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Abstract

We study episodic linear Markov decision processes with unknown transitions, adversarial losses, and
bandit feedback. The state-of-the-art result for this setting [Liu et al., 2024a] either achieves

√
K regret

with a computationally inefficient algorithm or achieves suboptimal K3/4 regret, where K is the number of
episodes. Our work gives the first

√
K regret with a polynomial-time algorithm.

Our method reduces adversarial linear MDPs to adversarial linear bandits whose action set K consists
of policies’ expected feature vectors. The central challenge is that K is unknown and can be estimated only
through exploration. We address this challenge by constructing an approximate separation oracle for K
that either generates executable policies from queried features, or refines an outer approximation of K. This
approach draws inspiration from the reduction of van Erven et al. [2025] for linear contextual bandits and the
oracle-efficient linear bandit algorithm of Ito et al. [2019], but additionally deals with the imprecision of the
oracle. The resulting algorithm requires only aggregate loss feedback, and to our knowledge. This is the first
polynomial-time algorithm for adversarial MDPs with aggregate feedback beyond the tabular case.

1 Introduction

Achieving rate-optimal regret with polynomial computation is a central challenge in adversarial linear Markov
decision processes (MDPs) with bandit feedback and unknown transitions. Starting with the K14/15 regret bound
of Luo et al. [2021], subsequent works improved the rate to K8/9, K6/7, and K3/4 [Dai et al., 2023, Sherman
et al., 2023, Liu et al., 2024a], respectively. Meanwhile, Liu et al. [2024a] obtained the optimal

√
K rate using a

computationally inefficient method. Whether
√
K regret can be achieved with an efficient (polynomial-time)

algorithm has remained open.

Our work closes this gap by giving the first computationally efficient algorithm with poly(d,H)
√
K regret,

where d is the feature dimension and H is the horizon length. In fact, our work handles the more challenging
aggregate feedback model: the learner, despite observing the state sequence on the trajectory, only observes
the total episode loss rather than the individual step losses. Prior work for the aggregate feedback model
focuses either on the tabular case [Cohen et al., 2021, Lancewicki and Mansour, 2025, Ito et al., 2025] or
the stochastic-loss setting [Cassel et al., 2024, Chen et al., 2025]. To our knowledge, our work gives the first
polynomial-time algorithm for aggregate feedback model with adversarial losses beyond the tabular case.
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Our approach builds on a reduction from linear MDPs to linear bandits. For each policy π, we stack its expected
state-action features across layers as a policy-feature vector ϕπ. Because the expected episode loss is linear in
ϕπ, the MDP can be viewed as a linear bandit whose action set consists of policy-feature vectors. This action set
is unknown because ϕπ depends on the unknown transition kernel. Existing methods based on this reduction
[Kong et al., 2024, Liu et al., 2024a] discretize the policy class, estimate the policy-feature of every policy, and
apply a linear-bandit algorithm to the resulting finite action set. While this achieves the optimal

√
K regret rate

[Liu et al., 2024a], their computation scales with an exponentially large policy class.

Under the same reduction idea, van Erven et al. [2025] develop an efficient reduction from linear contextual
bandits to linear bandits. They construct a convex approximation K̂ of K from past i.i.d. contexts and construct a
linear optimization oracle for K̂. This oracle allows them to run a linear bandit algorithm (continuous exponential
weights) over K̂ without explicitly representing the set. Their linear contextual bandit setting is a special case of
linear MDP when H = 1.

Although the approach of van Erven et al. [2025] suggests a promising route for linear MDPs, a direct extension
faces a major obstacle: the straightforward estimate K̂ for linear MDP may not be convex due to the recursive
structure of MDPs. Therefore, the log-concave sampling underlying continuous exponential weights no longer
applies, and we also lose an exact optimization oracle over K̂. To address this, we leverage the idea of Ito et al.
[2019]: we run continuous exponential weights over an outer convex set O ⊇ K represented as an intersection of
halfspaces (cuts). In Ito et al. [2019], whenever a point queried from O lies outside K, an exact oracle generates
a separating cut to refine O. Unlike in their setting, however, we lack an exact oracle for K. Thus, we construct
cuts that exclude the queried point only when doing so preserves O ⊇ K with high probability. We remark that
while Ito et al. [2019] propose this mechanism to reduce oracle complexity, we use it for a completely different
purpose of handling unknown action sets.

