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ABSTRACT

Given an unseen graph, a start node, s, and an end node, t, can a language model
generate the shortest path from s to t? Prior work has found that models fail
to learn this task as the graphs scale. We show that this failure has two causes:
the supervision signal and the tokenization. First, we theoretically establish and
empirically demonstrate the effectiveness of multi-token prediction (MTP), and
show that the benefits of MTP are topologically agnostic. Second, we introduce
alternative tokenizations and show that the two causes are orthogonal. Using these
methods, we break through the scaling wall observed by prior work, consistently
and stably learning to solve the task at scales far beyond previous limits.

1 INTRODUCTION

Can a language model learn to search? A direct way to answer this is to test whether the model can
recover a shortest path in an unseen graph from a symbolic description alone. Here, success would
not measure world knowledge or memorization, but whether the model can carry out a multihop
computation over structure it has not seen before. Our purpose is not to benchmark models but to
understand why the task is hard to learn despite being within the capacity of small transformers. Prior
work has studied learnable search in controlled settings as a model for general planning and multihop
reasoning (Bachmann & Nagarajan, 2024; Saparov et al., 2025; Cohen et al., 2025), outlined below.

A multihop reasoning task is a tuple (W, q, a) whereW is a world model (a set of facts, axioms,
etc.), q is a query, and a is a target answer. The task is solved by a sequence of k ≥ 1 inferential
steps that connect q to a, each licensed by some relation or rule derivable fromW . Importantly,W
induces a latent reasoning graph, G = (N , E), where nodes are reasoning states and edges are viable
inference steps. The task solution is a path π = qu1 . . . uk−1a. When k > 1, a cannot be directly
inferred from q in a single step, but must be found by discovering a path π in G which connects q to a.
This is graph search; the difficulty of which is characterized by the topology of G, with the branching
factor and the path length k determining the size of the search space. As the reasoning graph is latent,
its topology is unknown, and we can not make topological assumptions. Crucially, search as a process
requires no prior knowledge of G’s topology: it discovers π by traversal alone. This makes graph
search a natural theoretical model for multihop reasoning as it captures the essential structural and
compositional difficulty without presupposing topological properties (unstated in prior work; C).

Studying multihop reasoning using natural language data with LLMs introduces confounds that
obscure whether a model is genuinely traversing a reasoning graph, as it may produce the ‘answer’
via memorized semantic shortcuts rather than structural inference; shortcuts which come from co-
occurrences in the inaccessible training data (Ju et al., 2024; Balesni et al., 2024; Yang et al., 2025b).
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Indeed, LLMs often ignore relational structure necessary for multihop reasoning in favour of semantic
shortcuts, even when it is explicitly given (Huang et al., 2024; Xu et al., 2025; Guan et al., 2025).

These confounds motivate the use of a highly controlled environment to study multihop reasoning via
graph search, which we inherit (Bachmann & Nagarajan, 2024; Saparov et al., 2025, §1.1). Graph
search in this environment is not easy for an LM to learn. Bachmann & Nagarajan (2024) found
the existence of a structural shortcut that can prevent learning the task on a specific graph topology
with next-token prediction (NTP), which can be ameliorated via certain training conditions (§1.2).
However, even with better training conditions, prior work has found the models fail to learn this task
as graphs scale in size and path length, hitting a scaling wall at ≈50 nodes, where learning becomes
increasingly unstable (Frydenlund, 2025; Saparov et al., 2025, especially their Fig. 6).

We investigate and break through this scaling wall. As prior work has identified an issue with
NTP, and suggested MTP as a potential solution, we begin by considering if NTP is the cause of poor
scaling. To do this, we extend the results of Bachmann & Nagarajan (2024) to general topologies (§2),
and then elucidate how MTP overcomes the issues of NTP in a (nearly) topological-agnostic manner,
and the various benefits this has for learnability (§2.1). We then hypothesize two other suspects: the
causal constraint and lack of permutation-invariance. These motivate the development of alternative
tokenization methods (§3 and 4). Together, these methods allow us to stably learn the task at scale.

Prior work has eliminated obvious alternative suspects: model size and scratchpads (Saparov et al.,
2025). Larger models do not improve training as the graph scales. This aligns with our strong
empirical results with small models (implying larger models are unnecessary), and theoretical results
that transformers with O(log k) layers can express the task (Sanford et al., 2024b;a; Frydenlund, 2024;
Merrill & Sabharwal, 2025).1 Test-time compute via scratchpads/CoT is not a viable solution. We
show that a BFS scratchpad, while learnable, introduces its own tokenization difficulties. Critically, it
also reduces the latent reasoning graph to a linear chain, breaking the theoretical model ( L.4).

1.1 THE SHORTEST-PATH TASK

Let G = (N , E) be an unweighted graph, directed or not, with |N | nodes and |E| edges. Let s, t ∈ N
be the start and end nodes of the shortest path, π = u0u1 . . . uk of length k + 1 nodes. Then, given
some tokenization of G and a query, Q = ‘( s t )’ s.t. s = u0, t = uk, the task is to generate the
shortest path from s to t, node-by-node; thus modelling p(πb | sb, tb, Gb) for the bth sample (Gb, πb).

Each graph is tokenized as a list of edges, E = [ ‘ui uj |’ : ∀ (ui, uj) ∈ E ] where ‘|’ is the end-
of-edge marker. The list is shuffled before concatenation to avoid providing structural information
(Bachmann & Nagarajan, 2024), e.g. ordered by BFS from s (Ge et al., 2025). The source-side
prefix is the concatenation [Q,E] (Frydenlund, 2024). The target-side is π tokenized with start- and
end-of-task tokens. As the source-side must be supplied, we restrict prediction to the target-side
( O). Thus, the task must be learned from the supervision provided by the single path, π.

The graphs are synthetically generated; nodes are sampled from a global node vocabulary, Nb ⊆ V ,
and the edges are sampled via some topology-specific process. Nodes are represented by their one-hot
IDs and are thus semanticless in that there is no relationship between nodes, i.e. ‘atomic facts’. This
prevents homophily shortcuts (Huang et al., 2024; McPherson et al., 2001; Xu et al., 2025; Guan et al.,
2025). Thus, the model must learn to solve the task via the structural information provided by
the prefix alone. We generate unique instances during training (Saparov et al., 2025; Frydenlund,
2025). This is critical to avoid spurious correlations (Frydenlund, 2024; Wang et al., 2023).

This is an implicit latent multihop reasoning task, excluding inference-time procedures such as beam
search or explicit intermediate token generations via scratchpads or CoT (Pan et al., 2026; Li et al.,
2025; Nye et al., 2022; Wei et al., 2022, L.4). As we train on many different graphs and evaluate
on unseen graphs, this is the in-context setting of the task (Noroozizadeh et al., 2026, C.4). This
contrasts with the in-weights setting, which trains on a single graph and evaluates on unseen paths.
Altogether, this setting allows us to isolate the defining challenge of multihop reasoning: the
ability to compose and chain individual inference steps into a coherent solution path ( C).

1This fact immediately rules out the possibility of true path-length generalization OOD performance under a
statically sized transformer. As prior work has found the task unlearnable at scale in-domain, we focus on
solving the problem in-domain, as that is a prerequisite to OOD performance. See limitations in B.
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1.2 THE SEQUENTIAL SUPERVISION PROBLEM WITH NEXT-TOKEN PREDICTION

Figure 1: A path from 14 to 8, s.t. 14, 61, 33, and 47 are choice nodes. The CHC absorbs supervision
from non-choice nodes (zigzag red) under NTP. Whereas MTP induces a dense quadratic latent
multihop supervision supergraph (dashed rainbow). The rainbow displays the hop-length mixture.
This supergraph is agnostic to the underlying topology (See Fig. 10 in E for the full example).

Given a single training instance, (G, π), where |π| = k+1, NTP results in learning a joint distribution
of p(π | s, t, E) = p(s | s, t) p(u1 | s, t) . . . p(ui |π<ui

, t) . . . p(t |π<t, t) with k + 1 terms. The
model learns positional shortcuts to trivially predict the first and last terms since s and t start and end
π (Frydenlund, 2025). This leaves k − 1 intra-sample terms, giving a sequential sample efficiency
(SSE) of k − 1 input-target supervision pairs or loss terms. However, another topology-induced
shortcut exists that can also absorb the supervision provided by these terms, further reducing the SSE.

Bachmann & Nagarajan (2024) introduced the adversarially designed path-star task to undermine
the SSE under NTP with star-shaped graphs (Fig. 8). Each graph has a centre node, s, with d arms
of length k. The query is (s, t), where t ends an arm, making π the arm containing t. Let d(ui) be
the degree of node ui. Then d(s) = d and all other nodes have degree 2 or 1. This topology creates
an unsympathetic interaction with NTP due to teacher-forcing, which conditions each prediction
on the prior ground-truth sequence (Williams & Zipser, 1989). Consider p(ui |π<ui , t, E) when
1 < i ≤ k − 1. By conditioning on the subpath, π<ui , the model can trivially predict that ui follows
ui−1 via the single edge (ui−1, ui) ∈ E as d(ui−1) = 2. Such a prediction does not support learning
multihop reasoning and, this shortcut, called the Clever Hans Cheat (CHC), will absorb all terms
except p(u1 | s, t), reducing the SSE from k − 1 to 1 supervision pair on path-star graphs under NTP.

This leads to very unfavourable learning conditions, where LMs using NTP fail to learn the task on
graphs with only 9 nodes (d = 2 and k = 4). Bachmann & Nagarajan (2024) showed that a type of
multi-token prediction (MTP) can ameliorate this complete failure, seemingly by restoring the SSE.

However, the CHC not only reduces the amount of supervision, but also the type. Consider the
remaining term, p(u1 | s, t). This requires k hops to solve, as the model needs to reconstruct the
subpath, π(u1, t) = u1 . . . t, to predict u1 (done backwards). Now consider the terms the CHC
absorbed. Each term requires reconstruction of a subpath, each one hop shorter than the last, e.g.
p(u2 | su1, t) requires |π(u2, t)| = k − 1, etc. Thus, if not for the CHC, these terms would have
provided a mixture of supervision at k′ = 2, . . . , k− 1 hops, as each term is a decomposed subtask,
inducing a curriculum-like range of difficulties (Bengio et al., 2009). As the original path-star task
was trained on graphs of the same size, the model is only provided supervision at exactly k hops.

The complete failure to learn on path-star graphs can be ameliorated by training on a mixture of hop
lengths, i.e. mixed multihop training (MMHT; A.1). Frydenlund (2025) showed that this can
be achieved in multiple ways: by sampling graphs of k′ ≤ k or sampling an arm-interior node to be
the target, t′. These methods explicitly mix values of k′ ≤ k at the population level or inner-sample.
This can also be achieved implicitly intra-sample via MTP, which is equivalent to token masking and
discrete diffusion ( D.7), or by training on different topologies (§2). Thus, both the density and
the type of supervision matter. The importance of MMHT for efficient multihop learning has been
established for other tasks (Sanford et al., 2024b; Wang et al., 2025; Yao et al., 2025).2

Frydenlund (2025) considered MTP as it induces MMHT; while insufficient alone to break the scaling
wall, this motivates a analysis of when the CHC induces topological shortcuts and prevents MMHT

2Sanford et al. (2024b) introduced a simple in-context trace-back task called Khops. They used an inner-
sample mixture of k but did not experimentally validate its importance. We perform such an experiment in

L.1.3, which shows that the training requires an exponential number of steps as k grows without MMHT.
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under NTP (§2).3 We then show MTP overcomes this by simultaneously increasing supervision
density and inducing implicit MMHT, with both benefits nearly topology-independent (§2.1).

We then hypothesize two further suspects for the scaling wall: the causal constraint of causal LMs
and permutation sensitivity. These motivate the development of alternative tokenization schemes
which prove highly effective, breaking the scaling wall (§3 and §4). However, we find evidence that
their success is not fully explained by their motivating hypotheses (§6).

2 CHARACTERIZING SAMPLE EFFICIENCY WITH GENERAL TOPOLOGIES

We now formalize when and how sequential supervision supports learning beyond star-graphs to
general topologies by characterizing the SSE under NTP. We will then extend this to MTP in §2.1.

Let A be the adjacency matrix of G s.t. A(u, v) = 1 if (u, v) ∈ E , else 0. We say a node, ui−1 at
step i− 1, is a choice node for a path, π, if there is more than one possible continuation from ui−1,
given the subpath π≤ui−1

= π(s, ui−1). We define c(ui−1, π≤ui−1
) as the choice set of node ui−1,

containing the unseen neighbours of ui−1 which may continue the prior path s.t. c(ui−1, π≤ui−1
) =

{v ∈ N : v /∈ π≤ui−1
andA(ui−1, v) = 1}. The choice degree is |c(ui−1, π≤ui−1

)| = d(ui−1)−∑
v∈π≤ui−1

A(ui−1, v), thus |c(s, {s})| = d(s) and |c(ui−1, π≤ui−1
)| < d(ui−1), otherwise. A

node is a choice node when |c(ui−1, π≤ui−1
)| > 1, since if |c(ui−1, π≤ui−1

)| = 1, there is only a
single node that can continue the path and the CHC is sufficient for predicting it via the only viable
edge (ui−1, v ∈ c(ui−1, π≤ui−1

)). Only choice nodes support learning under NTP, as they
require the model to perform a latent multihop traversal of the graph to predict the succeeding
node from the choice set. The CHC absorbs all other nodes. Thus, the SSE for general topologies
depends on both G and π and is just the number of choice nodes in π, c(π).

For undirected graphs, any interior node ui−1 with d(ui−1) ≥ 3 is a choice node. Proof: ui−1 is
adjacent to only one observed node (ui−2), as an edge to any earlier uj (j < i − 2) would yield a
shorter path to ui−1, contradicting it being a shortest path; thus |c(ui−1, π≤ui−1

)| = d(ui−1)−1 ≥ 2.

Multiple choice nodes induce a subtask decomposition, implicitly providing MMHT. Proof sketch:
assume s and u′ = ui−1 are choice nodes in π = s . . . ui−1 . . . t. Then multiple nodes could follow
u′. To determine which node in the choice set is correct, the model needs to reconstruct the subpath
π(ui−1, t), which requires k′ = k− i+ 1 < k hops. Hence, the subtask is simpler, with the position
of the choice nodes controlling the sub-sample difficulty in terms of hop size. As a consequence, SSE
and hop difficulty under NTP depend on both the graph topology and the sampled path. We could
maximize SSE and the mixture distribution by training on a topology that branches at each step in the
path, i.e. d-ary trees. This is not a scalable strategy when considering larger – more difficult – k, as it
requires graphs of size |N | = dk. However, MTP strongly reduces this dependency on topology.

2.1 THE SEQUENTIAL SAMPLE EFFICIENCY OF MULTI-TOKEN PREDICTION

MTP generalizes NTP to predict up to n future tokens from a given position. Consider conditioning
on the prior-path, π≤ui−1

, i.e. up to position i − 1. Predicting one step into the future, j = i,
recovers NTP. Predicting two steps, j = i + 1, results in a skip in the conditioning information
since the prior node is unobserved, i.e. implicitly masked out. Let D be the distance matrix of G,
s.t. D(u, v) is the distance between u and v. We extend the definition of a choice set to MTP as
c(uj−1, π≤ui−1

) = {v ∈ N : v /∈ π≤ui−1
andD(ui−1, v) = j − i+ 1} for uj , when conditioning

on π≤ui−1
. Thus, the choice set for node uj contains all unseen nodes j − i+ 1 hops from ui−1.

Under NTP, when j = i, non-choice nodes with |c(ui−1, π≤ui−1
)| = 1 do not contribute to

supervision as they do not require multihop reasoning to predict the following node. This is not true
under MTP when j − i > 0, which introduces a skip of length j − i. This is because uj is j − i+ 1
edges from ui−1, so any prediction must traverse j − i+ 1 edges and no single edge lookup suffices.
This multihop mechanism is different than when |c(ui−1, π≤ui−1

)| > 1. For either NTP or MTP,
when we have a choice node, multihop reasoning must be used to predict the following token from

3This is significant for a secondary reason; Bachmann & Nagarajan (2024) proved the existence of an
adversarial topology for learning under NTP, and speculated that it will affect a broader set of tasks. This has
had a large impact, with many follow-ups proposing novel methods designed to overcome this problem ( D.4).
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the choice set. However, for NTP, construction of the choice set is trivial, whereas it is not for MTP
with a j − i > 0 skip. Thus, MTP forces the model to perform an additional multihop computation,
thereby increasing the SSE despite using the same sampled π with the same c(π).

To calculate the increase in SSE, we consider Ranking-into-the-Future (RITF) for our MTP method
(Frydenlund, 2025). RITF allows for a dynamic future window n s.t. n = k maximally, which, as
we will see, makes it optimal for this task.4 It requires no model modification (allowing for a fair
comparison with NTP), except for an optional additional prediction head. Unlike Frydenlund (2025),
who implemented RITF with a pairwise loss, we use the Plackett-Luce loss, which is probabilistic
and is an ordered multi-label generalization of softmax-CE (Luce et al., 1959; Plackett, 1975; Xia
et al., 2008; Frydenlund et al., 2022). This defines the preference probability

p(ui ≻ · · · ≻ uk) =

k∏
j=i

p(uj |π<ui , s, t, E) =
k∏

j=i

σ
(
ui
j ; Zj

)
, (1)

where ≻ denotes preference order, ui
j is the logit for node uj produced from the hidden state hi, and

σ(· ;Zj) is softmax over the candidate set Zj = N \ {uℓ : i ≤ ℓ < j}. Each succeeding softmax
removes previously ranked nodes from Zj , so the first step is standard softmax-CE ( D.6 and H).

We define NTP with positional shortcuts removed (Eq. 2); MTP uses a superset of k(k+1)/2−1 terms
(Eq. 3). Correcting for the k−1−c(π) terms the CHC absorbs gives an SSE of k(k+1)/2−(k−c(π)).
This residual topological dependency is linear, thus dominated by the quadratic MTP terms as k
grows, making MTP nearly topology-independent while NTP remains strongly topology-dependent.

LNTP = −
k−1∑
i=1

log p(ui |π<ui
, s, t, E). (2) LMTP = −

k−1∑
i=1

k∑
j=i

log p(uj |π<ui
, s, t, E). (3)

Eq. 3 has an optimal SSE and hop mixture. Proof sketch: There are k(k + 1)/2 non-trivial sub-paths
in π, and each of these matches a term in the full version of Eq. 3. As no other sub-paths exist to
support more terms, it must have optimal SSE (same for an optimal hop mixture, proof in I).

As we have shown, multiple choice nodes induce implicit MMHT, but this is topology-dependent
for NTP. Thus, MTP has multiple advantages over NTP for this task: (1) It has optimal SSE
with respect to the sampled path, (2) it induces implicit MMHT, and, importantly, (3) these
advantages are nearly topologically independent. We empirically verify that MTP outperforms
NTP on shortest path search and other symbolic multihop tasks (§6, L.1, L.2, and L.3).

We motivated the study of graph search as a theoretical model for multihop reasoning because the
latent reasoning graph has unknown topology, thus making topological assumptions impermissible
(§1). Given that our theoretical model was constructed to be agnostic to topology, and our finding
that the theoretical advantages of MTP share this agnosticism, we conjecture that the advantages of
MTP uncovered here apply to any multihop reasoning task. This would make MTP a principled
objective for any multihop reasoning task in general. Evaluating this is non-trivial, as our results rest
on each target token corresponding to exactly one hop, which is untrue for natural language ( B).

A preliminary glance at Fig. 2 shows that MTP improves learnability at scale. However, the results
remain noisy with high variance across seeds. This motivates investigating two further hypotheses.

3 THE CAUSAL CONSTRAINT, SPARSITY, AND FRAGMENTED ROUTING

Causal LMs derive expressive power from sequential computation, but are restricted to prior tokens
only (Vaswani et al., 2017). Frydenlund (2024); Saparov et al. (2025) identified that the causal
constraint hinders information routing. We show this problem is severely compounded with
fragmented routing due to an interaction between the causal constraint, graph sparsity, and
tokenization. The model must route information across edges, which can only occur after an edge is
observed. Since our graphs are sparse and E is shuffled (to prevent structural shortcuts), the edge

4Whereas static-n methods only support n ≪ k hops, with n ≈ 4 (Gloeckle et al., 2024; Cai et al., 2024).
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stream forms many disconnected components until most of E is seen.5 As a result, routing is deferred
until most of E has been processed, exhausting the model’s sequential computation (Fig. 11 in F).

The causal constraint can be bypassed via repeating inputs (Xu et al., 2024; Springer et al., 2025;
Kukić et al., 2026). Thus, if we tokenized the input as [Q, E, E], then the second edge list can
fully observe the first. However, E provides an inconsistent scaffold, so we consider the node list,
N , as [Q, E, N ] for a consistent means of accumulating edge information. N is sorted by order of
appearance of each node in the shuffled E, i.e. E is shuffled, but N is ordered relative to E.

To test the hypothesis that the node list bypasses issues relating to routing, we consider both causal
LMs and prefix LMs without causal masking on the source-side prefix (Raffel et al., 2020; Saparov
et al., 2025). Thus, if the only benefit to using the edge list is that it avoids routing issues, then we
would expect to see performance gains with the causal LM over a baseline, but not the prefix LM. We
refer to experiments that include the node list as ‘+ N ’ compared to the baseline of only [Q, E].

4 POSITIONAL EMBEDDINGS AND PERMUTATION SENSITIVITY

Non-causal models like prefix LMs have been explored both to remove the attention restriction (as
per above) and for their perceived permutation invariance (Frydenlund, 2024; Saparov et al., 2025).
Permutation invariance is important; it reduces the space of possible tokenization orderings and
spurious correlations. Since permutation invariance of E is inherent to the task, this inductive bias is
well-motivated. However, prior work failed to adequately address this, as a more clandestine issue
breaks permutation invariance: positional embeddings (Chen et al., 2023b). This is clandestine
as positional embeddings are ubiquitous in LMs given their necessity for serial tokenization.

Standard transformers take a T -length sequence of content token IDs x alongside positional IDs ϕ.
Tokenizing an edge as ‘u v |’ means any node ID recurring at multiple positions is only distinguishable
through ϕ. Positional embeddings are thus necessary because tokens are not unique, but they break
the desired permutation invariance, so we make every ‘token’ unique without ϕ.

Note how the edge-marker creates sequential annotations of the edges. We follow Saparov et al.
(2025) in concatenating and projecting the content and positional embeddings for the baseline models.
Thus, the input to the model is really z = [x, ϕ] ∈ ZT×2

+ . We now do a simple trick, where
we make each edge a unique super-token by treating it as a structured column input, ẑ ∈ ZT×3

+
s.t. ẑî = [xi, xi+1, xi+2 = ‘|’], where the edge-marker annotation replaces ϕi. As no positional
information leaks into the edge tokenization, this supports permutation invariance (Fig. 12 in G).

Thus, we have moved from sequential annotation (SEAN) to structural annotation (STAN). However,
only edges contain 3 tokens of information. For other tokens, we replicate content tokens as padding.
For node list tokens, where xi = u, we use ẑi = [xi, xi, ‘/’], where ‘/’ is the node-marker, making
N permutation-invariant. We retain sequential positional embeddings for the query and target
tokens, necessary for output generation. As we were already concatenating content and positional
embeddings, the primary change is how the input sequence is presented, not the model itself.
We use ‘STAN’ instead of ‘permutation invariance’ to separate the method from the motivating
hypothesis, since STAN can apply to causal LMs, which are incapable of permutation invariance.
STAN has the practical benefit of reducing the sequential tokenization of E to 1/3 the original length.

