1602.03655v1 [cs.GT] 11 Feb 2016

arxXiv

The (I, k) Facility Location Duel
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Motivated by applications in clustering and information retrieval, we extend the classical Hotelling setting
to deal with multi-facility location duels. In the classical Hotelling setting, customers’ locations are taken
from the uniform distribution on the [0, 1] segment, and there are two facility owners, each needs to decide
on the location of her (single) facility, aiming to maximize the proportion of customers closer to it. We extend
this duel to competition among the owner of k facilities to the owner of [ facilities, for arbitrary k, [, where
I < k. Our main message is quite striking: in no equilibrium a facility will materialize in a location which
is not part of the social welfare maximizing locations of the player who has k facilities, if she were to locate
her facilities under no competition. This is obtained despite the lack of pure strategy equilibrium in many
of these settings. We also study two sets of other natural families of distributions; for one of the families we
show the above findings extend beyond the uniform distribution; for the other we show that selecting only
among the stronger-player social welfare maximizing locations will not materialize in equilibrium.
S

1. INTRODUCTION

Facility location has been a topic of major interest in the OR and CS literature for many
years. It has been also of major interest to the data sciences, as the problem of cluster-
ing is closely related to the facility location problem, where centroids are interpreted as
facility locations, and algorithms for finding them, such as k-means, are the standard
practice [Shalev-Shwartz and Ben-David||2014]. On the other hand, in economics, fa-
cility location games have been introduced. The classical work by Hotelling [Hotelling
1929] considers a duel between two parties who compete over consumers distributed
uniformly over the interval [0, 1]; each party locates its facility on that interval, and
grab the proportion of the population closer to it. As it turns out the only equilibrium
in that setting is for both parties to locate their facility at 0.5. Interestingly, while
overwhelming many extensions of that basic setting exist (see related work below),
the economic studies refer to competition between single-facility owners only, which
make that work non-applicable to many applications, as the ones mentioned above
(e.g. in clustering we are typically after selecting several centroids/clusters). Our aim
is to expand the study of the Hotelling facility location duel to the general case where
the players hold arbitrary k and [ facilities, respectively.

To further motivate the above foundational study, consider strategic behaviors of
publishers in an information retrieval [IR] context (see [Ben-Basat et al.[2015] for some
formal definitions). Indeed, the publishers’ competition game can be viewed as a prob-
lem of facility location in competitive settings, as originally introduced by Hotelling.
If one views each customer as a reader whose interests are a trade-off between the
amount of news versus the amount of articles in a newspaper, and sellers as publish-
ers who control the amount of news versus articles to be published in their newspapers,
we get an IR publishing game that coincides with the basic Hotelling setting. Needles
to say, the IR setting is much broader, as customers and publishers’ possibilities may
be defined by quite arbitrary spaces, and various constraints on that setting may hold,
but IR games are natural extensions of the above basic setting.

Assume a "strong” publisher who controls several outlets, which it can maintain,
e.g. two different Internet versions of its newspaper. This publisher can be viewed as
being able to locate two "facilities” in the space of published data rather than only one;
however, a "weak” publisher who can not maintain two such versions will need and be
able to locate only one *facility”. How would these different powers effect the behav-



ior of the publishers? What would be optimal strategies for the different publishers?
This is a novel challenge and question, which illustrates how valuable and deep the
understanding of the above games may be for theory and practice. E]

1.1. The Basic Model
Consider the following setting:

(1) Player 1 has [ facilities, and player 2 has k facilities. Wlog we assume [ < k. The
players need to decide where on the interval [0, 1] they would locate their facilities.
We refer to the facilities’ location of player ¢ as the strategy of i, denoted by z;.

(2) Customers are distributed uniforml along the segment [0, 1].

(3) Each customer selects his nearest facility, where we break ties by unbiased coin
flips. We refer to the proportion of customers selecting a player 7’s facility as player
i’s expected payoff / utility. Given the strategy profile (z1,z2) we denote the ex-
pected utility of player i by Ui(xy, x2). Note that this is a fixed sum game.

(4) Each player wants to maximize her expected payoff.

Throughout this paper, we address this setting as the ”/ vs k& setting”. This model
can be generalized from several different angles: The number of players, the metric
space they lay in, differentiating between the products (e.g by setting different prices),
the payoff function, etc. Unless stated otherwise, we consider the above foundational
model; later we consider some other customer distributions.

1.2. Related Work

The model we adopt in service of initiating this study is the original model of Hotelling
phrased as a facility location duel in the spirit of work on duelling algorithms [Im-
morlica et al.[|[2011]. [Anderson et al./[1992] contains a nice survey of the literature
on facility location games up to 1992. For a more recent survey the reader is referred
to [Brenner|[2011]. While many extensions of the above basic setting have been intro-
duced, in most of the existing literature the set of possible actions (i.e. possible facility
locations) is very simple, e.g, a segment or a circle. For a recent discussion of general
graph structures in that setting see [Fournier and Scarsini||2014]. None of that litera-
ture refers to players, each controlling several facilities to be located as their actions.
In the algorithmic game theory literature the case we have only one entity that dic-
tates the place of a facility (or several facilities), while the locations of customers are
their private information and are strategically reported, emerged as a main source of
interest [Procaccia and Tennenholtz|[2009; Schummer and Vohral[2007]]. In this context
the players are the customers, while our work extends facility location games where
the players are the facilities’ owners.

1.3. Results

Our findings for the foundational problem are quite striking. We characterize the equi-
libria for customers arriving from the uniform distribution; we show that in no equi-
librium a facility will be located in place which is not selected in the optimal facil-
ity locations of the player who has the larger number of facilities, if he were alone
and maximizing social welfare of the customers. Notice that this result is obtained al-
though in many of the above settings (e.g. in all cases where one player controls one
facility, and the other controls k > 2 facilities) there is no pure strategy equilibrium.
More technically, we show the existence of equilibrium for the [ vs k problem defined
in sub-section in which player 1 does not contribute to the social welfare. In this

1See [Izsak et al.|2014] for a study of other IR duels.
2This assumption will be relaxed in section



equilibrium, it holds that if at time 0 player 2 (with & facilities) was the only server,
and her goal was to maximize the social welfare, and at time 1 the other player would
arrive - player 2 would stick with her original locations, and player 1 will locate her
facilities in places that are already occupied with player 2’s facilities. Then we show
that these properties hold in any equilibrium. Namely, there is no equilibrium where
more than k facilities are visible to the customers, and as a by product - the player that
poses less facilities can be removed from the game without hurting the social welfare.

