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Abstract
We study goodness-of-fit testing for community
structure in networks. Classical spectral tests
for the Erdős–Rényi null rely on adjacency in-
formation alone and can lose power in sparse or
weak-signal regimes. We propose RNBRW-GOF,
a cycle-aware spectral test based on renewal non-
backtracking random walk retracing probabilities.
The method replaces the adjacency matrix by a
centered and normalized matrix of RNBRW edge
weights and rejects for large values of its largest
eigenvalue. On the theory side, we prove exact
null centering under edge exchangeability, crude
second-moment control, and finite-walk concen-
tration for empirical RNBRW weights. We also
establish sparse-regime local dependence decay
for bounded truncated scores and derive trunca-
tion and normalization results that support the use
of RNBRW-based spectral calibration. These re-
sults do not yield a full universality theorem for
the final matrix statistic; accordingly, inference
is theory-motivated and simulation-calibrated via
a Bartlett-type correction together with a Tracy–
Widom type 1 reference law. Across simulated
Erdős–Rényi nulls, the corrected statistic is rea-
sonably calibrated in moderate and large graphs.
Under assortative stochastic block alternatives,
RNBRW-GOF improves over adjacency-based
spectral testing in several sparse and weak-signal
regimes and remains competitive with a non-
backtracking spectral baseline, which is itself
highly competitive in intermediate regimes. Over-
all, the results position RNBRW-GOF as a practi-
cally calibrated, cycle-aware goodness-of-fit test
for assortative community structure.
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1. Introduction
Detecting and validating community structure is a central
problem in network analysis. Across social, biological, and
information networks, nodes that belong to the same latent
group tend to interact more frequently with one another
than with nodes outside the group. This motivates statisti-
cal procedures for deciding whether an observed graph is
consistent with a homogeneous null model or instead ex-
hibits evidence of community structure. In this paper, we
study this question as a hypothesis testing problem rather
than a clustering problem: given an observed graph G =
(V,E), we test H0 : G ∼ G(n, p) versus H1 :
G exhibits assortative community structure. A substantial
literature studies goodness-of-fit testing for network struc-
ture under this formulation. In particular, spectral tests based
on the adjacency matrix or its normalization have provided
a tractable route to testing the Erdős–Rényi null against
structured alternatives. For example, Lei et al. (2016) pro-
posed a goodness-of-fit test based on the largest eigenvalue
of a normalized adjacency matrix, while Bickel & Sarkar
(2013) developed a test based on the largest eigenvalue of
a centered and rescaled adjacency matrix and derived its
asymptotic null distribution under the Erdős–Rényi model.
Other approaches include exact Monte Carlo goodness-of-fit
procedures for block models (Karwa et al., 2016), sequential
testing frameworks for community extraction (Zhao et al.,
2011), and eigenvalue-based criteria for multi-type random
networks (Golub & Jackson, 2012). These methods are sta-
tistically principled, but they rely primarily on edge-density
information and therefore may lose sensitivity when com-
munity structure is weak or the graph is sparse. A comple-
mentary line of work exploits cyclic structure in networks.
If nodes within the same community are more densely and
more coherently connected, then short cycles should occur
more frequently within communities than across them. This
idea has been used algorithmically to improve community
detection through cycle-aware weighting and loop-based
heuristics (De Meo et al., 2013; Lai et al., 2010; Klymko
et al., 2014; Radicchi et al., 2004; Newman & Girvan, 2004;
Zhang et al., 2008). Recent work by Moradi et al. (2018)
introduced the renewal non-backtracking random walk (RN-
BRW), a scalable procedure that assigns larger weights to
edges that are more likely to complete cycles. Empirically,
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RNBRW weighting improves community detection perfor-
mance, especially in sparse networks, by incorporating in-
formation beyond raw edge counts.

Our goal is to bring this cycle-sensitive information into the
hypothesis testing framework. We develop a new goodness-
of-fit test that replaces adjacency-only spectral information
with a matrix built from RNBRW retracing probabilities.
RNBRW is a non-backtracking random walk that terminates
and restarts whenever it completes a cycle; the terminal edge
of each run is recorded as a retracing edge. Aggregating
these retracing events yields edge weights that quantify local
cyclic structure. Under the null hypothesis of no community
structure, these weights are approximately homogeneous,
whereas under block-structured alternatives they become
systematically distorted by within-community cycle enrich-
ment. This makes RNBRW a natural basis for testing depar-
tures from the Erdős–Rényi model, though rejection should
be interpreted only as cycle-sensitive evidence against a
homogeneous null rather than as a uniform certificate of
assortative community structure; degree heterogeneity may
also induce rejection. We return to the graph-versus-Monte-
Carlo distinction in Section 3.
Contributions. Our contributions are threefold. First, we
introduce RNBRW-GOF, a cycle-aware largest-eigenvalue
goodness-of-fit test for

H0 : G ∼ G(n, p),

H1 : G exhibits assortative community structure.

We also give a simple balanced-SBM calculation show-
ing that, conditional on an edge being present, within-
community and between-community edges can have dif-
ferent expected short-cycle completion counts even though
their binary adjacency value is identical. Second, we es-
tablish partial null-side results that motivate the statistic:
exact centering, crude second-moment control, finite-walk
concentration, and sparse-regime local dependence and trun-
cation results that clarify the roles of graph randomness
and RNBRW Monte Carlo error. These results do not yield
a Tracy–Widom universality theorem for the final matrix
statistic, so the final calibration remains simulation-based.
Third, we provide finite-sample evidence that Bartlett-
corrected RNBRW-GOF attains usable Type I error control
in moderate and large graphs, improves over adjacency-
based spectral testing in several sparse and weak-signal
assortative SBM regimes, and remains competitive with a
non-backtracking comparator.

Taken together, these results suggest that cyclic structure
provides a useful and statistically meaningful signal for net-
work inference. By integrating RNBRW with a spectral
goodness-of-fit framework, we obtain a test that is compu-
tationally feasible, sensitive to higher-order structure, and
particularly effective when traditional edge-based methods
are least informative. The remainder of the paper is orga-

Table 1. Status of the ingredients used by RNBRW-GOF.

Ingredient Status here Role in the procedure

Null mean of RN-
BRW weights

Proved Centering of Yobs

Second-moment
control

Proved Scaling and stability

Finite-walk concen-
tration

Proved Separates Monte Carlo er-
ror from graph random-
ness

Localized sparse de-
pendence decay

Proved for
truncated
local scores

Supports the weak-
dependence heuristic

Weak dependence
of full oracle RN-
BRW matrix

Not proved Motivates spectral calibra-
tion

Tracy–Widom law
for final statistic

Simulation-
calibrated

Final p-value computation

nized as follows. Section 2 introduces the testing setup and
baseline models. Section 3 reviews RNBRW and develops
the null-side properties of the RNBRW edge weights. Sec-
tion 4 defines the proposed RNBRW goodness-of-fit statistic.
Section 5 presents finite-sample calibration, Type I error,
and power results. Section 6 concludes with limitations and
future directions.