When the algorithm does not return a cut, it decomposes the queried point into a distribution over policies whose
average policy feature approximates the query point. This will be the policy distribution played by the learner
in that episode. Together, the two cases form a approximate separation procedure: it either constructs a finite
policy mixture approximating the query, or returns a separating cut that refines O. We implement it using a
Frank–Wolfe-style procedure. Besides a distribution over policies, our procedure simultaneously generates
uncertainty measures, which will be crucial in constructing a bias-correction bonus fed to the learning procedure.

The paper is organized as follows. In Section 2 we describe the problem setting. In Section 3, we give a
high-level overview of the main algorithm. In Section 4, we provide a sketch of regret analysis. In Section 5,
we focus on the design of the approximate separation procedure. In Section 6, we analyze the computational
complexity of the algorithm.

2 Preliminaries

We consider a finite-horizon Markov decision process with horizon H , layer-wise state sets S1, . . . ,SH+1, a
finite nonempty action set A with A = |A|, and a fixed initial state s1 ∈ S1. For each layer h, the transition
kernel Ph(· | s, a) is a probability distribution on Sh+1. The kernels are unknown to the learner and fixed
across episodes. A Markov policy π = (πh)

H
h=1 consists of maps πh : Sh → ∆(A), where ∆(A) denotes the

probability simplex over actions.

The learner interacts with the MDP forK episodes. Before interaction, an oblivious adversary fixes loss functions
ℓk,h : Sh × A → [0, 1] for all episodes and layers. At the start of episode k, the learner selects a possibly
random Markov policy πk using past observations. Starting from Sk,1 = s1, the trajectory is generated by
Ak,h ∼ πk,h(· | Sk,h), Sk,h+1 ∼ Ph(· | Sk,h, Ak,h), for every h. We assume the loss feedback observed by the
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learner consists only of the total episode loss Lk =
∑H

h=1 ℓk,h(Sk,h, Ak,h), revealed at the end of the episode.
We refer to this observation model as aggregate bandit feedback.

For a Markov policy π, define its expected loss in episode k by V π
k = EP,π

[∑H
h=1 ℓk,h(Sh, Ah)

]
. Here EP,π

denotes expectation over the trajectory generated by following policy π under transition kernels P . The objective
we consider is to minimize regret relative to the best fixed Markov policy,

RegK = E

[
K∑
k=1

V πk
k

]
− min

π Markov

K∑
k=1

V π
k .

Linear MDPs. We assume that transitions and losses are linear in known feature maps ϕh : Sh ×A → Rd.
Specifically, there exist unknown vectors ψh(s

′) ∈ Rd and θk,h ∈ Rd such that, for every k, h, s, a, s′ with
s ∈ Sh and s′ ∈ Sh+1,

Ph(s
′ | s, a) = ϕh(s, a)

⊤ψh(s
′), ℓk,h(s, a) = ϕh(s, a)

⊤θk,h.

The transition coefficients ψh are fixed, while the loss coefficients θk,h may vary across episodes. We as-
sume ∥ϕh(s, a)∥2 ≤ 1, ∥θk,h∥2 ≤

√
d, and

∥∥∑
s′∈Sh+1

ψh(s
′)f(s′)

∥∥
2
≤
√
d∥f∥∞ for any f : Sh+1 → R

without loss of generality [Jin et al., 2020, Wei et al., 2021]. For any f : Sh+1 → R, define wh(f) =∑
s′∈Sh+1

ψh(s
′)f(s′) and Phf(s, a) = Es′∼Ph(·|s,a)[f(s

′)] = ϕh(s, a)
⊤wh(f).