Beyond this main result, we also study two sets of other natural families of distribu-
tions. One of these families captures situations where the customers generally have a
strong preference towards one of the sides of the segment. The other, in a sense com-
plementary family, captures situations where the majority of people does not hold a
strong preference towards the sides of the segment, but rather enjoys being close to
the median. In the context of a duel between a single facility owner and the owner
of two facilities we show, for any distribution in the first family, the existence of an
equilibrium where the optimal (single player) 2-facility locations are selected by the
2-facility owner, while the single facility owner chooses uniformly among them, expos-
ing a phenomenon as observed in the uniform distribution case. In the same context,
we show that for the second family, no such equilibrium exist for any corresponding
distribution.

2. WARMUP -1 VS 2

We begin with a warmup, illustrating our setting. Imagine a world where only one
player (denoted player 2) with 2 facilities exists, and she wishes to maximize the social
welfare. The optimal facility locations are i, % At this point in time, another player,
which is denoted as player 1 (with 1 facility) is entering the market. What will she do?
Notice that already this extension of the classical setting does not possess a pure strat-
egy equilibrium. Any deterministic tuple of strategies will imply a beneficial deviation

by at least one of he players.

2.1. Equilibrium Protocol

We define the following protocol for this setting:
PrRoTOCOL 1.

(1) Player 1 chooses her facility’s location using

1
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(2) Player 2 has deterministic locations: z5' = (3,3)

Note that according to this protocol, player 1 does not have any effect on the social
welfare. In other words, all customers are indifferent to player 1 being in the game.

THEOREM 2.1 (1 VS 2 EQUILIBRIUM). Protocol |1|is an equilibrium for the 1 vs 2
case, with expected payoffs of Ut (2}, 28') = L, U (217, 25") = 2.

The proof is in the appendix. Next, we aim to show the uniqueness of Protocol (1| as
an equilibrium. Remember that in Protocol 1| player 1 does not contribute to the social
welfare. We will use the following.

LEMMA 2.2. Assume (x1,x2) s an equilibrium profile. It holds that:
(1) Ul(ﬂfl,xg) = 1 U2($1,$2) = %

VRl

3See Theorem for a proof of the more general case.



@ P3<n<3)=1
(3) P(z1 < 3)>0
4) P(a:l > %) >0

(1) Suppose that U (z1,22) < % We saw that when player 1 plays according to Protocol
I 1| there is no determlnlstlc strategy for player 2 that can yield more than 2. There-
ore, by changlng 7 to the strategy suggested in Protocol [1} player 1 i 1mpr0ves her
reward in contradiction to x1, s being an equilibrium. The same argument hold

for the case when U?(zq,25) < 2.

(2) From 1 we know that U?(z1,22) = 2. Assume P(} <z; <32)<1, hence
P(z1 > 3) >0 or P(z; < 1) >0. We saw that if player 2 plays according to Pro-
tocol any deterministic strategy y € Support(z;) such that y < § or y > 3 yields
player 1 less than 1. Therefore, if player 2 will change x> to Protocol (1] he would
get U?(zq,25") > % In contradiction to x;, x5 being an equilibrium.

(3) Assume P(z; < 3) = 0. From (2) it follows that P(3 <z, < 2) = 1. If player 2

changes her strategy to =, = (16, Te) the reward of player 1 would be:
1 3., B_ % 3 1
1
Uy, ah) = P(5 <o < ) (B720) = 55 < 5
—_— ———

=1

But from (1) we know that any equilibrium gives player 1 reward of %.
(4) Similar to (3)

O

2.2. Uniqueness of Protocol[i]

At this point, it is clear that according to Protocol |1 the presence of player 1 in the
game does not serve the public (i.e. the customers) in terms of social welfare. Is there
another equilibrium for players 1,2 such that an arriving customer will be able to select
between 3 different facilities (different in terms of location)?

THEOREM 2.3. Protocol |1|is the only equilibrium for the 1 vs 2 facility location
game.

PROOF. Assume there is another equilibrium profile, (z1, z3). From Lemma it
follows that P(1 < z; < 3) = 1, and since (z1,5) is an equilibrium, z, is a best
response to x;. In addition, we know from Lemma [2.2| part (1) that U'(z1,22) = 7.
Because player 1 is not playing according to Proto [1] (since if she was, plaie

i it

would use her only best response?| - which is also playing according to Protocol
holds that:

. 1 3 1
rmn{P(:cl = Z)’P(xl = Z)} <3

Next, we suggest an alternative strategy for player 2, z}, and prove that
Ul (z1,@h) < Uz, 22) = T

4See the case analysis of Theorem



In case P(z; = 1) = min {P(x1 =1, P(z; = g)} <1
Denotd’}
1 1 1-2P(z; = 1) 1_pla =1
celt:0<P(=<a <= t<4—————¥LJ>0} §—c.2_ T =9)
‘ { SPG<m<gtl) 6 1Pl =1

From Lemma we know that P(i <x < %) = 1, thus if player 2 chooses to play
zh = (1 +¢ 2 +6), the utility of player 1 is:

upper
bound
1 1 € 1 1 1
1 3 1 0 e
P(- <) (m42-=%
+ %+e<ml_)(4+2 Q
We denote p; = P(z1 = 1) and po = P(3 < 2y < 1 + ¢). Therefore -
1 € §
=-—_[1-2p, -3 [1—py—
1 2[ D1 p2]+2[ p1— 2]
1 ¢ 1—2p; 1)
S _Zf1-2p -3 S[1—pp—
<4 2[ D1 6 }+2[ p1— 2]
1 e 1 é s P2
= — — —(=- — - 1 — _—
1 2(2 p1)+2( P1) B
>0
1 1 ! ) 16 1
plugging § € € 55— PN " P2 “Pp2
Blngo - (2 _ A 1— ) — -~ _ -
1 3G Pt . J- 5 =1 % <3

Thus U (z1,25) < i, so x4 is a better response to x; than x5, which means that x, xo
cannot be an equilibrium.

Similarly for P(z; = 2) = min{P(xl = 1), P(x1 = %)} < i
O

3. L' VS K EXISTENCE
We are now back to the general case - player 1 has [ facilities and player 2 has &

facilities (I < k).
First, for completeness, consider a scenario where only player 2 is in the game. It is
quite straightforward to show the following: E]

THEOREM 3.1. The optimal facility locations for player 2 are :

(L 2k
To = ok’ ok ok

Our main aim is to see the ramifications of having the above duel.

