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Abstract. Electrical impedance tomography (EIT) combined with machine
learning has shown promise for the classification of strokes. However, most

previous works have used raw EIT voltage data as network inputs. We build

upon a recent development which suggested the use of a special noise-robust
virtual hybrid edge detection (VHED) functions computed from EIT data as

network inputs, although that work used only simplified and mathematically

ideal models. In this work, we design models with high detail and mathe-
matical realism. Virtual patients are created using a physically detailed 2D

head model which includes features known to create challenges in real-world

imaging scenarios. Simulated noisy EIT electrode data, generated using the
realistic complete electrode model as opposed to the mathematically ideal con-

tinuum model, is processed to obtain VHED functions. We compare the use of
VHED functions as inputs against the alternative paradigm of using raw EIT

voltages. Our results show that (i) stroke classification can be performed with

high accuracy using 2D EIT data from physically detailed and mathematically
realistic models, and (ii) in the presence of noise, VHED functions outperform

raw data as network inputs.

1. Introduction. Stroke is a serious medical condition in which blood supply to
part of the brain is blocked or significantly decreased. This prevents oxygen and
other nutrients from reaching that part of the brain. Strokes are mainly classified
into two groups: ischemic and hemorrhagic [15]. Ischemic stroke occurs when brain
blood vessels become narrowed or blocked, impeding part of the brain from receiving
blood. Hemorrhagic stroke occurs when a blood vessel ruptures or leaks, releasing
blood inside the brain.
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Brain cells start to die in minutes without proper blood supply, and therefore
stroke is an emergency situation that requires quick medical intervention to reduce
brain damage and improve the prognosis of the patient [23, 33, 34]. The treatment
depends on the type of stroke. Ischemic strokes are treated with tissue plasminogen
activator medication to dissolve the clots, or, in some cases, thrombectomy to me-
chanically remove the clots from the affected blood vessel [6, 16, 24]. Hemorrhagic
strokes, on the other hand, require medicine to reduce blood pressure and, if possi-
ble, a medical procedure to control the bleed, such as aneurysm clipping, coiling, or
AVM endovascular embolization [13, 25, 31]. The medicine administered to treat
one type of stroke causes damaging effects in the other type. That is, plasminogen
activator medication (for ischemic treatment) causes reduction in coagulation capa-
bility, which is a serious issue for the hemorrhagic stroke patient, while medicine to
reduce blood pressure (for hemorrhagic treatment) increases obstruction problems
in the ischemic stroke patient.

Because of the antagonistic effects of the medicines, early diagnosis is key, as
diagnosis must be made prior to beginning treatment. Unfortunately, ischemic
and hemorrhagic strokes present very similar symptoms in visual clinical inspection
[29]. At the time of this writing, X-ray computed tomography (CT) and magnetic
resonance imaging (MRI) are the brain imaging techniques used to make a diagnosis,
and therefore diagnosis can only be performed after transporting a patient to the
hospital [10, 30, 32]. If a portable diagnostic method were developed, however, the
necessary diagnostic equipment could be carried in the ambulance to permit earlier
treatment, which could greatly improve patient outcomes.

Electrical impedance tomography (EIT) is a relatively new tomographic imaging
technique which is a good candidate for this purpose, since EIT devices are portable
and do not require radiation shielding or other bulky and expensive setups. EIT
generates tomographic images of the electrical conductivity distribution on a tar-
get by measuring the electrical potential on its external surface when an electrical
current is applied to the target [11].
Previous works. Several machine learning-based approaches have been proposed
for the classification of strokes using EIT data, but these approaches have all con-
sidered learning directly from measured EIT voltage data.

In [27] a support vector machine (SVM) was applied directly to simulated EIT
voltage measurements to detect the presence or absence of a hemorrhage in the
brain. A 3D model was considered, and a ring of electrodes was positioned in
the exterior of the model. The highly simplified head model consisted of only 2
layers: an inner brain layer, and an outer layer modeling tissues external to the
brain. Therefore, the important effects produced by the highly resistive skull and
the highly conductive cerebrospinal fluid (CSF) were not considered. The impact of
noise, lesion location and size, electrode positioning, and different anatomies of the
head were considered to test the methodology. A similar approach was presented
in [14], but considered a more realistic 3D head model consisting of 4 layers. This
model consists of a first layer that aggregates the scalp and skull layers, followed
by separate layers representing the CSF, brain tissue (aggregating gray and white
matter), and, finally, the ventricle layer. Additionally, the study also explored
the impact of four different measurement frequencies on stroke identification and
differentiation using SVM. Multi-frequency symmetry difference EIT combined with
SVM was explored in [26]. This study employed a 3D head model comprising scalp,
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skull, CSF, and brain layers. The methodology was applied to both simulated data
and a limited set of human data (35 individuals).

In [35], a residual neural network was proposed for the classification of strokes
in different regions of the head, again using minimally processed simulated EIT
voltage measurements as inputs. A simplified 2D head model consisting of three
layers representing the scalp, skull, and parenchyma (brain) was used. However,
the highly conductive CSF and other anatomical tissues were not considered in
this model. The performance of the method was evaluated when the data was
corrupted by noise, when shape deformations occurred, and when the conductivity
varied in the three layers of the model. However, these conditions were considered
individually, while in real-world scenarios these variations would be simultaneous.
Furthermore, in that study, difference EIT data was considered as an input to the
network, so the proposed method requires healthy data that may not be available in
practice. In [9], fully connected neural networks (FCNN) and convolutional neural
networks (CNN) were employed for detection of brain hemorrhages from simulated
absolute EIT data on a 3D head model, again using raw voltages as network inputs.
The model in that work was also a simplified 3-layer version of the human head
consisting of scalp, skull, and brain, again neglecting the conductive cerebrospinal
fluid and other anatomical tissues. The performance of the two neural networks were
tested using several sets of unseen data, and FCNN showed better generalization
capabilities than CNN.

A novel methodology connecting EIT and X-ray tomography, based upon deep
microlocal analysis, was introduced in [21] and recently analyzed in more detail
in [2]. Using this new methodology, EIT measurements can be processed in a non-
linear manner, and relevant geometric conductivity information concealed within
these measurements can be extracted. Moreover, this information hidden within
EIT data possesses the same linear geometry as data produced by parallel-beam
computed tomography. These “virtual” X-ray attenuation profiles are called vir-
tual hybrid edge detection (VHED) functions.

