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Abstract

Multivariate extreme value distributions are a common choice for modelling multivari-
ate extremes. In high dimensions, however, the construction of flexible and parsimonious
models is challenging. We propose to combine bivariate max-stable distributions into a
Markov random field with respect to a tree. Although in general not max-stable itself,
this Markov tree is attracted by a multivariate max-stable distribution. The latter serves
as a tree-based approximation to an unknown max-stable distribution with the given
bivariate distributions as margins. Given data, we learn an appropriate tree structure
by Prim’s algorithm with estimated pairwise upper tail dependence coefficients as edge
weights. The distributions of pairs of connected variables can be fitted in various ways.
The resulting tree-structured max-stable distribution allows for inference on rare event

probabilities, as illustrated on river discharge data from the upper Danube basin.
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1 Introduction

The modelling of tail dependence and extreme events has become a statistical problem of
great interest. Through asymptotic theory, extreme value theory postulates models for sample

extremes (max-stable distributions) and excesses over high thresholds (generalized Pareto
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distributions), both univariate and multivariate. Fields of application include meteorology
and climatology (heat waves, wind storms, floods), finance (stock market crashes), reinsurance
(large claims), and machine learning (anomaly detection). Text-book treatments can be
found in Coles (2001)), Beirlant et al. (2004) and de Haan & Ferreira (2006)), while Davison
& Huser (2015) provides a more recent survey of the field.

Multivariate max-stable distributions arise as the possible limiting distributions of normal-
ized component-wise maxima of independent copies of a random vector. Their construction,
however, is not straightforward because of their complicated dependence structure. Non-
parametric inference on multivariate max-stable distributions is usually performed in terms of
dependence functions such as the angular or spectral measure (Einmahl et al., 2001} Einmahl
& Segers, 2009), the Pickands dependence function (Deheuvels, |1991) and the stable tail
dependence function (Huang, (1992} Drees & Huang, |1998). Early reviews of parametric
models can be found in Coles & Tawn (1991)), Kotz & Nadarajah (2000, Chapter 3), and
Beirlant et al. (2004, Chapter 9). Well-known parametric models include the logistic and
negative logistic families (Gumbel, |1960; Tawn, 1990)), the Hiisler—Reiss model (Hiisler &
Reiss, [1989)), mixtures of Dirichlet distributions (Boldi & Davison, 2007)), the pairwise beta
distribution (Cooley et al., 2010)), max-linear factor models (Einmahl et al., 2012)), the ex-
tremal ¢ process (Davison et al.,[2012), and models based on Bernstein polynomials (Hanson
et al.,|2017). Some generic construction principles yielding known and new examples are
proposed in Ballani & Schlather (2011) and Kiriliouk et al. (2019). Although these methods
perform quite well and have reasonable efficiency in low and moderate dimensions, their
application in higher dimensions remains challenging stemming from the potentially complex
dependence structure of multivariate max-stable distributions, computational challenges, and
the need to balance flexibility with parsimony.

Graphical models represent relatively simple probabilistic structures and are a popular
way to model multivariate distributions in a sparse way. Lately, the intersection of extreme
value theory and graphical models has attracted quite some attention. Gissibl & Kliippelberg
(2018) introduced max-linear models on directed acyclic graphs, whose dependence structures
were further investigated in Gissibl et al. (2018). Segers (2020) studied the limit theory of
extremes of regularly varying Markov trees, with applications to structured Hiisler—Reiss
distributions in Asenova et al. (2021) and with extensions to Markov random fields on block
graphs in Asenova & Segers (2023). In parallel, Engelke & Hitz (2020) proposed a way
to factor the density of multivariate Pareto distribution on graphs through a variation on

the Hammersley—Clifford theorem related to a kind of redefined conditional independence,



followed by Engelke & Volgushev (2022), who studied a data-driven methodology of identifying
the underlying graphical structures for such a factorization. An illuminating review of sparse
models for multivariate extremes is given in Engelke & Ivanovs (2021]).

The goal of this paper is to approximate a potentially unknown multivariate max-stable
distribution by another multivariate max-stable distribution constructed from a Markov
random field with respect to a tree, or Markov tree in short. As special cases of graphical
models, Markov trees have simple and tractable structures. The conditional independence
relations they satisfy are equivalent to a certain factorization of their joint distribution and
eventually lead to an effective dimension reduction. The application of Markov trees in the
modelling of multivariate probability distribution goes back to the seminal paper by Chow &
Liu (1968]), who approximate a d-dimensional discrete distribution by a product of pairwise
distributions linked up by a tree. It was demonstrated that in many cases, this method
provides a reasonable approximation to the full distribution, capturing at least the marginal
distributions and some important features of the joint dependence structure. The idea
remains attractive in modern practice. In Horvath et al. (2020)), for instance, such Markov
tree approximations are used in the context of anomaly detection in machine learning.

A Markov tree involves a set of conditional independence relations between random
variables. However, Papastathopoulos & Strokorb (2016) have shown that for a max-stable
random vector with positive continuous density, conditional independence of two random
variables given the other ones implies unconditional independence of the two variables.
Except for trivial cases, a random vector with a multivariate max-stable distribution and a
continuous density can therefore not satisfy any conditional independence relations. Hence,
the method of Chow & Liu (1968) cannot be applied directly to multivariate max-stable
distributions. Still, Engelke & Volgushev (2022)) and Segers (2020) demonstrated that
conditional independence relations can be incorporated into distributions of multivariate
extremes through the lens of excesses over high thresholds. Based on these findings, we
propose a method based on graphical models that consists of merging bivariate max-stable
distributions along a tree.

Given a multivariate max-stable distribution and a tree on the set of variables, we
construct a Markov tree by letting each connected pair of variables have the same distribution
as the corresponding bivariate margin of the max-stable distribution. The Markov tree
constructed in this way is shown to belong to the domain of attraction of another max-
stable distribution. This second multivariate max-stable distribution serves as a tree-based

approximation to the first one, fully determined by the tree structure and certain bivariate



margins. Explicit expressions of such a tree-structured multivariate maz-stable distribution
(see Definition || below) are derived from those of joint tails of Markov trees.

In practice, the true max-stable distribution is unknown and needs to be estimated from
the data. To do so, we implement a three-step procedure: Select the maximum dependence
tree which has the maximal sum of edge weights, taken as the pairwise estimates of the
upper tail dependence coefficient A; Estimate the dependence structures of all the pairs of
adjacent variables on the maximum dependence tree; Measure the goodness-of-fit of the
constructed model by comparing the distributions of nonadjacent pairs of variables in the
original max-stable law on the one hand and in its tree-based approximation on the other
hand. It is worth noting that, in the second step, different max-stable parametric families can
be assumed for different adjacent pairs and different estimation methods can be applied for
the parameters. All in all, the three steps combined provide a flexible and computationally
feasible way to fit a flexible class of tree-based multivariate max-stable distributions.

Some theoretical results corresponding to the modelling procedure are also obtained. If
the original multivariate max-stable distribution has a tree-based dependence structure, then
with probability tending to one, the set of maximum dependence trees weighted by the upper
tail dependence coefficients contains the true tree structure. Moreover, the joint estimator of
the parameters of all the edge-wise bivariate dependence structures is still asymptotically
normal, provided all the edge-wise estimators have a certain asymptotic expansion.

We illustrate the procedure to the average daily discharges of rivers in the upper Danube
basin, estimating the probability of extreme flooding in at least one of several gauging
stations. Specifically, for j =1,...,d, let {; be the discharge at location j and let u; denote

a given water level at station j. The probability of interest is

P(&>uyor ... or &g>uy). (1)

Under the assumption that &€ = (&1,...,&4) belongs to the domain of attraction of a multi-
variate max-stable distribution, the above probability is estimated based on a tree-structured
approximation of the attractor.

The paper is organized as follows. In Section [2] we give some preliminaries related to
multivariate max-stable distributions and Markov trees. The model construction and its
properties are discussed in Section [3] The statistical procedure is detailed in Section[d A
simulation study is conducted in Section o[ and a data analysis of the discharges of rivers in

the upper Danube basin is given in Section [6]



2 Preliminaries

2.1 DMultivariate extreme value theory

Put V = {1,...,d} for some integer d > 2. Let &' = (& ,,v€V),i=1,...,n, be an independent
random sample from & = (&,,v € V') with univariate marginal distribution functions F, for
veV. We say £ is in the (maximum) domain of attraction of H, notation & € D(H ), if there
exist sequences a,, = (an4,v € V) € (0,00)¢ and by, = (b, v € V) € R? such that

lim P (.pllax &iw < An Ty + by, Ve V) = H(x), x=(xy,veV)e Rd, (2)

ceay

for a limiting distribution H with non-degenerate margins. The distribution H is called a
multivariate extreme value or max-stable distribution. An max-stable distribution is called
simple if its margins are unit-Fréchet, that is, H,(z) = exp(-1/z) for z € (0,00) and v e V.
By monotone marginal transformations, we can convert any max-stable distribution into a
simple one without changing its copula. This allows us to deal with the marginal distributions
and the dependence structure separately. To focus on the latter, we often consider simple
multivariate max-stable distributions. For more background on multivariate max-stable
distributions, see for instance Resnick (1987, Chapter 5) and Beirlant et al. (2004, Chapter 8).
A multivariate max-stable distribution function H with general margins can be represented

by
H(z) =exp{-(-log Hy(xy),veV)}, (3)

for « € R? such that H,(x,) >0 for all v € V, and where £: [0, 00)? - [0, ) is the so-called
stable tail dependence function of H and &, from whose distribution it can be recovered via

((y) = lim t{1-P(Fy(&) < 1=ty veV)},  yel0,00), (4)

see Huang (1992) or Drees & Huang (1998)). The dependence structure of a max-stable
distribution is completely described by the stable tail dependence function. In the bivariate
case, & = (&1,&2), this dependence function is closely related to the upper tail dependence

coefficient defined by
A:tlith(l—Fl(fl)st‘l,l—FQ(gg)gt‘l), (5)

which captures the extremal dependence along the main diagonal of the positive plane. The

identity A =2 -/¢(1,1) is clear by the definitions.



2.2 Regularly varying Markov trees

A graph is a pair (V, E'), where V is a finite set of nodes and E ¢ {(a,b) e V xV :a#b} is a
set of paired nodes called edges. A graph is called undirected if (a,b) € E' implies (b,a) € E.
A path from a to b, with notation [a ~ b], is a collection {(ug,u1), (u1,u2),..., (Up-1,un)}
of distinct and directed edges such that ug = @ and w, = b. An undirected graph is connected
if for any pair of distinct nodes a and b, there is a path from a to b. A cycle is a path whose
start and end nodes are the same. A tree is an undirected, connected graph without cycles.
For any distinct nodes a and b on a tree, there is a unique path from a to b.

Let T = (V,FE) be a tree and let Y = (Y,,v € V') be a d-variate random vector indexed
by the nodes of 7. For disjoint and nonempty subsets A, B and C of V, we say that C
separates A from B in 7T if any path from a node in A to a node in B passes through at
least one node in C. We call Y a Markov tree on T if it satisfies the global Markov property,

i.e., whenever C separates A from B, the conditional independence relation
YalYp|Ye (6)

holds, where Y4 = (Yg,a € A) for A<V and we write Yy as Y when A=V.