5 METHODOLOGY

We consider three topologies: Erdős-Rényi graphs (ERG), Euclidean graphs (EG), and path-star
graphs (PSG) (Erdős & Rényi, 1959; Penrose, 2003; Bachmann & Nagarajan, 2024). We use NTP
during inference. We consider the per-token accuracy (ACC) and the per-sequence accuracy (SACC),
which is correct if all tokens are correct. Both depend on a ground-truth sequence. As the shortest
path is not unique, the task accuracy is whether a valid shortest path was generated (TACC) ( N).
Each experiment is performed with 5 trial seeds and evaluated on b = 10k (Gb, πb) instances.

Unless stated, we consider small LMs with L = 11 layers and learned positional embeddings. We
sample k′ ∈ {3, . . . , k} and |N |′ ∈ {k+1, . . . , N} for various max k and |N | via a true curriculum.

5Non-sparse graphs only support tiny shortest paths, and thus do not support investigating scalability with k.
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Training runs to a max of 75k steps with a batch size of 1000 instances, stopping early at > 95%
TACC. Each model for every experiment is trained from scratch (for ≈ 2900 exps.), see J.

6 EXPERIMENTS, RESULTS, AND DISCUSSION

We consider a prefix LM baseline (SEAN and no node list) using ERGs at |N | ∈ {30, 40, 50} max
nodes (Fig. 2), then, we perform ablation at |N | = 50 on the STAN and N methods (Fig. 2). We
then scale to |N | ∈ {50, 75, 100, 125} with STAN and N with a prefix LM (Fig. 3) and a causal
LM (Fig. 4). Each NTP experiment is paired with a corresponding MTP experiment (in a lighter
shade and hatched). The results in Figs. 2, 3, and 4 are comparable, but be careful to note the scale of
the y-axis and the graph sizes. We sample paths and graphs in k′ ∈ [3, k] and |N |′ ∈ [k + 1, |N |].
We see that the baselines are noisy (consistent with prior work on PSGs or variants; Saparov et al.
2025; Frydenlund 2025), with a lower number of nodes being easier (|N | = 30 vs. 50). However,
scaling does not clearly depend on k, which is very unexpected, as fewer hops should be easier.

Among the ablations, including the node list (+N ) has the most dramatic effect. Since +N still
improves performance with a prefix LM, its benefit extends beyond bypassing the causal constraint
(this does not rule out that it also provides that benefit for causal LMs). Despite this, +N alone
leaves models noisy across trials. STAN resolves this variance and induces the expected behaviour
where convergence scales with k, but does not consistently outperform the baseline. We also observe
divergent trends between causal and prefix LM ablations, with causal LMs showing clearer trends,
indicating a clear performance difference due to the different model parametrizations (Fig. 20, K.2).

STAN and N together significantly improve learnability for prefix LMs; consistently solving it in a
fraction of the steps and leading to expected scaling behaviour (Fig. 3). In solving the variance issue,
we have greatly decreased the cost of future experimentation ( J.1). As expected, the prefix LMs
outperform the causal LMs (Fig. 3 vs. Fig. 4). However, the fact that STAN also improves the causal
LMs implies either that permutation invariance is not why it is effective or that causal LMs can, at
least partially, get these benefits despite not being capable of true permutation invariance.

We demonstrate that MTP outperforms NTP on average across scales and methods, and that this
difference increases as k and |N | grow, thereby verifying its usefulness for scaling the task. This also
indicates that MTP and the alternative tokenization are orthogonal methods, and thus solve different
underlying issues. While we see less difference between NTP and MTP on EGs (Fig. 21 in K.3),
we see a dramatic difference between them with PSGs in the following Section.
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Baseline,                    | |′ [k + 1, 30]
Baseline,       + MTP,  | |′ [k + 1, 40]
Baseline,                    | |′ [k + 1, 40]
Baseline,       + MTP,  | |′ [k + 1, 50]
Baseline,                    | |′ [k + 1, 50]
              + N, + MTP  | |′ [k + 1, 50]
              + N,             | |′ [k + 1, 50]
+ STAN,         + MTP  | |′ [k + 1, 50]
+ STAN,                     | |′ [k + 1, 50]
+ STAN, + N, + MTP, | |′ [k + 1, 50]
+ STAN, + N,             | |′ [k + 1, 50]

Figure 2: Baseline (|N | ∈ {30, 40, 50}) and ablation (|N | = 50) results using prefix LMs on ERGs
for the shortest-path task. Each experiment represents different seeds, illustrating the large variance.

6.1 PATH-STAR GRAPHS

For all PSG experiments, we use L = 8, a max of 50k steps, and no true curriculum learning. We
consider models with a max k ∈ [6, 15] and a max d ∈ [2, 10]. By construction, the size of each
graph is coupled to k and d s.t. |N | = dk + 1. Thus, our largest experiments consider |N | = 151.
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+ STAN, + N,             | |′ [k + 1, 125]

Figure 3: STAN and N results using prefix LMs on ERGs. The experiments at |N | = 50 (blue) are
also shown in Fig. 2, demonstrating a dramatic improvement in learning and variance compared to
the baselines. This then allows us to scale to much larger graph sizes: 50 through 75, 100, and 125.
Fig. 2 and Fig. 4 display a max of 75k steps vs. 25k here, showing a large difference between models.
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Experiments
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+ STAN, + N,             | |′ [k + 1, 50]
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+ STAN, + N, + MTP, | |′ [k + 1, 100]
+ STAN, + N,             | |′ [k + 1, 100]
+ STAN, + N, + MTP, | |′ [k + 1, 125]
+ STAN, + N,             | |′ [k + 1, 125]

Figure 4: STAN and N results using causal LMs on ERGs, for comparison to prefix LMs in Fig.
3. We see that MTP halves the cost of learning compared to NTP, thus demonstrating its
importance to scaling, even if the tokenization methods account for the largest empirical gains.

Our results are shown in Fig. 5. To our knowledge, these are the first results to consistently solve PSGs
using NTP beyond k = 4 hops with only inter-sample MMHT and no other methods such as MTP,
diffusion, RL, or novel architectures ( D.4). As such, these results provide strong counterevidence
to claims that NTP is insufficient to learn to plan (Bachmann & Nagarajan, 2024; Wu et al., 2024b).
We can consistently scale NTP to |N | = 65 (k = 8 and d = 8) with STAN and +N , but these are
insufficient alone to scale higher. Also applying MTP makes the task trivial across all scales. The
fact that PSGs have the largest disparity between NTP and MTP conforms with theory, as PSGs are
adversarial to NTP. An explanation for the size of this disparity is that PSGs allow solutions which
do not generalize to arbitrary topology, e.g. the model can identify all final nodes by their degree,
d = 1, then walk back all arms to s in parallel to identify the correct arm (Frydenlund, 2024).

We observe the expected pattern where task difficulty grows with k and |N |; however, it is not
gradual, but spikes sharply. To explain this, we consider the model’s learning dynamics, and Fig. 6
reveals why. Here, rises in SACC between plateaus correspond to the model incrementally learning to
solve the task at d′ < d and k′ < k, from smallest to largest. Once solved at d′ or k′, those samples
provide a near-zero loss and cease contributing to the learning signal. Thus, the models have locked
themselves out of a hop-mixture including lower k′ terms. Without the lower-k′ terms, models behave
as if MMHT was never provided (Bachmann & Nagarajan, 2024; Frydenlund, 2025), thus explaining
the spikes. We confirm this by training on a restricted MMHT sampling only k′ ∈ [6, 9] rather than
k′ ∈ [3, 9]. These models fail to learn the task, just as if they had no MMHT (Fig. 22 in K.4).

This confirms the importance of MMHT, while providing a new insight in that the actual mixture
distribution is also critical. It also exposes two related issues: poor learning dynamics with NTP and
failure to learn a generalized solution. Importantly, the latter issue can occur only if the models fail to
generalize their partial solutions at lower k′ to larger k′ (as Fig. 6 demonstrates).

The CHC is a topological shortcut which causes the model to lose almost all supervision on PSGs.
This lockout phenomenon has a different root cause but leads to a similar loss of supervision and poor
learning dynamics. However, lockout may not be topology-dependent. We find that models can get
stuck at high ACC without meeting the > 95% TACC threshold. At such times, less than 1% of the
targets are contributing to the loss (Pezeshki et al., 2021). Thus, such models have failed to generalize
and may have locked themselves out of learning from the easier samples required for generalization.
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+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 3], k ′ [3, k]}
+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 4], k ′ [3, k]}
+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 4], k ′ [3, k]}
+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 5], k ′ [3, k]}
+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 5], k ′ [3, k]}
+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 6], k ′ [3, k]}
+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 6], k ′ [3, k]}
+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 7], k ′ [3, k]}
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+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 9], k ′ [3, k]}
+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 9], k ′ [3, k]}
+ STAN, + N, + MTP,  | |′ {d ′k ′ + 1 | d ′ [2, 10], k ′ [3, k]}
+ STAN, + N,              | |′ {d ′k ′ + 1 | d ′ [2, 10], k ′ [3, k]}

Figure 5: STAN and N results on PSGs. Each colour increments d. Notice that in the STAN and N
setting, MTP makes the task trivial to learn across all scales (please zoom in for the MTP results).
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Figure 6: The PSG experiment where k = 9 and d = 8 from Fig. 5. Here, three seeds learn the task,
and two seeds do not. Jumps in SACC indicate learning the task for a specific k′ and d′ graph size.

Sampling different graph sizes k′ induces an explicit MMHT, which we have shown is insufficient for
learning with PSGs and NTP at scale. MTP induces an implicit MMHT, and does not lead to lockout.
Thus, a final benefit of MTP is that the objective remains challenging – so you don’t lose your loss.

7 CONCLUSION AND LIMITATIONS

We make several contributions showing that MTP and alternative tokenization enable learning latent
multihop graph search at scale. We demonstrate the utility of shortest-path generation on unseen
graphs as a controlled setting of latent multihop reasoning in transformer LMs. We extend Bachmann
& Nagarajan (2024)’s adversarial path-star analysis to general topologies via a formal notion of choice
nodes, characterizing precisely when and why supervision degrades under NTP. Our central finding,
established both theoretically and empirically, is that MTP substantially improves supervision for this
task through increased supervision density, mixed-hop supervision, and better learning dynamics,
and, importantly, these advantages hold regardless of the underlying graph topology.

Multihop reasoning is intrinsically graph-structured, so our results on shortest-path search using MTP
should extend to multihop reasoning more broadly. We empirically verify that similar benefits exist
for MTP on other multihop reasoning tasks, including Khops (Sanford et al., 2024b), Khops-Gen (a
novel variant), and a BFS scratchpad variant of shortest-path search ( L.1, L.2, and L.3). That
MTP’s advantages hold irrespective of topology was, itself, an unexpected finding. Our theoretical
model was constructed to be topology-agnostic and we did not expect MTP to inherit this property,
which leads us to conjecture that MTP’s benefits apply to any multihop reasoning task ( B).

A major trend in prior work is to use CoT or scratchpads to solve difficult reasoning tasks (Nye et al.,
2022; Wei et al., 2022; Cho et al., 2025; Alberghi et al., 2025; Zhang et al., 2026c; Xu et al., 2026a),
which changes how the task can be expressed, and thus its learnability (Wies et al., 2023; Dziri et al.,
2023; Feng et al., 2023; Merrill & Sabharwal, 2024; Abbe et al., 2024; Li et al., 2024c; Kim & Suzuki,
2025). The BFS scratchpad we consider in L.3 is learnable, but its sequence length makes training
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impractical and it does not overcome the scaling wall. More critically, it reduces the latent reasoning
graph to a linear chain, breaking the theoretical model of §1, reducing it to the multihop backtrack of
Khops-Gen. Showing that the latent solution is the scalable solution bucks this trend.

While MTP yields strong theoretical and empirical gains, it alone does not break the scaling wall
of prior work. This motivated us to search for other suspects, and we identified two: the causal
constraint of causal LMs, which results in a fragmented routing problem, and positional embeddings,
which break the permutation invariance. These hypotheses motivated two simple modifications: the
node list (+N ), for routing, and structural annotation (STAN), for permutation invariance, which we
isolate with ablations over causal vs. prefix LMs, with and without +N and STAN.

We find that both lead to strong empirical gains, allowing us to consistently learn the task at graph
sizes well beyond the limits of prior work, and, together with MTP, to break the scaling wall. Scaling
to 2.5× the size while training in 1/3 as many steps (Fig. 2 vs. Fig. 3) is a substantial gain given
that the scaling trend is super-linear (Fig. 3). However, the ablations provide counter-evidence to
these hypotheses: +N improves prefix LMs, which should be unaffected by the causal constraint,
and STAN improves causal LMs, which are incapable of true permutation invariance. Both methods
are highly effective, but their benefits must extend beyond the hypotheses that motivated them. Why
they work so well, especially in combination, remains an open question ( B).

Path-star graphs have received significant attention, spurring many follow-up works proposing novel
methods to address their adversarial nature to NTP ( D.4). While PSGs are useful in exposing
supervision pathologies, they can be solved in ways that may not reflect arbitrary reasoning or
planning. We strongly caution against using PSGs as a benchmark. As we show, the task is trivial,
given the proper conditions. Thus, the main benefit of PSGs is as a tool for studying those conditions
(Bachmann & Nagarajan, 2024; Xu et al., 2026b). We also caution against viewing the results on
PSGs with NTP as a generalizable limitation of NTP. As we show, these limitations are limited to
a specific adversarial topology, and NTP is actually sufficient for learning (at moderate scales and
under the correct conditions). However, our results do support the claim that MTP is much more
efficient than NTP at learning multihop graph search, and that this matters at scale.

AI USE STATEMENT

In this work, we used generative AI tools for code generation, proof generation and verification, and
minimal writing and editing. In particular, we used LLMs to assist in coding; however, this was
done only for small sections of code at a time, allowing for human verification. We engaged an
LLM to verify the validity of our proofs (which led to various improvements). We used AI to make
the illustrations but not the plots, which were manually done to ensure integrity. For the writing
component, AI was mostly used to make arguments more succinct to meet space limitations in the
main paper and help with the appendices. This was monitored closely. We also used the AI tool
Grammarly for proofreading. We have reviewed all AI-assisted work. We take responsibility for the
final content of this work, including any artifacts produced with the aid of generative AI.

REPRODUCIBILITY STATEMENT

The main engineering challenge in this work is the online dataset and the PL-RITF cost function. We
have already released these components, and the complete repository will follow upon acceptance.
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A NOTATION AND ABBREVIATIONS

Notation:

• G = (N , E): the graph with a set of nodes and edges. We use the style G to indicate sets.
Note that we are considering the in-context version of the task, so we sample many different
graphs Gb, where b ≤ 75M. We drop the specific index since we are almost always talking
about a particular graph instance.

• G, Q, N , and E: the sequentially tokenized graph, query, node list and edge list.
• [Q,E]: the concatenation of Q and E.
• |N |: the number of nodes. Also, the maximum number of nodes in a given experiment.
• V: the set of vocabulary tokens. In practice, |V| = |N |+ 23 special tokens (not all special

tokens are used for all tasks; however, they are included in each model for simplicity).
• π = u0u1u2 . . . uk−1uk = su1u2 . . . uk−1t : the shortest path of length k + 1, starting at s

and ending at t. We refer to both of these as nodes and tokens, depending on the context.
• π<ui

: a sub-path of π
• k: the number of hops, generally equivalent to the path length minus one. Also, the

maximum path length in a given experiment.
• k′: a sampled or intermediate value of ≤ k

• |N |′: a sampled or intermediate number of nodes ≤ |N |
• d: the degree of a node or the degree parameter of path-star graphs, depending on context.
• A: the adjacency matrix.
• D: the distance matrix.
• c(u, π≤u): the choice set of node u.
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• c(π): the number of choice nodes in π.
• x, ϕ, z: the input, positional embedding, or concatenated ids.
• L: the number of layers in the model.

Abbreviations:

• NTP and MTP: next- and multi-token prediction.
• CHC: the Clever Hans Cheat. A topologically-dependent learning shortcut (Bachmann &

Nagarajan, 2024).
• MMHT and MMLT: Mixed Multihop Training and Mixed Multi-length Training ( L.1.1).
• SSE: Sequential Sample Efficiency. The number of input-target supervision pairs that

contribute to learning in a single instance.
• ERG, EG, and PSG: Erdős-Renyi, Euclidean, and path-star graph topologies.
• SEAN and STAN: one-dimensional sequential annotation and multidimensional structural

annotation.
• ACC, SACC, and TACC: per-token accuracy, sequential accuracy, and task accuracy (which

depends on the task, and so is different for shortest path, Khops, Khops-Gen, and the
scratchpad tasks).

A.1 A NOTE ON MMHT AND CURRICULUM TERMINOLOGY

MMHT has been called ‘composition’ or ‘subtask decomposition’ (Frydenlund, 2025; Wies et al.,
2023). Others have called it a ‘curriculum’ in a broad sense, or ‘implicit curriculum via data mixture’
(Wang et al., 2025; Yao et al., 2025). Subtask decomposition addresses how a task can be recursively
decomposed and how this can be expressed implicitly and intra-sample via sequential supervision,
which is a property of the task. Curriculum learning is generally explicit and inner-sample, and more
often concerned with the order the samples are presented in, i.e. easy to hard (Bengio et al., 2009).
Thus, we use ‘mixed multihop training’ as a generic name to cover both inner- and intra-sample
data mixing, which is not concerned with order or explicitness, or with whether the specific task is
compositional (the task can be fuzzily compositional (Frydenlund, 2025)).

We employ a true curriculum data sampling algorithm for sampling path lengths. Because tasks can
also have implicit MMHT due to being truly compositional or via MTP this distinction is important.

In general, ‘curriculum’ is an overloaded term, and no longer applies to a specific pre-training
supervision method (Bengio et al., 2009). It can be applied to in-context learning (Luo et al., 2025;
Ma et al., 2025; Lee et al., 2025a). Hao et al. (2025) used a masking curriculum where parts of
reasoning traces are systematically removed to promote the model relying on continuous CoT inputs
instead. It can also be applied across tasks in a multitask setting (Liu et al., 2026). Note that they
use ‘curriculum’ to describe a phenomenon where models naturally learn tasks in order of difficulty,
instead of the curriculum being a form of training supervision.

B FURTHER DISCUSSION OF CONTRIBUTIONS, LIMITATIONS, AND SCOPE

We summarize our contributions for quick reference.

1. Theoretical Model Framing. We spell out the theoretical model underlying the study of
multihop reasoning via shortest-path search, which prior work assumes but leaves unstated.
We inherit this controlled setting (Bachmann & Nagarajan, 2024; Saparov et al., 2025, C).

2. Topological shortcuts under NTP. We generalize the Clever Hans Cheat from path-star
graphs to arbitrary topologies via choice nodes, giving an SSE of c(π) which is thus strongly
topology-dependent under NTP (§2). Bachmann & Nagarajan (2024)’s speculation that the
problem is broad has spurred much follow-up work ( D.4); by characterizing exactly when
the CHC arises, and how it affects learning, we delimit its extent.

3. MTP is optimal, NTP is not. We prove that MTP attains an optimal SSE and hop mixture
over the sampled path, giving k(k+1)/2−(k−c(π)) terms after correcting for those the CHC
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absorbs (§2.1 and I). This residual topological dependency is linear, and thus dominated by
the quadratic MTP terms as k grows, making MTP nearly topology-independent while NTP
remains strongly topology-dependent (§2.1). We also show that masked discrete diffusion
yields a strict subset of MTP’s terms ( I.1).

4. A novel MTP method. We introduce a probabilistic listwise Plackett-Luce formulation of
Ranking-into-the-Future, in contrast to the non-probabilistic pairwise and listwise losses of
Frydenlund (2025) and Zuhri et al. (2026) respectively ( H).

5. Fragmented routing and the node list. We show that the causal constraint is severely com-
pounded by graph sparsity and edge-list shuffling, deferring routing until most of E has been
observed and exhausting the model’s sequential computation (§3). This motivates including
the node list (+N ) to bypass the causal constraint and accumulate edge information.

6. Permutation sensitivity and structural annotation. Positional embeddings break the
permutation invariance inherent to the task (§4). This motivates structural annotation
(STAN), which makes each edge a unique super-token, removing positional leakage.

7. Breaking the scaling wall. This is the focus of this work. Prior work could not stably
learn the task beyond 50 nodes. STAN and +N account for the largest empirical gains, and
together with MTP they break this wall. We show that (a) we learn stably up to |N | = 125
in about 1/3 the steps (§6). Note that the scaling trend is super-linear (Fig. 3), so scaling
to 2.5× the graph size is a substantial gain; (b) the variance issue between seeds reported
by prior work is solved, greatly reducing the cost of running future experiments ( J.1); (c)
MTP beats NTP across scale with this gap growing with k and |N |; (d) the performance of
MTP is orthogonal to the tokenization. Thus, they solve different underlying scaling
problems; and (e) we solve path-star graphs with NTP well beyond prior work using only
inter-sample MMHT and MTP makes them trivial at all scales.

8. Auxiliary tasks ( L). We consider three further latent multihop tasks: Khops ( L.1)
(Sanford et al., 2024b), Khops-Gen (a generative variant we introduce, L.2), and a BFS
scratchpad (BFS-SP, L.3). These serve two purposes. First, they show that MTP’s benefits
are not limited to shortest-path search, but hold across symbolic multihop tasks. Second,
they let us show that while BFS-SP is learnable, it suffers its own tokenization issues and
its sequence length grows too quickly to scale. More importantly, we show it collapses the
latent reasoning graph into a linear chain, which breaks the established theoretical model.
( L.4). Thus, it is not a viable ‘solution’. We show this by reducing it to Khops-Gen.
Additionally, we find that hop-length is not the only dimension of difficulty that matters, as
mixed multi-length training (MMLT, L.1.1) is necessary for learning Khops-Gen.

This work considers a scaling issue encountered in prior work. We overcame that scaling wall via
both alternative tokenization and MTP. The fact that MTP’s advantages are nearly topology-
independent is an unexpected finding. We analyzed MTP to explain why it ameliorates a known,
topology-specific pathology, and the topology-independence fell out of that analysis. However,
this leads to a natural conjecture. We motivated graph search as a model for multihop reasoning
precisely because the latent reasoning graph has unknown topology, so no topological assumptions
are permissible. If MTP’s advantages do not depend on topology, then they should hold for any
multihop reasoning task, making MTP a principled training objective for multihop reasoning in
general. Had this been our starting hypothesis, this would be a different paper, with methodology
built around testing that conjecture rather than around scaling.

Evaluating it is non-trivial. Our results rest on the fact that each target token corresponds to exactly
one hop, so a window spanning k tokens also spans k hops. This correspondence breaks for natural
language. A potential solution is non-contiguous windows (Liu et al., 2025), but designing hop-
aligned targets for arbitrary tasks would itself be a non-trivial research contribution. So it remains a
conjecture and not an established claim.

Regardless, this paper would still be necessary. It is by investigating the scaling issue that we establish
MTP’s benefits, both theoretically and empirically. But MTP alone does not break the scaling wall.
The tokenization methods account for the majority of the empirical gains, and they are orthogonal
to MTP, so any work concerned with scaling must consider both. This orthogonality makes our
methodology disjointed, but this is a reflection of the underlying causes being disjointed. This also
means MTP’s benefits hold independently of our tokenization changes. A paper on MTP alone would
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be cleaner, but, unfortunately, the most interesting finding is not necessarily the most important one
in terms of performance gain.

The most significant limitation is that our motivating hypotheses do not fully explain why STAN
and +N work so well. Both methods are well motivated. Fragmented routing and the loss of
permutation invariance are real properties of the setting, and we show that both hold (§3, §4). The
question is not whether these issues exist, but the extent to which they contribute to the scaling wall.