- =1
5 ¢ is well-defined since 0 < % < 1 when P(z1 = i) < %, and therefore § > 0.

6See the appendix for the full proof.



3.1. [ vs k - Equilibrium Protocol

ProTOCOL 2.
(1) Pll)o]iyer 1 chooses a tuple of size l uniformly from {3, =, ... 251} Denote this strategy
7'
(2) Player 2 chooses deterministic locations: 25" = (5, o, ... 251)
Remark: if | = k, they both play the same strategy. Denote the strategies in this
special case z/"*, g“.

In the rest of thls section we will prove:

THEOREM 3.2. Protocol 2lis an equilibrium for the | vs k facility location game on
[0, 1] with uniform customers’ distribution.

To prove this theorem, we show that none of the players has greater payoff in case she
deviates; this will be obtained using a series of lemmas. We first show:

LEMMA 3.3. In thelvs k game where 1 <1 < k, in case player 2 plays according to
Protocol 2| any deterministic stmtegy played by player 1 with | < k facilities can lead
to maximum expected payoff of 5+ o5 (for player 1).

PROOF. For any deterministic strategy x1, any facility a; € x; is either:

(1) located on a facility of player 2. In this case, a;’s contribution to the payoff of player
1is 5 or less.

(2) located between two facilities of player 2. In this case, a;’s contribute exactly i to
player 1’s payoff.

(3) located between one facility of player 1 and one facility of player 2. In this case, it
contributes less than -

(4) located between two facilities of player 1. In this case, a; has no contribution to
player 1’s payoff (namely, player 1 will get the same payoff with this facility).

(5) l(l)cated between 0 or 1, and facility of player 2. In this case, it contributes less than

ﬁ .
In the first two cases, the contribution of a single facility to player 1’s payoff is at most
whereas in the other three cases it is less. Overall, player 1 cannot get more than
O

2k ?
l
2k

The following lemma deals with the & vs k game, for arbitrary k. In addition to being
a basic building block for the general result, it also implies a unique deterministic
equilibrium for the symmetric case.

LEMMA 3.4. In the k vs k game, if player 1 plays accordmg to Protocol Bl any de-
terministic strategy played by player 2 can lead to maximum proﬁt of (for player 2).

D
Moreover; any deterministic strategy o # x5** will yield less than } 5

PROOF.

Denote y; as the locations of player 1 (as in Protocol [2) and b; as the locations of
player 2 (for j € {1,....k} ).

We define a set of 1nterna1 intervals:

L = [yi,yinr ], i€ {1,2,...,k — 1}

Note that according to z}** each endpoint of such interval holds a facility (ex-
actly k facilities on k different endpoints). We also define the external intervals
Iy =[0,y1), Ix = (yx, 1]. Note that external interval can only contain one facility of
player 2 (since a second facility in these intervals is redundant), and in case it does



- moving the facility towards the open part of the interval (not necessarily on it) can
only increase the payoff of player 2, hence there is no facility on 0, 1.
Let ¢ be:

€0 :min{|bj —yil 1 bj € w2, b; #yz}

In general, ¢, is the distance between the closest facilities of the two players which
are not placed on the same spot. Since z5** # x5, we know that there is at least one
facility of player 2 which lays in the interior of some interval (not on its endpoint, and
hence ¢ # 0). Denote this facility b,,, and its corresponding intervals I;.

At each step we modify x5, while not decreasing player 2’s payoff.

Step 1: if I; has three or more facilities (and therefore it is internal),we look at
facilities b;, b, such that:

b = min{bi 1 b; € J,‘Q,bi S Ij},br = max{bi 1 b; € l‘g,bi S Ij}

And wl.o.g b, € (b;,b,). We tempurarly remove b, from I,;. Note that the damage
(in terms of payoff) from this move is upper bounded by ;- (in case there are exactly 3
facilities in I; and b;, b, lays on its endpoints y;_1, y;). Next, if player 2 does not have
facility in IoU{y1} (or I;+1 U{yx}), she can place her m-th facility on y; (y;) and increase
her payoff by at least 4, so this transition results in increasing her payoff. Otherwise,
we look at the sum of distances between every 2 facilities of player 2 (after removing
bm):

o

>

El i
| =

k
Z k-1 1 -1
(b1 - bi—l) Z T = m E (b7 — bi—l) Z fQ
ik A

o

Thus the average distance between any two neighbor facilities of player 2 is greater
than k, and therefore there exist open interval J with length greater than ; with
no facilities of player 2 inside it. If J contains two facilities of player 1, we place b,,
between them, and as a result player 2 gains i Otherwise, player 1 have only one
facility inside J, and by placing b,, in the same point player 2 gains at least ;.

Overall, player 2 can only increase her payoff from this transition.

Step 2: If I, contains two facilities, there are 3 cases (remember that b, is not on an
endpoint):
(1) they are both placed in the interior of I; (not on the endpoints). In this case, we
assume that they are located on % + €o, % — €9, since any other locations in the
interior translates to lower payoff.

(2) one facility is located on the left endpoint and b,, is in the interior. In this case,
we can assume that b, = y;4+1 — ¢o. Otherwise, moving b,, to b,,, < b}, < y,;4+1 will have
the following effect on player 2’s payoff:

3 1 3 1 1
[Z(b;n - bmfl) + i(ijrl - b;n)] - [Z(bm - bmfl) + i(yj+1 - bm)] = i(b;n - bm) >0
Therefore by setting b,, = y;+1 — €y player 2’s payoff can only increase.
(3) one facility is located on the right endpoint and the other is in the interior.
Completely symmetrical to case (2), hence we omit it.



Step 3: b, is the only facility contained in I;. If b, is located on an endpoint of I; or
if it is located ¢; closed to an endpoint, we skip this step (Note that if this is not the
case, I; must be an internal interval). Otherwise, moving b,,, inside the interior of I,
does not have any effect on player 2’s payoff, hence we place b,,, on y; + €y (or y1 — ¢g if
j=1.

Step 4: We define a sequence of strategies 2% to be x5 with ¢ = 1 for n > ng = [%}.
Obviously, the corresponding payoff sequence U?(z}**, %) is strictly increasing in n,
and thus U!(z]** 27) is strictly decreasing in n.