We first recall some results on Markov trees and multivariate max-stable distributions
that provide theoretical support and motivation for our approach. The following condition is
adapted from Segers (2020) and ensures the weak convergence of the conditional distribution
of the tree given that it exceeds a high threshold at a fixed variable. Condition (1) is an
assumption about the high level transformation. Condition [I|(ii) controls the probability of

extremes caused by non-extremes.
Condition 1. For a non-negative Markov tree Y = (Y,,v € V') on the tree T = (V, E):

(i) for every e = (a,b) € E, there exists a version of the conditional distribution of Y; given
Y, and a probability measure p. on [0, 00) such that for every y € [0, c0) in which the

distribution function y ~ ([0, y]) is continuous, we have
P(ya Yo <2 | Ya=ya) > ne([0.2]),  ya > o0; (7)
(i) for every edge e = (a,b) € E such that p.({0}) >0, we have

Vn>0, limlimsup sup P(y;'Y,>n| Yy =cyq) = 0.
I )

Assume Y = (Y,,v € V) is a non-negative Markov tree on 7 = (V, E') satisfying Condi-

tion [T} If for every u € V we have

tP(Y,>t) > 1, t — oo, (8)



then by Theorem 2 and Corollary 5 in Segers (2020), we have
Pt Y <a|Y,>t) > P(W,<z), - oo, (9)

in all continuity points « € [0, oo)d of the distribution function of W,,. The weak limit W, is
equal in distribution to W®,,, where W is a unit-Pareto random variable that is independent

of the random vector @, = (©,,,,v € V') called tail tree and given by ©,,, =1 together with

)

Ouw= [] Me, veV~{u},

ee[u~v]

in terms of independent random variables M., for e € E, with marginal distributions y,. in
. In fact, the random vector ®,, is the weak limit of the conditional distribution of t'Y
given that Y, =t as £ > oo. The random vector Y is called a regularly varying Markov tree.
The distributions p, of the random variables M, can be arbitrary except for the fact that
always E[M.] < 1, see the proof of Proposition

By Theorem 2 in Segers (2020), the convergence in @ implies that Y is in the domain
of attraction of a simple multivariate max-stable distribution, i.e., for independent random
samples Y = (Yip,veV),i=1,...,n, generated from Y, the convergence holds with
anp =mn and by, =0 for v € V. To stress the importance of such max-stable distributions,
which emerge as the weak limits of normalized component-wise maxima of independent copies

of Markov trees, we state the following definition.

Definition 1. A d-variate max-stable distribution H is said to have a dependence structure
linked to the tree T = (V, E) if, up to increasing marginal transformations, it contains in its
domain of attraction a non-negative regularly varying Markov tree Y = (Y,,v € V') on T

satisfying Condition [If and equation . We call H a tree-structured maz-stable distribution.

Remark 1. As kindly pointed out by the Associated Editor, there are two possible tree-based
models for multivariate extremes. One is the max-stable attractor of the Markov random
fields on a tree along the lines of Segers (2020), i.e., the tree-structured max-stable distribution
in Definition [Il The other one is the multivariate Pareto distribution factorizing with respect
to a tree via a redefined concept of conditional independence studied in Engelke & Hitz
(2020), with the extension to cases without densities provided in Engelke & Volgushev (2022).
In fact, these two models are related in the sense that the latter are the multivariate Pareto

distributions associated to the tree-based max-stable distributions with respect to the same

tree; see Appendix



There could be several trees associated with the same max-stable distribution, see the
asymptotic logistic distribution with parameter W3 in Example[2] We show that the stable tail
dependence function and upper tail dependence coeflicients of a tree-structured max-stable

distribution H on a certain tree 7 are given by the coming propositions.

Proposition 1. Let H be a tree-structured maz-stable distribution as in Definition [1] with
respect to T = (V,E). Let (M.,e € E) be independent random variables with marginal
distributions pe in . The stable tail dependence function of H is

(2

d
ay):_lE{.maxd(yvj B Me)— max (y Tl M)} (10)

VI e Ui'vrvj] j=i+1,....d e vi"*Uj]
where vy, ...,vq 15 an arbitrary permutation of 1,...,d. The maximum over the empty set is

defined as zero and M, is interpreted as one if u=v. If, in addition, we have E(My) =1

for all (a,b) € E, then

{(y) = E{ max [y, H M|t =E{ max |y, H M. |;.
g=1,nd ! e€[vi~vj] v=l,....d e€[1~v]

Conversely, let T = (V, E) be an undirected tree, if { My, (a,b) € E} is a sequence of non-
negative and independent random variables with E(Myp) < 1 for all (a,b) € E and satisfying
the relation

P(Mba>x) = E[Mab ]l{Mab<1/[B}], x>0, (11)

then H(x) defined in with Hy, v eV, being univariate maz-stable distributions and £(x)

given in is a tree-structured maz-stable distribution with respect to T .

The stable tail dependence function of the bivariate marginal distribution of a tree-
structured max-stable distribution is formulated in Proposition [2] below. It stresses the fact
that the distribution of the pair (Xg, X3), a,b €V and a # b, only depends on the independent
random variables M., e € [a ~ b], which explains why we say that the distribution inherits

the dependence structure from the tree.

Proposition 2. Let the random vector X = (X,,v € V') have distribution H as in Proposi-
tion . For distinct a,b €V, the stable tail dependence function of (Xq, Xp) is

Eab(x,y)=x+y—E{min(az,y H Me)}> -'L',yZO,

ec[a~b]

while its upper tail dependence coefficient is

)\ab:E{min(l, I M)} (12)
e€[a~b]



For a tree-structured max-stable distribution, the dependence between variables becomes
weaker as the path connecting them becomes longer. This is confirmed by the next proposition.
A similar result can be found in Proposition 5 of Engelke & Volgushev (2022)), where an
inequality related to the upper tail dependence coefficients of extremal tree models is
presented. The right-hand side of our inequality in Proposition [3] and the inequality in
Proposition 5 of Engelke & Volgushev (2022)) can be recovered from each other in view of the
relation of tree-structured max-stable distribution and the extremal tree models discussed
in Section [A:2] However, we point out that we also give a lower bound for the upper tail
dependence coefficient as well as a sufficient condition for strict inequality on the right-hand

side which is weaker than the conditions given in Engelke & Volgushev (2022).

Proposition 3. Let X be the random vector in Proposition[3 and let Ay, be the upper tail
dependence coefficient of (Xy, Xy). For any distinct nodes a,b,u € V' such that u is on the
path from a to b, we have

)\au)\ub < )‘ab < min()‘aua )‘ub) (13)

A sufficient condition for the inequality on the right-hand side to be strict is that, for any
ec E and any € >0, we have P(1-e< M, <1)>0 and P(1< M. <1+¢)>0.

The inequality on the right-hand side of can be an equality, even in non-trivial
situations. Let for instance e1,Ys,e3 be independent unit-Fréchet random variables and
define Y; = max(Ys,e;)/2 for j € {1,3}. Then Y] and Y3 are conditionally independent given
Y5 and (Y1,Ys,Ys) is a regularly varying Markov tree with respect to the tree 1-2-3. Still,
the tail dependence coefficients are A2 = Aoz = A\13 = 1/2. Note that P(Mis =0) = P(Mis =
2) =1/2 while P(Ma3 = 1/2) =1, so that indeed E{min(1, M12Ms3)} = E(M12M>3) =1/2 and
E{min(1, Mi2)} =1/2.

The left-hand side inequality of can be an equality too. For instance, if (a,u)
and (u,b) are edges and if Mg, and M,; are bounded by 1 almost surely, then Ay =
E{min(1, MauMup)} = E(MauMyp) = E(Mau) E(Myp) = E{min(1, May)} E{min(1, Myp)} =
AauAub-

Remark 2. For any pair a,b € V of distinct nodes, Proposition [3| and a recursive argument
imply
H Ae £ Agp £ min_ A..

ee[a»b] EE[aMb]



3 Model definition and properties

3.1 Model construction

Let G be a simple d-variate max-stable distribution to be approximated by a tree-structured
max-stable distribution on a tree 7 = (V, E). As before, write V = {1,...,d}. Assume
Z = (Zy,v € V) is a random vector with distribution G having stable tail dependence
function ¢. We construct a Markov tree, denoted by Y = (Y,,v € V'), on T by the following

definition.

Definition 2. Given an arbitrary d-variate simple max-stable distribution G and a tree

T = (V, E), define the Markov tree Y = (Y,,v € V') by the following two properties:
(1) the random vector Y satisfies the global Markov property @ with respect to T;
(2) for each pair (a,b) € E, the distribution of (Y,,Y3) is the same as the one of (Z,, Z).

We construct the tree-structured model Gy, serving as an approximation of G, by the

composite map

(G, T)~ Py »Gu

defined via
GM(.%'l, R ,:L‘d) = lim P(Y1 <nxey,...,Yg < najd)", (1‘1, R ,xd) € (O, OO)d.
n—00
Here Py denotes the distribution of the Markov tree Y on 7.

Remark 3. For edges (a,b) € E, the bivariate distributions of Gj; and G are the same. As
a consequence, if we apply the construction with G, as input, then we get Gj; again. In

other words, if G is already tree-structured along T, then Gy = G.

Remark 4. The Markov tree Y defined in Definition [2] is different from the multivariate
Pareto distribution of Engelke & Volgushev (2022)). The former is in the domain of attraction

of Gjy which is associated with a multivariate Pareto distribution with respect to the same

tree, see Section

Remark 5. A similar construction method has been used in Asenova et al. (2021) as a
motivation for the structured Hiisler—Reiss distribution. The constructed model here is more
general where, except for the global Markov property, we only require the distributions of
adjacent pairs to be bivariate max-stable distributions, with a possibility to be different

from pair to pair. This gives a broad class of structured multivariate max-stable distribution

10



which includes the structured Hiisler-Reiss model considered in Asenova et al. (2021) as a

special case.

By the construction, the distribution of (Yg,Y}) for (a,b) € E is bivariate max-stable
with unit-Fréchet margins. Thus Condition [1}is satisfied and Y is a regularly varying Markov
tree (Segers, 2020, Example 3). Hence the conclusions in Propositions hold for Y and
thus G always exists. The representation of Gy follows directly from equation and

Proposition

Corollary 1. The Markov tree Y in Definition | is in the domain of attraction of a simple
d-variate maz-stable distribution Gy with dependence structure linked to the tree T. More

precisely, for = (z,,v€ V) € (0,00]¢, we have
Gy (x) = exp {—KM(l/xv,v eV)}
with stable tail dependence function ™ given by the right-hand side in .

For a given max-stable distribution G, every different tree 7 on V leads to a possibly
different tree-structured approximation Gj;. We will come back to the choice of 7 in
Subsection (411

The distribution G/ is determined by the increments M., see Corollary [I} whose laws
fte can be calculated through the limit in Condition [Ifi) if G is known. Alternatively, the
distribution of M, for e = (a,b) can also be obtained from the stable tail dependence function

of (Z,, Zp) analogously as in Proposition 3.9 of Asenova et al. (2021):

déab(xa 1)

P(Mab SJ}) = dz

0<z< oo, (14)

where £, is the stable tail dependence function of (Z,, Z;) and where the derivative is taken
from the right (which always exists by the convexity of £4).

The stable tail dependence functions ¢ and ¢M of G and its tree-based approximation
G\, respectively, are different in general. Still, they share the same margins for pairs of
adjacent nodes in T, i.e., g = E% for (a,b) € E. The difference between ¢ and ¢* becomes

visible when studying pairs (a,b) not in E or when considering higher-order margins.

3.2 Measuring the approximation error

Given the max-stable distribution G, it is theoretically possible to get an explicit expression
of Gy in Corollary [II But how well can G be approximated by Gps? This question is

important because, like in Chow & Liu (1968), the Markov assumption is not believed to

11



be satisfied exactly, especially not in high dimensions. Still, it may provide a reasonable
approximation, and the question is how large or small the approximation error really is.

