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Abstract

Exact parameter and trajectory inference in state-space models is typically achieved by one of
two methods: particle marginal Metropolis-Hastings (PMMH) or particle Gibbs (PGibbs). PMMH
is a pseudo-marginal algorithm which jointly proposes a new trajectory and parameter, and accepts
or rejects both at once. PGibbs instead alternates between sampling from the trajectory, using an
algorithm known as conditional sequential Monte Carlo (CSMC) and the parameter in a Hastings-
within-Gibbs fashion. While particle independent Metropolis Hastings (PIMH), the parameter-free
version of PMMH, is known to be statistically worse than CSMC, PGibbs can induce a slow mixing
if the parameter and the state trajectory are very correlated. This has made PMMH the method of
choice for many practitioners, despite theory and experiments favouring CSMC over PIMH for the
parameter-free problem. Here, we describe a formulation of PGibbs which bypasses the Gibbs step,
essentially marginalizing over the trajectory distribution in a fashion similar to PMMH. This is achieved
by considering the implementation of a CSMC algortihm for the state-space model integrated over the
joint distribution of the current parameter and the parameter proposal. We illustrate the benefits of
method on a simple example known to be challenging for PMMH.

1 Introduction

This article is concerned with the problem of sampling from the joint distribution of models mr(xo.1,6)
p()yr (zo.1 | 0), defined recursively as

mi(zos | 0) = %%(mo:t 1 0) (1)

Ye(xos | 0) = pe(xs | ®o—1,0)9: (€043 0)Te—1(€0:0—1 | 6)

where, for 0 <t < T, gi(z+;0) is a potential function, p;(x: | xo.t—1,0) is a transition model, p(f) is a
prior distribution over the parameter 6, and we have used the convention that zs.; = (s, ..., 2¢), with —1
terms being ignored so that vo(xg | ) = po(xo | 8)go(zo | 8)p(6).

A special case thereof, known as state-space models (see, e.g., (Cappé et al, [2005} [Sarkka and Svensson),

2023)), arises when

9t(20:;0) = p(ys | ©4,0) (2)

is the probability density function of a noisy observation y; conditionally on the state x; and the parameter 6
and p(xy | ®o.e—1,0) = p(ay | x4—1,0) is a Markovian transition density. State-space models are ubiquitous
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in the scientific and engineering literature, ranging from econometrics to ecology (see, e.g., (Cappé et al.l
2005} [Sarkka and Svensson), [2023] for examples) and are often used to model time series data.
Another special case is given by Feynman-Kac models (Chopin and Papaspiliopoulos, {2020, see, e.g.,)

(o4 | 0) = %@%(xo:t | 6) (3)

%(IO:t | 9) = pt(l’t \ It—l,9)gt(l’t—17It;e)ﬂt—l(xo:t—1 | 9)

which, too, have a Markovian transition model p;(z; | x:—1,0), but contrary to state-space models allow
for bi-variate potential functions g;(x;—1.¢;60). These appear naturally in scientific applications, where
they are, for example, used to model the interaction between particles (Del Moral, 2004)), but also as
computational constructions used to improve inference in state-space models (Pitt and and, (1999).

A key component to performing inference over the joint trajectory-parameter state space is the con-
ditional 7 (zo.7 | 8) distribution, which is often intractable except in the simplest of cases (such as fully
linear Gaussian state-space models Kalmanl [1960|). For state-space models, many density-assumed approx-
imate methods exist, often leveraging approximate Gaussian conjugacy (see, e.g., [Sarkka and Svensson,
2023, for a comprehensive overview). However, these techniques are often limited in their applicability,
as they require to postulate a tractable density family, and then assume that the conditional distribution
mr(zo.r | 0) is “close enough” to being in that family: these assumptions are often not quantifiable, and
bias arising from applying them is not easily controlled.