We define -
Vi, (25, 2%)

as the contribution of single facility y; of player 1 to her payoff when she plays z7**
and player 2 plays z3. As a result of steps 1-3, for each y; exactly one of the following
holds:
(1) player 2 has facility in y;
(2) player 2 has facility in y; — € (but not in y; + ¢)
(3) player 2 has facility in y; + € (but not in y; — ¢)
(4) player 2 has facilities in y; + ¢, y; — €
(5) player 2 has no facilities in (y;_1 +¢€,y;+1 —€) (denote y_1 = —¢, yx+1 = 1+ ¢ in order
to cover the case where i = 1, k)

We define a partition of {y1, ...y}, C, for p = 1, ..5, by placing y; in the corresponding
case. Since each player has k facilities, any y; € C, suggest that there exist y;; € Cs,
hence |Cy| = |C5|. Therefore:

k

: n : ny _ 1C1l +[Ca| +|Cs |Cs|

im U (af™, z) = nlggo;Vbj (2™, wy) = 2% +0-|Cy| + T
|Cal|=|Cs| |C1] + |C2| + |C3] i |Ca| +[Cs| _ k1
2k 2k 2k 2

Thus U*(2§**, 25**) = 1 only when ¢ = 0 (as in Protocol [2), and otherwise U (z}**, )

is greater than % and , so overall we conclude that player 1’s expected payoffis at least
1

5. O

2

In order to analyze how well can player 2 respond to player 1’s strategy, we present
the following notation:

u([a, b]) — the expected number of player 1’s facilities in the interval [a, b]

In general, 1 is used to quantify the probability of seeing a facility of player 1 in some
sub segment. p is also a measure, and we shall use some of its propertiesﬂ Note that
if player 1 has [ facilities then p([0,1]) = L.

The following lemma uses the previous one; its proof exploits basic connections be-
tween k vs k duels and general [ vs k duels.

LEMMA 3.5. Inluvs k game, if the strategy used by player 1 satisfies:

21
Vi = —5r

Vi, j e {1,2..k} : p(y) = p(y) =

El

7See the appendix for a more formal treatment



any deterministic strategy played by player 2 can lead to minimum profit of ﬁ (for
player 1)

Remark: Note that 2" satisfies the above condition.
PRrROOF. Denote such strategy of player 1 as f;. We define

Vai (flax2)

as the payoff that facility a; contributes to player 1 in case she is playing f; and player
2 plays x2. Notice that for i € {1,2...l} it holds that adding one more facility can only
decrease each single facility’s contribution, Namely V,, (f1, 22) > V., (f1 U aj41,22). Let
o be a deterministic strategy of player 2 and let X; be the random variable that
represents player 1’s locations. Therefore -

k
HXue) = Y Vy(Xuywe) = Y Vy (X, 22) Ly € X1
yi €X1 =1

k
X, Calkk
(X Uah ao)ly; € X1] 7 =0 ) OV, (a8 @) Ly, € X

HM»

Taking the expectation of the last argument:
k k

U'(f1,22) = E[UY(X1,22)] = E[Zvyl(ffszk» z2)1[y; € X4]] = ZV%@C?M,@)M(%)

i=1 i=1
k
E pkk
7

Ul(mpkk )

?r \

We saw that U*(z}**, z2) > 1, and this inequality holds as equality only when z; =
ab** | therefore:

l
U'(fr,22) > %

a

Proof of Theorem Lemmas [3.3|and [3.5imply that any change in player 7’s strat-
egy will lead to decrease in her expected reward, yielding the desired result.

4. L VS K QUASI-UNIQUENESS

In this section we complete, when augmented with the results of the previous section,
the main result of the paper. Namely, we will show that any equilibrium of the above
duels have the property that player 2 always uses the previously mentioned equilib-
rium protocol, while player 1 uses some distribution over the set of locations selected
by player 2. Moreover, based on the results of the previous section we characterize
how this distribution may look like. While this does not imply uniqueness as in the
case 1 vs 2, it implies that player 1 does not contribute in any equilibrium any new
location, beyond what player 2 contributes, which are the locations that correspond to
the single-player k-facility social welfare maximizing assignment. We term this phe-
nomenon quasi-uniqueness, as the location of the facilities is uniquely determined.

LEMMA 4.1. Properties of any | vs k equilibrium —
If (z1, x2) is an equilibrium profile, then the following holds:



(1) Player 1 gets an expected payoff of ﬁ

@) u([0,35)) = n((F+1]) =0
3) U (w1, 22) = U (zy, 25*)

PRrOOF.

(1) In case player 1 gets less - she can deviate to Protocol and get -, and in case she
gets more - player 2 can deviate to Protocol |2|and make her get

(2) Any facility which is located in [0, 5 k) w111 give payoff of less than - to player 1,
hence contradiction to 1. Similarly for (241, 1].

3) If Ul(z1,22) > Ul(wy,25%) = U?(x1,22) < U?(x1,25'"), in contradiction to z1,z2
being an equilibrium. On the other hand, we saw that Vx| : U'(2},25*) < 4

2k
hence o = U'(z1,22) < Ul(21,25"*) < 54 is also a contradiction.

219’

THEOREM 4.2. Quasi-Uniqueness of equilibrium in the | vs k game

In the l vs k facility location duel on the [0, 1] segment with uniform customers’ distri-
bution, the strategies (x1,x2) are in equilibrium iff:

(1) x satisfies that Vi, j € {1,2..k} + p(y;) = p(y;) =+ (vi = 252)
2) zy = ab™*

PROOF. We begin with the easier side - if (1)), (2)) are satisfied, since player 2
has no benefit in deviating according to Lemma [3.5) and player 1 has the same in-
clination according to Lemma(3.3] we conclude that the profile (z1, x2) is in equilibrium.

On the other direction: Assume (x1,x2) is an equilibrium strategy profile for players
1 and 2 . In case player 1 plays according to Protocol [2] the (only) best response for
player 2 is to play according to the protocol as well. Thus if 21 = 20" it follows that

Ty = 2b' | and since Protocoll 2| satisfies (1) and (2) we are done.