By construction, the adjacent pairs on the tree have precisely the same dependence
structure as the corresponding pairs of the original max-table distribution. But for pairs
of random variables which are nonadjacent on the tree, the tail dependence is in general
distinct since the Markov tree has enclosed conditional independence in the model and this
may influence the dependence structure of the limiting tree-based max-stable distribution.
Therefore, differences can be expected to arise in the nonadjacent pairs on the tree. For
a,beV, let Ay and )\% denote the upper tail dependence coefficients of the variables with
indices a and b in G and in GG)y, respectively. For the reason just explained, we focus on
a,beV with a # b such that (a,b) ¢ E and quantify the approximation error by

Dy = > IAnb = Aab (15)
a,beV,a#b,(a,b)¢E
where ‘)\% - )\ab‘ and ‘)\% - )‘ba‘ only count once in the summation. Note that Dy also
equals Yo pey A — Agp| since A2 = Ay, for (a,b) € E or when a = b. The quantity Dy can
be interpreted as the cumulative difference in bivariate tail dependence between the two
max-stable distributions.

If G is already tree-structured along 7T, then G = G and thus D7 = 0. The converse is
not true in general: even if Gjs # G, it could still occur that Dy =0. A counterexample can
be found in , where two different distributions have the same bivariate stable tail dependence
functions and thus D7 = 0. However, within parametric models, examples can also be found
for which the converse statement holds, i.e., G = G; as soon as Dy = 0, see the Hiisler—Reiss
distribution and the asymmetric logistic distributions given in the next section. Since Gy
is a tree-based model induced by the Markov tree which encodes conditional independence
between nonadjacent pairs, an intuitive conjecture could be that )\% is smaller than A, for
(a,b) ¢ E. But this is not true as shown by the Hiisler—Reiss distribution in Example [1] with
parameter I's: if Gy is constructed based on tree 1-2-3—-4 with structure 7'(“), then 14 = 16
and 7{% = Y12 + Y23 + 34 = 12, leading to A4 < )\% by and thus contradicting with the
conjecture.

Given a max-stable distribution G, one could wonder which tree 7 yields a minimal
approximation error D7 and thus a kind of best possible tree approximation Gp;. A conjecture
would be that the approximation is best for a maximum-spanning tree of G with respect
to the tail dependence coefficients as edge weights. Indeed, if G = G, then we know from

Proposition [4] below that the tree that minimizes D7 must be one of such maximum-spanning

12



trees, but a maximum-spanning tree with tail dependence coefficients as edge weights does
not necessarily minimize D7. For example see the asymmetric logistic distribution with
parameter W3 in Example |2 and Table |1} the tree 3—1-2—4 with line structure T is a
maximum-spanning tree but it does not have the minimum D7. The conjecture seems
less likely for a general max-stable distribution G as falsified by the 4-variate Hiisler—Reiss
distribution with variogram matrix I's in Example [I] and Table [I, where D7 attains its
minimum value 0.156 at the tree 2-3-1-4 with line tree structure 7(® but the sum of edge
weights takes its maximum value 1.087 at the tree 3-1-2-4 based on T(%).
Another measure of the approximation error, suggested by the associate editor, is:

Dr= X sup |03 (2, @0) = La (0, 1)
a,beV;axb;(a,b)¢E (za,zp)e[0,1]2

with Z% the (a,b) bivariate marginal of the tree-structured stable tail dependence function
(M. Since Agp = 2 — Lap(1,1) and AM =2 - ¢M(1,1), we have Dy > Dy. If G is already
tree-structured along 77, then Gy = G and Dy = 0. The converse implication does not hold

either, see again .

3.3 Examples

We explain the construction through two examples. Throughout the rest of this paper,
the symbols G, Gjs, Y and Z are defined in the same way as in Subsection Further,
Znr = (ZM v € V') denotes a random vector with distribution function Gj;. For nonempty
U ¢V, let the stable tail dependence functions of Zy = (Z,,v e U) and ZM = (Z¥ v e U)
be denoted by £y and E% , respectively, where we write {7 as £,, when U = {a,b} and where

the subscript U is omitted when U = V.

Example 1 (Hisler-Reiss model). Assume I' = (Yyy )uvev is @ d x d dimensional symmetric,
conditionally negative definite matrix with elements 7,, € [0,00) satisfying ~,, = 0 for
ueV,ie., a'T'a <0 for any nonzero d-dimensional column vector a = (a,,v € V') such that
Yver @y = 0. For x € (0,00)4, let G(x) be a Hiisler-Reiss distribution (Hiisler & Reiss, [1989)
defined by

G(x) = exp {— Z x;hI)d,l (logﬂ + 7;1)7@ eV~ A{u}; ZV,u)}7
ueV Ly

where Xy, = (ng)a,bev\{u} is the (d—-1) x (d - 1) dimensional square matrix with elements
agb = (Yau + You — Yab)/2. The function @, (x;3X) is the p-dimensional normal cumulative

distribution function with zero mean and covariance matrix X, with subscript omitted when
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FIGURE 1 Structures 7(® (left) and 7(®) (right) for a tree with 4 nodes.

p =1. For nonempty U ¢V, the stable tail dependence function of (Z,,v e U) is

o(ae) = 3 vy (log 8 + 20 0 e VA ()i Bua )y = (o ueD) e[0,00))
uelU Ly

where |U| denotes the number of elements in U. Consequently, we have

Aab =2{1-D(VVab/2)}, a,beV. (16)

From Proposition 2.1 of Asenova et al. (2021)), Gy is also a Hiisler—Reiss extreme value

distribution parameterized by the variogram matrix I'p; = (%%)u,vev with elements

o= 2 Ve (17)

e€[u~v]

Thus /\% = A for (a,b) € E and

A%=2{1—<1>(2—1 7%)} (a,b) ¢ E.

Consider the 4-dimensional Hiisler—Reiss max-stable distributions with variogram matrices

0 4 4 4 0 4 8 16 0 11 10 15
4 0 8 8 4 0 4 8 11 0 10 4
T = , Ta= , Is= . (18)
4 8 0 8 8 4 0 4 10 10 0 10
4 8 8 0 16 8 4 0 15 4 10 O

For a tree having 4 nodes, two types of tree structures, 7(® and 7(®) in Figure |1} can be
used to create Markov trees.

Given a tree, we can construct Markov trees and obtain the variogram matrix of Gy
through . Table (1| presents the value of D defined in of the constructed models
corresponding to different tree structures. As was expected, the value of Dy is zero if G is a
tree-structured max-stable distribution itself and the model G is constructed based on the
real tree structure of G: this is the case for the Hiisler—Reiss distribution with variogram
matrix I'y. Actually, although it is not the case in general, the converse statement also holds

for Hiisler—Reiss distributions: if G is a Hiisler—Reiss distribution and D7 = 0, then we have

14



G = Gyy. To see this, note that the variogram matrix of a Hiisler—Reiss distribution can be
uniquely recovered from its pairwise upper tail dependence coefficients through . Since
G is also a Hiisler—Reiss distribution and the assumption D7 =0 implies Ay = )\% for all
a,b € V, the distributions G and Gj; share the same variogram matrix and are therefore
equal.

For a non-tree structured Hiisler-Reiss distribution, the tree which minimizes D7 does
not necessarily have the maximal sum of upper tail dependence coefficients along its edges,
see the 4-variate Hiisler—Reiss distribution with variogram matrix I's. Still, we can show
that for an arbitrary trivariate Hiisler—Reiss distribution G, the set of maximum spanning
trees with upper tail dependence coefficients as edge weights (see the definition of maximum
dependence tree in (25))) is exactly the set of trees which minimize the approximation error

D7. For more details, see the discussion in .

Ezample 2 (Asymmetric logistic model). We consider a special case of the asymmetric logistic

model of Tawn (1990). For a parameter vector ¥ = (1),,v € V) € [0,1]¢, let

G(x) = exp{— > L=%u _ max(ﬂ)}, x € (0,00]°. (19)

ueV u ueV: \ Ty

It appears as the distribution function of the max-linear model Z = (Z,,v € V') with

Zy =max {ye, (1 —1y)ey}, (20)

where ¢ and ¢, for v € V, are independent unit-Fréchet random variables. For U € V| the
stable tail dependence function of (Z,,v e U) is

{o(@r) = 5 (- )+ mas (),
which implies that

Aap = min (g, ¥p), a,beV, a#+b. (21)

By (14)), the distribution of My, for (a,b) € E is discrete with at most two atoms:

P(Mab = 0) =1- 1/),1, P (Mab = %) = %- (22)

Write V; = {i,...,d} and e = (ep, e5) for e € E. By Corollary |If and the maximum-minimums

identity, the stable tail dependence function of Gy is

d
M _ - _1\(Ul+1) min (v
M (y) = 17/%' ! E: (-1) ! | | ]@bep {jeU (yﬂ/’J)}

i= @+UcV; eeUjer[i~]
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Suih 5 (1) [ vol{mpoma) @

@+UCV; eeUjer[(i-1)~j
see Appendix for details. Moreover, for a,b eV, a + b and (a,b) ¢ E, it follows from
Proposition [2| and the distribution of M, for e € E in that
M _E {mm( I M)}:min( [T %e,. [I 1/1@8) (24)
ec[a~b] ec[a~b] ee[a~b]
For the 4-variate asymmetric logistic models with parameter vectors ¥, = (0.8,0.7,0.4,0.2),
Wy =(0.5,0.4,0.3,0.2) and ¥3 = (0.5,1,1,0.2), the numeric results of D7 in for different
trees are given in Table
As shown in , if G is an asymmetric logistic distribution in , then we have Dy =0 if
and only if G = Gj;. Moreover, for a general asymmetric logistic distribution, the star-shaped
tree, denoted by 7®, whose central node v is the one having the largest coefficient 1, is
one of the maximum tail dependence trees and is also a tree that minimizes D7. Note that
in this example 7® is not necessarily the unique tree minimizing D7 and the set of trees
maximizing the sum of upper tail dependence coefficients along their edges is not a singleton
in general either, as shown by the distribution with parameter vector W3 (see Table . But
for an arbitrary asymmetric logistic distribution G given by , the tree minimizes Dy
must be one of the maximum-spanning tree with upper tail dependence coefficients as edge

weights. A detailed discussion can be found in .

4 Estimation and modelling

In this section, we assume the data are drawn independently from a distribution that, up
to increasing marginal transformations, is attracted by a simple max-stable distribution
G, not necessarily tree-structured. Given such data, we propose a three-step procedure to
construct a tree-structured dependence model for extremes. The three steps were given in

the introduction and are detailed below.

4.1 Structure learning for the Markov tree

To construct the model, a tree structure is required. So the first crucial step is to choose an
appropriate tree structure from all possible candidates. In the framework of structure learning
for graphical models, a commonly used way is to give each edge a weight in the complete
graph and then choose the tree with maximum or minimum sum of weights along its edges;

see for instance Chow & Liu (1968]), Horvath et al. (2020) and Engelke & Volgushev (2022]).
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We follow this method and try to find the tree structure which can retain the dependence of
G as much as possible.

An intuitive way to define the edge weight of a pair of variables is by the value of a
bivariate dependence measure. Here we consider the upper tail dependence coefficient A
defined in . Another possible edge weight, advocated in Engelke & Volgushev (2022)),
is the extremal variogram. In that paper, the upper tail dependence coefficient is used
as edge weight as well but under the name ‘extremal correlation’: they propose to find
the minimal spanning tree with respect to p = —log(\). This corresponds to maximizing
Y (ap)er 10g(Aap) = log (H(a,b)eE )\ab) and thus the product of the tail dependence coefficients
rather than their sum which we used in the following. Note that, in contrast to Engelke &
Volgushev (2022)), we do not assume that G is tree-structured.