Feynman—Kac models, and, even more so, models of the form are doubly problematic in this regard,
as they, in all generality, often do not even have approximate representations in known tractable families,
and therefore, the use of assumed-density methods is not only difficult to control, but also often hardly
justifiable. Instead, inference within these is often conducted via simulation methods, taking the form
of particle filters or similar sequential Monte Carlo (SMC) methods (see, e.g., Del Moral, 2004} |Chopin
and Papaspiliopoulos, 2020)). At the heart of these methods lies the idea that the recursion can be
propagated forward in time via successive proposal/comparison/selection steps, slowly building up a set
of trajectories representing the posterior distribution 7y (zo.r | 6). The joint distribution wr(zo.7, ) can
then be sampled from in one of three ways: (i) jointly online, by means of a jittered particle filter over
the trajectory and parameter space (Chopin et al., [2013; [Crisan and Miguez, 2018)), (ii) jointly offline, by
means of an algorithm called particle marginal Metropolis-Hastings (PMMH) (Andrieu et al., |2010)), or
(iii) alternatingly, sampling the trajectory and parameter in a Gibbs-like fashion, by means of an algorithm
called particle Gibbs (PGibbs) (Andrieu et al., 2010). In this article we focus on the latter two offline
methods, and do not consider online methods further.

PMMH and PGibbs are both valid MCMC algorithms targeting the posterior distribution p(zg.r,6 |
yo.T ), both using simulation techniques, but differ significantly in their modus operandi and their properties.
On one hand, PMMH is a “parameter-first” algorithm, which tries to perform exploration over the marginal
distribution 77 (0) = f wr(zo.1, 0)dxo.r using a Monte Carlo approximation of the normalizing constant
and only recovers mr(zg.7 | ) as a byproduct. In short, given a proposal ¢ ~ ¢(¢’ | §), PMMH forms an
unbiased Monte Carlo estimator Z& (6') of Z7(6") and then accepts or rejects the proposal with probability
1. Z2.(0)4(010)

23 (0)q(0'10)
x(.p from 7p(zo.r | 0) via an MCMC kernel known as conditional Sequential Monte Carlo (CSMC), and
then mr(0 | 1), in a Hastings-within-Gibbs-like fashion (Geman and Geman| |1984; Hastings, 1970).
The two algorithms are therefore usually seen as complementary. On the first hand PMMH is a pseudo-
marginal algorithm (Andrieu and Roberts| 2009) which targets the parameter posterior directly at the
cost of some variance in the acceptance step. PGibbs, on the other hand, leverages trajectory information
directly, which is particularly interesting when the conditional 7w (6 | zo.1) is accessible in closed-form, or
for which very performant MCMC methods exist.

In practice, however, the two algorithms are not equally performant: when the parameters and the
trajectory are highly correlated, PGibbs can be slow to mix in view of well-established MCMC heuris-

min( ). On the other hand, PGibbs performs exploration by first sampling a new trajectory



tics (Papaspiliopoulos et al., [2007)); conversly, for general models forming a marginal proposal distribution
q(8’ | 9) may be more complicated than leveraging information from the trajectory, in particular when the
parameter prior is a conjugate prior to the state-space model (or close to be).

When it is fully conjugate, however, |Wigren et al.| (2019) shows that the parameter can be fully
eliminated from the sampling procedure of PGibbs, so that marginal MCMC samples from 7 (xo.7)
are directly accessible, and therefore, nr(8) = [7r(0 | zo.r)7r(zo.r)dzo.r can be marginally sampled
too. When only some parameters are conjugate, the marginalization can be combined with a PMMH
intermediary step getting the both of both worlds.

At the core of each method lies a distinct “state-only” algorithm: Particle independent Metropolis
Hastings (PIMH) for PMMH, and CSMC for PGibbs. A growing literature has been devoted to the
theoretical properties of these two algorithms (Chopin and Singhl 2015; |Andrieu et al., |2018; Lee et al.)
[2020; [Karjalainen et al.,|2023]), and the consensus is that CSMC is a largely better algorithm than PIMH,
in particular when the transition model pi(z; | xo.+—1) can be evaluated and a “backward sampling”
step is used to regenerate the trajectory zo.r after a first selection stage. Indeed, when
backward sampling is used (at least for state-space models, see, e.g., Lee et al., [2020; Karjalainen et all
CSMC is stable under increasing number of observations, while PIMH is not, even when an additional
backward sampling step is used therein (because this does not affect the acceptance function, see
[and Ryden| 2011}, Algorithm 3).

