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We demonstrate that the zero-fidelity, an approximation to the process fidelity, becomes robust to
state preparation and measurement (SPAM) errors when combined with randomized benchmarking.
However, as randomized benchmarking requires randomly choosing an increasingly large number of
Clifford elements from the Clifford group when the qubit number increases, this combination is also
limited to quantum systems with up to three qubits. To make the zero-fidelity independent of SPAM
errors and, at the same time, applicable to multi-qubit systems, we employ a channel noise scaling
method called zero noise extrapolation and show that this also makes the zero fidelity robust to
SPAM errors.

I. INTRODUCTION

As quantum computers are expected to become more
powerful for performing calculations than classical com-
puters, quantum computation may one day replace clas-
sical computation for some difficult problems. In order to
evaluate the performance of real quantum devices, as op-
posed to classical simulators of quantum processes, one
can use the widely used protocol called process fidelity
[1]. This protocol is known to require a considerable
number of experimental settings and frequent changes of
initial states and measurement bases on a shot-by-shot
case. Recently, another protocol called zero-fidelity [2]
was proposed, which can be seen as the zeroth-order ap-
proximation to the process fidelity and which addresses
these issues. However, it has not yet been shown how the
zero-fidelity protocol can be quantified to make it inde-
pendent of state preparation and measurement (SPAM)
errors, which limit the usefulness of the zero-fidelity for
real devices.

It has been demonstrated in [1, 3] that, in general,
one can use a constant number of randomly chosen Pauli
measurements to evaluate the process fidelity to a low
variance instead of performing a full tomography. How-
ever, despite the fact that the mathematical formula of
process fidelity as reproduced in Eq. (1) involves Pauli
operators as initial states, one cannot directly use Pauli
operators as the initial states in experimental settings
because Pauli operators are not quantum states. For
the sake of satisfying the experimental requirements one
could prepare the eigenstates of Pauli operators to be the
initial states. An issue with this is that one needs then
to prepare eight different initial states for a single qubit
(two eigenstates per each Pauli operator). Furthermore,
it is also necessary to frequently change the initial states
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and measurement bases shot by shot, and the efficiency
of this change relies on the speed of the device used.
For that reason, the zero-fidelity protocol uses symmet-
ric, informationally complete (SIC) states [4] instead of
Pauli eigenstates. The four SIC-states can be used di-
rectly as initial states because they are quantum states
and require just four different initial states for a single
qubit. This implies fewer experimental settings in terms
of initial states and measurement bases that are needed
in order to estimate the process fidelity [2].

It is not easy to characterize SPAM errors experimen-
tally. Therefore, it is important for protocols to be robust
to SPAM errors. If unable to characterize SPAM errors,
especially when the effect of SPAM errors happens to be
large, one may obtain a fidelity evaluation that does not
correspond to the actual state of the channel in question.
For example, when preparing an initial state, the state
may be subject to overrotation errors (state preparation
errors). Additionally, when the state is measured, it may
flip (e.g., |0⟩ → |1⟩) with a certain probability (mea-
surement errors). Furthermore, the higher the number
of qubits in a system, the more serious SPAM errors be-
come as more qubits have the potential to get overrotated
and more outcomes can flip.

This paper is structured as follows. In Section II, we
introduce the zero-fidelity protocol including the SIC-
states. In Section III, we present the randomized bench-
marking protocol [5–7] and combine it with the zero-
fidelity protocol in such a way that the zero-fidelity be-
comes robust to SPAM errors for systems of up to three
qubits. In order to make the zero-fidelity robust to SPAM
errors and, at the same time, scalable to larger systems,
we apply the zero noise extrapolation method, which is a
method for scaling channel noise [8]. Section IV presents
experimental results. Section V concludes.

A. Contributions

In this work, we make the following contributions:

ar
X

iv
:2

31
2.

08
59

0v
3 

 [
qu

an
t-

ph
] 

 1
9 

D
ec

 2
02

5

https://arxiv.org/abs/2312.08590v3


2

• We show that the zero-fidelity can be made robust
to SPAM errors by being combined with random-
ized benchmarking. As randomized benchmark-
ing is limited essentially to systems of up to three
qubits, this limits then the zero-fidelity also to three
qubits.

• We combine the zero-fidelity protocol with zero
noise extrapolation method to make it robust to
SPAM errors for systems larger than three qubits.

• Through numerical experiments, we demonstrate
that combining the zero-fidelity with either ran-
domized benchmarking or zero noise extrapolation
indeed is robust to SPAM errors. The results also
confirm that such a combination doesn’t distort the
zero-fidelity, which remains a good approximation
to process fidelity.

• The practical implication of our results is that the
zero-fidelity has the potential to be used for multi-
qubit systems with less experimental resources and
at the same time be robust to SPAM errors.

II. ZERO-FIDELITY AS AN APPROXIMATION
TO PROCESS FIDELITY

In this section we briefly introduce symmetric, infor-
mationally complete (SIC) states [4] and the process fi-
delity. The zero-fidelity is the zeroth-order approxima-
tion to the process fidelity among the k-fidelities de-
scribed in [2], with the level of accuracy increasing with
the increasing order. The SIC-states (a total of four) will
be used for state preparation in the zero-fidelity protocol.
As opposed to that, the process fidelity uses the density
matrices prepared by the eigenstates of Pauli operators
for state preparation [9].

The process fidelity is given as

F (Λ,Γ) =
1

4n

4n∑
i

Tr[Λ(Pi)Γ(Pi)], (1)

where Pi ranges over the set of Pauli operators and Λ
and Γ are an ideal channel and an actual channel, re-
spectively. The zero-fidelity protocol proposed in [2] ap-
proximates the process fidelity, albeit without consider-
ing SPAM errors. Here, we will augment the zero-fidelity
to account for SPAM errors. To verify the accuracy of
our augmentation procedure, we compare the obtained
results with those in which SPAM errors were not con-
sidered.

A. Symmetric, informationally complete states

According to quantum theory, positive operator valued
measures (POVM) are used to perform measurements
on quantum systems. A POVM is a set of m positive

semidefinite operators {Ei}mi=1 that span Hilbert space
H of dimension d = 2n, where n is the number of qubits
in the system. Those operators must satisfy the require-
ment of their sum adding up to identity:

m∑
i=1

Ei = I.