Let wgp denote the weight associated to (a,b) € V x V' . We define the set of maximum
(tail) dependence trees by

T =argmax Sy, where ST, = Y wg for T=(V,E), (25)
T (a,b)eE
the maximum being taken over all possible trees over the set V', and with wqp = Agp the tail
dependence coefficient of the data-generating distribution for the pair of variables indexed by
(a,b) € V2. Similarly to the definition of D, only one of wy, and wy, for (a,b) € E is added
to St since they are equal. The notation 7. will be used for a generic member of the set
T,;, which will often be a singleton.

We clarify again that we do not assume G is tree-structured throughout the construction
of our model. However, for the special case where G is a tree-based max-stable distribution,
following the same line of proof for Proposition 5 in Engelke & Volgushev (2022), a result
similar to that proposition can be obtained based on the inequality in Proposition [3 If
G has a dependence structure linked to a tree T, then T belongs to the set of maximum
dependence trees Ty weighted by the upper tail dependence coefficients. If, moreover, the
latter set is a singleton, then 7 can be identified as the unique maximum dependence tree.

A sufficient condition is that the inequality on the right-hand side of Proposition [3]is strict.

Proposition 4. Let G be a maz-stable distribution with dependence structure linked to a tree
T =(V, E) as in Definition . Then the tree T belongs to Ty in with edge weights equal
to the bivariate upper tail dependence coefficients of G, that is, ¥ (4 p)eE Aab 2 X (a’ b/ )eEr Aa't!
for any tree T' = (V,E"). The set Ty is a singleton and thus equal to {T} if for every triple
of distinct nodes a,u,b eV with u on the path between a and b we have Agp < min(Agy, Aup);

in this case, T is the unique tree corresponding to G.
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By way of example, consider the 4-variate Hiisler—Reiss distribution G with variogram
matrix I'y in (18). This G is structured along the tree T® on the right-hand side of
Figure (1) with (a,b,¢,d) = (1,2,3,4). According to Table [1} the value of S7; is maximized
uniquely at the true tree, with value 0.952. In general, however, the collection of trees Ty in
Proposition 4| need not be singleton, not even if 0 < Ay, < 1 for all (a,b) € V x V with a # b.
For a counter-example, see the trivariate regularly varying Markov tree after Proposition [3]
for which all pairwise tail dependence coefficients are equal to 1/2 and thus all trees have the
same sum of edge weights.

Given an arbitrary max-stable distribution G, with relation to the discussion in the
fourth paragraph of Section [3.2] we would also wonder whether the converse side is true: the
tree 7 that minimizes D7, does it necessarily belong to T\'? We know this is the case for a
tree-structured G from Proposition 4] However, the answer is no in general as illustrated by
the 4-variate Hiisler—Reiss distribution with variogram matrix I's in Example |1| and Table
the tree 2-3-1-4 with line tree structure 7(* minimizes D7 but does not belong to T;.
But as we have discussed in Section (see also ), the trivariate Hiisler—Reiss distributions
and all the asymptotic logistic models are examples where this property holds. Somehow, it
provides a kind of support and motivation for us to use the maximum dependence tree as
the basis for model construction.

Consider again the general case where G is not necessarily tree-structured. In practice,
the true max-stable distribution G is unknown and the edge weights must be estimated
from the data. Assume we observe independent copies &' = (&,,v € V), i=1,...,n, of the
d-variate random vector & = (&,,v € V') with marginal distributions F;, for v € V such that
the standardized vector (1/(1-F,(&,)),v € V') belongs to the max-domain of attraction of G.
Equivalently, we have relation for & with £ equal to the stable tail dependence function of
the random vector Z with distribution function G. Note that £ does not necessarily belong
to the domain of attraction of a multivariate max-stable distribution since the margins are
not required to be attracted by univariate extreme value distributions. From Corollary [I]
the Markov tree Y constructed in Definition [2] has the same stable tail dependence function
as the random vector Zj; with distribution Gps in Corollary (1| since Y € D(G)s). Moreover,
for all (a,b) € E, the pairs (Y,,Y};) and (Z,, Zp) are equal in distribution by construction.
Consequently, the stable dependence functions of all adjacent pairs on 7 of &, Z, Y and
Zs are identical. The same statement holds also for the upper tail dependence coefficients.
Note that the increasing component-wise transformations ., — 1/(1 - F,(z,)) have no effect

on A. Thus we can estimate the edge weights directly from samples drawn from &.
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Let 1(-) denote the indicator function. For the upper tail dependence coefficient defined
in , we consider the empirical estimator of Ay for a,b e V defined by
b= 31 {Fua(6ia) 2 1- 2, Fup(6) 2 1- 2 (20
where Fj,q(z) = n! Y721 1(&ja < ) is the empirical distribution function of §, and ky = kx(n)
is an intermediate sequence such that k) — oo and ky/n — 0 as n — co. Its consistency
and asymptotic normality were shown, for example, in Schmidt & Stadtmiiller (2006)).
Consequently, we define
T = argmax S, = arg rnax( > djab) (27)
T T=(V.E) \(a,b)cE
to be the collection of maximum dependence trees with respect to the estimated edge weights
Wap, Where @ is the estimate of w. A generic tree in the set Tuj will be denoted by 7:*
The following proposition is a direct consequence of the consistency of estimates of the
upper tail dependence coefficients. It states that, with probability tending to one, the tree
estimate 7;* is an element of TY. If, further, T} is a singleton with element 7,", then 'f;\* is a

consistent estimator of 7,".

Proposition 5. Let T be the set of mazimum dependence trees in (25)) weighted by the tail
dependence coefficients and let T/\* mn be its sample equivalent based on the empirical tail
dependence coefficients in . If kx = kx(n) is an intermediate sequence such that ky — oo

and ky/n — 0 as n - oo, then
P(T)TET/\*)—>1, n — oo,

Moreover, if Ty is a singleton, with unique element T,", then, with probability tending to one,

T; s a singleton too and its unique element ’f;\* satisfies
P(’fj\*:ﬂ*)el, n — oo.

We stress that Proposition [5] holds for a general max-stable distribution G which can be
either tree-based or not. In case G has a dependence structure linked to the tree 7 and the
set T is a singleton, then there is a true tree structure 7 and by Proposition 4| and |5 we
know that the sample-based tree estimator 7T, is a consistent estimator of the true tree 7. If
G is not tree-based, we then are estimating the elements of T\ based on which we proposed
to construct the max-stable distribution Gj; and in this case Proposition [5| ensures that the
tree estimate we obtain is, with probability tending to one, an element of T'y. If, further, T'Y

is a singleton with element 7,", then ’7;\* is a consistent estimator of 7,".
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Once all edge weights w,p have been computed, Prim’s algorithm is used to find a global
optimizer 7;* in , the solution being unique if all edge weights are distinct. The time
complexity of this procedure to find a tree with d nodes is O(d?), see Prim (1957) and
Papadimitriou & Steiglitz (1998, Theorem 12.2). The algorithm is given in .

Remark 6. Another possible edge weight, although it is not commonly used in the field of
extreme value theory, is Kendalls’ 7. The upper tail dependence coefficient of a random vector
is the same as the one of the max-stable distribution to which it is attracted, and it provides
motivation for using this coefficient when given data sampled from a distribution in the
domain of attraction of a max-stable distribution. For Kendall’s 7, however, this argument
does not hold: its value can differ considerably between the data-generating distribution
and the max-stable distribution to which it is attracted. Nevertheless, the method based on
Kendall’s 7 performs well in the simulations and in the case study in Sections [f| and [0} and
this is why we discuss it here too.

For (a,b) € E, the value 74, for (&,,&,) can be estimated by the empirical estimator

Tab = ﬁ ISKngn {sgn(&ia - &a) sen(&in —&p) }
which, by classical theory of U-statistics, is consistent and asymptotically normal as n — oo;
see, e.g., van der Vaart (1998, Theorem 12.3 and Example 12.5). Based on the estimates of
Tab, We can also define the collection of maximum dependence trees TT* with respect to the
estimated edge weights 7,3 according to .
However, as also kindly pointed out by the two reviewers and the associated editor, this

approach cannot work in great generality, especially for data sets where the dependence

structure in the center differs greatly from that in the tails.

4.2 Estimation of pairwise dependence structures

Once a tree structure (V, F) is specified, we are able to construct a Markov tree according to
Definition |2 Actually, there may be several maximum dependence trees in the set T if it is
not a singleton. However, we can only obtain one estimate in practice and by Proposition [5]
it would be an element of the set Ty with probability tending to one, thus equal to a fixed
member in T . For simplicity, we assume henceforth that the tree is fixed and non-random.

Since Gy in Corollary [T is determined by the tree and the distributions of M, with e € E,
it is sufficient to estimate the bivariate distributions of the adjacent pairs. Ultimately, this

comes down to the estimation of bivariate dependence structures, as the univariate marginal
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distributions are standardized. We will estimate the bivariate stable tail dependence function
Ly of each adjacent pair (Z,, Zp) with (a,b) € E, which also equals the stable tail dependence
function X of (Y,,Y,) and of (ZM, ZM) as discussed in Subsection

The estimation of the stable tail dependence function dates back to Huang (1992) and
Drees & Huang (1998)) and has been extensively investigated in the literature, see for instance
Peng & Qi (2008), Einmahl et al. (2012), Beirlant et al. (2016), Einmahl et al. (2016),
Kiriliouk et al. (2018)), and the references therein.

In our framework, for each e = (a,b) € E, we assume that the stable tail dependence
function ¢, of (Z,, Zy) belongs to a parametric family {(z,y) — £(x,y; Be), Be € B}, where
the parameter Bc = (Be,1,-- -, Bep.)’ belongs to some parameter space B, ¢ RP¢ of dimension
pe > 1. The stable tail dependence functions for different pairs are allowed to belong to
different parametric families. Assume that the true parameter 8% of £, belongs to the interior
B¢ of B,. Let By = ( U ee E) be the (X cgpe) x 1 column vector of true parameters. It is
to be noted that Definition [1| of a tree-structured extreme-value distribution does not pose
any constraints whatsoever on the combination of parametric families and parameter values.
This flexibility greatly facilitates model construction and statistical inference.

For each e = (a,b) € E, we estimate the parameter 32 using only the data in components

a and b. Define
Bn = (Bn,ea €€ E)

to be the estimator of By, where ,BA,%@ is any consistent estimator of ﬁg for e € E. Since
the convergence in probability of a sequence of vectors is equivalent to the convergence of
every one of the component sequences separately (van der Vaart, 1998 Theorem 2.7), the
estimator Bn is jointly consistent provided the estimators of Bg for e € E are all consistent.
The analogous statement for convergence in distribution is, however, not true. Still, we show
that the joint estimator is asymptotically normal if the edge-wise estimators have a certain
asymptotic expansion in terms of the empirical stable tail dependence function, which is
recalled below. The expansion is shared by the estimators proposed in Einmahl et al. (2008),
Einmahl et al. (2012)) and Einmahl et al. (2018]), as we will show as well.