In view of this, a key question is whether PIMH can be replaced by CSMC as a marginal acceptance
step for parameters. In this article, we answer this in the positive: under the condition that the transition
model (and the potential function) can be evaluated in closed form, Particle Gibbs can be marginalized,
essentially skipping the “Gibbs” part of its namesake. The article is organized as follows: (i) A general
introduction to CSMC for non-Markovian models is given in Section where we also introduce the
notations used throughout the article, (ii) we then present our method in Section where we show how to
marginalize PGibbs, and (iii) we illustrate the method on a simple example in Section [} where we show
that the method dominates PMMH in terms of mixing properties.

1.1 Notations and assumptions

Given a population 2!V = {z!,... 2V} of N particles, we denote by 7% = {z!,... oF =1 2F+1 2N}
the collection of all particles except #*. The notation is extended to populations of trajectories: xé¥ =
{x}.py ..., xlr} is the collection of all trajectories. When indexing over a specific trajectory, we will denote

it as ng%, and this notation will be defined explicitly in context. We also denote by [IN] the set of integers
from 1 to N and [N]_x = {1,...,k,k+1,..., N} the set of integers £rom 1 to N except k. When two
subsets of the same trajectory .., Ty41., are under consideration, we sometimes write g(zs.t, Tt41.0) t0
denote the function g applied to the concatenation of the two sequences, i.e., g(Zs.t, Ti11:0) = 9(Tsin)-
This slight abuse of notation is used when indices for the subsets are not the same, and we want to avoid
cluttering. Throughout the article, we assume that the model w7 (zo.7, 0) is such that the transition density
pe(xt | ®o.t—1,0) and the potential function g;(xo.¢;0) can be evaluated in closed form, and that the prior
p(0) is a proper which can be evaluated in closed form too.

Finally, while a short background on CSMC is provided in Section [2] to ground notations, this article
assumes some familiarity with the well-established version of the algorithm. We refer the reader to the
many tutorials and discussions on CSMC and PGibbs that have accumulated over the years, to name a
few: [Naesseth et al| (2019, Chapter 5); [Lindsten and Schon| (2013)); [Martino| (2018], Section 4);
Chapter 3),|Chopin and Papaspiliopoulos| (2020, Chapter 16); Malory| (2021, Chapter 4); (Gauraha/ (2020);
as well as the original article of |/Andrieu et al|(2010). Naesseth et al|(2019); |[Lindsten and Schon| (2013)
are particularly recommended as they take the direct non-Markovian route, which covers our method.




Algorithm 1 CSMC kernel K(x(.1 | zo.T)
Input: zg.7, N, backward sampling flag B.

Output: x{, .

Set xél)T = zo.T, a% =1,fort=0:T—1.

Sample zff ~ po(zo), for n =2 : N and set xé”) = [27].
fort=1:T do .

Compute W} | = Ngt*#%, forn=1:N.
m=19t—1(To:1 21
7 forn=2: N do

8: Sample a} ; ~ Cat(WErY).

0 Sample a7 ~ py (i, | 24 1) and set () = [xori =3 2.
10: end for
11: end for .
12: te Wi = — 9701 forp =1 N.

Compute W7 SF_or e’ or n
k}’
13: Sample k. € {2,..., N} with probability %
Wi ’
kf

Wy

14: Accept k. with probability

15: if B =0 then
16: Set z(.p = JJISTT
17: else ,
18: Sample 2/, = xI;ﬂT.

19: fort=T7T—-1:0do

(n) v
~ Zg.q T .
20: Compute w0y = W{Li’”( O:t (n")“'T), form=1:N.
Ye (@,
3

21: Sample k; € {1,..., N} with probability ﬁ
m=1 t

22: Set wy.p = [xff,x;+1:T].

