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Ellipse Detection via Global Arc Compatibilities and Adaptive

Co-Clustering for Real-World Measurement Systems

Zihan Wu, Zhaoke Huang, Hong Yan, Fellow, IEEE

Abstract—Ellipse detection plays a crucial role in computer
vision and measurement systems, yet existing methods often
struggle with handling spatially distant arc segments, high
computational complexity, and sensitivity to noise and complex
geometries. In this paper, we propose a novel ellipse detection
method that addresses these limitations through global arc
compatibility analysis and adaptive co-clustering. We develop a
probabilistic framework to represent ellipse distributions asso-
ciated with detected arc segments, using Jensen-Shannon (JS)
divergence to quantify arc compatibilities across the entire image.
Moreover, we design an adaptive co-clustering algorithm based
on Singular Value Decomposition (SVD) that efficiently groups
compatible arcs while automatically estimating the number of
ellipses present. This approach significantly improves detection
accuracy in complex scenarios, as demonstrated by our experi-
ments on synthetic and real-world datasets, including applications
in industrial quality control and optical calibration systems.
Compared to state-of-the-art methods, our algorithm achieves
a 10% improvement in accuracy and 15% in recall on synthetic
images, excelling particularly in detecting small and occluded
ellipses. Our method provides a robust, efficient solution for
ellipse detection, enhancing measurement precision across diverse
imaging conditions.

Index Terms—Co-clustering, computer vision, ellipse detection,
image processing, Singular Value Decomposition (SVD)

I. Introduction

Ellipse detection is a fundamental task in computer vision

and pattern recognition with extensive applications across

various fields, including measurement systems for industrial

automation, medical imaging, and other related areas [1],

[2], [3]. In industrial quality control, ellipse detection helps

monitor circular components, ensuring product integrity and

enabling real-time feedback on manufacturing processes [4].

Autonomous systems, such as self-driving vehicles, rely on

robust ellipse detection for identifying road signs and traffic

lights, contributing to safety and navigation [5], [6]. In med-

ical imaging, robust ellipse detection techniques are essential

for identifying anatomical structures, including blood cells,

tumors, and eye features [7], [8], [9].

Existing ellipse detection methods face three major chal-

lenges. First, many traditional approaches, particularly edge-

following methods [10], [11], [12], [13], [14], [15], rely heavily

on local features and spatial proximity. While efficient, these

methods struggle to associate arc segments belonging to the

same ellipse but spatially distant in the image, and they
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perform poorly when dealing with partially occluded or large

ellipses. Second, methods based on the Hough Transform

(HT) [16], [17], a feature extraction technique that identifies

parametric shapes by transforming image points into a parame-

ter space where shapes are detected as peaks in an accumulator

array, have high computational complexity, especially when

processing complex scenes containing multiple ellipses. This

leads to a significant increase in computation time and mem-

ory usage. Moreover, these methods often depend on preset

thresholds or fixed parameters, making it difficult to adapt

to images of varying complexity. For instance, Randomized

Hough Transform (RHT) proposed by McLaughlin [18] re-

quires careful parameter tuning for different scenarios. Third,

while least squares methods [19] are computationally efficient,

they are highly sensitive to noise and cluttered backgrounds

and typically employ single estimates for ellipse fitting. This

approach leads to false detections or missed detections, reduc-

ing the reliability of detection, particularly in complex real-

world scenarios with multiple overlapping ellipses or signifi-

cant background clutter. These limitations reduce the reliability

and scalability of ellipse detection in practical measurement

applications.

To address these limitations, we propose a novel ellipse de-

tection method based on global arc compatibility and adaptive

co-clustering. Our method introduces three key innovations.

First, we develop a global arc compatibility analysis framework

that uses a probabilistic representation for each detected arc

segment, showing the range of ellipses it might belong to. This

probabilistic representation captures the uncertainty in arcs

and allows for a more flexible association between arcs and

ellipses. Jensen-Shannon (JS) divergence [20], an information-

theoretic measure of similarity between probability distribu-

tions, is then employed to quantify the compatibility between

the probabilistic distributions of different arcs, regardless of

their spatial distance. This global analysis allows for the

effective association of arc segments, improving robustness in

detecting large, partially occluded, or fragmented ellipses.

Second, we propose an adaptive co-clustering algorithm that

efficiently groups arc segments into potential ellipses. Our

method applies Singular Value Decomposition (SVD) [21] to

the arc compatibility matrix, projecting the high-dimensional

compatibility matrix into a lower-dimensional space, pre-

serving the most significant arc relationships while reducing

noise. This dimensionality reduction enhances computational

efficiency and makes the subsequent clustering more robust to

noise and occlusions.

Third, we design a novel method for adaptive ellipse number

estimation. By analyzing the cumulative energy distribution of

singular values from the SVD of the compatibility matrix, we
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determine the number of ellipses present in the image without

manual tuning. This makes our method highly adaptable to

varying scene complexities, ensuring effective performance in

diverse real-world environments.

Our main contributions can be summarized as follows:

1) We propose a novel ellipse detection method based

on global arc compatibility and adaptive co-clustering.

This approach introduces a global perspective on arc

relationships, enabling the association of arc segments

belonging to the same ellipse even when they are spa-

tially distant in the image.

2) We develop a probabilistic framework for representing

ellipse distributions associated with detected arc seg-

ments. Using JS divergence [20] to measure distribution

compatibility, our method robustly quantifies global arc

relationships, enhancing resilience to noise and complex

geometries.

3) We design an adaptive co-clustering algorithm based on

SVD for efficient arc grouping and automatic ellipse

number estimation. This approach leverages dimension-

ality reduction to preserve significant compatibility in-

formation while eliminating manual parameter tuning,

thereby improving efficiency and accuracy.

The rest of the paper is organized as follows: Section II

reviews related works in ellipse detection, highlighting the

strengths and limitations of existing approaches, and discusses

co-clustering techniques. Section III details our proposed

method, describing the co-clustering framework and how

it addresses the challenges in ellipse detection. Section IV

presents experimental results and analysis, comparing our

method against state-of-the-art approaches. Finally, Section V

concludes the paper and discusses future research directions.

II. Related Works

A. Ellipse Fitting Based Methods

The least-square approach, developed as the first ellipse

fitting method, is still relevant due to its closed-form solutions

and limited computational resource requirements. However, its

simplicity renders it susceptible to noise and the constraint of

fitting only one ellipse at a time [19]. Algebraic methods may

produce biased estimations, with high curvature bias posing

a significant issue [22]. A non-iterative least-square algorithm

was proposed for ellipse-specific fitting, which utilizes the nor-

malization of 4ac−b2 = 1, where a, b, and c are coefficients in

the general conic equation ax2+bxy+cy2+dx+ey+f = 0.

This normalization constraint ensures that the fitted curve is

an ellipse (rather than another conic section) while minimizing

the total algebraic distance [23]. This method remains the most

popular choice for ellipse fitting. Recently, an ensemble-based

approach has been introduced that combines multiple ellipse

fitting methods to improve accuracy, especially in noisy or

occluded scenarios. This method employs a consensus mecha-

nism in a specially chosen parameter space and utilizes the L1

median for robustness against defective fits [24]. Additionally,

a new efficient method that uses the k-means algorithm with

Mahalanobis circles as cluster centers has been proposed for

the multiple ellipse detection problem [25]. However, these

methods mostly focus on local optimizations and individual

ellipse fitting, which limits their ability to address occlusions

and overlapping arcs effectively.

B. Hough Transform Based Methods

The Hough Transform (HT) was introduced as a means

to estimate ellipse parameters through a voting scheme [16].