Given an independent random sample &' = (SiwsveV),i=1,...,n, let Rf} denote the
rank of & , among &1 4,...,&n,w for v € V. The empirical stable tail dependence function l%k

is
A 1& i 1 i 1 d
En,k(:c):EZ]l R1>n+§—kx1 or ... or Rd>n+§—ka:d), x €[0,00)%,
i=1
where k = k(n) is an intermediate sequence such that k — oo and k/n — 0 as n — co (Huang,
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1992; Drees & Huang, |1998). The asymptotic distribution of l%k was studied in Einmahl
et al. (2012) and Biicher et al. (2014) under the following assumption.

Assumption 1. Let k = k(n) be an intermediate sequence such that k - oo and k/n — 0 as

n — oo. There exists ( > 0 such that the following two asymptotic relations hold:

(1) t'P[1-F1(&) <txyor ... or 1 - Fy(&g) <txg] - £(x) = O(t%) as t | 0, uniformly in

TeN; 1 :{we [O,I]d:w1+---+wd:1};
(ii) k= 0(n2</(1+2<)) as n — oo.

Let W be a mean-zero Gaussian process on [0, oo)d with continuous trajectories and

covariance function
E[W(2)W(y)] =l(z)+L(y)-L(zvy), x,ye[0,0)

where x vy = (max{a:j,yj});l:l. Further, let /;(x) denote the right-hand partial derivative
of ¢ with respect to the j-th coordinate, for j € {1,...,d}. Since £ is convex, this one-sided
partial derivative always exists and is continuous in points where the ordinary two-sided
partial derivative exists. Consider the stochastic process « on [0, oo)d defined by

d .
a(z) =W(z) - Z;gj(w)w(%‘ej)? 2 € [0,00), (28)

where e; denotes the j-th canonical unit vector in R?. In Einmahl et al. (2012, Theorem 4.6),
the asymptotic distribution of \/E(l%k - ¢) is established with respect to the topology of
uniform convergence on [0,1]% An additional condition needed on £ is that éj is continuous
in & whenever x; > 0. For certain models, however, this condition fails; a counter-example is
the asymmetric logistic distribution in Example 2] A more general result is given in Biicher
et al. (2014, Theorem 5.1), who establish weak convergence of \/E(énk —/) in a slightly weaker
topology but without additional differentiability conditions on £. The topology is based on
epi- and hypographs of functions, whence the name hypi-topology. What concerns us here is
that the topology is still strong enough to yield weak convergence in certain LP-spaces and
thus of certain integrals of the empirical stable tail dependence function. This will be crucial
when studying parameter estimates based on gnk

Recall that we observe an independent random sample £',...,£" from a distribution F'
such that, after marginal transformation, the standardized random vector belongs to the max-
domain attraction of a max-stable distribution G which is not necessarily tree-structured. In

the coming theorem we show that the certain integrals of the empirical stable tail dependence
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function converge weakly to a centered multivariate normal distributed random vector, which

is crucial for the proof of asymptotic normality of 3, in Corollary

Theorem 1. Let i, ..., uq be finite Borel measures on [0, 1]d such that for all j € {1,...,d}
and r € {1,...,q}, the set of points x with x; >0 in which éj 1§ not continuous is a fhy-null
set. Let . € L*(py) for all v € {1,...,q}. Then under Assumption we have as n — oo that

([ VE st - t@) (@) o)) ([

q
r=1 071]

La(@) (@) m(de) (29

q
r=1

q

The limit is centered multivariate normal with covariance matriz X = (ars)r a1

having entries

re = f[(],l]d —[[O,I]d Ela(z)a(y)] vr(x) ¥s(y) pr(d ) ps(dy).

Remark 7. The measures u, in Theorem (1| can be discrete, in which case states the
asymptotic normality of the finite-dimensional distributions of ﬂ{fnk(w) —l(x)}, at least
in points x € [0, 1]? such that for every j € {1,...,d} we have either z; = 0 or éj is continuous

in ax.
In the bivariate case, the non-parametric estimator én,k,e(wa,xb) of le(xq,xp) for e =

(a,b) € E becomes

. 12 A 1 A 1 .
Uy o e(Tasap) = e Z 1 (Rfl >n+ 5 kxq or Ry >n+ 5 k:vb) =l i (xaeq + THED).
i=1

As the formula indicates, it arises from émk by setting x; = 0 whenever j # a and j # b.
Assumption 2. There exist an intermediate sequence k = k(n) and, for every e = (a,b) € E,

a finite Borel measure v, on [0,1]? and a vector of functions ¥e = (e 1, ..., Yep, ) : [0,1]* -

RPe in L?(v,) such that the following two properties hold:

(i) As n — oo, we have
\/E (Bn,e - /82) = AO 12 \/E (gn,k,e(xa7 xb) - ge(xaa xb)) ’l/)e(xaa xb) Ve(d(xav xb)) + Op(l)'
(30)

(ii) For c € {a,b}, the set of points (z4,xp) such that z. >0 and such that the first-order

partial derivative of £, with respect to x. does not exist is a v.-null set.

Corollary 2. Under Assumptions and@ for the same intermediate sequence k(n), we

have

VE(Bu=p0) % ([, olues s mmen) Ye(ena) vd@na)) oo,

e=(a,b)eE
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with a as in (28). The limit vector is centered multivariate normal with covariance matrix
3 = (Bee' )e,erer whose block indezed by e = (a,b) and €’ = (a’, V") in E is of dimension pe X per

and is given by

Yeer = [[0,1]2 f[O,l]z Ela(zaeq + zpen) a(raea +xyey)]

' 'l;be(xaaxb) d)e’(xa’v xb’)T Ve(d(maaxb)) Ve’(d(xa’a xb’))'

Corollary 2 allows for a combination of different estimators for the edge parameters 3,
as long as each of them satisfies Assumption 2] Three such estimators are the moments
estimator in Einmahl et al. (2008), the M-estimator in Einmahl et al. (2012) and the weighted
least squares estimator in Einmahl et al. (2018). Details are given in Appendix

4.3 Description of the approximation error

As soon as the bivariate margins of all the adjacent pairs on Y are estimated, an estimate
of distribution function Gjs can be obtained from Corollary [I] by replacing the unknown
quantities in there by their estimates. Likewise, a model-based estimate 5\% of the upper tail

dependence coefficient )\% can be obtained from . Thus we take

Dr= Y M3, (31)
a,beV,(a,b)¢E

as a consistent estimator of Dy defined in to measure the approximation error, where
;\ab is the empirical estimator of Ay, given in .

Under the null hypothesis that G is a tree-structured max-stable distribution along a
tree, the asymptotic null distribution of ﬁT could be derived, although this would be tedious.
But since we view G as an approximation of G, we are not really interested in testing the
tree-structure hypothesis on G. Instead, we use ﬁT as a descriptive statistic, a large value
of which means that the approximation is inaccurate and needs to be improved.

In line with the measure Dy defined Section one can consider other error measures
such as

= max su ZM Lags L —é Lags L
T a,beV;a¢b;(a7b)¢E(xa,xb)go,m‘ ob (Za: ) = b b (o b)‘

where é% is the bivariate stable tail dependence function implied by the fitted model, while
lﬁmk?ab is the empirical tail dependence function. However, this quantity will be difficult to
calculate. Rather than actually quantifying the approximation error via 157-, we could also

simply plot the pairs (5\% . Aap) as in Figure 8 in Hentschel et al. (2022). Such a scatterplot
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can be used as a kind of diagnostic plot: the closer the points are concentrated around the

main diagonal, the better the fit.

5 Simulation study

To evaluate the performance of the proposed approach, we perform our modelling procedure
on random samples from the Hiisler—Reiss and asymmetric logistic max-stable distributions
in Examples [1| and [2| respectively. To achieve a more realistic situation, we add some
lighter-tailed noise. Specifically, starting from random vectors Z¢, for i = 1,...,n, drawn
independently from a simple Hiisler—Reiss or asymmetric logistic distribution, we construct

the samples from a random vector € by
£€=Z+¢',  i=1,...,n, (32)

where &', for i = 1,...,n, are independent of Z* and are themselves independent and
identically distributed random vectors with independent Fréchet(2) distributed entries, i.e.,
P(e! <) = exp(~1/z?) for x>0 and v e V.

The measure 2D7/[(d - 1)(d - 2)] with D in is calculated to assess the model’s
goodness-of-fit. The resulting tree-based models are applied to the estimation of the rare
event probabilities in . To do that, we need take account of both the dependence
structure and the margins of the sample. Thus it is more convenient to work with the
assumption that a general random vector £ is in the domain of attraction of a multivariate
max-stable distribution H with margins H, for v € V. This is equivalent to the assumption
(1/(1-F,(&)),v e V) e D(G) with G the simple multivariate max-stable distribution that
relates to H through G(x) = H(H: (e”"/*),v € V) (the superscript arrow denoting the
functional inverse), together with the condition that F, is in the domain of attraction of the
univariate extreme value distribution H, for v € V respectively. Then by equation (8.81) in

Beirlant et al. (2004), we have

P& >upor ... or§g>uy)~1-G(-1/log Fy(uy), veV)

#1-Gpr(-1/log Fy(uy,),veV) (33)

for thresholds u, such that all probabilities F,(u,) are close to unity.
For the random vector £ with copies constructed in , we know that € € D(G) with G
equal to the common distribution of Z*, i =1,...,n. Moreover, the marginal distributions

F,, v eV, belong to the domain of attraction of the unit-Fréchet distribution G,, so that
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—log Fyy(uy) ~ 1/u, provided u, is sufficiently large. Therefore, the rare event probability
on the left-hand side of can be approximated by 1 - Gps(u) by plugging the marginal
approximations into the quantity on the right-hand side. We will show boxplots of the

logarithm of the relative approximation error
(34)

where G/ is the estimate of G based on the three-step procedure in Section |4/ and F' is the
joint cumulative distribution function of £&. For simplicity, three components are considered
simultaneously. In each experiment, we take u;, for j € J with J c V and |J| = 3, as the
0.999 empirical marginal quantiles and u; = oo for j € V' x J. All simulations are done in
R. Realizations of samples of the Hiisler—Reiss distribution are simulated using the package
graphicalExtremes (Engelke et al., 2019)). Samples of the asymmetric logistic distribution
are generated through . The true probability 1 — F(u) is calculated by numerical
integration as implemented in the package cubature (Narasimhan et al.,2019) based on the

convolution of Z and e: F(u) = /[O,u] Glur —z1,...,uqg—xq) [pey (23353 exp(—l/x%)) dz.

5.1 Hisler—Reiss distribution

The Hiisler—Reiss distribution may have a dependence structure linked to a tree, see Example[T]
Random samples can be generated from either a general Hiisler—Reiss distribution or a
structured one. Both cases are considered and experiments are based on 300 repetitions with
samples of size n = 1000. The procedure is detailed in .
For random samples generated from the 10-dimensional Hiisler—Reiss distribution with
variogram matrix I'y in , the proportion of wrongly estimated edges
|Eg 0 ETl
Cd-1
for w e {\, 7} is recorded. For Kendall’s tau, all trees ﬁ* found in the 300 replications are
the same as the true one, while for the upper tail dependence coefficient, there are about
23.2% of replications in which ’f;\* does not agree with the true tree in one out of nine edges
and 1.3% of replications where two out of nine edges are wrong. This is partly caused by the
selected ky = 0.1n for the estimation of A. shows an interesting tendency in the influence
of k) on the number of replications where 7;\* does not coincide with the true tree: the
best proportion ky/n does not appear in the region close to zero but around 0.5, even if the
estimation bias is large for such k). This provides a practical argument for using Kendall’s

tau to learn the tree structure, even though 7 is not a measure of tail dependence.
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Recall that the limiting distribution Gy is also a Hiisler—Reiss distribution with variogram
matrix I'j; which can be recovered from the estimated parameters of bivariate stable tail
dependence functions and the selected tree structure, see Example [ A Hiisler—Reiss
distribution is totally determined by its variogram matrix. Therefore, the distance between
the variogram matrix Ty = (&fz/[ )i jev of the tree-based model G and the true variogram
matrix I' = (745); jev can also be used to measure the approximation error. We compare the
variogram matrices through the Frobenius norm of their difference. Boxplots of the relative
distance of T'y; to T given by

) . 1/2
1Py -Tlr  [Z5 2 GY -7i)?]