23: end for

24: end if

2 Conditional sequential Monte Carlo for non-Markovian models

Conditional sequential Monte Carlo (Andrieu et al.,[2010) is usually presented in the context of Markovian
Feynman—Kac models. Here, we present it for the more general context of non-Markovian systems (|1)).
This is because, even in the case of Markovian models, our marginalized method, presented in Section
will formally be non-Markovian.

Consider now a non-Markovian model defined recursively as m;(xg.¢) = Z%%(xo:t) with

'Yt(xO:t) = nt(xO:t)Wtfl(mO:tfl) (4)

for a decomposition n:(xo.t) = pt(xt | o:t—1)gt(xo:¢) in terms of a transition density p:(x: | o.x—1) and a
potential function g¢(zo:), similarly to the parametric model (I). Given a number of particles N > 1, in its
simplest form (Gordon et al., [1993] using multinomial resampling), CSMC is a mp (2.7 )-invariant Markov
kernel K defined by Algorithm [I] In this algorithm, a}" ; is the ancestor of particle n at time ¢t — 1, sampled
as a categorical variable from the weights WY. The flag B denotes whether a rejuvenation step is over
the choice of ancestors for the final particle x’%T. When describes a state-space model, the backward
sampling step has been shown to improve the mixing properties of the algorithm significantly (Lee et al.
£ nT(x(()TLt)7$;+1:T)

o) can be made, but, in the case
ne T,/ )

2020; Karjalainen et al.,|2023)). In general, no simplification o



of Feynman-Kac models 7 this ratio can be simplified to the incremental term ~;(z} ;,x}), using the
Markov property.

Finally, we note that many improvements over this algorithm can be made: for example, here, for
simplicity of exposition, we used multinomial resampling, but other, low-variance resampling schemes can
be used (see, e.g.,|Chopin and Singhl [2015} [Karppinen et al.| 2023). Localization techniques can be used to
improve the performance of the algorithm in high-dimensional settings (Malory, |2021} [Finke and Thiery,
2023}, |Corenflos and Sarkkal, |2025; [Corenflos and Finke, [2024) in a way resembling classical MCMC local
exploration techniques. Backward sampling can also be replaced by blocking strategies (Singh et al.| [2017}
Karppinen et al.; [2023]).

Finally, when the model further depends on a parameter 6, and given a proposal distribution (6’ |
0, zo.1), an additional step can be added to sample from 77 (0 | zo.7) as a Hastings-within-Gibbs procedure.
We do not describe this further, details being available in |Andrieu et al.| (2010)).

3 Marginalizing Particle Gibbs

3.1 The target distribution

We now turn to the case of marginalizing PGibbs for Feynman—Kac models of the form . To this end,
let us assume that, rather than a proposal ¢(8’ | 6,x) for the parameter 6, we have a proposal ¢(0" | 6)
which takes the form

§(0' 0) = / 000 | w)gu(u | 0)du (5)

for some auxiliary variable v and a pair of (possibly different) proposal distributions gg (6’ | u) and g, (u | 6).
In the remainder of the article, we drop the subscripts for the sake of notational simplicity, and write
q(¢ | u) and gq(u | 0) instead. This decomposition is key in the literature on methods for constructing
proposals for ensemble MCMC algorithms (Tjelmeland} 2004). Examples of these include the case where
q(#" | u) and q(u | 0) are two halves of a Gaussian random walk proposal: ¢(¢’ | u) = N'(¢' | u, 3I) and
qu]0) =N(u|8, g[ ), but also include pre-conditioned versions (see, e.g., Titsias and Papaspiliopoulos,
2018; |Corenflos and Finke, [2024)) or could include more complex proposals combining a gradient oracle
g(0) = Vlogm(#) with a gaussian random walk to form a pseudo-Langevin proposal: ¢(6’ | u) = N (¢’ |
u, $1) and q(u | 0) = N(u | 0+ $9(0), $1).
Consider now the joint distribution:

71-(JJ'O:T7 91:M7 U, l) X TrT(xO:Tv el)Q(u | el) H q(ej | u) (6)
A1
This distribution describes the following object: (i) an index [ flags which of the parameters 1 is at
stationarity under 77 (), (ii) the trajectory zo.r is distributed according to mr(zo.7 | 6'), (iii) a variable
u “decorrelates” the 8% and (iv) makes the = conditionally independent.
This distribution has the following conditionals:

m(u | ZL'():T,Hl) x q(u | Gl)

707" | w, 0 zo.r) =[] a(6” | w) (7)
J#l

91:M

which are easy to sample from, while we can define 7(xg.7, | ,u) as the terminal distribution of the

following sequence
1
21 91:M _ 41 91:]%
7Tt(l"0.t7 | ,U) Zt(el:M,’U,)’Yt(xO't, | ,U) (8)

’Yt(l”o:t,l | 91:Mau) :pt(xt | $t—1,9l)9t($t—1,$t§91)7ft—1($0:t—1,l | 91:M7U)~



3.2 Marginal CSMC target

Under these notations, our goal is to form a CSMC algorithm for the marginalized distribution 7r(xg.r |
OvM ) = Zl]\il 7r(zo.,1 | 0¥ u) corresponding to sampling from xg.r, marginalizing over the choice
of parameter [. Once a marginal trajectory xo.r has been obtained, we can then sample the parameter
6¥M from the distribution w7 (0% | ¢.7) in closed form, or using a Hastings acceptance step. To obtain
the trajectory xo.7 in the first place, we define the sequence of marginalized distributions

. 1 '
(@t | 01, u) = m%(mo:t |65 )

_ Ezj\i1 ’Yt(xoml | 91:M>U)
Te—1(Zo—1 | 01M, u)

9)

Ye(zo:e | 08, ) Teo1 (o1 | 07N, ).

This recovers the marginal distribution Elj\il 7 (x| 08M u) at the terminal time 7. Now, the ratio

appearing in the definition of v (x¢.; | 0™, u) can be decomposed as

S (w0, L] 87 u
Te—1(zo:—1 | O1M )

M
) = Zpt(xt | iEt—lﬁl)gt(l’t—l:t;6’[)7&—1(1 | $0:t—1,91:M,U) (10)
=1

= ne(To.t; 91:M7U)~
Remark 1. Fven though the function ny depends on the full path xg.+, it does so via the “running” posterior

of 0, which can be precomputed, so that the overall cost is commensurate to that of the classical particle
Gibbs (times the number of 6 particles M ). Informally, the model is “computationally” Markovian.

Now, given a choice of transition density p:(x: | mo;t,l,é?l:M,uL we can define the corresponding
potential function

" 01:M U)
e 01:M l/ — Wt(fo.t, ) 11
gt(zo.t, y Uy ) pt(l’t | xozt71791:]v1’u) ( )

which is, too, a function of the full path xg.; but, as per Remark [I} can be computed efficiently provided
that the running posterior m;_1 (I | 2o.t_1, 0™, u) is available and p; (24 | T0.¢—1, 0, u) can be evaluated
easily. We come back to the choice of py(x; | zo.t—1,0%™,u) in Section

In practice, once a new trajectory point x; has been sampled, the posterior m;_1(l | Zo.t—1,
be updated as

OFM ) can

pe(we | me—1,0") g¢ (211450 M1 (1| m0p—1, 0" 0)

(1| 2041, 0"M, u) =
2%21 (@ | @p—1,0™)ge(Te—1:450™) 1 (M | Zop—1,05M, u)

(12)

which is a simple re-weighting of the previous posterior m—1 (I | £g.4—1, erM. u). This is a key point: both
the state-space and the parameter space are updated in a single step, and the two are computationally
feasible.

Remark 2. An interpretation of this section is as a special case of |\ Wigren et al.| (2019): the index | can
be attributed a “prior” categorical distribution

p(1 | u,0"M) o p(6")q(u | 09 [ a(67 | w) (13)
G
over [N], which is updated at each time step as per . Importantly (but trivially), the categorical

distribution is conjugate to any likelihood model, so that PGibbs can be marginalized as per|Wigren et al.
(2019).