VHED was connected with neural network models in [1] for classifying strokes
as ischemic or hemorrhagic. In that introductory work, VHED functions were com-
puted from EIT data generated by applying the unrealistic mathematically ideal
continuum model of EIT to highly simplified head phantoms on circular domains.
The computational evidence presented there strongly suggests that (i) when apply-
ing machine learning to severely ill-posed problems, it pays to extract noise-robust
features from the data to use as inputs for machine learning, as opposed to learn-
ing directly from measured data, and (ii) VHED profiles are useful features for
classifying stroke, at least with data simulated from highly mathematically and
physically unrealistic two-dimensional models. Although the results in that initial
work demonstrated the potential advantages of using VHED functions in stroke
classification, it was left to future work to determine whether the method would
prove robust under more realistic conditions.
Contributions of the work. In this paper, we introduce several points of novelty
in the computation of the VHED functions developed in [21], using more realistic
domains and models. We also make a strengthened case for using VHED functions
as inputs for the stroke classification problem. In particular, we continue the re-
search line introduced in [1] and extend the results to a scenario which is much more
mathematically realistic and physically detailed than was employed in that earlier
work: (i) To simulate the virtual stroke patients, we consider phantoms which are
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more general than the unit disc, specifically, two-dimensional anatomical models
resembling a slice of a human head with detailed, physically realistic electrophysi-
ology and a statistically realistic conductivity distribution, and (ii) instead of using
the unrealistic continuum model for EIT measurements, our new method uses the
realistic complete electrode model (CEM) measurements as its starting point.

Since the theory of VHED functions is based on measurements associated with
the idealized continuum model, to compute the VHED functions from CEM mea-
surements, we first need to mimic continuous measurements from data originated
using CEM. For this step, we follow the theory presented in [20] and implement
an algorithm that allows us to approximate unrealistic continuous measurements in
two-dimensional EIT based on realistic electrode measurements. In the recent works
which have developed the new field of VHED theory, the underlying analysis has
been developed on the unit disk, and continuum EIT measurements have therefore
been considered only on the unit circle. To handle the extension from the unit disk
to more realistic non-circular domains and to electrode measurements, we again
follow [20] and introduce a conformal mapping procedure between the unit circle
and the true physical domain boundary. In this work, we consider the physically
realistic scenario where a fixed helmet is placed upon the patient’s head during data
collection, so the domain boundary is taken to be an ellipse. This work represents
the first-ever computation of VHED functions on a noncircular domain.
Structure of the work. This paper is organized as follows. In Section 2, we
present the computation of the VHED functions from EIT data using the continuum
model and then the extension in the case of the CEM. Also, we explain our simula-
tion of virtual patients, introduce the neural network architecture, and describe the
stroke classification problem. Then, in Section 3 the performance of the proposed
methodology is evaluated using various case studies, and is compared against the
case where raw EIT voltages are used as network inputs. Conclusions are given in
Section 4. In Appendix, A we present a detailed explanation of how to compute
a matrix approximation of the DN map associated with the idealized continuum
mode but using measurements from the realistic complete electrode model.

2. Methods. In this section, we present how the VHED functions are computed
from realistic EIT electrode measurements, the creation of virtual patients with
enhanced physiological detail, and the stroke classification method.

2.1. From EIT data to VHED functions.

2.1.1. EIT conductivity equation. Let Ω ⊂ R2 be an open, bounded, and simply
connected domain (target), let σ : Ω → (0,∞) be an essentially bounded measurable
function (conductivity) satisfying σ(x) ≥ c > 0 for almost every x ∈ Ω, let u ∈
H1(Ω) be the voltage in the target, and let ϕ ∈ H1/2(∂Ω) be the voltage at the
boundary of the target. Then, the following conductivity equation holds [36]:

∇ · σ∇u = 0 in Ω (1)

u = ϕ on ∂Ω, (2)

and the associated Dirichlet-to-Neumann (DN) map Λσ : H1/2(∂Ω) → H−1/2(∂Ω)
is defined as

Λσ : ϕ 7−→ σ
∂u

∂ν
, (3)

where ν denotes the unit outer normal to the boundary. EIT images are generated
by solving the inverse conductivity problem: Find σ from the knowledge of Λσ [8, 5].
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2.1.2. From continuum data to VHED profiles. There are many theoretical tools
which have been developed to solve the conductivity equation (1), but here we focus
on a special class of solutions called complex geometrical optics (CGO) solutions.
These solutions are characterized by an exponential asymptotic behavior at infinity
and provide the theoretical framework to introduce the VHED functions. From now
on, we assume that σ = 1 outside of an open set Ω0 satisfying Ω0 ⊂ Ω.

In [5], the authors presented a way to construct the CGO solutions by reducing
the conductivity equation (1) to the following Beltrami equation:

∂zf±µ = ±µ∂zf±µ, (4)

with Beltrami coefficient µ := (1− σ)/(1 + σ). The CGO solutions have the form

f±µ(z, k) = eikz(1 + ω±(z, k)),

with

ω±(z, k) = O(
1

z
) as |z| → ∞,

where ikz = ik(x1 + ix2), and where z is considered a spatial variable and k a
spectral parameter. Existence, uniqueness, and properties of the CGO solutions
are discussed in [5].

Note that, in order to compute f±µ, we need the coefficient µ which is computed
from the conductivity σ. However, if we denote W±(z, k) = 1+ω±(z, k), by [4], the
following boundary integral equation (BIE) holds:

W±( · , k)|∂Ω + 1 = (Pk
± + P0)W±( · , k)|∂Ω, (5)

where Pk
± and P0 are certain projection operators that can be computed from Λσ.

Therefore, we can compute the traces of the CGO functions ω± directly from Λσ

by solving (5) and without knowledge of µ.
In [21], a novel method connecting EIT and X-ray tomography was introduced.

This method converts information contained in the ideal continuum DNmap Λσ into
virtual X-ray profiles known as VHED functions, which contain specific geometric
information about the conductivity. In this methodology, the Beltrami equation (4)
is treated as a scattering equation, and the CGO function ω± can be expanded as
follows:

ω±(z, k) =

∞∑
n=1

ω±
n (z, k).

The computation of the VHED functions from the traces of the CGO functions ω±

consists of the following steps:

(i) For any τ ∈ R and φ ∈ [0, 2π], write the spectral variable of CGO solutions
as k = τeiφ. This is similar to polar coordinates, but not quite so as τ can be
negative.

(ii) Compute the partial Fourier transform in τ ,

ω̂±
n (z, t, φ) := Fτ→t(ω

±
n (z, τe

iφ)).

(iii) Compute the averaged operators T±
n µ given by the complex contour integrals

T±
n µ(t, φ) :=

1

2πi

∫
∂Ω

ω̂±
n (z, t, φ) dz. (6)

Note that in step (ii), we have introduced a nonphysical artificial (i.e., virtual)
variable t, known as the pseudo-time. Figure 1 depicts the resulting virtual X-ray
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Figure 1. Parallel VHED X-rays and virtual detector geometry.

geometry. The angle φ represents the direction perpendicular to the virtual X-
rays (blue) while t represents the position of a virtual X-ray detector, along the
perpendicular direction (green).