T 1/2
IT )7 [ glzl Z?:ﬂfj]

based on 300 replications are given in Figure [2] The parameters of the stable tail dependence

(35)

functions are estimated using the moments estimator, the M-estimator and the weighted
least squares estimator discussed in Subsection The moments estimator and M-estimator
turned out to have quite similar performances, which is why we only show the results for
the M-estimator and weighted least squares estimator. The two types of edge weights seem
comparable in the sense of approximation distance even though A is not as good as 7 in
recovering the true tree structure. Compared with the M-estimator, the weighted least
squares estimator is more sensitive to the choice of k. Boxplots of the average of ﬁT basically
correspond to those of the relative distance of I'y; to T, supporting the use of bT as a
goodness-of-fit measure.

The model based on 7;\* is used to estimate the probability in . From Figure |3| we
see that the proposed model underestimates the probability in . This is mainly caused
by the underestimation of the variogram matrix. As suggested by a referee, the lengths
of the paths connecting the chosen components &; for j € J which we consider in may
impact the approximation error of the threshold exceedance probability. For illustration, we
considered two options for J: J ={1,2,3} and J = {1, 3,5}, where in the former case one of
the nodes, node 2, is on the path from node 1 to node 3 in but in the latter case the three
selected nodes are connected in a looser way. As shown in Figure [3] it turns out that the
approximation is more accurate if the considered components are “closer” on the tree.

For samples generated from the 10-dimensional Hiisler—Reiss distribution with variogram
matrix I's which is not necessarily tree-structured, the simulation results have similar patterns
as those in the first case but with larger errors. The variogram matrix I's and boxplots can

be found in .
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dimensional Hiisler-Reiss distribution with variogram matrix I'y based on ’f;\* (Lambda) and

(left) and 2D7/[(d-1)(d-2)] with in (right) for 10-

7 (Tau), where bivariate stable tail dependence functions are fitted based on M-estimator
(M) and weighted least squares estimator (WLS) at k =50, 75,...,200 (300 samples of size
n = 1000)
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FIGURE 3 Boxplots of the approximation errors of the rare event probability in
based on ’f;\* for 10-dimensional Hiisler—Reiss distribution with variogram matrix I'y, where
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weighted least squares estimator (WLS) at k = 50,75,...,200, the levels u; with j=1,2,3
(left) and j =1,3,5 (right) are taken as the 0.999 empirical marginal quantiles and u; = oo

for the rest components (300 samples of size n = 1000)
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FIGURE 4 Boxplots of 2D7/[(d - 1)(d - 2)] (left) with in based on ’i}\* (Lambda)
and T7* (Tau) and the approximation errors (right) of the rare event probability in (34)
based on ’f;\* for 5-dimensional asymmetric logistic distribution with parameter vector ¥, in
Section [5.2] where bivariate Hiisler—Reiss stable tail dependence functions are fitted with
M-estimator (M) and weighted least squares estimator (WLS) at k = 50,75, ...,200 (300

samples of size n = 1000)

5.2 Asymmetric logistic distribution

In reality, we do not know the true distribution G. The bivariate distribution family we
use to model adjacent pairs may be different from the true one. To see the estimation
error in this scenario, we generate samples from the 5-dimensional asymmetric logistic
distribution in Example [2| (a special max-linear model) with randomly generated parameter
W, =(0.763,0.835,0.602,0.747,0.859). Still, we model the adjacent pairs on the constructed
Markov tree by bivariate Hiisler—Reiss distributions.

According to Figure [ the two types of edges weights, A and 7, still exhibit a similar
performance. Larger k leads to a higher accuracy for both estimators in terms of 157, while
the weighted least squares estimator behaves better than the M-estimator for the chosen &, as
can also be seen from the approximation error on the right-hand panel in the figure. However,
compared with the experiments for the Hiisler—Reiss distribution above, the approximation

errors are much larger.
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6 Application

In this section we consider the average daily discharges recorded at 31 gauging stations in the
upper Danube basin covering parts of Germany, Austria and Switzerland. The topographic
map can be found in Figure 1 of Asadi et al. (2015) and the data are available in the
supplementary materials of that paper. The series at individual stations have lengths from
54 to 113 years, with 51 years of data for all stations from 1960 to 2010. The average daily
discharges were measured in m?/s, ranging from 20 to 1400. Following Asadi et al. (2015))
and Engelke & Hitz (2020), we only consider the daily discharges in the summer months
(June, July and August) to get rid of the seasonality. The information for summer discharges
at each station is given in .

For i =1,...,n, denote the daily mean discharges at the station j on day ¢ by & ; and
assume the distribution function of &' = (& 1,...,& 4) belongs to the domain of attraction
of a multivariate max-stable distribution function. We are concerned about the probability
that there will be a flood above a certain (high) threshold for at least one site within the
considered stations, precisely, the probability in . In view of , the modelling can be
split into two parts: fitting the marginal distributions and estimating the simple tree-based
multivariate extreme distribution function Gj;.

Extreme discharges often occur in clusters. To remove the clusters and create a sequence
of independent and identically distributed variables, we follow the procedure in Asadi et al.
(2015) for each of the 51 summer periods. It ranks the data within each series and starts from
the day with the highest rank of the period across all series (only one series when extracting
univariate events) and takes a window of 9 days. An event is formed by taking the largest
observation within this window. Then the data in this window are deleted and the process is
repeated to form a new event. All events are found when no window of 9 consecutive days

remains.

6.1 Marginal fitting

Under the assumption that the distribution of &° belongs to the domain of attraction of
a multivariate max-stable distribution, the marginal distributions are also attracted by
univariate extreme value distributions. In line with asymptotic theory, we model high-
threshold excesses by the generalized Pareto distribution to obtain the margins F} for
j=1,...,d. Since the extremal behavior from any available earlier data does not change

relative to the 51 common years, see Asadi et al. (2015)), all the available data for each station
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are used to do the marginal fitting.

For j =1,...,d and 0 < p < 1, let ¢;, be the empirical p-quantile of & ; and put
Zi={ie{l,...,n}:&; > qjp}. For each station j, let 6; >0 and ﬁj € R be the maximum
likelihood estimates of the scale and shape parameters of the generalized Pareto distribution
fitted to the excesses & ; —q;p for ¢ € Z;. Let IN; and n; denote the sample size at station j
and the number of elements in Z;, respectively. Then the tail distribution function 1 - Fj is
estimated by

1—Fj<x>:;—i{l—GPD(x—qj,p;wj)}, (36)

where GPD(-;0,9) denotes the cumulative distribution function of the generalized Pareto
distribution with scale parameter ¢ > 0 and shape parameter 9 € R.

In pursuit of a good fit, an appropriate threshold g;, has to be found. By inspection of
the mean residual life plot, it was decided to set the threshold for margin j equal to g;, with
p =0.9. The number of declustered excesses used for the estimation at each station as well
as the corresponding thresholds ¢;, and maximum likelihood estimates of 6; and 1§j of fitted

generalized Pareto distribution for j =1,...,31 are given in respectively.

6.2 Estimation of the dependence structure

In this subsection, we approximate the dependence structure between extremes of the 31
gauging stations by a multivariate max-stable distributions G related to a Markov tree.
After declustering, there are N = 428 independent observations from the 51 years of data
for all stations. The tree structure corresponding to the physical flow connections at these
stations is presented in , while the tree structures 7;\* and 't* are given in . We
construct the max-stable distribution Gs by fitting the Hiisler—Reiss distribution to all
pairs of connected variables and estimate their parameters by the moments estimator, the
M-estimator and the weighted least squares estimator with k£ = 65.

For model assessment, we show the scatterplots of the pairs (5\% ,le), (a,b) e VxV
and a # b, for models based on ’fj\* and 7;* in Figure [5| and |§|7 comparing the model-based
and empirical tail dependence coefficients. The approximation errors lA)T; with bivariate
stable tail dependence functions estimated by moments estimator, M-estimator and weighted
least squares estimator are 42.10, 41.41, 40.34 while those for ZA?TT are 38.18, 37.67, 44.98
respectively. We see that all the models, although with a slight overestimation of the
bivariate tail dependence coefficients, seem to behave well in quantifying the bivariate

dependence. The estimated GPD-based marginal probability in and the probability
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FIGURE 5 Scatterplots of the empirical upper tail dependence coefficients and model-based
estimates of upper tail dependence coefficients (Agp, )\% ) for all a,b eV and a # b, where the
models are constructed based on tree 7, and the bivariate tail dependence functions are
estimated by moments estimator (left), M-estimator (middle) and weighted least squares

estimator (right) at k = 65

P (&4 > ug or & > u7 or &13 > u3) of flooding at one or more stations 4, 7 and 13, which
are connected differently on the maximum dependence trees ’7;\* and 7;* (), are given in
Tables [2| and [3| respectively, where u; for j = 4,7,13 are taken as the 0.95, 0.99, 0.995 and
0.999 empirical quantiles of the 51-year samples. Compared with the empirical probabilities,
the tree-based model yields higher estimates of the flooding probabilities. As shown in
Table [2] this may be partly due to the difference between the non-parametric and GPD-based

estimates of the marginal probabilities Fj(u;) for j =4,7,13.

TABLE 2 GPD-based estimates 1 F}(u;) of marginal tail probability in with u; taken
as the 0.95, 0.99, 0.995 and 0.999 empirical quantiles of the 51-year samples for j =4,7,13

Uy 45,095 95,099 95,0995  45,0.999

1-Fy  652% 1.87% 0.99% 0.22%
1-F  6.66% 1.69% 1.03% 0.15%
1-Fi3 7.02% 1.90% 1.18% 0.33%
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FIGURE 6 Scatterplots of the empirical upper tail dependence coefficients and model-based
estimates of upper tail dependence coeflicients (Aab,)\% ) for all a,b eV and a # b, where
the models are constructed based on tree 7 and the bivariate tail dependence function are
estimated by moments estimator (left), M-estimator (middle) and weighted least squares

estimator (right) at k =65

TABLE 3 Empirical and model-based estimates of the flooding probability over the
0.95, 0.99, 0.995 and 0.999 empirical quantiles of the 51-year samples at stations 4, 7 and 13
in the upper Danube basin, where bivariate Hiisler—Reiss stable tail dependence functions of
connected pairs on maximum dependence tree ’f;\* and 7;* are fitted with moments estimator

(MM), M-estimator (M) and weighted least squares estimator (WLS) at k = 65

Uy 47,0.95 45099 {¢5,0.995 44,0.999

Empirical = 8.44% 1.88% 1.02% 0.21%

MM  9.71% 2.65% 1.58% 0.38%
M 9.72% 2.65% 1.58% 0.38%

T*

A OWLS  9.62%  2.62% 1.56%  0.37%
MM 9.54% 2.61% 1.55% 0.37%

- M 955% 261% 1.55% 0.37%

WLS 9.26% 2.53% 1.50% 0.37%
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A Appendix

