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Abstract

This paper develops a new mathematical framework for shgdfie subspace-segmentation problem. We examine some
important algebraic properties sfibspace arrangemerttsat are closely related to the subspace-segmentatiofeproMore
specifically, we introduce an important class of invariagit®n by theHilbert functions We show that there exist rich rela-
tions between subspace arrangements and their corresgddibert functions. We propose a hew subspace-segmentati
algorithm, and showcase two applications to demonstratethe new theoretical revelation may solve subspace segment
tion and model selection problems under less restrictivglitions with improved results.

1 Introduction

There has been an increasing focus on the estimation andeséafion of multiple-subspace structures in imagery aralis
data, such as the problems of motion segmentation [4, 168, riecognition [1], and image representation [10]. Thislads
to the development of many effective algorithms that gdimerdhe classical principal component analysis (PCA) radth
PCA fits one subspace to the data, while new scenarios fitpleutubspaces. These algorithms are based on either feurist
methods (K-subspaces [9]), EM [5]), or algebraic methodBC& [17]).

Essentially, all these methods address different aspéetxommon mathematical problerftiow do we represent (or
approximate) a given set of data points in a high dimensi@palce by a collection (mixture) of multiple subspaceg?”
complete solution includes answers to the following clpselated sub-problems:

1. Estimating the number of subspaces.
2. Segmenting data points into subsets, each of which is imdthy a single subspace.
3. Estimating the dimension of and a basis for each subspace.

These problems are rich with algebraic, geometric, and dwaidrial properties. However, these properties have aehb
sufficiently exploited by the existing methods. For exampleGPCA [17], the dataset is first fit with a set of polynomials
and the individual subspaces are retrieved from the d@ragbf the polynomials. In the presence of noise, it is diffito
determine robustly the number of fitting polynomials anddheensions of the individual subspaces. As we will showrjate
there are important combinatorial relations among the rerrabd dimensions, which may significantly facilitate tlaisk.

In mathematics, a union of multiple subspaces is formafigrred to as subspace arrangemerubspace arrangements
constitute a very special but important class of algebraiis that have been studied in mathematics for centuries 12]3
The importance as well as the difficulty of studying subspatangements can hardly be exaggerated. Different aspects
of their properties have been and are still being invesgijand exploited in many mathematical fields, including ladgie
geometry & topology, combinatorics and complexity thearnyg graph and lattice theory, etc [2]. Although the resuitsua
subspace arrangements are extremely rich and deep, oMyspéeial classes have been fully characterized.

*This work was partially supported by UIUC ECE and CSL staffupds, and by grants NSF CAREER 11S-0347456, NSF CRS-EH®D51, NSF
CCF-TF-0514955, and ONR YIP N00014-05-1-0633.



Contributions of This Paper. We introduce and examine some important mathematical pési@ad properties of subspace
arrangements that are closely related to the subspaceeséaion problem. We study an important class of invariafts
subspace arrangements given byHtiert function[8], and propose a new solution to the subspace-segmemfatiblem.
Especially for the problem of multiple-motion segmentafiseveral specialized algorithms based on special subspadels
are very well-known (e.g., [4,7,11,13,16]), but they dowotk equally well on a wide variety of motion sequences. Tae p
per provides a mathematical framework in which systematiogarison between different classes of subspace arramggme
may be conducted.

This paper also serves other purposes: 1. to reveal theesphbtid difficulty associated with identifying the seemingl
simple class of subspace arrangements; 2. to provide aotiganathematical footing for some of the existing methods,
especially the algebraic methods; and 3. to investigateavamues that may lead to improved solutions for the estimati
and segmentation of subspaces in the future.

2 Subspace Arrangement

2.1 Fundamentals

In what follows, the ambient space iska-dimensional vector spack’, whereR can beR or C. R[z| denotes either

R[z1,...,2x] orClz1, ..., xKk], the ring of polynomial functions i variables. This ring is graded by degree:
Rz]=Ry®R1®---, (1)
whereR;, denotes the vector space of homogeneous polynomials oéelegr
An r-dimensional subspadé can be defined byt — r linearly independent linear forms, . .., fx—r }:
Vi={xeRX: fi(x)=0k=1,...,K —7}. (2)

Let D denote the space of linear forms that vanisiorthendim(D) = d = K — r. The subspac¥ is also called the zero
set of D, i.e., points in the ambient space that vanish on all polyiatmin D, which is denoted ag (D). We define

IZ(V):={f € Rlz]: f(x) =0,Ve € V}. (3)

Clearly,Z(V) is an ideal, and it contains polynomials of all degrees thaish onl/.
We now consider the concept of subspace arrangement. A reasxa definition deals with affine subspaces, which may
not contain the origin in space, but we only consider linedrspaces.