Each edge pixel votes within a 5D-parameter space F , and

the peaks in F are selected as ellipses. Although simple

to implement, HT is computationally expensive in terms of

storage and time costs, rendering it unsuitable for direct ellipse

detection [17]. In addressing these limitations, Premachandra

et al. [26] proposed a speed-up ellipse enclosing character

detection algorithm, significantly reducing processing time by

employing parallel image scanning and selective application

of HT on large-size document images. Randomized Hough

Transform [27] and Probability Hough Transform (PHT) [28]

were subsequently proposed, transferring the voting process to

a many-to-one style. Randomized Hough Transform randomly

selects three non-collinear points and votes for the correspond-

ing ellipse, performing a complete workflow. However, it is

sensitive to occlusion and overlapping ellipses [18]. Several

optimizations to the Hough Transform have been proposed.

Xie et al. [29] reduced the five-dimensional parameter space

to one dimension by estimating the semi-axis length of hy-

pothetical ellipses, while Chia et al. [30] exploited ellipse

foci properties to transform the five-dimensional space into

a two-dimensional one, using a one-dimensional accumulator

to store votes. Despite these optimizations, HT-based methods

are generally inadequate for images with occlusions and noise,

especially when specific thresholds are not provided [13].

C. Edge Following Methods

Edge following focuses on locally connecting detected arcs

based on their geometric properties to form an ellipse. A

method was developed to extract short straight lines, approx-

imate them by elliptical arcs, and connect them to form an

ellipse [10]. This method was optimized to consume less

memory [31] and improved by linking line segments based on

local geometric properties, such as adjacency and curvature

constraints [11]. A recent approach proposes a novel ellipse

detection method utilizing coherent chord computation and

projective invariant cross ratio, achieving high accuracy and

robustness in complex images [15]. Another method improves

both accuracy and computational efficiency by using a quad-

rant representation and a top-down fitting strategy [32]. How-

ever, edge-following methods heavily rely on local properties,

which limits their effectiveness in handling discontinuities,

occlusions, or widely separated arcs.

Various other methods have been proposed to enhance

ellipse detection, including using the HT to estimate param-

eters while decomposing the voting space into smaller sub-

spaces [33], [34], introducing a pruning strategy to reduce the

number of arcs considered [12], dividing arc candidates into

quadrants for better grouping performance [35], employing

line detection methods for high-quality ellipse detection [36],

[13], utilizing Arc Adjacency Matrices to pair arcs by encoding
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curvatures and tangents [37], and incorporating convex-hulls

into the detection procedure to distinguish arc distance, length,

direction, and convexity, thereby improving performance [14].

While these methods introduce various optimizations, they

still largely depend on local features. Recent work has also

explored multi-task learning frameworks that combine ellipse

localization, contour detection, and parameter prediction to

improve accuracy and robustness, though with a slight increase

in computation time [38].

D. Co-Clustering Techniques

Co-clustering, also known as biclustering for 2D data, was

initially developed for gene expression data analysis [39].

Additional algorithms soon emerged that were specifically

tailored for biological data [40]. A significant development

came in the form of a greedy-based algorithm enriched with a

local search strategy, designed to navigate effectively through

poor local minima [41]. The technique has also been applied

in collaborative filtering [42], and its utility has been demon-

strated in text mining [43] and image analysis [44]. Recent

advances in the field also propose a multi-scale co-clustering

approach for tensor data, which leverages tensor and matrix

decomposition to identify coherent patterns along multiple

dimensions [45]. Building on recent advancements, the study

by Wei et al. [46] introduces a hierarchical high-order co-

clustering algorithm that maximizes modularity. This method

effectively merges multiple feature spaces for co-clustering

star-structured high-order heterogeneous data.

III. Proposed Method

In this section, we describe our proposed co-clustering-

based ellipse detection method in detail. The approach involves

several key steps: extracting arcs from the input image, assess-

ing arc compatibility through co-clustering, and validating the

detected ellipses. We start with an overview of our approach,

followed by a detailed explanation of how arcs are detected

and grouped. We then discuss the co-clustering process and the

details of the implementation that enhance performance. This

structure ensures a clear understanding of our novel ellipse

detection framework. The flowchart of our method is shown

in Figure 1.

A. Method Overview

Our proposed ellipse detection method leverages a novel dis-

tribution co-clustering framework to effectively detect ellipses

in both synthetic and real-world images. The method begins

with elliptical arc detection, employing a robust two-step

approach. First, we generate arc candidates through gradient

analysis and region growing. Then, we validate these candi-

dates using the a contrario framework [48], which utilizes

the Number of False Alarms (NFA) to assess statistical sig-

nificance. These segments are then merged to form candidate

elliptical arcs, which are subsequently validated using the a

contrario framework [36], [48].

Following the elliptical arc detection, we compute global

arc compatibility using a probabilistic approach. The ellipse

each arc belongs to is represented as a probability distribution,

allowing us to compute overlap compatibility scores using the

JS divergence [20]. This process culminates in the construc-

tion of a global compatibility matrix, which encapsulates the

compatibilities between all detected arcs.

The final stage of our method involves arc co-clustering,

implemented through an SVD-based framework. We perform

SVD on the normalized compatibility matrix and project the

data onto a lower-dimensional space. The k-means cluster-

ing [47] is then applied to group arcs belonging to the same

ellipse. Importantly, we estimate the number of ellipses using

the cumulative energy of singular values, providing an adaptive

approach to varying image complexities.

Our algorithm’s central premise is the accurate clustering

of candidate arcs that may be far apart but constitute the

same ellipse. This approach addresses key challenges in ellipse

detection: computational complexity is significantly reduced,

the number of ellipses is adaptively estimated, and long-range

dependencies between arcs are captured, enabling the detection

of partially occluded or large ellipses. Moreover, the global

perspective afforded by our method allows for robust detection

in the presence of noise and clutter.

By addressing common challenges such as occlusions, over-

laps, and noise, our comprehensive approach enables accurate

and efficient ellipse detection across a wide range of applica-

tions. The method’s ability to handle complex scenarios and its

computational efficiency represent significant advancements in

the field of ellipse detection.

B. Elliptical Arc Detection

Elliptical arc detection is crucial for ellipse detection. Thus,

a robust arc detection method for reliably identifying elliptical

arcs in input images is introduced in this paper. The approach

consists of two main steps: candidate generation and the a

contrario validation [48], [36].

The first step involves finding candidate elliptical arcs. This

is done by smoothing the input image and then analyzing the

gradient information to identify regions with similar gradient

characteristics. The process starts with a high-gradient seed

pixel and gradually adds connected pixels with similar gradient

orientation and strength until a complete region is formed.

This region is considered a candidate arc segment. Then,

the algorithm merges rectangles with common endpoints to

identify elliptical arcs. This process continues until no further

merging is possible and the resulting merged arc segments are

labeled as candidate elliptical arcs.

Once candidate arcs are generated, the a contrario frame-

work is applied to evaluate their statistical significance. This

framework utilizes the NFA to assess the likelihood that a

detected arc could have occurred by chance in a random image.

