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Abstract

Eye tracking (ET) experiments commonly record the continuous trajectory of a sub-
ject’s gaze on a two-dimensional screen throughout repeated presentations of stimuli
(referred to as trials). Even though the continuous path of gaze is recorded during
each trial, commonly derived outcomes for analysis collapse the data into simple
summaries, such as looking times in regions of interest, latency to looking at stim-
uli, number of stimuli viewed, number of fixations, or fixation length. In order to
retain information in trial time, we utilize functional data analysis (FDA) for the
first time in literature in the analysis of ET data. More specifically, novel functional
outcomes for ET data, referred to as viewing profiles, are introduced that capture
the common gazing trends across trial time which are lost in traditional data sum-
maries. Mean and variation of the proposed functional outcomes across subjects are
then modeled using functional principal component analysis. Applications to data
from a visual exploration paradigm conducted by the Autism Biomarkers Consor-
tium for Clinical Trials showcase the novel insights gained from the proposed FDA
approach, including significant group differences between children diagnosed with
autism and their typically developing peers in their consistency of looking at faces
early on in trial time.
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1 Introduction

Eye tracking (ET) experiments commonly involve presentation of static or contin-
uous stimuli (possibly coupled with audio), where subjects’ continuous trajectory
of gaze on a two-dimensional screen is recorded. Experiments typically involve
repeated presentation of stimuli, referred to as trials. ET approaches have become
a popular tool in the study of cognitive, emotional and attention processes, espe-
cially in autism research [1, 2], where passive viewing tasks with eye tracking
(ET) methods are frequently used to evaluate the extent to which visual attention
is affected in autism spectrum disorder (ASD). Evidence shows that ET experi-
ments may be a promising source of biomarkers that can objectively measure core
facets of ASD-related deficits [3].

Our motivating ET study is an implicit visual exploration (VE) paradigm con-
ducted by the Autism Biomarkers Consortium for Clinical Trials (ABC-CT) [4].
The experiment included repeated presentations of an array of social and non-
social stimuli to evaluate differences in attention between children with ASD
and their typically developing (TD) peers and to reveal ASD-specific signatures
of visual array processing. Participants were presented with full-color circular
arrays consisting of 5 stimuli: face with direct gaze, outline of face filled with
blurred pattern, bird, mobile phone, and motor vehicle (Fig. 1a). Each array con-
sisted of a different set of stimuli, and each trial, consisting of presentation of the
circular array accompanied with music, lasted 20 s. The ABC-CT study included
three visits (at baseline, 6 weeks, and 6 months), where ET data were collected
on two consecutive days at each visit with six trials conducted per day.

Even though the complete path of gaze is recorded during each trial, common
analysis of ET data is based on data summaries of looking times in regions of
interest (ROI), latency to looking at stimuli, number of stimuli viewed, number of
fixations, or fixation length, with responses averaged across trials (Fig. 1a). While
there may be benefits to these summary measures in terms of simplicity of anal-
ysis, collapsing information across trial time leads to loss of valuable informa-
tion. We propose a functional model for the analysis of ET data, which includes
the proposal of novel functional outcomes, referred to as viewing profiles, which
capture common trends in trial time (Fig. 1b). In the VE example, the proposed
viewing profiles capture an initial gaze toward the social object (face with direct
gaze), earlier on in trial time, which is common across trials and subjects. This
common trend across trials is lost in analysis of data summaries that collapse trial
time.

Even though motivated by the VE paradigm conducted by ABC-CT, the pro-
posed viewing profiles can also be applied to other ET paradigms, to capture
common trends across trial time. Consider a visual world paradigm (VWP) for
spoken language processing [5], where participants hear an instruction to click
on a beaker, while viewing a display containing a beaker, a beetle, a speaker and
a carriage. A common trend across trial time is an eye movement to beetle when
only the first two segments have been heard, followed by a gaze at the beaker
100 ms later. Extended to non-static viewing experiments, such as dynamic social
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video viewing tasks, where participants are presented with a video of social inter-
actions between individuals, trial time analysis can capture common trends of
gaze into social interactive activity ROIs, useful in assessing the extent of interest
or disinterest in joint activities.

Following the proposal of viewing profiles, we showcase the use of functional
principal component analysis (FPCA) in extracting the dominant modes of varia-
tion in the functional outcome and modeling variability across subjects. Multilevel
FPCA (MFPCA) is also utilized to decompose the total variation in the data across
the three visits into within-subject (across visit) and across-subject components.
Lower dimensional representations of viewing profiles, obtained via FPCA and
MFPCA, are utilized in drawing efficient inference on diagnostic group (ASD vs.
TD) differences via bootstrap.

The literature on functional data analysis (FDA) [6, 7] has grown rapidly over the
past two decades, with a considerable fraction of the work involving applications to
longitudinal data [8—12]. More recently, there has been interest in analyzing multi-
ple trajectories, with dependencies among the curves created by temporal proximity
[13—-17]. Different from univariate or multivariate statistics where the unit of analy-
sis may be a scalar or a vector, the unit of analysis in FDA is a function. In addition,
the functional outcomes may be collected across multiple visits, referred to as lon-
gitudinally collected functional data. FPCA for longitudinal and multivariate func-
tional processes have been a major modeling theme in the FDA literature, providing
efficient and interpretable representations of functional variability in highly struc-
tured settings. For the longitudinally collected functional data, both semi-parametric
[14, 18] and non-parametric [19-21] approaches have introduced a robust family of
methods dealing with estimation and inference under a varying array of simplify-
ing assumptions. We showcase the use of both FPCA and MFPCA (proposed by Di
et al. [14]) in the analysis of ET data in this work.

To the best of our knowledge, the proposed approach is the first functional model
in literature for the analysis of ET data. In addition to the proposal of the novel func-
tional outcomes, the current work also provides tools for capturing variation in the
proposed viewing profiles, in addition to efficient inference on diagnostic group dif-
ferences via bootstrap. Note that there has been limited literature on modeling com-
mon trends across trial time in ET experiments using growth curves. Mirman et al.
[22] have considered modeling trends across trial time in a VWP for spoken lan-
guage processing, and Del Bianco et al. [23] modeled trends in visual attention to
faces from a static stimulus viewing ET paradigm, both using growth curve mode-
ling. The proposed FDA approach is more flexible than growth curve modeling with
its lack of reliance on parametric modeling assumptions. FDA allows modeling of
trial time trends in its full complexity with minimal modeling assumptions.