This step permits that singularities from the interior of Ω propagate to the bound-
ary ∂Ω. Therefore, interior singularities of the unknown conductivity σ can be
detected using boundary measurements, see Figure 2(a).

Based on [21], the leading-order term ω±
1 contains relevant information that

allows detection of edges and singularities of the coefficient µ, and thus of the
conductivity σ. In fact, in [21] it is shown that the following filtered back-projection
formula holds:

(−∆)−1/2(T±
1 )∗T±

1 µ = µ

and

T±
1 µ(t, φ) = −2πieiφ

( ∂

∂s
Rµ±

)
(
1

2
t, eiφ),

where R is the standard Radon transform.
Unfortunately, from the DN map, we can only compute the boundary trace

of the full scattering series ω±. As we mention above, the first-order term ω±
1

constitutes the basis for an accurate reconstruction of the unknown conductivity σ,
while the higher-order terms ω±

n are related to scattering effects and these terms
produce artifacts in the numerical simulations; see Figure 2(a). However, by a
parity symmetry property described in [21], subtracting ω̂− from ω̂+ eliminates the
even terms, ω+

2n, so that their singularities can be suppressed; see Figure 2(b). In
this study, we will work with the following VHED function:

Toddµ(t, φ) :=
T+µ(t, φ)− T−µ(t, φ)

2
,

where T±µ denotes the average operator (6) applied to ω̂±, respectively; see Fig-
ure 2(c).

2.1.3. From electrode data to VHED profiles. In order to compute the VHED func-
tions, we need the DN map Λσ associated with the continuum model (1)-(2). How-
ever, in practical applications, a finite number of electrodes are attached at the
boundary of the body. The resulting EIT measurement data comprise pairs of
voltage and current measurements recorded at these electrodes. The most realistic
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ω̂+(1, t,0) ω̂+
odd(1,t,0) Toddµ(t,0)

���

(a) (b) (c)

Figure 2. VHED functions revealing geometric information about
the conductivity. Jump singularities in the conductivity are reflected in
the VHED profiles in a similar manner to parallel beam X-ray tomog-
raphy. The angle φ = 0 indicates the direction perpendicular to the
virtual X-rays (dashed lines). (a) Function ω̂+(1, t, 0) propagates sin-
gularities from the interior of the domain to its boundary. Note that
an artifact is visible at t = 0 (indicated by an arrow). (b) Function
ω̂+
odd :=

(
ω̂+ − ω̂−) /2. Subtracting ω̂− from ω̂+ eliminates the even

terms and suppresses the artifact at t = 0. Nevertheless, because of the
election z = 1, singularities closer to the right edge have a larger am-
plitude than the singularities closer to the left edge. (c) After applying
the averaging operator, the VHED profile Toddµ shows equal-size (but
opposite sign) singularities at the leftmost and rightmost vertical lines.

mathematical model for simulating electrode measurements is the complete electrode
model (CEM) [36].

Let em ⊂ ∂Ω, m = 1, . . . ,M , be disjoint, open, and connected sets modeling
the electrode patches. The CEM is given by the conductivity equation (1) and the
following boundary conditions:

zm σ
∂u

∂ν
+ u = Um, on em, m = 1, . . . ,M

σ
∂u

∂ν
= 0, on ∂Ω \ ∪M

m=1em∫
em

σ
∂u

∂ν
ds = Im, m = 1, . . . ,M,

where zm denotes the contact impedance at electrode em, Um represents the con-
stant electric potential on electrode em, Im is the net current through the electrodes,
and the normal current density outside the electrodes is zero.

The absolute measurements of the CEM are modeled by the electrode current-
to-voltage map RCEM

σ : RM
⋄ → RM

⋄ given by

RCEM
σ : I 7−→ U, (7)
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where RM
⋄ denotes the mean-free subspace of RM . Imposing the current conserva-

tion law
∑M

m=1 Im = 0 and fixing the ground level of the potentials
∑M

m=1 Um = 0
guarantees the existence and uniqueness of the solution (u, U) of the CEM, where
u ∈ H1(Ω) and U = (U1, . . . , UM )T ∈ RM

⋄ ; for details see [36].
In [20], a method for approximating relative continuum EIT data based on mea-

surement data from the CEM was presented. Given a bounded simply-connected
domain Ω ⊂ R2 and a set of continuum current patterns {ϕk}M−1

k=1 that one would
like to apply along the boundary ∂Ω, the proposed method tells us where the elec-
trodes, em, should be located, based on the shape of Ω, and what the net electrode
currents {I(k)}M−1

k=1 should be depending on the continuum current patterns.
The method is first developed for the unit disc D ⊂ R2, and is based on accurate

interpolation and quadrature rules on the boundary ∂D for certain Sobolev spaces.
These results can be then extended to more general domains Ω using a conformal
bijective map Ψ : D → ∂Ω whose restriction to ∂D defines a C∞-diffeomorphism
between ∂D and ∂Ω.

In Appendix A, we provide a detailed explanation of how to compute a matrix
approximation Lσ of the DN map Λσ defined in (3), utilizing boundary measure-
ments from the CEM model instead of the continuum model, and building upon
the ideas developed in [20].

Once we have a matrix approximation Lσ of the DN map Λσ, we can use this
to compute the traces of the CGO solutions by numerically solving the BIE (5). In
practical applications, measurement noise in the DN matrix causes inaccuracy in the
solution of (5). From simulations, one can observe that errors in the values of the
CGO solutions ω±(z, τeiφ) for z ∈ ∂Ω grow with |τ |. Therefore, in order to mitigate
inaccuracies when computing the VHED functions, we restrict the integration to
the interval [−τm, τm] (m for maximum value) and consider the following windowed
Fourier transform

ω̆±(z, t, φ) :=

∫ τm

−τm

Waτm
(τ)e−iτtω±(z, τeiφ) dτ,

where aτm > 0 is a parameter such that Waτm
(τ) := e−aτmτ2

is very small outside
the interval [−τm, τm]. Note that this Fourier windowing process in the frequency
domain corresponds to convolution in the pseudo-time domain, that is,

ω̆±(z, t, ϕ) = Ŵaτm
(t) ∗ ω̂±(z, t, ϕ).

Hence, due to the inevitable noise in the measurements, we are forced to work with
blurred versions of the VHED functions as shown in Figure 3. It is clear from
Figure 3 that if we could use unrealistic noise-free data, the classification of strokes
would be an easy task, and could be performed without the aid of machine learning.
However, when using realistic noisy data, this task becomes much more complex,
and so we rely upon a neural network to accurately perform classification.