A lower NFA indicates higher statistical significance. Given an

image x and a random image X from the a contrario model

H0, the NFA for a candidate elliptical arc ax is defined as:

NFA(ax) = Na · P [k̃(aX) ≤ k̃(ax)], (1)

where Na is the number of possible elliptical arc candidates

in the image, k̃(ax) is a measure of structuredness for the
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Fig. 1: Workflow of the proposed ellipse detection method. The process consists of four main stages: (1) Elliptical Arc Detection: The input image undergoes
arc detection using an a contrario approach [36]. (2) Global Arc Compatibility Computation: Detected arcs are analyzed through probability distribution
calculation, followed by JS divergence [20] computation to construct a global compatibility matrix. (3) Adaptive Co-Clustering: The compatibility matrix is
subjected to SVD, followed by determining the optimal number of co-clusters, and then k-means clustering [47] is applied to group compatible arcs. (4)
Output: The clustered arcs undergo ellipse refitting to produce the final set of detected ellipses. This workflow combines local arc information with global
compatibility computation to achieve robust ellipse detection.

arc ax in the observed image, and P [k̃(aX) ≤ k̃(ax)] is the

probability of observing an arc as structured as ax in a random

image. The probability term is computed using the Irwin-Hall

distribution, as the structuredness measure is based on the

sum of angular differences between the arc’s expected gradient

direction and the observed gradient directions. A candidate

arc ax is considered valid if its NFA is below a predefined

threshold ε (typically set to 1):

NFA(ax) ≤ ε. (2)

This NFA formulation automatically adjusts detection thresh-

olds to balance false positives and sensitivity to true geometric

structures. By setting ε = 1, the method ensures that on

average, at most one false detection is expected in a random

image, providing a principled way to control false detections

while remaining sensitive to true elliptical arcs.

To ensure robust and accurate arc detection while avoiding

local minima, we incorporate three interconnected strategies

into our approach. First, seed points are carefully selected

during the candidate generation step by prioritizing pixels

with strong gradient magnitudes, focusing on regions with

significant edge information that are likely to correspond to

meaningful arc structures. Among these, we choose the seed

with the maximum gradient strength to initiate the region

growing process, ensuring a reliable and meaningful starting

point. Second, during region growing, geometric constraints

such as convexity and smoothness are enforced, preventing

the process from extending into noisy or irregular areas.

Once these constraints are violated, the growth process will

be terminated. Third, the validation step leverages the NFA

criterion, selecting the candidate arc with the smallest NFA

when multiple options exist to ensure the most statistically

significant and meaningful detection. By integrating informed

seed selection, constrained region growth, and rigorous sta-

tistical validation, our method achieves robust elliptical arc

detection while minimizing the risk of false detections or

entrapment in local minima.

C. Global Arc Compatibility Computation

After obtaining elliptical arcs from the first step, our method

proceeds to analyze the global compatibility of these arcs,

laying the groundwork for the final co-clustering stage where

compatible arcs are grouped into complete ellipses. This

second step of computing arc compatibilities serves as a

crucial bridge, transforming local arc information into a global

representation that enables effective ellipse detection even in

complex scenarios.

Traditional ellipse detection methods often rely on heuristic

thresholds and local geometric properties. They struggle to

accurately detect ellipses in complex scenarios and recognize

distant arcs as potentially belonging to the same ellipse,

leading to incomplete or fragmented detections. To overcome

these challenges and achieve more robust and accurate ellipse

detection, we propose a global arc compatibility computation

method based on probabilistic modeling.

Unlike traditional methods that fit a single ellipse to a

group of arcs, we adopt a probabilistic approach where the

true ellipse associated with an arc is represented by a dis-

tribution rather than a single estimate. While probabilistic

approaches have been previously used in curve detection [49],

[50], [51], our method represents the first application of JS

divergence for measuring elliptical arc distributions. Previous

methods typically relied on geometric properties [11] or vot-

ing schemes [27]. Our probabilistic framework offers several

advantages: it naturally handles uncertainty in arc detection,

provides a principled way to measure arc compatibility re-

gardless of spatial distance, and enables global optimization

through the compatibility matrix.

In our framework, the fitted ellipse corresponds to the max-

imum likelihood estimate, capturing the inherent uncertainty

in arc detection and ellipse fitting. The key idea is that arcs

belonging to the same ellipse will exhibit high probability

densities in a specific region of the ellipse parameter space.

To formalize this, we define a probability distribution

P (E|A) for detecting an ellipse E given an arc A, where

E is a stochastic variable representing the ellipse and A

is a stochastic variable representing the arc. Using Bayes’
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theorem [52], we have:

P (E|A) =
P (A|E)P (E)

P (A)
, (3)

where P (A|E) is the probability of observing arc A given

ellipse E, P (E) is the prior probability of an ellipse, and P (A)
is the probability of detecting the arc. This formulation follows

from Bayes’ theorem [53]. When implementing Equation (3),

we introduce a threshold-based approach to ensure numerical

stability:

if P (A) < τthreshold : skip current computation

else : P (E|A) =
P (A|E)P (E)

P (A)

(4)

where τthreshold = 1 × 10−6. This approach is both math-

ematically sound and computationally efficient: when P (A)
falls below the threshold, it indicates that the arc detection

probability is negligibly small, making it safe to skip the

corresponding probability computation. By avoiding calcula-

tions with extremely small denominators, this simple strategy

prevents numerical instability while preserving the method’s

effectiveness.

To calculate the concrete probability distribution of an

ellipse given an arc, consider a grayscale image I ∈ [0, 1]H×W ,

where H and W represent the height and width of the image

in pixels, and a candidate arc a with a supporting point set

Sa.

µa(e) = p(e|Sa) =

∏N
i=1 νe(qi)∫ ∏N

i=1 νe′(qi) de
′

, (5)

where νe(q) denotes the probability density of a point q =
(xq, yq) ∈ Sa supporting e, and N is the number of supporting

pixels.

Using these distributions, we quantify the likelihood of

two arcs belonging to the same ellipse based on the overlap

of their respective ellipse distributions. For arcs a1 and a2
with distributions µa1

(e) and µa2
(e), we define an overlap

compatibility score:

S(a1, a2) =

∫

e

min(µa1
(e), µa2

(e)) de. (6)

This score, a Szymkiewicz-Simpson coefficient [54], repre-

sents the overlapping area of the two distributions in the ellipse

parameter space. A high value indicates a high probability that

a1 and a2 belong to the same ellipse.

To efficiently compute this overlap compatibility score,

we use the JS divergence [20], which is symmetric and

non-negative, making it particularly suitable for assessing

compatibilities between pairs of arcs. Lower JS divergence

values indicate greater compatibilities. The JS divergence, first

introduced by Lin [20], is defined as:

JS(P ∥ Q) =
1

2
KL(P ∥M) +

1

2
KL(Q ∥M), (7)

where KL denotes the Kullback-Leibler divergence [55], and

M is the average of P and Q.

Using the JS divergence [20], we construct a compatibility

matrix B, where each element Bij is computed as:

Bij = JS(µai
∥ µaj

). (8)

This symmetric compatibility matrix encapsulates the com-

patibility between each pair of arcs, providing a global view

of arc compatibilities.

The primary advantage of our approach lies in its global

perspective, which is particularly effective for handling par-

tially occluded ellipses or those with spatially distant arc

segments. Unlike traditional methods that rely on local spatial

proximity or geometric properties, our method operates in the

ellipse parameter space, allowing us to correlate arcs based on

their distributions, irrespective of their spatial distances in the

image.

This global perspective is especially valuable when dealing

with occluded ellipses, large ellipses with widely separated

arc segments, and images with significant noise or clutter. By

considering the overall distribution of possible ellipses for each

arc, our method can correlate visible segments even when they

are not contiguous in the image space.

For instance, in Figure 3, the red arc a1 and the blue arc

a3 form one ellipse, while the yellow arc a2 and the green arc

a4 form another. Although the blue arc a3 is spatially close

to both the red and yellow arcs, our method relies on the

overlap of the distributions µai
(e) rather than proximity. The

compatibility score S(a1, a3) would be high, indicating strong

compatibilities for forming a vertically oriented ellipse, while

S(a2, a4) similarly indicates a horizontally oriented ellipse.

In contrast, scores like S(a1, a2) or S(a3, a4) would be lower,

reflecting less compatibilities.