2. Problem setup
We study community structure assessment as a hypoth-
esis testing problem rather than a graph partitioning
problem. Given an observed undirected graph G =
(V,E) with n = |V | nodes and adjacency matrix A ∈
{0, 1}n×n, our goal is to determine whether the net-
work is adequately described by a homogeneous ran-
dom graph model or instead exhibits evidence of non-
trivial community structure. Formally, we consider the
hypotheses H0 : G ∼ G(n, p) versus H1 :
G exhibits assortative community structure. Under this for-
mulation, the question is not to estimate node memberships
directly, but to test whether the observed graph departs sig-
nificantly from a one-community null model.

2.1. Null model: Erdős–Rényi graph
Under the null hypothesis, the network is assumed to follow
an Erdős–Rényi model G(n, p), in which each possible
edge appears independently with common probability p.
Thus, for distinct nodes i, j ∈ V , P(Aij = 1) = p, and all
edges are exchangeable under H0. This corresponds to a
homogeneous network with no latent community structure,
so any systematic deviation from this edge-homogeneous
behavior should provide evidence against the null.

A classical spectral benchmark for testing this null is
the procedure of Bickel & Sarkar (2013). Let A⋆

ij =
Aij−p̂√

(n−1)p̂(1−p̂)
, i ̸= j, where p̂ is the empirical edge

density of the observed graph. Bickel and Sarkar showed
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that, under the Erdős–Rényi null, the largest eigenvalue of
A⋆ admits Tracy–Widom calibration asymptotically, leading
to a goodness-of-fit test based on θBS = n2/3

(
λmax(A

⋆)−
2
)
. Our proposed method follows this spectral testing phi-

losophy, but replaces adjacency-only information by cycle-
sensitive RNBRW edge weights.

2.2. Alternative model: stochastic block structure
Under the alternative, the graph is assumed to have latent
communities. A canonical model for this setting is the
stochastic block model (SBM), in which each node i is
assigned a latent block label gi ∈ {1, . . . , k} and edge prob-
abilities depend on the block memberships of the endpoints:
P(Aij = 1 | gi, gj) = ωgigj . The matrix Ω = (ωab)

k
a,b=1

governs the connectivity pattern between and within com-
munities. In the assortative case relevant for community
detection, within-community probabilities exceed between-
community probabilities, so that ωaa > ωab, a ̸= b.
Such alternatives induce not only edge-density heterogene-
ity but also cycle-level heterogeneity. To see the local mech-
anism, consider a balanced two-block SBM with within-
and between-community probabilities pin > pout, and let
Cij =

∑
k ̸=i,j AikAjk be the common-neighbor count.

Conditional on Aij = 1, a direct calculation gives

∆△ := E[Cij | i, j same, Aij = 1]−E[Cij | i, j different, Aij = 1] =
n

2
(pin−pout)2−2pin(pin−pout).

(1)
Under pin = a/n and pout = b/n, this becomes ∆△ =
(a− b)2/(2n) +O(n−2). Thus, among realized edges with
the same adjacency value Aij = 1, short-cycle statistics
can still differ between within-community and between-
community edges. RNBRW-GOF exploits this distinction
through retracing probabilities, and our experiments focus
on assortative SBM-type alternatives.

3. RNBRW and null-side properties
We now summarize the renewal non-backtracking random
walk (RNBRW) construction and the null-side properties
that motivate our test statistic. RNBRW is a cycle-sensitive
variant of a non-backtracking random walk: it evolves as a
non-backtracking walk until it first returns to a previously
visited node, at which point the walk terminates, records
the final edge as a retracing edge, and restarts from a new
randomly selected directed edge. The resulting retracing
frequencies quantify local cyclic structure in the graph.

More precisely, each RNBRW run proceeds as follows:

1. Choose a directed edge−−→v0v1 uniformly at random from
the directed edge set E⃗.

2. Initialize the walk as w = [v0, v1].

3. For k = 1, 2, . . . , move from vk to a neighboring node
vk+1 ̸= vk−1.

4. If vk+1 is already present in w, terminate the walk and
record −−−−→vkvk+1 as the retracing edge; otherwise append
vk+1 to w and continue.

Dead-end handling. If the walker is at node vk and there
is no admissible non-backtracking move, i.e., every neigh-
bor of vk is equal to vk−1 or no such neighbor exists, then
the current RNBRW run is terminated without recording a
retracing edge. A new run is then restarted from a uniformly
selected directed edge. This convention is particularly rele-
vant in sparse graphs and ensures that every RNBRW run is
well defined. Intuitively, edges that are more likely to ter-
minate an RNBRW are more strongly associated with short
cycles. Since within-community edges are typically more
enriched in cycles than between-community edges, RN-
BRW retracing probabilities provide a natural cycle-aware
summary for testing community structure.

3.1. RNBRW edge weights
Let Rij denote the number of successful RNBRW runs
whose retracing edge is eij , and let Nret =

∑
euv∈E Ruv

be the total number of successful retracing events. We
define Yij =

Rij

Nret
, so that the RNBRW edge weights form

a probability distribution over realized edges. If Nret =
0, then no RNBRW retracing event is observed and the
normalized edge-weight matrix is undefined; in that case,
we treat the graph as a conservative non-rejection and do
not compute the RNBRW-GOF statistic.
Number of RNBRW runs. Throughout the experiments,
the RNBRW weights are estimated from N independent
RNBRW runs. In all simulations reported here, we set
N = cwalk m, cwalk = 20, where m = |E|. This
choice scales the RNBRW sampling effort with graph size
and keeps the estimator variance reasonably stable across
(n, p) settings. In each graph replicate, RNBRW edge
weights were normalized by the number of successful re-
tracing events, consistent with the original RNBRW con-
struction. From an implementation standpoint, this choice
makes the RNBRW sampling budget scale linearly with the
number of observed edges through N = cwalkm, so the
additional computational cost of the method is controlled
by the walk multiplier cwalk.

3.2. Finite-walk estimation error

For a fixed graph G, let πij(G) =
P(a successful RNBRW run on G retraces eij | G) denote
the graph-dependent conditional retracing probability of
edge eij . Given Nret successful retracing events, the retrac-
ing counts are multinomial with cell probabilities {πij(G)},
so Yij = πij(G) + OP(N

−1/2
ret ), ∥Y − Π(G)∥max =

OP

(√
logn
Nret

)
. A more explicit concentration statement is

given in Appendix A.2.
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3.3. Mean and variance under the null
The first basic property is that, under the Erdős–Rényi null,
every edge has the same expected retracing probability.

Lemma 3.1. Under the Erdős–Rényi model G(n, p),
E[Yij ] =

1

(n2)
= 2

n(n−1) .

Proof. For any graph realization, the RNBRW retrac-
ing proportions satisfy

∑
eij∈E Yij = 1. Taking expec-

tations and using exchangeability under G(n, p) gives∑
eij∈E E[Yij ] = 1. Since all edges have the same expecta-

tion under H0, each must equal 1/
(
n
2

)
= 2/(n(n−1)).

We also require crude but useful variance control. The
manuscript provides upper and lower bounds that are suffi-
cient for motivating the normalization of the test statistic.

Lemma 3.2. Under the Erdős–Rényi model G(n, p), the
RNBRW retracing proportion satisfies Var(Yij) ≤ E[Yij ] =

2
n(n−1) .

Proof. Since 0 ≤ Yij ≤ 1, we have Y 2
ij ≤ Yij . Therefore,

Var(Yij) = E[Y 2
ij ]− E[Yij ]

2 ≤ E[Y 2
ij ] ≤ E[Yij ]. Applying

Lemma 3.1 gives Var(Yij) ≤ E[Yij ] =
2

n(n−1) .