Let p = dH be the expected-feature dimension, obtained by stacking the d-dimensional features across
all H layers. Set θk = (θk,1, . . . , θk,H), and let ϕπ = (ϕπ1 , . . . , ϕ

π
H) with ϕπh = EP,π[ϕh(Sh, Ah)]. Then

∥ϕπ∥2 ≤
√
H , ∥θk∥2 ≤

√
dH , and E[Lk | πk = π] = ⟨ϕπ, θk⟩ = V π

k . Let K = {ϕπ : π is a Markov policy}
be the set of feasible policy-feature vectors. The policy-feature reduction of Liu et al. [2024a] relates regret to
linear losses over this set through

RegK = E

[
K∑
k=1

⟨ϕπk , θk⟩ −min
u∈K

K∑
k=1

⟨u, θk⟩

]
(1)

The set K depends on the unknown transitions. The reduction therefore yields an adversarial linear bandit
problem over an unknown feasible set. The algorithm developed in Sections 4 and 5 achieves the following
guarantee.

Theorem 2.1 (Main result). For adversarial linear MDPs with aggregate bandit feedback, Algorithm 1, with the
complete implementation in Algorithm 4, achieves RegK = Õ(d5H9/2

√
K). Total computation is polynomial

in K, d,H,A.

Notation. For a positive integer m, write [m] = {1, . . . ,m}, let Im be the m×m identity matrix, and denote
the Euclidean unit ball by Bm

2 = {x ∈ Rm : ∥x∥2 ≤ 1}. The indicator 1{E} equals one when E holds and
zero otherwise. For Σ ⪰ 0, ∥x∥Σ ≜

√
x⊤Σx. For a nonempty closed convex set C ⊆ Rm, write ProjC(x) =

argminz∈C ∥z − x∥
2
2. For scalars a ≤ b, define the clipping operator by CLIP[a,b](t) = min{b,max{a, t}}.

For vectors, CLIP[a,b]m applies this operator to each coordinate. For functions, clipping is applied pointwise.
Throughout, Õ hides logarithmic factors in K, d,H,A.

3 Algorithm Overview

The main algorithm is Algorithm 1. The algorithm maintains an outer approximation O ⊃ K and a cumulative
loss estimate Zk−1 ∈ Rp. Since K may have empty interior, we actually require O to contain the enlarged set
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Kζ = K+ ζBp
2, for ζ = 1/

√
K to ensure that the linear bandit algorithm is run over a set with non-zero volume.

Each episode consists of the following steps:

Step 1. Construct a finite-support exploration distribution. The continuous exponential-weight distribution
over O has density qk(x) ∝ exp(−ηZ⊤

k−1x)1{x ∈ O}. Let µ̂k ∈ Rp and Σ̂k ∈ Rp×p be estimates of the mean
and covariance of qk. Instead of sampling a point directly from qk, we construct a uniform distribution over the
following 2p points: {

µ̂k + c0Σ̂
1/2
k v : v ∈ {±e1,±e2, . . . ,±ep}

}
(2)

where e1, . . . , ep are the standard basis vectors of Rp, c0 > 0 is a universal constant. This uniform distribution
has mean µ̂k and covariance (c20/p)Σ̂k. This sampling scheme is similar to that used in SCRiBLe [Abernethy
et al., 2009].

We aim for finite support because Step 2 explicitly enumerates and processes every possible support point before
the learner samples a policy.

Step 2. Compile each support point or generate a cut. Denote the 2p points in (2) as {Yk,i}2pi=1. For each
i ∈ [2p], APPROXSEP returns exactly one of the following:

Case 1. A set of policies {πk,i,j}Mj=1 and an error certificate εk,i such that the average policy feature
1
M

∑M
j=1 ϕ

πk,i,j approximates Yk,i, with approximation error quantified by εk,i.
Case 2. A cut (c, b) such that c⊤Yk,i < b while, with high probability, c⊤x ≥ b for all x ∈ Kζ .

If the return is Case 1 for all 2p points, the algorithm will proceed to Step 3; otherwise, the cut will be used to
refine O, and the algorithm will go back to Step 1 to generate new points {Yk,i}2pi=1 with the refined O. At a
high level, APPROXSEP implements an approximate separation oracle for Kζ . The approximation error εk,i
is constructed with confidence bounds from past transition data. APPROXSEP returns a cut only when the
confidence bounds certify that the queried point is outside Kζ . We will also show that: with high probability, the
number of cuts produced by APPROXSEP is upper bounded by poly(p,K) during the learning procedure, so the
algorithm will finally proceed to the next step.

