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Abstract. A mathematical model for calculating the PSDFD based on image processing method
was constructed and applied to calculate the PSDFD of hollow glass bead(HGB) filled in the
polypropylene(PP) resin. The results shown that the PSDFD of the HGB in the PP resin was 1.370,
and the correlation coefficientwas0.9665; the large correlation coefficient indicated that the HGB in
the PP resin was fractal evidently; the mathematical model was correct and feasible.

Introduction

The inorganic powder with single size is mono-disperse. But, the powder of massive industrial
product is composed of the particles with different size. That is, the particle size distribution (PSD)
of a powder is not uniformly with a certain width. The wider the PSD is, the larger the
poly-dispersity is, and the worse the uniform is. The main traditional methods for characterizing
quantitatively the particle size distribution width (PSDW) of a powder included SPAN method [1],
standard deviation method [2] [3] and diagram method [3] [4] [5]. The SPAN valve of SPAN
method was used to characterize the PSDW; the larger the SPAN value is, the wider the PSD is, and
otherwise, the narrower the PSD is. The SPAN method can be used to compare the PSDW of
powders with same average size only [6], is not suitable for the powders with different average size.
The standard deviation method is same with the SPAN method unsuitable for compare the PSDW
of powders. The graphic method has two types: the differential type and integral-type. Both of them
can be used to compare intuitively the PSD of two different powders. But, it can’t characterize the
PSDW quantitatively, so, it application scope is limited.

The methods mentioned above are based on the assumption that the PSD is continuous. As a
matter of fact, the PSD of every powder is discrete and random. Tyler [7] and Yu [8] constructed a
formula for calculating the PSDW of a powder based on the formula of basic definition of fractal,
and used it to investigate the fractal characteristic of different powders and found that the PSD of
soil particles, silica fine particles and cement was self-similar and fractal, the PSD fractal dimension
(PSDFD) could characterize the PSDW quantitatively. In the last work, Wu [9] reckoned a
mathematical model for calculating the PSDFD based on the Katz’s work [10] and found that the
PSDFD could be used to characterize the PSDW of cement quantitatively and the cement was
fractal evidently. In this work, a new mathematical model for calculating the PSDFD based on
image processing method will be constructed, and used to calculate PSDFD of powder.

General Model for Calculating PSDFD

The relationship between the particle size and number of the particles can be expressed as
follows [11]:
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° 1)
Where, X is particle size of a certain fraction; N(x)is the total number of the particles with the
size less than X; N, is the total number of the particles sample of the powder.
Because the fractal characteristic of the powder is self-similarity with limited layer, one can
get[12] [13]:

N (x)= N{XLJ_D””

max

()

Where N, is constant; X, is the maximum particle size in the particles sample; D, is the PSDFD,
0<D,, <3, the larger the D, is, the more complex the space structure of the particles is.
If X=X, N(X)=Ngy, N, =Ng, to substitute N, = Nyinto Eq. 2, one can get:

N (X) = N{Lj_%

X

max

©)
To substitute Eq.3 into EQ.1:

o)
Xinax (4)

The relationship between the particle size and mass distribution can be expressed as the
following function: [14]:
M (x
W(x):—( )
Mo ©)

Where M (x) is total mass of the particles with particle size less than or equal to X; M,is the
total mass of the particles sample of the powder.

Totakederivative of Eq. 5and substitute the mass and volume function of the particle into it, one
can get:

dM (x) = p-V (x)dN (x) ©)

Where £ is the density of the powder, V (X)is the volume of the particles with particle size in
the range of (X, x+dx),dN(x)is the number of the particles with particle size in the range of
(X, x+dx).

To setthe k isvolume shape factor of the smooth particle, one can get:

V(x)=k-x*
To substitute Eq.7 into EQ.6:
dM (x)=p-k-x°dN (x)

To substitute Eq.8) into Eq.5 after taken derivative:

_ p-k-x*dN(x)

Mo (©)
Totakederivative of Eq. 1:
dN (x) = N,dF (x)
To substitute Eq.10 into Eq.9:
_ p-k-xX*NydF (x)

Mo (11)
To take derivative of Eq.4:

(")
(8)

dW (x)

(10)

dw (x)
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— . Dy . —Dp-1
dF (X)=-D,, - Xpm - X " dX (12)

To substitute Eq.12 into Eq.11:
—D, - p-k-x* Ny -xom - x O dx

dW (x) =
Mo (13)

To integrate the Eq.13:

X, Xmax — . . . 3. . Dm . _Dm_l

maXdW(X):I D, -p-k-X"-Ng-xm - X dx

min min MO (14)
That is:

Dm
W(x):—k £-No Dy - Xogy x> P4 C

M (3_ Dm) (15)

To substitute the boundary condition equations,W(x:xmaX)zl and W(x:xmin):0, into
Eqg.13:

3-D, 3-D

X mo_ x> Em

W (X) = 3D _ ern—mDm
max min (16)