Section 2 outlines examples of traditional analyses of ET data via linear mixed-
effects modeling of data summaries. In applications to VE paradigm, the analy-
sis of diagnostic group differences in mean latency to social objects is presented
using mixed-effects modeling. Analysis finds that ASD children have a longer mean
latency to social objects. Section 3 introduces the novel functional outcome of view-
ing profiles, followed by Sects. 4 and 5, outlining the use of FPCA and MFPCA in
analysis of viewing profiles. Proposals in both Sects. 4 and 5 are followed by ways
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of drawing efficient inference, utilizing the resulting lower dimensional representa-
tions of ET data. The proposed inference includes bootstrap tests for group mean
differences or visit- and group-specific mean differences in the derived functional
trajectories. In applications to VE data, the FDA approach shows that compared to
their TD peers, ASD children initiate gaze at the social object at similar trial times,
but at a lower frequency across trials, leading to a longer mean latency to social
objects. Hence the proposed FDA approach uncovers additional information on
trends across trial time that leads to novel interpretations of findings. We conclude
with the Discussion Sect. 6 on extensions to the proposed methodology.

2 Traditional Analysis of Eye Tracking Data
2.1 Derived Outcomes and Statistical Methods

Traditional analysis of ET data collapses information from gaze path of partici-
pants across trial time, and models data summaries such as looking times in ROI,
latency to looking at stimuli, number of stimuli viewed, number of fixations, or fixa-
tion length (Fig. la). Data summaries are typically modeled via analysis of vari-
ance (ANOVA) or linear mixed-effects models (LMM) where tests for diagnostic
group differences can also be formulated. LMM is a very popular approach for mod-
eling scalar outcomes repeatedly observed within subjects (e.g., at different study
visits). Within-subject correlation is often modeled via subject-level random effects
(e.g., y-intercept or slope) where goodness of fit criteria such as the Akaike informa-
tion criteria (AIC) or the Bayesian information criteria (BIC) can be utilized in the
choice of the dependency structure.

2.2 Application to Visual Exploration Paradigm

Our motivating ET study, the VE paradigm, was conducted by the ABC-CT on 399
children (280 ASD and 119 TD) between the ages of 6 and 11. Participants were
presented with an array of social and nonsocial stimuli for 20 s each, where their
complete path of gaze on a two-dimensional screen was recorded within each of the
six trials conducted on two consecutive days during the three visits of the study at
baseline, 6 weeks, and 6 months (referred to as T1, T2 and T3). Each array consisted
of a different set of stimuli from the 5 categories including: face with direct gaze,
outline of face filled with a pattern, bird, mobile phone, and motor vehicle, where
the location for the stimulus from each category varied between arrays (Fig. 1a).
The VE paradigm (adapted from Gliga et al. [24]) was intended to unveil the dis-
tinct visual array processing patterns of ASD children and assess the differences in
their attention to social and nonsocial objects compared to children in the TD group.
Details of the ABC-CT protocol and data availability are given in McParland et al.
[4] (preliminary results from a feasibility study on this task involving 46 children
can be found in Tsang et al. [25]).
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LMMs were used in modeling of multiple outcomes, including looking times
at social (face with direct gaze), nonsocial objects (rest of the 4 stimuli categories,
including outline of face filled with blurred pattern), and the whole screen (propor-
tional to trial length), number of stimuli viewed during a trial (social, nonsocial),
fixation length on ROI (social, nonsocial), and log latency to ROI (social, nonso-
cial) [26]. LMMs included diagnostic group (ASD and TD) and study visit (T1,
T2, T3) as fixed effects (second order interaction between group and visit was not
found significant) and subject-level y-intercept as the random effect. TD subjects
yielded a higher percentage of valid data (the percentage time of valid data relative
to the total trial length, denoted by Valid %) on average compared to the ASD group,
hence reported results control for this variable while modeling group differences.
The subject-level y-intercept was selected as the optimal random effects structure
using BIC among models which included subject- and visit-level random effects,
and subject-, visit-, and day-level random effects. While the main focus in this work
will be on results from the modeling of latency to social object, as it relates to trial
time trends later modeled with FDA, we present summary of results from modeling
of the other outcomes as well (Table S1). Briefly, there were significant group differ-
ences detected in looking times at nonsocial objects and the whole screen and fixa-
tion length on nonsocial objects, where the ASD children displayed shorter mean
looking times to nonsocial objects (p value < 0.001) and the whole screen (p value
< 0.001), and fixated on nonsocial objects for a shorter duration, compared to TD
children (p value < 0.001), adjusted for the percentage of valid data provided. In
addition, there was a significant effect of study visit detected, with children from
both diagnostic groups displaying longer looking times to social objects (p value
< 0.001), and the whole screen (p value < 0.001), lower number of nonsocial stim-
uli viewed (p value = 0.001), and longer fixation duration on both social (p value
< 0.001) and nonsocial objects (p value < 0.001) on average in the later visits (T2
and T3) compared to baseline.

Finally, significant diagnostic group differences were detected regarding social
objects with the outcome of latency to social subject (Table 1) (diagnostic group
was not found significant in modeling latency to nonsocial objects). ASD children
had longer average latencies to social object compared to TD children (p value
= 0.001), controlling for the percentage of valid data provided (children with higher
percentages of valid data tend to have shorter latencies to social object). In addition,
there was a significant effect of visit on latency to social object as well, similar to
results on the other outcomes, with shorter average latencies at the latter visits (T2,
T3) (p value = 0.048). The interaction between group and visit was also found sig-
nificant for this outcome, where the diagnosis group difference was slightly smaller
in T3 compared to baseline (p value = 0.008). Connected to results on longer aver-
age latency to social object among ASD children, the FDA modeling below provides
additional insights into group differences related to viewing of social objects. It will
be shown that while ASD children initiate gaze at the social object, at similar trial
times as TD children, they do so at a lower frequency across trials which contrib-
ute to longer latencies detected in the ASD group. Note that adjustments to other
covariates, such as full scale IQ (FSIQ) or age in the above LMM did not change
the conclusions on group differences, where age was found to be significantly
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Fig. 1 a Derivation of ET outcomes in traditional analyses. Sample arrays from the visual exploration
paradigm contained 5 full-color stimuli: face with direct gaze (social object, black bar inserted over eyes
to protect identity of actress), outline of face filled with blurred pattern, bird, mobile phone, and motor
vehicle. b Derivation of functional ET outcomes (viewing profiles) retaining information across trial time

associated with shorter latency to social object, and the effect of FSIQ was not found
significant.