Step 3. Sample a policy. If APPROXSEP returns Case 1 for every i ∈ [2p], the learner draws (Ik, Jk)
uniformly from [2p]× [M ] and executes πk,Ik,Jk . Conditional on the completed preparation and Ik, averaging the
policy feature over Jk gives 1

M

∑M
j=1 ϕ

πk,Ik,j , which approximates Yk,Ik within εk,Ik by the guarantee in Case 1.
Therefore, the overall algorithm approximates a standard linear bandit algorithm with the sampling scheme (2).
After execution, the constructed loss estimator θ̂k and a bias-correction bonus Bk are used to update Zk.

4 Sketch of Regret Analysis and Bonus Design

Let µk = EX∼qk [X] and Σk = CovX∼qk(X) denote the exact mean and covariance of qk after preparation of
episode k; µ̂k and Σ̂k are their estimates. Write Ek[·] = E[· | Fk], where Fk is the information available after
preparation and before drawing (Ik, Jk).

The key step is the APPROXSEP procedure in Step 2 in Section 3. In this section, we provide a skeleton of regret
analysis. Then in Section 5, we provide detailed explanation for APPROXSEP.
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Algorithm 1 Continuous exponential weights with policy compilation and adaptive cuts

Require: c0 = 1
16e , ζ = K−1/2, R =

√
H + ζ, M = K, and η ∈ (0, c0

128
√
d3H4

].
1: Z0 ← 0; O ← RBp

2; D1,h ← ∅ for all h ∈ [H]
2: for k = 1, . . . ,K do
3: repeat
4: restart← FALSE

5: Define qk(x) ∝ exp(−ηZ⊤
k−1x)1{x ∈ O}

6: Estimate mean and covariance: (µ̂k, Σ̂k)← MOMENTESTIMATE(O, Zk−1) (Section E.1)
7: Let {Yk,i}2pi=1 be the set

{
µ̂k + c0Σ̂

1/2
k v : v ∈ {±e1,±e2, . . . ,±ep}

}
.

8: for i = 1, . . . , 2p do
9: reply← APPROXSEP(Yk,i, (Dk,h)

H
h=1,M, ζ) (Algorithm 2)

10: if reply is a cut (c, b) then
11: O ← O ∩ {x : c⊤x ≥ b}
12: restart← TRUE; break
13: else
14: ((πk,i,j)

M
j=1, εk,i)← reply

15: until restart= FALSE

16: Draw (Ik, Jk) ∼ Unif([2p]× [M ]) and execute πk = πk,Ik,Jk .
17: Observe feature vectors along the trajectory (ϕk,h)

H
h=1 and the total loss Lk.

18: θ̂k ←
(
ζ2Ip +

c20
p Σ̂k

)−1
(Yk,Ik − µ̂k)Lk

19: Zk ← Zk−1 + θ̂k −Bk where Bk = 10ηpεk
c0

Zk−1 with εk =
√

1
2p

∑2p
i=1 ε

2
k,i.

20: Dk+1,h ← Dk,h ∪ {(ϕk,h, Sk,h+1)} for all h ∈ [H]

Recall that in episode k, Algorithm 1 forms 2p target points (Line 7 of Algorithm 1). For each target Yk,i ∈ Rp,
the APPROXSEP procedure (Line 9 of Algorithm 1) either returns a cut or a list ofM policies and a certificate εk,i.
Let xk,i = 1

M

∑M
j=1 ϕ

πk,i,j . Then Lemma 5.2 shows ∥xk,i − Yk,i∥2 ≤ εk,i. Further define xk = 1
2p

∑2p
i=1 xk,i.

Since µ̂k = 1
2p

∑2p
i=1 Yk,i, Jensen’s inequality gives

∥xk − µ̂k∥2 ≤ εk :=
√

1
2p

∑2p
i=1 ε

2
k,i. (3)

Essentially, µ̂k is the mean feature suggested by the underlying linear bandit algorithm, while xk is the true
expected feature of the policy executed by the learner. Their mismatch indicates that the underlying linear bandit
algorithm is facing misspecified or corrupted feedback.