. . . X .
As a general rule, X, is a smaller number, and X, is a large integer, m% — 0. Therefore,
max

Eq. 16 can be simplified further:

o (—]

max

(17)
x

To take the logarithm of Eq.17, and fit Ig(W (x))and Ig[ j one can get a fitting equation:

max

Y=A+B- X (18)

X

Where Y is the 1g(W (x)),X is lg(x j,B is the slope of the fitting equation, 3-Dp:

max

Mathematical Model for Calculating PSDFD Based on the Image Processing Method

It can be seen from Eq.17 that the general model is suitable for the case that the mass fraction of
each size fraction of the particles sample of powder can be measured directly. But, once the
inorganic powder was filled into the resin, the PSD and mass fraction of each size fraction of the
powder would be changed because of the mixture, extrusion and injection of the plastic machinery
and could not be measured directly. On certain conditions, one must calculate the PSDW or PSDFD
on the basis of the image of the particles of the powder. How toresolvetheseproblems?It is
necessary to build up a mathematical model for calculating PSDFD based on the image processing
method.

Without lossofgenerality, the volume of a particle is in proportionto the product of the projection
area and the biaxialarithmetic average size. The volume function of a particle can be expressed as
follows [15]:

d.__+d .

Vi — kssip 1 max min
(20)
Where K is a constant in relation to the particle shape, S;,is the projection area of a single

particle, d,., is the maximum projection diameter of a single particle, d;;, is the minimum
projection diameter.
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To set the mass of single particle asW, , then:

W = oV, (21)
To substitute Eq. 20 into Eq.21:
dimax +;
W, = piKsS; p =
2 (22)

To set the total mass of the I fraction particles of the powder as W, :

W, = ZWi

i (23)
If ignoring the difference of the density p among the particles, and substitute Eq.22 into Eq.23:
W ZIO k Slp &

2 (24)
To set the total mass of the particlesfrom 1% fraction to I fraction as W (X):

X)= ZW,

(25)
To set the total mass of the particles sample of the powder asW, :
W, Zw
(26)
To substltute Eq 24 into Eq 25 and Eq.26, respectively:
o 0,
Zzpk Slp > Mimax_ " imin
g (27)
max |max + d imin
W Z Z ka ip
7 i (28)

To substltute Eq 27 and Eq.28 into Eq.26:

zzslp |ma>< |m|n 3D,
i=1 i=1 X j

Imax

Zznls_ dimax +d|m|n (Amax

ip

i=1 i=1 2 (29)
The EQ.29 is the mathematical model for calculating PSDFD of powder, which takes the
geometric features of the particle consideration.To take the logarithm of Eq.29, and Eq.30 is got:

; i ed =(3—Dm)lg(%maxj (0<D, <3) (30)

Imax Imin

+d

S i max imi

Zz Imin ) X
To set IgW (x)) =Ig| =t = w0 4 ad , fit Ig(W(x))and Ig[x—],

one can get a fitting equation:

Y =C+DX (31)
The slope of the fitting equation D:

D=3-D, (32)

D,=3-D (33)
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Application

Figure 1 is the image of a kind of inorganic particle named hollow glass bead (HGB) filled into
the polypropylene resin. It can be seen from the image that the HGB is spherical in shape and
disperses in the matrix.

Fig.1 the imageof hollow glass bead filled in polypropylne composite
Before calculating p of HGB, the original SEM image shouldbe input to the computer firstly.

Then, the originalphotographs were imported to image process software, ImageProcess-plus
(IPP).the parameters of the particle, includings;, , d;a » dimin » Were measured by using the tools in

the IPP. The differential distributionand cumulative distribution of hollow glass bead were shown in
Figure 2.
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Fig.2particle size distribution of hollow glass bead in matrix

From Fig.2, we can see that the differential distribution of the HGB is binodal, and its
cumulative distribution is S type cure. In order to characterize the PSDW of the HGB quantitatively,
the PSDFD of the HGB is calculated by using the Eq.29 and Eq.30 .The calculatingcurve of Dy, is
expressed in Fig. 3.
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Fig.3 calculated curves for Dm of HGB
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X

It can be seen from the Fig.3 that the Ig[x }Ig(W (X)) curve is close to linear. Therefore,

the data may be fitted bylinear regression analysis method and the regressionresult is following:
y =2.3194+1.6305 x (34)

The correlation coefficient(R)is 0.9665, D, is 1.370. The correlation coefficient of the fitting

linear line(Eq.34)is largerthan 0.97. In general, strong correlation coefficientindicates that the
PSDW of HGB is fractal evidently. That is to say, the mathematical model for calculating PSDFD
of powder based on the image processing method is correct and feasible.

Conclusions

PSDW is one of important parameters of powder; PSDFD can be used to characterize the PSDW
quantitatively. A mathematical model for calculating the PSDFD based on image processing
method was constructed. Its application indicated that the mathematical model was correct and
feasible for calculating the PSDFD of powder.
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