Definition 1 (Subspace Arrangement)A subspace arrangement is defined as a finite collectioN dihear subspaces in
RK: A= {Vl, ey VN}

In this paper, we consider arrangements of subspacgsneral position We shall give a more rigorous definition after
we introduce the Hilbert function. From a geometric pointvgdw, an arrangement is said to be in general position if
all intersections of subspaces in the arrangement andtalisiections of their dual spaces have minimal dimensiowns. F
example, three planes intersecting at one poifirare in general position; on the other hand, although threslthat lie
on a plane intersect only at the origin, but the interseabitheir dual spaces is a line, which is not a minimal intetisec
We impose this constraint because in general the degemnenafigurations are zero-measure sets in the configuratacesp
Moderate data noise and machine round off should guarama¢éhe subspaces lie in general position.

The union of the subspaces.ihis an algebraic set, denoted¥ds := V; U - - - U Viy, whose vanishing ideal is

I(Va)=Z(Vi)N---NI(VN). (4)
The idealZ(V4) can be graded by the degree of the polynomial
IVA) =TI @I - @IND -+ (5)

EachZj is a vector space that consists of forms of degréeZ(V4), andm > 1 is the least degree of the polynomials in
Z(V4). Notice that forms that vanish driy may have degrees less th&h One example is an arrangement of two lines and
one plane irR? in general position. Since any two lines lie on a plane, thiargrement can be embedded in a hyperplane
arrangement of two planes, and there exist forms of secogieedehat vanish on the union of the three subspaces.

1This does not lose any generality: We can always convertfareafubspace to a linear subspace in an ambient space 1siimarhigher.
2This condition is not necessary for all the results folloywed shall explicitly state it where it is used.



2.2 Hilbert Functions of Subspace Arrangements

The GPCA approach proposed in [17] depends on the Veronedsedgtimg from the ambient spaé&® to a higher dimen-
sional spaceRMx . Itis given byv, : RE — RMi, [T1,...,ox|T = L2l aE, )T, whereey + - + e = d.
The dimension/§: = (41571

Suppose there ar® subspaces in an arrangemehtthenZy contains all theV-forms that vanish o in the MY -
dimensional vector space, where the vector space is gedebgttheN-forms {... 27" - - 2%, .. Je, 4ooqe=n. We
defineD 4 := dim(Zy) and call itcharacteristic dimensian

It turns out thatD 4 is closely related to the rank of the embedded data métgixn GPCA. Given a set of (noise-free)
sample point§x; }7_, in V4, the Veronese embedding of th&h degree gives a data matrix

vi (1)
Ly = : € R MK (6)
VJJ\}("DH)
The vectorgc} in the null space oLy correspond to homogeneous polynomials of degvadat vanish oz, }7_, i.e.,
{f(z) = vL(z)-c}. If nis large enough and the sample poifiis, } are in general position i 4, the so-obtained’s span
exactlyZy. Hence, we have
D4 =dim(Zy) = dim(Null(Ly)). (7
D 4 is related to the Hilbert function df 4 [8]:

Definition 2 (Hilbert Function) The Hilbert functioniy (m) is defined to be the codimension, in the vector space of all
homogeneous polynomials of degreen R, of the subspace of those polynomials vanishing on an adgebetV/, i.e.,

hy (m) = dim(S(V)), ®
whereS (V') = R[x]/Z(V) is the homogeneous coordinate ring and the variabldenotes thenth graded piece.
Hence, for the algebraic skl consisting ofV linear subspaces iR”, the following relations hold

hy,(N) = MY — D4 =rankLy), (9)

where the second equality holds for sufficient sample pdizig C V4. Notice that the definition of the Hilbert function
applies to general nonlinear varieties. Despite the ingoae of the function, no closed-form solution is known even f
general subspace arrangements. Results of some speeislozasbe found in [8].

Using the Hilbert function, we now define the concept of gahposition for the subspace-segmentation problem.