By Cauchy–Schwarz and Lemma 3.2, for distinct edges
e ̸= f we have

∣∣Cov(Ye, Yf )
∣∣ ≤ √

Var(Ye)Var(Yf ) ≤
2/(n(n − 1)) = O(n−2); after the normalization in (3),
this yields pairwise standardized-entry covariances of at
most order O(n−1), but does not by itself imply correlation
decay.
Lemma 3.1 and Lemma 3.2 justify centering and scaling the
RNBRW matrix under H0. The variance bound is intention-
ally crude: it records that the RNBRW edge weights have
controlled second moments under H0, and no matching
lower bound is needed in the sequel. The remaining issue is
dependence, since RNBRW retracing events are not exactly
independent across edges. The next assumption records the
working correlation-decay input used to motivate spectral
calibration.

3.4. A conditional weak-dependence assumption under
the null

Assumption 3.3 (Disjoint-edge weak dependence). Let
G(n, p) be an Erdős–Rényi graph, and let Ye denote the
normalized RNBRW retracing weight associated with edge
e. Suppose that, for disjoint edge pairs,

max
e∩f=∅

|Corr(Ye, Yf )| ≤ rn(p), rn(p)→ 0. (2)

Remark 3.4 (Scope of Assumption 3.3). Assumption 3.3
is a working weak-dependence condition for the full nor-
malized RNBRW matrix, not a theorem proved here.
The appendix proves a fixed-depth local analogue in the

sparse regime and separates graph-level dependence from
empirical-normalization dependence. These results support
the weak-dependence heuristic but do not establish a tailored
Tracy–Widom theorem, so the calibration below remains
theory-motivated and simulation-calibrated.
Interpretation of the null-side theory. Assumption 3.3
concerns disjoint-edge correlations in the full normalized
RNBRW matrix and is not proved in this paper. Appendix B
proves localized sparse-regime analogues for bounded trun-
cated scores, records truncation and normalization bounds,
and isolates the additional dependence induced by empir-
ical normalization. These results support the plausibility
of weak pairwise dependence for localized RNBRW-type
functionals, but they do not establish Assumption 3.3 for
the full oracle retracing probabilities.

4. RNBRW goodness-of-fit statistic
We now define the proposed goodness-of-fit test based on
RNBRW edge weights. The key idea is that, under the null
hypothesis of no community structure, RNBRW retracing
proportions should behave approximately homogeneously
across edges after centering and normalization, whereas
under structured alternatives they should exhibit a spectral
departure driven by cycle enrichment within communities.

4.1. RNBRW-GOF statistic
Let Yobs denote the n × n symmetric matrix of RNBRW
retracing proportions, where (Yobs)uv = proportion of suc-
cessful RNBRW retracing events for which edge (u, v) is
the retracing edge. Under the null hypothesis H0 : G ∼
G(n, p), Lemma 3.1 implies that the expected retracing pro-
portion of each edge is µnull =

1

(n2)
. Define the null mean

matrix Mmean,null by (Mmean,null)uv =

{
µnull, u ̸= v,

0, u = v.

To form the test statistic, we first center and normalize the
observed RNBRW matrix. Let V̂arnull(p̂) be an estimate
of the variance of the RNBRW edge weights under H0,
obtained from Erdős–Rényi simulations at the plug-in edge
density p̂ = m/

(
n
2

)
.

We then define

Ystd =
Yobs −Mmean,null√
(n− 1) V̂arnull(p̂)

. (3)

The normalization in (3) follows the same scaling used in
our simulation study and places the RNBRW matrix on a
scale comparable to classical spectral statistics from random
matrix theory. In finite samples, however, residual weak
dependence among RNBRW edge weights can still influence
the extreme eigenvalues. To improve null calibration in
practice, we therefore add a small symmetric perturbation
whose magnitude is tied to the observed graph density.
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Let cobs = np̂. Construct a symmetric matrix ∆obs with
diagonal entries (∆obs)uu = 0 and off-diagonal entries
(∆obs)uv = − 4c2obs

n4 Zuv, u < v, where Zuv
i.i.d.∼

N(0, 1) and (∆obs)vu = (∆obs)uv. We then define the
perturbed standardized matrix

Ŷ = Ystd +∆obs. (4)

Our proposed RNBRW goodness-of-fit statistic is the
largest-eigenvalue statistic

θraw = n2/3
(
λmax(Ŷ )− 2

)
. (5)

Large values of θraw indicate a cycle-sensitive departure
from the Erdős–Rényi null; under the assortative SBM alter-
natives studied here, this departure is interpreted as evidence
of community structure. Under H0, the null-side results of
Section 3 justify centering, scaling, and finite-walk con-
centration of the RNBRW matrix, but they do not imply a
tailored Tracy–Widom universality theorem for Ŷ . Accord-
ingly, the practical calibration below should be interpreted
as theory-motivated and simulation-calibrated. Following
the same philosophy as Bickel & Sarkar (2013), we there-
fore optionally apply a Bartlett-type correction.

Let µθ,null(p̂) and σ2
θ,null(p̂) denote the mean and variance

of θraw estimated under the null by simulation at the plug-in
edge density p̂, and let µTW1

and σ2
TW1

denote the theoreti-
cal mean and variance of the Tracy–Widom type 1 distribu-
tion. The corrected statistic is

θ =
θraw − µθ,null(p̂)√

σ2
θ,null(p̂)

√
σ2
TW1

+ µTW1
. (6)

In particular, the practical calibration is conditional on the
plug-in density p̂, rather than unconditional over graph-
density randomness under G(n, p). Under H0, the cali-
bration is supported by the null-side results of Section 3,
which establish centered first-order structure and controlled
second moments for RNBRW edge weights, together with
the working disjoint-edge correlation-decay formulation in
Assumption 3.3, while the Tracy–Widom step is handled
through finite-sample simulation calibration. We then com-
pute the p-value by comparing θ (or θraw if no correction
is used) to the Tracy–Widom type 1 reference distribution.
Thus, the practical test is theory-motivated but simulation-
calibrated.

4.2. Implementation

Algorithm 1 summarizes the testing pipeline; implemen-
tation details and sensitivity settings are deferred to Ap-
pendix C.
5. Null calibration and empirical performance
We now evaluate the finite-sample behavior of the proposed
RNBRW-GOF statistic under both the null and structured al-

Algorithm 1 RNBRW-GOF

Require: Observed graph G = (V,E) with n = |V |, m =
|E|; walk multiplier cwalk; level α

1: p̂← m/
(
n
2

)
, N ← cwalk m

2: Run N RNBRW trials and form Yobs

3: if Nret = 0 then
4: return conservative non-rejection
5: end if
6: Form Ystd via (3)
7: Optionally set Ŷ ← Ystd +∆obs via (4)
8: Compute θraw = n2/3

(
λmax(Ŷ )− 2

)
9: Bartlett-correct θraw via (6)

10: Reject H0 if θ > q1−α(TW1)

ternatives. Our simulation study has two goals: (i) to assess
how well the null distribution of the statistic is approxi-
mated by the Tracy–Widom type 1 law after finite-sample
calibration, and (ii) to quantify the resulting Type I error
control and power of the test across a range of graph sizes
and sparsity regimes. This section is adapted from the simu-
lation methodology and empirical results in the manuscript,
with emphasis on hypothesis testing performance rather than
recursive clustering.