2.2. Simulation of stroke-EIT measurements. A statistical anatomical atlas of
the electrical properties of the upper part of the human head was introduced in [28].
Based on this work, we consider a physiologically-detailed two-dimensional model of
a slice of the human head, which we refer to as the reference head model. The head
model, with dimensions 210mm x 175mm, comprises five different compartments of
importance for the electrophysiology of the human head: grey matter, white matter,
cerebrospinal fluid (CSF), skull, and other soft tissues representing the scalp: see
Figure 4(a).
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(a) (b)

Figure 3. Effect of the Fourier windowing process applied to the
VHED functions. The blue curve shows Toddµ(t, 0) corresponding to
conductivity in Figure 2 where the small disc inclusion has a conductivity
value higher than background, while the red curve shows Toddµ(t, 0)
corresponding to the same conductivity but with the small disc inclusion
having lower conductivity than the background. (a) Unrealistic VHED
profiles with cutoff frequency τm = 50, which would only be possible in
a noise-free scenario. (b) Realistic VHED profiles considering a cutoff
frequency τm = 5, as would be appropriate in a real-world scenario with
noise.

Recall that in order to compute the CGO solutions in an arbitrary domain Ω ⊂ R2

using CEM measurements, the first step is to find a bijective conformal map Ψ from
the unit disc D to Ω. If we took Ω to extend to the outer layer of the patient’s
skin, in practice this means that for each patient we would need to find a different
conformal map, and this could be a difficult task. As a simple and physically
realistic solution, we assume that a fixed elliptic belt or helmet with electrodes is
placed on the head of the patient; see Figure 4(b). In this way, the boundary of the
domain Ω is fixed, and only the inner compartments of the head model differ from
patient to patient.

From the reference head model domain, we extracted a reference geometry for
each compartment, and in order to simulate different patients, we randomly modi-
fied the reference geometry of the various compartments of the head model. Each
compartment is randomly increased or reduced with respect to its reference size.
This is achieved by multiplying the reference length, ℓi, of the ith compartment by a
scaling factor si drawn from a uniform distribution U(simin, s

i
max). The correspond-

ing values for each compartment are given in Table 1. Additionally, each region is
randomly rotated around its reference axis by an angle αi drawn from a uniform
distribution U(−αi

max, α
i
max), with the scalp being rotated first and its new central

axis serving as a reference for the other compartments. The maximum rotation
angle αi

max for each compartment is given in Table 1. Finally, the shape of each
compartment also varies randomly. In the reference model, the boundary of the ith

region is defined by a set of points {(xi
j , y

i
j)}

Ni
j=1. To generate a new patient model,

a positive integer number F i of Fourier basis functions is randomly selected from a
uniform distribution over the interval [f i

min, f
i
max], where f

i
min and f i

max are positive

integers. Then, using these basis functions and the reference points {(xi
j , y

i
j)}

Ni
j=1,

a new set of points defining the modified boundary of the ith compartment is gen-
erated. The number of terms chosen determines the level of detail captured in the
curve defining the compartment boundary. Compare, for example, the inner com-
partments of Figure 4(b) and (c). The values f i

min and f i
max are given in Table 1. In

this way, each sample has a unique head anatomy included in a fixed elliptic region.
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(a) (b) (c)

Figure 4. Two-dimensional model resembling a slice of a human
head. (a) Reference head model containing five different compartments
of importance for electrophysiology of the human head, arranged from
outermost to innermost as follows: scalp, skull, cerebrospinal fluid, white
matter, and grey matter. (b) Reference head model included in an el-
liptic shape. This dark blue region surrounding the soft tissue layer can
be interpreted as a fixed helmet of constant conductivity with electrodes
attached to its exterior. (c) Head anatomy of one simulated patient,
generated by randomly modifying the shape, width, and location of each
inner compartment of the reference head model.

For simplicity, we rescale the size of the head so that it is always contained within
a fixed ellipse with semi-axes 0.85 and 1.

Additionally, in each of these head models, the conductivity value assigned to
each component of the head is randomly sampled from a Gaussian distribution with
mean and standard deviation in the ranges given in Table 1. These conductivity
values are based on realistic estimates from [28, 17, 18, 19] at 1 kHz, and with an
uncertainty of ±10% in the measurements. To model this uncertainty, we used
normal distributions such that the ±3σ interval corresponds to the measurement
uncertainty. Prior to computation, all conductivity values are normalized by the
scalp conductivity (0.32 S/m), which is necessary for calculating the CGO solutions.
The region between the scalp and the boundary of the elliptic domain, represented
in blue and acting as a fixed helmet, has a constant conductivity equal to 1 in all
samples.

It is worth noting that the conductivity of the skull is very low and therefore
is highly resistive to the electric currents. On the other hand, the CSF is highly
conductive and acts as a shunt path for the current. These two regions form a
double shield against the passage of electric current through the brain; any current
that crosses the skull encounters an easy path via the CSF. This important effect
is taken into consideration in this work. One of the goals of this work, therefore,
was to demonstrate that VHED functions computed from EIT measurements can
be used for stroke classification even in the presence of these physically realistic
structures, which are frequently omitted from models presented in other works due
to the challenges they create.

Finally, stroke inclusions consisting of discs or ellipses of various eccentricities and
orientations are considered; see Figure 5. Exact parameters for the shapes and sizes
of these inclusions, which differed for training and testing sets, are described in detail
later in Section 2.3.2. The conductivity values for ischemic (low-conductivity) vs.
hemorrhagic (high-conductivity) strokes were drawn from the distributions shown
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Table 1. Parameters of the simulated two-dimensional head
model: conductivity distribution, scaling factor, rotation angle,
and number of basis functions range.

Region
Conductivity Scaling Rotation Range

σi (S/m) factor si angle αi f [imin, f
i
max]

Scalp N (0.32, 0.01072) U(0.98, 1.02) U(−3, 3) [80, 100]

Skull N (0.020, 0.00072) U0.98, 1.02) U(−2, 2) [80, 100]

Cerebrospinal fluid N (2.0, 0.06672) U(0.97, 1.02) U(−2, 2) [20, 80]

Grey matter N (0.098, 0.00332) U(0.97, 1.01) U(−2.5, 2.5) [50, 80]

White matter N (0.062, 0.00212) U(0.98, 1.02) U(−2.5, 2.5) [80, 200]

Ischemic stroke N (0.03, 0.00102)

Hemorrhagic stroke N (0.70, 0.02332)

in Table 1. We assume that stroke inclusions are always on the right-hand side of
the head model. That is because, in general, strokes are restricted to one half of
the brain only, and the affected half is easily identifiable from the symptoms. Thus,
there is no loss of generality in locating all the simulated strokes on the right-hand
side of the brain, as the same process could be done for strokes located on the
left-hand side of the brain.