Definition 3 (General Position of An Arrangement) Define an arrangement of N subspace§V}, } in general position if
hv (N) = maxw—vyu..ovy thw (N)}, where{V} are arbitrary subspaces i®X such thatdim(V/) = dim(V}). That
is, an arrangement in general position has the maximal valitbe corresponding Hilbert function.

Example 4 (Three Subspaces in General Position iR*) ConsiderV, to be an arrangement of three subspace&ih
There are in total four possible configurations Bfi shown in Figure 1, and the values of their corresponding éfilb
functions are listed in Table 1.

‘)" _—
11T P AL
(@ (1,1,1) (b) (1,1,2) (©) (1,2,2) d (2,2,2)

Figure 1:Four configurations of three subspace®ih The number in the parentheses are codimensions.

Given a dataset sampled from one of the above configuratise¥/eronese map embeds data samples Réro R'° (as
N = K = 3). Itis clear that the null space of the data matiix can only assume four possible dimensions, namely, 1, 2, 4,
and 7. Furthermore, the dimensid@h, uniquely determines the codimension of the three subspates arrangement.



Table 1:Hilbert functions of the four configurations.
|di dy ds | hvu(3) Dy |
1 1 1 9 1

1 1 2 8 2
1 2 2 6 4
2 2 2 3 7

This example suggests that, in general, given the dimessibimdividual subspaces, we know the rank of the embedded
data matrix; conversely, given the rank of the embeddedrdatax, we can determine to a large extent the possible dimen
sions of the individual subspaces. Therefore, knowinggleesnbinatorial and algebraic properties of subspacegeraants
will help us to at least rule out impossible rank values far diata matrix or the impossible subspace dimensions.

One observation of the characteristic dimendipnis that it only depends on the dimensions of the subspaces they
are in general position. It can be shown by considering themmelity property of the Hilbert function in general positi.

Proposition 5 Let. A = {V1, ..., Vi } be a subspace arrangement in general position, and the @rdiman of eaclv;, is d.
The characteristic dimensioBR 4 is a function of the dimensions of the subspaces. We theredPno= D(ds,...,dN),
Withdl <..-<dp.

Proposition 6 (Arrangement of Two Subspaces) et D; and D, denote the subspaces of linear forms vanishing/pand
V4 in general position with codimensiods andds, respectively. Thenlim(D; N Dy) = maxd; + d2 — K,0), and

D(di,dy) = didy— (DFd=K). (10)

Unfortunately, no general formula @& is known for arrangements that consist/éf> 3 subspaces. Only in some special
cases can the number of subspaces be reduced.

Proposition 7 (Arrangement with Hyperplanes) Letdy, ..., dy be the codimensions of the subspaces in ascending order.
If di = 1,i.e., V4 is a hyperplane, then

D(1,ds,....dy) = D(da, ... dx). (11)

In other words, the introduction of an additional hyperpéatioes not affect the value Bf

2.3 Relations among Hilbert Functions

In many applications, our task is to identify a subspacengieanent from among a class of possible arrangen{efits;c
(with I being some index set) that best fits a given dataset. ThuspiitMbe very useful if we know the values of the Hilbert
functionh or equivalently the characteristic dimensibrin advance (as Example 4).

Numerical Computation of Hilbert Functions. Although closed-form formulae are in general not availdgbleh or D,
we can still resort to numeric methods to obtain the valuds af D, especially for the subspace arrangements of the most
practical importance. By Proposition 5, all arrangemerits identical subspace dimensions have the same Hilbectifum

if they are in general position. Therefore, for each typercdgements, we can numerically generate a set of subspades
a set of noise-free sample points that are in general postiod comput® using the relation (7)D 4 = dim(Null(Ly)),

or the relation (9)hv, (N) = rank Ly ). The numerical solution for each type of configuration ndedse computed only
once, and the results can be stored in a table such as Tahl@adie ambient space dimensi&nand number of subspaces
N.

Some Conjectured Formulae. The numerical methods have their limit in terms of the numifesubspaces and their
dimensions that these methods can handle. Thus, to explenervperties of higher dimensional subspace arrangements
we must resort to algebraic techniques. The numericalteekale led to the revelation of many interesting relatiditbe
Hilbert functions among different subspace arrangemehitted below are a few conjectures derived from the tables of
characteristic dimension that we have computed so far.