We ablate using two model parameterizations in an attempt to answer this, since each hypothesis
predicts where its method should have no effect. The causal constraint does not apply to prefix LMs,
and causal LMs cannot be permutation-invariant. The design is thus falsifiable, but it falsified our
own explanations. +N still improves prefix LMs, and STAN still improves causal LMs. Importantly,
the counter-evidence shows that each benefit extends beyond its motivating hypothesis, not that
the hypothesis is wrong. Indeed, prefix LMs outperform causal LMs on ERGs (Fig. 3 vs. Fig.
4), which shows that the causal constraint matters. Note that both issues ultimately stem from
the causal constraint; Fragmented routing arises from the interaction of causal masking with graph
sparsity and tokenization, and permutation invariance requires both the removal of causal masking
and positional embeddings. Thus, while this design can falsify a hypothesis, it cannot isolate the two,
since changing the parameterization changes the conditions for both at once.

STAN in particular is hard to ablate further as it does three modifications that are intrinsically coupled:
it moves positional information into the annotation channel, it makes E permutation-invariant, and it
reduces E to 1/3 its length. Length is an interesting factor as it affects expressiveness (Sanford et al.,
2024a; Merrill & Sabharwal, 2024; London & Kanade, 2025). Yehudai et al. (2025) likewise changed
the tokenization and the token count together and attributed the gain to the tokenization. Note also
that +N increases the sequence length while STAN decreases it, and both improve performance;
thus, raw length changes alone do not explain their performance. Also, STAN removes the variance
across trials and induces the expected behaviour, where convergence scales with k (§6). The baseline
does not behave this way.6 A task whose difficulty grows with the number of hops should look like
the former, not the latter. The deficiency therefore lies in the original tokenization rather than in the
task, even if we cannot say precisely what that deficiency is.

We thus have strong positive empirical results but a negative result for our hypotheses. We leave
closing this gap to future work. We note four things. First, the ablations still establish the tokenization
as a cause of the scaling wall. The same model, task, and data learn differently under different
tokenizations, so the failure lies in the tokenization and what remains open is which of its properties
is responsible. Second, fragmented routing and the loss of permutation invariance are real issues, so
these experiments were necessary regardless of which hypothesis ultimately explains the gains. Third,
neither method breaks the theoretical model ( L.3). Finally, we emphasize that the MTP results are
theoretically grounded and orthogonal to the tokenization, and thus hold with or without STAN and
+N .

We observe the lockout phenomenon only on PSGs. This is a novel finding, only made visible
by scaling NTP on PSGs beyond prior work (as prior models fail to the CHC before lockout can
manifest). Unlike the CHCH, its mechanism, where targets of different lengths cease contributing
once solved, is not obviously tied to the PSG topology. However, since PSGs are an adversarial
topology to learning under NTP, we may only see this phenomenon in this adversarial setting. We
suspect looped models would solve this, as tying parameters across hops forces the model to reuse
the same computation across hops (Giannou et al., 2023; Back De Luca & Fountoulakis, 2024; Yang
et al., 2024; Fan et al., 2025; Saunshi et al., 2025; Zhu et al., 2025b). We do not test this as it would
require training an entirely new set of models. Note that this concerns in-domain learning dynamics
and is separate from the case for looped models in OOD settings (below).

We cannot fully formalize learnability. We demonstrate scalability trends empirically. On the
theoretical side, we formalize some characteristics of learnability, showing that sequential sample
efficiency is strongly topology-dependent under NTP, but becomes nearly topology-independent and
increases substantially under MTP. However, other characteristics that affect learnability remain
unformalized, such as the number of paths from a choice node (Xu et al., 2026b). We thus cannot
formalize learnability, and so scalability, as one can for simpler tasks (Wang et al., 2025). Given the

6This may be an artifact of the max-step cut-off. However, as the spiked PSGs results show, training longer
may not necessarily show a gradual pattern.
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theoretical model, such a formalization would be a holy grail for learnability theory. We make partial
progress towards this; however, the larger point, and a key takeaway from our work, is that precisely
specifying learnability for this task is very difficult.

We address other limitations, which we consider as questions of scope.

Why did you not consider out-of-distribution generalization? Our focus is the scaling wall, which
is an in-domain failure. Prior work could not learn the task at scale even when training and testing on
the same distribution. Solving the scaling issue in-domain is a prerequisite to asking anything about
OOD. While this makes OOD evaluation an obvious next step, it also places it beyond the scope of
the motivating phenomenon of this work. Moreover, OOD evaluation is not trivial. There are at least
three OOD dimensions, and each is difficult to evaluate for its own reasons.

The first is path length and graph size. This requires positional embeddings capable of length
generalization (Ruoss et al., 2023; Li et al., 2024a). We use learnt embeddings because they carry
no inductive bias, which lets us rule them out as a cause of the scaling wall. Using OOD-capable
embeddings only makes sense now that the scaling wall is solved, and would have otherwise been
a confound for the question we were asking. Beyond this, we know a static model cannot scale to
arbitrary k, so looped models would be required (Giannou et al., 2023; Saunshi et al., 2025; Fan et al.,
2025). But looped models tie parameters across latent hops, which changes in-domain learnability in
its own right. Any OOD result would thus be entangled with an in-domain change, which is a further
confound. In both cases, we would have to train an entirely new set of models, as this cannot be
evaluated with the ones we have. Note this is the only OOD question that actually concerns scale.

The second is topology. Saparov et al. (2025) consider exactly this, training on one topology to test
generalization to another, and it did not solve the scaling wall. It also raises the question of which
topologies support generalization to others. Our analysis of choice nodes suggests trees may be the
best candidate, but this is beyond the in-domain scaling issue.

The third is task. Does learning to search help on other graph tasks? Search is a fundamental building
block, so it is reasonable to expect that it does, but this too is beyond the scaling question.

Why did you not consider other topologies? Adding topologies multiplies the experiments required,
leading to experimental scope creep. We consider three topologies, whereas prior work prioritize one
(Bachmann & Nagarajan, 2024; Saparov et al., 2025). This is because we wish to answer questions
about how topology affects scale. The CHC (Bachmann & Nagarajan, 2024) and our generalization
to arbitrary topology make path-star graphs the most adversarial topology to NTP, which is why they
get so much attention in the paper. We then show MTP is nearly topology-independent. Path length
is what matters for scaling, so the relevant topologies are those supporting long paths. This rules out
dense and small-world graphs, where most paths are short. It also makes deep trees computationally
prohibitive, since long paths require exponentially more nodes. We would consider any topology
with a property expected to contradict the theory, but testing topologies without such a reason has
diminishing returns at a large computational cost in our experimental setup( J.1).

Why did you not consider other tasks? Connectivity, connected components, and reachability all
reduce to shortest path search, so a model that learns that should learn these. However, determining
the correct tokenization for these tasks is non-trivial, as we see both with direct shortest path and
the BFS scratchpad. Weighted shortest paths in the style of Dijkstra’s algorithm further require
tokenizing edge weights, which introduces a representational choice we would then have to control
for. Our focus is not on benchmarking language models on various graph tasks.

Why not report FLOPs? We report steps rather than throughput because our claim concerns
supervision; thus, FLOPs are not the appropriate metric. This is not a benchmarking paper.

Why not consider other MTP methods? We introduce a novel MTP without comparison to other
methods. Ours is designed to support our theory. All we need to demonstrate is that such a method
exists and performs well. This is not a benchmarking paper of MTP methods on this task. Readers
wanting a rank-based MTP evaluated on natural language data should see Zuhri et al. (2026).

Why did you not consider discrete diffusion? We do consider it, theoretically. Masked discrete
diffusion models (MDM) induce MMHT in the same way MTP does ( D.7), and produce a subset
of the MTP cost terms for this task ( I.1). However, MDM changes both the loss and the model
parameterization at once, combining a masking-based loss with a non-causal architecture. This is not

35



a controlled comparison, and inducing the same cost terms does not imply the same expressibility or
learnability (Svete & Sabharwal, 2026). More importantly, MDM can potentially generate in any
order. This admits the reverse ‘solution’, where the path is produced from t back to s for PSGs
(Bachmann & Nagarajan, 2024). This requires no multihop reasoning, and thus potentially bypasses
the very thing we care about. Thus, they are a much harder model to study even in controlled settings.

Why did you not use LLMs or larger models? Prior work has already shown that LLMs cannot
solve the task on path-star graphs (Bachmann & Nagarajan, 2024; Xu et al., 2026b), and that model
size is not why the task is hard to learn at scale (Saparov et al., 2025).There is no benefit in repeating
established negative results. Small models can express the problem, and we show they can learn it at
scale. A separate question is whether our methods transfer to larger or pretrained models. MTP has
been part of foundation models for some time (Liu et al., 2024a; Xiao et al., 2026; Team, 2026), and
the node list is easily applicable to LLMs. STAN induces a new input format, and there is no reason
to expect this to harm a larger model trained from scratch. Applying STAN to a pretrained LLM may
be an engineering problem, but that sits outside the question of learnability, and is not a claim we
make. The purpose of this work is not to benchmark LLMs on the task, but to understand why the
task is hard to learn, which requires a controlled setting LLMs are ill-suited for ( C).

Why did you not probe the model or use explainability methods? Because the experimental
design makes them unnecessary. Probing is required when a correct output does not entail that the
intended computation occurred, as memorization, world knowledge, or surface heuristics can produce
it. This is why we spend so long on the theoretical model ( C). Assumptions 1–5 remove these
( C.3). As test graphs are unseen, the edge set exists only in the current input, and a correct path
entails a multihop search over it. Task performance is therefore direct evidence of the behaviour
being studied, rather than a proxy for it. Fig. 6 is an example of this: SACC decomposed by k′ and
d′ reads out which sub-problems the model has solved and when it acquires them, and the restricted
MMHT experiment ( K.4) confirms the reading by intervention. We claim that latent multihop
computation occurs, not how the model computes it, and nothing in this work depends on the latter.

Is it not already known that MTP helps on this task? That MTP helps is known; why it helps is
not fully known, and prior results were tied to specific topologies, PSGs, at small scales. Bachmann
& Nagarajan (2024) proposed ‘teacherless’ training for path-star graphs and attributed its benefit
to avoiding the CHC, but did not give a full account. The CHC results from a bad interaction with
teacher-forcing, yet removing teacher-forcing entirely is not the answer. Teacherless training induces
only the k terms where i = 1 in Eq. 3, which are the hardest, as they condition on no target-side tokens,
whereas the remaining terms require 1 < i ≤ j, and thus use partial teacher-forcing. Frydenlund
(2025) also used MTP without giving a complete explanation. Gloeckle et al. (2024) speculated that
MTP upweights informally defined ‘choice points’, which are not the choice nodes we define ( D.6).
Huang et al. (2026) proved that MTP and NTP induce different learning dynamics for d = 2, k = 2
PSGs (concurrent to this work). The scaling wall only appears as the graphs grow, and Xu et al.
(2026b) learned PSGs up to k = 5 with NTP alone. The small-scale MTP results should be compared
against this NTP result. Results at these scales are therefore not results about the phenomenon we
address. We give the mechanism for general topologies, show that the benefit does not depend on the
topology, and demonstrate this at scales far beyond these works. Several other works have applied
MTP to PSGs ( D.4), but did so to benchmark a method rather than to explain why MTP helps.

See Fig. 7 for further clarification of the work’s scope.

THIS IS NOT A
BENCHMARKING

PAPER
Don’t make me tap the sign.

Figure 1: A schematic illustration of the work’s scope.

1

Figure 7: An illustration of the work’s scope
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C GRAPH SEARCH AS A THEORETICAL MODEL OF MULTIHOP REASONING

This section sets out the theoretical model we adopt. Modelling multihop reasoning as graph
search is common, but doing so commits one to a set of claims which are rarely stated. We first
define a multihop reasoning task and the graph it induces, and show that the definition admits two
settings depending on how the learning problem is defined ( C.1). We then state the five claims the
model commits us to, and justify them by establishing their prior use ( C.2). We then expand on
assumptions our own setting adds ( C.3). Finally, we describe the second setting, in which the graph
is held in the weights, and which supports answering different questions from our setting ( C.4).

This section also acts as a tutorial to our experimental setup, which is inherited from prior work
(Bachmann & Nagarajan, 2024; Saparov et al., 2025; Frydenlund, 2025).

C.1 DEFINING A MULTIHOP REASONING TASK

In §1, we defined a multihop reasoning task as a tuple (W, q, a). We now expand on this.

W is any information which licenses inference, i.e. a set of facts, axioms, rules, or relations. The task
is solved by k ≥ 1 inferential steps connecting q to a, where each step is licensed byW . Thus,W
induces the reasoning graph G = (N , E), and the solution is a path π = q u1 . . . uk−1 a in G.7

W need not surface G, which may instead have to be inferred. This matters because inferring G and
traversing it are separate problems, and only the latter is unique to multihop reasoning. Either way,
π is latent, and finding it is what makes the task multihop. Importantly, the topology is not known
in advance. G is determined byW , which is arbitrary, so no topology can be built into a solution
method, even when G is given explicitly and its topology is readable at inference.

Multihop question answering (QA) is an important special case. Here, W is a knowledge base
K = (E, R) of entities E and relations R, q is a question, and a is its answer. G is then a knowledge
graph, with entities as nodes and relations as edges.8 The task is solved by finding a path π =
(n0, n1, . . . , nk) in G s.t. n0 corresponds to q and nk corresponds to a.

However, in multihop QA, the graph is often a single static dataset. This leads to two distinct
theoretical models. W can either be supplied as many independent instances, which supports
inference over an unobservedW , or as a single fixed (partially) observed dataset to be learnt during
training.9 Call these the in-context and in-weights settings (Noroozizadeh et al., 2026).10 In-context,
W varies across instances, so memorization is not viable and the model must compute over the
provided context. In-weights, W is the same for every instance, so memorization is viable and,
indeed, is necessary. Note that the task definition is agnostic to this choice, as the split arises from
how the learning problem is set up, i.e. what varies across the data and what is fixed. Thus, the
same definition yields two distinct theoretical models, each of which supports answering different
questions ( C.4).

C.2 THE UNDERLYING CLAIMS

Modelling multihop reasoning as graph search reduces to the following five claims.

Claim 1. All multihop reasoning tasks induce a reasoning graph.

7This connection is so ingrained that even the term ‘multihop’ invokes imagery of a graph structure. Hopping
on what? Compare with the nearly synonymous but more neutral term ‘multistep’ reasoning. To our knowledge,
there is no definitional difference between the two.

8Note that G may be inferred or explicitly given in multihop QA as well. Many methods construct an explicit
graph from text before reasoning over it (De Cao et al., 2019; Ding et al., 2019; Cheng et al., 2024), while others
search over a given knowledge graph directly (Sun et al., 2024). Thus, whether W surfaces G is independent of
whether the task is posed in natural language.

9Again, this is regardless of whether G is explicitly given or inferred.
10Both settings require memory and differ only in where it resides. In-context, W is held in the hidden states,

and is thus transient and rebuilt for each instance. In-weights, W is held in the parameters, i.e. parametric
memory, and is thus persistent and shared across instances. Note that this is not LLM ‘in-context learning’. We
do not apply an unseen task to a pretrained LLM; rather, we train small LMs from scratch. They are related, as
both must produce in-context representations to solve the task.
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Claim 2. All multihop reasoning tasks require traversal of the reasoning graph.11

Claim 3. Search is a specific type of traversal often used in multihop reasoning.
Claim 4. A theoretical model of multihop reasoning must apply to an arbitrary reasoning graph.
Claim 5. Graph search is such a model.

We use the term ‘claim’ to unify these five ideas, as they are not of the same kind. Claims 1 and 2
hold by construction from the definition ( C.1). Claim 3 is definitional, and that search is often used
is established by the literature. Claim 4 is a modelling assumption; one could instead want a restricted
model, whereas we require generality becauseW is arbitrary. Claim 5 is the resulting theoretical
choice, and follows from search assuming no structure in G while isolating the behaviour we study.

To our knowledge, no prior work explicitly states all five claims. However, there is a long history of
prior work which assumes one or more of them, and we justify the claims by establishing their prior
use. Because multihop reasoning and graph search are very broad areas, these claims are often not
the focus of – or even stated in – prior work, and thus must be inferred from their methods.12

C.2.1 CLAIMS 1, 2, AND 3

Claims 1, 2, and 3 are highly coupled, and prior work generally supports them together. As noted,
the quantifiers in Claims 1 and 2 are by construction, so prior work serves to establish coverage, i.e.
specific cases where multihop reasoning induces a reasoning graph or requires traversal. Claim 3
follows from elementary graph search algorithms, and prior work establishes that this also holds in
the multihop context.

For Claim 1, the reasoning graph is often implicit. However, it can also be explicit, and appears
under various names such as a ‘knowledge graph’, ‘knowledge base’, or ‘entity graph’. Prior work
which constructs an explicit graph from implicit information provides evidence for the existence of
an underlying reasoning graph. Works which support Claims 1 through 3 fall into three groups: those
which construct an explicit graph from unstructured text, those which surface reasoning structure at
inference time, and those which search over a given graph directly.

Constructing an explicit reasoning graph. Yang et al. (2018) introduced one of the earliest multihop
question-answering datasets for LLMs. They explicitly constructed their dataset as a graph in which
edges represent Wikipedia hyperlinks and nodes are the first paragraph of each article (Claim 1).
They studied question answering, which they framed as a search on the reasoning graph (Claim 2).
They also demonstrated that different kinds of questions induce different types of multihop reasoning
tasks; however, traversal or search is a necessary subroutine in each of these (Claims 2 and 3).

De Cao et al. (2019) framed multihop question answering as ‘an inference problem over a graph’, i.e.
search over a graph (Claim 3). To support this, they converted text to an explicit graph, with nodes
representing named entities and edges as relations between them (Claim 1). Similarly, Ding et al.
(2019) constructs and searches over a ‘cognitive’ graph (Claims 1 and 2).

Sun et al. (2018) used text to augment missing gaps in a knowledge base, demonstrating that the graph
can mix both explicit (knowledge base) and implicit (inferred from text) graph structures (Claim
1). They also plainly stated the relation that multihop question answering has to graph traversal:
‘many questions require multi-hop reasoning, which follows a path from a seed node mentioned in
the question to the target answer node’ (Claim 2). Note that Claim 3 can also be inferred from this, if
finding the path is non-trivial.

Further evidence for Claims 1, 2, and 3 similar to the above works can be found in (Das et al., 2018;
Lin et al., 2018; Sun et al., 2019; Saxena et al., 2020; Luo et al., 2024a; Han et al., 2025; Yang et al.,
2025b). Also consider Cheng et al. (2024), who developed a method which ‘explicitly converts
unstructured text into a graph via LLMs and instructs them to navigate this graph using task-specific
strategies to formulate responses’ specifically for multihop tasks.

11Claim 2 concerns what the task requires, not how the model achieves it. A model may produce a without
composing at all, e.g. by exploiting a statistical correlation between q and a. This is a shortcut, and is the failure
mode we study. Note that this differs from composing during training and storing the result, which we return to
in C.4.

12This is not a comprehensive survey, and even wider claims, such that all of general problem solving can be
modelled as graph search, go back to the dawn of AI (Newell & Simon, 1972; 1976).
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Surfacing the reasoning graph at inference time. Not only have these claims been observed in
the literature since the dawn of the LLM age, but Claims 1 and 2 are implied by the most ubiquitous
method employed for solving multihop reasoning tasks with LLMs: Chain-of-Thought (CoT) (Wei
et al., 2022). CoT combines prompting with test-time compute. The CoT chain generates a reasoning
path. Thus, CoT explicitly surfaces an underlying latent path in the latent graph, which assumes such
a graph exists (Claim 1) and that traversal is required (Claim 2). Follow-up work extended this by
surfacing more complex structures such as trees and full graphs (Yao et al., 2023; Besta et al., 2024;
Jin et al., 2024; Wen et al., 2024, Claims 1 and 2). These structures require search to traverse (Claim
3), leading to the direct incorporation of actual search algorithms such as breadth- or depth-first
search (BFS or DFS) into the inference procedure (Yao et al., 2023). Han et al. (2025) considered
prompting an LLM to explicitly generate a fine-grained graph over which reasoning is then conducted,
and compared this to CoT, ToT, and GoT for various multihop reasoning tasks, including search
(Claims 1, 2, and 3).

Searching over a given graph. Sun et al. (2024) introduced ‘think-on-graph’, which treats an LLM
as an agent that searches over an explicit knowledge graph for multihop reasoning. They motivated
this by identifying that other methods which use a knowledge graph do not search over the graph
directly but rather retrieve information from the graph, which is then incorporated into the prompt
context. This converts the graph to a different format which is easier to incorporate into an LLM.
However, by doing this, the LLM is then forced to perform search over a latent sub-graph, thus
inducing a ‘loose coupling’ with the original explicit graph. To solve this, their method forces the
model to perform beam search over the explicit knowledge graph using test-time compute. This work
thus addresses how the reasoning graph can be treated as implicit or explicit, and the relation of
search to reasoning (Claims 1, 2, and 3).

C.2.2 CLAIMS 4 AND 5

Not all multihop reasoning tasks are framed as search tasks. For example, arithmetic, aggregation,
and analogical reasoning all require multihop reasoning but not ‘search’. However, solving each of
these requires traversing the reasoning graph (this is why Claims 2 and 3 are separate). An arithmetic
expression induces a chain or tree of operations, given by the expression itself, and aggregation
induces a set of nodes sharing a relation. This structure is known in advance, and can thus be built
into a solution method as an inductive bias. Search assumes no such structure.

Claim 4 largely follows from the definition, as G is determined byW andW is arbitrary ( C.1). It
is a modelling assumption rather than a corollary because a restricted model is a legitimate thing to
want, e.g. one covering only the structures induced by a particular class of questions. We require
generality, as we are modelling multihop reasoning rather than a subclass of it. Cheng et al. (2024)
make the diversity explicit, acknowledging ‘the diversity of queries and their corresponding graph
structures’, and categorizing reasoning tasks such that each ‘is aligned with a unique graph structure’,
including graph sorting, graph querying, and logical inference.

Claim 4 is uncontroversial, but can be violated in practice. The path-star literature illustrates this
danger, as the topology admits solutions which exploit it and do not generalize. The reverse ‘solution’,
which requires no multihop reasoning is the prime example (Bachmann & Nagarajan, 2024), but
other non-generalizable solutions exist as well (Frydenlund, 2024). Thus, results obtained under one
topology need not hold under another. A theoretical model which assumed a topology would then
describe that topology rather than multihop reasoning in general.

Claim 4 gives rise to Claim 5. Search assumes no topology, and is thus defined for an arbitrary
reasoning graph. Importantly, search enables this while also allowing us to isolate the behaviour
we want to study. This is because search depends only on the structure of G; to find π, we need to
know which nodes connect to which, and nothing about what any node means. We can thus define
the task as a multihop traversal over a structural description of G, without retrieval, entity resolution,
or language generation.

This provides a clean window into how models learn structural reasoning, i.e. whether the
model learns to traverse G. Consider a search task defined with and without isolating structural
traversal from these other aspects. If a model does better with them, the gain cannot have
come from traversal, as traversal is what we isolated. Thus, it came from bypassing traversal,
i.e. a shortcut. If a model does worse, then the added aspects are the cause, and they are
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worth studying on their own. Thus either case justifies isolating traversal. Note that this
justifies isolation, but this doesn’t imply that traversal does not interact with these other aspects.
However, such interactions should be studied under a separate theoretical model, which we will
discuss in C.4.

The works above used graphs as a practical model in order to develop methods. Graph search has
also been used as a theoretical model.

Saparov et al. (2025) stated this most directly. They noted that search ‘is the backbone of many
reasoning problems as it is equivalent to proof search in a simplified logic which is a subset of almost
any logic’. Thus, ‘the model must solve this task if there is any chance to generalize to more complex
search and reasoning tasks’.

Bachmann & Nagarajan (2024) designed the path-star task as ‘a minimal setting that captures the
core essence of what it means to solve problems with lookahead, without irrelevant confounding
factors’. They expected their failure result to extend to more general tasks such as story telling.