Therefore, for a single qubit, one can use the Pauli group
as a set of POVMs, Pi ∈ {I,X, Y, Z}, while for n qubits,
the set of POVMs will be the tensor product of the Pauli
operators, Pi ∈ {I,X, Y, Z}⊗n. For n = 1 there is also
another set of operators that can span a d-dimensional
Hilbert space H with a minimal number of elements
d2 = 4. These are the four SIC-states. However, these
states are not like Pauli operators, which are mutually
orthogonal, i.e. {

Tr[PiPj ] = 0, if i ̸= j

Tr[PiPj ] = 1, if i = j

where Pi ∈ {X,Y, Z}.
According to [4], the transitional probabilities between

the four SIC-states are equal to

|⟨ψi|ψj⟩|2 =
1

d+ 1
, i ̸= j.

That is, no matter what the initial state is, it can always
be projected onto the remaining three states with the
same probability. This set of POVMs is called symmetric,
informationally complete states POVM (SIC-POVM).
For a single qubit, the four SIC-states are defined as

|ψ⟩1 = |0⟩

|ψ⟩2 =
1√
3
|0⟩+

√
2

3
|1⟩

|ψ⟩3 =
1√
3
|0⟩+

√
2

3
ei

2π
3 |1⟩

|ψ⟩4 =
1√
3
|0⟩+

√
2

3
ei

4π
3 |1⟩

|⟨ψi|ψj⟩|2 =
1

3
, i ̸= j

On the Bloch sphere, these states form a regular tetra-
hedron. It is worth noting that together the four SIC-
states are a quantum state 2-design [10, 11].

B. Process fidelity and zero-fidelity

The process fidelity is defined as the overlap between
ideal channel and actual channel. In other words, the
process fidelity checks how close the ideal quantum op-
eration and the actual quantum operation are. Consider
an ideal channel Λ (here we use the same notation as [2])
which maps the initial state ρI to the desired final state
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ρF = Λ(ρI), and an actual channel Γ which will usually
not perfectly match the ideal channel Λ. We can repre-
sent the similarity between the ideal channel Λ and the
actual channel Γ with the following equation (after [2, 9])

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(σ†
i )Γ(σi)], (2)

where σi ∈ Pi is a Pauli operator. Here, we do not nor-
malize Pauli operators so the maximum fidelity is 2n in-
stead of 1. However, the process fidelity in Eq. (2) cannot
be evaluated experimentally because in order to be able
to do so the input state must be a quantum state, which
means that it can be represented by a density matrix,
which is Hermitian, positive-semidefinite and has unit
trace, i.e. Tr[ρ] = 1. σi is not a quantum state since
Pauli operators are traceless. In order to estimate the
process fidelity one needs to rewrite Eq. (2) to satisfy
this experimental requirement that the input must be a
quantum state. With this, the process fidelity is subse-
quently defined as

F (Λ,Γ) =
1

4n

4n∑
i,j=1

[B−1]ijTr[Λ(ρi)Γ(ρj)], (3)

where Bij = Tr[ρ†iρj ] checks the overlap between the
state ρi and the state ρj and performs normalization. It is
worth noting that if the density matrices ρi are prepared
by the eigenstates of Pauli operators then the coefficient{

Bij = 2n, if i = j

Bij = 0, if i ̸= j.

By [9], Eq. (3) will then reduce to

F (Λ,Γ) =
1

4n

4n∑
i,j=1

2−nTr[Λ(ρi)Γ(ρi)]. (4)

From Eq. (3) and in agreement with Born’s rule, the
term Tr[Λ(ρi)Γ(ρj)] can be considered to be the expec-
tation value of the observable Λ(ρi) with respect to the
final state Γ(ρj). The final state is obtained by evolv-
ing the initial state ρj by the actual channel Γ. In the
theoretical view, Eq. (3) seems reasonable because the
inputs are quantum states and the goal of estimating the
process fidelity is to learn how close the ideal and the
actual quantum operations are to each other. Neverthe-
less, Eq. (3) is not practical for measuring the expecta-
tion values of observables Λ(ρi) experimentally because,
for most channels Λ and initial states ρi, the observables
Λ(ρi) have entangled eigenstates [2].

The reason why one doesn’t want observables with en-
tangled eigenstates is that entangled eigenstates cannot
be separated. In other words, they cannot be described
by a tensor product of individual qubit states, and as
such cannot therefore be measured separately. By al-
lowing observables with entangled eigenstates, the entire

system would need to be measured together, which is
often difficult or impossible to do in practice.
In order to estimate the process fidelity experimentally,

Eq. (3) should be rewritten as

F (Λ,Γ) =
1

4n

4n∑
i,l

CilTr[Γ(ρi)Wl], (5)

with

Cil =

4n∑
j=1

[B−1]jiTr[Λ(ρj)Wl],

where Wl is a set of Pauli operators {I,X, Y, Z}⊗n. The
derivation of this formula is given in Appendix A.
Eq. (5) is not scalable because one needs to prepare 4n

initial states and 4n observables for measurements. That
is, we have to use a total of 16n experimental settings
to estimate the process fidelity experimentally. A way
to expedite this is given in [1], where the authors show
that one can use joint probability distribution to sample
a small subset of initial states and observables instead.
This means that the experimental resources needed for
estimating the process fidelity can be significantly re-
duced.
In order to use the protocol in [1] and not to be forced

to frequently change initial state and measurement basis
one can use the zeroth-order approximation to process
fidelity called the zero-fidelity. The zero-fidelity is given
as

F0(Λ,Γ) =
1

4n

4n∑
i,j

Tr[Λ(ρi)Wj ]Tr[Γ(ρi)Wj ], (6)

where ρi are prepared by the four SIC-states and Wj are
Pauli operators. Nevertheless, the zero-fidelity doesn’t
take the effects of state preparation and measurement
errors into account [2]. Here, we will remedy that while
using Eq. (6) to estimate the zero-fidelity [12].

III. ZERO-FIDELITY RANDOMIZED
BENCHMARKING AND CHANNEL NOISE

SCALING

In this section we will first introduce the randomized
benchmarking protocol [5–7] and combine it with the
zero-fidelity to make the zero-fidelity robust to SPAM
errors. After that, we will use a channel noise scaling
method called zero noise extrapolation to make the zero-
fidelity robust against SPAM errors. The results of our
numerical experiments are presented in Section IV.
Based on the randomized benchmarking protocol [13],

the process fidelity can be made robust to SPAM errors
by applying quantum operations of the noisy and noise-
less channels m times and gradually increasing the value
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ofm. Therefore the process fidelity equation can be writ-
ten in the following form

Fm(Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λm(σ†
i )Γ

m(σi)], (7)

where σi is the tensor product over single-qubit Pauli
operators. However, as mentioned in Section II, Eq. (7)
cannot be estimated experimentally because Pauli oper-
ators are traceless. Instead, one needs to prepare the
eigenstates of Pauli operators and avoid using observ-
ables Λ(ρi) with entangled eigenstates. For the above
reasons, Eq. (7) is further rewritten as

Fm(Λ,Γ) =
1

4n

4n∑
i,j=1

2−nTr[Λm(ρi)Wj ]Tr[Γ
m(ρi)Wj ].