3 Proposed Functional Outcomes: Viewing Profiles

A limitation of the traditional analysis outlined in Sect. 2.1 is that the summary
measures considered collapse information across trial time. With the goal of uncov-
ering common trends of gaze across trial time, we introduce the ET functional out-
come of viewing profiles. Let [;.(f) denote the indicator of a particular viewing
behavior at trial time ¢, t € T, for trial r, r =1..., Ry, of subject i, i=1,...,N,,
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in group d, d =1,...,D, where D, N; and R denote the total number of groups,
subjects within groups and trials with valid data within subjects, respectively. In
applications to the VE paradigm where the main goal centers around the children’s
viewing behavior on social objects, we let [;,.(¢) denote the indicator for the target
behavior of the initial gaze being at the social object. If the social object is the first
stimulus a child looks at after the start of the trial, then [ () will be a step function,
equaling one for the duration of the initial gaze at the social object (see Fig. 2a for
an example where the initial gaze at social object lasts approximately 400 ms). Fig-
ure 2b displays [;,(¢) in another scenario, where a child’s initial gaze is on a nonso-
cial object, where [ ;;,(¢) equals zero for the first 3000 ms of the trial. Note that in this
application, we concentrate on the first 3000 ms of the 20 s total trial time, which
cover nearly all initial gaze profiles.

The functional outcome, viewing profile for the target behavior of the initial gaze
being at the social object for subject i in group d, is then defined as the average of
04-(®) across all available trials of subject i,

Ry

Y1) = Z Uiir(0) /Ry ey
r=1

Hence, the constructed viewing profile portrays the proportion of times the target
behavior is observed across trials, referred to as the consistency of the target behav-
ior. In other words, a higher value on the viewing profile corresponds to trends that

(a) | (b) |
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Fig.2 a A trial-level indicator for the initial gaze being at the social object where the initial gaze lasts
approximately 400 ms. b A trial-level indicator for the initial gaze being at the social object where a
child’s initial gaze is on a nonsocial object. ¢ A sample viewing profile for a subject from baseline in our
application to the VE paradigm. d The longitudinally observed (T1, T2, T3) viewing profiles of the same
sample subject from our application to the VE paradigm

@ Springer



Statistics in Biosciences (2023) 15:261-287 269

are common across trials (with more of the indicator values across trials equaling
one), which is interpreted as the consistency of the target behavior across trials. Note
that the proposed viewing profile is a function of trial time and contrary to sum-
mary measures of Sect. 2.1, it preserves trends in gaze behavior within each subject
that is common across trials. Figure 2c displays a viewing profile for a subject from
baseline in our application to the VE paradigm, constructed as the average of the
R, = 12 trial indicators [ ;,(f) available at baseline. For this subject, the consistency
of the initial gaze at social object at 340 ms is slightly higher than 40%, which sig-
nals that for 40% of the subject’s 12 trials available at baseline, the subject started an
initial gaze at social object by 340 ms. We also observe that the initial gaze at social
object lasted at least for 320 ms in 1/3 of the trials, and at least 760 ms in about 17%
of the trials.
Extending the definition of viewing profiles over multiple visits of the study, let

Ry

Yoy = 2 b O/ Rag ©)
r=1

denote the viewing profile for the jth visit of subject i from group d, equaling the
average of visit-specific indicators [, (7) for the viewing behavior at the rth trial,
r=1,... !Rdij of the ith subject at visit j, j=1,...,J. In (2), Rdij denotes the total
number of valid trials observed for subject i at visit j. Note that the new functional
outcome constitutes longitudinally collected functional data, where viewing profiles
are collected over J visits for each subject. Figure 2d displays the longitudinally
observed viewing profiles of the same sample subject with the baseline viewing pro-
file plotted in Fig. 2c. The longitudinally observed viewing profiles are given from
the three visits (T1, T2, T3) of ABC-CT. The consistency of the initial gaze at social
object by 300 to 400 ms is much higher (80%) for this subject at the latter visits (T2
and T3), compared to baseline (40%). We also observe that the length of the initial
gaze at social object is the longest at T2, followed by T3 and T1 (the initial gaze at
social object lasted at least 480 ms in 75% of the trials at T2).

Other viewing profiles can also be defined in applications to the VE paradigm
that utilize different target behaviors such as initial social gaze, or more gener-
ally, social gaze. The first viewing profile would mark the first gaze at social object
regardless of whether the social object was the first stimulus viewed and the latter
viewing profile would mark the gaze at social object regardless of order of viewing,
providing different insights into the gaze behavior across trial time. In this article,
we utilize the initial gaze being at the social object, an indicator for whether or not
the initial gaze is at the social object, as the target viewing behavior to showcase the
proposed functional approach.
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4 Modeling Viewing Profiles
4.1 Functional Principal Component Analysis

One of the most commonly used tools for modeling variation in functional data is
the functional principal component analysis (FPCA). Similar to principal compo-
nent analysis which estimates the dominant modes of variation in multivariate data
through eigenvectors, FPCA utilizes eigenfunctions to describe the directions of
variation in functional data. Eigenscores capture the subject-specific weights which
represent the lower dimensional multivariate representation of functional data along
different directions of variation specified by the eigenfunctions. More specifically,
consider the following decomposition of the viewing profile Y(¢) in (1), for subject
i,i=1,...,N, from diagnosis groupd,d =1, ..., D, at trial time t,t € T,

Y (1) = u(t) + ny(t) + Z;(t) + €4(0),

where p(#) and 7,(¢) denote the overall mean function and group-level mean shifts,
Z,,(¢) denotes the subject-level random deviation from the group-specific mean, and
€,(t) denotes the measurement error with mean zero and variance oj. Denote the
covariance of Z(1) by Z9V(s,1) = 322, ¢\ (5)¢\” (1), where ¢\ () and 2\* are
the eigenfunctions and eigenvalues, representing the directions of variation and the
amount of variation along the identified directions observed across subjects within
group d, respectively. Then the Karhunen Loéve representation [27-29] of Y ,(¢) is
given as

Yut) = p() + 1,0 + ) Ed () + €4(0), 3)
k=1

where &, =< Z;(1), d);d) (t) > are the subject-specific eigenscores, with mean zero

and variance Aid),
(d)
k

representing the projection of Z; onto the set of orthonormal
eigenfunctions ¢, (). Note that the decomposition in (3) provides a lower dimen-
sional representation of the functional data via projections onto the dominant modes
of variation and representation of the sample through the eigenscores. The number
of eigencomponents included in each diagnostic group in (3) is truncated in prac-
tice at K, using fraction of variance explained (FVE). We use scree plots in choos-
ing the number of eigencomponents retained. The number of eigencomponents is
selected by locating the elbow of the scree plot (the point after which additional
components add relatively reduced gains in terms of the FVE). In applications to the
VE data, the leading two eigencomponents (K,; = 2) are retained according to the
scree plots (Figs. S1a, b), explaining more 80% of the total variation.