5.1. Simulation methodology under the null
To evaluate the RNBRW-GOF test under H0, we gen-
erated Erdős–Rényi graphs Gk ∼ G(n, p), k =
1, . . . , Niters, for a range of graph sizes n and edge prob-
abilities p. In the main null-study grid reported here, we
considered graph sizes n ∈ {20, 50, 100}, and null edge
probabilities p ∈ {0.05, 0.2, 0.35, 0.5}. In addition, for the
Tracy–Widom alignment diagnostic in Figure 1, we included
an additional larger-graph setting with n = 500 and p = 0.5
to illustrate the improvement in finite-sample calibration as
the graph size increases. The experiments reported here span
both sparse and relatively dense Erdős–Rényi regimes. The
theoretical results in this paper, however, are limited to exact
null centering under exchangeability, crude second-moment
control, and finite-walk concentration, together with a weak-
overlap assumption used to motivate the calibration. Ac-
cordingly, the proposed procedure should be interpreted as
theory-motivated and simulation-calibrated across the full
experimental grid. For each (n, p) configuration, we esti-
mated the null variance using Nboot,1 = 200 Erdős–Rényi
graphs, collected Niters = 1000 raw test statistics for em-
pirical null evaluation, and estimated the Bartlett-correction
moments from an additional Nboot,2 = 200 null graphs. For
each simulated graph, we computed the RNBRW retracing-
proportion matrix, centered and standardized it using the
null mean and an estimated null variance, applied the pertur-
bation term from Section 4, and then formed the raw largest-
eigenvalue statistic θraw,k = n2/3

(
λmax(Ŷk)−2

)
. For each
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graph replicate, the RNBRW retracing-proportion matrix
was computed from N = cwalkm independent RNBRW
runs with cwalk = 20. Thus, the practical computational
overhead relative to adjacency-only baselines is governed
primarily by the walk multiplier cwalk, which we treat as
a user-controlled accuracy–cost parameter. The same null
simulations were also used to estimate the quantities re-
quired for finite-sample calibration: V̂arnull(p̂), µθ,null(p̂),
and σ2

θ,null(p̂). In particular, the Bartlett-type correction was
implemented by matching the empirical mean and variance
of the raw statistic under H0 to the theoretical mean and
variance of the Tracy–Widom type 1 distribution:

θcorrected,k =
θraw,k − µθ,null(p̂)√

σ2
θ,null(p̂)

√
σ2
TW1

+ µTW1
. (7)

For a nominal significance level αtest, the empirical Type I
error was then computed as the proportion of corrected
statistics exceeding the corresponding (1 − αtest) Tracy–
Widom quantile. All simulations involving the perturba-
tion matrix ∆obs were run with fixed random seeds for
reproducibility. In particular, the sensitivity analysis in Ap-
pendix D shows that the perturbation scale has essentially
no effect on the reported Type I error and power in the
tested regime, whereas the RNBRW walk budget induces
a visible calibration–power tradeoff. This indicates a prac-
tical calibration–power tradeoff in the RNBRW sampling
budget, but in the weakest regime considered the absolute
power remains low because the signal is near or below the
finite-sample detectability boundary.

Sensitivity to walk budget and perturbation. We use
N = cwalkm RNBRW runs with cwalk = 20. Ap-
pendix D shows that increasing cwalk primarily reduces
Monte Carlo variability and can improve power in weak-
signal regimes, but may also make finite-sample null cal-
ibration somewhat more anti-conservative. By contrast,
varying the perturbation scale has negligible effect in the
tested regime. In the weak-signal SBM setting n = 100
with (p, q) = (0.017, 0.015) at α = 0.01, increasing cwalk

improves stability and power; additional sensitivity results
are reported in Appendix D.

Table 2. Calibration ablation under the Erdős–Rényi null for the
representative setting n = 100, p = 0.5. Entries are empirical re-
jection probabilities at nominal levels α ∈ {0.10, 0.05, 0.01} for
four variants: the raw unperturbed RNBRW statistic, the Bartlett-
only variant, the perturbation-only variant, and the full RNBRW-
GOF procedure.

Method α = 0.10 α = 0.05 α = 0.01

Raw RNBRW (θ(0)raw) 0.242 0.150 0.064
Bartlett only 0.112 0.067 0.021
Perturbation only 0.262 0.151 0.043
Full RNBRW-GOF 0.110 0.049 0.011

5.2. Empirical null calibration and Tracy–Widom
alignment

We first examined the empirical distribution of the RNBRW-
GOF statistic under the null hypothesis. As expected for an
extreme-eigenvalue statistic, the uncorrected finite-sample
distribution can deviate from its asymptotic Tracy–Widom
limit, especially for small n. We therefore apply a Bartlett-
type correction, following Bickel & Sarkar (2013), to im-
prove the finite-sample approximation. After correction,
the empirical null distribution of the RNBRW-GOF statistic
aligns substantially better with the Tracy–Widom type 1
reference law. Figure 1 shows this alignment for n = 100
and n = 500 under the Erdős–Rényi null with p = 0.5. For
n = 100, the corrected empirical distribution already tracks
the Tracy–Widom law well: the empirical 0.99 quantile of
the Bartlett-corrected statistic is approximately 2.01, which
is very close to the Tracy–Widom type 1 reference value of
approximately 2.02. For n = 500, the agreement is even
stronger, especially in the upper tail, consistent with im-
proved asymptotic behavior as the graph size increases and
supporting the use of Tracy–Widom calibration in moderate-
to-large graphs. Overall, these diagnostics indicate that the
Bartlett-corrected RNBRW-GOF statistic is well approxi-
mated by the Tracy–Widom type 1 law for the graph sizes
displayed in Figure 1, with the agreement improving further
at the additional large-graph setting n = 500.

Bootstrap robustness in a representative null setting.
For the representative null setting n = 100, p = 0.5, we
also compared the main Tracy–Widom/Bartlett calibration
with direct parametric bootstrap under fitted Erdős–Rényi
and degree-corrected Chung–Lu nulls using the same RN-
BRW pipeline. This robustness check supports the main
calibration story: the fitted Erdős–Rényi bootstrap gives
similar finite-sample calibration, while the degree-corrected
Chung–Lu bootstrap yields substantially more conservative
calibration in this homogeneous setting. For reference, the
fitted Erdős–Rényi bootstrap used B = 930 resamples and
the fitted Chung–Lu bootstrap used B = 1000 resamples;
full empirical rejection rates and bootstrap critical values
are reported in Appendix D.3.