To generate the synthetic data needed for the classification problem, we consider
a large set of conductivity profiles with the properties described above, and for each
sample, we solve the CEM model, using the finite element method [7], to obtain
the corresponding EIT measurements. To recreate a more realistic scenario, we add
noise to the computed EIT data. That is, for each sample, we collect all the electric
potentials U (k), k = 1, . . . ,M − 1 and form the single real-valued column vector

V = [U (1); U (2); . . . ;U (M−1)] ∈ RM(M−1).

In practice, modern EIT systems tend to have 2n voltage input channels, with
some systems capable of handling measurements on up to 128 or 256 electrodes
[37, 3, 12]. In this work, we followed the convention in [20] and used an odd number
of electrodes, M = 65, although this number is chosen for convenience and the
calculations could easily be formulated to work with arbitrary M .

After obtaining voltages, we add zero-mean random Gaussian noise to the vector
V to obtain a noisy vector V δ, with relative noise given by

∥V − V δ∥2
∥V ∥2

= δ,

where ∥ · ∥2 denotes the 2-norm. Following the techniques suggested in previous
works, this noisy vector may be used directly as an input for the classification
problem. In this present work, this method serves as a basis of comparison for our
alternative strategy, wherein the voltages are further processed to obtain VHED
functions. In this latter case, we reshape V δ into a matrix and compute the noisy
VHED profiles following the steps previously described in Section 2.1.3. In this
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paper, we consider δ = 10−3 and δ = 10−2, and, as appropriate for these levels of
noise, we take a cutoff frequency τm = 5 in the computation of the VHED profiles.

Computation of the VHED profiles is not computationally intensive, and so does
not add significant time to the stroke classification process as compared to the
use of unprocessed voltages. In this work for example, using code which had not
been optimized for efficiency, computation of VHED profiles from one set of EIT
voltage data took only 28 seconds on an simple laptop with an Intel i7 processor
and 16 GB of RAM, with the calculation of the CGO solutions being the most
time-consuming part. However, the code could be optimized and run on a higher-
performance machine to greatly reduce computation time, making the calculation
and subsequent use of VHED functions a feasible diagnostic strategy for real-time
applications.

2.3. Stroke classification using neural networks. The goal of this study is to
explore the ability of machine learning to classify strokes as ischemic or hemor-
rhagic using EIT data simulated from mathematically realistic and physically de-
tailed models. As mentioned in Section 1, most machine-learning-based approaches
proposed for the classification of strokes have considered learning directly from
measured EIT voltage data [27, 26, 35, 9, 14]. Here, we compare that method to
the techniques which were introduced in [1], wherein noise-robust VHED functions
computed from highly simplistic and mathematically ideal phantoms were used as
network inputs. Next, we describe the neural networks we employed to compare
these two different paradigms, as well as the details of the training and testing
datasets.

2.3.1. Fully connected neural network (FCNN). In this work we consider a simple
FCNN whose architecture consists of one input layer, one hidden layer, and one
output layer. It should be noted that because we were able to obtain excellent
and robust results using this simple network, we did not pursue the use of more
sophisticated machine learning techniques for this study.

The size of the input layer depends on the type of input data. If raw voltage
data is considered as input, then the potential measurements are stacked into a
single real-valued column vector V ∈ RM(M−1) which is used as the input. As
mentioned in Section 2.2 in this work, we consider M = 65, and therefore each
input V ∈ R4160. If a VHED function Toddµ(t, φ) is instead considered as input
data, this function is computed at angles φi = iπ8 , for i = 4, 5, 6, 12, 13, 14, and the
pseudo-time t ∈ [−3, 3] is discretized over 256 points so that for each angle φi we
have Toddµ(t, φi) ∈ C256. Then, the real and imaginary parts of the VHED profile at
angles φi are concatenated to form a single real-valued column vector Toddµ ∈ R3072

that will be used as input. In order to unify notation, we denote both inputs as
x ∈ Rn1 .

The hidden layer has 30 neurons. This number was selected based on the results
obtained in preliminary tests. The output layer consists of one neuron. The output,
denoted by y, is a scalar that takes values in {0, 1}, where y = 0 represents an
ischemic inclusion and y = 1 represents a hemorrhagic inclusion.

From a mathematical point of view, the FCNN can be represented as the function
Fθ : Rn1 → R given by

x 7−→ Fθ(x) := f(W 2
θ f(W

1
θ x+ b1θ) + b2θ),
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where W 1
θ ∈ R30×n1 and b1θ ∈ R30 represent the weight matrix and the vector of

biases at the hidden layer, respectively, W 2
θ ∈ R1×30 and b2θ ∈ R represent the

weight and the bias of the output layer, and f is the sigmoid activation function
f(t) = (1 + e−t)−1, applied element-wise. Using a more compact notation, the
FCNN can be represented as

y = Fθ(x),

where θ ∈ R30n1+30+30+1 is a vector containing all the network parameters. In
order to find the optimal parameters of the network, we consider the minimization
of the binary cross entropy loss function

L(θ) =
∑
j

−yj log(y
p
j )− (1− yj)log(1− ypj ),

where yj is the true value of the outcome, ypj = Fθ(xj) is the predicted value
of the outcome, and the sum is over all samples in the training dataset. The
scaled conjugate gradient algorithm was considered for the minimization of the loss
function.

2.3.2. Training and testing datasets. In this study, we consider an elliptic belt or
helmet with electrodes placed on the head of the patient and assume the measure-
ments come from a two-dimensional cross-section of the human head. As described
in Section 2.2, a cross-section containing five different compartments of importance
for electrophysiology is considered as the head model, and an inclusion having low
or high conductivity simulates an ischemic or hemorrhagic stroke, respectively.

In real-world scenarios, it is advantageous if a fairly simplistic dataset can be used
to train a network which is then made to generalize to more diverse and complicated
scenarios. For our training dataset, therefore, the inclusion is always simulated as
a disc; see Figure 5(a). For each sample, the center of the disc and its radius are
randomly generated. The radius is randomly sampled from a uniform distribution
in the range [0.1, 0.25], that is, U(0.1, 0.25). Additionally, the conductivity value
of the inclusion is randomly sampled from a Gaussian distribution with mean and
standard deviation in the ranges given in Table 1. The training dataset contains
4000 samples, and in order to have a balanced dataset, approximately 50% of the
training data has a disc inclusion representing a hemorrhagic stroke and 50% a disc
inclusion representing an ischemic stroke.

To test the performance of the proposed classification method, we consider three
different and independent test sets where the stroke is modeled as: (i) one cir-
cular inclusion generated in the same way as the training data; see Figure 5(a);
(ii) one elliptic inclusion with semi-major axis uniformly drawn from the distribu-
tion U(0.16, 0.26), and the semi-minor axis uniformly drawn from the distribution
U(0.07, 0.16) and randomly rotated; see Figure 5(b); and (iii) two disjoint inclusions
consisting of one disc inclusion and one elliptic inclusion (both representing hemor-
rhagic strokes or both representing ischemic strokes). In this last, case the radius of
the circular inclusion is uniformly drawn from the distribution U(0.1, 0.15), and the
semi-major and semi-minor axes of the elliptic inclusion are uniformly drawn from
the distributions U(0.16, 0.26) and U(0.07, 0.16), respectively. The elliptic inclusion
is also randomly rotated; see Figure 5(c).