FPCA can be fit using the publicly available R package ‘refund’ [30]. Briefly, the
overall mean pu(f), and group-level mean shifts #,(¢) in (3) are targeted using cubic
B-splines. Due to possible imbalances in sample sizes across diagnostic groups, the
smoothed mean functions within each group are averaged to target the overall mean
function u(7). Next, Z¥(s, 1) is targeted using the empirical covariance estimates of
cov{Y,(s), Y,;(#)}. Two-dimensional thin plate splines are utilized in smoothing the
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raw covariance before performing FPCA, where the degree of smoothness is deter-
mined using generalized cross validation. Before smoothing, the diagonal elements
of the raw covariance, which are prone to measurement error effects, are removed.
Measurement error variance o-j is then targeted as the mean difference between the
diagonal elements of the smoothed and unsmoothed covariances. For further details
on estimation of the means and covariances in FPCA, see Yao et al. [31] and Gold-

smith et al. [32].

4.2 Group-Level inference via Parametric Bootstrap

In most applications, similar to our VE example, it is of interest to draw valid infer-
ence on group mean trends. The lower dimensional representation achieved via
FPCA, in addition to identifying differences in the leading modes of variation, also
allows for formulation of efficient inference on diagnostic group mean differences.
More specifically consider the null hypothesis Hy: n,(t) =0ford =1, ..., D, corre-
sponding to no diagnosis group mean difference. The proposed parametric bootstrap
procedure generates functional outcomes under the null utilizing the estimated
FPCA components, Y’ 51.(1‘) = j) + ZkK:’ | ésikqgf)(t) + esi(t), where §3ik and esl.(t), are
sampled from N(O, i,({d)) and N(O, 6'5), respectively. A total of B bootstrap samples
are generated at sample sizes in each group identical to the observed data for testing
(B =200 is used in the reporting of the below results). The proposed test statistic,

1/2
T, = [2(1;1 [{Ai(t) = 0}?dt| , based on the norm of the sum of the departures of

the estimated group-level shifts #,(¢) from zero, is calculated for the observed data,
denoted by T, and each bootstrap sample, Tg ,b=1,...,B. Test statistics computed
in the bootstrap samples provide an approximation of the null distribution of the test
statistic T, and the p value is estimated by Zle I](Té7 > T,)/B, where [(-) denotes
the indicator function.

4.3 Application to Visual Exploration Paradigm

The estimated FPCA components, in applications to baseline (T1) viewing profiles
from the VE paradigm, are given in Figs. 3, 4 and 5. The estimated overall mean
function, given in Fig. 3a, signals maximum consistency of the target behavior of
the initial gaze being at the social object around 500 ms in 42% of the trials. This
shows that the initial gaze at social object is a common behavior across study sub-
jects and trials. The estimated group-level shifts #,(¢), d = 1,2, given in Fig 3b, and
group-specific mean estimates in Fig. 3c show that even though subjects display an
initial gaze at the social object most frequently at 500 ms in both groups, the consist-
ency of the target behavior is lower in the ASD group compared to the TD group.
While subjects in the ASD group gaze at the social object by 500 ms in 35% of the
trials, TD subjects display the target behavior in 50% of the baseline trials. Hence,
while the time to initiate gaze at the social object, is similar across groups, the TD
group is more consistent in this behavior. These findings give additional insights on
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Fig.3 a Estimated overall mean viewing profile, u(z). b Estimated group-level shifts from the overall
mean, #,(t), d = 1,2. ¢ Estimated mean viewing profiles, u(f) + n,(t), d = 1,2, for the two diagnosis
groups (ASD and TD)
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Fig.4 a, d The first two leading eigenfunctions, qﬁ,((d)(t), k=1,2,d=1,2, estimated from FPCA of the
viewing profiles in the VE application. b, ¢ Group-specific mean estimates plus and minus two times the

amount of variation along the leading eigenfunction, u(t) + #,(f) = 2\/A(Id)¢(ld)(t), d=1,2. e, f Group-
specific mean estimates plus and minus two times the amount of variation along the second leading

eigenfunction, (1) + 1,(t) + 24/ A ¢ (). d = 1,2
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Fig.5 a Estimated first two leading eigenscores for the ASD group. Three ASD subjects with either the
first or the second leading eigenscore outside 2 standard deviations from the mean are highlighted in
green and red. b Estimated first two leading eigenscores for the TD group. ¢ Viewing profiles of the three
outlying ASD subjects. (Profiles for subjects highlighted by a red dot, circled dot and green dot are given
in solid red, dashed red, and solid green.) (Color figure online)

the reasons behind ASD subjects displaying longer latency to the social object, com-
pared to their TD peers.