If this not the case, then z; # z!'*. Next, we try to find strategy for player 2, z,
such that Ul(arl, x2) > Ul(wy, x2) and using Lemma [4.1]it is equivalent to show that
Ul(xy,2h) < UNay,25™) = By doing so, we show that player 2 will deviate in

2k
order to increase her payoff (and decrease player 1’s). Using the fact that (z1,x2) is an

equilibrium profile, and hence 2/, should not exist - we can characterize the possible
strategies z;.

step 1: pu(y1) = p((y1, y2])
Assume by contradiction that 4 ((y1,y2]) — 1(y1) = 6 > 0. Consider

= (Y1 + €1,Y2 + €0, Y3 + €0, Yk + €0)
for e1, ¢ > 0 such that[f]:

>

5'61
4

M((yhyl +€1)) <z, €<

(=2}

8We can assume that pu(y; + ;) = Ofor i € {1,...k},j € {0,1} because of Lemmain the appendix, and
that such ¢p, €1 exist. We should also state that ¢g, €1 < i



Namely, z, is similar to 25'*, but every facility is shifted right by ¢, except from the

facility on y; which is shifted right by ¢;. By Lemma |4.1| part (2) we are guaranteed

that there are no facilities of player 1in [0, ), (2.2, 1]. Therefore, the payoff of player
1:

€ €g — €
U' (21, 25) < U (z1,25™) + M(?Jl) : (51) + U((y17y1 + 61)) “(e1) + M([Zyl +€1,y2 + 60]) : (%

ﬁ - %1 (N([lh +enyz +eol) —n(y) =2 p((yr,m + 61))> téo

<L 6.614_ <L
Sop T T4 TSy
And * is due to:

w(lyr + e, vz + o)) — pu(yr) — 2+ u((yr, 1 + 1))

> u(lyr + €1, v2)) — p(yr) — 2 p((y1, 1 + €))

= (1, v2]) — (o1 +e)) —p(vr) =2 p((yr, 91 + 1))
= u((yr,y2]) — p(yn) =3 w((y1, 01 +€1))

Hence we got a contradiction and x(y1) > p((y1,y2]). By symmetry we can also con-
clude that 1(yx) > p([ye—1.yx))-
step 2:V1 <i <k —2: p((yi, yiv1]) = 1((Wir1, yiva])
Assume by contradiction that 1i((yi+1,yi+2]) — #((yi,¥i+1]) = 6 > 0 holds for some i.
Consider

xy = (Y1 + €0, --Yi + €0, Yit1 + €1, Yit2 + €0, Yr + €0)
for €1, €9 > 0 such that:

6'61
41

)
M((yi+17yi+1 =+ 61)) < 1 <

Namely, 24 is similar to z5'*, but every facility is shifted right by ¢;, except from the

facility on y;11 which is shifted right by €;. The payoff of player 1:

€1 — €
2

)

Ul(l’l,zlz) < Ul(o:m:S”) + ,u([yl»yl + 60)) - €0 JFN((yi + €0, Yi+1 + 61)) (

60—61)

+ 1([yis1 + €1, Yira + €0]) - ( 5

IN

l €
% +1-€e— 51 : (M([yi+1 + €1, Yit2 + EOD - M((yi + €0, Yit1 + 61)))

>

[V

<Ly o !
Sop T T T S




And * is due to:

N([yi+1 + €1, Yit2 + 60]) - /J((yz + €0, Yi+1 + 61)) > N([yi+1 + Glyyi+2]) - N((yia Yit1 + 61))

= #((?Ji+17 yi+2]) - N((%‘-&-h Yit1 + 61) ((yu yz+1]) ((yi+1a Yit1 + 61))
6 0

= w(Wit1,yiva)) = #((Wir yira]) = 20 ((Yig1, virr +€1)) >0 -2 1-3

From symmetry we can also conclude that

VI<i<k—2: u(lyiyir1)) < pw[viv1, vira))

step 3: From steps 1,2 and monotonicity of u:

w(yr) > (v, v2]) = (v, y3)) - = ((r—2s vk—1]) > 1(Wr-1,9]) > w(vr)
w(yr) < p(lyr,v2)) < p(ly2,v3) - < p([n—2s k1)) < u(lye—1,9%)) < p(r)

Therefore all inequalities holds as equalities, and it holds that [}

(D) Vij e {1k} nly) = ply;) = 2000 1
(2) Vi, j € {1kj} : ,u((yi,yi_,_l)) = M((yjayj—i-l)) =0

o (1) is satisfied. From Lemmawe conclude that in case player 2 plays strategy
xy # x5 her payoff is less than 1 — 57, hence is satisfied as well.

O

5. EXTENSIONS TO NON-UNIFORM DISTRIBUTIONS

In this section we relax the assumption of uniform distribution over the customers. We
will assume customers’ preferences are distributed along [—o0, o0] according to some
(known) distribution function f.(¢). We will denote the cumulative distribution func-
tion as F.(t). We restrict the scope of this section to continuous functions. Some dis-
crete settings will be briefly mentioned in the discussion section. Our focus is on the
extension of the foundational 1 vs 2 setting.

Definition 5.1. Assume there are 2 facilities a, b located on the segment [0, 1]. We say
that a point c is an indifference point if a customer located at c is indifferent between
going to a or going to b. This is equivalent to:

|c —al =]c—1]

LEMMA 5.2. If one player with two facilities aims to maximize the social welfare,
she should locate her facilities on a,b (a < b) such that -

P(t<a)=Pa<t <42
{P(+ <t<b)=Pt=>0)

We omit the proof of this lemma. A simple explanation to this result is that the
optimal locations for a,b turns ¢ = “TH’ into an indifference point, and a,b are the
medians of [0, c], [¢, 1] respectively.

98ince Vi : 1 < i < k—1 it follows that u([yi,yi+1)) = w((wi,vit1]) = p(v) = w(vit1), sly1)
g((ylyyz]) = u((y1,92)) = 0 and also p([ys, yi+1)) = w([Wit1,vit2)) = w(Wis yit1)) = w(Wit1, Yiv2))



5.1. Equilibrium in the Non-Uniform Case: LM distributions
Denote ¢¢ the a-th quantile of F.(t), namely ¢¢ = inf{t € [—00, 0] : a < F,(t)}. A simple
generalization of the equilibrium protocol introduced earlier is as follows:

ProTOCOL 3.

(1) Player 1 chooses her facility’s location using

1
o = 45, w-P-3
q§/4 w.p.5

(2) Player 2 locates her facilities deterministically z5° = (4%, 457,)-

However, Protocol [3|is not guaranteed to hold as an equilibrium for all possible cus-
tomer preferences distributions. For example, as will be implied by our general result
in the following sub-section it does not hold as equilibrium for Beta(a, ). Neverthe-
less, we can characterize a large family of natural distributions for which Protocol [3]is
in fact equilibrium.

Definition 5.3. Light-Middle distribution (or simply LM)
A distribution f.(t) is LM if it satisfies:

_—
(1) BA5R = g5,

q§/4+w
2) Var € (a5, 05,) : [ug 2o Se(B)dE < 5

2

An example of LM distribution is provided in figure (1| (a) .On first sight, the second
condition may appear to be quite technical. The goal behind the next lemma is to point
to a simple sufficient condition on when a given customers’ preferences distribution is
LM, pointing to its generality.