Similar to the training data, the test data were generated by randomly sampling
the shape, location, and conductivity value of each compartment of the head model,
following the same process described in Section 2.2, and using the values listed in
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(a) (b) (c)

Figure 5. Samples of the training and test datasets. (a) The stroke
is represented by circular inclusion. This type of inclusion is considered
for the training dataset and for the first set of the test dataset. (b) A
conductivity sample from the second test dataset where the stroke is
modeled as an elliptic inclusion. (c) A conductivity sample from the
third test dataset where the stroke is modeled as multiple inclusions
containing one disc and one elliptic inclusion.

Table 1. Each test set consists of 1000 samples, and approximately 50% of the
samples simulate a hemorrhagic stroke and 50% an ischemic stroke.

3. Results and discussion. We present the results of classifying strokes as is-
chemic or hemorrhagic using two different types of input data: raw EIT voltage
measurements and VHED functions. As we mention in Section 2.3.2, to train the
FCNN, we use a dataset having only circular inclusions. However, to determine
whether the network can generalize to more diverse scenarios, we test the trained
network with three different datasets: circular inclusions, elliptical inclusions, and
multiple inclusions.

To measure the performance of the FCNN, we use the following metrics: (i)
sensitivity, the proportion of actual positives (hemorrhagic cases) that are correctly
classified as such, (ii) specificity, the proportion of actual negatives (ischemic cases)
that are correctly identified as such, and (iii) accuracy, the fraction of correctly
classified cases. For each of the 20 network trainings, these metrics were computed
on the testing dataset, and the values reported correspond to the average values
computed over the 20 trainings. Note that the accuracy values are presented along
with their mean and standard deviation, which allows a better evaluation of the
consistency and robustness of the results. During each training process, the data
was randomly shuffled and the initial weights and biases were chosen randomly.

3.1. Classification performances. In Table 2, we present the performance met-
rics of the FCNN that was trained using a set of 4000 samples where the stroke is
modeled as a disc inclusion, and tested using an independent set of 1000 samples
also having a disc inclusion. We present the results obtained using noise-free data
and from data corrupted by two different levels of noise, namely δ = 10−3 and
δ = 10−2. The higher noise level of δ = 10−2 may be considered the most realistic
scenario. We have highlighted in bold the highest accuracy value for each case.

Table 3 shows the performance metrics of the FCNN that was trained using the
same set of 4000 samples having a disc inclusion, but was then tested using a set of
1000 samples where the stroke is modeled as an elliptic inclusion; see Figure 5(b).
Since the elliptic inclusions differ in shape from the training dataset, this case study
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Table 2. Performance metrics of FCNN evaluated
on a test set of 1000 circular inclusions.

Noise level Input Accuracy Sensitivity Specificity

δ = 0
V 0.987 ± 0.005 0.988 0.987

Toddµ 0.985 ± 0.002 0.980 0.990

δ = 10−3
V δ 0.971 ± 0.003 0.964 0.978

Toddµ
δ 0.984 ± 0.002 0.976 0.992

δ = 10−2
V δ 0.937 ± 0.005 0.935 0.937

Toddµ
δ 0.961 ± 0.003 0.953 0.971

serves to evaluate the ability of neural networks to generalize to inputs completely
different from those used during training.

Table 3. Performance metrics of FCNN evaluated
on a test set of 1000 elliptic inclusions.

Noise level Input Accuracy Sensitivity Specificity

δ = 0
V 0.969 ± 0.009 0.957 0.982

Toddµ 0.965 ± 0.006 0.943 0.987

δ = 10−3
V δ 0.947 ± 0.004 0.925 0.968

Toddµ
δ 0.962 ± 0.004 0.940 0.986

δ = 10−2
V δ 0.885 ± 0.005 0.865 0.905

Toddµ
δ 0.917 ± 0.004 0.889 0.947

In Table 4, we report the results of the classification problem when the FCNN
was trained using a set of 4000 samples having a disc inclusion and evaluated on a
set of 1000 samples where the stroke is modeled as two disjoint inclusions shaped
like a disc and ellipse, respectively; see Figure 5(c). Note that in this case the test
dataset differs from the training dataset not only in shape, but also in the number
of inclusions.

3.2. Discussion on the results. The numerical results presented in the previous
section show that both raw EIT voltage data and VHED functions are excellent
inputs for the stroke classification problem, even in the presence of the resistive
skull layer and the shunting effects induced by the CSF. In the ideal noise-free
case, use of raw voltages as inputs to the FCNN produced slightly better accuracy
values as compared to the use of VHED functions. This is to be expected, given
that the computations used to produce the VHED functions will introduce a small
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Table 4. Performance metrics of FCNN evaluated
on a test set of 1000 multiple inclusions.

Noise level Input Accuracy Sensitivity Specificity

δ = 0
V 0.995 ± 0.003 0.996 0.994

Toddµ 0.989 ± 0.001 0.984 0.993

δ = 10−3
V δ 0.989 ± 0.002 0.990 0.988

Toddµ
δ 0.989 ± 0.001 0.982 0.995

δ = 10−2
V δ 0.951 ± 0.004 0.954 0.947

Toddµ
δ 0.971 ± 0.002 0.962 0.979

amount of unavoidable numerical roundoff and truncation error, effectively adding
some noise to the inputs. However, in the more realistic test scenarios where the
simulated voltages were intentionally contaminated with added noise, the VHED
functions performed much better than the raw voltages, and the difference is more
evident when the noise level is higher (observe the more realistic case δ = 10−2).
Despite the expected performance decrease for both methods in the presence of
increased noise, the accuracy in the case of the VHED functions remains above
91% for all three different models of stroke inclusions, while in the case of raw data
inputs, the accuracy drops to 88% for elliptic inclusions. These results reinforce
the computational evidence presented in [1], which strongly suggests that VHED
functions are more robust against noise corruption as compared to raw voltages.

Our preliminary results suggest that a simple FCNN trained using single circular-
shaped strokes shows promising generalization capabilities to data generated from
phantoms where stroke was modeled as an elliptic inclusion, and even in the case of
multiple strokes modeled as a disc and an elliptic inclusion. This finding indicates
that relatively simple training data may be sufficient for achieving good performance
in more diverse scenarios, although further investigation is needed to confirm these
results.