The leading two eigencomponents are retained in the decompositions, based on
the scree plots given in Figs. Sla and b. Figure 4a and d display the estimated first
two leading eigenfunctions which explain 71.9% and 13.5% of the total variation
in the ASD and 64.2% and 18.3% of the total variation in the TD subjects, respec-
tively. The estimated eigenfunctions signal similar modes of variation across the two
diagnostic groups. The first leading eigenfunction captures the variation in consist-
ency of the initial gaze at the social object across trials, while the second leading
eigenfunction signals variation in the duration of the initial gaze. This can also be
seen in Fig. 4b, ¢ and e, f, which display group-specific mean estimates plus and
minus two times the amount of variation along each eigenfunction. While a posi-
tive leading eigenscore suggests higher consistency of an initial gaze being at the
social object across trials, a negative second leading eigenscore suggests a longer
initial gaze. Figure 5a and b display the two leading eigenscores in both groups,
where groups display similar variation in both dimensions. In addition, subjects with
negative first leading eigenscores tend to vary less in their second leading eigen-
scores (trend more visible in ASD, since sample size is larger), suggesting that sub-
jects with low consistency of initial gaze at the social object have less variation in
their length of gaze, as expected, since they have a lower percentage of trials dis-
playing the target behavior (viewing profiles of ASD subjects with low and high
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consistency of initial gaze at the social object displayed in Supplementary Materials
Figs. S2 and S3, respectively). Three ASD subjects with either the first or the sec-
ond leading eigenscores outside 2 standard deviations from the mean are highlighted
in green and red (Fig. 5a). The two ASD subjects highlighted in red both display
higher consistency of the initial gaze at the social object and longer gaze durations
(Fig. 5¢). The subject highlighted in green has the lowest second leading eigenscore
in the ASD group, outside of 4 standard deviations from the mean, with the longest
gaze duration (Fig. 5c). Consistent with the significant correlation between the sec-
ond eigenscores and age (with kids displaying shorter gaze durations as they age),
reported in the Discussion Section, the ASD subjects highlighted in green and cir-
cled red are younger children with ages 6.3 and 6.2 years old. Note that the same
three subjects are still identified as having higher consistency of the initial gaze at
the social object or longer gaze durations across all three visits in Sect. 5.3 using
multilevel FPCA. However, the subject highlighted as circled red is now identified
as having only higher consistency of the initial gaze at social object across the three
visits. Finally, utilizing the parametric bootstrap test outlined in Sect. 4.2, the diag-
nosis group mean differences observed in Fig. 3c are found to be significant (p value
< 0.001), where TD subjects are significantly more consistent in their initial gaze
at the social object across trials. The observed group difference in consistency sug-
gests that the ASD subjects have more intra-individual fluctuations from one trial to
another with respect to the initial gaze at social object, which aligns with the previ-
ously reported greater intra-individual variability across behavioral, fMRI, and EEG
responses in ASD [33].

5 Modeling Longitudinally Collected Viewing Profiles
5.1 Multilevel Functional Principal Component Analysis

For longitudinally collected functional data, such as viewing profiles from the VE
application collected at T1, T2, and T3, MFPCA [14] is utilized to model the cor-
relation in the data through two uncorrelated stochastic processes Z;(f) and de,'(f)a
leading to the decomposition of the total variation into between- and within-sub-
Ject variation. Let Y,,(7) denote the viewing profile, given in (2), for subject i,
i=1,...,N, from diagnosis groupd,d =1, ...,D, visitj, j = 1,...,J, at trial time
t,t € T. A two-way functional ANOVA model can be given as

Y(0) = 1(t) + ngg(0) + Zgi(0) + W) + €45(0),

where u(¢) and r/dj(t) denote the overall mean function and group-visit-specific
mean shifts, respectively, Z;(f) and Wdl_-]»(t) denote the subject-specific devia-
tion from the group-visit-specific mean and the residual subject-visit-specific
deviation, respectively, and €,,(r) denotes the measurement error with mean
zero and variance 65. The ANOVA decomposition, where Z,(r) and W, (r) are
assumed to be uncorrelated, leads to the decomposition of the total variation
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( Z(Td)(s, 1) = cov{Yy;(), Y (0} = cov{Z;(s), Zy(D)} + cov{ Wy, (s), Wy ()} + 60215“:” )

into between-
d o d) ,(d d
(25,0 = cov{¥(s), Y (0} = cov{Z(s), Z(0} = X2, A9 (9)0 (1) )
and within-subject variation
(2W0(s.0) = 25,0 = Z8(s, 1) = 626,y = cov{ W), Wy (0} = Too v P! (1) ) .

In the above formulation qb,({d)(t) and u/fpd)(t) denote the subject- and visit-level eigen-

functions for group d, respectively, A;{d) and v(fd) d§n0te the corresponding eigenval-
ues and 6;,_, equals one for s = 7 and zero otherwise.

Next the data are projected onto the subject- and visit-level eigenfunctions, lead-
ing to the multievel Karhunen Loéve decomposition,

Y = u@®) + 00+ Y Eud @) + D Lo @) + €40, @
k=1 =1

where &, and ¢, denote the subject- and visit-level principal component scores
(eigenscores) with mean zero and variances /1](:1) and vf,,d), respectively. Similar to the
FPCA decomposition given in Sect. 4.1, the number of eigencomponents included at
the subject and visit levels in each diagnostic group in (4) is truncated in practice at
K, and L, respectively, using the FVE. In applications to the VE data, we truncate
decompositions to include K; = L; = 2 components explaining more than 90% of
the subject- and 70% of the visit-level variation in both groups.

An advantage of MFCA is the ability to compare the variability explained at each
level of the data (subject vs. visit) via the functional intra-class correlation coef-
ficient (ICC) defined as the proportion of the total variation in the multilevel signal
that is explained at the subject level,

K; ()

B 2l Ay
T oK @ [
DI D IR

A higher functional ICC signals a better agreement among visits within a subject,
where more of the total variation is explained by the heterogeneity at the subject
level.

MFPCA can be fit using the publicly available R package ‘refund’ [30]. Similar to
estimation of FPCA, outlined in Sect. 4.2, the overall mean u(¢), and group-visit-spe-
cific mean shifts () in (4) are targeted using a spline smoother. Next, the raw total,
ngi)(s, 1), and between-subject covariances, Zg) (s, 1), are targeted using the empirical
covariance estimates within the same subject and repetition, cov{Y;(s), ¥,;(r)}, and

Pa

within the same subject across different repetitions, cov{Y ,;(s), ¥, (1)}, respectively.

The raw within-subject covariance Zif,)(s, t) is estimated as the difference between
the total and between-subject covariances. The raw between- and within-covari-
ances are smoothed via bivariate penalized spline smoothers, where the degree of
smoothness is determined by generalized cross validation, before performing FPCA.
Before smoothing the within-subject covariance, the diagonal elements of the raw
covariance, which are prone to measurement error effects (similar to the diagonal
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of the raw total covariance), are removed. Measurement error variance o-j is then
targeted as the mean difference between the diagonal elements of the smoothed and
unsmoothed within-subject covariances. For further details on estimation of the

means and covariances in MFPCA, see Di et al. [14].