Algorithm 2 Marginalized PGibbs (m-PGibbs) kernel

: Input: zo.7, 0,1, N, M.

: Output: xj.r, ¢, 1.

: Sample u ~ q(u | 9).

: Sample 6~ ~ [l q(0 | u).

: Sample z(., from Algorithmtargeting nr(zo.r | u, 01M) using a proposal pg (¢ | 20.¢—1,07M, u) and
the potential function g;(wo..; 0%, u,1’) defined in .

6: Sample I’ € [N] with probability 77(I' | zo.7,u, 0% M) where 77 (I | .7, u, 01 M) is defined as the

terminal distribution of the sequence .

g W

3.3 The algorithm

Following Section and Section [2, we now have a way, given xg.7,u, 9™, to sample a new version of
m(xo.r | u, 04M) using a CSMC algorithm, after which we can sample a new parameter ' from EzAi1 mr(l]
To:T, U, 91M)(5(9l)

Altogether, for a given choice of q(u | ), q(¢' | u), and pi(x; | To.4—1,0M u), this forms Algo-
rithm which we call marginalized PGibbs (m-PGibbs). In practice, in Algorithm the quantity
7r(l | zo.r,u,01M) can be computed as a byproduct of the backward sampling step of the CSMC al-
gorithm, by evaluating the incremental term appearing in backwards in time.

The algorithm is a valid MCMC kernel targeting the joint distribution 7r(xg.1,6) as a collapsed Gibbs
sampler (Liu} [1994) for a marginalization of the auxiliary index [. When N — oo, it is well known that the
CSMC kernel becomes to an exact simulation of the target distribution 77 (zo.1 | u, 81'M) (Andrieu et al.,
2018, Theorem 1). The sampling of z{,.,» can therefore be understood as being done marginally with respect
to the distribution 77 (I | u, %), hence the name of the algorithm. Under regularity conditions (Chopin
and Singh), 2015; |Andrieu et al.l |2018]), as N — oo, the algorithm recovers the following steps:

1. Sample u ~ g(u | ).

2. Sample 6" ~ [T, q(¢7 | ).

3. Sample z).; ~ 71 (z0.7 | u, OFM).

4. Sample I’ € [N] with probability w7 (I’ | x., u, 01 ).

In particular, the last two steps taken together can be seen as sampling from 77 (I’ | u, %), which, in
turn, is a Barker acceptance step (Barker| [1965]) for the parameter [ if one were able to compute w7 (I’ |
u, 0¥M) in closed form. This is to be compared with the interpretation of PMMH (Andrieu and Roberts|
2009) as a noisy version of Metropolis—Hastings acceptance step for the same marginalized distribution.
Barker’s acceptance step is known to be, at worst, half as efficient as Metropolis—Hastings acceptance
steps (Latuszynski and Roberts, 2013), but also more generally applicable (Vats et all 2021). Sharper
results on the relative inefficiency of Barker’s acceptance step are available in the literature (Agrawal et al.)
2023)), and suggest (in the high-dimensional limit) a more optimistic efficiency ratio of approximately 2/3.

3.4 Choice of the proposal mechanisms

Throughout this section, we have assumed that the parameter proposals ¢(6’ | u) and q(u | 6), as well as
the transition density p;(x; | o.¢—1, 0%, u) where given.

Constructing the pair (q(u | 6),q(0" | u)) is relatively straightforward, as discussed in Section
For example, a random walk proposal q(¢’ | u) = N(¢' | u, $%) and q(u | §) = N(u;0, $2) is a natural
choice for a pre-conditioning matrix > and a step size §. Calibrating both of these can then be achieved
through classical adaptive methodology (Haario et al.,[2006; |Viholal 2012). The choice of transition density
pe(xs | wo:0—1,0%M, u) is more delicate and different configurations can result in different behaviours.