A.1 Proofs

Proof of Proposition[l. By assumption, there exists a regularly varying Markov tree Y
satisfying Condition |1| and such that Y € D(G), where G is a simple multivariate
extremes value distribution transformed from H. Moreover, G and H have the same stable
tail dependence functions. Thus it is sufficient to derive the result in terms of G. Let
v1,...,Vq be an arbitrary permutation of 1,...,d. Since Y satisfies Condition [1} it follows

from and Theorem 2 in Segers (2020) that

o (U0 )

v=1
d-1
=n ), P(Yy, > nyu, Yo, <nyp;,j=i+1,...,d) + nP(Yy, >nyy,)
=1
d-1
nP(Yey, > nyy, ) P(Yo; <nyp,j=i+1,...,d ] Yy, >nyy,) +nP(Yy, >nyy,)

7

—

Yor P(WOu, 0y <ty [yo,j =i+ 1,...,d) (A1)
1

7

as n — oo, where the probability in the sum (A1) is interpreted as 1 for i = d. Recall that
W is unit-Pareto distributed and is independent of ©,,. By the fact that 1/W is uniformly

distributed on [0,1], we have
-1 o
in P (W@’l}i,’l)j S y’l)j/y’vi7] =17+ 17 P 7Ci)
1
:?J;}% P{@Ui,UjS(y’uju)/yvi’j:7:+17”"d}du
1
_l _1 _1
= yvz‘ A P {]grlla,‘x,d (yvj @”Uifuj) < yui U} du
1/yo,
¢ -1
i [0 i {j=zn+llaf.{.,d (y”f @“i’“j) : u} v

o0 _1 _
:]0- P{ max (yvj @vi’vj)Sugyvil@UiM}du

j=i+1,...d

=E {ffﬁ?‘f ’ (y;jl@vi,vj) - max (y;jl@w,vj )} : (A2)

where the last step follows from [;°P(4A < u < B)du = E[[;"1(A < u < B)du] =
E[max(A, B) — A] for non-negative random variables A and B. By with ap,y = n

and by, =0, (AL)-(A2) and , we have

d
((y) = -log G(1/y1, ..., 1/ya) = lim nP (L_Jl{Yv > nyv})

d
= E{ max (yy,Oy,,) ~  max (yvj@vivvj)}’ (A3)

i1 j=t,...,d J=i+1,....d
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where the maximum over the empty set is defined as zero. The identity ©,, ,, = eepv;mr;] Me
yields the desired expression of ¢, which is totally determined by the distributions of the
increments M, with e € F.

Assume E(M,) =1 for all (a,b) € E. Then E(Ou,v) = [T(ap)e[uwv] E(Map) =1 for u,v eV
by the independence of M, for e € E. Thus it follows from Corollary 3 in Segers (2020)) that

the root-change formula

E{g (@v/@v,u) @v,u}
E(©uyu)

E {g(eu)} =

holds for any Borel measurable function g : [0,00)% \ {0} — [0, 00], where 0 denotes the
d-dimensional vector whose components are zero. For fixed y = (y,,v € V'), taking g;(x) =

maxX;—; .4 (yvj :L'v].) for i =2,...,d and using the root-change formula we have

]177

- {J{I;a}fd (yvj @vi’vj)} E[ max {yv] Vi,Uj ﬂ(@vivvi—l > 0)}]

=E [@quz 1 max {(yvj @Uzﬂ’J ) /Gvi’vi—l }:|

J7/L7 7

=E {]Irgax (yvj Ov;_y v, )} E(©uv;0;1)

= E { '{naX (y’l)j 6'01'—177‘)]' )} ’

J=t,...,d
where the first step holds since E(©,, , »,) = 1 implies P(O,, ,, , >0) =1 by Corollary 3 in

Segers (2020)). Consequently, in view of (A3)) and the above equality we obtain

((y) = ZE{ max (yvj v, vj)} Zd: {.max (yvj@vi_l,vj)}

i=1 J Ty 7 ]=7‘7“'7d
=E {]rrllax (yvj @Uhvj)} .
The final identity holds because vy, ...,vy was an arbitrary permutation of 1,...,d.

For the converse, since H,, v € V, are univariate extreme value distributions, any max-
stable distribution H can be transferred to a simple max-stable distribution by monotone
marginal transformations. For brevity, we assume H,(x) = 1 —exp(—1/x) for z > 0 and all
v € V here. In the following, we show that we can construct a regularly varying Markov
tree Y on the tree 7 = (V, E) in such that Y is in the domain of attraction of H and
satisfies Condition |1| and equation .

Given nonnegative My, with E(My) < 1, define for every (a,b) € E the function

eab(x7y) :$+y_E[min($7yMab)]a x,yZO. (A4)
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Since M, and My, satisfy the relation in , we have lgp(x,y) = lpe(y, ). Moreover, one
can easily check that for each (a,b) € E the properties (L1)—(L4) in Beirlant et al. (2004}
page 257) hold for £4,(x,y) and thus it is a well-defined stable tail dependence function. As a
consequence, the function Hyp(z,y) = exp[—lap(1/z,1/y)] a bivariate max-stable distribution
with unit-Fréchet marginal distributions.

Let Y = (Y,,v € V) be a Markov tree on T = (V, F) satisfying the global Markov property
with respect to 7. Assume the distribution function of the adjacent pair (Yg,Y}) for every
(a,b) € E is given by Hgp(x,y). Then by Example 3 in Segers (2020) and the discussion before
this proposition, Y is a regularly varying Markov tree satisfying Condition [I|and Equation
and belongs to the domain of attraction of a multivariate max-stable distribution, which is H
with stable tail dependence function given by from the proof of the first part statement

of this proposition. O

Proof of Proposition[3 For y,,yp > 0, setting d = 2 in and using the relation max(z,y) =

x +y-min(z,y) yields

fab(yaayb)=E{maX(ya,yb I1 Me)—yb I1 Me}"'yb

ec[a~b] ec[a~b]
=Ya+yp—E {min (ya,yb [I Me)} :
e€[a~b]
The desired result for Ay, follows since Agp = 2 — £45(1,1). The proof is complete. O

Proof of Proposition[3 Let Y = (Y,,v € V) be the Markov tree on T associated to H in
Definition [I] For each pair (a,b) € E, the tail dependence coefficient of (Y;,Y;) equals the
one of (Xg, Xp). Thus it is sufficient to derive the result in terms of Y.

For § > 0, note that
nP(Yy>nd, Yy >n)<nP(Yy>n)—>1 (A5)
as n — oo by . From the equality
fox P(X > u)du = E{min(X, )}

for a non-negative random variable X and for x > 0, we find by , @ and the fact that
1/W is uniformly distributed on [0, 1] that

nP(Yy >nd, Yy >n) =nP(Y, >nd) -P(Y,>n| Y, >nd)

~ 6TV P(W Mgy > 1/5) = 67 P(6My > 1/W)
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= 6 E{min(6 My, 1)} = E{min(My,1/6)}
as n — oo. Combining the above display with and letting § - 0 we obtain
E(Mgp) <1, (a,b) € E. (A6)
The concavity of the function y — min(1,zy) implies that
min(1,zy) <min(l,z) - (1 -y)z 1(z < 1), (z,y) €[0,00)?, (AT)

as can be confirmed by a case-by-case analysis. Let u be a node on the path from a to
b and write A = [Tee[gwu] Me and B = [Teefywp) Me. We have E[B] < 1 by (A6)) and the
independence of the increments M, for e € E. Using Proposition [2] we have, since A and B

are independent and non-negative,

Aap = E{min(1, AB)} < E{min(1,A)} - {1-E(B)} E{A1(A< 1)} (A8)
<E{min(1,4)} = Au.

Interchanging the roles of A and B yields Ay < A\yp. The inequality is strict whenever
x>1>zyorx<l<azy. IfP(1-e<M.<1)>0andP(1 <M. <1+¢)>0 for every
e € E and every € > 0, then also P(A >1> AB) >0 and P(A <1< AB) > 0. But then
min(1, AB) < min(1,A) - (1- B) AL1(A < 1) with positive probability, yielding a strict
inequality in .

As for the lower bound, the inequality min(1, s) min(1,¢) < min(1, st) for non-negative

reals s and t and the independence of M., e € F, yields, with A and B as above,
Aap = E{min(1, AB)} > E{min(1, A) min(1, B)} = E{min(1, A) } E{min(1, B)} = AauAup,
as required. The proof is complete. O

Derivation of equation . For z, € R such that v € V, we have, by the maximum-
minimums identity

maxa, = . (-1)"+ ! min g,
veV ZiUCY vel

Recall that Vj = {4,...,d} and e = (ep,e;) for e € E. Without loss of generality, let v; = ¢
for the permutation wvy,...,v4 of 1,...,d in Corollary |1| and . Then, in view of the
distribution of M, for e € E given in equation and by applying the above display, we
have from Corollary [I] that



:Zd; Z (—1)U|+1E{Iﬁi§l(yj H Me)}

i=1g#UcV; e€fi~j]

5.2 coelplo 1]

i=2 g#UcV; (i-1)~j]

d
1 BN N
;wz Z ( 1) H ]¢6p {jeU (yﬂ!)])}

@+UcV; eeUjep [i~7
d
DI AED NG Ll [I ¥ {miﬂ(yj%‘)}- O
i Uy, eeUser[(i-1)~5] Jev
Proof of Proposition[fl Let T' = (V, E") be any tree with the same node set V' as the true tree
T =(V,E). As in the proof of Proposition 5 in Engelke & Volgushev (2022), an application
of Hall’s marriage theorem (Hall, [1935) yields a bijection f: F — E’ with the property that
every edge (u,v) € F is mapped to an edge f(u,v) = (u',v") € E' such that (u,v) belongs to
the path [u’ ~ v'] in T By Proposition 3} Ayy 2 Af(y.) and thus
ST= 2 Aw2 20 Ajwn = D Aww =57
(u)eE (uw)eE (w0 )eE"
It follows that 7 belongs to the collection Ty of maximum tail dependence trees.

Suppose in addition that Ay < min(Agy, Ayp) for any triple of distinct nodes a, u, b such
that u lies on the path between a and b. If 7' = (V, E’) is different from 7, then there
is at least one edge (u,v) € E such that f(u,v) = (u/,v") is different from (u,v). By the
additional condition, we then have A, > Ayr. The inequality in the above display is thus
strict, implying that 7 is the unique maximizer of the sum of edge weights. Moreover,
T = (V,E) must be the unique tree associated with G. Otherwise, assume 7' = (V,E’) is
another tree consistent with G. Then there is at least one edge (a,b) € E such that a and
b are nonadjacent on 7', that is, there exists at least one node ¢ on the path [a ~ b] of
T'. Thus Ay < min(Age, Ape) since [a ~ ¢] ¢ [a ~ b] on T'. On the other hand, ¢ must be
nonadjacent with a or b on 7 as there is only one path from u to v for each pair of nodes
u,v € V; hence we have Age < Agp or Ape < Agp since (a,b) € [a ~ ¢] U [b~ ¢]. This leads to a

contradiction in view of the conclusion A\, < min(Age, A\pe) that we obtained previously. [

Proof of Proposition[j Let T* = (V,E*) be an arbitrary tree in Ty. We show that for any
tree 7' = (V, E") not in Ty, we have

P(§7—;<§7—;)—>1, n — oo. (A9)
By definition of T;, this implies
P(T'eTy) >0, n- oo
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As this is true for any 7' not in T, we can then conclude that P (T; c T)f) - 1lasn— oo.