Supporting pixels are discrete pixels identified in the input

image that collectively form a potential elliptical arc pattern

(see Figure 2a). These pixels serve as the foundational evi-

dence for fitting an elliptical arc. For each supporting pixel qi,

we compute the probability density νe(qi) that it belongs to a

candidate ellipse e. This density is determined by considering

both the geometric distance from the pixel to the ellipse and

how well the pixel aligns with the grid structure. The complete

set of these supporting pixels Sa forms the basis for computing

the overall probability distribution µa(e) over the space of

possible ellipse parameters (Figure 2b), where each candidate

ellipse is evaluated based on how well it fits all supporting

pixels collectively.

This approach effectively captures long-range dependencies

between arcs, enabling accurate and robust ellipse detection

even in complex scenarios where local spatial cues might be

misleading. The global perspective of our method allows it to

handle challenging configurations and provides comprehensive

and reliable ellipse detection in diverse image conditions.

The compatibility matrix B constructed through JS diver-

gence computations is not necessarily always sparse, as it cap-

tures meaningful relationships between all pairs of validated

arcs. The SVD-based dimensionality reduction is employed

primarily to enhance computational efficiency and extract the

most significant patterns from this relationship matrix, rather

than addressing sparsity concerns.
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(a) Supporting pixels (red) and three possible elliptical arc fits based on

these supporting pixels. (b) 2D projection of ellipse parameter probability distribution µa(e).

Fig. 2: Illustration of elliptical fitting and its probability distribution: (a) A set of supporting pixels (shown in red) with their three possible elliptical fits
demonstrating the distribution of possible ellipses that could fit through these pixels. (b) A 2D visualization of the probability distribution µa(e) over the
five-dimensional ellipse parameter space, where contours represent regions of equal probability density and brighter regions indicate higher probability.

Fig. 3: Illustration of the global view of our approach. The red and blue
arcs are correctly grouped as belonging to one ellipse (group 1), while
the yellow and green arcs form a second distinct ellipse (group 2). The
method successfully identifies compatible arcs based on the global structure
in the ellipse parameter space, even when arcs are spatially distant or not
directly connected. This example highlights how the co-clustering approach
overcomes the limitations of local proximity-based methods by leveraging a
comprehensive analysis of arc compatibilities.

While the compatibility matrix may be dense due to the JS

divergence computations between all pairs of validated arcs,

our method can be extended to handle large-scale applications

by leveraging sparse computations. In images with a large

number of arcs, the compatibility matrix can be sparsified

by selectively retaining compatibility values above a prede-

fined threshold. This optimization reduces memory usage and

computational cost while preserving essential compatibility

relationships. Since our co-clustering approach relies primarily

on the singular vectors of the compatibility matrix rather

than its full decomposition, it naturally accommodates sparse

Singular Value Decomposition (SVD) techniques. The sparsi-

fication process maintains the method’s theoretical guarantees

while improving scalability, making it suitable for applications

involving high-resolution images or multiple-image processing

where computational efficiency is crucial. This potential for

sparse computation provides a practical pathway for handling

increasingly complex detection scenarios without compromis-

ing detection accuracy.

D. Adaptive Arc Co-Clustering

After computing the compatibilities between arc pairs in

the second step, we now proceed to group these arcs into

complete ellipses based on the global arc compatibility in-

formation. However, existing ellipse detection methods face

significant challenges when attempting to perform this group-

ing effectively. Traditional approaches, such as edge-following

methods [10], [11] or Hough Transform-based techniques [16],

[17], often struggle with high computational complexity, espe-

cially in complex scenes with multiple ellipses. These meth-

ods typically rely on exhaustive searches or voting schemes,

leading to inefficiencies when dealing with a large number

of arc segments [56]. Furthermore, they often require preset

thresholds or fixed parameters for determining the number of

ellipses, making them inflexible to varying image complexities.

To address these limitations, we propose an adaptive arc

co-clustering approach that effectively combines co-clustering

algorithms and SVD. Co-clustering, also known as bicluster-

ing [39], is a technique that simultaneously clusters rows and

columns of a data matrix. This is particularly useful in our con-

text for identifying groups of arc segments that are compatible,

regardless of their spatial distances. This capability is essential

for detecting ellipses that are large or partially occluded, as it

allows for the aggregation of arc information across the im-

age, overcoming the spatial constraints imposed by traditional

methods. Moreover, co-clustering adjusts dynamically to the
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underlying structure of the data, facilitating more accurate and

flexible ellipse formation.

Given the computational complexity of directly applying co-

clustering to large matrices, we utilize SVD to reduce this

overhead. SVD decomposes the compatibility matrix into three

smaller matrices that reveal the most significant underlying

patterns. This decomposition identifies the most important

relationships between arcs and also significantly reduces the

dimensionality of the problem, enhancing processing speed

and filtering out less pertinent patterns, which may represent

noise. Consequently, the clustering process focuses on the most

meaningful data.

By applying co-clustering in the SVD-reduced space, we

gain several advantages: a) Improved Efficiency: Working in

the reduced space dramatically decreases computational cost.

b) Enhanced Accuracy: The combination allows us to group

arcs based on their most significant compatibility features,

leading to more accurate ellipse detection. c) Flexibility: This

approach adapts to different image complexities without requir-

ing preset thresholds or fixed parameters. In the following, we

will detail our SVD-based adaptive co-clustering method and

demonstrate how it addresses these challenges effectively.

SVD-based Structural Pattern Discovery. After construct-

ing the compatibility matrix B ∈ R
n×n that encapsulates the

compatibilities between all detected arcs in Section III-C, we

employ SVD to uncover the underlying structural patterns.

First, we normalize the compatibility matrix:

Ã = D
−

1

2

u BD
−

1

2

v , (9)

where Du ∈ R
n×n and Dv ∈ R

n×n are diagonal matrices

containing the row and column sums of B, respectively. The

variable n represents the number of rows and columns in

B, corresponding to the number of detected arcs. We then

decompose Ã to reveal its inherent structure:

Ã = UΣV
T , (10)

where U ∈ R
n×n and V ∈ R

n×n are the left and right

singular vectors that capture the fundamental patterns in arc

relationships, and Σ ∈ R
n×n is a diagonal matrix of singular

values indicating the importance of these patterns.

This decomposition is crucial for co-clustering as it reveals

the intrinsic structure of arc relationships, separating the row

and column patterns of the original compatibility matrix into

U and V, respectively. While this approach also provides

computational benefits through dimensionality reduction, its

primary advantage lies in uncovering the natural grouping

structure that enables effective co-clustering.

Adaptive Determination of Cluster Number. Before pro-

ceeding with data projection, we first determine the number

of clusters k adaptively. We utilize the properties of SVD to

estimate the number of ellipses k using the cumulative energy

method [57]:

k = min

{
m :

∑m
i=1 σ

2
i∑n

i=1 σ
2
i

≥ τ

}
, (11)

where σi are the singular values from Σ, and τ is a predefined

threshold, typically set to 0.95 or 0.99. To account for potential

underestimations due to noise and occlusions in real-world

scenarios, we scale the estimated k by a factor γ (typically set

to 1.4). This scaling helps ensure that we don’t miss ellipses

when arc segments are fragmented or partially occluded. Our

experiments show that this slight overestimation in the number

of clusters is more robust than potential underestimation, as

the subsequent validation step can effectively filter out spurious

detections. More discussion on the choice of τ and γ can be

found in Section IV-B.

Data Projection and Co-clustering. After determining k,

we project the data onto a new basis by defining F as:

F =

[
Uk

Vk

]
, (12)

where Uk and Vk are the leading k left and right singular

vectors, respectively. This step is the core of our co-clustering

approach. Here, n1 represents the number of rows and n2 the

number of columns in the original compatibility matrix B. The

first n1 rows of F correspond to the original rows (arcs) of

B. The next n2 rows of F correspond to the original columns

(arcs) of B.

By combining Uk and Vk, we create a unified space

that represents both row and column relationships, enabling

simultaneous clustering of both dimensions.