LEMMA 5.4. If f.(t) satisfies:

(1) First condition of LM distribution
(2) f.(t) is monotonically non increasing in [qf/4, qf/,z]
(3) f.(t) is monotonically non decreasing in [qf/z, q§/4]

Then f.(t) isa LM distribution.EG]

The meaning of LM is that customers generally have a strong preferences towards one
of the "sides” of the segment. More generally, there is no dense subset of the customers
hidden between the 1/4 quantile and the 3/4 quantile. This general set of distributions
do allow for the following:

THEOREM 5.5 (1 VS 2 EQUILIBRIUM WITH LM DISTRIBUTION). Protocol (3| is an
equilibrium for 1 vs 2 facility location with any LM customers’ distribution.

The proof of this theorem relies on the next two lemmas:

LEMMA 5.6. If the customers distribution is LM, and player 2 plays according to
Protocol |3} any deterministic strategy played by player 1 can lead to maximum expected
reward of ;.

10See proof of this lemma in the appendix



PROOF. Denote z; as the strategy of player 1. For all possible values of x1, we look
at Ul (xq,25?) :

w+qf/4

. 3 qf/4 1
(1) 21 < g5, - / fwae< [ o=
| e 1 e 1
c 2 rty 1 /2
(2) 21 =qf, : 5 fo(t)dt REY 2 fo(t)dt = =
2/ o 2/ 4
q§/4+m1

c . : 1
(3) g <71 <3 /ﬁ/ml fe(tydt < -

2

property 2
And similarly for the cases we omitted. O

LEMMA 5.7. If the customers preferences’ distribution is LM , and player 1 plays
according to Protocol [3| any deterministic strategy played by player 2 can lead to max-
imum expected reward of .

PROOF. We know that player 1 plays according to 2}*. We denote x5 = (a,b) as
the deterministic strategy where player 2 locates one facility on a and one facility on b
(w.l.o.g. a < b). We create a partition of [—o00, o], and consider all possible cases. Denote

L = (—007Qf/4),12 = {Qf/4}713 = (95/47(]5/4),[4 = {Q§/4}715 = (Q§/4700)
and let L(I) =i such that [ € I,. The possible cases for (L(a), L(b)) are:

(171)7(5a5)7(172)a(475)7(3a3)7(273)a(374)7(1a3)7(375)7(174)a(275)7(1a5)7(272)a(4’4)(274)
i S S : A2

Two cases marked with the same digit are completely symmetrical, so we show only
one of them (the left one). For each case, we look at U (z]?, x5):

1 [ 1 [ 13 11 5
1 = ()dt + = Ddt==-"+-.- =2
()>2qc/f() +2qc/f() 51732323

14 19

1 1 [ 1 [ 13 11 7
2) =~ - ()t + - Bdt=>-"+>.-=—
2) 22qcf() +2qcf() 11722716

/4 1/2
1 (9 1 [ 11 11 1
3/4

g g 1 [~
4) = - - = L(t)dt + = . f(t)dt
@=33/) 50 +2/>+23/4f()

b+q(1:/4 b+q(1:/4
1 1 2 o0 2
:g(ilm fc(t)dt+/)+qf/4 fc(t)dt*/b-*—qf/él fc(t)dt)
2 2

btaf,,

A Z floae -5 [ =)




b+qf b+af

/

1 /3 1 2 3 1 2
=3 (1 - 5[@ fc(t)dt) =3 1/700 fe(t)dt
b+qi), q3/4 +dy,

C

Recall that b < ¢35/, =

2 R
b+qf/4 «©
3 1 2 3 1 (9 1
=-_Z Hdt > = — = ()dt = =
’ 4/_00 RO 4/_00”) :
1 i 1 1 00 s
() =5 / ety + // ettt = 5 - / fo(t)dt — ﬁﬂjm (1))
b+a§,,
1 3 p) property 2 ] 3 1 1
>_ . (2= . A > —_.(Z-Z)=Z2
=2 (4 /”‘;1/4 / (t)dt) - 2 (4 4) 4
|t 11 19 11
2 /2
—— . (t)dt + — ] Ctdtpmpgtylf/ o f(bdt / ()t
© =5 fougy St g 2/a+z$/4]f<> g o S0t 55 g, 20
1 (9 1 1 (> 11 111 1
> = Z.Z > .4 2022 = Z
— 2/, Jelt)di 5 -5 " Jedi = 53 %5 5371
1/4 1/2
q1/4+b
1 2 1 (% 1[99 1
(7 > 5/ fe®)dt + 2/q§ va Je(t)dt > 5/ fe(t)dt + / fe(t)
)y 3 45/4 qi,
11111
T2 2 2 2 4
11 [ 1 [ 1 1 1
=-.- (D)t + = (Dt ==~ 4+ - = —
(8) 5°5 oof() +2q;/f() 1t173
11 [9: 11 [ 1 1 1
==.= (Dt + ~ - = ()t = =+ = = -
9) 5 oof() +22q;/f() sTs=1

Therefore it holds that for all possible strategies zo U'(2*,z2) > 1, and because this
is a 1-sum game we know that U?(21*, z,) < 2.

a

Proof of Theorem [5.5] Lemmas 5.6 and [5.7imply that any change in player i’s strat-
egy will lead to decrease in her expected reward, and therefore it is an equilibrium by
definition.

5.2. The MHM distributions

Next, we shall analyze a family of natural distributions where Protocol [3|does not hold
as equilibrium. Our result will show that selecting among the optimal single-player
facility locations will not hold as equilibrium.

Definition 5.8. A distribution is Monotone-Heavy-Middle (or simply MHM) if it sat-
isfies:



Bi-Modal Distribution Symmetric Beta Distribution

(a) (b)

Fig. 1. Examples of a LM (a) and a MHM (b) distributions

qi,,+45
(1) /42 £ = qg/z

(2) f.(t) is monotonically increasing in [q‘f/4, Qf/z]
(3) f.(t) is monotonically decreasing in [qf/z, q§/4]

A wide range of classical preferences distributions are MHM - Normal, Beta etc (see
figure (1| (b) for an illustration). The situations MHM captures are where the majority
of people does not hold a strong preference towards the sides, but rather enjoys being
the median. In a sense, such distributions are the complement of the LM distributions.

One may wonder if there are any locations, not necessarily the single-player optimal
locations as in Protocol [3] where player 2 can locate her facilities and player 1 act in
a similar manner (i.e. select between player 2’s facilities). The following lemma shows
that this situation is impossible:

LEMMA 5.9. There are no non-strictly-mixed equilibria for any MHM distribution.