Quantifying bias and injecting bias-correction bonus. To handle misspecification, we inject bias-correction
bonusBk into the continuous exponential weight update [Liu et al., 2024c, van Erven et al., 2025]. To understand
the design of Bk, we perform the following analysis. When the regret comparator has policy feature u, the true
regret in episode k is ⟨xk−u, θk⟩, while the regret seen by the exponential weight algorithm is ⟨µk−u, θ̂k−Bk⟩.
Their difference is

⟨xk − u, θk⟩︸ ︷︷ ︸
true regret

−⟨µk − u,Ek[θ̂k]−Bk⟩︸ ︷︷ ︸
perceived regret

= ⟨xk − µk, θk⟩︸ ︷︷ ︸
feature error

+ ⟨µk − u, θk − Ek[θ̂k]⟩︸ ︷︷ ︸
loss estimator bias

+ ⟨µk − u,Bk⟩︸ ︷︷ ︸
correction term

. (4)

The first term (i.e., feature error) comes from the mismatch between the estimated and true policy feature. It is
upper bounded by

√
p
(
εk + ∥µ̂k − µk∥2

)
by (3) with the assumption ∥θk∥2 ≤

√
p. The term ∥µ̂k − µk∥2 can be
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made negligible by running MOMENTESTIMATE with high enough accuracy. Therefore, this part is dominated
by
√
pεk.

The second term (i.e., loss estimator bias) comes from the bias of θ̂k. It can be upper bounded as ⟨µk − u, θk −
Ek[θ̂k]⟩ ≤ ∥µk − u∥Σ−1

k
∥θk − Ek[θ̂k]∥Σk

. Lemma C.2 gives ∥θk − Ek[θ̂k]∥Σk
≤ 5pεk

2c0
, and hence

loss estimator bias = ⟨µk − u, θk − Ek[θ̂k]⟩ ≤ 5pεk
2c0
∥µk − u∥Σ−1

k
. (5)

This bias depends on the regret comparator u and can be large if distribution qk puts low weight on u. The
solution to this term has become standard [Lee et al., 2020, Zimmert and Lattimore, 2022, Liu et al., 2024c]:
The continuous exponential weight qk(x) ∝ exp(−ηZ⊤

k−1x)1{x ∈ O} over x ∈ Rp can be viewed as Follow-
the-Regularized-Leader with a p-self-concordant barrier [Bubeck and Eldan, 2015]. Lemma C.1 therefore gives
∥µk − u∥Σ−1

k
≤ −4η⟨µk−u,Zk−1⟩+24p. Combining with (5) and recalling Bk = 10ηpεk

c0
Zk−1, we can bound

the sum of the last two terms in (4) as

loss estimator bias + correction term = ⟨µk − u, θk − Ek[θ̂k] +Bk⟩ ≤ 60p2εk
c0

.

This explains why we include the bonus term Bk in Line 19 of Algorithm 1. The bonus removes the comparator-
dependent term O(p2εk∥µk − u∥Σ−1

k
) from the bias upper bound and introduces a comparator-independent

overhead O(p2εk). Overall, the discrepancy between the true regret and the perceived regret is of order
O
(
p2
∑K

k=1 εk
)
.

Bounding the perceived regret. The perceived regret in (4) follows the standard analysis of exponential
weights. Even though the decision sets change over time, since they are always shrinking and the true regret
comparator always lies in K ⊆ O with high probability, the standard FTRL analysis applies (Lemma C.4).

The true regret is then bounded by the sum of the perceived regret and the discrepancy:

Lemma 4.1 (Regret bound). Algorithm 1 with the optimal choice of η ensures

RegK ≤ Õ
(
d3/2H5/2

√
K︸ ︷︷ ︸

perceived regret

+ d2H2

√
KE

[∑K

k=1
ε2k

]
︸ ︷︷ ︸

bias + correction

)
. (6)

To obtain Õ(
√
K) regret from Eq. (6), it remains to bound

∑
k ε

2
k by polynomial factors in d,H and logarithmic

factors in K. Section 5 establishes this guarantee, and we give the final bound for the “bias + correction” term
above in Section 5.3.

5 From a target feature vector to a policy list

This section builds APPROXSEP, the procedure in Algorithm 1 that performs approximate separation:

6



Input: y ∈ Rp

Output: exactly one of the following:

•
(
{πj}Mj=1, ε

)
such that ∥y − 1

M

∑M
j=1 ϕ

πj∥2 ≤ ε.