5.2 Group-Level Inference via Parametric Bootstrap

For longitudinally collected functional data, as in our VE example, multiple hypothesis
tests of interest may be formulated about mean trends. The first one considered tests
whether the groups have the same average mean trajectory over the longitudinal visits,

Hy: n.(t) = - =np.(t) = 0, where n,.(t) = Zf:l ndj(t)/J denotes the group average
for group d over the visits. Similarly, it might be of interest to test whether all visits have
equal means across groups, Hy: n.,(1) = -+ = n,,(t) = 0, where (1) = 25:1 Ngi (1) /D

denotes the point-wise visit average across diagnostic groups. Finally, if a group mean
difference is detected via the first test, it might be of interest to test whether the detected
mean difference between two groups d, and d, stays the same across visits. Next, boot-
strap procedures are outlined for the three null hypotheses considered which are all of
interest in our VE example. Analogous to the proposals in Sect. 4.2, the three proposed
bootstrap tests all utilize estimated MFPCA components from Sect. 5.1, and target the
null distributions of the proposed test statistics using the distribution of the test statis-
tics in the bootstrap samples.

5.2.1 Overall Group Difference

To test the null hypothesis that all diagnosis groups have equal means over the vis-
its, i.e., Hy: n, (1) =0ford =1, ..., D, where ,.(t) = Z;=1 ndj(t)/J denotes the point-
wise group average over the visits, the proposed bootstrap procedure generates B boot-
strap samples under the null utilizing the estimated MFPCA components,

K, L,
Yh(0) = p(0) + gD = i, OV + Y e bl + Y, ¢ i) + €4,0),
k=1 =1

where 7j,.(t) = Z/Ll f/dj(t)/.], d=1,...,D,i=1,...,Ny, b=1,...,B. The subject-
and visit-level eigenscores as well as measurement errors are sampled from
é‘zik ~ N(O, A(d)), ¢ L?ij , ~N(Q, O(d)) and esl.j(t) ~ N(O, 85), respectively. The proposed

172
test statistic, T = [25:1 [{A, @ - O}Zdt] , measuring deviations of the group
averages over the visits from zero, is computed for the observed data, denoted by 7},
and each bootstrap sample, Tg, b=1,...,B. The p value is estimated by
Ele I](T(’)’ > T,)/B, where [(-) denotes the indicator function.
5.2.2 Overall Visit Difference

To test the null hypothesis that all visits have equal means across groups, i.e., H:
11_',-(t) =0for j=1,...,J, where n,_i(t) = 25=1 ﬂd_,-(t) /D represents the point-wise visit
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average across diagnostic groups, the proposed bootstrap procedure generates B boot-
strap samples under the null,

K(l
Ygg(t) =A@) + [{7i4() — 7,0} + Z ff,’,-kéi")(t)
k=1

Ld
A (d
+ D o) + €,
=1

where f],j(t) = 2321 ﬁdj(t)/D, d=1,...,D,i=1,...,Np, b=1,...,B. The subject-
and visit-level eigenscores and measurement error are sampled from ésik ~ N(O, D ),
¢ (’;ij , ~N(O, O(fd)) and efﬁj(t) ~ N(0,82), respectively. The proposed test statistic,

1/2
T, = [Z]{:] f {n,;@) - O}Zdt] , based on the norm of the visit average across diag-

nostic groups from zero, is computed for the observed data (denoted by T;), and

each bootstrap sample, Tg, b=1,...,B. The p value is estimated by

Zle I](Tg > T,)/B, where I(-) denotes the indicator function.

5.2.3 Group Difference Across Visits

If a group mean difference is detected via the first test, a follow-up question may be
whether the detected mean difference between two groups d; and d, stays the same across

visits. The null hypothesis takes the form H,;: A](.d"dz)(t) =AYD@) for j=1,...,J,

where A;d"dz)(t) = 114,/(1) = na,;(1) and AL)(1) = Zle A@h)(1) represent the group

difference at visit j and the average group difference across visits, respectively. The pro-
posed bootstrap procedure generates B bootstrap samples under the null as,
Yy (0 = A0 + {ig;(0) + A0} /2 + A2 (1) /2]
K, L,
b pdy) b A (d)) b
+ ,; & b0 + ; &y + €4 (D),
Yf,’z,-j(t) = () + (A (0 + A,,;(D} /2 = A () /2]
K, Ly,
b A(dy) b A (dy) b
+ AZ, & b0+ ; &P + € (o),

K, L,
Y00 = 4@ + g0 + Y b0+ Y Ch w0 + €, ford # dydy,
k=1 =1

~(d,.d A~ N ~ ~(d,.d
where A; A1) = Ay (1) = g (0) and AGD (1) = P A_; vDpy 1, d=1,...,D,

i=1,...,Np, j=1,....,J,b=1,...,B. The subject- and visit-level eigenscores and
measurement error are sampled from &~ N(0, Ay ¢ [’;l,j . ~ N, O(fd)) and
eZij(t) ~ N(0, 83), respectively. The proposed test statistic
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Fig.6 a Estimated overall mean viewing profile, u(f). b Estimated group-visit shifts from the overall
mean, ndj(t), d=1,2, j=1,2,3. ¢ Estimated mean viewing profiles, u(t) + ,.(¢), d = 1,2, for the two
diagnosis groups (ASD and TD). d Estimated mean viewing profiles, u(z) + n,(t), j = 1,2, 3, at the three
visits (T1, T2 and T3) in the VE application

1/2

J
L= 2 / (AN (1) = MDY at

d=d, d, j=1

assessing deviations of the visit-specific group differences between groups d; and
d, from the average group difference across visits is computed for the observed data
(denoted by T;), and each bootstrap sample, Tg, b=1,...,B. The p value is esti-

mated by Zle I](T(’)’ > T,)/B, where [(-) denotes the indicator function.

5.3 Application to Visual Exploration Paradigm

MFPCA is used to decompose the longitudinally observed viewing profiles from the
VE paradigm. The estimated MFPCA components are given in Figs. 6, 7 and 8. Sim-
ilar to the results of FPCA analysis presented in Sect. 4.3, the estimated overall mean
function, given in Fig. 6a, also identifies the initial gaze at the social object around
500 ms as a common behavior across subjects, visits and trials, with 43% consist-
ency. In addition, the estimated group-visit mean shifts ndj(t), d=1,2,j=1,2,3,
given in Fig. 6b, as well as group- and visit-specific mean estimates given in Fig. 6¢c
and d show that even though both groups display the highest consistency of the tar-
get behavior at 500 ms, the TD group has higher consistency (~ 50% of trials) than
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Fig.7 a, d, g, h The first two leading subject- and visit-level eigenfunctions, ¢,(f),k=1,2 (a,
d), y(t),k=1,2 (g, h) estimated from MFPCA. b, c, e, f Group-specific mean estimates plus
and minus two times the amount of variation along the leading two subject-level eigenfunctions,

u(@) +n,.(t) £24/4,9,(0) (b, ¢), and pu(t) + n,.(1) £ 24/4,,() (e, £). h, i, k, 1 Group-specific mean esti-
mates plus and minus two times the amount of variation along the leading two visit-level eigenfunctions,