To show (A9), note that, by definition of Ty, we have

The consistency of the empirical tail dependence coefficients ;\e for e € E (Drees & Huang,
1998; Schmidt & Stadtmiiller, 2006) implies
Sr= 87 = X A= N A= Y Ao 3 Acw0,(1) = Syy = S7; +0p(1), oo,
ecE! ecE* ecE! ecE*
yielding the convergence in , as required.
If T} is a singleton, say {7}, then the relation T/\* ¢ Ty implies that T/\* (which is
non-empty since it is the set of maximizers over a finite domain) is a singleton too and that

its only element, say 7;*, is equal to 7,". O

Proof of Theorem[1 By Theorem 5.1 in Biicher et al. (2014), we have weak convergence of
Qy, = \/E(l%k — /) in the so-called hypi-topology on the set of bounded functions on [0,1]% to
a process which, thanks to the condition on the p,-almost everywhere continuity of éj, is
ur-almost everywhere equal to « in . By Corollary 3.3 in the same article and again by
the assumption on éj, we obtain the weak convergence of o, to a in L?(u,); indeed, with
probability one, the process « is continuous p,.-almost everywhere, thanks to the assumption
on ¢; and the fact that W (0) = 0. The linear functional L?(p,) - R : f = [ fip, d p, for
re{l,...,q} being continuous, an application of the continuous mapping theorem yields
the result. The limit in is a linear transformation of a Gaussian process and therefore
Gaussian as well. The formula for the covariance matrix follows by Fubini’s theorem.

An alternative proof is to proceed by a Skorohod construction as in the proof of Proposi-
tion 7.3 in Einmahl et al. (2012). The term involving the partial derivatives éj is handled
via the dominated convergence theorem: the pointwise convergence for p,-almost every

x € [0,1]% holds true thanks to the condition on the partial derivatives /;. O

Proof of Corollary[3. For e = (a,b) € E, the map
Te - [0, 1]2 - [0, l]d (2, Tp) = Ta€q + THEY
pushes the measure v, on [0,1]? forward to the measure p. = Tp# v, on [0,1]¢ given by

te(A) = ve ({(:Ua,xb) €[0,1]?: zqeq + zpep € A})
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for Borel sets A ¢ [0,1]%. The support of j, is contained in {x € [0,1]% : z; = 0 if j #
a and j # b}. By the change-of-variables formula, integrals with respect to p. and v, are
related through f[o,l]d f(x) pe(dx) = f[m]g F(Te(za,2p)) ve(d(za, xp)).

Put o, = \/E(lﬁnjk - (). By Slutsky’s lemma, the 0,(1) term in Assumption [2| does
not matter for the convergence in distribution. Since lﬁn’k’e(xa,a}b) = tﬁn?k(Te(a:a,:cb)) and

similarly for £, and ¢, the main term on the right-hand side of can be written as

‘/[O,l]d CMn(CC) "pe(xa,l'b) ,Ufe(d CC)

This is a random vector of dimension p., each component of which has the same form as the
entries of the random vector on the left-hand side of . Indeed, the measure pu, in
is equal to the measure u,. here, while the function #, in is the equal to the function
x — 1)e j(2q,2p) here, where 1), ; is one of the p. component functions of 1.. The conclusion
now follows from Theorem (1} Assumption (ii) ensures that the smoothness condition in

Theorem [ is fulfilled. O

A.2 Relation to the extremal tree models

The definition of the tree-structured max-stable distribution in Definition [1] actually only
emphasizes the limitations on the dependence structures, while the marginal distributions
can be any of the three types of univariate extreme value distributions. We illustrate the
relation between the tree-structured multivariate max-stable distribution in Definition [l and
the extremal tree model in Engelke & Volgushev (2022) in terms of a simple max-stable
distribution. The general case can be derived in the same way by adjusting the corresponding
normalizing constants, see Rootzén & Tajvidi (2006). Related discussions can be found in
Section A.1 of Asenova et al. (2021)) and S.5 in the Supplementary Material to Engelke &
Volgushev (2022)).

Under the setting of Section if £ is a random vector belonging to the domain of

attraction of a simple multivariate max-stable distribution H, then we have
tlim [P(& <tay, veV)] = H(x), xe(0,00)%
It is equivalent to

limP(% <xy,veV

t—o0

mz%/va > t) = H(xz), xec[0,00)%\0, (A10)

where
log H(min(1,z,),veV) —log H(x)
log H(1,...,1)

H(x) =
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with supporting set £ = {x € [0,00)% \ {0} : max,ey z, > 1}. The limiting distribution H is
called the multivariate Pareto distribution and & satisfying is said to be in the domain
of attraction of H(a). The distributions H(x) and H(x) are called associated since they
can be recovered from each other.

Let Y = (Y,,v € V) be a random vector with distribution H. Then (ATI0) means that
(&uft,veV) |mz‘m/va >t Y, ast-— oo.
ve

FormeV,let Y=Y | Y;, > 1 be the random vector Y conditioned on the event Y;, > 1
with support on the space L™ = {x € L: x,,, > 1}. The tree graphical models in Engelke &
Volgushev (2022) (see also Engelke & Hitz, [2020) are defined via the random vectors Y™
based on the following notion of conditional independence: For disjoint subsets A, B,C' cV,

they say that Y} is conditionally independent of Y given Y if
Vme{l,...,d}, YfLYéﬂYﬁl

An extremal tree model Y is a multivariate Pareto distributed random vector satisfying
the global Markov property with respect to a tree 7 = (V, E) in the sense of conditional
independence defined above.

In view of Proposition 1 in Engelke & Volgushev (2022) and Proposition |1} the extremal
tree model Y is exactly the multivariate Pareto distribution associated with the tree-
structured multivariate max-stable distribution with respect to the same undirected tree T,

stated by the coming lemma.

Lemma 1. H is a tree-structured maz-stable distribution linked to an undirected tree T =
(V,E) if and only if the associated multivariate Pareto distribution is an extremal tree model
with respect to T .

Moreover, the stable tail dependence function of H is given by . For arbitrary meV,
Y™ is Wy, in @ having representation

~ w, if v=m,
v e (A11)

W eefmv] Me,  ifveV N {m},

where W is a unit-Pareto distributed random variable.

Proof. Assume H is a simple tree-structured multivariate max-stable distribution. Then
there exists a regularly varying Markov tree Y on a tree 7 = (V, E) according to Definition
such that Y satisfies Condition and Y € D(H). Thus by (9) we know that Y™ =W,
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and it has the representation in . By Corollary 6 in Segers (2020), My, and M, satisfy
Equation (7) of Engelke & Volgushev (2022). Since m is arbitrary, it then follows from
Proposition 1 in Engelke & Volgushev (2022) that Y is an extremal tree model with respect
to the tree 7.

Conversely, if Y is an extremal tree model on 7 with distribution function H, for any
arbitrary but fixed node m, there exists a set of independent random variables {M,,e € E™}
called the extremal function of Y such that Y™ is equal in distribution to the right-hand
side of , where E™ is the set of all edges e € E of the tree T pointing away from node
m, see Engelke & Volgushev (2022)). We construct a Markov tree Y rooted at m the same
as the one in the proof of Proposition (1| (or Definition . It follows from Example 3 and
Corollary 5 in Segers (2020) that all equivalent statements of Theorem 2 in that paper hold
for Y with I = {m}. Since m is arbitrary, we can derive from Proposition 1 in S.1 of Engelke
& Volgushev (2022) that Y is in the domain of attraction of H. Since we have shown in
Proposition [I| that Y is also in the domain of attraction of H with stable tail dependence
function given by , it follows that H is the associated multivariate max-stable distribution

with H. The proof is complete. O

A.3 Examples of parameter estimators

We list three examples of estimators of extremal dependence parameters satisfying Assump-

tion 2

Ezample 3 (M-estimator). The idea behind the M-estimator proposed in Einmahl et al.
(2012) is that of matching weighted integrals of the empirical stable tail dependence function
with their model-based values. For integer qe > pe, let ge = (ge1,- -+ eq.)' : [0,1]% = R% be
a column vector of Lebesgue square-integrable functions such that the map ¢, : B, - R%

defined by
<P6(ﬂ) = [[071]2 Ee(xaa Tp; /3) ge($ay -rb) dz,dm

is a homeomorphism between B¢ and ¢, (B?). For e = (a,b) € E, the M-estimator ﬁ%k . of
BY is a minimizer of the criterion function

e

e . 2
Qn,k,e(ﬁ) = Z [»[[0 12 {gn,k,e(xavxb) - ge(SUau Tp; /6)} ge,m(aja’xb) dxadxb:l .
m=1 ’

Suppose that ¢, is twice continuously differentiable and that the ¢, x p. Jacobian matrix

Ve (BY) has rank p.. Following the proof of Theorem 4.2 in Einmahl et al. (2012), it can
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be shown that expansion holds with v, the two-dimensional Lebesgue measure and with

We(a, 1) = {Vepe(BY) Ve (B0} Vepe(B) g, 11). (A12)

By convexity, the function £, is differentiable Lebesgue almost everywhere. Corollary [2 thus

applies with v, and 1. as stated.

Example 4 (Method of moments). The moments estimator of Einmahl et al. (2008) arises as
the special case g. = pe of the M-estimator of Einmahl et al. (2012) discussed in Example
above. Rather than as a minimizer of a criterion function, the estimator [;};/[246 is defined as

the solution of the equation

f[o 1]2 én,k,e(%,xb)ge(xa’ xp)dz,day = e ( Afl\l/{’g/,[e) )

The Jacobian matrix che(ﬁg) being an invertible square p. x p. matrix, the function . in
(A12) simplifies to
-1
1/’6(73(1’17)) = {W%(BS)} ge(l'aafnb)-

Ezxample 5 (Weighted least squares estimators). The weighted least squares estimator studied
in Einmahl et al. (2018) avoids the integration of stable tail dependence functions, facilitating

computations. Let ¢, > p. and let ci, ..., ¢k be g, points in (0, 1]2. For 3. € Be, set

in,k’,e = (én,k,e (C;n) , M = 17 s aQe) 5 Le(lge) = (ge (C?;Be) ,m = ]-7 ce aQe) .

Assume L, is a homeomorphism from B, to L.(B.). Let Q.(3¢) be a g x g. dimensional
symimetric, positive definite matrix, twice continuously differentiable as a function of 3.,
and with a smallest eigenvalue that remains bounded away from zero uniformly in B.. The

weighted least squares estimator BXV,?E of B is defined as

Iéx&,%:g = agg Igln (in,k,e - Le(ﬁe))T Qe(ﬁe) (in,k,e - Le(ﬁe)) .
e€De

In the numerical examples in Sections [5| and @ Q.(B.) is set to be the g x g, identity matrix.
Assume that L. is twice continuously differentiable on a neighbourhood of BY and that

the g. x pe Jacobian matrix VLe(ﬂg) has rank p,. Define the p. x ¢.-dimensional matrix

A, = {VL(8) 2 (8Y)VL(8)} " VL.(8) Q.(8).

Assume that the first-order partial derivatives of ¢, exist in all g. points c*. Then the vector
Vk (IA%M - L, (,62)) is asymptotic normal by Theorem (1| and Remark (7, By Theorem 2 in
Einmabhl et al. (2018), we have

\/E(BZ‘%E_'BS) :Ae\/E(invkye_Le(/@S))+Op(1)7 n — 00,
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This expansion is of the form (30 with v, the counting measure on the points c}a, .

and with ¥e = (Y1, ..., %ep. )" having component functions
I,Z)e’j(l'a,l'b) = (Ae)j,m if (J,'a,{Eb) = CZL.

Corollary [2] thus applies.
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