PROOF. Since there is neither a pure equilibrium nor an equilibrium where player
1 plays pure strategy and player 2 play mixed strategy, we are left with the case where
player 2 plays a deterministic strategy (a,b), and player 1 selects between these lo-
cations with some probabilities p,, p,. Assume by contradiction that a profile of such
strategies (21, 72) is an equilibrium. Using the fact that U'(a, (a,b)) = U*(b, (a,b)) we
conclude that:

1 a+b 1
§Fc( 2 )_5'(1_Fc(

Hence U'(zq,x2) = 3. Furthermore, Since (z1,z2) is an equilibrium profile, player 1
does not deviate, hence Ve > 0 it holds that:

1 b
Fela) —e< §Fc(a i
And using similar argument we conclude that b > sy, - By definition of MHM f.(¢) is

monotonically decreasing in [qf/z, @ ,J, thus:

a+b a+b .
9 )):> 9 :q1/2

)ZNISQT/A;

qg/ - Qf/ c

B a4 1) > o
9502 95747 c c
=z 3 qy,, +q

= / felds), + t)dt > / fo(R2 2y

0 0 2

qg/z + q§/4

Yt € [0, 5

+1)

t)dt



qlc/2 + q§/4

4y, T G5 qi, + 45 5
F(—E5=) = Fulasys) > Fulay) - F(=P5— Ry 2

) = R >

a1, +ai,

And similarly we show that F.(—5—) < %. Now, if player 1 deviates and plays
= 45y her payoff will be:
b+ q; a+4q; qij, + s qiy, T 45 1
Fe(mg ) = ol ) 2 Fu(FPg ) — R > 4

In contradiction to (z1, z2) being an equilibrium profile. O

As an immediate result it follows that Protocol (3| does not hold as equilibrium in
MHM distributions. The question of whether a given MHM distribution has any equi-
librium or not remains open.

6. DISCUSSION AND FUTURE WORK

This work presents a foundational extension to the classical facility location duel, mo-
tivated by IR and clustering settings. Following it there are many possible extensions
of the [ vs k setting introduced, which one may pursue. Naturally, one type of possible
extensions is to consider more general networks or multi-dimensional spaces. Other in-
teresting types of extensions is by considering natural discrete versions, as explained
below.

Consider for example a space of ordered categories, 1 to 6, where each customer
belongs uniformly to one category. In this case it is easy to see that if there are two
players, with 1 and 2 facilities respectively, then the profile (x1, z2) where -

2 wp.t
= (2.5 = 2
72=(25) ,m {5 w.p.%
is in equilibrium. However, in this setting other equilibria exist, for example -
2 wp.i
$2:(275) 51‘/1: {4 wpz

And obviously (z),z2) has a better social welfare, since with positive probability a
bystander will observe 3 facilities instead of 2. This result is very sensitive to the
number of ordered categories and the distribution of customers among them.

The above observation may imply that a mediator which controls the information
communicated to the players about the customers’ preferences, may segment the space
in a way that will increase the overall social welfare (in the spirit of [Kamenica and
Gentzkow|2011]] and [Emek et al.|[2014]).

Another option is to consider a finite domain - imagine that instead of known proba-
bility distribution each publisher has access to the history of NV customers’ preferences.
In this case, each player might consider clustering of these customers in order to place
her facilities, or estimating the real customers’ distribution function based on these
samples prior to placing them.

A different aspect is the online case: imagine that the two players can move their fa-
cilities in a repeated game, where customers arrive dynamically, and in each iteration
they get a signal. The signal may be the real preferences of the customers which the
player served, or only the identity of the facilities that served them. The study of play-
ers’ strategies in that setting would be closely related to variants of the multi-armed
bandit problem [[Cesa-Bianchi and Lugosi|2006] as well as to research in multi-agent
learning [Brafman and Tennenholtz/|2004], and may deserve a close study.
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A. APPENDIX

For section 2
The proof of Theorem [2.1|relies on the next two lemmas:

LEMMA A.1. In case player 2 plays according to Protocol |1} any deterministic strat-
egy played by player 1 can lead to maximum expected payoff of %.



PROOF. we know that player 2 locate her two facilities on (5, 2). Assume player 1

1
VR
locates her (only) facility on z;. His payoff U (z1,25") is given by:

1 i+ oz 11
1 -y i _ 1, -
()x1<4 > 2+8<4
1 11
2 == . .=z
(2) =4 221
1 1 z—3 33—z 1
3) - < < = = -
(3) 7 <21 <3 5 T3 1

The other cases are symmetrical. We get that no deterministic strategy for player 1
can give her expected payoff greater than i. |

LEMMA A.2. In case player 1 plays according to Protocol |1} any deterministic strat-
egy played by player 1 can lead to maximum expected reward of %.

PROOF. We know that player 1 plays according to z}*. Denote zo = (a,b) as the
deterministic strategy where player 2 locates one facility on a and one facility on b
(w.l.o.g. a < b). We create a partition of [0, 1], and analyze the payoff of player 1 for all
possible cases of 25 = (a,b). Denote

1 1 13 3 3
n=loghn={3bn=(G7)u={1t5-(G1)
And let L(I) = i such that [ € I,. The possible cases for (L(a), L(b)) are:
(11 1)7 (57 5)’ (17 2)7 (47 5)7 (37 3)7 (27 3)7 (37 4)7 (1’ 3)7 (37 5)’ (17 4)’ (27 5)7 (17 5)’ (27 2)7 (4’ 4) (27 4)
~—— —— ——
1 2 3 4 5 6 7 8 9

Two cases marked with the same digit are completely symmetrical, so we show only
one of them. For each case, we look at U (2], z2):

(1)5( 24) 5( 21):1 2<Z

@3l 30 - g g <

®30- 55+ 5 00 =35+ 1<

R S s SIRE (G LI B R0 B B B
o) 2a-t ity L s
©30-25 5[0 S-S = 5 T <
O T Rt P RS g
Wb 3ebl

036759 375 )

It follows that if player 1 plays according to Protocol |1} all strategies reward player 2
with % or less. Note that the only case where player 2 receives payoff of exactly % is (9),



which is the strategy we proposed her in Protocol (1} hence playing according to z%* is
the best response for z{*. O

Proof of Theorem : Lemmas and implies that any change in player
i’s strategy will lead to decrease in her expected reward, and therefore it is an
equilibrium by definition.