B + 1y £ 24/ () (h, 1), and p() + 1y £ 24/Vou,(0) (K, 1)

the ASD group (~ 35% of trials) and compared to T1, subjects display longer initial
gaze at the social object at subsequent visits (T2 and T3). Subjects, especially in the
ASD group, also seem to display higher consistency of the target behavior at T2 and
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Fig. 8 a Estimated first two leading subject-level eigenscores for the ASD group. Three ASD subjects
with either the first or the second leading eigenscore outside 2 standard deviations from the mean, also
identified in the baseline analysis, are highlighted in green and red. b Estimated first two leading subject-
level eigenscores for the TD group. ¢, d Estimated first two leading visit-level eigenscores for the ASD
and TD groups, respectively (Color figure online)

T3, compared to T1. The bootstrap tests outlined in Sect. 5.2 facilitate formal infer-
ence on the estimated mean differences as will be reported below.

The functional ICC, p,, is estimated to be 0.58 and 0.50 in the ASD and TD
groups, respectively, suggesting that the total variation is split almost equally
between within- and between-subject variation. In other words, there is approxi-
mately equal variation across subjects as there is across visits within subjects in both
groups. The leading two eigencomponents are retained in decompositions at the sub-
ject level, based on the scree plots given in Figs. S1(c) and S1(d). Figure 7a and d
display the estimated first two leading subject-level eigenfunctions which explain
81.7% and 12.4% of the between-subject variation in the ASD and 75.7% and 16.3%
of the between-subject variation in the TD groups, respectively. The estimated
eigenfunctions signal similar modes of variation across the two diagnostic groups.
The first leading subject-level eigenfunctions capture the variation in consistency of
the initial gaze to the social object across trials, while the second leading subject-
level eigenfunctions signal variation in the duration of the initial gaze, similar to
findings of Sect. 4.3. This can also be seen in Fig. 7b, c, e, f, which display group-
and visit-specific mean trajectories plus and minus two times the amount of vari-
ation along each eigenfunction. While a positive leading subject-level eigenscore
suggests higher consistency of the initial gaze at the social object across trials, a
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negative second leading subject-level eigenscore suggests a longer initial gaze at the
social object.

At the visit level, the leading three eigencomponents are retained in the decom-
positions using the scree-plots (Fig. Sle and f). Figure 7g and j display the first
two leading eigenfunctions which explain 56.8% and 17.8% of the within-subject
variation in the ASD and 51.3% and 21.8% of the within-subject variation in the
TD group, respectively. While the first visit-level eigenfunctions signal variability
in both consistency and duration of the initial gaze at the social object, the second
visit-level eigenfunction signals mostly variability at the duration, with positive first
visit-level eigenscores indicating both a higher consistency and longer gaze (Fig. 7h,
i) and a negative second visit-level eigenscores indicating longer gaze (Fig. 7k, 1).
The third leading visit-level eigenfunctions, explaining 7.9% and 10% of within-sub-
ject variation in ASD and TD group, respectively, signal variability in location of
the initial gaze at the social object in trial time, with positive third visit-level eigen-
scores indicating an earlier gaze (Fig. S4). Note that in summary, while most of the
variation across subjects is explained by differences in consistency of the initial gaze
at the social object, variation within subjects across visits is explained by both con-
sistency and initial gaze duration differences. Figure 8a and b display the two lead-
ing subject-level eigenscores in both groups, where similar to analysis with FPCA,
we observe that subjects with negative first leading subject-level eigenscores tend to
vary less in their second leading subject-level eigenscores, suggesting that subjects
with low consistency of the initial gaze at the social object have less variation in
their length of gaze, as expected. The three ASD subjects highlighted in green and
red for having high consistency or longer duration of the initial gaze at the social
object in Fig. 5a are also highlighted in Fig. 8a. While the two subjects highlighted
in red have higher consistency, the subject in green is still identified as having the
longest gaze duration in the initial gaze at the social object. Figure 8c and d displays
the two leading visit-level eigenscores in both groups, where the variation is similar
across the two groups and the three visits.

Finally, utilizing the estimated MFPCA components and the parametric bootstrap
tests outlined in Sect. 5.2, the diagnosis group mean differences observed in Fig. 6¢
are found to be significant (p value < 0.001) analogous to the results reported in
Sect. 4.3, where TD subjects are significantly more consistent in their initial gaze at
the social object across trials. The longer initial gaze duration at the social object in
the latter visits, observed in Fig. 6d, is also found to be significant (p value < 0.001
for overall visit difference). Whether the detected group mean difference stays the
same across the three visits is also tested using the third bootstrap test for group dif-
ference across visits. The null hypothesis that the group difference stays the same
across the visits is rejected (p value = 0.035), implying that the diagnosis group dif-
ferences vary across three visits. Although the TD group displays higher consistency
of the initial gaze at the social object at all three visits, the consistency difference
between group seems to be smaller at the latter visits (T2, T3) (Fig. 6b), especially
at T3. (Note that the mean latency group difference was also found to be slightly
smaller at T3 using the LMMs of Sect. 2.2).
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6 Discussion

Traditional analysis of ET data collapse information across trial time through the
use of data summaries such as total ROI viewed, average looking time at or latency
to ROI. Viewing profiles are proposed to retain common trends in gaze across trial
time in ET experiments. The constructed functional outcomes either obtained from
one visit (cross-sectional) or collected at multiple visits (collected longitudinally)
are decomposed via FPCA. FPCA decomposes the total variation in the data into
between-subject and within-subject variation, where dominant modes of variation
(i.e. eigenfuctions) are identified for between- and within-subject variation. Projec-
tion of the data onto the dominant modes of variation yields representation of the
high-dimensional functional data in lower dimensions through eigenscores. This
lower dimensional representation not only allows for easy interpretation and com-
parison of mean and variation trends in the data (possibly across different diagnostic
groups), but it also facilitates formal inference via bootstrap. Subject-specific eigen-
scores obtained from FPCA can further be used in assessing associations between

0.0 02 04 06 08
Consistency

(b) (©)

1st Eigenscore 1st Eigenscore

Fig.9 a Significant negative correlations are detected between average consistency of the ini-
tial gaze being at the social object and the average logarithm of latency to social object in the entire
data (r = —0.758, p value< 0.001) as well as the ASD (r = —0.768, p value< 0.001) and TD groups
(r =—0.678, p value< 0.001) (b), (¢) Significant negative correlations are also detected between the
leading subject-level eigenscores (positive scores signaling higher consistency) in both ASD and TD
groups (ASD: r = —0.706, p value < 0.001, TD: r = —0.678, p value < 0.001)
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the uncovered trends in ET data with behavioral measures. The proposed approach,
to the best of our knowledge, is the first functional model proposed in literature for
the analysis of ET data.