5.3. Type-I error behavior
Using the calibrated null distribution described above, we
evaluated the empirical Type I error of the RNBRW-GOF
test across multiple values of n, p, and αtest. The main
pattern is that the test is conservative in the most chal-
lenging null regimes, namely very small and very sparse
Erdős–Rényi graphs. In particular, the manuscript observes
near-zero rejection rates in extremely sparse small-sample
settings such as n = 20 and p = 0.05. This conservatism is
statistically preferable to anti-conservative behavior, though
it also indicates that asymptotic calibration is less reliable
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Figure 1. Empirical distributions of the Bartlett-corrected RNBRW-
GOF statistic θ under the Erdős–Rényi null model with p = 0.5,
shown for two graph sizes: n = 100 (top) and n = 500 (bot-
tom). In each panel, the histogram and kernel density estimate
are overlaid with selected Tracy–Widom type 1 (TW1) quantiles,
shown as dashed vertical lines. For n = 100, the empirical upper
tail already agrees closely with the TW1 reference, with empirical
and theoretical 0.99 quantiles nearly identical. For n = 500, the
agreement is even sharper, especially in the upper tail, illustrating
improved finite-sample calibration as the graph size increases.

in that regime and may come at the expense of power. As
the graph size increases, the empirical Type I error becomes
better aligned with nominal significance levels, even when
the graph remains relatively sparse. The manuscript specifi-
cally notes improved calibration for p = 0.05 once n ≥ 50,
with the best agreement observed at moderate significance
levels such as α = 0.1. In denser graphs, the test generally
maintains reasonable null control, although the quality of
calibration varies somewhat with (n, p) and the chosen sig-
nificance level. Taken together, these results indicate that
the RNBRW-GOF test is usable as a calibrated hypothe-
sis test in moderate-to-large networks, while the smallest
sparse regimes remain finite-sample limited. Accordingly,
the present implementation should not be viewed as a well-
calibrated small-sample sparse-graph test; rather, its most
reliable regime of applicability is moderate-to-large graphs,
including sparse graphs once n is sufficiently large for the
Tracy–Widom calibration to stabilize.
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Figure 2. Empirical Type I error under the Erdős–Rényi null
for RNBRW-GOF and the adjacency-based spectral baseline of
Bickel & Sarkar (2013). Dashed horizontal lines indicate nominal
significance levels. RNBRW-GOF is conservative in very small
sparse graphs, while calibration improves for moderate and large
networks.

5.4. Power under community-structured alternatives
We next evaluated the power of the RNBRW-GOF test un-
der assortative stochastic block model alternatives. The
central empirical conclusion is that the RNBRW-based test
has strong ability to detect departures from the Erdős–Rényi
null, and that its advantage is most pronounced when the
alternative is difficult for purely edge-based tests—namely,
when graphs are sparse or the community signal is weak.
This is consistent with the mechanism in (1): conditional
on Aij = 1, adjacency-only information is fixed, while
short-cycle participation can still differ between within-
community and between-community edges. We also com-
pare RNBRW-GOF to a non-backtracking spectral baseline
based on the Ihara–Hashimoto matrix on directed edges,
using the second-largest real-part eigenvalue as the informa-
tive statistic and calibrating it under a matched Erdős–Rényi
null by bootstrap quantiles. This provides a natural sparse-
graph comparator and helps isolate where RNBRW-based
retracing information provides value beyond the standard
non-backtracking spectrum. Accordingly, the present em-
pirical evidence should be interpreted for assortative SBM-
type departures from the Erdős–Rényi null rather than for
arbitrary forms of community structure. Relative to the non-
backtracking baseline, RNBRW-GOF is competitive overall,
improves clearly over the adjacency-only baseline in several
sparse and weak-signal settings, and remains comparable to
the non-backtracking method in the weakest settings shown
in Figure 3. At the same time, the non-backtracking baseline
remains highly competitive in several intermediate regimes,
so the empirical evidence supports complementarity rather
than uniform dominance. For the sparse two-block settings
with n = 100, it is useful to report the detectability-scale
index
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Figure 3. Empirical power under stochastic block model alterna-
tives for RNBRW-GOF, the adjacency-based spectral baseline of
Bickel & Sarkar (2013), and a non-backtracking spectral baseline
based on the Ihara–Hashimoto matrix on directed edges. The non-
backtracking statistic is the second-largest eigenvalue by real part
and is calibrated under a matched Erdős–Rényi null by bootstrap
quantiles. This comparison helps distinguish gains due to cycle-
sensitive RNBRW retracing from gains due merely to moving
beyond the raw adjacency operator.

ρdet =
(a−b)2

2(a+b) , a = np, b = nq.(8) For the two weak-
est settings in Figure 3, namely (p, q) = (0.017, 0.015)
and (0.008, 0.007), this gives ρdet ≈ 6.25 × 10−3 and
ρdet ≈ 3.33 × 10−3, respectively. These values lie far
below the classical sparse two-block benchmark ρdet = 1,
so the very low empirical power in those cases should be
interpreted as a below-boundary stress test rather than as
evidence of a limitation specific to RNBRW-GOF.

5.5. Summary of empirical findings
The simulation study supports four conclusions. First,
RNBRW-GOF can be calibrated under the Erdős–Rényi null
using simulation-based moment estimation and a Bartlett-
type correction. Second, after correction, the empirical null
distribution aligns reasonably well with the Tracy–Widom
type 1 law for moderate and large graphs. Third, the test
is conservative in extremely small sparse networks, where
asymptotic approximations are least accurate. Fourth, un-
der assortative SBM alternatives, RNBRW-GOF often im-
proves on the adjacency-only baseline in sparse or weak-
signal regimes while remaining competitive with a non-
backtracking comparator that is itself highly competitive in
several intermediate settings.

6. Discussion
We introduced RNBRW-GOF, a cycle-aware goodness-of-
fit test for community structure in networks. The method
combines RNBRW retracing probabilities with a largest-
eigenvalue spectral statistic, extending adjacency-based test-
ing procedures to incorporate higher-order graph structure.
The main motivation is that cyclic organization carries infor-
mation about community structure that is not fully captured
by edge density alone, especially in sparse or weak-signal
regimes. On the theory side, we prove exact null center-

ing, crude second-moment control, finite-walk concentra-
tion, and sparse-regime local dependence results supporting
RNBRW-based spectral calibration, but these do not yield a
weak-dependence theorem for the full oracle RNBRW ma-
trix or a tailored Tracy–Widom universality theorem for the
final statistic, so calibration remains theory-motivated and
simulation-calibrated. Empirically, this is sufficient to ob-
tain reasonable null behavior in moderate and large graphs
and improved power over the adjacency-only baseline in
several sparse and weak-signal assortative SBM regimes,
while a non-backtracking comparator remains highly com-
petitive in several intermediate settings. At the same time,
the method can be conservative in extremely small and
sparse networks, where asymptotic approximations are least
reliable. Our empirical study focuses on assortative SBM-
type alternatives, so the present claims under H1 should
be interpreted for that class rather than as a uniform guar-
antee over arbitrary forms of community structure. Under
degree heterogeneity, RNBRW weights may also respond to
hub-driven cycle concentration, while under disassortative
or nearly bipartite structure, the present one-sided largest-
eigenvalue statistic need not be the most sensitive direction
of departure. Within that scope, the results suggest that
cycle information can materially improve goodness-of-fit
testing for assortative community structure. Two natural
next diagnostics are an empirical characterization of the
overlap remainder rn(p) and a robustness study of the plug-
in null-variance estimator V̂arnull(p̂) in sparse regimes. On
the theory side, a full Tracy–Widom universality theorem
for the final RNBRW statistic remains open. A key obstacle
is that the full oracle matrix Π(G) is not yet controlled at
the operator-norm level by the present local-dependence and
truncation arguments, which leaves open the passage from
localized weak-overlap estimates to edge fluctuations of the
largest eigenvalue.