Khona et al. (2024) framed their setup in order ‘to design and study an abstraction which enables
a precise understanding of stepwise inference in Transformers’. They argued that ‘tasks which see
maximum benefit from stepwise inference can be cast as a graph navigation problem’, and gave
examples such as the Tower of Hanoi.

Note that prior work often considered graph search under the name planning (Bachmann & Nagarajan,
2024; Khona et al., 2024). This speaks to the task being achieved latently across layers. Planning
requires committing to a path before acting on it, so if, instead, a model is allowed to act and revise
that action, it is no longer a planning problem.

Cohen et al. (2025) motivated the controlled setting, and chose graph search to instantiate it. They
noted there was no ‘quantitative, verifiable definition of planning or reasoning’, and that benchmarks
‘cannot distinguish “true reasoning/planning” from pattern matching or retrieval due to web-scale
training and possible data contamination’. Their solution was to ‘study language model internal
dynamics in settings with carefully controlled, structured data’, using graph connectivity. Similarly,
Sanford et al. (2024a) asked ‘how can we analyze reasoning capabilities of neural networks?’ and
answered that ‘one approach is to study algorithms executable with their internal representation’.

Finally, Claim 5 concerns the theoretical model, and thus holds for both settings. Noroozizadeh
et al. (2026) adopted the same model in-weights, describing path-finding on path-star graphs as ‘a
(symbolic) implicit reasoning task’.

Importantly, while these works used graph search as a theoretical model, they did not formally
specify it, leaving the underlying claims to be inferred. This is why we state them here. Making
the commitments explicit allows them to be discussed or rejected rather than left implicit. Thus,
future work can state which claims it adopts, and which it does not.

C.3 OUR INSTANTIATION

The claims above establish graph search as the theoretical model, i.e. they justify that this is the thing
to study. We now consider the assumptions we make when instantiating that model in practice. That
is, we still need an experimental setup which forces the model to solve the task by traversal alone.
Importantly, each assumption is made because it prevents alternative ways to produce a correct
answer without traversing. These assumptions are separate from the claims, as one can adopt the
theoretical model but reject the instantiation. Importantly, these assumptions are not made to make
the task easier to learn. Indeed, most restrict how the model must learn to solve the task by avoiding
‘solutions’ which do not require multihop reasoning or search.

Assumption 1: traversal is latent. We exclude chain-of-thought, scratchpads, and test-time search,
so that the traversal occurs within the forward pass in a single step. Bachmann & Nagarajan (2024)
give the argument for why search on path-star graphs must be latent. The first emitted token commits
to an arm, so the target must already have been located before generation begins, and the search
cannot be spread across the generated sequence.13

13This, and the fact that there are alternative potential paths, makes it a planning task.
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By enforcing that the model performs a latent computation of the path, we prevent a solution via
enumeration. When test-time compute is permitted, the model easily learns the one-hop adjacency
and then walks from the start node until it reaches the target. The walk is not quite Markovian, as the
model learns not to repeat paths it has already produced, and we never train it to do this. This finds a
path without performing multihop reasoning. Khona et al. (2024) observed the same ordering in a
setting which permitted test-time compute, where their models first learned to avoid generating edges
that do not exist in the graph, and only later learned to reach the goal node.

Test-time compute admits a second kind of solution. Here the model does perform multihop reasoning,
but it does so over a known structure. An example of this is using a BFS scratchpad reduces the
search state to a linear chain which the model then follows via a multihop traversal. As such, it cannot
model multihop reasoning in general (Claim 4). We demonstrate that a BFS scratchpad does this,
thus breaking the theoretical model (and that it does not scale, making it an impractical ‘solution’ to
boot; L.3, L.4).

Both solutions need test-time compute. Thus, we disallow it and thus require a latent solution.

Assumption 2: the target is a shortest path. We could instead ask for reachability, connectivity, or
any path from s to t. The problem is that these do not constrain the length of the output. The model
can then backtrack and wander, and the generated path itself provides test-time compute. This thus
allows for the enumeration solution above, where the walk is the generation. Requiring a shortest
path fixes the output length, thus preventing such a solution. The model must instead compare the
alternatives at each choice node, and it is this which makes the task a search.

Assumption 3: the edge list is shuffled. The edges are presented in a random order (§1.1). If
the order is allowed to carry information, then the edges can be listed in breadth-first order from s
(Ge et al., 2025). This gives the same structural reduction as the scratchpad above, except that it is
supplied in the input rather than generated. Randomizing the order prevents any such ordering. Ge
et al. (2025) compared BFS, DFS, and PageRank edge orderings against a shuffled list, and found
BFS ordering improved shortest-path accuracy by 70.1%. Yuan et al. (2025) similarly found that
sequentially ordering node names outperformed random ordering, with the largest gains on path
reasoning.

Assumption 4: nodes are semanticless. Node identifiers carry no relationship to one another, which
prevents semantic and homophily shortcuts (Huang et al., 2024; McPherson et al., 2001; Xu et al.,
2025; Guan et al., 2025). One could retain semantics and audit each shortcut as it arises, but the
set of possible shortcuts is not known in advance, whereas removing semantics guarantees their
absence. Without doing this, then producing a correct answer would not be direct evidence that a
k-hop traversal was performed. Semantic relations between nodes allow the answer to be produced by
other means, so accuracy no longer measures the behaviour we wish to study. Removing semantics
restores the correspondence, as the only information available is the structure given in the prefix.
Semanticless nodes require relabelling, since no natural corpus is semanticless. One could relabel a
natural graph and preserve its topology, but Assumption 5 requires a fresh graph for every instance,
which a fixed corpus does not supply. Synthetic data is therefore not an independent choice but a
consequence of these two assumptions ( D.2).

Assumption 5: training instances are unique. Uniqueness addresses two separate problems, which
arise at two different scales. The first is an alternative solution, in-weights storage, where a fixed
graph, or a small set of them, lets the model store the structure in its weights. Either the answer is
recalled outright, or the k-hop composition is amortized over training, and the forward pass reduces
to a lookup of its result. Amortization requires a fixed graph, since the cost is paid once and reused
across instances ( C.4). Thus, this leaves the forward pass as the only place the traversal can occur,
which is the object of our study. The second is a learning problem. A large but finite set of graphs
is past the in-weights regime, but repeated subgraphs give spurious correlations (Frydenlund, 2024;
Wang et al., 2023). Generating every instance uniquely removes both, leaving the forward pass as the
only place the traversal can occur.

The last two assumptions are of a different kind from the first three. Assumptions 1 to 3 would be
adopted by anyone asking our question, whereas Assumptions 4 and 5 are specific to it. Semantics
and memorization are not confounds in general, and there are questions for which they are the object
of study rather than something to be removed. Dropping Assumption 5 gives rise to the in-weights
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setting, which we describe next ( C.4). Assumption 4 is an independent choice within that setting,
and multihop question answering drops both.

C.4 THE IN-WEIGHTS MODEL

Assumptions 4 and 5 are the ones most likely to give pause. Recall that multihop question answering
is the special case in whichW is a knowledge base, K = (E, R), so that the nodes of G are entities
and its edges are relations ( C.1). Both assumptions are violated there. Entities carry meaning
and stand in relation to one another, and K is fixed and seen many times over training rather than
generated anew for each question. Thus, these two assumptions rule out the most ubiquitous multihop
reasoning task in NLP.

Claim 5 warned that the aspects we remove may interact with traversal, and studying that interaction
requires a setting in which they are present. The definition already provides one ( C.1); rather than
supplyingW anew for each instance, fix it and learn it during training. G then resides in the weights
rather than in the context, providing the in-weights setting.

The two settings support different questions. We ask whether a model can learn to perform multihop
traversal without memorization. The in-weights setting asks how a model learns when memorization
is allowed. Importantly, the two settings have very different learning dynamics.

Noroozizadeh et al. (2026) demonstrated how much this change matters. They studied the path-star
task with the graph held in the weights and learnt over training, rather than supplied in the context.
Importantly, theirs is a controlled study, and it is controlled in the same way ours is, so the only
substantive difference is whether G is supplied in the context or held in the weights. The paths
had a fixed length, so there is no MMHT. The train and test paths are disjoint, so they evaluate on
held-out paths (though every edge was seen during training). Whereas the original in-context task is
unlearnable with NTP and without MMHT on small graphs, they easily scaled to massive graphs of
up to 5× 104 nodes with k of 6 to 10. Thus, the task is the same and the controls are the same, so
only the setting can account for this difference in results, which implies different learning dynamics.

They attribute this to how the graph is stored. The model organizes the node embeddings so that
their geometry reflects the multihop structure of the graph. This geometry arises from training on the
individual edges alone, with no path supervision whatsoever. Importantly, the multihop aspect of the
task then collapses to a lookup at inference. The composition still happens, but it is amortized over
training rather than performed at inference. This matters because multihop reasoning is generally
taken to be a traversal performed at inference, and not the learning of compositional facts. Thus,
dropping Assumption 5 does not relax our setting, rather, it replaces it.

The in-weights setting does not merely make traversal easier, it can remove the need for it. This
is counterintuitive given how the setting is generally studied. Work on multihop QA holds the
knowledge base in the weights, yet asks whether the model traverses it at inference, such as by
locating a bridge entity within the forward pass (Yang et al., 2025b; Balesni et al., 2024). Traversal is
assumed to be the thing which is learnt, and a failure is read as an inability to compose. However,
the setting itself admits a solution in which no traversal occurs at inference, which is the remarkable
finding of Noroozizadeh et al. (2026). A failure may then indicate that the structure was not stored,
rather than that the model cannot traverse it. Thus, an in-weights result may be about how structure is
stored rather than about multihop reasoning as it is usually meant.

The two settings are therefore not variants of a single model, they are different models. Which of
the two a result is about determines what that result can be taken to show. We strongly support
Noroozizadeh et al. (2026)’s emphasis on this point, where they wrote that ‘a takeaway from [their]
work is to be deliberate not to conflate insights from the in-context setting with that of the in-weights
setting (a distinction that is rarely made explicit in literature)’. They give a fuller account of the
distinction, along with an organized list of prior works under each setting, and we defer to it rather
than duplicating it here.

The two settings are best read as limits. In the in-weights limit, G is fixed and can be committed to
memory in full, so traversal can in principle be eliminated. In the in-context limit, G is unseen and
nothing about it can have been stored, so all of the structure must be computed at inference. Most
tasks of interest sit between the two. Multihop QA is the clearest case, as the entities and relations
are held in the weights, whereas the question, and often retrieved evidence, are supplied at inference.
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Frequently occurring compositions may well be stored, whereas rare ones must be composed. Note
that we offer this as a conjecture about where real tasks sit rather than as a result.

Semantics is an independent choice within the in-weights setting. Noroozizadeh et al. (2026) kept
their nodes semanticless, and Wang et al. (2026a) compared semantic and semanticless representations
of the same knowledge graph, so the setting does not require semantics. Indeed, they found the natural
language forms gave noisy scaling trends whereas random identifiers gave a clear and reproducible
one, which they attribute to the information carried by the lexical form of the entity and relation
names. Multihop QA drops both. However, retaining semantics makes auditing unavoidable, since
the set of possible shortcuts is not known in advance. This auditing is what limits the scale, and Yang
et al. (2025b) and Balesni et al. (2024) are both restricted to two hops as a result ( D.2).

Minegishi et al. (2026) trained a single-layer transformer on two-hop compositions over a fixed
relational graph, plus an analogical mapping between two copies of it, proving a in-weights setting
that supports analogical reasoning. They also formalized analogy as a functor between categories,
and showed that it is acquired later than composition.

Wang et al. (2026a) studied scale in the in-weights setting along a different axis, namely the parameter
budget. They trained on the individual triples of a fixed knowledge graph and tested on triples which
follow from the latent rules the graph was generated under. They found that the minimal parameter
budget required scales linearly with what they call the graph search entropy, which is the entropy rate
of a maximal entropy random walk over the graph, and that the largest model was not the best one.

Zhong et al. (2025) studied multi-token prediction in the in-weights setting. They found that multi-
token prediction improved path prediction over next-token prediction, and that the gain was largest
on the paths which required the most inference beyond what was observed in the training data. They
attribute this to a transfer layer which learns the powers of the adjacency matrix, which is the same
object as the distance matrix our skips require the model to compute (§2.1). The difference is where
it resides, as the powers are stored in the weights of a single graph there, whereas here they must be
computed within the forward pass for a graph which has never been seen. Multi-token prediction
thus helped in both settings, and by supplying supervision on the same structure, but the learning
dynamics of the two settings differ.

Given the different learning dynamics in the two settings, we strongly recommend that future
researchers be very clear about which setting they are evaluating, as this detail is often a
single line hidden in the method section, or is not stated at all and must be inferred from the
experimental details. Tong et al. (2026) illustrates the difficulty. They considered generalization to
unseen graphs and to longer path lengths for in-weights shortest path search. Their use of multiple
graphs makes the setup look like the in-context task, and the test graphs even have disjoint node sets,
but the number of graphs is minimal, and the models were pretrained on random walks over all of
them, so the graphs are only unseen during finetuning. They found that models generalize across
graphs, which is expected given that pretraining, but that even in the in-weights setting they fail to
generalize to out-of-distribution lengths.

D EXTENDED RELEVANT WORK

D.1 GRAPHS AND LLMS

There is a strong interest in applying LLMs to non-text-based tasks, despite LLMs being designed
for and trained on language (Brown et al., 2020). However, applying LLMs to graph-based tasks
is challenging due to a mismatch between data and model design. LLMs were designed to process
sequential data. Thus, graphs must be encoded linearly for an LM; however, there is no canonical
linearization of a graph, and the chosen order has a large effect on performance (Fatemi et al., 2024;
Ge et al., 2025; Yuan et al., 2025).

LLMs often perform surprisingly poorly on graph-based tasks (Wang et al., 2023; Liu & Wu, 2023;
Fatemi et al., 2024; Guo et al., 2023; Dai et al., 2024; Perozzi et al., 2024; Ge et al., 2025; Tang et al.,
2025).

Importantly, prior work has shown that LLMs fail to understand and exploit graph topology when it
is given as part of the prompt (Huang et al., 2024; Xu et al., 2025; Guan et al., 2025). Instead, LLMs
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largely ignore explicit structure in favour of inferring structure from node semantics (Huang et al.,
2024). This is possible for some tasks due to local homophily, a phenomenon in which semantically
similar nodes tend to connect more closely in natural data (McPherson et al., 2001). Xu et al. (2025)
corroborated these findings under different graph encodings, stating that ‘most structural encoding
strategies offer marginal or even negative gains’ and that this was consistent across LLM sizes and
even for a ‘reasoning’ model. This led them to suggest that using structure is unnecessary for LLMs.
Also, the attention patterns of LLMs do not correspond to graph structures, implying a lack of
traversal across the graphs to solve tasks (Guan et al., 2025).

Prior work has considered how to use natural language to describe graph structure and semantics (Ye
et al., 2024; Chen et al., 2024b; Zhou et al., 2025a). Dai et al. (2024) showed the limits of using text
descriptions of graphs for graph tasks.

Park et al. (2025) showed how in-context representations of graph structure emerge for graph
navigation on grid topologies. Note that here ‘in-context’ is in-context learning using LLMs. The
provided graph tokenization is a series of random walks over the graph. Interestingly, this will act
as a replication of the adjacency list, which will bypass the causal constraint as in §3. This was
followed up by Lepori et al. (2026), who showed that even though models can use in-context learning
to represent graph structure, models often then fail to take advantage of this structure in downstream
tasks.

Even though knowledge graphs are a rich source of structured information, incorporating this into
LLMs is an open problem (Li et al., 2024b; Tang et al., 2024; Chen et al., 2024b; Wang et al., 2024b;
Luo et al., 2024a; Kong et al., 2025; Wu et al., 2025, among many others).

D.2 CONTROLLED SETTINGS AND SYNTHETIC DATA

Studying graph search in natural language introduces confounds that obscure whether a model is
genuinely traversing the reasoning graph. The latent graph G is unknown and must be inferred from
text; world knowledge and memorization can produce correct answers without actual path discovery;
and surface-level correlations can yield shortcuts, particularly when k is small. There are also retrieval
and reading-comprehension limitations which are unrelated to the multihop search process itself.
These confounds make it difficult to isolate the core difficulty of multihop reasoning.

We control for them by using language models trained from scratch on synthetic data, where there is
no prior knowledge to exploit, the graph structure is explicit and varied, and the only path to a correct
answer is structural traversal. This makes learnable graph search a controlled environment for
studying multihop reasoning, where success is evidence of latent structural computation.

Controlled settings with synthetic data are widely used when studying reasoning in LMs. Saparov &
He (2023) generated synthetic ontologies with fictional concept names in order to avoid confounds
from knowledge acquired during pretraining, and analyzed the generated chain-of-thought rather
than the predicted label. More broadly, many used synthetic symbolic tasks to ensure a controlled
environment when studying multihop reasoning (Zhang et al., 2022; Ramesh et al., 2024; Khona
et al., 2024; Wang et al., 2024a).

Yang et al. (2025b) provides a nice comparison with our work under different motivations, as they
studied the extent to which pretrained LLMs can perform latent multihop reasoning without shortcuts.
Considering LLMs introduces multiple practical issues, which we avoid. First, they need to identify
when and how LLMs employ shortcuts. This leads them to focus their inquiry on a single type of
shortcut based on co-occurrence information (Ju et al., 2024). This doesn’t rule out other types of
shortcuts. Second, because LLM data is generally inaccessible, they must use a ‘proxy corpus’ to
create a test set such that head and answer entities never occurred in the proxy corpus. This does
not rule out such co-occurrences happening in the true training data. This co-occurrence-based
filtering led to the creation of a small dataset, which only considers 1- and 2-hop questions. Finally,
as most LLMs default to using CoT, they need to suppress test-time compute behaviour by framing
the question and prompting the model to ‘fill in the blank’ with an immediate answer. They find that
the specific semantics of the bridge entities is the largest determiner of performance. For example,
the best models perform latent multihop reasoning when bridging on a county but fail when bridging
on a year. This does not rule out that these models just have poor representations of years, which is a
known issue (Yang et al., 2025a; Yuchi et al., 2026).
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Similarly, Balesni et al. (2024) used synthetic data to try to bypass these practical issues with LLMs.
Their argument is similar to the use of a proxy corpus, in that synthetic data will have a low chance of
being in the training data, where they stated that ‘by using synthetic facts, we rule out memorization
and reasoning shortcuts as explanations for two-hop performance’. Again, this data issue limits
their study to 2-hop questions. They found that fine-tuned LLMs fail to reason when composing
two synthetic facts, and require that one fact be non-synthetic, learned from pretraining. This result
implies that memorization or neural language representation remains a confound in this setup. Li
et al. (2026) ‘resynthesized’ the data by randomly substituting entity names and numerical values.
This was done to ameliorate the related – and broader – issue of data leakage from LLM pretraining.

We are not framing the limitations of these works negatively; rather, they are examples that
demonstrate how difficult it is to control for various confounds when using LLMs with real-
world data; while these issues can be alleviated, they can not be entirely ruled out, and they
affect the conclusions of these works. These examples thus justify the use of a strictly controlled
setting using purely synthetic data and language models trained from scratch to avoid these
confounds.

Lin et al. (2025) found a structural shortcut that can be learnt for simple multihop addition and
subtraction statements. This shortcut arises due to an asymmetry between addition and subtraction,
where the former is commutative and the latter is not. This allows the model to learn addition
and subtraction when the variable is left-side via chaining terms, which is not a viable method for
subtraction when the variable is on the right-side. This shortcut can be analyzed in relation to our
work, where addition and left-side subtraction induce a latent linear graph (hence the ‘chain’ solution),
where right-side subtraction induces a latent tree.14

D.3 EXPRESSIBILITY AND LEARNABILITY OF GRAPH AND OTHER COMPOSITIONAL TASKS

There are theoretical motivations for applying small LMs to graph-based tasks. Small LMs provide a
controlled environment, allowing one to probe the limits of expressibility and learnability of LMs
and the underlying model, such as transformers (Back De Luca & Fountoulakis, 2024; Sanford et al.,
2024a; Khona et al., 2024; Cohen et al., 2025; Qharabagh et al., 2026).

Expressibility concerns the question: can model M compute task T , which relies on a precise
definition of both M and T . This includes the computational budget of M . For transformers, this
concerns the number of layers, the embedding dimension, and sequential computation (which is often
tied to the task). Expressibility results for graph tasks are stated in terms of the number of layers and
the embedding dimension, as a function of the graph size. This means one can select a model which
is large enough for the task by construction, and attribute any remaining failure to learnability. This
is how we select our model size ( J).

Learnability asks the question: can model M actually learn task T under learning conditions C. A
task being expressible implies that there exists a model parameterization that can solve the task,
but not that the task is easily learnable, as finding that parameterization may be very difficult. The
path-star task is a prime example of this, where it is easy to express (Frydenlund, 2024), but very
difficult to learn (because it is designed to be adversarial to learn) (Bachmann & Nagarajan, 2024,

D.4).

Expressibility. Sanford et al. (2024a) developed four computational classes for transformer
expressibility on graph tasks, stated over the depth L and the embedding dimension m with
N = O(|N |+ |E|). These range from a single wide-enough layer (Depth1), to L = O(logN) with
m = O(N ϵ) (LogDepth), to either adding a polynomial number of pause tokens (LogDepthPause) or
instead widening to m = O(N1/2+ϵ) (LogDepthWide). They then grouped graph tasks into three
families: retrieval tasks such as edge existence are solved in Depth1, parallelizable tasks such as
connectivity are solved in LogDepth, and search tasks are the hardest family. Shortest path is a search
task, and is solved in LogDepthWide, so logarithmic depth and polynomial width suffice without any
pause tokens.

14We disagree with their conclusion that ‘language models rely on shortcuts for implicit reasoning’ which is
also implied in the title ‘Implicit Reasoning in Transformers is Reasoning through Shortcuts’. This is a very
broad conclusion. While their work supports the claim that language models can learn shortcuts in lieu of
implicit reasoning, and they identify a very interesting shortcut, the causes for this shortcut will not apply to
most reasoning tasks.
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A transformer can express various multihop reasoning tasks with k hops using log(k) layers. This
includes Khops (Sanford et al., 2024b), shortest path on path-star graphs (Frydenlund, 2024), and
graph connectivity (Sanford et al., 2024a; Merrill & Sabharwal, 2025; Ye et al., 2026). These are
instances of a general phenomenon identified by Liu et al. (2023), who showed that a shallow non-
recurrent transformer can exactly simulate any semiautomaton on a length-T input with O(log T )
layers, and with O(1) layers when the associated group is solvable. They called these shortcut
solutions.15

Depth can be traded off against width. Yehudai et al. (2025) showed that one can trade off model
depth for dimensional width when solving various graph tasks. They show that this is valuable, since
width is parallelizable on GPUs, leading to empirical speedups. Their lower bounds are stated for
a specific tokenization, where each token is a row of the adjacency matrix, and thus, as discussed
below with Bechler-Speicher et al. (2026), expressibility results are tied to the tokenization used.
This illustrates that one must be very careful when translating different results across graph tasks
and experimental setups. We discuss their comparison of graph tokenizations in D.5. Yao et al.
(2025) proved a similar trade-off for their k-hop task, where the product of the depth, width, number
of heads, and bits of precision must grow linearly in k. Their bound holds when the attention pattern
does not depend on the query entity, and they noted that shortcuts using fewer layers exist for some
relation sets.

London & Kanade (2025) proved that including ‘pause tokens’ strictly increases the expressibility of
transformers. Sanford et al. (2024a) also found that these lead to a different expressibility family. Our
inclusion of the node list will act in a similar way to pause tokens, and so this change in expressibility
may explain the observed change in learnability. Note that shortest path is expressible without pause
tokens given sufficient width, so this is not a statement that the extra positions are necessary. These
are asymptotic regimes, and satisfying their form at a fixed graph size does not certify a particular
finite model, so we cannot rule out that +N changes what our model can express. What is interesting
is that STAN decreases the overall token count for the edges to 1/3. Thus, this improvement can not
be explained solely by raw token count.