In Table 3, we can see that in the case of elliptic-shaped strokes there is a drop
in accuracy for both methods as compared to the case of disc inclusions, which is to
be expected given that the training phantoms differ from the test phantoms in this
case. In contrast, in Table 4 we can see that in the case of multiple strokes there
is an improvement in accuracy for both methods, which is likely explained by the
large physical size of the total stroke region for this scenario since the larger total
stroke size will correspond to a greater perturbation in boundary measurements.
These results are consistent with those obtained in [1], where highly simplistic and
mathematically unrealistic models were used. The consistency of these results adds
credence to the conclusions of this present study, and suggests that the methods
presented here are likely to be robust in a variety of different physical scenarios.

Observe that in all three cases the specificity for the networks using the VHED
functions is over 94% for all noise levels. Furthermore, in all scenarios except
the noise-free case for multiple strokes, VHED functions yielded higher specificity
than raw voltages. Since specificity represents the proportion of actual ischemic
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cases that are correctly identified, we therefore may conclude that VHED functions
are capable of identifying ischemic strokes, especially with high precision. This
is important because the majority of all strokes and stroke-related fatalities are
ischemic. In fact, as reported in [22], in the United States it has been found that
about 87% of all strokes and 70-80% of all stroke deaths are ischemic.

In this work we employed a very simple FCNN with excellent results. We consider
it an advantage of the method that more complicated machine learning architecture
did not prove necessary. One remaining simplifying assumption present in this work,
however, was the use of a two-dimensional model. In practical real-world situations,
where a belt or helmet with electrodes is placed on the head of a patient and the EIT
data comes from a three-dimensional target, a simple approach like the one used here
may not be sufficient. However, for that case we may extend the results presented in
this work using more complex architectures or more sophisticated neural networks,
and also employ a more comprehensive set of VHED profiles. This present work
therefore serves as a springboard for future work toward clinical application of these
methods.

4. Conclusions. In this article, a methodology for classification of stroke as either
ischemic or hemorrhagic from in silico EIT data was presented and applied to phys-
ically detailed and mathematically realistic models which represented a 2D slice of
a human head. The phantoms consisted of five regions relevant to electrophysiology
of the human head. This included the highly resistive skull layer which impedes
current flow, as well as the highly conductive cerebrospinal fluid which introduces
shunting effects. Previous studies have frequently omitted one or both of these
features from the models used, as the large contrast in the conductivity of these
layers makes the classification problem much more difficult. Conductivity values for
all tissues and stoke inclusions were furthermore drawn from statistically realistic
distributions. Following the line of research introduced in [1], we extracted noise-
robust geometric features known as VHED functions from EIT data, and used these
features as inputs for the stroke classification problem. In this study we presented
a more realistic scenario than in our previous work [1], which employed highly sim-
plified disc-shaped phantoms and used the mathematically ideal continuum model
of EIT. In this work, in addition to the use of a much more physically realistic and
detailed noncircular phantom, we have considered electrode data simulated using
the complete electrode model (CEM) instead of continuous data coming from the
idealized continuum model.

We compared the use of VHED functions as network inputs to the technique
employed in other works, which involves learning directly from the raw electrode
data. We generated large datasets representing various stroke scenarios that were
used to train and test fully connected neural networks using both methods under
three different noise levels. The performance metrics of the classification problem
yielded promising results and demonstrated that, in the presence of realistic noise
levels, using the VHED functions is a better strategy than directly using EIT voltage
measurements in terms of the accuracy and specificity metrics used to evaluate the
results. This present work confirms and bolsters the conclusions made in the much
more preliminary work [1].
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Appendix A: details of computing the matrix Lσ. In this appendix, we
provide a detailed explanation of how to compute a matrix approximation Lσ of
the DN map Λσ defined in (3), using the complete electrode model (CEM) and
building upon the ideas developed in [20].

It is worth mentioning that in [20], instead of considering the Dirichlet condi-
tion (2), the Neumann condition

∂u

∂ν
= ϕ on ∂Ω

satisfying
∫
∂Ω

ϕds = 0 is considered. In this case, the boundary measurements are

modeled by the Neumann-to-Dirichlet (ND) map Rσ : H
−1/2
⋄ (∂Ω) → H

1/2
⋄ (∂Ω)

given by

Rσ : ϕ 7−→ u|∂Ω
,

where Hs
⋄(∂Ω) space consists of functions in the standard Sobolev space Hs(∂Ω)

having mean value zero.
The methodology presented in [20] permits to approximate relative continuum

data associated to the map Rσ − R1 based on measurement data from the CEM,
where R1 is the ND map with σ = 1 everywhere. For a given bounded simply con-
nected domain Ω ⊂ R2 and a specified set of continuum current patterns {ϕk}M−1

k=1

that one would like to apply along the boundary ∂Ω, the proposed method deter-
mines the optimal locations for the electrodes em based on the domain’s geometry,
as well as the corresponding net electrode currents {I(k)}M−1

k=1 that are tailored to
the continuum current patterns.

The location of the electrodes em on the domain boundary ∂Ω is given by the

following process. Let θm = m
2π

M
and xm = eiθm for m = 1, . . . ,M . The points

xm can be interpreted as the electrodes’ midpoints on the boundary of the unit
disc D. Let Ψ : D → Ω be a bijective conformal map whose restriction to ∂D
defines a C∞-diffeomorphism between ∂D and ∂Ω. Then, the electrodes’ midpoints
on the boundary of the domain Ω, denoted by ym, are given by ym := Ψ(xm) for
m = 1, . . . ,M .

Once we have defined the electrode locations, we define the set of input currents
given the continuum current patterns. In this study we consider, as the continuum
patterns, the following set of trigonometric basis functions

ϕk(s) =


√

2

L
cos

(
(k + 1)

2

2πs

L

)
odd k,√

2

L
sin

(
k

2

2πs

L

)
even k,

(8)

for k = 1, . . . ,M−1. Additionally, we assume that we have an arc length parametriza-
tion γ : (0, L] → ∂Ω, where L is the total arc length of ∂Ω, and we denote by sm the
points such that γ(sm) = ym = Ψ(xm), for m = 1, . . . ,M . Then, the corresponding
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electrode current pattern for the CEM is defined as

I(k)=
2π

M


 ϕk(s1) |Ψ′(x1)|

...
ϕk(sM ) |Ψ′(xM )|

− 1

M

M∑
m=1

ϕk(sm) |Ψ′(xm)|1

 ∈ RM
⋄ .

for k = 1, . . . ,M − 1, and where 1 = [1, . . . , 1]T ∈ RM .
After determining the location of the electrodes and the set of input current

patterns, we utilize the corresponding CEM voltages to compute a matrix approxi-
mation Lσ of the DN map Λσ defined in (3). The constructive method consists of
the following three steps:

• Step 1: Using the CEM, construct a bounded linear operator ΥM
σ that ap-

proximates the relative ND map Υσ := Rσ −R1.