• (c, b) such that c⊤y < b and c⊤x ≥ b for all x ∈ Kζ .

Figure 1: Approximate separation — realized by APPROXSEP (Algorithm 2)

To build approximate separation, we leverage the ability to perform approximate linear optimization:

Input: c ∈ Rp

Output: (π, ϕ̂,∆) such that ∥ϕ̂− ϕπ∥2 ≤ ∆ and c⊤ϕ̂ ≤ minx∈K c
⊤x+ ∥c∥2∆.

Figure 2: Approximate linear optimization — realized by APPROXLO (Algorithm 3)

In the analysis below, we will see how ε in Fig. 1 depends on ∆ in Fig. 2 (Line 9 of Algorithm 2). In implementing
approximate linear optimization, the learner has access to previous transition data (Dk,h)

H
h=1 as the source of

information for the unknown set K. The error ∆ will be related to confidence bound of the transition (see (10)).

Since π is selected based on the same data used to estimate its feature, we establish the confidence bounds
underlying ∆ uniformly over all possible output policies. We obtain these bounds by restricting the policy class
to have controlled complexity and applying a covering argument, allowing the same data to be reused across
adaptive linear-optimization queries.

In Section 5.1, we focus on building approximate separation from approximate linear optimization. Then in
Section 5.2, we investigate the implementation of approximate linear optimization.

5.1 Constructing the policy list or excluding the target

This subsection constructs APPROXSEP (Algorithm 2), assuming access to APPROXLO. The algorithm can
be viewed as an inexact Frank–Wolfe procedure for the objective f(x) = 1

2∥x − y∥
2
2 over K. As in standard

Frank–Wolfe, the iterate is an average over extreme points. Thus, the procedure also naturally produces a policy
list whose average feature approximates the target y.
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Algorithm 2 APPROXSEP (y, (Dk,h)
H
h=1,M, ζ)

Require: Target y ∈ Rp, transition data (Dk,h)
H
h=1, policy count M , enlargement radius ζ.

1: x̂0 ← 0.
2: for j = 1, . . . ,M do
3: cj ← x̂j−1 − y
4: (πj , ϕ̂j ,∆j)← APPROXLO(cj ; (Dk,h)

H
h=1) (Algorithm 3)

5: bj ← c⊤j ϕ̂j − ∥cj∥2 (∆j + ζ)

6: if c⊤j y < bj then
7: return cut (cj , bj)

8: x̂j ← j−1
j x̂j−1 +

1
j ϕ̂j

9: return ((πj)
M
j=1, ε), where ε =

√
4ζ2 + 6

M

∑M
j=1∆

2
j +

8R2(1+logM)
M

First, we ensure that if APPROXLO performs as desired, then APPROXSEP returns a cut only when y /∈ Kζ .
This is shown in the following lemma:

Lemma 5.1. Suppose APPROXLO (called in Line 4 of Algorithm 2) satisfies the property in Fig. 2 and assume
y ∈ Kζ . Then APPROXSEP will NOT return a cut.

Proof. By the guarantee of APPROXLO, we have

c⊤j ϕ̂j ≤ min
x∈K

c⊤j x+ ∥cj∥2∆j ≤
(
min
x∈Kζ

c⊤j x+ ζ∥cj∥2
)
+ ∥cj∥2∆j ≤ c⊤j y + ∥cj∥2(∆j + ζ)

where we use the assumption y ∈ Kζ in the last inequality. Thus, the “if” condition in Line 7 of Algorithm 2
does not hold, and the algorithm will not return a cut.

Next, we ensure that if no cut is returned by APPROXSEP, the approximation error for y is controlled.

Lemma 5.2. Suppose APPROXLO (called in Line 4 of Algorithm 2) satisfies the property in Fig. 2 and suppose
APPROXSEP does NOT return a cut. Then

∥∥ 1
M

∑M
j=1 ϕ

πj − y
∥∥
2
≤ ε (defined in Line 9).