Bechler-Speicher et al. (2026) considered the expressibility of three different graph tokenization
schemes for graphs: adjacency lists (per node), random walks, and spectral encodings. They show
that while the latter two encodings are derived from adjacency lists, transformer models can not
convert between encodings under a fixed depth, and that the different representations have different
expressibility for certain graph tasks. Note that the latter two ‘tokenizations’ are more of a feature
preprocessing that encodes graph-global information into each node encoding. This is orthogonal to
our work, which only encodes singular edge or node information into each token (via raw edge- and
node-lists), and encoding graph-global information would run contrary to our core scientific question,
which is how language models can learn graph-global information from local encodings efficiently at
scale.

Our model design follows from these results. These bounds imply that our tasks are expressible
by small transformers, as the required depth and width grow slowly in the size of the graph and in
the number of hops. We therefore use models of L = 11 layers and m = 256 dimensions or smaller
( J), which satisfy the depth and width required at our graph sizes. Any remaining failure is then
attributable to learnability rather than to expressibility.

Learnability. A model with enough depth and width to express a task will not necessarily learn
the intended solution Liu et al. (2023) found that these ‘shortcut’ solutions are learned by standard
training, but that they are brittle. Their models failed to generalize to unseen sequence lengths and
degraded under limited supervision, while a recurrent LSTM was unaffected. They showed that a
recency-biased scratchpad could guide the transformer towards the recurrent solution instead, so
what is learned depends on the supervision rather than on the depth. Ye et al. (2026), who consider
in-weights graph connectivity, noted that training models within their expressibility limits can lead to
learning the underlying algorithmic solution; however, exceeding this will result in learning shortcut
solutions. Khona et al. (2024) found no qualitative change in the learning dynamics of their in-weights
shortest-path task as they varied the number of layers. They instead attributed failure to a simplicity
bias, where the model prefers a shallower solution than the task requires. They then found a critical

15Their use of ‘shortcut’ refers to the depth of the model being smaller than the number of sequential reasoning
steps, and such a solution is exact. This differs from our use of the term, which refers to a solution that exploits a
spurious feature of the data and is not exact.
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embedding dimension, around 20 for a graph of 200 nodes, above which their model generalized to
all held-out node pairs, so width and not depth was the binding constraint in their setting. Yao et al.
(2025) likewise found that their model performed the task by looking up one hop per layer, which is
what their bound predicts when the width is held fixed. Sanford et al. (2024a) expected shortest path
to require a very large model, and only their pre-trained 60M-parameter model approached optimal
performance, whereas we solve the harder in-context version with ≈ 6M parameters trained from
scratch.

Li et al. (2026) found that LLMs do not generalize to longer hop lengths, even when provided
with test-time compute. Xu et al. (2026b) studied how many latent planning steps a model can
learn to perform. They found that transformers trained from scratch discovered at most three latent
steps, while finetuned frontier models reached five and a frontier model reached seven with few-shot
prompting. They also found that a strategy discovered at five steps generalized to eight steps at test
time, separating the difficulty of discovering a strategy from the difficulty of executing it, and that
this separation was not resolved by scale. Wang et al. (2026a) similarly found that the largest model
was not the best, and that the optimal parameter budget scaled with the entropy of the graph search
task rather than with model capacity.

Lee et al. (2025b) showed how a ‘self-improving’ process can act as a form of extended curriculum.
They show OOD length generalization by training the model on its own OOD predictions, thereby
extending its in-domain distribution without extra human supervision or annotation. This technique is
interesting in that it blurs the lines of what OOD means. They consider mazes, which are topologically
equivalent to random trees with |N | = 30.

How task decomposition affects learnability has been studied (Wies et al., 2023; Dziri et al., 2023;
Abbe et al., 2024; Wang et al., 2025). This often concerns length or other OOD generalization (Zhou
et al., 2024a;b). Zhao et al. (2026) considered the learning dynamics of arithmetic and sorting tasks.
They find that models learn multiple sub-skills in parallel. This is similar to our finding that models
do not learn to generalize across k′ on path-star graphs, where each k′ is a sub-skill. They concluded
that training data correlation and distributional shifts were the cause of this. However, that can not be
the reason for failure in our case, as we only consider in-domain distributions and go to great lengths
to avoid spurious correlations with the training data.

As mentioned in Sec 1.2, Yao et al. (2025) considered a synthetic natural language k ≤ 4-hop task.
They empirically demonstrated that the number of unique training instances needed to learn the task
grows exponentially with k. MMHT improves this to be polynomial with k. They called this an
increase in ‘training budget’, but the growth is in the number of instances, not training steps (as is
our main concern). We suggest readers consider this an ‘annotation budget’, where, despite using a
synthetic dataset, they asked the question, ‘if one has a k-hop task, how many training instances do
we need to annotate?’ and answered that it grows exponentially with k without the use of MMHT. An
increase in data, even when it is ‘non-factual’, can help accelerate grokking (Abramov et al., 2025).
Wang et al. (2026c) showed that for some tasks, uniform data sampling is sub-optimal, and sampling
from a power distribution leads to a significant improvement in learnability.

Compositional tasks also relate to curriculum learning due to the impact of MMHT (Frydenlund, 2025;
Yao et al., 2025). Mordig et al. (2026) found no advantages to using a difficulty-based curriculum on
arithmetic and logic tasks. The benefits of a true explicit inter-sample curriculum may be masked or
already provided by implicit intra-sample MMHT, for many compositional or multihop reasoning
tasks. They considered that difficulty can be characterized in various ways. We believe this to be an
important point that is often neglected. We also show this as the number-of-hops and task-length are
different sources of difficulty (leading to both MMHT and MMLT in L.1.1).

We recommend Yuan et al. (2026) as a primer on theoretical issues concerning discrete reasoning
with language models.

D.4 THE PATH-STAR TASK AND PATH-STAR GRAPHS

Here we list works that consider either the path-star task proper, a modified version, or path-star
graphs.16 The task originally set out by Bachmann & Nagarajan (2024) did not use MMHT. This is

16We went through each work listed on Semantic Scholar which cited Bachmann & Nagarajan (2024) and
filtered these for ones which build on their work. This was done in May 2026. Citations are listed in temporal
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important as introducing MMHT, which can be done in various ways – and ways which may not be
obvious – will significantly change the difficulty of the task (Frydenlund, 2025). For example, various
works introduce MMHT: (Saparov et al., 2025; Frydenlund, 2025; Prakash & Buvanesh, 2025; Patel
et al., 2025; 2026; 2025; Bohnet et al., 2026). Others modify or replace the graph topology (Saparov
et al., 2025; Frydenlund, 2025; Lee et al., 2025b), or introduce other changes (Thankaraj et al.,
2025; Pipis et al., 2025). This is often done without consideration that this itself changes the
learnability of the task. See Xu et al. (2026b) for a work which explicitly considers the original task
without using MMHT. They find that small LMs can learn the task for k = 4 for d ∈ {2, 3, 4, 5}
and that certain LLMs can be finetuned to learn it consistently up to k = 5. Interestingly, when this
happens, they show that such models also get OOD generation to up to k′ = k + 4.

We group the works by method (some using multiple methods): next-token prediction: (Saparov
et al., 2025; Lee et al., 2025b; Xu et al., 2026b), multi-token prediction: (Yin et al., 2024; Frydenlund,
2025; Gerontopoulos et al., 2025; Zuhri et al., 2026; Mahajan et al., 2026; Teoh et al., 2026; Huang
et al., 2026), discrete diffusion: (Ye et al., 2023; Frydenlund, 2024; Ye et al., 2025a; Patel et al.,
2025; 2026; Trainin et al., 2026; Wang et al., 2026b), reinforcement learning: (Setlur et al., 2024;
Zhou et al., 2025b; Bobbili et al., 2025; Prakash & Buvanesh, 2025; Monea et al., 2025; Wei & Kim,
2026)17, novel architectures (sometimes to support MTP): (Yin et al., 2024; Hu et al., 2025; Ahn
et al., 2025; Mahajan et al., 2026; Teoh et al., 2026), and scratchpads or intermediate sequential
reasoning: (Frydenlund, 2025; Thankaraj et al., 2025; Alberghi et al., 2025; Xu et al., 2026b).

We reiterate that we do not believe the path-star task or path-star graphs should be used to
benchmark novel methods. Solving the task is not the point of the task; understanding why it is
difficult is the point.

Concurrent to this work, Huang et al. (2026) studied the learning dynamics of MTP on the path-star
task and proved that MTP and NTP induce different dynamics. Their theoretical analysis was limited
to d = 2, k = 2 graphs and a two-layer disentangled transformer. Their experiments used d ∈ {2, 5}
with k = 4. These results should be compared against the NTP results of Xu et al. (2026b), who
learned graphs of this size without MTP, and against our MTP results. We encourage the reader to
consult their work directly, as the methodology and scale differ substantially from ours.

Bohnet et al. (2026) showed an equivalence between Blocksworld and the topology of path-star
graphs, where each stack in Blocksworld corresponds to an arm in a path-star graph. To identify
a stack containing a target block, the model must traverse the stack to find a target block, which
requires solving the same task as the path-star task. Thus, a subproblem of Blocksword is expressible
as the path-star task. However, they use stacks of different sizes, thus inducing MMHT (Frydenlund,
2025). Also, they only consider using reasoning-enhanced LLMs and evaluating the task via one-shot
in-context learning with (non-latent) CoT. Hence, it was evaluated under very different conditions,
and any insights on learnability or performance are very different.

D.5 ALTERNATIVE INPUTS OR TOKENIZATIONS

Our alternative input scheme, STAN, relates to multiple lines of work. First, work on permutation
invariance (Zaheer et al., 2017; Chen et al., 2023b). This relates to alternative model parameterizations
which forego the causal constraint, including non- and iterative-autoregressive models, discrete
diffusion models, and other architectures (Gu et al., 2018; Ghazvininejad et al., 2019; Monea et al.,
2023; Austin et al., 2021; Nie et al., 2026; Yang et al., 2019; Liao et al., 2020; Chen et al., 2025).

Second, work on positional embeddings to structure task information. Much like the path-star task,
multi-digit arithmetic is a seemingly simple latent multihop reasoning task that is non-trivial for LMs
to learn (Lee et al., 2024b; Zhou et al., 2024a).18 This often has to do with the positional embeddings
used (Shen et al., 2023). One solution which makes the task more learnable is to structure the input by
reusing or coupling positional embeddings for both operands (McLeish et al., 2024; Cho et al., 2024;

order; however, publication dates are used where possible. This means that some published papers actually
predate preprint-only papers when considering preprint dates.

17Wei & Kim (2026) is slightly different but we included it as we believe it will be of interest to others doing
work with RL.

18Seemingly simple from a human perspective, but one should be careful not to assume that this implies that
it is easy to learn for a model. Thank you to Graeme Hirst for pointing that out.
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2025). For STAN, we essentially reuse the same ‘positional’ token ‘|’ for all edges (and likewise we
reuse ‘/’ for all the nodes).

Wen et al. (2026) recently showed that LLMs fail to learn simple copy tasks. To address this, they
proposed a 2D variant of RoPe that couples positions along the new dimension. They showed (a)
empirically allows the models to solve the task and (b) expands the expressivity of 1-layer models to
solve this task. Note that this couples positional embeddings; however, the underlying inductive bias
is that similar positions have similar or related content. As such, an alternative strategy is to couple
the content tokens under a single positional embedding, which is what we do.19

Third, work on compressing or reducing the size of the input stream, which often also relates to
the use of continuous representations as inputs (Zhang et al., 2026d; Hao et al., 2025; Tan et al.,
2025; Tang et al., 2026a). This has been used in conjunction with MTP to improve both training and
inference efficiencies (Peng et al., 2026; Tan et al., 2026; Xiong et al., 2026).

As an aside, this relates to continuous chain-of-thought, which autoregressively inputs the model’s
prior hidden-state into the model instead of decoding this to a discrete token (Hao et al., 2025). This
leads to the concept that this hidden- or latent-state is a ‘super-position’ of multiple potential discrete
tokens, and that these can encode multiple reasoning paths in parallel, thus acting as a form of implicit
search across multiple paths (see Cui et al. (2026) and Rizvi-Martel et al. (2026) for demarcations
of this behaviour). Zhu et al. (2025a) then proved that this continuous CoT allows a two-layer LM
to express graph reachability more efficiently than discrete CoT.20 On the surface, such work looks
highly related to ours; however, it is different despite having similar terminology. First, when they
describe a latent process, they are not performing implicit latent multihop reasoning across layers
as in our setup. Rather, reasoning is performed explicitly by sequentially generating autoregressive
‘latent’ tokens, which are ‘latent’ by the fact that they are not articulated or surfaced as discrete
tokens. Thus, expressibility and learnability are very different. Second, they hypothesize that their
compressed superposition inputs are encoding multiple search paths. This differs from us and the
work above, which explicitly compresses multiple sequential tokens from a single path. Note that
in our latent multihop reasoning, such multi-path ‘super-position’ hidden-states may also exist, just
across the model layers (Saparov et al., 2025; Cohen et al., 2025).

Finally, work on alternative encodings specifically designed for graph data (often using a GNN as an
encoder or ‘prefix’) (Ren et al., 2024; Perozzi et al., 2024; Shirai et al., 2025; Behrouz et al., 2025;
Bechler-Speicher et al., 2026, among many others). Yehudai et al. (2025) compared three graph
tokenizations: edge-lists, rows of the adjacency matrix, and Laplacian eigenvectors. They found that
adjacency rows outperformed edge-lists on three molecular property prediction tasks. This reduced
the number of tokens from O(|E|) to O(|N |), which was their stated motivation. Like STAN, this
changes how local edge information is packed into tokens while also reducing the token count. Unlike
our setup, they did not separate the effect of the tokenization from that of the shorter sequence.

D.6 MULTI-TOKEN PREDICTION

Multi-token prediction is a generalization of the NTP learning paradigm (Bengio et al., 2003; Dai &
Le, 2015). NTP uses a sequential self-supervision rule that algorithmically creates a single target for
each input. MTP generalizes this sequential self-supervision rule to create multiple targets per input,
where the labels are in some future window of size n (Stern et al., 2018; Goodman et al., 2020; Qi
et al., 2020; Monea et al., 2023; Gloeckle et al., 2024; Cai et al., 2024). Thus, MTP is actually a form
of multi-label or structured prediction (Zhang & Zhou, 2014; Bakır et al., 2007; Liu, 2009).

Various LLMs have incorporated MTP into their pre-training (Liu et al., 2024a; Xiao et al., 2026;
Team, 2026). In addition to improving inference and regular pre-training, MTP can also improve RL
post-training (Xiao et al., 2026). MTP also benefits small LMs (Aynetdinov & Akbik, 2025).

MTP provides benefits during training, where it can lead to better models and/or faster convergence
(Gloeckle et al., 2024; Peng et al., 2026). Gloeckle et al. (2024) speculated that MTP upweights
‘choice points’, citing Bachmann & Nagarajan (2024), via a counting argument over a single fixed

19They also showed that 2D RoPe applies to general models on natural language text, with line breaks being
used to determine the second axis. Whereas our strategy is based on a data-specific inductive bias: that an edge
is a single entity.

20Where graph reachability is equivalent to finding any path, not just the shortest path.
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sequence. Their choice points are not formally defined and are not the choice nodes we define, which
follow from the graph topology. Their tasks were induction over natural language and polynomial
arithmetic, neither of which is a search over a graph, so our theoretical model does not hold for them.
They speculated as to why MTP helps and did not prove it.

It can also improve inference-time throughput when paired with speculative decoding (Stern et al.,
2018; Cai et al., 2024; Xia et al., 2023; Chen et al., 2023a; Leviathan et al., 2023). However, as our
work concerns learnability and scalability, we do not consider the benefits of MTP for inference.21

The main practical challenge of MTP is inducing multiple predictions at a single time step. This
can be achieved in various ways; however, the most common way is to modify the architecture to
parameterize n predictions for each step (Gloeckle et al., 2024; Cai et al., 2024). This can be made
dynamic by using a sequential model (Ankner et al., 2024; Liu et al., 2024a).

Alternatively, Gerontopoulos et al. (2025) introduced the idea that new hidden-states can be induced
via inputting mock ‘register’ tokens. These are a kind of masked token with positional information
telling the model which target token to predict from a given register input. A major limitation of
this is the increased sequence length. As such, they need to subsample tokens in the future window,
resulting in non-contiguous windows (Liu et al., 2025). Zheng & Li (2026) used a method which
combines both projective MTP and mock registers.22 The relationship between MTP and sequence
length has been explored in other recent works (Peng et al., 2026; Tan et al., 2026; Xiong et al., 2026).

Another alternative for MTP with a dynamic future window can be achieved without modifying
the model or the inputs. This is done by treating the MTP as a multi-label or structured
prediction task, where future tokens are predicted using a structured loss function that encodes
the future predictions into a given pre-existing hidden-state (Yin et al., 2024; Frydenlund, 2025).

The most intuitive method for this is the BoW MTP method introduced by Yin et al. (2024).23 This
models the assumption that each future token is equally valid at position i. Thus, BoW is equivalent
to uniform label smoothing over the future window (Frydenlund, 2025). This lack of order is a
major limitation for this method. We know that the above assumption is not true, and it ignores
temporal or sequential information for which we have explicit supervision. This issue can be solved
by using a structured loss that preserves the order, using the learning-to-rank paradigm (Luce et al.,
1959; Plackett, 1975; Cao et al., 2007; Xia et al., 2008; Liu, 2009; Reddi et al., 2021; Lee et al.,
2024a). Examples of these are a pairwise ranking loss (Frydenlund, 2025) or the Plackett-Luce loss
defined in Eq. 1. See H for more technical details of Plackett-Luce.

The major limitation of this approach is that all tokens in the dynamic future window must be
unique in order to support ranking, so the size of that window is data-dependent. As such, the
benefits of this MTP approach will be minimal when there are many repeated targets in the sequence.
Practically, this issue can be addressed by just masking out repeats (Zuhri et al., 2026, L.1).

Other recent works considered a structured BoW loss (Mahajan et al., 2026; Peng et al., 2026). Zuhri
et al. (2026) introduced a near-identical rank-based MTP method as Frydenlund (2025), except they
used a non-probabilistic listwise loss instead of a non-probabilistic pairwise loss (and we use the
probabilistic listwise Plackett-Luce loss in this work). Both works applied it to the path-star task;
however, Zuhri et al. (2026) also considered other tasks in natural language modelling as well, and

21Even though RITF can achieve faster inference with speculative decoding (Zuhri et al., 2026).
22Interestingly, Zheng & Li (2026) framed future predictions as being ‘deprived of [] critical immediate

context’, which leads to ‘these heads naturally producing a high-entropy, context-deficient distribution that
perfectly fits the definition of an amateur’ (Zheng & Li, 2026). This runs contrary to the main argument of
our work and Frydenlund (2025), where this context-deficiency and high-entropy are precisely why MTP
is beneficial for multihop reasoning tasks. The lack of immediate context is what creates a mixture of hop
sizes, leading to an increase in the number of loss terms and thus SSE. The high entropy of some of these terms
is an indication of the curriculum-like mix of difficulties among these terms. Thus, what they are describing as a
deficiency can also be a benefit depending on the tasks for which MTP is applied.

23They introduced this as a strong baseline to test their novel ‘Semformer’ model against on the path-star
task, where the BoW baseline nearly works as well (explained by the induction of MMHT (Frydenlund, 2025)).
Kudos to them for developing such a strong baseline when the goal of the paper was to establish the value of
their Semformer model. To the best of our knowledge, their BoW model is the first method to treat MTP as a
structured prediction task. Given the number of recent works that also treat MTP as a structured prediction
task, we believe the scientific value of this ‘baseline’ was understated in their work.
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their work was otherwise far more focused on evaluating the method itself, whereas Frydenlund
(2025) was focused on the effect of MMHT on the path-star task.

Various works showing that hidden-states naturally encode future information support the structured
prediction view of MTP (Pal et al., 2023; Wu et al., 2024a; Pochinkov et al., 2025). Men et al. (2024),
Jenner et al. (2024), and Dong et al. (2025) considered how this behaviour leads to planning. Models
trained using NTP also encode their most probable tokens in early layers, with their next probable
token being encoded next, etc. (Lioubashevski et al., 2025). We suspect that MTP will lead to a
similar saturation order, and the layer one uses to perform MTP may affect such behaviour. Zhong
et al. (2026) showed how projection-based MTP promotes compressed belief-states, and that it can
lead to incorrectly prioritizing far-future tokens. They applied it to in-weights path search, both on
synthetic ER graphs and urban street graphs. Zhong et al. (2025) also showed the effectiveness of
MTP on in-weights path search. Ustaomeroglu et al. (2026) considers the interpretability of models
trained for the in-context shortest path task for both NTP and MTP; however, they use a max size of
N = 28 and k = {4, 6}.
Tang et al. (2026b) used noise to induce a joint distribution over the n predictions, which relates to
both MTP, masked discrete diffusion, and other noise-based generative models.

Samragh et al. (2025) showed how to convert an NTP-trained LLM to generate multiple tokens via
masking, similar to Gerontopoulos et al. (2025).

Noci et al. (2026) showed how to self-supervise continuous chain-of-thought via MTP where the
continuous chain-of-thought is used to create hidden-states to support MTP.

As an aside, Suleymanzade et al. (2026) considered how to train continuous chain-of-thought via
direct supervision on the latent thought tokens. They use distillation from a teacher model to produce
reasoning traces. They then create a weighted token embedding to represent an entire n-length
sub-span of the full trace. This has an insightful relationship with MTP and multi-label prediction.
Because no ground-truth reasoning traces exist, they can not use the sequential self-supervision rule
employed by MTP to algorithmically establish ground-truth multi-tokens and thus must resort to a
pre-existing LLM, leading to a distillation process. However, once individual targets were found, they
then used a weighted BoW loss to compress these into a single latent supertoken. They considered
three different weightings, which are handcrafted or data-independent. This is because the teacher
model can not form a distribution that is restricted to just these sequential labels. Thus, distillation
provides labels but not weights. This means that the core problem is the same as the multi-label
version of MTP, with the complication that the ground truths can not be algorithmically determined,
and they solved the weighted BoW problem using handcrafted weighting functions. Frydenlund et al.
(2022) showed how this can be converted to a ranking task. This work also showed that no single
weighting outperformed all the others in all situations. However, these different weightings created
different orderings between the tokens. This suggests that the inductive bias we assume with RITF in
that the tokens are ordered from near to far may not be universal. They also choose the weighting
functions specifically for their ability to reconstruct the original labels, suggesting these methods may
be useful for MTP.

D.7 MASKING, NON-AUTOREGRESSIVE MODELS, AND DISCRETE DIFFUSION MODELS

Token masking, non-autoregressive models (NAR), masked discrete diffusion models (MDM) are
closely related to MTP when applied to multihop reasoning tasks due to the fact that all three methods
induce MMHT in a similar way (Frydenlund, 2025). Whereas MTP results in a latent skip of
conditional information, this is done explicitly with masking, which is a necessary aspect to both
training and inference of NAR and MDM models (Lee et al., 2018; Ghazvininejad et al., 2019; Austin
et al., 2021; Nie et al., 2026). This may also explain the success of MDM on other symbolic multihop
reasoning tasks (Ye et al., 2025a;b; He et al., 2026). This connection is easy to see in light of the
method of Gerontopoulos et al. (2025), which explicitly uses masks or registers to support MTP. One
outcome of this is that discrete diffusion induces a subset of the MTP cost terms for graph tasks (See

I.1). Note that inducing the same cost terms does not imply that expressibility or learnability is the
same between LMs and discrete diffusion models Svete & Sabharwal (2026). Additionally, NAR and
MDM combine a masking-based loss with a non-causal model architecture. This is related to our use
of prefix LMs.
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Bachmann & Nagarajan (2024) used a ‘teacher-less’ model, which masks out all input tokens (Monea
et al., 2023). This is a special case where it is equivalent to a ’fully’ non-autoregressive model in
terms of its induced cost terms (Gu et al., 2018; Gu & Kong, 2021).24 It is also an MTP model, as
this ‘teacher-less’ method leads to learning the terms in Eq. 3 when i = 1. This also helps explain
why this ‘teacherless’ method is less preformative than other MTP methods, as it only induces k
terms, and these are the most difficult terms as they fully mask or skip all target-side conditional
information.

