploys GA to search for an optimized detuning waveform δ(z)
at a specific mismatch value κ = 15, using 1 − CE(κ = 15) as
the cost function. This ensures maximization of CE around the
target large phase mismatch. Note that this may not be the best
optimized waveform when κ < 15. The resulting optimized
waveforms of δ(z) are plotted in Fig. 4. For comparison, we also
employ the Bernstein polynomial as an alternative choice. As
observed in Fig. 4(a1-a2), the optimized δ(z) functions in both
cases exhibit large off-resonance at the boundaries (z = 0 or 1)
to suppress spontaneous dissipation loss. Meanwhile, to obey
the adiabatic transfer along the dark eigenmode ϕD ensured
by Ωc and Ωd, both δ(z) functions approach near-resonance
around z = 0.5, where the probe-to-signal field conversion oc-
curs. The corresponding space-dependent transmission of the
probe and signal fields is depicted in Fig. 4(b1–b2). Remark-
ably, both implementations under Protocol III achieve an en-
hanced CE of approximately 0.469, significantly outperforming
Protocol I (0.019) and Protocol II (0.132), highlighting the effec-
tiveness of space-dependent detuning optimization. This also
demonstrates that the optimization procedure is robust with re-
spect to the choice of functional form, motivating further explo-
ration of different detuning waveforms for experimental imple-

mentation.
Conclusion.- We present a novel scheme to mitigate the detri-

mental effects of phase-mismatch in a non-resonant FWM sys-
tem using optimal control strategy. It is demonstrated that
when the two coupling fields are maintained as fixed linear spa-
tial modulations, an optimized waveform for a single coupling
detuning can strongly suppress the spontaneous decay loss
from two excited states, leading to a substantial enhancement
in the CE even for the large phase-mismatch regime. Our Proto-
col III with its carefully designed detuning provides superior ro-
bustness against variations in mismatch while preserving high-
efficiency signal transmission, a key requirement for all-optical
quantum information processing such as in frequency conver-
sion involving structured light modes where high efficiency is
crucial [24]. These features are expected to significantly relax
the technical constraints on phase-matching conditions, moti-
vating further exploration in diverse scenarios [25, 26].
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