In applications to VE data, the proposed functional approach leads to new insights
on trends across trial time that are lost in traditional analysis of the data. More spe-
cifically, an initial gaze at the social object by 500 ms is identified as a common
trend in gaze across trial time in both diagnostic groups. In addition, there are sig-
nificant group differences detected in consistency of the initial gaze detected across
trials, where the ASD group displays significantly lower consistency compared to
the TD group. The consistency difference across groups explains the average differ-
ence observed for the latency to social object detected between groups through tra-
ditional analysis. Figure 9a displays significant negative correlations between aver-
age consistency of the initial gaze at the social object (i.e., average viewing profile
values at 500 ms across trials and visits) and the average logarithm of latency to
social object in the entire data (r = —0.758, p value< 0.001) as well as the ASD
(r = —0.768, p value< 0.001) and TD groups (r = —0.678, p value< 0.001), signal-
ing the association between lower consistency and higher than average latency to
social object. Significant negative correlations are also observed between the lead-
ing subject-level eigenscores (positive scores signaling higher consistency) in both
ASD and TD groups (Fig. 9b and c). Figures S5-S8 display viewing profiles for
the target behaviors of the initial gaze being at the social object (outcome of main
analysis) and initial social gaze for ASD subjects with the lowest and the highest
average consistency. While the subjects with high consistency display their initial
social gaze earlier on in trial time, those with lower consistency of the target behav-
ior don’t seem to display a prioritization of the gaze at the social object in trial time
(gaze times at the social object distributed uniformly across trial time). In summary,
the ASD group displays an initial gaze being at the social object in a lower percent-
age of trials, where in more than half of the trials ASD subjects gaze at the social
object later in trial time (if at all), increasing average latency to social object across
trials in the ASD group.

The findings portray a larger inter-trial variability of the target behavior in the
ASD group, which connects to the wider emphasis in ASD research in recent years
highlighting the importance of the study of intra-subject variability. Recent literature
suggests that instead of a general failure to respond to certain tasks, there is greater
intra-subject trial to trial variability across behavioral, fMRI, and EEG responses
among ASD participants [33]. Intra-subject variability (across trials) is typically
ignored in ASD studies, which instead focus on mean trends. Capturing such inter-
trial variability in eye tracking paradigms contributes to the increasing evidence that
suggests response variability as a possible endophenotype of the disorder.

In addition, the two leading subject-level eigenscores, where higher scores sig-
nal higher consistency and shorter gaze duration at the social object, respectively,
have also been correlated with demographic and behavioral measures, including age,
FSIQ, and scaled NEPSY score in both diagnostic groups and ADOS (only in ASD
group). The leading subject-level eigenscore is significantly correlated with the scaled
NEPSY score for face memory (ASD: » = 0.211, p value < 0.001, TD: r = 0.310, p
value < 0.001), where a better face memory is associated with a higher consistency of
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the initial gaze at the social object (Fig. S9). The second leading eigenscore, signal-
ing gaze duration at the social object is found to be significantly correlated with age
in both diagnosis groups (ASD: r = 0.149, p value = 0.013, TD: r = 0.265, p value
= 0.004), where older children tend to have shorter initial gaze duration at the social
object (see Fig. S10c and d). This result is consistent with results in the traditional
LMM approach controlling for age as well as findings in previous literature where
fixation duration has been shown to decrease with age in children during reading
or viewing tasks [34, 35]. No significant correlations with the leading subject-level
eigenscores and FSIQ and ADOS are detected. The detected significant associations
with behavioral measures further point to the fact that functional approach proposed
leads to interpretable data summaries through FPCA.

While motivated by the VE application, the construction of viewing profiles can
be useful in other ET paradigms as well, where there is interest in studying com-
mon trends across trial time. Consider the aforementioned visual world paradigm
(VWP) by Allopenna et al. [5], for example, where participants hear an instruction
to click on an object (e.g., beaker), while presented with several objects including
the target (beaker), a competitor with similar pronunciation (beetle), and other irrel-
evant distractors (speaker and carriage). A common trend across trial time is an eye
movement to beetle when only the first two segments have been heard, followed by
a gaze at beaker 100 ms later. Two viewing profiles, with target behaviors of gaze
at target and gaze at competitor, can be created in this example to portray trends
across trial time. Consistency of looking at the target and competitor can then be
compared throughout trial time, with the use of the two viewing profiles. In more
complex experimental settings involving viewing of non-static stimuli, such as
dynamic social videos presenting social interaction scenes, viewing profiles can be
constructed corresponding to the target behavior of gaze at certain ROIs such as
social interactions or faces.

Note that the smoothness level of the proposed functional outcomes depends on
the number of trials averaged, as averaging of more trials will lead to smoother view-
ing profiles. A presmoothing step may be included in applications where viewing
profiles are obtained using a lower number of trials. Another extension of the pro-
posed methodology could consider incorporation of a curve registration step before
the FPCA decompositions. By implementing suitable transformations on time,
curve registration manages to align salient common features in a group of functional
observations and analyze the temporal variation of these features [36-38]. In the VE
application, data suggest that subjects initiate the initial gaze at the social object at
about the same trial time and we do not observe much variation in the location of
this behavior that would require a separate registration step. However, a preregis-
tration step before the FPCA decomposition in other ET applications may be use-
ful where there may be significant location variation in dominant features. Finally,
covariate adjustments can be included in FPCA modeling similar to LMM analy-
sis. While adjustments to the mean involve smoothing across the covariate domain,
adjustments to the covariance can be made by allowing both the eigenvalues and
eigenfunctions to change as a function of the covariate observed, or by assuming the
eigenfunctions to be constant across the covariate dimension but allowing the cor-
responding eigenvalues and principal component scores to be covariate-dependent
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[39, 40]. For covariate adjustments in multi-dimensional FPCA, we refer readers to
Scheffler et al. [41].

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s12561-022-09354-6.
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