Hao et al. (2025) used a masking curriculum to remove parts of reasoning traces. This promotes the
model to instead use its own auto-regressively produced latent states to conduct multihop reasoning.
This masking out steps in the reasoning trace may induce MMHT. Masking has been shown to be
effective in other graph and reasoning tasks, which frames it as a form of ‘dependency regularization’
(Luo et al., 2024b; Chen et al., 2024a; Pham et al., 2025).

E A VISUALIZATION OF THE SEQUENTIAL SUPERVISION PROBLEM UNDER
NTP AND THE BENEFITS OF MTP

Figure 8: A path-star graph with query, Q = (29, 23). Node 29 is the sole choice node, with 55 and
23 predictable by shortcuts.

24The ‘teacherless’ model is slightly different in terms of parameterization, which masks all target-side
predictions to be independent.
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Figure 9: A directed graph with Q = (33, 2). 33, 6, and 8 are choice nodes. 21 is not, despite
having out-degree 2; as 33 is in the path, it is removed from consideration. The backward edge
from 21 to 33 is why the choice set must be defined over unseen neighbours rather than by out-degree
alone.
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(a) A graph with a sampled path s to t. Choice nodes (light maroon) support learning under NTP.

(b) Non-choice nodes (dark maroon) support trivial predictions via the CHC (red zigzag edges), absorbing
sequential supervision (Bachmann & Nagarajan, 2024). This shows where it happens on an arbitrary topology.

(c) MTP induces dense quadratic (to k) supervision. MTP restores non-choice nodes by inducing supervision
connections. Unlike regular edges, these are latent connections (dashed), and thus are not in the source-side
prefix and do not support the CHC. They also require multihop learning (tiny nodes), with the edge colour
indicating the number of hops.

(d) A good graph topology leading to a path with more choice nodes. Notice how the MTP supergraph remains
the same, showing that MTP is topologically independent (outside of the NTP connections).

(e) A bad graph topology, such as with an adversarial path-star graph leading to a path with a single choice node.
However, the MTP supergraph remains the same.

Figure 10: The Benefits of MTP. MTP supervision (c) is dense, unlike NTP (b), and topology-
invariant as shown by (d)-(e).
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F A VISUALIZATION OF THE CAUSAL CONSTRAINT, SPARSITY, AND
FRAGMENTED ROUTING

(a) A sparse graph with a path from s to t highlighted. Node colours help identify edges.

1

(b) The shuffled edge list E in the source-side prefix, providing a stream of edges under causality.

(c) After streaming 8 of 33 edges, the observable graph is 18 isolated components.

(d) At the halfway point, 16 of 33 edges, with 10 components.

(e) At 25 of 33 edges, there are 5 components. However, s and t are still unconnected.

(f) Only once all edges are observed does the shortest path from s to t exist.

Figure 11: Fragmented routing. A sparse graph with |V| = 26, |E| = 33 and k = 9. Panels (c)–(f)
show the graph as a stream of edges under a causal LM. As information can only be routed across
an edge once that edge has been observed, routing will be fragmented (with dotted edges and faded
nodes not yet observed). The strip above each of (c)–(f) reproduces the stream of E from (b) at a
given time in the stream.
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G A VISUALIZATION OF TOKENIZATION AND CAUSAL PARAMETERIZATION

This section provides visualizations of the two tokenizations: sequential annotation (SEAN) vs.
structural annotation (STAN), and the two model parameterizations: causal LM vs. prefix-LM. See
Fig. 12.

(a) Causal attention with SEAN. Every token attends only to its left context, so the highlighted query token
cannot see the remainder of the edge list E that defines the graph it must search over.

(b) Prefix attention with SEAN. The query Q, edge list E and node list N form a bidirectional prefix, so the
same query token attends to the whole graph; only the path π remains causally masked.

(c) Prefix attention with STAN. The structure that SEAN spends separator tokens on is moved into the annotation
channel, so an edge u v occupies a single position. One can view this as a transposition from the time dimension
to the structural dimension. As a consequence, E becomes 1/3 the length. Combining STAN with the prefix-LM
allows for true permutation invariance.

Figure 12: Attention pattern (causal vs. prefix) and tokenization (SEAN vs. STAN). The bottom
row of every panel is the annotation channel: SEAN fills it with positional annotations ϕ, whereas
STAN overwrites it with structural markers (| for edge boundaries, / for node-list entries). The shaded
region marks what the highlighted token (▼) can attend to.
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H RANKING-INTO-THE-FUTURE WITH PLACKETT-LUCE

This section gives a brief tutorial on learning-to-rank and Plackett-Luce, and details how we apply it
to MTP.

Consider a supervised task where, for each input xi, we are given labels yi = y1i , . . . , y
n
i and a

preferred ordering ri among them, and we want a model whose scores li = l1i , . . . , l
n
i = hiWo

reflect this ordering. Learning-to-rank methods differ based on what kind of structural information
ri provides. A point-wise approach treats ri as a set of interval scores and regresses li against them
directly. A pairwise approach instead assumes ri only gives partial or relative information, e.g.
y5i ≻ y3i , and converts this into pairwise comparisons, optimizing l5i > l3i , etc.; this is the approach
used for RITF by Frydenlund (2025). A listwise approach assumes ri gives a full (or near-full)
ordering over yi and models this directly (Cao et al., 2007; Xia et al., 2008; Liu, 2009).

MTP is naturally listwise. We construct ri using the MTP self-supervision rule, letting yi be the
next n tokens after position i, and assuming tokens closer in time are preferred to those farther away.
This gives a full ordering over yi, but only a partial ordering with respect to the vocabulary, since
n ≪ |V| in general.25

There are multiple ways to implement a listwise loss (Cao et al., 2007; Liu, 2009; Zhu & Klabjan,
2020). Zuhri et al. (2026) use a non-probabilistic loss based on ListNet (Cao et al., 2007). We instead
use the probabilistic Plackett-Luce loss, which models the maximum likelihood of the observed
ordering, i.e. log p(r1i ≻ · · · ≻ rni ) (Luce et al., 1959; Plackett, 1975; Xia et al., 2008).

For MTP, the labels y1i , . . . , y
n
i are just the path nodes ui, . . . , ui+n−1, and ri realizes the temporal

order ui ≻ ui+1 ≻ · · · ≻ ui+n−1 used in the main text (Eq. 1). We therefore drop the generic yji /r
j
i

notation from here on and write everything in terms of the nodes directly, matching Eq. 1.

Recall from the main text that ui
j denotes the logit for node uj produced from the hidden state hi, and

that the softmax in Eq. 1 is taken over Zj = N \ {ui, . . . , uj−1}, the set of nodes not yet ranked at
step j. We restate this here without the softmax shorthand σ, and correct N to V: the normalization
is technically over the full token vocabulary, not just the node vocabulary, since the logit vector
li = hiWo ∈ R|V| assigns mass to every vocabulary item, node or otherwise.26 Thus,

p(ui ≻ · · · ≻ ui+n−1) =

i+n−1∏
j=i

p(uj |ui, . . . , uj−1)

=

i+n−1∏
j=i

eu
i
j∑

v ∈Zj

ev
i , where Zj = V \ {ui, . . . , uj−1}.

(4)

For implementation, it is convenient to reindex by rank-step rather than by absolute future offset: let
li ∈ R|V| be the logit vector at step i, permuted so that lji = ui

i+j−1 for j = 1, . . . , n – i.e. position j
holds the logit of the token j steps into the future, so rank order and temporal order coincide for MTP.
Since Zj excludes exactly the j − 1 already-ranked nodes, and these occupy the first j − 1 positions
of li after reindexing, the set-sum over Zj collapses to a contiguous range,

∑
v ∈Zj

ev
i

=
∑|V|

v=j e
lvi ,

giving

p(l1i ≻ · · · ≻ lni ) =

n∏
j=1

p(lji | l
1
i , . . . , l

j−1
i ) =

n∏
j=1

el
j
i∑|V|

v=j e
lvi
, (5)

25We also assume the n future tokens are unique, which holds for shortest paths by construction. We further
assume no ties exist; this is not quite true here, since multiple valid shortest paths can create ties. We ignore
this for MTP but not NTP (see N). As a side note, modelling unknown ties exactly requires considering order
permutations, which is computationally expensive (Ma et al., 2021), though Frydenlund et al. (2022) showed
known ties can be modelled efficiently.

26This distinction is immaterial to learning, since non-node tokens are never part of π and so never enter Zj’s
complement, but it is necessary to get the partition function right as actually implemented.
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and the loss for a single time-step at i is simply the negative log-likelihood of this,

LRITF = − log p(l1i ≻ · · · ≻ lni ) =

n∑
j=1

log

|V|∑
v=j

el
v
i − lji =

n∑
j=1

log
(
Zi −

∑
v<j

el
v
i

)
− lji , (6)

where Zi =
∑|V|

v=1 e
lvi is the full partition function or normalizing term i.e. the scalar realization

of summing over Z1 = V . This distribution represents a generative process of sampling a softmax
distribution without replacement and works by re-normalizing the distribution at each rank-step j by
excluding previous samples. This is described by the iterative implementation in Alg. 1.

Algorithm 1 The Plackett-Luce Loss Given a Ground-Truth Rank Ordering via an Iterative Renor-
malization Process.

Require: Vector of ordered logits li = [l1i , l
2
i , . . . , l

|V|
i ] at time-step i

Require: The number of rank labels n
1: Initialize:
2: Zi ←

∑|V|
u=1 e

lui {Compute initial full partition function}
3: L ← 0 {Initialize log-likelihood accumulator}
4: for rank-step j = 1 to n do
5: Zj

i ← Zi {When j = 1 this is just regular softmax-CE}
6: if j > 1 then
7: Zj

i ← Zi −
∑j−1

v=1 e
lvi {Exclude accumulated past sample masses from partition function}

8: end if
9: pj ← el

j
i

Zj
i

{Compute step-dependent renormalized probability}

10: L ← L+ log(pj) {Accumulate rank-step likelihood}
11: end for
12: return −L

Frydenlund et al. (2022) showed how this iteration over the rank-steps in Alg. 1 can be vectorized for
efficient parallel computation on a GPU. This is done by treating

∑
v<j e

lvi as a padded cumulative
summation. This is illustrated in Fig. 13. Thus, the main cost compared to NTP using regular softmax-
CE is a gathering call to order the logits by the ground-truth rank order to support the cumulative
summation. Note that Alg. 1 is written in probability space for exposition. Our implementation
works in log-space, obtaining each logZj

i by a cumulative log-sum-exp over the candidate set rather
than by subtraction. This is stable whenever n ≪ |V|, which holds in all our experiments. The
instability that remains arises only as n approaches |V|, where Zj reduces to a single element and the
two quantities being cancelled become equal.

We do not actually want to use the hidden-state from the final layer to create our logits, i.e. li = hiWo,
since this hidden-state parameterizes the model’s semantic next-token distribution where high-scoring
tokens there are semantically related (Mikolov et al., 2013). Whereas the ranking loss instead
needs a sequential distribution, where high-scoring tokens are temporally related. Reusing the same
hidden-state would conflate these two distributions. Instead, we use the hidden-state produced by the
second-to-last layer, as illustrated in Fig. 14.

58



Figure 13: The Plackett-Luce loss of the MTP head (Alg. 1), with concrete example logits. A gather
puts the logits into the rank order ri, which for MTP is the temporal order: position j holds the token
j steps ahead. Bar widths are the softmax of the logits shown, on one absolute scale across all three
rows, so mass leaving the partition function is visible in place. At rank-step j the already-ranked
tokens are struck out and Zj

i spans only the remainder: each ranked token is removed from the
partition function, so the next step renormalizes and competes only over what is left, i.e. sampling
without replacement in the context of it modelling a generative process.

Figure 14: Architecture. The NTP head uses the last layer L, feeding the usual unembedding WL
o

and a softmax-CE loss over the next token: the semantic distribution. It is active during both training
and inference. The MTP head instead taps the second-to-last layer L−1, feeding a second projection
WL−1

o – the only new parameters (or WL
o can be reused) – into a Plackett-Luce loss over the ordering

of the next n tokens: the sequential distribution. The MTP head exists at training time only, so
inference is unchanged. Squared boxes are parameters and operations, while rounded boxes are data.
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I PROOF OF OPTIMAL MTP SEQUENTIAL SAMPLE EFFICIENCY

We prove that MTP covers every possible non-trivial sub-path of π, establishing optimality of SSE
and hop mixture. Term (i, j) conditions on π<ui , so its last observed node is ui−1 and it corresponds
to the sub-path (ui−1, uj), putting the full set of k(k + 1)/2 terms in bijection with the non-trivial
sub-paths of π. Note that s is given in the query and is never a target, so it is not a term in either loss.
The one positional shortcut is the (k, k) term, which predicts t at the final position, and it is excluded
by the sum bounds of both Eqs. 2 and 3. Predicting t is only trivial at the final position, where it is
given by the query and the sequence has ended. Predicting t at an earlier position is not trivial, as
the model must also determine that the path terminates there, which requires knowing the remaining
distance. Eq. 3 is therefore the full set less that term, giving k(k + 1)/2− 1, and Eq. 2 is its diagonal
less that term, giving k − 1. Relative to predicting all k + 1 nodes, NTP loses two terms, for s and
for t, while MTP loses the i = 0 row and one further term. The i = 0 row goes because it contains
the prediction of s and because its remaining terms condition on π<u0

= ∅, which is identical to
π<u1 = {s} and so duplicates the i = 1 row.

A non-trivial path contains at least 1 edge. There are C = k(k + 1)/2 non-trivial sub-paths in a k
length path. Let π = u0, . . . , uk be a shortest path with k+ 1 nodes and k edges. Let e1, . . . , ek be
the edges in the path with ei = (ui−1, ui). Then any two nodes form a non-trivial sub-path s.t.

P =

(
k + 1

2

)
=

(k + 1)!

2!((k + 1)− 2)!
=

(k + 1)k

2
. (7)

Then, MTP has optimal sequential sample efficiency as every term in the loss corresponds to a
non-trivial sub-path. Proof: The full version of Eq. 3 is,

Lfull
MTP =

k∑
i=1

k∑
j=i

log p(uj | π<ui
, s, t, E)

= log p(u1 | u0, . . . ) + log p(u2 | u0, . . . )

+ · · ·+ log p(uk | u0, . . . )

(i = 1)

+ log p(u2 | u0, u1, . . . ) + log p(u3 | u0, u1, . . . )

+ · · ·+ log p(uk | u0, u1, . . . )

(i = 2)

...
+ log p(uk | u0, . . . , uk−1, . . . ) (i = k)

s.t. i is the start of a sub-path and j the end of that subpath. Thus, each pair of indices (i, j) in the
above Eq. corresponds to a unique non-trivial subpath. The total number of terms in the expansion of
LMTP is

P =

k∑
i=1

(k − i+ 1) = k + (k − 1) + · · ·+ 1 =
(k + 1)k

2
= C. (8)

Since P = C, every possible non-trivial sub-path maps to exactly one unique term in the Lfull
MTP

loss. Then, as no other sub-path exists, there can be no other terms in the loss, thus achieving
optimal sequential sample efficiency. Likewise, as no other sub-path exists, there can be no
other paths of different lengths, tthus having an optimal mixture of lengths. Eq. 3 is Lfull

MTP less
the (k, k) term, so it retains one term for every non-trivial sub-path that is not trivially predicted, and
the same optimality holds. Note that this assumes an autoregressive model, i.e. models the target
sequence causally, as with both the prefix LMs and causal LMs. We consider non-autoregressive
discrete diffusion below ( I.1). This also assumes that the tokenization for the task is such that each
token provides a single hop (§2.1).

An additional property is that, under MTP, the proportion of terms with hop length h follows a linearly
decreasing distribution.
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Proof: The full MTP loss has k(k + 1)/2 terms total. Term (i, j) predicts uj conditioned on π<ui
,

so the last observed node is ui−1 and the hop length is:

h = j − (i− 1) = j − i+ 1

The number of terms with hop length h is:

Nh = |{(i, j) : 1 ≤ i ≤ j ≤ k, j− i+1 = h}| = |{(i, i+h−1) : 1 ≤ i ≤ k−h+1}| = k−h+1

So the proportion of terms at hop length h is:

P (H = h) =
k − h+ 1

k(k + 1)/2
=

2(k − h+ 1)

k(k + 1)
, h = 1, . . . , k

This sums to 1:
∑k

h=1
2(k−h+1)
k(k+1) = 2

k(k+1) ·
k(k+1)

2 = 1.

Thus, the distribution is non-uniform and linearly decreasing: P (H = 1) = 2
k+1 vs P (H = k) =

2
k(k+1) , a ratio of k.

We visualize both properties: the quadratic increase in supervision and the distribution of hop
lengths as the MTP rainbow in Fig. 10. This applies to any task with MTP (Fig. 26 and Fig. 31).

The distribution of lengths is interesting, as Wang et al. (2026c) recently showed that there exist
latent compositional multihop reasoning tasks where the learnability of the task increases under a
data sample distribution that follows a power-law instead of a uniform distribution.27 Intuitively,
this restricts the sample space during learning, which allows for learning the underlying algorithm
without being distracted by data-specific values, and once this is done, the model can then learn to
generalize to unseen/unsampled values.28 We suspect that a similar phenomenon may exist for the
sample distribution across hop sizes, as once the model learns to compose for a small number of
hops, it should be easier to generalize that to a larger number of hops; thus, one may expect that
we should sample k′ non-uniformly and prioritize small values over larger ones. What we show is
that MTP implicitly provides such a non-uniform distribution over k, weighted towards the easier
terms. NTP induces one term per position, so each hop length has multiplicity one, and the best case
is a uniform mixture (only on choice-node dense path). MTP gives hop length h a multiplicity of
k − h+ 1, which is what produces the skew. This is thus another potential benefit of MTP. However,
we do not know how to isolate this specific property to empirically validate this hypothesis (though it
may be possible to demonstrate this with NTP (under a carefully chosen topology)).

I.1 MASKED DISCRETE DIFFUSION MODELS SUPERVISE A SUBSET OF THE SUB-PATHS
SUPERVISED BY MTP

Here we compare masked discrete diffusion models (MDM) to MTP in terms of the induced loss terms.
Several works have proposed MDM for the path-star task ( D.4). Masking induces supervision
over sub-paths of varying hop length, which creates similar density and mixed-hop supervision as
MTP (§2). This offers insight into why MDM can learn the task, as masking provides a form of
the supervision we attribute to MTP.29 The analysis also bounds what masking provides, as MDM
supervises a subset of the sub-paths supervised by MTP and induces at most k − 1 terms per sample.

This analysis holds under the theoretical model of the shortest-path task ( L.3), where nodes are
semanticless and the target is a single path, so a term’s supervision is determined by which sub-path
it reconstructs. It is an analysis of which sub-paths each loss supervises rather than of learnability

27‘data samples’ here concerns the vocabulary samples, so by analogy to our task, this would be sampling
node-ids non-uniformly.

28See the mixed multi length training for Khops-Gen ( L.1.1). This restricts how many node-ids appear per
sample. The marginal distribution over node-ids remains uniform.

29It does not fully explain the behaviour, as MDM can generate in any order, which admits the reverse
‘solution’ for PSGs. However, this is topology-specific as no reverse ‘solution’ exists for all graphs. Also,
Frydenlund (2024) trained iterative autoregressive models on PSGs, which assume no order of generation and
were therefore free to learn the reverse order without reverse supervision. They did not, and instead learnt the
task proper. This suggests that the supervision is what matters, rather than the freedom to generate in any order.
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directly, and we do not claim it transfers to tasks where the relevant information is distributed across
many tokens.

Let π = u0, u1, . . . , uk be a shortest path and let M ⊆ {1, . . . , k − 1} be a sampled mask that
designates which path tokens are unobserved, with M̄ = {0, . . . , k} \M being the complementary
observed positions. Note u0 = s and uk = t are always observed. The MDM loss for a given mask
M is

LMDM(M) =
∑
j∈M

log p(uj | πM̄ , E), (9)

where πM̄ = {ui : i ∈ M̄} are the observed tokens.

The masked positions M partition naturally into maximal contiguous blocks, each of which defines a
subpath. Let such a subpath be π(ua, ub) with ua and ub being observed nodes forming the left and
right observed boundaries, respectively, i.e. a, b ∈ M̄ , of length k′ = b− a, s.t. the interior nodes
ua+1, . . . , ub−1 are all masked, i.e. {a+ 1, . . . , b− 1} ⊆M .

In the case where π(u0, uk) is the fully masked path, then:

1. Full masking induces k − 1 loss terms. M = {1, . . . , k − 1} yields one block with b− a− 1 =
k − 0− 1 = k − 1 interior nodes, hence k − 1 terms:

LMDM({1, . . . , k − 1}) =
k−1∑
j=1

log p(uj | u0 = s, uk = t, E).

Let S(L) denote the set of sub-paths supervised by a loss L. Thus, every MDM term supervises
the same sub-path as a unique MTP term, so S(LMDM(M)) ⊂ S(LMTP) (Eq. 3), although the
corresponding terms differ in their conditioning, as MDM also observes the right boundary.
Since LMDM(M) induces at most k − 1 terms, this means that MDM has a strictly worse SSE
than MTP.

2. Each MDM term for interior node uj ∈ π(ua, ub) predicts uj given left boundary ua as its nearest
observed left context, which corresponds to MTP term (a+ 1, j) in Eq. 3, and conditions on π<ua+1

with ua as the last observed node. The MDM term additionally conditions on the right boundary ub,
but the same sub-path (a+ 1, j) is supervised. Thus, every MDM term corresponds to a unique
MTP term, and LMDM(M) induces a subset of the terms in LMTP (Eq. 3). Since LMDM(M)
induces at most k − 1 terms, this means that MDM has a strictly worse SSE than MTP. The
conditioning difference is discussed below.

3. Full masking induces a mixture of k− 1 hop lengths. Each term predicts uj from the left boundary
u0, requiring a j-hop computation. The terms j = 1, . . . , k − 1 cover hop lengths 1, 2, . . . , k − 1,
resulting in a mixture of all k − 1 hop lengths. Thus, MDM induces a uniform mixture of hop
lengths between 1 and k − 1, whereas MTP induces a non-uniform mixture weighted toward
shorter subpaths, as hop length h appears in k − h+ 1 terms of LMTP.

4. Full masking induces a maximum number of loss terms with the longest hops. Since |M | ≤ k − 1
for any mask, any MDM sample induces at most k − 1 terms. Full masking achieves this bound. It
also achieves the maximum hop length k − 1; any partial mask produces subpaths of length k′ < k.
This must necessarily break up the longest contiguous subpath, thus reducing the maximum hop to
k′ − 1 < k − 1.

Now consider the case where we have partial masking.

5. Observing interior nodes splits the path into shorter subpaths with fewer total terms. Observing
r additional interior nodes partitions M into r + 1 blocks. Each block π(ua, ub) contributes
k′ − 1 = b− a− 1 terms. The total across all blocks is k− 1− r terms, i.e. one fewer per additional
observed node.