For section[3t
Proof of Theorem 3.1 -

PROOF. Let 2 = (a1, as...a) be the (sorted) locations player 2 chose. We also note
ap =0,ar11 = 1. For 1 <i < k+ 1 we define

U; = A — Q5—1 (1)
Instead of analyzing X, we analyze the corresponding U = (u1, us...ux+1). Note that

Ef;l u; = 1 must hold, so we use Lagrange multipliers for finding the local minima of

the distance function D(U) subject to these equality constraints. For i € {2,3,...k — 1},
the expected distance of a customer to her nearest facility:

a; %
/ min{t — Q;—-1,0; — t} -1dt = / 2tdt = [t2] : = —
a;—1 0

and for u; (same result for ux1):

uy t2
tdt = [—
| =13

In total, The expected distance from a random customer to the closest facility is:

Ul u%
0 2

L 2 kt1

ui Z ui | Uk Z
D(U,/\):?'F Z—’_ 9 —)\( Uj—]_)

=2 j=1

Taking the partial derivative we get -

dD (U

OO — 0= ;= 2),
dD(U,\)
8uk+

. =0= Uk+1 = A
9D(UA)

D =0= u1=2AX
aD(UN) k+1
N =0= Zj:l uj = 1

When we solve these equations we get that the optimal intervals are:

"= a3 i=1k+1
ol ie{2,3.k}

Changing the form of equation |1} we get the recurrence relation a; = u; + a;—1 were
u; is known and ag = 0. The solution vector is exactly ( i 2k

1
oy o, 2d) O
For section
First, we aim to describe what p is. A mixed strategy z; of player 1 can be thought of
as a probability measure P,, over ([0,1]", B([0,1]")). Over the same space, we define a
measure u as follows




l

1([a,b]) = Zle (Proji(x1) € [a,b])

=1
Where Proj; is the projection of z; on the i-th axis. In another words:

1([a,b]) — the expected number of player 1’s facilities in [a, b]

The terms 4 ((a,b)), 1((a,b]) and p([a,b)) are also valid , and for simplicity we use
/() to denote the probability of seeing a facility of player 1 under z; in z. Obviously,
P, is induced by z1, and therefore p is also induced by z1, so we should have denoted
it as p,,. However, since the context z; is clear whenever we use it, we simply denote
this induced measure as .

LEMMA A.3. For any strategy x, of player 1 the following holds:

(1) pis a measure.
(2) For any x1,a € [0,1) and € > 0 there exists 6 > 0 such that:

p((a,a+6)) <e
(3) Forany 0 < a < b <1 thereexists § > 0 such that a +§ < bandu(a+5) =0
PROOF.

(1) In order to show that i is a measure we need to show:
(a) Non-negativity: VA € B([0,1])
I
= ZPQU1 (Proji(z1) € A)

i=1

P is a measure

(b) Null empty set:
!

ZPEI PTsz xl c (/5 ZPM Plsameasure 0

=1

(c) Countable additivity' for disjoint set A;, As... € B([0, 1])

UA ZP proji(x1) UA PlsameasureZZP prq}l x1) € A)
=1 =1 j=1

=2 _n(4)
j=1

(2) We define a decreasing sequence of sets B; € B([0, 1]):
1
Bi = <a7 a+ )
ng + ¢
Where ng is the minimal integer satisfying a + n%) < 1. Since B; | ¢ and p is a

measure, we know that 11(B;) | 1(¢) = 0 also holds, and therefore there exists j
such that:

w(B;) = p((a,a+ ) <€

no+7J

Hence we denote § = —ﬂ and the claim holds.



(3) Assume by contradiction that for any ¢ such that 0 < § < b — a it holds that
p(a+8) > 0. We look at the closed interval:

[b;a7b;a] c (O,b—a)
Since it is closed and p is bounded, i gets minimum inside it, hence we denote:
c= min u(a + y)
ve[252 252
But now:
(P05 2 o (1 ) = Y e =

O

For section 5
Proof of Lemma [5.4}

PROOF. Denote:

q§/4+w

y € argmax} [f’f/;” fc(t)dt}

w€laf, 95,

The integral inside the argmax is continuous in the closed and bounded interval

[qf/4, qg’/4}, hence by the Extreme Value Theorem it must attain a maximum at least
ag,,+v

once, so the arg max is well defined. Assume by contradiction that | qf/42+y fe(t)dt > 1.

From the first property of LM distribution and definition of quantiles2 we know that
y ¢ {qf/4, q.§/4}. There are 3 possible cases:

c + c + . . -
1 f(%zy) > f(%): since y < ¢5,, there exists ¢ > 0 such that y + 2¢ < ¢5),.
Therefore:
q§/4+y+26 q§/4+y q§/4+y+26

q§/4+y+2e

2 2 2 2
/;§/4+y+25 fe(t)dt = /If/4+y fC(t)dt + /1§/4+y fC(t)dt - /;f/4+y fC(t)dt
2 2 2 2

none—decreasing none—increasing

q§/4+y q§/4+y

U7, Ty Qi Ty

Y i) B L

>0

q§/4+m

In contradiction to y € argmax { Joe 2 fc(t)dt}.

qf, +x
4
z€laf, a5, 4

¢ .+ S .+ . .
(2 fc(ql/z y) > fc(qg“2 y): since ¢7,, < y, there exists ¢ > 0 such that ¢f,, <y —2e. From
here, similar to the previous case.



(3) fc(ql/ﬁy) = fc(q3/‘;+y): From the monotonicity we get that V¢ € [qi/;ﬂl, %Lzﬂ/] it
holds that:
¢ 4 a§,, v ¢ 4 qg'/4
q1/4 Y zntegrate BER q1/4 Y
Fl L = ) M [ D P ez [y L o
c c c 4 q§/4+y 1
QS/4 - q1/4 Q1/4 Yy 2
c > e (t)dt > -
= (P 2 fa b s> |
57, — 45, Gy, Ty 1
= (L5 (=) >
Therefore -

af )yt q3/ +y

qq// fc(t)dt—/qc 1t )dt+/

934
flt)d+ [ 1.0t
2

T4
qf/4+y
Q34 1

>/ f()dt+/c +yfc()dzt+Z

%)y

—_——

none—increasing none—decreasing

Gty oy ﬂ/ @, ty, . Gty 1
>( /42 — ¢5)) fe(—5—) + (d5, — 42 ) ol 42 )+ >

G54 — G q1/4+y 11
:( 2 )fc( 9 ) Z 5

But (¢7),, 5/,) are the quantiles, therefore we got a contradiction to /. qq;/ fo(t)dt = 1.
/4
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