1. Prior mixture proposal: A first choice is to set p; (2 | zo.t—1,0"™,u) = M pi(a | 241, 0™)mo(m |
61:M ), that is to use the prior over | to marginalize the transition density.

2. Posterior mixture proposal: A second choice is to set pi(zs | 2o.t—1,0 M, u,l) = an\le pe(xe |
2 1,0™)m_1(m | 2.1, 0%, u), the mixture of the transition densities under the running posterior
Wtfl(m | TO:t—1, 01:M7 ’LL)

3. Closed-form prior mixture: A third choice is to set p;(z; | zo.4—1,0 M, u) = [ pi(zs | 24-1,0")q(0" |
u)d#’, that is to use the transition density p;(z; | ¢_1,6') but marginalize over the proposal ¢(6 | u).
This choice is only valid when the transition density p;(x: | x¢—1,0) is conjugate to the proposal ¢(6 | u),
and is not always possible.

Both three choices are valid, but it is clear that the second choice is the most natural one, as the proposal
will be adapted to the problem at hand rather than set at the start of the algorithm and we will consider
this choice in the rest of the article.

Finally, when g(u | 0) = N(u | 6,3%) and ¢(¢’ | u) = N'(0' | u, §¥), it is worth noting that

me( | xU:tael:M7u) o (ot | Hl)p(l | Uaele)

o m(z0a | 09)p()g(u | 6) [T a(67 | w)
J#l
Mo (14)
o mi(zo:e | 09)p(0") [] a(6? | w)

j=1
o (o4 | 0M)p(6)

does not depend on v but only on the parameters ™. This is a consequence of the fact that the proposal
q(u | 0) is symmetric in 6 and u, and that the prior p(f) is independent of u and is a common occurence
in the literature using multi-try proposals (see, e.g., the discussion on RW-CSMC in [Corenflos and Finkel
2024).

4 Empirical illustration

In this section, we present the comparative performance of m-PGibbs against PMMH. An implementation
is available at https://github.com/AdrienCorenflos/m-PGibbs to reproduce the results. Because the
focus is on their respective mixing properties, we do not compare to other algorithms such as PGibbs, or
actively tune the parameters of the algorithms, including the Feynman—Kac model: all algorithms are run
with a bootstrap particle filter. We use the simple case M = 2 for the parameter 6, which is in line with
recent literature highlighting the limitations of ensemble methods (Pozza and Zanella) 2024)).

We consider the same example as in |Chopin and Papaspiliopoulos| (2020, Section 16.5.1) as well as the
same data. This forms a simple state-space model with a Gaussian transition density p;(7; | ;—1,p,0%) =
N(zy | 24-1,0.1%) and a Gaussian observation density g;(z;) = N(y; | z4,0%). The parameter § =
(p,0%,0%) is a vector of three parameters, and its prior is a product of three independent distributions:
p(p) = U([-1,1]), p(c%) = ZG(2,2) and p(c%) = ZG(2,2), an inverse gamma distribution. The data
Yo.7—1 1s a vector of length T" = 100.

As explained in [Chopin and Papaspiliopoulos| (2020, Section 16.5), for a choice of q(6’ | 8) = N (6’ |
0,71), with 7 = 0.152 (this was calibrated in |(Chopin and Papaspiliopoulos| 2020} to obtain approximately
a 23.4% acceptance rate of the parameter 6 under the idealized MCMC chain), PMMH only gets close to
the optimal acceptance rate when N > 1.