Conjecture 8 When2 < d; < --- < dy < K2 the following formulae are true whenever the dimensions@fsubspaces
are in lexicographic-order. The relation between the twaesiis that the codimension of the subspaces are identicapéx
the changes iV, ;1.

D(....dm,K,...) = D(...,dm, K—1,...) + 1;
D(....dm,K—1,...) = D(...,dm, K—2,...) + N;
D(..oydm, K=2,...) = D(c.. dm, K—=3,..) + (N§1) —

#{di = 2};11-

Theoretically, these conjectures reveal deep relatiomsngndifferent arrangements that appear not to have beecedoti
before our computer simulated results. Numerically, treesgectures, once proved, can greatly speed up the congutat
by using the previous results recursively. In fact, Tabled be derived solely from the second conjecture rule thahekfi

the relation in a change of subspace dimension fiom 2to K — 1.

Arrangements with Trivial Subspaces.The first rule in Conjecture 8 describes the characteristiedsion of an arrange-
ment that has codimensidii in R, which means the subspace is trivial — consisting of onlyatigin. The real model
for a dataset shall not have such subspaces. However, thduction of such subspaces represents the situation wiere
dataset has been over-fit with a larger number of subspaaeshat is needed.

Example 9 (Over-Fit Hyperplane Arrangements inR®) Consider a dataset sampled from a number of hyperplanes in
general position inR>. Suppose we only know that the number of the hyperplanesn®stt 4, and we embed the data
via the degree-4 Veronese map anyway. Table 2 shows thebf@ogalues of the Hilbert function (hence the rank of the
embedded data matrix).

Table 2:Hilbert functions of hyperplane arrangementsRin
| di dy ds dy || hy.(4) Du |

1 1 1 1 69 1
1 1 1 5 65 5
1 1 5 5 55 15
1 5 5 5 35 35

The first row shows that if the number of hyperplanes is exacfuial to the degree of the Vleronese map, thgn= 1,
i.e., the data matrix., has a rank-1 null space. The following rows show the valugg ¢f for N = 3,2, 1, respectively.
If the rank of the matrix., matches any of these values, we know exactly the number efglgpes in the arrangement.
Notice that the model selection method proposed for hypagparrangements in [17], which incrementally searchesafor
co-rank one data matrix, becomes a special use of the Hifbertion. Thus, in general, knowing the valued.6f.) even
for m > N may significantly help determine the correct number of sabsg.

3 Applications and Experiments

In this section, we demonstrate how the study of Hilbert fioms of subspace arrangements can help to solve subspace
segmentation and model selection problems. The purposeeesétexamples is to stimulate future research to incomporat
these algebraic constraints to other real systems that aoloyst or statistical schemes.

3.1 Subspace Segmentation of Mixture Dimensions

Most of the previous GPCA applications deal only with arramgnts of hyperplanes, whefg, = 1. We propose a novel
yet simple algorithm for the subspace segmentation problerich is a variation of the original GPCA method [17]. The
knowledge of Hilbert functions allows us to consider the \ehaull space of the data matriky for arbitrary mixtures of
subspaces. We will also compare our algorithm with two tteeanethods, namely, EM and K-subspaces.

3By Proposition 7, subspaces of codimension 1 can be remowgtthe arrangement without changing the characteristiedsion.



Suppose the number of subspaédésnd their codimensions are all given. The Hilbert functionstraint provides us
with the theoretical rank of the data matiixy. We can obtain a set of polynomiaf¥x) with coefficients equal to the
eigenvectors in the null space bfy. EvaluateD P(x) at each point, we get a set of vectors normal to the subspatéhth
point lies in. The original GPCA method relies on one good@arper subspace to segment the dataset. In the presence of
noise, no single sample is reliable. However, if we take thegage of the normals of all samples in one subspace, we expec
that it will smooth out the random noise.

Now the remaining question is how to obtain an average of atgrior a subspace without knowing the segmentation
of the samples. In this case, we know all the possible codéinen of the subspaces and the number of subspaces having
the same codimension. For each samplewe invoke a voting technique on the feature space of normetiovs that are
perpendicular to the subspaces. The voting technique islwi@cognized as an effective model estimation method. We
cast votes on the candidate codimension classes based darttieant directions of the spadeP(x). Notice that in the
presence of noisd) P(x) is usually full rank and the number of column vectors is maegér than the largest codimension.
For instance, on the third row of Table D, = 4, but the largest codimension is only 2. If an arrangemenamped
from three subspaces of codimensi¢hs2, 2), the matrixD P(x},) evaluated aky, is a3 x 10 matrix. The noise-free rank
of DP(x) may be 1 or 2, depending on which subspagelies in. When more dominant vectors than its true rank are
estimated, the extra vectors will be randomly distributgdh® noise. When less vectors are estimated, they form a bhsi
a subspace with a random orientation in the space perpédadiouhe subspace.