Impact Statement
This paper presents work whose goal is to advance the
methodology of hypothesis testing for network data. The
proposed method may be useful in scientific settings where
detecting higher-order graph structure is important. We do
not foresee immediate harmful uses beyond those already
associated with graph-based inference methods.
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A. Finite-walk concentration details
Definition A.1 (Graph-dependent retracing prob-
abilities). For a fixed graph G, let πij(G) =
P(a successful RNBRW run on G retraces eij | G) ,
and let Π(G) = (πij(G)) denote the corresponding
conditional retracing-probability matrix over successful
retracing events.

Lemma A.2. Fix a graph G and an edge eij . Let Nret

denote the number of successful RNBRW runs, and let
Yij =

Rij

Nret
, where Rij is the number of successful runs

whose retracing edge is eij . Then E[Yij | G,Nret] =

πij(G), Var(Yij | G,Nret) =
πij(G)(1−πij(G))

Nret
,

and, for every ε > 0, P(|Yij − πij(G)| > ε |G,Nret) ≤
2 exp(−2Nretε

2). Consequently, Yij = πij(G) +

OP(N
−1/2
ret ) conditionally on G.

Proof. Conditionally on G and Nret, the retracing counts
over successful RNBRW runs are multinomial with cell
probabilities {πij(G)}. Equivalently, Rij | G,Nret ∼
Binomial(Nret, πij(G)), so E[Yij | G,Nret] = πij(G)

and Var(Yij | G,Nret) =
πij(G)(1−πij(G))

Nret
. The Hoeffd-

ing bound then applies to the empirical proportion based
on the Nret successful retracing events, yielding the stated
inequality.

Corollary A.3. For any ε > 0,
P(∥Y −Π(G)∥max > ε |G,Nret) ≤
2
(
n
2

)
exp(−2Nretε

2).

In particular, ∥Y − Π(G)∥max =

OP

(√
logn
Nret

)
conditionally on G.

Proof. Apply the previous lemma to each off-diagonal entry
and use a union bound over the

(
n
2

)
undirected edges.

B. Localized dependence decay and empirical
normalization

Lemma B.1 (Dependence decay for bounded truncated local
scores in the sparse regime). Fix c > 0 and an integer L ≥
1, and let Gn ∼ G(n, c/n). For each undirected edge e,
let T (L)

e (Gn) = ΦL

(
NL(e;Gn)

)
∈ [0, 1] be a bounded L-

truncated local score, where NL(e;Gn) denotes the radius-
L neighborhood of e and ΦL is a measurable function of
that rooted neighborhood. Then there exists a constant
CL,c <∞ such that for any two fixed disjoint edges e ̸= f ,∣∣Cov(T (L)

e (Gn), T
(L)
f (Gn))

∣∣ ≤ CL,c n
−1.

Proof sketch. Let µ
(L)
n denote the joint law of(

NL(e;Gn),NL(f ;Gn)
)

and let ν
(L)
n denote the

product of the corresponding marginals. Couple the
simultaneous breadth-first explorations of the two radius-L
neighborhoods with two independent copies. If the
explored neighborhoods do not overlap, then the two
local scores are driven by disjoint families of Bernoulli
edge indicators, so under the coupling the joint explo-
ration agrees with the product exploration. Therefore,
∥µ(L)

n − ν
(L)
n ∥TV ≤ P(NL(e;Gn) ∩NL(f ;Gn) ̸= ∅) .

Since p = c/n, a radius-L neighborhood is stochastically
dominated by a depth-L Galton–Watson exploration with
Poisson(c) offspring. Hence, for fixed L, these neighbor-
hoods have uniformly bounded second moments, and for
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fixed disjoint edges the overlap probability is OL,c(n
−1).

Because 0 ≤ T
(L)
e , T

(L)
f ≤ 1, the covariance is con-

trolled by total variation:
∣∣Cov(T (L)

e (Gn), T
(L)
f (Gn))

∣∣ ≤
∥µ(L)

n − ν
(L)
n ∥TV ≤ CL,c n

−1.

Lemma B.2 (Adjacent realized edge pairs in the sparse
regime). Fix c > 0 and let Gn ∼ G(n, c/n). Let An :=
#
{
{e, f} ⊂ E(Gn) : e ∼ f

}
, where e ∼ f means that e

and f share exactly one vertex. Then An = OP(n).

Proof. Each adjacent unordered realized edge pair is
counted exactly once by its shared vertex, so An =∑n

v=1

(
dGn (v)

2

)
. Since dGn(v) ∼ Bin(n − 1, c/n),

E
[(

dGn (v)
2

)]
=

(
n−1
2

) (
c
n

)2
= O(1). Therefore, E[An] =∑n

v=1 E
[(

dGn (v)
2

)]
= O(n), and Markov’s inequality gives

An = OP(n).

Truncation identity for oracle retracing masses.
Definition B.3 (Cycle-completion time and truncated oracle
retracing masses). Let G be a realized graph, and consider
one RNBRW run started from a uniformly chosen directed
edge. Let τcyc denote the first time the walk completes a
cycle, with the convention τcyc =∞ if the run terminates at
a dead end before any cycle completion. For an undirected
edge e ∈ E(G), define the full oracle retracing mass
qe(G) := P(the RNBRW run retraces e |G) , and the
depth-L truncated oracle retracing mass q

(≤L)
e (G) :=

P(τcyc ≤ L and the RNBRW run retraces e |G) . Also
define the long-excursion tail mass RL(G) :=
P(L < τcyc <∞|G) .

Lemma B.4 (Truncation error equals tail mass). For
every realized graph G and every L ≥ 1, 0 ≤
qe(G)− q

(≤L)
e (G) ≤ RL(G) for every e ∈ E(G), and∑

e∈E(G)

(
qe(G) − q

(≤L)
e (G)

)
= RL(G). Consequently,∑

e∈E(G)

∣∣qe(G)− q
(≤L)
e (G)

∣∣ = RL(G).

Proof. Fix a realized graph G and an edge e ∈ E(G).
The event {the RNBRW run retraces e} splits disjointly
into {τcyc ≤ L and the run retraces e} ∪ {L <
τcyc < ∞ and the run retraces e}. Therefore qe(G) =

q
(≤L)
e (G) + P(L < τcyc <∞ and the run retraces e |G) ,

which implies 0 ≤ qe(G)− q
(≤L)
e (G) ≤ RL(G).

Summing over all realized edges e ∈ E(G) and using
that exactly one retracing edge is recorded on the event
{τcyc < ∞}, we obtain

∑
e∈E(G)

(
qe(G) − q

(≤L)
e (G)

)
=

P(L < τcyc <∞|G) = RL(G). Since every summand is
nonnegative,

∑
e∈E(G)

∣∣qe(G)− q
(≤L)
e (G)

∣∣ = RL(G).

Lemma B.5 (Normalized truncation error bound). Let
s(G) = P(τcyc < ∞ | G) =

∑
e∈E(G) qe(G), and define

the normalized full and truncated oracle retracing probabil-
ities by πe(G) := qe(G)

s(G) , π
(≤L)
e (G) :=

q(≤L)
e (G)

s(G)−RL(G) ,

whenever s(G) > 0 and s(G) − RL(G) > 0. Then∑
e∈E(G)

∣∣πe(G) − π
(≤L)
e (G)

∣∣ ≤ 2RL(G)
s(G) . In particular,

on the event {s(G) ≥ s0} with s0 > 0,
∑

e∈E(G)

∣∣πe(G)−
π
(≤L)
e (G)

∣∣ ≤ 2
s0
RL(G).