To make PMMH and our method comparable, we take q(u | 0) = N'(u | 6, 5I) and q(¢' | u) = N (6 |

ZI). This recovers ¢(#' | #) marginally, and is a natural choice for the proposal. The goal is to understand

U,§
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Figure 1: Comparison of m-PGibbs with posterior mixture proposal, and PMMH on the state-space model
described in Section[d] The figure shows the acceptance rate of the parameter 6 as a function of the number
of particles N. The dashed line indicates the realized ideal acceptance rate for PMMH, which is close to
27%, simulated using a Kalman filter as a proposal in a classical Metropolis—Hastings step. The dotted line
indicates the realized ideal acceptance rate for PMMH wusing a Barker’s acceptance step (Barker) [1965)),
which is 18%, simulated using a Kalman filter too.

the behaviour of the algorithms as the number of particles N increases. Intuitively, we expect that CSMC
will be able to explore the parameter space more efficiently than PMMH, for all values of N. Because the
proposals for the parameter 6 are the same for all algorithms, it suffices to compare the acceptance rates of
the individual samplers to compare them: indeed, a higher acceptance rate will result in a higher effective
sample size (Tierneyl, [1998).

We ran all the algorithms for 100 000 iterations, and discarded the first 10000 iterations as burn-in.
The results are shown in Figure Noting that PMMH is roughly twice as computationally efficient as
all our m-PGibbs samplers for the same N, we see that m-PGibbs explores the parameter space more
efficiently than PMMH for smaller values of N. A point of note is that the acceptance rate of PMMH
will always be lower than the ideal acceptance rate of Metropolis—Hastings (Andrieu and Roberts, 2009)
owing to its pseudomarginal nature, while m-PGibbs is not pseudomarginal and may improve on Barker’s
acceptance rate, as it does here.

For small values of N, PMMH simply fails to explore the parameter space, which is in line with prior
analyzes of pseudomarginal methods (Doucet et al.| [2015; [Sherlock et al., 2015). Eventually, for larger
values of N, the acceptance rate of PMMH converges outperforms m-PGibbs: PMMH converges to the
ideal acceptance Metropolis acceptance rate of approximately 27%, while m-PGibbs converges to that of
Barker’s acceptance, which in this case is roughly 18%: this is to be expected, as m-PGibbs implicitly uses
Barker’s acceptance step (see Section . Still, m-PGibbs is largely more robust to the choice of N than
PMMH, which is a key point in favour of m-PGibbs. Finally, we note that we also compared m-PGibbs
with a “classical” PGibbs algorithm for the same proposal, sampling the parameter 6 and the trajectory
xo.7 in two separate steps. The results are not shown here, because PGibbs failed to mix properly, even
for large values of N.



5 Conclusion

This article has demonstrated that the PGibbs algorithm can be marginalized over the parameter space,
forming a new algorithm called m-PGibbs. Altogether, the proposed algorithm has a complexity cost of
O(TNM) in the number of time steps T', the number of state particles N and the number of parameter
particles M. While, for notational simplicity, we presented the algorithm for a general M, in practice we
recommend taking M = 2, resulting in a computational complexity of roughly twice that of PMMH. This
is due to the disappointing performance of ensemble MCMC samplers in the static regime (Pozza and
Zanellay, 2024)).

We argue that if m-PGibbs can be implemented, it should usually be preferred to PMMH. A caveat to
this is the fact that m-PGibbs uses Barker’s acceptance, which is less efficient than Metropolis—Hastings
acceptance used in PMMH: provided one is willing to use a lot of particles, PMMH may eventually
outperform m-PGibbs. Augmenting the present method with a Metropolis—Hastings acceptance step
(rather than Barker’s) is likely possible via a careful consideration of the augmented distributions and
proposals, but we have not explored this in detail. While backed up by prior works on CSMC, this is
a fairly strong statement, which we have so far only demonstrated up empirically in a simple example.
However, due to the nature of the algorithm, a theoretical analysis of the algorithm in the style of [Andrieul
et al.| (2018)); [Lee et al.| (2020)); Karjalainen et al.| (2023) is not straightforward and left for future work:
for example, while PMMH can be proven to have a lower acceptance rate than its “idealized” version
corresponding to N — oo (Andrieu and Robertsl 2009)), there is no reason why this would be true for
m-PGibbs (and it does not seem to be so empirically). Still, we hope that this article further clarifies the
picture of particle MCMC methods that has emerged over the past decade: as a building block, CSMC is
a better algorithm than PIMH, and one should keep on building on it rather than defaulting to PIMH.
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