Based on the reasoning in both randomized bench-
marking and cycle benchmarking [9, 13], one can also
decouple SPAM errors from the zero-fidelity. In such a
scenario, the equation becomes

Fm0 (Λ,Γ) =
1

4n

4n∑
i,j=1

Tr[Λm(ρi)Wj ]Tr[Γ
m(ρi)Wj ]. (8)

A. Randomized benchmarking and the process
fidelity

We now demonstrate how to combine the process fi-
delity and randomized benchmarking to obtain the pro-
cess fidelity for different Clifford lengths m. By different
Clifford lengths m we mean that a channel is applied
consecutively m times:

Fm(U , Ũ) = 1

4n

4n∑
i=1

Tr[Um(ρi), Ũm(ρi)] (9)

where U , Ũ are ideal channel and noisy channel, respec-
tively, and ρi are quantum states prepared by the eigen-
states of Pauli operators.

A quantum state ρ that evolves through an ideal chan-
nel U can be described as

ρ→ U(ρ) = UρU†,

Similarly, a quantum state that evolves through a noisy
channel can be described as

ρ→ Ũ(ρ) = ŨρŨ†. (10)

Assume that the noisy channel Ũ can be decomposed into
ΛU so that Eq. (10) becomes

ρ→ Ũ(ρ) = Λ(UρU†).

Therefore, from the process fidelity we have

F (U , Ũ) = 1

4n

4n∑
i=1

Tr[ρiU
†Λ(UρiU

†)U ].

Now, we consider ideal channels and noisy channels ap-
plied to a quantum state m times, which we define as

ρ′i = C̃mρi = ΛU−1ΛUm...ΛU2ΛU1ρi

and

ρ′i = Cmρi = U−1Um...U2U1ρi,

where U−1 = (Um...U2U1)
−1.

Using the superoperator representation Λ → Λ̂ =∑
k Ak⊗A∗

k and U → Û = U ⊗U∗ we obtain the process
fidelity as

F (Cm, C̃m) =
1

4n

4n∑
i=1

Tr[Cm(ρi)C̃m(ρi)]

=
1

4n

4n∑
i=1

Tr[ρi(Û
−1
m Λ̂mÛm · · · Û−1

1 Λ̂1Û1)ρi].

From EU (Fg) = Tr
[
ρ(
∫
U(D)

dUÛ Λ̂Û−1)ρ
]
(the gate fi-

delity over all unitary operators by Haar measurement
[13]) we obtain the formula for averaging over the Haar
measure for the unitary operators

Favg(Cm, C̃m) = EU (F (Cm, C̃m))

=

∫
U(D⊗n)

(Πmj=1dUj)(F (Cm, C̃m))

=
1

4n

4n∑
i=1

Tr(ρiΛ[Π
m
j=1Λ̂

avg
j ]ρi),

where dUj denotes the Haar measure and

Λ̂avgj ≡ EUj
(Λ̂j) ≡

∫
U(D)

dUÛ−1
1 Λ̂1Û1.

As given in [14],

Λ̂avgj ρ = pjρ+ (1− pj)
I
D

with

pj =
Tr(Λ̂j)− 1

D2 − 1
. (11)

With the above, we can finally obtain the relation

Fm(U , Ũ) = 1

4n

4n∑
i=1

Tr[Um(ρi)Ũm(ρi)]

= A0p
m +B0,

(12)
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where the coefficients A0 and B0 absorb SPAM errors and
the strength of depolarizing error p can be considered as
the parameter for the average gate fidelity Fave = p+ 1−p

2n .
Here, we assume the same strength pj as in Eq. (11),
gate-independence and time-independence [13, 15]. See
Appendix C for an analysis of the physical meaning of
the parameter p.

Now, from [1] one can also estimate the process fidelity
by the following equation

Fm(U , Ũ) = 1

4n

4n∑
i,j=1

2−nTr[Um(ρi)Wj ]Tr[Ũm(ρi)Wj ],

(13)
where the quantum states ρi are prepared by the eigen-
states of Pauli operators.

B. Randomized benchmarking and the zero-fidelity

Since the zero-fidelity is not robust to SPAM errors,
we will combine it now with randomized benchmarking.
This will make it robust to SPAM errors, in addition
to being scalable experimentally. From Eq. (13) we can
write down the equation for the zero-fidelity as

Fm(U , Ũ) = 1

4n

4n∑
i,j=1

Tr[Um(ρi)Wj ]Tr[Ũm(ρi)Wj ], (14)

where the quantum states ρi are prepared by the SIC-
states instead of the eigenstates of Pauli operators. From
the discussion above it follows that the form of the zero-
fidelity in Eq. (14) is robust to SPAM errors. See Ap-
pendix B for the derivation.

In Section IV, we compare the regular randomized
benchmarking protocol with the zero-fidelity protocol
combined with randomized benchmarking. To that
end, we consider two-qubit and three-qubit randomized
benchmarking. We use Gottesman–Knill theorem [16],
which is an efficient method for obtaining the inverse
of the first m Clifford operators to generate the ran-
domized benchmarking circuits [17]. In our circuit, we
use Qiskit’s [18] noise model of a real backend to add
depolarizing noise on every gate and also readout er-
ror on the measurement gates. Admittedly, one could
just use m Clifford operators to represent Clifford length
m. However, in the present work, following Qiskit’s
randomized benchmarking seq function, we use a se-
quence of Clifford operators to represent a single Clif-
ford operator. We do that in order to reduce the num-
ber of gate types, namely we restrict the gates to the
Hadamard, phase gate and CNOT gates, plus the gates
of the Pauli group. Such a reduction has the double bene-
fit of being easily implementable on real devices and that
of memory optimization. Namely, it has been shown in
[19] that the 92897280-element 3-qubit Clifford group is
the semidirect product of the, much smaller, 1451520-
element 3-qubit symplectic group with the Pauli group.

FIG. 1: An example three-qubit circuit. The first U gate on each
qubit is for state preparation, where we rotate |0⟩ to one of the
SIC-states. The second U gate on each qubit is state preparation
error. The actual target channel consists of a block of CZ gates.
The gates behind the CZ gates are for performing measurement
basis changes. We also add readout error on each measurement
gate. The ideal target channel contains no SPAM or gate errors.