6. Shorter subpaths induce shorter hop mixtures. Subpath π(ua, ub) of length k′ = b− a induces
hops 1, . . . , k′ − 1 from its left boundary ua. Since k′ ≤ k, the maximum hop per subpath decreases.
The overall hop mixture is the union over all blocks, which covers only a subset of {1, . . . , k − 1}.
7. For a general subpath π(ua, ub) of length k′ = b − a, the MDM terms predict uj for j =
a+ 1, . . . , b− 1 with ua as the nearest observed left context. Each such term corresponds to MTP
term (a+ 1, j) in Eq. 3, i.e. a contiguous prefix of row i = a+ 1, covering hops 1, . . . , k′ − 1 from
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ua. Thus, for any mask M , every MDM term across every block supervises the same sub-path as a
unique MTP term. Thus S(LMDM(M)) ⊂ S(LMTP) holds for all masks M , not just full masking,
with the same difference in conditioning noted above.

In this analysis, we have made a Markovian assumption that only the left and right boundaries of the
subpath matter. This is not strictly true for the shortest path. Recall that a choice node in π is one
where multiple nodes could follow that node. A choice node does not depend only on the current
observed node, but also on the prior observed path, i.e. not just the left boundary, since the model can
use the observed partial path to exclude nodes from the choice set. However, this is a property that
affects learnability, not the analysis of which loss terms are induced, which is our focus here.

Note, however, that this non-Markovian property is precisely why the reduction in terms and the
change in MMHT distribution need not imply worse learnability for MDM. This is because the MDM
term also conditions on the right boundary ub, and on observed nodes elsewhere in the sequence,
which may provide additional or different structural information beyond what the corresponding
MTP term observes, and which may compensate for the fewer terms (we expect this to be more true
of natural language tasks, where information is spread across multiple tokens).

For completeness with the prior section on MTP, full-masking induces a uniform distribution over k′,
and partial masking (using random Bernoulli masking) induces a geometric distribution.

The main takeaway here is that, while MTP and MDM are different, a majority of the benefits
of MTP when applied to multihop reasoning are also enjoyed by MDM due to the masking
procedure in the loss. Thus, we would expect that MDM also outperforms NTP on such tasks.
This may also explain the success of MDM on other symbolic multihop reasoning tasks (Ye et al.,
2025a;b; He et al., 2026).

J EXTENDED EXPERIMENTAL DETAILS

Model. Unless stated, we consider LMs with L = 11 layers, 256 dim., and 4 attention heads.
Embeddings are initialized as one-hot but are learnable. Positional embeddings are learned. These
sizes were chosen so that the task is expressible by the model, making any failure more plausibly
attributable to learnability than to expressibility ( D.3).

Training. For optimization, we use Sophia (Liu et al., 2024b) and a linear-then-decreasing scheduler.
We used a learning rate of 0.0005, a warm-up of 500 steps, and no L1 or L2 regularization. We
also do not use dropout or attention dropout. We find that this is critical for these kinds of discrete
algorithm tasks. The effective batch size is 1000 instances, leading to a max of 75M instances (> 12B
tokens). Training is evaluated every 100 steps and stopped after achieving > 95% TACC (averaged
across k′ ∈ {k − 5, . . . , k}) on consecutive evals, or to a max of 75k steps. Each model for every
experiment is trained from scratch (for ≈ 2900 exps. outlined in J.1).

Data. We consider three topologies: Erdős-Renyi graphs (ERG) with an edge probability of 1/|N |′,
the giant threshold for a sampled size |N |′, Euclidean graphs (EG) with a connectivity radius of
1/
√
|N |′, and path-star graphs (PSG) (Erdős & Rényi, 1959; Penrose, 2003; Bachmann & Nagarajan,

2024). The ERG and EG random processes produce graphs with many unconnected components. We
merge all components randomly for ERG, or by distance for EG, using a single edge per component
to support paths with large k. When sampling paths at some k′, we use an ad hoc method that also
tries to choose a path in which the start node is a choice node (which is already done by construction
for PSG). This tries to ensure that a sampled path of k′ + 1 actually requires k′ hops to solve ( M).

We sample k′ ∈ {3, . . . , k} and |N |′ ∈ {k + 1, . . . , N} for various max k and |N | via a true
curriculum (sampling inverse to the training SACC at k′). We smooth these sampling probabilities by
1/2k; otherwise, the model would engage in catastrophic forgetting of solutions at various k′ it had
perfected prior. We do not use a curriculum for PSG. The curriculum removes the plateaus in Fig. 6,
which are the phenomenon we are measuring.

Implementation. We use the vectorized GPU-friendly version of Plackett-Luce ( H). We use
Fairseq to implement our models (Ott et al., 2019). We needed to write our online datastream in C++
in order to generate enough graph instances. In general, because our models are so small, the
datastream became the computational bottleneck and limited scaling to larger graphs. For this
we made use of PyBind (Jakob et al., 2016) and Boost Graph Library (Siek et al., 2002). We used the
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Experiment Figure Num Sub Exps. Num k Num Trials Total Runs
ERG, Prefix LM, Baselines Fig. 2 10 10 5 500
ERG, Prefix LM Fig. 3 8 10 5 400
ERG, Causal LM, Baseline Fig. 20 6 10 5 300
ERG, Causal LM Fig. 4 8 10 5 400
EG, Prefix LM Fig. 21 8 10 5 400
PSG, Prefix LM Fig. 5 18 10 5 900

2900

Table 1: Calculation of the total number of runs needed for the main experiments broken down by
figure. Overlapping experiments were not double counted.

C++ code provided by Saparov et al. (2025) to understand technical issues such as learning PyBind
and how to seed different threads.

J.1 COMPUTATION

All experiments were run using a NVIDIA L40S 48GB GPU, 16-32 CPUs, and 64GB of RAM.
However, the shortest path task and Khop models can easily be trained on a 12GB TitanX. The
BFS scratchpad experiments require a larger GPU and are more compute-intensive due to the
significant increase in token count. Thus, the main computational cost of this work is in the number of
experiments run. Also, experiments like the baselines and the PSGs with NTP that fail to converge are
the most expensive in terms of compute, as we must run them to the maximum number of steps. Thus,
while the max values we choose are arbitrary in terms of experimental design, they were practically
chosen so that each experiment took a maximum of 24 hours to run.

Given this, we provide a rough estimate of the computational cost required to conduct the main
experiments. Table 1 lists the number of experiments in Figs. 2, 3, 20, 4, 21, and 5. This lists a
total of 2900 experiments conducted. Our cluster did not allow for ease tracking of hours (due to
preemption), so we assume that on average each experiment took half a day or 12 GPU hours. Thus,
there are 34800 total GPU hours. If one did not have access to a cluster such as we did, a price
estimate for this using Runpod either using an L4 GPU (24GB vRAM, 50GB RAM, 12 CPU) at
0.39/hour and an RTX3090 (24GB vRAM, 125GB RAM, 16 CPU) at 0.49/hour gives us a cost of
either $13,572 or $17,052.30

Importantly, in having solved most of the variance in different seeded trials, we have made it
possible to either reduce the number of trials in future work, say 3 instead of 5, or only do a
single point estimate. This significantly reduces this compute cost. Also note, we have already
benefited from this in this work compared to the prior work of Frydenlund (2024) and Saparov et al.
(2025) who used 11 and 14 trials per experiment, respectively.

K EXTENDED EXPERIMENTAL RESULTS ON SHORTEST PATH TASK

K.1 FULL-PAGE VERSIONS OF THE MAIN RESULTS FIGURES

We reproduce the main results figures at full-page size for legibility. The data are identical to the
main text and only the scale differs.

K.2 CAUSAL LM BASELINE

As in Fig. 2, we consider the baseline and ablation of STAN and N at |N | = 50, in Fig. 20. Here
we observe different patterns from the causal LM, both in the baseline and in the ablations. First,
unlike in the prefix LM, we see the expected pattern where task difficulty grows with k and |N |. It
seems like N still leads to the greatest increase in performance at low k, but not at high k compared
to STAN. We expect this is because, like the causal LMs, it is noisy, and the increased difficulty of
using the causal LM adds to that noise. Unlike the LM prefix, STAN consistently outperforms the

30These were the cheapest we found that would meet our needs.
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Figure 20: The baseline and ablation for the causal LM.
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Euclidean Graph Shortest Path Task using Prefix LMs: Max Hops vs Steps to Convergence (+STAN & +N only)
Experiments
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Figure 21: Results using Euclidean Graphs with Prefix LMs

baseline. In many ways, these results are more expected than the results from the prefix LM baseline.
This exposes a clear difference in performance between the two models due to parameterization.

K.3 RESULTS ON EUCLIDEAN GRAPHS

Fig. 21 shows the results of the EGs with Prefix LMs. As we can see, MTP only improves learning
once we scale to 125 nodes. We expect that this would be a trend had we experimented with larger
graphs.

K.4 RESTRICTED MMHT PATH-STAR GRAPH EXPERIMENTS

Here we empirically validate our lockout hypothesis on PSGs. We consider two experiments from Fig.
5: where k = 9, d = 6 and where k = 9, d = 8. Both use full MMHT s.t. k′ ∈ [3, 9]. The learning
dynamics of the d = 8 experiments are plotted in Fig. 6. We see all the d = 6 trials solve the task,
but only 3 trials for d = 8 solve the task and two fail. Thus, we have one set in which all succeed and
another in which some fail. We then consider restricting the mixture of MMHT to higher k′ ∈ [6, 9]
for both d = 6 and d = 8 in Fig. 22. We see that all such models fail, which is behaviour consistent
with PSGs when they are not provided with MMHT (Bachmann & Nagarajan, 2024; Frydenlund,
2025).

70



k ′ [3, 9] k ′ [6, 9] k ′ [3, 9] k ′ [6, 9]
Max k = 9 with full MMHT s.t.  k ′ [3, 9] and with restricted MMHT s.t. k ′ [6, 9]

0k

5k

10k

15k

20k

25k

30k

35k

40k

45k

50k

St
ep

s t
o 

> 
95

%
 V

al
id

at
io

n 
Ac

cu
ra

cy

Did Not Converge Before Max Steps
Path Star Graphs Shortest Path Task using Prefix LMs:  Full MMHT v.s. Restricted MMHT (+STAN & +N only)

Experiments
| |′ {d ′k ′ + 1 | d ′ [2, 6], k ′ [3, 9]}
| |′ {d ′k ′ + 1 | d ′ [2, 6], k ′ [6, 9]}
| |′ {d ′k ′ + 1 | d ′ [2, 8], k ′ [3, 9]}
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Figure 22: Restricting the mixture of MMHT to higher k′ fails to learn the task.

L AUXILIARY MULTIHOP TASKS: KHOPS, KHOPS-GEN, AND BFS
SCRATCHPADS

We consider three additional latent multihop reasoning tasks, Khops, Khops-Gen (a novel generative
variant), and a BFS scratchpad (BFS-SP), for two reasons. First, they act as further testbeds to
establish MTP’s benefits in other symbolic multihop settings. Second, prior work has proposed
scratchpads/chain-of-thought as a scalable way to sidestep the difficulty of latent multihop search
(Saparov et al., 2025). We show this is not only impractical, since BFS-SP’s sequence length grows
too quickly to scale, but, more importantly, that it changes the underlying computational problem.
A scratchpad that presents graph structure in traversal order collapses latent search into a much
simpler linear-chain traversal task, one that is, in fact, computationally equivalent to Khops-Gen and
Khops ( L.4).

We define each task below; Khops ( L.1), Khops-Gen ( L.2), and BFS-SP ( L.3), then return to
this unifying argument in L.4.

L.1 KHOPS

Khops is an in-context latent multihop reasoning task introduced by Sanford et al. (2024a), extending
induction heads, a well-studied attention mechanism that drives in-context learning by matching a
symbol to its most recent prior occurrence and copying the symbol that followed it (Elhage et al.,
2021). Formally, let x1, . . . , xN be a series of N symbols in some vocabulary V . An induction head
implements f(xi) = xj+1, where j is the most recent prior position with xj = xi. Khops extends
this to k-fold composition.

It is a sequential labelling task, not a sequential generation task, given to causal LMs. For some
k, the model must output the final induction symbol after k hops at each of the N positions where
applicable (early positions may lack enough context to form k hops, and hence output no symbol).
The targets are y = y1, . . . , yN , where yi = fk(. . . f2(f1(xi))). k is provided as part of the task
description, similar to the query in shortest path search. Thus, each instance is really N separate
sub-tasks, each with a different, and often reduced, context. The task is illustrated in Fig. 23.

Sanford et al. (2024a) show Khops can be expressed and learned by transformers with O(log k)
layers.31 They also induce MMHT by sampling k′ ∈ [1, k], but do not evaluate its effect. We perform
such an experiment in L.1.3, which shows that the training requires an exponential number of steps
as k grows without MMHT. We also introduce a sequential-generation variant, Khops-Gen, needed
to properly compare against MTP ( L.2).

31A similar result exists for shortest path search on path-star graphs (Frydenlund, 2024). Both learn a solution
which does pointer-doubling, hence only requiring a logarithmic number of layers, rather than the more intuitive
linear number.
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(a) The task at query position 37 for k′ = 4 hops. Each hop matches the most recent occurrence of the current
value (dashed), then reads one position to its right (solid). A hop is the composition of the two. Each hop
searches strictly left of the previous match due to the causal constraint, so the window of potential matches, and
thus the search space, shrinks monotonically. Note that the node IDs are actually their position i.e. we have
nodes 0-37, and the letters are their values or semantic content.
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(b) The latent reasoning graph induced by (a), which is a disjoint union of linear chains. The length of these
chains defines the search space under the causal constraint. Position 0 can not connect and is ghosted. We show
the single label that results after k′ = 4 hops. These are masked out if there is no viable 4-hop solution. Beneath
this is the ranking labels used in our MTP surrogate ( L.1.2). We ghost any repeated labels, which are masked
out from the ranking ground-truth labels.

a e f a b f c e b c b g e b e d a f b c d b f c d a c e f e b d g e f a f b

hop 1
hop 2

hop 3
hop 4

hop 1
hop 2

hop 3
hop 4

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

(c) Two queries from the same instance, at positions 12 (blue) and 33 (red), both supporting a full k = 4 chain.
This shows how predicting the task for multiple positions at once induces implicit MMLT, with some positions
have a reduced search space relative to others ( L.1.1). Or in other words, a longer context contains far more
distractor node, which have the same value as the sought after value that must not be matched.

Figure 23: The Khops task, k = 4, one instance throughout. Colours and letters denote symbol
values, the numbers denote positions i.e. node IDs. Dashed arrows are the latent content-based match
while solid is the deterministic +1 shift.
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L.1.1 CAUSAL LMS AND MIXED MULTI-LENGTH TRAINING

Just as MMHT provides a mixture of hop-distances k′ ≤ k within a single sample, we can define an
analogous mixed multi-length training (MMLT), a mixture of task sizes N ′ ≤ N . Where MMHT
varies the difficulty of a fixed-size instance, MMLT varies the size of the instance itself. Both are
hypothesized to aid learning by exposing the model to a range of task difficulties.

We find that Khops induces MMLT implicitly (in much the same way that multiple choice nodes in a
path implicitly induce MMHT (§ 2)). Because each target yi only depends on symbols before position
i, every position i sees a different amount of preceding context. This creates an implicit mixture of
task lengths, uniform across 1, . . . , N (ignoring invalid positions where i is too small to support k
hops). This behaviour is both inherent to the task and a consequence of using a causal LM. Note that
the task is not defined for prefix LMs as it relies on causality to provide implicit left-right ordering.

Consider the state space of the task; position i has i tokens available before it, giving a state space of
ik, up to Nk at the final position. Thus MMLT gives a mixture of examples spanning a wide range of
difficulty for free, without any explicit sampling of k′ or N ′.

Isolating the effect of this implicit MMLT is difficult on Khops itself, since every position is trained
on simultaneously within a single instance. We instead add Ñ noise symbols to the front of the
sequence, increasing the state or search space at position i from ik to (Ñ + i)k. This has only a small
effect on learnability. We find a much larger effect of MMLT on Khops-Gen ( L.2), which, unlike
Khops, is trained on only a single instance per example, so MMLT there must be induced explicitly.

L.1.2 A SURROGATE FOR MTP ON KHOPS

MTP works by predicting several future tokens at once, exploiting the sequence structure of a
generation task. Khops has no such structure to exploit directly because it is a labelling task with a
single target per position. To meaningfully compare against MTP, we need a sequence-like structure
standing in for “future tokens.” The intermediate compositional labels, f1, . . . , fk, at each position
provide exactly this as they form an ordered sequence of increasingly-composed targets, even though
only the final one, fk, is the task’s actual output.32 We therefore apply a ranking loss over these
labels, preferring the final composition fk (the original single target) most, then fk−1, and so on,
mirroring how MTP ranks the immediate next token above later ones.

These labels are not new supervision. Since training already uses MMHT, each intermediate label
fk′ is already seen as a target whenever k′ is sampled. What changes is that we now supply all of
them together, per instance, rather than one at a time across different samples. This mirrors how
MTP increases supervision density per instance for NTP; however, this also converts batch-level
inter-supervision to instance-level intra-supervision. The gain therefore comes from the increase
in per-instance supervision density, which is the mechanism we attribute to MTP throughout this
work. Separating the two is not possible, as the ranking loss is what makes the denser supervision
expressible.

Importantly, we implement this with the same Plackett-Luce ranking loss used for MTP. The
only difference is that our model does not need to output multiple labels; we only need to supervise
them during training. There is one issue, which is that we may have repeated symbols in the
ground-truth composition. We handle this by masking out lower-preference labels once a symbol
repeats. Note that this is unnecessary for MTP on our other tasks, where all tokens are unique by task
definition. Finally, unlike shortest path search, we do not add a new prediction head, and the loss is
applied directly to the last layer’s hidden states, as with softmax-CE.

L.1.3 KHOPS EXPERIMENTS AND RESULTS

We use models with L = 7 layers and train for a maximum of 100k steps. We use N = 250 and
Ñ ∈ {100, 200}. Unlike prior work, we use |V| = 11 rather than 4 (Sanford et al., 2024b; Saunshi
et al., 2025), chosen to better connect these results to the breadth-first search experiments ( L.3).
To our knowledge, no prior work has considered the effect of |V| on this task. Note that a larger
vocabulary makes it less likely to sample a sequence supporting a large k without also increasing N .

32This is also a nice example of how MTP can be framed as a multi-label task.
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Our results are in Fig. 24 (simplified in Fig. 25). Without MMHT, the task scales very poorly,
providing further empirical evidence that MMHT is critical for learning multihop tasks at scale
(Sanford et al., 2024a; Wang et al., 2025; Frydenlund, 2025; Yao et al., 2025). Using a ranking
loss outperforms the baseline. Although this is not strictly MTP, it captures two MTP-like benefits:
increased supervision density, though not quadratic density, and implicit MMHT. Adding front noise
makes learning more difficult, and this effect grows more pronounced as k increases. This suggests
that disrupting the implicit MMLT provided by causal Khops hurts learning, an effect we will see
more clearly in Khops-Gen ( L.2).
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Khops: Max Steps vs Epochs to Convergence

Experiments
+ ranking (with intra sample MMHT)
baseline (with inner sample MMHT)
- inner sample MMHT
+ 100 front noise
+ 200 front noise

Figure 24: Khops experiments. Prior work sampled k′, providing inner sample MMHT. We show
that this is necessary for learning. Using multi-label ranking provides implicit intra sample MMHT.
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Khops: Max Hops vs Steps to Convergence

Experiments
+ ranking (with intra sample MMHT)
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Figure 25: A simplified version of Fig. 24 with the where we have removed the ‘- inner sample
MMHT’ experiment and any experiment which did not converge (‘x’s at top). This better allows us
to see the effect of the ranking loss vs. the baseline.

L.2 KHOPS-GEN

Khops is a sequential labelling task, whereas MTP is designed for sequential generation. Thus, to
better compare against MTP, we introduce Khops-Gen, a generative variant of Khops. Instead of
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Figure 26: Khops-Gen. Sequential generation of the full compositional chain from the single query
xN (position 31). The source-side is on the left in red, with the target-side being generated. Unlike
Khops, only one chain is considered in a single instance of the task. Because of this, and as the
source-side spans the entire N nodes, there is no implicit MMLT training as in Khops. Thus, MMLT
must instead be induced explicitly by sampling N ′ ≤ N ( L.1.1). This also indicates that there
is much less supervision in Khops-Gen as there is in Khops. However, the supervision is different.
Whereas Khops has implicit MMLT but no implicit MMHT, Khops-Gen is the opposite. Unlike
Khops, the chain runs until the context is exhausted and k is not supplied to the model. Note that we
sample k′ uniformly, but that does not mean the context window between hops is the same size. On
the target side, we show both NTP and MTP. Because this is a genuine generation task, MTP applies
directly rather than through the ranking-loss stand-in required for Khops ( L.1.2). Importantly, MTP
induces the same quadratic-to-k supergraph (rainbow) as it does in path search (and will for any
multihop reasoning task). The MTP target block is a triangle of k(k + 1)/2 terms, matching Eq. 3.

predicting the final k-hop label at every position, Khops-Gen starts from a single symbol, xN (the
last one), and generates the full compositional trace. We illustrate the task in Fig. 26.

The target sequence is ordered from the hardest prediction to the easiest: fk, fk−1, . . . , f1. This is
important. If we reverse the generation order, the task becomes trivial under teacher forcing, since
each previously generated target directly reveals the next one-hop predecessor. Thus, the ordering is
what preserves the need for multihop reasoning. This is similar to the reverse ‘solution’ for path-star
graphs (Bachmann & Nagarajan, 2024).

There are multiple changes from Khops. Unlike Khops, k is not provided explicitly. Instead, k is
determined by the available context where we construct x so that exactly k hops can be followed
before the compositional chain runs out. This gives Khops-Gen an implicit MMHT structure, since
generating fk, fk−1, . . . , f1 decomposes the task into progressively shorter-hop targets within the
same sequence. We additionally sample k′ by uniformly sampling integer partitions of an N -length
sequence (Locey, 2013).

Unlike Khops, we construct sequences so that no symbol repeats within the generated chain. This
(a) allows for a clean version of MTP, similar to the shortest path task, and (b) allows for a direct
comparison to the BFS scratchpad task, which also has no repeats and where solving the shortest path
from the scratchpad reduces to following a linear backtrack chain ( L.3). In this sense, Khops-Gen
is the sequential-generation analogue of Khops and the core multihop subtask of BFS-SP once
the graph has been linearized by the scratchpad ( L.4).

Unlike Khops, Khops-Gen does not receive implicit MMLT via the task design. Since we generate
from a single starting symbol, the entire N -length sequence is observed before generation begins,
rather than producing labels at every position. Thus, we explicitly sample different N ′ ≤ N to induce
MMLT for comparison with Khops.

L.2.1 KHOPS-GEN EXPERIMENTS AND RESULTS

We use the same model and training settings as Khops. We consider experiments at N ∈ {50, 100}.
The one exception is the vocabulary size. In both Khops and Khops-Gen, positions act as the
node identities, and the chain moves strictly leftward, so positions never repeat within a chain by
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construction (Fig. 23). The constraint we add for Khops-Gen applies to the emitted symbols rather
than to the positions, and it requires at least as many symbols as there are links in the chain. We
therefore use |V| = 11 for k ≤ 11 and |V| = 16 for k > 11, with special tokens in addition to these.
Note that N is the number of positions and is independent of |V|, as symbols repeat freely outside
the chain. Khops-Gen is much less supervision-efficient than Khops since Khops provides a label at
every valid position in the sequence, while Khops-Gen generates only a single compositional chain
from xN . Thus, a single Khops instance provides many supervised subproblems, whereas a single
Khops-Gen instance provides only one generated sequence. We therefore use smaller N so the task
can be learned efficiently.

Our results are in Fig. 27, with a simplified version in Fig. 28. As expected, the task becomes harder
as N and k increase. We also find that MTP significantly improves learning at scale.