Simultaneous Clustering. We then apply k-means cluster-

ing to F, effectively grouping arcs that likely belong to the

same ellipse. This step completes the co-clustering process by

simultaneously considering the row and column relationships

captured in F. Arcs corresponding to rows of F that are

clustered together likely to belong to the same ellipse. The

clustering also implicitly groups columns (representing arc

compatibilities) that have similar patterns. This simultaneous

clustering of rows and columns is the essence of co-clustering.

Although we use k-means for the final clustering, the combi-

nation of SVD and data projection in F achieves the effect of

co-clustering on the original compatibility matrix.

Remark. In our specific ellipse detection scenario, the com-

patibility matrix B is symmetric, meaning that n1 = n2 = n.

Consequently, the singular vectors U and V become identical,

simplifying the co-clustering process to clustering only the left

singular vectors Uk. However, we present the co-clustering

algorithm in its general form, allowing for the possibility of

non-symmetric matrices where n1 ̸= n2, to demonstrate the

broader applicability of the method.

This approach provides a data-driven, adaptive method for

determining the number of ellipses, addressing the challenge

of varying image complexities. By employing this SVD-based

co-clustering framework, we effectively address both the com-

putational complexity issue and the challenge of determining

the number of ellipses. This approach allows for efficient and

accurate ellipse detection, even in complex images with mul-

tiple, potentially overlapping ellipses, significantly advancing

the state-of-the-art in ellipse detection methodologies.

E. Implementing Details

In this section, we provide a detailed overview of the

implementation of our co-clustering-based ellipse detection

method, as shown in Algorithm 1 and the corresponding

Function 1.
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Algorithm 1 outlines our novel ellipse detection method,

which leverages a distribution co-clustering framework to

effectively detect ellipses in both synthetic and real-world

images. This method addresses key challenges in ellipse detec-

tion, including computational complexity, adaptive estimation

of the number of ellipses, and the ability to handle complex

scenarios such as partial occlusions and overlapping ellipses.

The algorithm begins with the crucial step of arc detection

from the input image. This process involves smoothing the

image, analyzing gradient information, and generating candi-

date arc segments. These segments are then merged to form

candidate elliptical arcs, which are subsequently validated

using the a contrario framework [36], [48]. This validation

step, represented by the NFA (Number of False Alarms)

criterion, ensures that only statistically significant arcs are

retained for further processing.

Following arc detection, the algorithm computes a com-

patibility matrix B, which encapsulates the compatibilities

between all validated arcs. This matrix is constructed using

JS divergence [20] between arc distributions, providing a

probabilistic measure of arc compatibilities. The matrix is then

normalized to obtain Ã, which is subjected to SVD.

The SVD step is crucial as it allows for dimensionality

reduction and provides the basis for estimating the number

of ellipses in the image. This estimation is performed by

the EstimateNumberOfEllipses function (Algorithm

1), which uses the cumulative energy of singular values to

determine an appropriate number of clusters. This adaptive

approach addresses the challenge of varying image complexi-

ties.

The algorithm then proceeds to perform co-clustering by

applying k-means to the combined matrix of left and right

singular vectors (F). This step effectively groups arcs that are

likely to belong to the same ellipse. Finally, ellipses are fitted

to each cluster and validated, resulting in the set of detected

ellipses.

The EstimateNumberOfEllipses function, detailed

in Algorithm 1, plays a vital role in the overall detection

process. It implements the cumulative energy method to esti-

mate the number of ellipses (k) based on the singular values

obtained from the SVD. This function first calculates the ratio

of cumulative energy up to each singular value to the total

energy. It then determines the minimum number of singular

values required to reach a predefined threshold τ . To address

potential underestimations, the function slightly increases the

estimated k by a factor γ.

This algorithmic approach significantly reduces the com-

putational complexity from O(2n) to O(nkl), where n is the

number of arcs, k is the number of clusters, and l is the number

of iterations in k-means. Moreover, by operating in the ellipse

parameter space rather than image space, the method can effec-

tively handle scenarios with partially occluded ellipses or those

with spatially distant arc segments. This global perspective,

combined with the probabilistic arc compatibility measure and

adaptive cluster estimation, enables robust and accurate ellipse

detection across a wide range of image conditions.

Algorithm 1: Ellipse Detection

Input: Image I

Output: Detected Ellipses E

// Ellipse Detection Algorithm

1 A← ExtractArcs(I) ; // Extract candidate

arcs

2 V ← ∅ ; // Set of validated arcs

3 foreach a ∈ A do

4 if NFA(a) ≤ ε then

5 V ← V ∪ {a}

6 B← ComputeCompatibilityMatrix(V )
7 C ← SVD Co Cluster(B) ; // Perform

co-clustering

8 E ← ∅ ; // Set of detected ellipses

9 foreach cluster c ∈ C do

10 e← FitEllipse(c)
11 if ValidateEllipse(e) then

12 E ← E ∪ {e}

13 return E

Function 1: SvdCoClusterg

1 Function SVD_Co_Cluster(B):
Input: Compatibility matrix B

Output: Clusters C

2 Du ← diag(B1) ; // Degree matrix for

rows

3 Dv ← diag(BT
1) ; // Degree matrix for

columns

4 Ã← D
−

1

2

u BD
−

1

2

v ; // Normalize B

5 [U,Σ,V]← SVD(Ã) ; // Compute SVD

6 k ← EstimateNumberOfEllipses(Σ) ;

// Estimate number of clusters

7 Uk ← U[:, : k] ; // Take first k left

singular vectors

8 Vk ← V[:, : k] ; // Take first k right

singular vectors

9 F←

[
Uk

Vk

]
; // Combine embeddings

10 C ← KMeans(F, k) ; // Cluster combined

embeddings

11 return C

Function 2: EstimateNumberOfEllipses

1 Function EstimateNumberOfEllipses(Σ):

2 n← number of singular values in Σ

3 k ← min
{
m :

∑
m
i=1

σ2

i∑
n
i=1

σ2

i

≥ τ
}

4 k ← γk ; // Slight increase

5 return k
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IV. Experimental Results and Analysis

This section presents the experimental results of our pro-

posed ellipse detection method. We first describe the datasets

and evaluation metrics, followed by a presentation of the

quantitative and qualitative results. We then present robust-

ness tests and special scenario analyses. Finally, we discuss

the parameters and compare our method with state-of-the-art

techniques. All experiments were conducted on a PC equipped

with an Intel(R) Core(TM) i9-7900X CPU @ 4.30 GHz, 128

GB of RAM.

A. Experimental Setup

1) Datasets: Our evaluation uses both synthetic and real-

world datasets to verify the general applicability of the pro-

posed ellipse detector. The code and datasets will be made

available online.

For synthetic datasets, we generated images of size 800 ×
600 pixels containing β ∈ {6, 9, 12, 15, 18, 21, 24} ellipses

as shown in Figure 4. The ellipse parameters were randomly

sampled within the following ranges:

• Major axis length: [50, 150] pixels

• Minor axis length: [30, 100] pixels

• Center coordinates: uniformly distributed within image

boundaries

• Rotation angle: [0, 2π] radians

• At least one pair of ellipses has overlap ratio > 0.3

Salt-and-pepper noise was added using MATLAB’s IMNOISE

function with noise density d ∈ {0.06, 0.12, 0.18, 0.24}.
Higher d values indicate more severe noise contamination.

(a) d = 0.06 (b) d = 0.12

(c) d = 0.18 (d) d = 0.24

Fig. 4: Examples of synthetic images with different noise densities d. Each
image contains 12 ellipses with varying sizes, orientations, and overlap
conditions. As d increases, the image becomes increasingly contaminated with
salt-and-pepper noise, making ellipse detection more challenging.