This means that one can reconstruct the entire Clifford
group by storing just the symplectic group in memory.

C. Channel noise scaling

We first combined the zero-fidelity with randomized
benchmarking. However, due to the limitations of the
randomized benchmarking protocol with respect to sys-
tem size, it is difficult to apply the zero-fidelity random-
ized benchmarking protocol to more than three qubits.
This realization led us to a different attempt at making
the zero-fidelity robust to SPAM errors. Namely, in order
to be able to apply the zero-fidelity to a larger number
of qubits, we used channel noise scaling instead of ran-
domized benchmarking. Channel noise scaling refers to
a class of methods that adjust the level of noise present
in individual channels of a system. The method we used
is called zero noise extrapolation, or ZNE for short [8].
As an example, let’s assume that we want to calculate

the zero-fidelity of a channel U whose circuit looks like
the one given in Fig. 1. In Fig. 1, the first U gate on each
qubit is for state preparation, where we rotate |0⟩ to one
of the SIC-states. The second U gate on each qubit is a
state preparation error. Then follows the actual target
channel, which contains a block of CZ gates. The gates
behind the CZ gate block are for performing measure-
ment basis changes. We also add readout error on each
measurement gate.
We can apply the same channel U a number m times,

i.e. (UU†)m = Im, where m ≥ 1. This method is called
global folding [8]. By applying global folding to the circuit
in Fig. 1, we effectively extend only the CZ block of the
circuit m times. The gates before the block as well as
the gates after the block remain intact. So, for m = 1,
the circuit will consist of a CZ block containing a total
of 8 CZ gates, while for m = 2, the circuit will have a
block of 16 CZ gates, etc. This method produces a total
of m+ 1 circuits for a given m.
In the ideal case, repeatedly applying the same circuit

will not affect the final result. However, the error will
increase with the number of channels applied in actual
experiments. This indicates that the zero-fidelity can be
seen as a function of the number of circuits. With this,
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one can then also obtain a decay rate by fitting the results
of the zero-fidelity against the number of circuits.

Repeatedly applying identity circuits, also known as
identity folding, has been used for mitigating errors in
quantum computation for instance in [8, 20, 21]. It
has been shown experimentally that if the noise is de-
polarizing noise (and this holds also in the case of gate-
dependence) the results can be fitted with the same expo-
nential decay as in randomized benchmarking [8]. Using
this method, we don’t have to choose Clifford gates ran-
domly from the Clifford group in order to calculate the
average gate fidelity. Instead, we can obtain a fidelity
value from the zero-fidelity decay rate, and this value will
be independent of SPAM errors. Since we don’t need
to choose from the Clifford gates, we do not therefore
need to deal with the high number of Clifford elements
in the Clifford group. This implies the ability to obtain
the zero-fidelity for systems of more than three qubits as
well.

In the following section, we demonstrate how to make
the zero-fidelity independent of SPAM errors and perform
simulations on systems of up to five qubits.

IV. NUMERICAL RESULTS

Our simulation results include estimations of the zero-
fidelities alone (Section IVA), as well as of the zero-
fidelities in combination with randomized benchmarking
or zero noise extrapolation (Sections IVB and IVC, re-

spectively).

A. Zero-fidelity without SPAM error robustness

Here, we present our numerical results for the zero-
fidelity estimation on three qubits. The results include
estimations under both noisy and noiseless channels.
When estimating the zero-fidelity for the noisy channel

with CZ gates, as shown in Fig. 1, we model the SPAM
errors as rotation errors sampled from a Gaussian distri-
bution for state preparation, and as readout errors for
measurement. The readout errors we apply include both
strong and weak readout errors defined below:

strong readout error =

(
0.997 0.003
0.005 0.995

)
(15)

weak readout error =

(
0.97 0.03
0.05 0.95

)
. (16)

The strength of the strong readout error is 10 times
that of the weak readout error. Fig. 2c shows the fidelities
of the channels mentioned above either with or without
SPAM errors and a fixed gate error. We use Qiskit’s
[18] noise model to create a depolarizing channel whose
mathematical form can be written as

E(ρ) = (1− λ)ρ+ λTr[ρ]
I

2n
, (17)

where ρ are the SIC-states, n is the number of qubits and
λ is the gate error fixed to 0.01 in our experiments.

(a) Strong vs weak readout errors.
Varying depolarizing error.

(b) Varying depolarizing error
strength, and weak readout error.

(c) Fidelity at fixed gate error
λ = 0.01.

FIG. 2: Zero-fidelity for three-qubit circuit as in Fig. 1.

The zero-fidelities of the target circuit in Fig. 1 are esti-
mated in ten experiments with and without SPAM errors.
Each experiment consisted of a total of 4096 different cir-
cuits. This number reflects all the possible combinations
of state preparation gates and measurement bases. There
are four different SIC states and four measurement bases.
Consequently, for three qubits there are a total of 43 pos-

sible combinations of state preparations and 43 possible
combinations of measurement bases.

The results are shown in Fig. 2. In Fig. 2a the gate
error is the depolarizing error on CZ gates. We compare
the fidelities under the weak readout error and the strong
readout error. The over-rotations are sampled from the
Gaussian distribution. The outcome is the zero-fidelity
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F0 and the values are as expected, that is, stronger read-
out errors and increasing strength of the depolarizing
error lead to lower fidelity values. Presence of over-
rotations contributes to the overall value but is not as
significant as the readout or depolarizing error.

In Fig. 2b we also consider the effect on zero-fidelity
with increasing depolarizing error on CZ gates. Here, we
compare four scenarios: without any SPAM errors; only
with weak readout error but no over-rotations; only over-
rotations without readout errors; and with SPAM errors
that include both over-rotations and the weak readout
error. The degrees of over-rotation error are sampled
from the Gaussian distribution (with zero mean and

√
5

standard deviation) so that each of the 4096 circuits has a
different degree of rotation. Here too, the results show a
significant impact of the depolarizing noise on the zero-
fidelity. Executions without any SPAM errors resulted
in consistently higher fidelities than executions with all
possible SPAM errors or with some of the SPAM errors.

In Fig. 2c, the degrees of rotation are sampled from
the Gaussian distribution with mean µ = 0 and standard
deviation σ =

√
5, and the readout error is described by

the matrix in Eq. (15). In both cases, with and without
SPAM errors, a constant depolarizing noise was added
on the CZ gates. For all executions the parameter λ
in Eq. (17) was fixed to 0.01. The average zero-fidelity
without SPAM errors was 0.968, while the average zero-
fidelity with SPAM errors was 0.943.