MMLT is also important for Khops-Gen. Without explicit MMLT, the task scales poorly, but with
a somewhat surprising pattern: lower-k experiments fail while larger-k experiments do not. We
believe this occurs because the model can learn that each target lies to the left of the previously
generated target, thereby reducing the effective state space. This resembles the implicit MMLT effect
in Khops, but is much weaker since Khops has supervision at every position, so it directly exploits the
causal LM’s left-context inductive bias across many effective sequence lengths within each instance.
Khops-Gen has the same causal inductive bias, but far less supervision per instance, so this structure
must be learned from a much weaker signal.

Given this learned behaviour, larger k divides the N -length context into fewer and shorter viable
regions, reducing the state space for each prediction. This may explain why the baseline models
are relatively uniform across k. It may also be an artifact of using |N | close to k, especially at
|N | ≤ 50 and k = 15, where teacher forcing reveals many prior path tokens and removes them from
the candidate state space.

These results also highlight a broader point: difficulty, and therefore what counts as a ‘curriculum’,
can be multifaceted (Soviany et al., 2022), with surface proxies not necessarily reflecting the relevant
reasoning difficulty (Mordig et al., 2026). In our setting, hop-depth and task length are distinct axes of
difficulty. MMHT varies the number of hops, k′ ≤ k, while MMLT varies the task length, N ′ ≤ N .
To our knowledge, prior work has not considered the effect of length mixtures for Khops. This effect
is difficult to isolate in the original task, since MMLT is implicitly induced by causal supervision
at every position. Khops-Gen provides a cleaner setting for studying this effect, since it removes
this implicit length mixture and requires MMLT to be induced explicitly. The poor scaling without
MMLT in Fig. 27 suggests that length mixtures can be as important as hop mixtures for learning
sequential multihop generation tasks.

We sample N ′ uniformly, but this may not be optimal. From a state-space perspective, smaller
N ′ produces much easier instances, since the model must search over fewer possible positions
at each compositional step. Thus, oversampling smaller N ′ may help the model first learn the
underlying leftward composition rule in a restricted state space before applying it to larger contexts.
This is analogous to the power-law sampling effect of Wang et al. (2026c), where non-uniform
sampling improves learning by restricting the effective sample space early in training. We do not test
non-uniform length sampling here, but view it as a promising direction for future work.

For the shortest path task, we sample N , which provides MMLT in this context.

L.3 BFS SCRATCHPAD

The shortest path task should, in principle, be solvable via scratchpads (SP) (Nye et al., 2022).
Saparov et al. (2025), who considered general path search (connectivity) rather than shortest path
search, used a depth-first search and a ‘selection-inference’ scratchpad. As noted they found that
these did not overcome the scaling issues in solving the task. Since we are concerned with shortest
path search, we use a breadth-first search scratchpad (BFS-SP).

An SP breaks the task into two computational phases. First, the model generates the scratchpad.
Second, given the scratchpad, the model solves the original task. During training, the scratchpad is
provided as supervision, but it must be generated by the model during inference. Importantly, the
scratchpad constitutes a task-specific inductive bias: it hand-supplies the model with an intermediate
structure (here, the BFS ordering) rather than requiring the model to discover that structure on its
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Khops-Gen: Max Hops vs Steps to Convergence

Experiments
N in [3k, 50] i.e. MMLT, + MTP
N in [3k, 50] i.e. MMLT
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Figure 27: Khops-Gen experiments. MTP improves learnability at scale. Explicit MMLT is also
necessary for efficiently learning the task.
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Khops-Gen: Max Hops vs Steps to Convergence
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Figure 28: A simplified version of Fig. 27

own. As we will discuss in L.4, supplying this structure can change the underlying computation
required to solve the task.

BFS-SP therefore requires two types of generation: 1) generating the BFS topologically-ordered
scratchpad, then 2) using it to generate the shortest path. The latter is done by tracing the path back
from t to s through the scratchpad, which is (nearly) computationally equivalent to Khops-Gen.

We initially tokenize the SP as follows:

• Include the special token D1.
• Tokenize s, followed by its adjacency list, [u ∈ N | A(s, u) = 1].
• For each subsequent depth, include a special token Dk, followed by each unexplored node

from the prior depth’s adjacency lists, each followed in turn by its own adjacency list.

An example tokenization of this is for π = 7, 20, 5, 1, 14, 12, 23, 10, 2, 11, 17, 9, where s = 7
and t = 9 is
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D1 7 [ 24 20 ] D2 24 [ 16 ] 20 [ 5 ] D3 16 [ ] 5 [ 1 15 ] D4 1 [ 14 ] 15 [ 6 ] D5 14 [ 12 ] 6 [ 18 ] D6
12 [ 23 ] 18 [ 3 ] D7 23 [ 10 ] 3 [ ] D8 10 [ 2 ] D9 2 [ 11 ] D10 11 [ 17 8 ] D11 17 [ 9 22 ] 8 [ ]

where we keep the adjacency list special tokens ‘[’ and ‘]’ even if it is empty. One can see that
backtracking the SP to generate the shortest path is similar to Khops-Gen. The difference is that the
connecting symbol lies to the left of the inductive hop, at the head of the adjacency list, rather than
adjacent to the symbol itself.

L.3.1 TOKENIZATION MATTERS FOR SCRATCHPADS TOO!

We found that a number of seemingly minor tokenization decisions had a large effect on learnability.

First, we initially used a distinct depth marker for each depth, i.e. D1, D2, . . . , Dk. This caused the
models to fail to learn the task. Using a single shared depth marker D instead resolved this.

Second, when generating the SP, the model often failed to produce the correct adjacency lists. We
found this can be addressed in two ways: repeating the adjacency list in reverse order, or including
the BFS queue as part of the tokenization. Both prevented repetition mistakes, though at the cost of
substantially increasing the length of the SP.

Third, the BFS itself is unordered with respect to the order of adjacency lists, and thus the order in
which nodes are explored is not uniquely determined. We instead require the model to explore nodes
in the order they appear in the edge list, matching the order used for the node list. This means the
model must learn an in-context ordering of nodes based on their position in the edge list, and it makes
the SP itself deterministic. By forcing an order, we avoid the need of considering label smoothing
over the permutations (Frydenlund, 2025, N).

Thus, our final tokenization is

D { 7 } 7 [ 24 20 ] D { 24 20 } 24 [ 16 ] { 24 } 20 [ 5 ] D { 16 5 } 16 [ ] { 5 } 5 [ 1 15 ] D { 1 15 }
1 [ 14 ] { 1 } 15 [ 6 ] D { 14 6 } 14 [ 12 ] { 6 } 6 [ 18 ] D { 12 18 } 12 [ 23 ] { 18 } 18 [ 3 ] D { 23 3
} 23 [ 10 ] { 3 } 3 [ ] D { 10 } 10 [ 2 ] D { 2 } 2 [ 11 ] D { 11 } 11 [ 17 8 ] D { 17 9 } 17 [ 9 22 ] {
9 } 9 [ ]

where special tokens ‘{’ and ‘}’ are the BFS queue special tokens.

L.3.2 BFS-SP EXPERIMENTS AND RESULTS

For the partial task, we gave the model only the SP, omitting the graph description [E,N ] and the BFS
queue, to reduce token count and let us scale to larger graphs. This lets us consider |N | ∈ {50, 100}.
The results are presented in Fig. 29. MTP makes the task much easier at scale. Unlike Khops-Gen,
we do not see smaller k being harder to learn, nor is omitting MMLT catastrophic to learnability.
Thus, although the two tasks share the same underlying expression, i.e. backtracking over a linear
chain, their learnability differs in practice.

For the full task, we only consider |N | = 40; we attempted 75 and 50, but training took too long to
be practical. Given that directly learning the shortest path task is already scalable (§ 6), we see little
motivation to push further on scaling the SP experiments, since we already know they are impractical
due to the increase in token length. The results are presented in Fig. 30, where the full task, generating
the SP and then the shortest path, is learnable. This takes nearly twice as many steps as the partial
task, indicating that learning to generate the SP is harder than solving the shortest path given the SP.
Here, MTP does not outperform NTP, since SP generation does not itself require multihop reasoning.

Taken together, these results show that MTP still provides a clear benefit on the partial multihop task
even though BFS-SP reduces the latent search problem to a simple chain traversal ( L.4). This is
notable, since MTP’s benefits are not restricted to cases involving non-trivial latent topology.

L.4 SCRATCHPADS SUBSTANTIALLY CHANGE THE SHORTEST PATH TASK AND BREAK THE
THEORETICAL MULTIHOP REASONING MODEL

BFS-SP reduces search to a linear traversal. Recall that our theoretical model of multihop
reasoning (§ 1) is deliberately agnostic to topology: it makes no assumption about the structure of
the latent reasoning graph. The BFS-SP breaks this assumption in two ways. First, it modifies the
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Figure 29: BFS-SP SP-only results. Given the SP, generate the shortest path, i.e. the partial task.
This task is (nearly) computationally equivalent to Khops-Gen.
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Figure 30: BFS-SP results. This is both the generation of the SP and the generation of the shortest
path, i.e. the full SP task.

underlying topology to a search tree, starting at s. Second, the latent reasoning graph reduces further
to a linear chain, backtracking along this tree. This backtracking is the structure of Khops-Gen
( L.2). Thus, the general multihop search problem of § 1, which requires resolving a choice node
at each step among potentially many candidates in E , is replaced by a traversal problem on a fixed
topology where the resulting backtrack is still multihop, but it no longer involves any search. One
may view this as the scratchpad not solving the original problem but rather substituting it with a
different, strictly simpler problem in its place, one that is no longer a planning problem at all. Thus
using a BFS-SP breaks the underlying theoretical model. This is illustrated in Fig. 31.

BFS-SP is still latent multihop reasoning/traversal.3334 Even though the backtrack removes any
branching choice, the total computation performed across generating the SP and then the backtrack is
still equivalent to k hops of graph reasoning. To output the correct node following s, the model must
work back from t. However, if we now reverse the output in generation, the task requires no multihop
reasoning as each step can be produced with a single hop. Thus, such a reverse ‘solution’ works
because it replaces latent computation with sequential computation. Note that because backtracking
is still a multihop task, this still allows the BFS-SP to act as a testbed for evaluating MTP.

Neither collapse in the original topology requires a shortest path scratchpad. We could also do
this by simply ordering the edge list E by BFS distance from s rather than shuffling it (Ge et al., 2025).
A BFS-ordered edge list directly encodes, in its position, the same predecessor structure that the SP
makes explicit. This is why we must shuffle E before tokenization (§ 1.1). These understandings of

33Frydenlund (2025) developed scratchpads that reduce path-star graphs to linear chains, and thus required
multihop reasoning but not searching or planning.

34It is theoretically possible, though completely impractical, to create a BFS-SP which requires no multihop
reasoning. The key thing here is to repeat the full current branch/path at each depth as part of the tokenization
and mark these with special tokens. Then once t is found, the model just needs to skip directly back to the start
of this path and output it directly. Alternatively, one can simply do two scratchpads, the BFS-SP, then a reverse
SP.
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the task show that a correct output is not sufficient evidence of multihop reasoning; the task must also
be solved for the right reason.

Not all tokenization changes break the model: STAN and +N do not. It would be natural to
read § 3 and § 4 as proposing the same kind of intervention as the BFS-SP scratchpad, since all three
change the tokenization. They do not. The theoretical model of § 1 forbids us from making any
assumption about the topology of the latent reasoning graph. We are therefore free in our choice of
surface form insofar as that choice leaves the graph intact. STAN only modifies the representation of
a single edge, and edges are still provided independently of one another. The node list is likewise
trivially inferred from the edge list. Neither is constructed as a function of the query; any query-
conditioned structure must still be learnt by the model, whereas a BFS-SP is built from s and t and so
supplies it directly in the input. Note there are other tokenizations that break the theoretical model,
such as those that use graph-global information, such as the graph Laplacian. (Bechler-Speicher et al.,
2026).
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(a) A sample graph with a sampled path from
s to t (red). The graph has 20 nodes and 26
edges, and is used in (b) and (c). Node colour
is BFS depth from s.
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(b) The same graph after the BFS ordering inductive bias is ap-
plied. Note the dropped edges. Ordering the graph only requires
looking at neighbours of already-discovered nodes, and thus re-
quires no multihop reasoning itself. Tracing back from t to s
does require multihop reasoning over a linear reasoning graph.
Thus, we break the theoretical model in two ways: we force a
level topology on the graph turning it into a search tree, and then
our actual latent reasoning graph reduces to a linear chain.
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(c) The same sample as (a)–(b), now as the BFS-SP token sequence. Top: the task mirrors Khops-Gen in Fig. 26.
The only major difference is instead of adjacency-right connection, the connecting token is to the left of the
start of the adjacency list, ‘[’. Bottom: the same sequence magnified. Here we see the backtrace reduces the
latent reasoning graph to a linear chain. We also show how MTP, once again, induces a quadratic supergraph
(rainbow).

Figure 31: The BFS ordering inductive bias changes the topology of the task and reduces the
latent reasoning graph to a linear chain.
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M THE k-LOOKAHEAD ISSUE

Saparov et al. (2025) note that, for pathfinding tasks, the characteristic difficulty measure should be
the k-lookahead – the number of steps the model must search ahead from the start node to find the
goal – not the path length |π| = k + 1. These are not equivalent: the model can shortcut prediction
of π once all competing arms are exhausted. For example, in a path-star graph with π of length 8 and
all other arms of length 5, once 4 hops are taken, the model can determine π is the only remaining
viable path by elimination, without any further search.

A related issue arises when s is not a choice node: the true number of required hops is then smaller
than k. If ui−1 is the first choice node in π, only k′ = k − i+ 1 < k hops are actually required to
solve the task (§2).

Both issues are easy to control for in Saparov et al. (2025)’s setup, since they consider only a restricted
variant of path-star graphs: s is a choice node by construction, and at least one non-π arm can be
constructed to be at least as long as π. This is much harder for general graph topologies, where we
cannot freely construct G and then force the sampled path to have these properties. Consequently, a
sampled path of length k+ 1 may not actually require k hops to solve. This is a further illustration of
why formally defining learnability for this task is difficult in the general setting.

N MULTIPLE SHORTEST PATHS AND SEMANTIC LABEL SMOOTHING

As mentioned above, multiple valid shortest paths can exist for a query Q = (s, t) beyond the
sampled ground-truth path π. During inference, this is not a problem: we validate a generated path
against G directly rather than against π.35 During training, however, it is a problem. Under NTP,
each token of π is treated as the sole ground truth at that step, and CE tries to match this one-hot
distribution. When multiple shortest paths exist, multiple targets are simultaneously valid at a given
step, so the correct ground-truth distribution should be uniform over them. In expectation, this would
not matter, since the model would still converge to the correct uniform distribution. In practice,
though, we sample only a small number of graphs and paths. As such, any alternative valid paths are
rarely observed. CE then pushes the model to place all mass on the single sampled path even when
others are equally valid, producing a loss spike whenever a well-trained model instead (correctly)
spreads mass across them. This matters because, for much of training, we are in a low-loss regime
where only a handful of tokens carry any signal, and these spikes are large enough to disrupt training
dynamics.

Fortunately, the fix is simple.36 We treat NTP as a multi-label task (in the semantic dimension;
see D.6): at each split point where multiple valid paths diverge, every node beginning a valid
continuation is treated as a valid target, and we train with multi-label CE. See Fig. 32 for an example.

Then, because we use teacher-forcing, which conditions the sequence on the ground-truth path
(Williams & Zipser, 1989), this will resolve multiple valid paths at each step without requiring a
structured sequential distribution. This means we do not need to model the joint distribution directly
and can still factorize the joint distribution across time steps as in standard language modelling.

We do not apply this correction to the MTP loss. Extending our rank-based MTP to multiple valid
paths would require modelling ties correctly (Frydenlund et al., 2022). While possible, it requires
engineering overhead and, more importantly, we found this unnecessary in practice, given MTP’s
improved training dynamics compared to NTP. The choice node analysis of §2 explains why the
correction matters more for NTP. A step with more than one valid continuation has more than one
continuation, and is therefore a choice node. The converse does not hold, as most choice nodes have a
unique valid target, but it follows that conflicted targets can only land on the c(π) positions that carry
signal under NTP, and never on positions absorbed by the CHC. MTP has k(k + 1)/2 − 1 terms,
and these are not restricted to choice nodes, since a skip of j − i > 0 requires multihop reasoning at
non-choice nodes as well. The same conflicted target is therefore a smaller fraction of the MTP loss
and the spike is diluted. Note that this correction improves NTP and is therefore applied in favour

35This requires checking against the distance matrix of G.
36This requires precomputing each graph’s distance matrix to construct the correct ground truths, so we need

the distance matrix at both training and inference time.
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of the baseline, so it cannot account for the gains we attribute to MTP. Evaluation is unaffected, as
generated paths are validated against G for both losses.

NTP

Smoothed

(a) π≤ = 9. Each of 46, 18 and 1 starts an equally valid shortest path, so u1 has three correct targets. The
sampled ground-truth path is the bottom one with bold edges.

NTP

Smoothed

(b) π≤ = 9, 46. Conditioning on the ground-truth path resolves and removes the other two branches, and 46 has
a single continuation, so u2 has one correct target.

NTP

Smoothed

(c) π≤ = 9, 46, 54. A second split occurs at the choice node 54, so u3 again has two correct targets, 32 and 85.

Figure 32: Multiple valid shortest paths from s = 9 to t = 52 require label smoothing. Light marron
solid-border nodes are choice nodes, dark dashed-border nodes are not, and grey nodes have been
removed from consideration by conditioning on π≤. The sampled ground-truth path π is drawn with
heavy edges. Below each choice node we give the NTP one-hot target and the correct uniform target
over all valid next nodes, using the same encoding. The NTP row greys out the unchosen nodes,
asserting they are off-path even though each begins an equally valid shortest path. Smoothing is
needed only at the choice nodes, so the two rows coincide in (b).

As an aside, semantic label smoothing is related to MTP when considering MTP as a structured
prediction task (Frydenlund et al., 2022; Iyer et al., 2026; Zhang et al., 2026a). The key difference
here is that, in the former, the multiple target tokens are across the semantic dimension, while, in the
latter, they are across the temporal or sequential dimensions. However, in terms of implementation,
the only change can be how the multiple targets are derived. For example, the former created a
self-supervised N-gram rule to derive multiple targets of semantically related words per time step.
Whereas in this work, we simply use the generalization of the self-supervision rule used in NTP to
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derive the multiple targets for MTP. However, both that work and this one use the same Plackett-Luce
ranking loss to learn the underlying structured multi-label prediction problem. Zhang et al. (2026b)
frames semantic prediction as a latent next-token prediction, where they hypothesize that future
hidden-states can act as continuous supervision for the current state. This can also be seen as a
temporal form of self-distillation, in which the new loss encodes planning for future predictions,
thereby relating it to MTP.

O NOTES ON SOURCE-SIDE – FULL-SEQUENCE – TRAINING WITH NTP

Recently, both Noroozizadeh et al. (2026) and Trainin et al. (2026) have shown positive results when
allowing the model to predict the entire input, including the source-side prefix, instead of restricting
NTP to the target side. This means the model must predict that u follows v to form edge (u, v), for
all edges in the randomly shuffled edge list.

Noroozizadeh et al. (2026) considered the in-weights setting, where all training examples come from
the same graph. Here, having the loss cover the entire input makes sense, since the model can and
must learn the (single) graph’s structure to complete the task. However, Trainin et al. (2026), like
us, instead considered the in-context setting with path-star graphs, where every sample is a unique,
unseen graph. This means the model cannot memorize information about any specific graph, as doing
so would induce spurious correlations. They hypothesize that full-sequence training helps because
the model learns the underlying generative process for creating graphs: “the model is additionally
rewarded for learning to generate legal graph descriptions,” and that “forcing the model to explicitly
model the graph structure rather than merely attending to it is crucial for acquiring the necessary
look-ahead mechanisms.”

We believe their hypothesis is correct, but argue the critical aspect is specifically that the graph must
be ‘legal.’ If the generative process were entirely random, as in Erdős–Rényi graphs, edge generation
would be uninformative, and there should be no benefit from source-side training. However, the
specific topology of path-star graphs imposes constraints on the generative process, and learning to
respect them, we hypothesize, forces the model to engage in auxiliary forms of MMHT.

Concretely, consider the original path-star task, where the number of arms d and arm length k
(excluding the start node s) are fixed across graphs, so |N | = dk + 1. This yields three legality
constraints: s must have degree d; every node has degree 2 if arm-interior or degree 1 if arm-final;
and each arm must contain exactly k unique nodes.

These degree and count constraints restrict which nodes can be selected from the vocabulary at each
generation step, and satisfying them can require multihop reasoning. For instance, with |N | = 51
and |V| = 100, learning to respect the total node budget only requires counting prior nodes in the
edge list, not traversing the graph. But learning to count how many nodes have been used within a
given arm does require multihop traversal. A further example which requires multihop reasoning is
suppose an arm is missing exactly one edge (u, v), with (·, u) and (v, ·) already observed elsewhere
in the list: the model can use counting to detect that an edge is missing, and multihop traversal to
identify that it must be (u, v) specifically. The number of hops required depends on where this edge
falls in the arm.

Such constraints therefore create cases which provide a learning signal that may induce MMHT.
If true, this offers further evidence that any source of MMHT signal can make the path-star task
learnable, at least at limited scale (Frydenlund, 2025). We expect this particular signal to be minimal
and not to scale (Trainin et al., 2026), but we see it as an interesting direction for future work.

84


	Introduction
	The Shortest-Path Task
	The Sequential Supervision Problem with Next-Token Prediction

	Characterizing Sample Efficiency with General Topologies
	The Sequential Sample Efficiency of Multi-Token Prediction

	The Causal Constraint, Sparsity, and Fragmented Routing
	Positional Embeddings and Permutation Sensitivity
	Methodology
	Experiments, Results, and Discussion
	Path-Star Graphs

	Conclusion and Limitations
	Notation and Abbreviations
	A Note on MMHT and Curriculum Terminology

	Further Discussion of Contributions, Limitations, and Scope
	Graph Search as a Theoretical Model of Multihop Reasoning
	Defining a Multihop Reasoning Task
	The Underlying Claims
	Claims 1, 2, and 3
	Claims 4 and 5

	Our Instantiation
	The In-Weights Model

	Extended Relevant Work
	Graphs and LLMs
	Controlled Settings and Synthetic Data
	Expressibility and Learnability of Graph and other Compositional Tasks
	The Path-Star Task and Path-Star Graphs
	Alternative Inputs or Tokenizations
	Multi-Token Prediction
	Masking, Non-Autoregressive Models, and Discrete Diffusion Models

	A Visualization of the Sequential Supervision Problem under NTP and the Benefits of MTP
	A Visualization of the Causal Constraint, Sparsity, and Fragmented Routing
	A Visualization of Tokenization and Causal Parameterization
	Ranking-into-the-Future with Plackett-Luce
	Proof of Optimal MTP Sequential Sample Efficiency
	Masked Discrete Diffusion Models Supervise A Subset of the Sub-Paths Supervised by MTP

	Extended Experimental Details
	Computation

	Extended Experimental Results on Shortest Path Task
	Full-Page Versions of the Main Results Figures
	Causal LM baseline
	Results on Euclidean Graphs
	Restricted MMHT Path-Star Graph Experiments

	Auxiliary Multihop Tasks: Khops, Khops-Gen, and BFS Scratchpads
	Khops
	Causal LMs and Mixed Multi-Length Training
	A Surrogate for MTP on Khops
	Khops Experiments and Results

	Khops-Gen
	Khops-Gen Experiments and Results

	BFS Scratchpad
	Tokenization Matters for Scratchpads Too!
	BFS-SP Experiments and Results

	Scratchpads Substantially Change the Shortest Path Task and Break the Theoretical Multihop Reasoning Model

	The k-Lookahead Issue
	Multiple Shortest Paths and Semantic Label Smoothing
	Notes on Source-Side – Full-Sequence – Training with NTP