For real-world evaluation, we utilized five publicly available

datasets:

a) Prasad++ Dataset: Only a portion of the original

Prasad dataset is available online, which was supplemented

and relabeled by [14] into the Prasad+ dataset. However, as

illustrated in Figure 5a, the Prasad+ dataset is incomplete,

with some missing ellipses. We further relabeled the Prasad+

dataset to create a new dataset, Prasad++, maintaining the

same number of images as the Prasad+ dataset but with more

complete and accurate annotations. Figure 5a and Figure 5b

compare the Prasad+ and Prasad++ datasets, showcasing the

improved ground truth labeling.

b) Dataset 1: This dataset comprises 400 images col-

lected from MIRFlickr and LabelMe repositories [34], fea-

turing both high-quality single-object images and noisy low-

resolution multi-object scenes.

c) Dataset 2: Consisting of 629 images captured by a

smartphone camera [34], this dataset presents challenges such

as motion blur, varying lighting conditions, and autofocus

effects.

d) Coins Dataset: We built the Coins dataset, consisting

of images of coins from different countries and currencies.

This dataset challenges ellipse detection methods due to coin

overlap, occlusions, and varying lighting conditions, providing

a practical test for algorithms in controlled yet complex

environments.

e) Calibration Dataset: This dataset contains 40 images

of calibration patterns [36], featuring multiple ellipses (often

more than 70 per image) in concentric structures, providing a

challenging scenario for ellipse detection algorithms.

2) Evaluation Metrics: We use precision (P), recall (R), and

F-measure (F) as our primary metrics. An ellipse is considered

correctly detected if its Intersection over Union (IoU) with

the ground truth exceeds a threshold θ, typically set to 0.95

for synthetic images [33], [15]. The metrics are calculated as

follows:

P =
TP

TP + FP
, R =

TP

TP + FN
, F =

2P ·R

P +R
, (13)

where TP , FP , and FN represent the number of true

positives, false positives, and false negatives, respectively.

3) Baselines: Our comparative analysis includes several

recent state-of-the-art methods published between 2020-2024,

ensuring our evaluation encompasses the latest developments

in ellipse detection. The methods compared include Zhao et

al. [15] (2024), Li et al. [38] (2022), Shen et al. [14] (2021),

and Lu et al. [13] (2020).

B. Experimental Validation of k Selection

To validate our approach for estimating the number of

ellipses (k), we conducted a comprehensive experiment across

all datasets, analyzing the relationship between the actual

number of ellipses (β) and the estimated k. Fig. 6 presents

this relationship as a heatmap, where the x-axis represents

β and the y-axis represents k. The heatmap visualizes the

frequency of occurrence for each (β, k) pair, with warmer

colors indicating higher frequencies. A red reference line

(k = β) is superimposed on the heatmap for comparison.
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(a) Old Prasad+ dataset. (b) New Prasad++ dataset.

Fig. 5: Comparison of the Prasad+ dataset and the Prasad++ dataset.

Fig. 6: Heatmap showing the relationship between the actual number of
ellipses (β) and the estimated number (k). The color intensity indicates
the frequency of occurrence for each (β, k) pair. The red line represents
k = β for reference. The vertical axis shows the scaled number of clusters k
(k = γk, where γ = 1.4), which compensates for potential underestimation
in complex scenes with noise or occlusions. This scaling factor helps ensure
robust detection by allowing for slight overestimation followed by validation.

Analysis of the heatmap in Figure 6 reveals the effectiveness

of our k selection method. The red reference line (k = β)

closely hugs the upper boundary of the data point concentra-

tion, providing visual confirmation that the condition k ≥ β

holds true for almost all cases. This relationship is crucial,

as it demonstrates that our method consistently estimates the

number of clusters (k) that is equal to or slightly greater than

the actual number of ellipses (β) present in the image.

This slight overestimation strategy proves advantageous in

two key ways. Firstly, it ensures sufficient clusters for the co-

clustering stage, enabling a thorough exploration of poten-

tial ellipse groupings, which is crucial in complex scenarios

with partially occluded or overlapping ellipses. Secondly, it

maintains overall efficiency by avoiding significant additional

computational overhead. Although the method may initially

overestimate k, rigorous validation and refitting procedures

in the final stages refine these estimates, ensuring accurate

detection of the true number and parameters of ellipses in the

image.

C. Evaluation on Synthetic Datasets

Figure 7 presents a comparative analysis of our proposed

method against other state-of-the-art techniques on synthetic

images under various challenging conditions. The evaluation

considers three distinct scenarios: varying numbers of over-

lapping ellipses, occluded ellipses, and different levels of salt-

and-pepper noise.

Figure 7a shows the results for varying numbers of overlap-

ping ellipses, with β ∈ {6, 9, 12, 15, 18, 21, 24} representing

the number of ellipses in the image. Our method consistently

achieves high recall, which translates into superior F-measure

performance in all cases. This strong recall performance under-

scores the effectiveness of our global perspective in detecting

true ellipses, even in complex scenarios where ellipses overlap

significantly.

Figure 7b illustrates the results for varying numbers of

occluded ellipses, where the ellipses are partially hidden. Here,

our method demonstrates a more pronounced improvement

compared to scenarios with overlapping ellipses. The global

view provided by our approach proves particularly advan-

tageous in determining ellipses that are formed by distant

arcs with missing segments in between, thereby ensuring high

detection accuracy.

Figure 7c presents the performance under different levels

of salt-and-pepper noise, with noise density d ranging from

0.06 to 0.24. Our method shows remarkable robustness to

noise, achieving the highest F-measure across all noise levels.

This robustness is primarily due to our probabilistic model,

which effectively manages the uncertainty introduced by noise,

resulting in more accurate and reliable ellipse detection.

D. Evaluation on Real-World Datasets

1) Overall Performance: The proposed method demon-

strated consistently superior performance across all five real-

world datasets, achieving the highest F-measure in each case.

This consistent top performance underscored the robustness

and effectiveness of our approach across various image types

and detection scenarios. Table I presents the F-measures,
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(a) Precision, recall and F-measure on varying number

of overlap ellipses β.

(b) Precision, recall and F-measure on varying number

of occluded ellipses β.

(c) Precision, recall and F-measure on varying noise

density d.

Fig. 7: Comparison of the proposed method with the other methods on the synthetic images.

TABLE I: The F-measures (F), Precision (P), and Recall (R) (%) of the proposed method and methods of [15], [37], [13], [12], [14] on five real-world image
datasets. The best results are in bold, and the second-best results are underlined.

Prasad++ Dataset 1 Dataset 2 Coins Calibration

Method F P R F P R F P R F P R F P R

[12] 41.10 74.83 28.33 44.23 55.23 36.89 57.12 54.35 60.19 39.70 59.67 29.75 64.08 76.06 55.36
[14] 43.25 75.68 30.28 58.44 68.26 51.09 76.47 76.35 76.6 46.44 65.56 35.96 55.38 92.20 39.58
[37] 46.47 66.3 35.77 59.23 65.4 54.12 67.12 65.35 68.98 54.27 82.33 40.47 77.57 93.59 66.23
[15] 45.95 67.35 34.87 59.47 69.11 52.19 69.02 63.69 75.33 55.83 73.43 45.04 89.69 93.49 86.19
Ours 58.48 69.87 50.28 64.89 70.20 60.33 77.39 71.19 84.77 75.94 79.78 72.46 92.96 93.48 92.44

precision, and recall of our method compared to state-of-the-

art techniques on real-world datasets.

In terms of F-measure, our method exhibited a significant

advantage. On the Prasad++ dataset, our approach achieved an

F-measure of 58.48%, representing a substantial improvement

over the next best method [37], which recorded 46.47%.