B. Zero-fidelity with randomized benchmarking

This section presents the numerical results obtained
from combining the zero-fidelity with randomized bench-
marking (RB).

The way we combine zero-fidelity with randomized
benchmarking is as follows:

1. Apply a sequence of m + 1 operators chosen uni-
formly from the Clifford group. The first m opera-
tors can be chosen randomly, however the choice
of the (m + 1)-th operator depends on the first
m operators because the (m + 1)-th operator is
the inverse of all the other m operators taken to-
gether. Formally, let C be an operator and let
S = Cm+1 ◦ Cm ◦ ...C3 ◦ C2 ◦ C1, where ◦ denotes
composition of operators. Then we require that
Cm+1 = (Cm ◦ ...C3 ◦ C2 ◦ C1)

−1. If the operators
are ideal (i.e., no noise is present), the sequence
applied onto the quantum state is S(ρ) = ρ. For a

noisy quantum operator C̃ = Λ ◦C and a sequence
S̃, we can describe them as S̃m = ⃝m+1

j=1 (Λ ◦ Cj).
Here, we generate more than one sequence S̃lm =
⃝m+1
j=1 (Λ ◦Clj ) and then apply all of the generated

sequences on the initial states. An example circuit
for two-qubit systems is given in Fig. 3.

2. For each sequence calculate the expectation val-
ues of Pauli operators Wj with respect to the fi-

FIG. 3: A simple example a two-qubit circuit for zero-fidelity
combined with interleaved randomized benchmarking. The first

block of U gates is for preparation of SIC states, the second block
of U gates is the state preparation error. Then, we have a Clifford
gate represented by two operations, followed by the interleaved
CZ channel, and the inverse of the Clifford gate. The gates

directly before the measurements are used for basis change. For
regular randomized benchmarking, we don’t consider the

interleaved CZ channel.

nal states Slm(ρi) and S̃lm(ρi), respectively, where
ρi are the initial states, i.e. the SIC-states. After
that, calculate the overlap as follows:

1

4n

4n∑
i,j

Tr[Slm(ρi)Wj ]Tr[S̃lm(ρi)Wj ] (18)

3. Estimate Eq. (18) for different sequence l and differ-
ent Clifford length m and then average the random
sequence to find the averaged sequence fidelity:

Fmseq(Sm, S̃m) =
1

4n

4n∑
i,j

Tr[Sm(ρi)Wj ]Tr[S̃m(ρi)Wj ],

(19)
where

Sm =
1

L

L∑
l=1

Sml .

4. Use the results estimated using Eq. (19) to fit the
model mentioned above:

Fmseq(Sm, S̃m) = A0p
m +B0.

5. With the result from Step 4 plot the exponential de-
cay curve of the process fidelity and Clifford length
m.

For randomized benchmarking, one can consider sys-
tems of up to three qubits. Here, we estimate the zero-
fidelity with randomized benchmarking on circuits of two
and three qubits. We set l = 5, and there were a total of
4n × 4n circuits per run, where n is the system size.
The numerical results are shown in Fig. 4. All fidelity

values were obtained under presence of depolarizing er-
ror. Fig. 4a is for systems of two qubits and shows the
decay of the zero-fidelity as a function of Clifford number
m with and without SPAM errors. One can observe that
the zero-fidelity is affected by SPAM errors. However,
with an increasing m, the effect of those errors decreases.
The values of the zero-fidelity converge to the same value
when m is large. The curves are fitted using the values
of the zero-fidelity and the equation Fm = A0p

m + B0.
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For each of the fitted curves we obtained statistics con-
sisting of the decay rate p, the average gate fidelity Fave,
and the average error rate r. The average error rate is
r ≡ 1− Fave [22]. The average gate fidelity is calculated
following [13, 23] as Fave = p+ (1− p)/2n.

The statistics are shown in Table I. It is observed that
no matter whether there are SPAM errors in the circuit or
not, the decay rate of the zero-fidelity will not be affected.
This shows that the combination of the zero-fidelity with
randomized benchmarking is robust to SPAM errors for
the two-qubit case.

Fig. 4b shows the results for the zero-fidelity with
randomized benchmarking on three-qubit systems. The
statistics for this experiment are given in Table II. Sim-
ilarly to Fig. 4a, the values of the zero-fidelity almost
converge to the same value when m is large. Also, as
it was the case for two-qubit zero-fidelity with random-
ized benchmarking, no matter whether there are SPAM
errors or not, the decay rate of the zero-fidelity will not
be affected. This shows that, for the three-qubit case as
well, the combination of the zero-fidelity with random-
ized benchmarking is robust to SPAM errors.

For the last experiment, we used circuits with three
qubits too, but we interleaved the target circuit (Fig. 1)
into the randomized benchmarking protocol. This
method is called interleaved randomized benchmarking
[24, 25]. The results of estimating zero-fidelity using in-
terleaved randomized benchmarking are shown in Fig. 4c.
The blue curve was obtained from fidelity values that in-
volved no interleaving because we needed to calculate the
original zero-fidelity with randomized benchmarking for
comparison. The curves involving SPAM errors were ob-
tained from the zero-fidelity with interleaved randomized
benchmarking.

TABLE I: Statistics for the zero-fidelity with
randomized benchmarking on two-qubit systems.

Curvea Decay rate p Avg. error rb Fave

w/o SPAM err. 0.977 1.71 · 10−2 0.983
SPAM err., WRE 0.977 1.71 · 10−2 0.983
SPAM err., SRE 0.977 1.71 · 10−2 0.983

a WRE: weak readout error. SRE: strong readout error
b Avg. error per Clifford gate

(a) Two-qubit system. (b) Three-qubit system. (c) Three-qubit system. Only circuits
with SPAM errors were interleaved.

FIG. 4: Zero-fidelity with randomized benchmarking.

By calculating the decay rate from each fitted curve
for the channel with CZ gates, we obtain the zero-fidelity
F0 ≃ 0.967 for both the case without SPAM errors and
the two cases with SPAM errors and readout error. This
value is nearly equal to the fidelity shown in Fig. 2c.
From the above results one can observe that even when
the strength of the readout error is increased, the same
zero-fidelities of the target circuit are obtained. The
curves with SPAM errors are lower than the curve with-
out SPAM errors because we have included some extra
gates for interleaved randomized benchmarking. How-
ever, they all converge to the same values when the
number of Clifford gates is large. Therefore, the re-
sults demonstrate that by using randomized benchmark-

ing with zero-fidelity we can calculate the zero-fidelity
without the effects caused by SPAM errors.