In summary, for each sample, we assume it could be sampleddhocandidate codimension classes, and vote by the
dominant vectors oD P(x},) as a basis. Finally, the bases associated with the hightest wdl be recognized as the normal
vectors perpendicular to the subspaces. Algorithm 1 is geeigho-code of the proposed method. The only parameter is
angleTolerance, which determines whether the new basis is close to an eegistasis in the history, or a new voting
candidate will be created.

Algorithm 1 Generalized Principal Component Analysis

Given a set of samplee, }7_, in R™, fita N linear subspace model with codimensiahs. . ., dy:
1: SetangleTolerance, let C be the number of distinct codimensions, and obfaiby the Hilbert function constraint.

2. LetV{1},...,V{C} be integer arrays as voting counters. Udtl}, ..., U{C} be matrix arrays for basis candidates.
3: ConstructLy = [vn(x1),. .., vN(2n)].
4: Form the set of polynomial®(x) and computeD P(x).
5: for all samplex; do
6. forall 1<i<Cdo
7: Assumery, is from a subspace with the codimensibaqual to that of the class Find the firstd principal component® ¢ RX >4
in the matrixDP|z, .
8: CompareB with all candidates i/ {i}.
9 if 35, subspacaangldB, U{i}(j)] < angleT olerance then
10: VH{i}(5) = V{i}(4) + 1.
11 Average the principal directions with the new baBis
12: else
13: Add a new entry i/ {:} andU{:}.
14: end if
15:  end for
16: end for

17: forall 1 <i < Cdo

18: m = the number of subspaces in class

19:  Choose the firstn highest votes i/ {i} with their corresponding basesif{:}.

20:  Assign corresponding samples into the subspaces, andl thaeice/otes in the other classes.
21: end for

22: Segment the remaining samples based on these bases.

In the experiment, we compare the performance of our alyontith EM, K-subspaces and the original algebraic GPCA
(AGPCA). We also compare the performance of two methoded&IPCA+EM and GPCA+K-subspaces, which use GPCA
closed-form solutions as initialization to start the iteras. The results are shown in Table 3.

From the experiment, we see that our algorithm significantitperforms the algebraic GPCA method. The statistical
methods also perform poorly when the structures have a neixtfisubspaces with different dimensions, i.e., the first an
second cases. This result is expected because without ¢ropunstraints, we can overfit a lower dimensional subspac



Table 3:Segmentation error of three arrangemets.Gaussian noise is added to each sample point.
| Subspace Dimensiony EM | K-subspace§ AGPCA | GPCA | GPCA+EM | GPCA+K-subspaces$

(2,2,1)INR? 29% 27% 13.2% | 10% 7% 6 %
(4,2,2,1)InR° 53% 57% 52.6% | 8.7% 11.3% 8%
(4,4,4,4)InR° 20% 25% 67.4% | 24% 20% 20%

with a higher dimensional one (e.g., a 1-D subspace is aaf@@ subspace); or two subspaces combined may be grouped
into a single subspace (e.g., two 2-D subspaces form a 4-§pagb). These locally optimal solutions provided by EM and
K-subspaces may not be globally optimal. On the other ha;&successfully provides us better segmentation results,
regardless of the dimension differences of the subspaagalyi GPCA+EM and GPCA+K-subspaces consistently penfor
the best throughout all the examples. It suggests that wecorapine the virtues of both algebraic and statistical mesho

real applications in search for globally optimal subspattiadis. The authors have made all the codes available fontiaa

at http://decision.csl.uiuc.edu/"yangyang/softwarepage html . The reader is encouraged to test these methods in applisati
he/she is interested in.

3.2 Estimating the Number of Hyperplanes

One important type of arrangements is the one consistinglifigaces of equal dimensions, which is callguliee arrange-
ment This type of model has been used to describe a wide rangepti€ations, such as rigid-body motions [11, 17], face
recognition [1], and hybrid control systems [14].