Similarly, for Dataset 1, we led with an F-measure of 64.89%,

outperforming the method [15], which achieved 59.47%. On

Dataset 2, our method attained an F-measure of 77.39%, nar-

rowly surpassing the method proposed in [14], which achieved

76.47%. Although the margin here was smaller, our method

still prevailed. Notably, on the Coins dataset, our approach

showed a significant lead, achieving an F-measure of 75.94%,

compared to 55.83% achieved by [15]. On the challenging

Calibration dataset, our method achieved an F-measure of

92.96%, slightly ahead of the 89.69% achieved by [15].

2) Precision vs. Recall: Our method consistently achieved

the highest recall across all datasets, indicating a superior

ability to detect true ellipses. This strong recall performance

was a direct result of the global perspective embedded in our

approach, which allowed it to effectively capture and group

distant and occluded arcs—an ability that was particularly

evident in datasets characterized by high levels of occlu-

sion, such as the Coins dataset, where we achieved a recall

of 72.46%. Similarly, on the Calibration dataset, our recall

reached 92.44%, demonstrating our method’s effectiveness in
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Jia et al. [12] Meng et al. [37] Shen et al. [14] Zhao et al. [15] Ours

Dataset 1

Prasad++

Dataset

Coins

Dataset

Dataset 2

Fig. 8: Qualitative comparison of ellipse detection methods across different datasets. Each row represents a specific dataset with unique challenges: Dataset 1
(reflective surfaces with multiple ellipses), Prasad++ Dataset (basic ellipse detection), Coins Dataset (overlapping ellipses), and Dataset 2 (industrial application
with varying lighting conditions). Columns show results from different methods, demonstrating our method’s superior performance particularly in handling
complex scenarios with overlapping and partial ellipses.

scenarios involving multiple, closely spaced ellipses. Although

our precision was not always the highest, it remained competi-

tive. For instance, on Dataset 1, our method achieved both the

highest precision (70.20%) and recall (60.33%), highlighting

the balanced performance of our approach.

3) Performance on Different Datasets: The significant im-

provement observed on the Coins dataset, where our method

achieved an F-measure of 75.94%, compared to the next best

method’s 55.83%, indicated that our approach was partic-

ularly effective in handling scenarios involving overlapping

or partially occluded ellipses. This performance improvement

underscored the advantage of our global view, which facilitated

the accurate detection of ellipses under challenging condi-

tions. Similarly, the strong performance on the Calibration

dataset, where our method achieved an F-measure of 92.96%,

further illustrated its capability in accurately detecting multi-

ple, closely spaced ellipses. The consistent high performance

across these diverse datasets demonstrated the versatility and

robustness of our approach, making it a highly effective

solution for a wide range of ellipse detection challenges in

real-world scenarios.

E. Visual Results

Figure 8 presents a qualitative comparison of our proposed

method against four state-of-the-art ellipse detection algo-

rithms across various challenging scenarios. The test images

include a pool table, coins, many coins, and a tire, each

presenting unique challenges for ellipse detection. Our method

demonstrates consistently high recall across all test cases,

outperforming the compared methods in several aspects.

In the “pool table” scenario, only our method and the

method of Meng et al. perform well, accurately detecting the

elliptical shapes of the balls. The other methods struggle, either

failing to capture the elliptical shapes due to the uniform color
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or misclassifying partial arcs as noise. Our method’s ability to

detect these ellipses with high accuracy is attributed to its

global perspective and robust arc grouping process.

The “coins” and “many coins” images present more complex

scenarios with multiple ellipses and significant occlusions.

In these images, the method of Meng et al. demonstrates

notable performance, particularly in handling the complexity

of the overlapping coins. However, our method shows superior

recall, detecting a higher number of ellipses in these highly

occluded and cluttered environments. This heightened sensi-

tivity to elliptical shapes in challenging conditions highlights

the robustness of our approach.

The “tire” image showcases a particularly challenging case

of partial occlusion and spatially distant arc segments belong-

ing to the same ellipse. Our method excels in this scenario,

successfully identifying two distant, partially occluded arcs as

part of the same ellipse. This capability is a direct result of our

algorithm’s global perspective and robust validation process.

By correctly associating these distant arcs, our method pro-

duces an accurate ellipse detection that passes the validation

stage, demonstrating its effectiveness in handling complex,

real-world scenarios.

F. Ablation Study

To better understand the effectiveness and efficiency of our

proposed method, we conducted comprehensive ablation stud-

ies focusing on several key aspects: the choice of divergence

measure, parameter sensitivity, and noise robustness.

1) Comparison of JSD vs. KLD: We first investigated the

impact of using Jensen-Shannon Divergence (JSD) versus

Kullback-Leibler Divergence (KLD) for measuring arc com-

patibility. A key theoretical advantage of JSD over KLD is its

symmetry property, which is crucial for unbiased arc compat-

ibility assessment. To quantitatively evaluate the performance

difference, we computed the IoU (Intersection over Union)

scores for ellipses detected using both methods. Table II

presents the detailed comparison across different arc length

ranges on the Prasad++ and Coins datasets.

TABLE II: IoU comparison between JSD and KLD based methods. Arc length
is measured as the percentage of the full ellipse circumference. Higher IoU
indicates better detection accuracy.

Arc Length Dataset JSD IoU KLD IoU

< 15% Prasad++ 0.82 0.61
Coins 0.79 0.53

15%− 30% Prasad++ 0.87 0.75
Coins 0.85 0.68

> 30% Prasad++ 0.91 0.88
Coins 0.89 0.85

The results reveal that KLD’s asymmetric nature particularly

affects the detection accuracy of ellipses formed by small

arcs (< 15% of full circumference), where the IoU drops

significantly compared to JSD (0.82 vs 0.61 on Prasad++, 0.79

vs 0.53 on Coins). This performance gap narrows for larger

arcs but remains notable in the 15% − 30% range. For arcs

covering more than 30% of the ellipse circumference, both

methods achieve comparable IoU scores, though JSD main-

tains a slight advantage. The more pronounced difference in the

Coins dataset, which contains numerous partial occlusions and

small arc segments, demonstrates that KLD’s asymmetric mea-

sure introduces significant bias when evaluating compatibility

between arcs of different lengths, particularly affecting the

detection of partially visible ellipses in real-world scenarios.

In terms of computational efficiency, both JSD and KLD

have the same theoretical complexity. In our implementation,

an additional overhead for JSD is negligible compared to the

overall processing time of the detection pipeline. Specifically,

on our test platform (Intel Core i9-7900X CPU @ 4.30 GHz),

the average time difference between JSD and KLD computa-

tion per arc pair is approximately 2ms, which represents less

than 1% of the total processing time per image.

2) Parameter Sensitivity Analysis: We investigated the im-

pact of the threshold parameter τ on both detection perfor-

mance and computational efficiency. Table III presents the

comprehensive evaluation results on the Prasad++ dataset.

TABLE III: Impact of threshold parameter τ on detection performance and
computational efficiency.

τ F-measure Precision Recall Time (ms)

0.85 46.61% 67.21% 35.67% 87
0.90 52.40% 68.44% 42.45% 113
0.95 58.48% 69.87% 50.28% 245
0.99 58.66% 69.23% 50.89% 598

The experiment results results demonstrate a clear trade-off

between computational efficiency and detection performance.

At lower values (τ = 0.85), the algorithm runs significantly

faster (87 ms) but achieves poor recall (35.67%), indicating

many missed detections despite maintaining reasonable preci-

sion. As τ increases to 0.95, both recall and F-measure im-

prove substantially, with processing time increasing to 245ms.

Further increasing τ to 0.99 yields minimal improvement in

detection metrics (F-measure from 58.48% to 58.66%) while

causing a dramatic increase in computational cost (598ms,

2.44× slower than τ = 0.95). The value τ = 0.95 rep-

resents an optimal balance point, achieving strong detection

performance without the prohibitive computational overhead

associated with higher τ values.