C. Zero-fidelity with zero noise extrapolation

In this section, we show the results for the zero-fidelity
for more than three-qubit systems by using the zero noise
extrapolation method. This method is realized by global
unitary folding, which involves repeatedly applying the
identity layers of the quantum circuit (identity scaling).
We consider quantum systems with three, four, and

five qubits. While calculating the zero-fidelity, we set the
parameter λ = 0.01 for depolarizing noise, see Eq.(17).
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Since noise in Qiskit’s noise model [18] is added on gates,
the zero-fidelity for a depolarizing channel is not just the
parameter λ. Rather, the total effect of noise depends on
the number of gates in the circuit. Consider for example
the circuit in Fig. 1. According to Qiskit’s noise model,
the depolarizing noise was added on each CZ gate in the
channel, so the zero-fidelity calculated the total effect of
the depolarizing noise caused by all of those gates, that
is, 0.994 ≈ 0.961. This is the theoretical value one would
obtain mathematically. However, when a measurement
is performed, one needs to specify a particular number
of shots. Due to the probabilistic character of quantum
mechanics, the higher the number of shots, the higher
the accuracy. In our experiments, we used 1024 shots,
and this has led to a projective error, which can explain
the fidelity value we obtained, 0.968, being a bit off from

the expected theoretical value of 0.961. For the above
reason, the parameter p indicates the strength of the de-
polarizing channel caused by the total number of gates
in our circuit.

TABLE II: Statistics for the zero-fidelity with
randomized benchmarking on three-qubit systems.

Curvea Decay rate p Avg. error rb Fave

w/o SPAM err. 0.952 4.20 · 10−2 0.958
SPAM err., WRE 0.952 4.20 · 10−2 0.958
SPAM err., SRE 0.952 4.23 · 10−2 0.958

a WRE: weak readout error. SRE: strong readout error
b Avg. error per Clifford gate

(a) p ≃ 0.966 for all curves. (b) p ≃ 0.952 for all curves. (c) p ≃ 0.937 for all curves.

FIG. 5: Zero-fidelity with zero noise extrapolation.

(a) Avg. zero-fidelity without SPAM errors: 0.953,
avg. zero-fidelity with SPAM errors: 0.914.

(b) Avg. zero-fidelity without SPAM errors: 0.938,
avg. zero-fidelity with SPAM errors: 0.890.

FIG. 6: Zero-fidelity for four and five qubits. Depolarizing error was added on CZ gates for the executions with
SPAM errors. λ was set to 0.01.

Fig. 5 shows the fitted fidelity curves for systems of
three, four, and five qubits, respectively. For all three
graphs one can observe that the fidelity values with
SPAM errors are lower than the fidelity values without
SPAM errors. However, when we fit the curves using

these values we obtain the same decay rates no matter
whether there were SPAM errors or not, and no matter
how strong the SPAM errors were.
For three qubits (Fig. 5a), the parameter p for all three

fitted curves was p ≃ 0.966, which is almost the same
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as the fidelity without SPAM errors calculated by using
single circuit length in Fig. 2c. For four qubits (Fig. 5b),
the parameter p for all three fitted curves was p ≃ 0.952,
which almost equals to the fidelity without the effects
from SPAM errors in Fig. 6a. For five qubits (Fig. 5c),
the parameter p for all three fitted curves was p ≃ 0.937,
which is almost the same as for the fidelity without SPAM
errors in Fig. 6b.

V. CONCLUSION

In this work, we demonstrated how to make the zero-
fidelity robust to SPAM errors by combining it with
randomized benchmarking and zero noise extrapolation
(ZNE). The performed numerical experiments confirm
the correctness of our methodology.

Combined with randomized benchmarking, the zero-
fidelity can be estimated for systems of up to three qubits.
A combination of the zero-fidelity with ZNE, on the other
hand, allowed us to perform tests on circuits of up to five
qubits. The obtained results indicate that ZNE scales
better and requires less resources than the zero-fidelity
randomized benchmarking. In randomized benchmark-
ing, one needs to choose Clifford elements randomly from
a large-sized Clifford group. For three-qubit systems,
there are a total of 92,897,280 Clifford elements in the
Clifford group. For five-qubit systems, the number of el-
ements reaches ≃ 1019. Randomly choosing from such a
large number of elements not only requires a large com-
puter memory to store the elements but also makes the
number of circuits that need to be generated and run
simulations on very large.

A future work will be to study how to apply such
schemes for noise channels other than the depolarizing
noise channels, and to investigate other potential efficient
and scalable schemes, such as cycle benchmarking [9], to
make the zero fidelity independent of SPAM errors.

ACKNOWLEDGMENTS

The authors wish to acknowledge the support of the
National Taiwan University’s High Performance Com-
puting facilities, on which our numerical results were ob-
tained. Yu-Hao Chen and Renata Wong acknowledge
support from the National Science and Technology Coun-
cil grant No. NSTC 114-2112-M-182-002-MY3. Renata
Wong acknowledges support from Chang Gung Memorial
Hospital grant No. BMRPL94.

VI. CODE AVAILABILITY

The code used for this paper can be found at
https://github.com/plain12356/RB_with_zero_
fidelity

Appendix A: Another form of the process fidelity

We derive the equation

F (Λ,Γ) =
1

4n

4n∑
i,j=1

CijTr[Γ(ρi)Wj ]

with Cij =
∑4n

l=1[B
−1]liTr[Λ(ρl)Wj ] from the equation

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(σ†
i )Γ(σi)],

where Wj is a set of Pauli operators, ρi are the quantum
states which are prepared by the eigenstates of Pauli op-
erators, and Λ,Γ are the ideal channel and the actual
channel, respectively. Before the derivation we introduce
some notational conventions.

1. Preliminary notation

We define the vectorization of a matrix, which is a
linear transformation converting a matrix into a vector
form.
Let A be a m × n matrix and let Vec(A) denote a

vectorization of the matrix A given as

Vec(A) = [a1,1, ...am,1, a1,2, ..., am,2, ..., am,n]
T

, where T stands for transposition. Here is an example:

M =

(
1 2
3 4

)
→ Vec(M) =

1
3
2
4


The vectorization of a product of three matrices ABC is
given as

Vec(ABC) = (CT ⊗A)Vec(B) (A1)

and the inner product (Hilbert–Schmidt inner product)
between two vectorized matrices is

Vec(A)†Vec(B) = Tr(A†B).