Given an arrangement &f subspaces iR with dimension- identically the same, we can first project the datasetitd
dimensional space, and the subspaces in the projectedlspeame all hyperplanes. If we know the number of subspaces,
the segmentation of these hyperplanes are already wélilestin the previous work. The knowledge about Hilbert fimms
comes in handy in determining the number of subspaces.

In this experiment, we want to estimate the number of gemigjidlbody motions in an affine camera sequence. Features
of an independent moving object under affine projectiomsit #-D subspace [11]. The image coordinates of all views of a
feature is lumped to a long vector, and projected-fd space by PCA. Therefore, independent motions become pigpes
in the projected space. If we have an upper bound for the nuofbmotions, sayN’, we may embed the data by a single
Veronese map of degre@’. Table 2 provides exactly the rank of the data matrix¥dr= 4. However, under moderate data
noise, it is difficult to directly determine the rank from tsiagular values.

The geometric-MDL (GMDL) [11] was designed to estimate thekrof a noisy data matrix. For each rapkits GMDL
value is given by

m €.
GMDL(y) = > 03_7(n+m—7)621og(z) , (12)
l=~v+1

where in our context; is thelth singular value of the data matrix;, m is the dimension of the Veronese maff, n is the
number of samples, and is the noise variance of the column vectors of the data mattiich is difficult to estimate.

We embed the data by the Veronese map of the same dagreeN. By doing so, we over-fit a hyperplane arrangement
in R®. We propose the following heuristic modification to the GMBiterion to estimate the number of motions:

MY
N* :argmin{ Yo oo+ /ihN(N')(n—i-JV[éV/)}, (13)
N I=hn (N')+1

wherehy (N') is the value of the Hilbert function fa¥ hyperplanes and/’— N trivial subspaces (the origin),is the number

of samples, and is a small positive constant. WheéyY = 4, according to Table 2, we havey (N’) = [35, 55, 65, 69] for

N =[1,2,3,4]. Figure 2 shows a super-imposed plot of the singular valfiés &rom four noise-free synthetic sequences.
In the experiment, we randomly generatto 4 rigid-objects in space, and project the points by an affimeera, whose

parameters are also randomly generated at each time. Egobrees consists of 50 frames, and different levels of raise

added to the image coordinates, but no outliers are presén¢ isimulation. We run the simulation at each noise 12oel

times. The result is shown in Figure 3.
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Figure 2: A super-imposed semi-log plot of the singular values whenr= 1, ..., 4. The ranks drop at positioss, 55, 65, 69, which
match the theoretical values of the Hilbert function.
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Figure 3:The error rates of estimating the number of 3-D motions. ThasSian noise variance is between 0-1 pixel.

3.3 Estimating the Dimensions of Subspaces

The advantage of the method shown in the previous sectitraighe target quantity can be estimated without knowing the
segmentation of the sample points. However, if the subspimcan arrangement have different dimensions instead of all
being hyperplanes, detecting the rank alone cannot digsshglifferent dimensions among the subspaces.

When the dimensions of the subspaces are unknown and podgferent, the algebraic GPCA algorithm tackles the
segmentation by fitting a single polynomial for all subsga@gardless of their dimensions, which is equivalent tashg
one containing hyperplane for each subspace, and perfesetimentation on the hyperplanes [15]. The dimension ¢f eac
segmented subspace is determined separately by applyl@gIiCa heuristic threshold. This process fails to recogrife
constraint between the rank of the embedded data matrixteniddividual subspaces as we discussed in Section 2.2. More
importantly, no justification can be given to why one heiciparameter works for all subspaces with different dimensi

In this section, we outline a method to estimate differemetisions of the subspaces in an arrangement by explicitly
harnessing the relations between Hilbert functions anditmensions of individual subspaces. The basic idea is illahg
class of possible models, we should perform the classifiedtr all the candidates, and the model selection shoulddmem
based on how well these models fit the sample set.