3) Noise Robustness Analysis: To comprehensively evaluate

our method’s robustness against different types of image noise

commonly encountered in real-world applications, we con-

ducted extensive experiments with four major types of noise:

Salt & Pepper, Gaussian, Speckle, and Poisson. These noise

types were chosen to simulate various real-world scenarios:

First, Salt & Pepper noise simulates impulse noise from

sensor malfunction or transmission errors. Second, Gaussian

noise represents thermal noise and sensor limitations. Third,

Speckle noise mimics the multiplicative noise common in

radar and ultrasound imaging. Finally, Poisson noise simulates

the statistical nature of photon detection. For each noise

type, we tested three intensity levels (low, medium, high) to

evaluate performance degradation patterns. Table IV presents

the quantitative results, using F-measure, precision, and re-

call metrics. The baseline performance on noise-free images

(84.81% F-measure, 88.69% precision, 81.25% recall) serves

as a reference point.
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The results reveal several key findings about our method’s

noise robustness:

• Variable Performance: The method shows strongest

robustness against Salt & Pepper and Gaussian noise,

maintaining F-measures above 75% at medium intensity

levels.

• Differential Degradation: Performance degradation

varies by noise type, with Speckle and Poisson noise

showing more significant impact even at lower intensities.

• Critical Thresholds: Sharp performance drops occur at

high noise levels (F-measures ranging from 39.51% to

54.51%), with both precision and recall being substan-

tially affected.

• Noise Type Sensitivity: The method shows varying de-

grees of resilience to different noise types, performing

best with Salt & Pepper and Gaussian noise, while show-

ing increased sensitivity to Speckle and Poisson noise.

The observed robustness patterns can be attributed to two key

aspects of our method: the global arc compatibility analysis,

which helps maintain reliable arc associations under certain

noise conditions, and the adaptive co-clustering approach,

which can accommodate some noise-induced variations in the

compatibility matrix through its dimensionality reduction step.

TABLE IV: Performance evaluation under different noise types. Baseline on
noise-free images: 84.81% F-measure, 88.69% precision, 81.25% recall. All
Gaussian noises are with mean = 0.

Noise Type Parameter Setting F-measure Precision Recall

Salt & Pepper
Density = 0.06 82.31% 85.67% 79.23%
Density = 0.09 78.68% 82.45% 75.21%
Density = 0.12 52.77% 68.92% 42.78%

Gaussian
σ = 0.05 81.89% 84.92% 79.05%
σ = 0.1 75.69% 78.66% 72.93%
σ = 0.2 54.51% 67.33% 45.79%

Speckle
Variance 0.05 76.54% 70.23% 73.12%
Variance 0.1 51.21% 66.78% 41.67%
Variance 0.2 39.51% 48.98% 33.12%

Poisson
λ = 0.5 71.11% 74.12% 68.34%
λ = 0.2 67.20% 70.89% 63.89%
λ = 0.1 51.45% 67.23% 41.89%

G. Computational Complexity Analysis

To thoroughly evaluate the computational aspects of our

method, we conducted a comprehensive analysis examining

both theoretical complexity and practical performance metrics.

Our analysis encompasses time complexity, space complexity,

and actual runtime performance across different test datasets.

1) Theoretical Complexity: Let us denote an input image of

width W and height H , with ne edge pixels and na detected

arcs. The theoretical complexity of our method comprises sev-

eral sequential computational stages. The initial arc detection

and validation process operates at the pixel level, involving

convolution operations and gradient computations with a time

complexity of O(W ×H) for edge detection. This is followed

by arc validation using the a contrario framework, which has

a complexity of O(ne).
Following arc detection, the distribution computation stage

calculates probability distributions for each arc and computes

pairwise Jensen-Shannon divergences. While individual prob-

ability distribution calculations require O(na) operations, the

pairwise divergence computations lead to an overall complex-

ity of O(n2
a) for this stage.

The most computationally intensive component is the SVD

and co-clustering stage. The SVD computation on the compat-

ibility matrix requires O(n3
a) operations, and the subsequent

k-means clustering adds O(knat) operations, where k denotes

the number of clusters and t represents the number of itera-

tions. Given that k and t are typically much smaller than na,

the SVD computation dominates this stage.

The final ellipse fitting and validation phase processes each

cluster of arcs with complexity O(nc×m), where nc represents

the number of clusters and m denotes the average number of

points per cluster. Since both nc and m are bounded by na,

this stage does not exceed O(n2
a).

Therefore, the overall computational complexity of our

method is bounded by O(n3
a), which theoretically exceeds

the O(ne log ne) complexity of Jia et al. [12] and the O(n2
a)

complexity of Meng et al. [37]. This increased theoretical

complexity represents the computational cost necessary for our

method to capture global arc relationships and achieve superior

detection accuracy in challenging scenarios.
2) Empirical Performance Analysis: We conducted exper-

iments to measure actual computational costs across different

methods. Table V presents the average execution time and

memory requirements across our test datasets on our standard

testing platform.

TABLE V: Comparison of computational costs across different methods.

Method Time (ms) Memory (MB) Relative Speed

Jia et al. [12] 156 245 1.57×
Meng et al. [37] 189 278 1.30×
Zhao et al. [15] 201 312 1.22×
Shen et al. [14] 178 267 1.38×
Ours 245 356 1.00×

3) Computational Cost Breakdown: A detailed analysis of

our method’s execution time reveals that:

• Arc detection and validation consumes 15% of the total

processing time

• Distribution computation takes 25%, mainly due to pair-

wise Jensen-Shannon divergence calculations

• SVD and co-clustering stage accounts for 45%, being the

most computationally intensive component

• Ellipse fitting and validation uses the remaining 15%

The SVD and co-clustering stage dominates the compu-

tational cost, which aligns with our theoretical complexity

analysis. This significant computational investment enables

our method’s enhanced ability to handle spatially distant arcs

and complex geometries effectively. The increased memory

usage compared to other methods is primarily due to storing

the compatibility matrix and its SVD decomposition, both of

which are essential for our global arc compatibility analysis

approach.

While our method shows higher computational requirements

compared to existing approaches, this overhead enables more

robust analysis of challenging cases such as partial occlu-

sions and spatially distant arc segments. The empirical results
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demonstrate that our method requires approximately 1.2–1.6

times more computational resources than existing methods,

but achieves superior detection accuracy as demonstrated in

our previous experimental results.

V. Conclusion

In this paper, we have presented a new ellipse detection

approach based on a co-clustering procedure to group these

candidates, ultimately obtaining the final ellipses. This method

revitalizes the global perspective in ellipse detection develop-

ment, moving away from the reliance on fine-tuning various

chaining rules.

Our proposed algorithm has been rigorously tested on both

synthetic and real-world images, consistently delivering good

results without necessitating manual parameter adjustments

across different datasets. The synthetic tests showcase our

method’s ability to detect small ellipses and its robustness to

noise, a consequence of preserving more arc information and

leveraging global-level arc grouping. In real-world image tests,

our approach consistently achieves the highest F-measures

across all four datasets, which further solidifies the algorithm’s

robustness and adaptability.

By incorporating probabilistic distributions, our method

efficiently merges distant yet homologous arcs, addressing

the limitations of conventional techniques. The co-clustering

procedure successfully handles the high-dimensional features

generated by these distributions, resulting in more accurate and

efficient ellipse detection.

For future work, we plan to expand the scope of our

co-clustering algorithm and explore optimization techniques

to improve performance in scenarios with a greater number

of correlated arcs and increased complexity. Additionally, to

address the longer computation times associated with the high-

dimensional distribution calculations, we aim to investigate

more efficient approximation algorithms that can reduce com-

putational costs without sacrificing detection accuracy.
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