For convenience we denote Vec(A) = |A⟩⟩ and
Vec(A)† = ⟨⟨A|. Now assume a density matrix ρ that
is evolved by a channel U , which can be represented as

ρ′ → U(ρ) = UρU†,

where U is a unitary matrix. Because of equation (A1),
ρ′ can be rewritten as

Vec(ρ′) = Vec(U(ρ))
= Vec(UρU†)

= (U† ⊗ U)Vec(ρ)

= U|ρ⟩⟩ (A2)

Here we use the superoperator representation to describe
the channel U = (U† ⊗ U). It can be understood that
the superoperator U in term (A2) is an operator and the
vectorized ρ is a vector.
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2. Derivation

We can now vectorize the Pauli operator

Pi → |Pi⟩⟩/
√
2n,

where n is the number of qubits. For n = 1 the vectorized
Pauli operators can be represented as

|Pi⟩⟩ ∈ {|I⟩⟩ |X⟩⟩ |Y ⟩⟩ |Z⟩⟩}

, where

|I⟩⟩ =

1
0
0
1

 |X⟩⟩ =

0
1
1
0

 |Y ⟩⟩ =

 0
i
−i
0

 |Z⟩⟩ =

 1
0
0
−1


Since the density matrix can be represented by the

Pauli operator, we represent a quantum state as

|ρ⟩⟩ =
∑
i

ci|Pi⟩⟩, (A3)

where ci = ⟨⟨Pi|ρ⟩⟩ (we have normalized Pauli operators
in order to avoid the factor). Note that the coefficients ci
can be considered to be the expectation values of Pauli
operators with respect to the quantum state ρ. Putting
the coefficients ci back into Eq. (A3), the quantum state
becomes

|ρ⟩⟩ =
∑
i

|Pi⟩⟩⟨⟨Pi|ρ⟩⟩. (A4)

Consider another quantum state

|σ⟩⟩ =
∑
j

|Pj⟩⟩⟨⟨Pj |σ⟩⟩. (A5)

One can perform the Hilbert–Schmidt inner product to
obtain

Tr[σ†ρ] =
∑
i

∑
j

⟨⟨σ|[Pj⟩⟩(⟨⟨Pj |Pi⟩⟩)⟨⟨Pi]|ρ⟩⟩ (A6)

=
∑
i

⟨⟨σ|Pi⟩⟩ · ⟨⟨Pi|ρ⟩⟩ (A7)

=
∑
i=1

Tr[σPi]Tr[ρPi]. (A8)

because Pauli operators are mutually orthogonal, which
means that {

Tr[PiPj ] = 0, if i ̸= j

Tr[PiPj ] = 1, if i = j

and recall that ⟨⟨Pi|ρ⟩⟩ = Tr[ρPi]. Now, back to the
equation

F (Λ,Γ) =
1

42

42∑
i=1

Tr[Λ(σ†
i )Γ(σi)],

where {σi}4i=1 is a set of Pauli operators, for n qubits
σi ∈ {I,X, Y, Z}⊗n.
We can rewrite

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(σ†
i )Γ(σi)]

as

F (Λ,Γ) =
1

4n

4n∑
i,j=1

[B−1]ijTr[Λ(ρi)Γ(ρj)], (A9)

where Bij = Tr[ρ†iρj ] and ρi, ρj are density matrices that
can be prepared from the eigenstates of Pauli operators.
Let ρ′ = Λ(ρ) and σ = Γ(ρ) so Eq. (A9) becomes

F (Λ,Γ) =
1

4n

4n∑
i,j=1

[B−1]ijTr[ρ
′
iσj ]. (A10)

From Eqs. (A6) through (A8) we obtain

F (Λ,Γ) =
1

4n

4n∑
i,j=1

[B−1]ijTr[ρ
′
iσj ]

=
1

4n

4n∑
i,j=1

4n∑
k=1

[B−1]ijTr[σjPk]Tr[ρ
′
iPk]

=
1

4n

4n∑
i,j=1

4n∑
k=1

[B−1]ijTr[Γ(ρj)Pk]Tr[Λ(ρi)Pk].

As mentioned in the beginning of this appendix, we
finally get

F (Λ,Γ) =
1

4n

4n∑
i,j=1

CijTr[Γ(ρi)Wj ]

with Cij =
∑4n

l=1[B
−1]liTr[Λ(ρl)Wj ], where Wj is a set

of Pauli operators.

Appendix B: Decay rate of the zero-fidelity

We show that the equation

Fm(U , Ũ) = 1

4n

4n∑
i,j=1

Tr[Um(ρi)Wj ]Tr[Ũm(ρi)Wj ],

where ρi are the quantum state prepared by the SIC-
states and Wj is a set of Pauli operators, is equal to

A0p
m +B0, (B1)

where the coefficients A0 and B0 absorb state preparation
and measurement errors, and m is the number of Clifford
operators.
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Since the process fidelity

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(σ†
i )Γ(σi)]

can be written as follows (this was established in Ap-
pendix A)

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(ρi)Wj ]Tr[Γ(ρi)Wj ]

we only need to prove that the process fidelity with the
channel applied m times, i.e.,

Fm(Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λm(σ†
i )Γ

m(σi)]

is equal to Eq. (B1).
As shown in Section III,

Fm(U , Ũ) = 1

4n

4n∑
i=1

Tr[Um(ρi)Ũm(ρi)]

= A0p
m +B0

. We have also shown that

F (Λ,Γ) =
1

4n

4n∑
i=1

Tr[Λ(σ†
i )Γ(σi)]

=
1

4n

4n∑
i,j=1

CijTr[Λ(ρi)Wj ],

where

Cij =

4n∑
l=1

[B−1]liTr[Γ(ρi)Wj ], (B2)

. Furthermore, if the density matrix ρi is prepared by the
eigenstates of Pauli operators, we can write the process
fidelity after [9] as

F (Λ,Γ) =
1

4n

4n∑
i,j

2−nTr[Γ(ρi)Wj ]Tr[Λ(ρi)Wj ]. (B3)

Now let the quantum states be prepared by the SIC-
states instead of the eigenstates of Pauli operators. In
this case, the coefficient 2−n in Eq. (B3) is 1 and then
Eq.(B3) becomes

F (Λ,Γ) =
1

4n

4n∑
i,j

Tr[Γ(ρi)Wj ]Tr[Λ(ρi)Wj ]

Finally, it can be concluded that

Fm(Λ,Γ) =
1

4n

4n∑
i,j

Tr[Γm(ρi)Wj ]Tr[Λ
m(ρi)Wj ]

= A0p
m +B0

Appendix C: The physical meaning of parameter p
in channel noise scaling

In this appendix, we analyze the physical meaning of
parameter p. This parameter can be obtained by fitting
the results of the zero-fidelity. The decrease in the fidelity
is a result of applying quantum circuits repeatedly, i.e.,
letting channel noise to accumulate. We refer to this
method as identity folding. First, we introduce complex
projective designs.

a. Complex projective t-design

The definition of a complex projective design is similar
to the definition of a spherical design. Consider a finite
subset of unit vectors X on a sphere S(Rd), where Rd
is d-dimensional Euclidean space. The following is the
definition of a spherical t-design based on [26, 27].