To elaborate on this idea more clearly, we again use affineemisequences as an example, although the method is
general for other applications. Suppose that we know therexactly four independent 3-D motions in an image sequence
i.e., N = 4. For a general motion, the sample points span a 4-D subspaddor a (degenerate) planar motion, the sample
points span a 3-D subspace [11]. The motion segmentatidriigmorequires not only correctly segmenting the dataset, bu
also labeling each motion with the correct dimension. Tdb#tows the values of the Hilbert functions of the 5 possible
categories of subspace arrangements associated with thdahs

To determine the best subspace arrangement that segmenfigsathe noisy motion data, we decompose the overall
modeling process into two related steps:

1. Segmentation via GPCA.For each category, we use Algorithm 1 to segment the dataselabel the subspaces
with dimensions. A K-subspaces optimization can be appbeftirther improve the estimates of the bases. We can



Table 4:Hilbert functions with 3- or 4-D (codimension 1 or 2, respesly) subspaces iR®.
| di dy d3 dy || hy,(4) Da |

1 1 1 1 69 1
1 1 1 2 68 2
1 1 2 2 66 4
1 2 2 2 62 8
2 2 2 2 54 16

immediately reject a category if the K-subspaces iteradioges not converge.

2. Optimal Model Class Selection. It remains to determine which category gives the globalljiropl arrangement
model for the data. The value of the Hilbert functibris a measure of the complexity (or dimensionality) of the
subspace arrangement. We adopt the GMDL criterion that wpqgsed in Section 3.2, but replajéo? with the
residual found in Step 1 for each category:

. NSRS A
it = arg_mln{g Z s — &1]|? + Khi(4)(n + M§)}, (14)
¢ k=1

whereh(4) = [69, 68, 66, 62, 54] for row i = [1, ..., 5], n is the number of samples, ards a small positive weight
parameter.

Example 10 (Segmentation via GPCA)We choose the second row of Table 4 as the ground-truth madélyandomly
generate a sequence of three general motions and one plapt@wmm Each sequence contains 400 frames, and we track 50
points on each object. Various noise levels are added tonttagé points, and the experiment is repeated 400 times at each
noise level. Figure 4 shows a snapshot of four typical images
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Figure 4:Four frames of a typical scene of four moving objects.

As we have discussed in Section 3.1, A GPCA+K-subspacesdneith most likely outperform both GPCA and K-
subspaces algorithms in real applications. Figure 5 shdwesiinprovement of the error rates of the segmentation dugeto t
nonlinear K-subspaces optimization. In addition, the miation also improves the result for the combinatoriallkpgem.
Figure 6 shows the difference in the model selection restittsor without K-subspaces. A model is correct when 4 subspa
are labeled with correct dimensions. With various noiselethe algorithm achieves the model selection errors «f than

15%.

Example 11 (Total Estimation Error) To demonstrate the performance of the overall modelinggesowe randomly gen-
erate four objects in space undergoing either general mmotioplanar motion, and the feature points are projected by an
affine camera model. For the five model categories in Tableetntimber of combinatorial configurations are 1, 4, 6, 4, 1,
respectively. Hence in total the algorithm is selecting oneof 16 possible models to fit a dataset.

We run the experiment at each noise level for 400 times, amtbtial estimation error is shown in Figure 7. In defining
the error rate, an estimation is said to be correct only whisrestimates of the category and the dimension combinat@®n a
both correct. The total fitting error is lower than the resiltFigure 6 because there is no combinatorial problem forftret
and last categories.
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Figure 5:The segmentation error with or without K-subspaces. Thetawror curve represents the segmentation with K-subspace
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Figure 6:Model selection error. The curve of the lower error rate @spnts the result with K-subspaces.

4 Discussions and Open Issues

One of the main open problems in the estimation of subspaae@ement is how to systematically combine the algebraic
properties of subspace arrangements with robust stafistiodel-selection techniques. The main difficulty is hovdéal

with outliers. Notice that one cannot directly apply teciugs such as RANSAC [6] to subspace arrangements and expect
to always get better results: If one chooses the model in RX®I8s each subspace, then all points on the other subspaces
become outliers, and dealing with such large amount oferstls very difficult and inefficient. If we choose the modebto

the subspace arrangement, the minimal sample set needetétmnihe the model can be very large (in fact the exact bound
is not known). Furthermore, random sampling scheme becoatiesr inefficient in dealing with points from subspaces of
different dimensions: a line is of zero-measure comparedgiane. Thus, random sub-sampling may generate incontsiste
subspace arrangements, as the majority of a sub-sampledagetome from only some of the subspaces. So far, these
guestions have defied systematic and principled solutaespite many ingenious practical designs and applications
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