Proof. Write ae = qe(G), be = q
(≤L)
e (G), s =∑

e ae, t =
∑

e be = s − RL(G). Then∑
e

∣∣ae

s −
be
t

∣∣ ≤
∑

e

∣∣ae−be
s

∣∣ +
∑

e be
∣∣ 1
s −

1
t

∣∣ . By
Lemma B.4,

∑
e |ae − be| = RL(G),

∑
e be = t =

s − RL(G). Hence
∑

e

∣∣ae

s −
be
t

∣∣ ≤ RL(G)
s + t · |s−t|

st =
RL(G)

s + RL(G)
s = 2RL(G)

s(G) . The final claim follows imme-
diately on {s(G) ≥ s0}.

Definition B.6 (Success probability).
For a fixed graph G, let s(G) =
P(a single RNBRW run on G is successful | G) , that
is, the conditional probability that the run ends with a
retracing edge rather than a dead end.

Lemma B.7 (Covariance decomposition for empirical RN-
BRW proportions). Fix a graph G, and perform N inde-
pendent RNBRW runs on G. Let πe(G) denote the con-
ditional probability that a successful run retraces edge
e, let Re be the number of successful runs retracing
edge e, let Nret =

∑
e Re, and define Ye = Re

Nret
on

the event {Nret > 0}. Then, conditional on G and
Nret, (Re)e∈E ∼ Multinomial

(
Nret, (πe(G))e∈E

)
, and

therefore E[Ye | G,Nret] = πe(G), and Cov(Ye, Yf |
G,Nret) =

πe(G)1{e=f}−πe(G)πf (G)
Nret

. Consequently, on
{Nret > 0}, Cov(Ye, Yf | G,Nret > 0) =

(
πe(G)1{e =

f} − πe(G)πf (G)
)
E
[

1
Nret

∣∣∣G,Nret > 0
]
.

Inparticular, fordistinctedgese ̸= f , Cov(Ye, Yf |
G,Nret > 0) = −πe(G)πf (G)E

[
1

Nret

∣∣∣G,Nret > 0
]
.

Moreover, if along the graph sequence under considera-
tion one has Ns(G) → ∞, then E

[
1

Nret

∣∣∣G,Nret > 0
]
=

1
Ns(G) + O

(
(Ns(G))−2

)
, and hence for e ̸= f ,

Cov(Ye, Yf | G,Nret > 0) = −πe(G)πf (G)
Ns(G) +

O
(
(Ns(G))−2

)
.

Proof. Conditional on G, each RNBRW run has one
of the following outcomes: failure, or success with
retracing edge e. Hence the full collection of
counts is multinomial with cell probabilities

(
1 −

s(G), (s(G)πe(G))e∈E

)
. Conditioning further on the to-

tal number Nret of successful runs yields (Re)e∈E |
G,Nret ∼ Multinomial

(
Nret, (πe(G))e∈E

)
. Therefore,

E[Re | G,Nret] = Nretπe(G), and Cov(Re, Rf |
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G,Nret) = Nret

(
πe(G)1{e = f} − πe(G)πf (G)

)
. Di-

viding by N2
ret gives E[Ye | G,Nret] = πe(G) and

Cov(Ye, Yf | G,Nret) =
πe(G)1{e=f}−πe(G)πf (G)

Nret
.

Now condition on the event {Nret > 0}. Since E[Ye |
G,Nret] = πe(G) does not depend on Nret, the conditional
law of total covariance gives Cov(Ye, Yf | G,Nret > 0) =
E[Cov(Ye, Yf | G,Nret) |G,Nret > 0] .

Substituting the previous display yields
Cov(Ye, Yf | G,Nret > 0) =

(
πe(G)1{e =

f}−πe(G)πf (G)
)
E
[

1
Nret

∣∣∣G,Nret > 0
]
. For e ̸= f , this

reduces to the stated negative formula.

Finally, conditional on G, Nret ∼ Binomial(N, s(G)).
Write µ = Ns(G). On the event {Nret > 0}, a second-
order Taylor expansion of x 7→ 1/x around µ gives

1

Nret
=

1

µ
− Nret − µ

µ2
+

(Nret − µ)2

ξ3
,

for some random ξ between Nret and µ. Since Var(Nret |
G) = Ns(G)(1− s(G)) = O(µ), and P(Nret = 0 | G) =
(1 − s(G))N ≤ e−µ, the conditioning on {Nret > 0}
changes the first reciprocal moment only by an exponen-
tially small amount. Hence, when µ = Ns(G)→∞,

E
[

1

Nret

∣∣∣∣G,Nret > 0

]
=

1

Ns(G)
+O

(
(Ns(G))−2

)
.

Substituting this into the covariance identity proves the final
display.

Scope. Lemma B.1 controls dependence decay for
bounded fixed-depth local scores associated with disjoint
edges in the sparse regime. Lemma B.4 shows that pass-
ing from truncated oracle retracing masses to the full ora-
cle quantities reduces to controlling the long-excursion tail
mass, and Lemma B.5 gives the corresponding normalized
ℓ1 bound for the oracle retracing probabilities. Lemma B.2
shows that adjacent realized edge pairs are only OP(n) in
number under G(n, c/n), so they can be handled separately
by crude bookkeeping bounds when summing pairwise con-
tributions on the natural order-n scale. Lemma B.7 isolates
the additional dependence induced purely by the empirical
normalization Ye = Re/Nret and shows that, for distinct
edges, this contribution is conditionally negative and lower
order whenever Ns(G)→∞. With the simulation choice
N = cwalkm, this condition becomes cwalk ms(G)→∞,
which is a regime assumption rather than an automatic con-
sequence of sparsity alone. Extending these arguments to
the fully normalized oracle RNBRW retracing probabilities
would still require controlling long non-backtracking ex-
cursions, handling the global normalization, and treating
adjacent-edge interactions at the oracle level.

What is missing for a full null limit theorem

The results in this paper are intentionally partial. They
establish exact null centering, crude second-moment con-
trol, finite-walk concentration, and localized sparse-regime
dependence bounds for truncated local scores. These in-
gredients justify the proposed centering and normalization
and support the simulation-calibrated use of the RNBRW
statistic, but they do not yield a full Tracy–Widom-type
limit theorem for the final matrix statistic.

A full null limit theorem would require several additional
ingredients.

First, one would want an operator-norm concentration bound
for the Monte Carlo error in the empirical RNBRW matrix,
strengthening the current entrywise concentration result to
a matrix concentration statement conditional on the realized
graph. Such a result would separate finite-walk sampling
error from graph-level spectral fluctuations on the natural
operator scale.

Second, one would need an operator-level approximation
theorem for the oracle RNBRW retracing-probability matrix
itself. At a technical level, this would require controlling
long non-backtracking excursions, the global normalization
inherent in retracing probabilities, and adjacent-edge inter-
actions in operator norm rather than only through localized
pairwise estimates.

Third, after identifying the correct reference operator for
the oracle RNBRW matrix under the null, one would need
the appropriate edge-fluctuation theorem for that reference
object in the relevant sparsity regime. Only at that stage
would a limiting extreme-eigenvalue law become available
for the reference model.