Definition C.1 Let t be a natural number. A finite sub-
set X ⊆ S(Rd) is called a spherical t-design if

1

|S(Rd)|

∫
X∈S(Rd)

f(X)dσ(X) =
1

|X|
∑
u∈X

f(u) (C1)

holds for any polynomial f(X) = f(x1, x2, ..., xn) of de-
gree at most t, with the usual integral on the unit sphere.

For complex projective t-design, instead of on the real
d-dimensional space Rd, the subset of unit vectors X is in
S(Cd). Furthermore the degree of the polynomial func-
tion is t, meaning the function has degree at most t for
all real numbers in the entries of the vectors and at most
t for the complex conjugates of these entries. The defi-
nition of complex projective t-design is given below and
follows [10].

Definition C.2 Let pt,t be a polynomial that has homo-
geneous degree t in d variables, and degree t in the com-
plex conjugates of these variables. It can be written as

1

|X|
∑
x∈X

pt,t(x) =

∫
S(Cd)

pt,t(u)dη(u) (C2)

From Def. (C2) we can see that complex projective de-
signs can be written in terms of quantum states. The
reason why complex projective designs can be written
in such a way is that quantum states are vectors in a
Hilbert space (complex space). The following is the form
of complex projective designs in terms of quantum states:

Definition C.3 Let {p1, p2, ..., pK} be a probability dis-
tribution over quantum states {|ψ1⟩, |ψ2⟩, . . . , |ψK⟩}.
Such a distribution is called a quantum state design if∑

i

pi(|ψt⟩⟨ψt|)⊗t =
∫
Ψ

dΨ(|Ψ⟩⟨Ψ|)⊗t.
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Def. C.3 means that quantum state design is a probabil-
ity distribution over a finite set of quantum states [10].
From Ref. [28] we know that a unitary t-design induces
quantum state t-designs for the probability distribution
over states U |ψ0⟩, where U is chosen from unitary group
with fixed state |ψ0⟩ [29]. The relation between unitary
designs and quantum state designs is important to our
analysis. The reason is that the four SIC-states are the
quantum state 2-design [10, 11] which means that we can
make a connection between SIC-states and the unitary 2-
design. Therefore, we can sum up the SIC-states with a
fixed unitary U .

b. Quantum state design and depolarizing channel

So far we have introduced spherical t-designs, and com-
plex projective t-designs also known as quantum state
t-designs. We also mentioned the relationship between
quantum state t-designs and unitary t-designs. Since the
four SIC-states are quantum state 2-design, we would
like to justify that the parameter p obtained by fitting
the results of the zero-fidelity (where the initial states
are SIC-states) with the method of repeatedly applying
circuits (identity folding) has a physical meaning.

Here, we show that the physical meaning of parameter
p obtained by fitting the results of the zero-fidelity cor-
responds to the strength of depolarizing channel. There-
fore, with the decay rate we can learn the channel fidelity
between an ideal channel and an actual channel without
considering the effects from SPAM errors.

We now consider the formula for average gate fidelity

E(Fg) =
∫
U(D)

dUTr[ρU−1Λc(UρU
−1)U ], (C3)

where dU is the unitarily invariant Haar measure, ρ is a
quantum state |ψ⟩⟨ψ| and Λc is a noisy channel. Eq. (C3)
means that the gate fidelity is averaged over the unitary
group. As shown in Ref. [13], Eq. (C3) can be written as

EU (Fg) = Tr[ρΛ̂avg
c ρ] = Fg(Λ̂

avg
c ),

where Λ̂avg
c ≡

∫
dUÛ Λ̂cÛ

−1. Based on the analysis of

Λ̂avg
c in Ref. [13], the noisy channel Λ̂avg

c can be written
as follows

Λ̂avg
c ρ = pρ+ (1− p)

I
D
, (C4)

where p can be seen as the strength of the depolarizing
channel. By applying the channel n times, we can obtain
the fidelity in the form

Fn = pnTr[ρ(0)2] +
(1− pn)

D
.

If p = 1 then the fidelity Fn is equal to 1, which means
there is no error. It is worth noting that the mathe-
matical form of the depolarizing channel in Ref. [13] is
different from the mathematical form in Ref. [30], where
it is written as

Λdc,p(ρ) = (1− p)ρ+ pTr(ρ)
Id
d
, (C5)

where d is the dimension of the Hilbert space and p is
the depolarizing probability. Therefore, the physical in-
terpretations of these two mathematical forms may be
a little different. So far we have mentioned the relation
between the average gate fidelity and the depolarizing
channel; and the physical meaning p in the depolarizing
channel written as Eqs. (C4) and (C5), respectively. Now
we can use the equivalence mentioned in Ref. [13]

Eψ(Fg) = EU (Fg), (C6)

where

Eψ(Fg) ≡
∫
dψ⟨ψ|U−1(Λ(U |ψ⟩⟨ψ|U−1))U |ψ⟩. (C7)

The measure dψ in Eq. (C7) is unitarily invariant over
the set of pure states, and |ψ⟩ is a quantum state.
Finally, we can fit our results of the zero-fidelity to ex-

ponential decay curve Apn + B, where p is the strength
of depolarization and n is the number of repeated appli-
cations of circuits (identity folding), and A,B are caused
by SPAM errors as long as our noisy channel is the de-
polarizing channel [8]. So, for the ideal situation (with-
out depolarizing noise and SPAM errors), the fidelity is
p = 1. Furthermore, based on the analysis in Ref. [13], we
can explain the relation between quantum state 2-design
(recall that SIC-state are quantum state 2-design) and
unitary 2-design. So we can twirl the noise channel into
depolarizing channel [13]. We can conclude that zero
noise extrapolation can be used to obtain the channel
fidelity from the decay rate of the zero-fidelity without
considering the effects from SPAM errors.
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