• Step 2: Compute a matrix approximation YCEM
σ of the operator ΥM

σ in the
subspace spanned by the basis (8).

• Step 3: Compute a matrix approximation Lσ of the operator Λσ from the
matrix approximation YCEM

σ .

Let us begin with Step 1, that is, the definition of the bounded operator ΥM
σ .

Based on the approach of [20], given U ∈ RM and considering the trigonometric
functions given by

φm(θ) =
1

M

M−1∑
n=0

ein(θ−θm), m = 1, . . . ,M,

we can build a trigonometric interpolation operator QM : RM → Ht(0, 2π), t ∈ R,
defined as

QMU =

M∑
m=1

Umφm.

Therefore, given U ∈ RM , QMU ◦ β−1 defines a function in Ht(∂D); see [20] for
more details.

Bearing all the above in mind, given a continuum current pattern ϕ with zero
mean, the approach presented in [20] for approximating the smooth output Υσϕ
using electrode measurements is as follows:

• Step 1.1: Define

I(ϕ) =
2π

M


 ϕ(y1) |Ψ′(x1)|

...
ϕ(yM ) |Ψ′(xM )|

− 1

M

M∑
m=1

|Ψ′(xm)|ϕ(ym)1

 ∈ RM
⋄ (9)

as the electrode current pattern for the CEM.

• Step 1.2: Perform the measurements of the CEM to get

U (ϕ) =
(
RCEM

σ −RCEM
1

)
I(ϕ) ∈ RM

⋄ .

• Step 1.3: Apply trigonometric interpolation and define

g̃(ϕ) = QMU (ϕ) ◦ β−1 ∈ Ht
⋄(∂D).

• Step 1.4: Form an approximation for the continuum boundary potential as

g = g̃(ϕ) ◦Ψ−1 ∈ Ht
⋄(∂Ω).
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Then, the operator ΥM
σ : Hr

⋄(∂Ω) → Ht
⋄(∂Ω) given by

ΥM
σ : ϕ 7→ g (10)

defines a bounded operator for r > 1
2 and t ∈ R; see [20] for more details.

For Step 2 of the process, given a set of continuum basis functions {ϕk}M−1
k=1 , a

discrete matrix approximation YCEM
σ of the map ΥM

σ can be constructed by first
computing ΥM

σ ϕk and then evaluating the inner products ⟨ΥM
σ ϕk, ϕℓ⟩ =: (YCEM

σ )ℓ,k,

where ⟨·, ·⟩ denotes the usual inner product in L2. In particular, if we take {ϕk}M−1
k=1

to be the trigonometric basis functions given by (8), and for simplicity denoting
U (k) = U (ϕk), the matrix elements of YCEM

σ can be computed as follows:

(YCEM
σ )ℓ,k = ⟨ΥM

σ ϕk, ϕℓ⟩

=

∫ L

0

(QMU (k) ◦ β−1 ◦Ψ−1 ◦ γ)(s)ϕℓ(s) ds

=

M∑
m=1

U (k)
m

∫ L

0

φm(β−1(Ψ−1(γ(s))))ϕℓ(s) ds

≈ 2π

M

M∑
m=1

U (k)
m ϕℓ(ym)|Ψ′(xm)|

where in the last line we have used the fact that∫ L

0
φm(β−1(Ψ−1(γ(s))))ϕℓ(s) ds

=

∫
∂Ω

φm(β−1(Ψ−1(y)))ϕℓ(γ
−1(y)) dy

=

∫
∂D

φm(β−1(x))ϕℓ(γ
−1(Ψ(x))) |Ψ′(x)| dx

=

∫ 2π

0

φm(θ)ϕℓ(γ
−1(Ψ(β(θ)))) |Ψ′(β(θ))| dθ

≈ 2π

M

M∑
j=1

φm(θj)ϕℓ(γ
−1(Ψ(β(θj))) |Ψ′(β(θj))|

=
2π

M

M∑
j=1

δm,j ϕℓ(sj) |Ψ′(xj)|

=
2π

M
ϕℓ(sm) |Ψ′(xm)|,

where in the fourth line we have applied the trapezoidal quadrature rule for equian-
gular points, and in the fifth line we have used the fact that φm(θj) = δm,j ; see [20]
for more details.

In summary, the process of building a numerical matrix approximation YCEM
σ of

the operator ΥM
σ given by (10) and acting in the subspace spanned by the basis (8)

consists of:

• Step 2.1: For k = 1, . . . ,M − 1, define the electrode current pattern I(k) =
I(ϕk) according to (9).

• Step 2.2: For k = 1, . . . ,M − 1, perform the measurements of CEM with
I(k) as input current to get U (k) =

(
RCEM

σ −RCEM
1

)
I(k), and then form the
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matrix

U = [U (1) U (2) . . . U (M−1)].

• Step 2.3: Construct the matrix

I = [I(1) I(2) . . . I(M−1)].

• Step 2.4: Compute a numerical matrix approximation of the map ΥM
σ as

YCEM
σ = UT I.

Finally, let us focus on Step 3 of the process, namely the computation of a matrix
approximation Lσ of the DN map Λσ from the matrix YCEM

σ .
Recall that YCEM

σ is a matrix approximation of the operator ΥM
σ that approxi-

mates the relative ND map Υσ = Rσ −R1 using the CEM model. Therefore, from
a numerical perspective, we have a matrix approximation of Υσ, but using electrode
measurement instead of continuum measurements.

Let R1 be a matrix with elements given by (R1)i,j := ⟨R1ϕj , ϕi⟩. This matrix is
an approximation of the ND mapR1 in the basis (8), and, consequently, YCEM

σ +R1

is a matrix approximation of the ND map Rσ in the same basis.
Taking the above into account, a matrix approximation of the DN map Λσ, in

the basis (8), is given by (YCEM
σ + R1)

−1. However, the DN map Λσ acts also
on constant functions. Therefore, we need to extend the matrix (YCEM

σ + R1)
−1

matrix onto the full space span{ϕ0, ϕ1, . . . , ϕM−1}, where ϕ0(s) = |∂Ω|−1/2.
In summary, the process of building a numerical matrix approximation Lσ of the

DN map Λσ from the matrix YCEM
σ , and acting in the subspace spanned by the

basis (8) augmented by the constant basis function ϕ0(s) = |∂Ω|−1/2, consists of:

• Step 3.1: Compute a matrix approximation R1 of R1 in the basis (8).

• Step 3.2: Compute a matrix approximation L̃σ of Λσ in the basis (8) as

L̃σ = (YCEM
σ +R1)

−1.

• Step 3.3: Extend the matrix L̃σ and define

Lσ =

[
0 0

0 L̃σ

]
.
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