Finally, one would need a perturbative transfer argument
showing that the oracle RNBRW matrix differs from the
reference operator by a remainder that is negligible on the
edge-fluctuation scale. Once such a representation is es-
tablished, the passage from the reference edge law to the
RNBRW statistic would be a standard comparison or delta-
method step.

We do not attempt to prove these ingredients here. Accord-
ingly, the RNBRW calibration used in the paper should be
interpreted as theory-motivated and simulation-calibrated
rather than as a fully proved Tracy–Widom-calibrated limit
theorem.
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C. Algorithmic summary

Algorithm 2 RNBRW-GOF test

Require: Observed graph G = (V,E) with n = |V |,
m = |E|; null variance estimate V̂arnull; optional null
calibration parameters µθ,null, σ

2
θ,null

Ensure: Test statistic θ and p-value
1: Compute the observed edge density p̂← m/

(
n
2

)
2: Run RNBRW on G to obtain the retracing-proportion

matrix Yobs

3: if Nret = 0 then
4: return non-rejection
5: end if
6: Set µnull ← 1/

(
n
2

)
and form Mmean,null

7: Compute Ystd =
Yobs−Mmean,null√

(n−1) V̂arnull

8: Set cobs ← np̂ and generate the symmetric perturbation
matrix ∆obs

9: Form Ŷ ← Ystd +∆obs

10: Compute θraw = n2/3
(
λmax(Ŷ )− 2

)
11: if Bartlett correction is available then
12: Compute θ =

θraw−µθ,null√
σ2
θ,null

√
σ2
TW1

+ µTW1

13: else
14: θ ← θraw
15: end if
16: Compute the p-value from the Tracy–Widom type 1

upper tail

Reproducibility and randomness. The perturbation ma-
trix ∆obs is generated from i.i.d. Gaussian draws and there-
fore introduces an explicit randomized component into the
finite-sample statistic. In all experiments, we fix the random
seed used for perturbation generation, as well as the seeds
used for graph simulation and RNBRW sampling, so that
every reported result is exactly reproducible. The role of
∆obs is purely calibration-oriented: it is a small density-
dependent adjustment intended to improve finite-sample
spectral behavior when weak residual correlations remain
in the standardized RNBRW matrix. Thus, the practical pro-
cedure should be interpreted as simulation-calibrated rather
than purely theory-calibrated.

D. Ablation tables and sensitivity analyses
Additional implementation sensitivity results are collected
here. The calibration ablation under the representative null
setting is reported in the main text (Table 2); this appendix
focuses on walk-budget and perturbation sensitivity.

Table 3. Sensitivity of RNBRW-GOF to the RNBRW walk budget
and perturbation scale.

Setting Empirical Type I error Empirical power

cwalk = 5 0.011 0.009
cwalk = 10 0.032 0.019
cwalk = 20 0.028 0.023
cwalk = 50 0.028 0.026

γ = 0.0 0.012 0.023
γ = 0.5 0.012 0.023
γ = 1.0 0.012 0.023
γ = 2.0 0.012 0.023

D.1. Sensitivity to the walk budget and perturbation
magnitude

We next studied the robustness of RNBRW-GOF to two
implementation choices: the RNBRW walk budget and
the perturbation magnitude. For the walk budget, we var-
ied N = cwalk m, cwalk ∈ {5, 10, 20, 50}. For the
perturbation study, we replaced ∆obs by a scaled version
∆obs(γ) = γ∆obs, γ ∈ {0, 0.5, 1, 2}.

Table 3 summarizes the resulting empirical Type I error
and power for the weak-signal SBM setting n = 100
with within- and between-community probabilities (p, q) =
(0.017, 0.015) at nominal level α = 0.01. This regime is in-
tended to probe near-boundary detection performance. For
the perturbation-sensitivity rows, the null Type I error is eval-
uated at the denser Erdős–Rényi setting p = 0.5, matching
the implementation used to generate the appendix table. The
results show that the perturbation scale has negligible empir-
ical effect in the tested regime, supporting the interpretation
of the perturbation step as a finite-sample calibration device
rather than a source of signal. In contrast, the RNBRW walk
budget affects both null calibration and power: increasing
cwalk improves power under the weak-signal SBM alterna-
tive, but also yields more anti-conservative null rejection in
finite samples. This indicates a practical calibration–power
tradeoff in the choice of RNBRW sampling intensity.

D.2. Diagnostic variants used in the experiments

To separate the contribution of cycle-aware weighting from
that of finite-sample calibration, we also consider three
diagnostic variants of the proposed statistic. First, the un-
perturbed raw statistic is θ

(0)
raw = n2/3

(
λmax(Ystd) − 2

)
.

Second, the Bartlett-only variant applies the moment cor-
rection in (6) to θ

(0)
raw. Third, the perturbation-only variant

uses θ(∆)
raw = n2/3

(
λmax(Ystd+∆obs)−2

)
without Bartlett

correction. The full RNBRW-GOF procedure corresponds
to the corrected statistic θ in (6). Comparing these vari-
ants helps determine whether the observed empirical gains

12



Cycle-Aware Hypothesis Testing for Community Structure via RNBRW

Table 4. Empirical rejection probabilities under the Erdős–Rényi
null for the representative setting n = 100, p = 0.5, based
on 1000 null replicates. The table compares the main Tracy–
Widom/Bartlett calibration to direct parametric bootstrap under
fitted Erdős–Rényi and degree-corrected Chung–Lu nulls.

Method α = 0.10 α = 0.05 α = 0.01

TW/Bartlett 0.110 0.049 0.011
Bootstrap-ER 0.087 0.036 0.007
Bootstrap-Chung–Lu 0.008 0.001 0.000

arise from RNBRW cycle information itself or from the
calibration devices used to stabilize the finite-sample null
distribution.

D.3. Direct parametric-bootstrap robustness under the
null

To further assess finite-sample calibration, we supple-
mented the Tracy–Widom/Bartlett calibration with a direct
parametric-bootstrap robustness check under fitted null mod-
els. We focus on the representative null setting

n = 100, p = 0.5,

which is also used in the main calibration ablation. For each
observed Erdős–Rényi replicate, we computed the RNBRW-
GOF statistic using the same RNBRW weighting, centering,
normalization, perturbation, and walk budget as in the main
pipeline, and then calibrated the resulting statistic in three
different ways:

1. Tracy–Widom calibration after Bartlett correction;

2. direct parametric bootstrap under a fitted Erdős–Rényi
null;

3. direct parametric bootstrap under a fitted degree-
corrected Chung–Lu null.

We then estimated empirical rejection probabilities at nomi-
nal levels

α ∈ {0.10, 0.05, 0.01}

over 1000 null replicates.

Table 4 reports the resulting empirical Type I error. The
Tracy–Widom/Bartlett calibration remains close to nominal,
while the direct bootstrap under the fitted Erdős–Rényi null
is similarly calibrated and the fitted Chung–Lu bootstrap is
substantially more conservative in this homogeneous setting.
This supports the use of Tracy–Widom/Bartlett calibration
as the main homogeneous-null calibration scheme in the
experiments, with direct bootstrap serving as a useful ro-
bustness diagnostic rather than a replacement.
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