Proof. This proof is related to the analysis for Frank-Wolfe algorithms. For any j = 1, . . . ,M ,

∥x̂j − y∥2 =
∥∥∥∥(1− 1

j

)
x̂j−1 +

1

j
ϕ̂j − y

∥∥∥∥2 (Line 8)

= ∥x̂j−1 − y∥2 −
2

j
⟨x̂j−1 − y, x̂j−1 − ϕ̂j⟩+

1

j2
∥x̂j−1 − ϕ̂j∥2

≤ ∥x̂j−1 − y∥2 −
2

j
∥x̂j−1 − y∥2 −

2

j
⟨cj , y − ϕ̂j⟩+

4R2

j2
(cj = x̂j−1 − y)

≤ ∥x̂j−1 − y∥2 −
2

j
∥x̂j−1 − y∥2 +

2

j
∥cj∥(∆j + ζ) +

4R2

j2

(the “if” condition in Line 7 of Algorithm 2 does not hold)

≤
(
1− 1

j

)
∥x̂j−1 − y∥2 +

2∆2
j + 2ζ2

j
+

4R2

j2
. (cj = x̂j−1 − y and AM-GM)

8



Expanding the recursion using Lemma D.1 yields

∥x̂M − y∥22 ≤ 2ζ2 +
2

M

M∑
j=1

∆2
j +

4R2(1 + logM)

M
. (7)

Let x = 1
M

∑M
j=1 ϕ

πj . Since x̂M = 1
M

∑M
j=1 ϕ̂j , by the assumed property of APPROXLO,

∥x− x̂M∥22 ≤
1

M

M∑
j=1

∥∥∥ϕπj − ϕ̂j
∥∥∥2
2
≤ 1

M

M∑
j=1

∆2
j . (8)

Combining (8) and (7) and using ∥x− y∥22 ≤ 2∥x− x̂M∥22 + 2∥x̂M − y∥22 finishes the proof.

Together, the two lemmas establish the desired dichotomy: feasible targets are never excluded, while any target
not excluded is approximated by a policy list with controlled error. The next subsection relates this error to
confidence bounds for the unknown transitions.

5.2 Planning and evaluating from past transitions

In this subsection, we develop APPROXLO that achieves the property in Fig. 2, with the help of the transition
data (Dk,h)

H
h=1 collected before. The algorithm is adapted from the standard Least-Square Value Iteration (LSVI)

procedure [Jin et al., 2020, Wang et al., 2020] and is displayed in Algorithm 3. Its guarantee is summarized in
the following theorem:

Theorem 5.3 (Certified approximate linear optimization). Let β = Cβd
√
log(KdHA/δ), where Cβ is a

sufficiently large universal constant. Then, with probability at least 1− δ, simultaneously for every episode k
and every call to Algorithm 3, the returned tuple (π, ϕ̂,∆) satisfies ϕ̂ ∈

√
HBp

2, ∆ ∈ [0, 2
√
H], and

∥ϕ̂− ϕπ∥2 ≤ ∆, c⊤ϕ̂− ∥c∥2∆ ≤ minu∈K c
⊤u. (9)

Moreover, the returned certificate satisfies

∆ ≤ 10
√
p β2H EP,π

[
H∑

h=1

∥ϕh(Sh, Ah)∥Λ−1
k,h

]
+Hτ logA. (10)

Below, we overview the elements in Algorithm 3.

Task 1: Policy optimization. We use optimistic LSVI [Jin et al., 2020] to find an approximately optimal policy
under the cost function ϕh(s, a)⊤ch. Different from Jin et al. [2020], we output a Gibbs (softmin) policy (Line 6
of Algorithm 3) instead of a greedy one, and use soft state value (Line 5). The reason of doing this is to make the
mapping from c to the output policy feature ϕ̂ be Lipschitz, leading to a bounded log covering number for the
class of mappings (Appendix D). The clipping for Qpl

h is at
√
H because |⟨ϕ(s, a), c̄⟩| ≤ ∥ϕ(s, a)∥2∥c̄∥2 ≤

√
H

(Line 4). This implies |V pl
h (s)| ≤

√
H + τ logA ≤

√
H + 1.

The soft value preserves optimism because V pl
h (s) ≤ minaQ

pl
h (s, a), giving V pl

1 (s1) ≤ minu∈K c̄
⊤u. Thus, to

obtain the second guarantee in (9), it suffices to bound c̄⊤ϕ̂− V pl
1 (s1). This difference can be decomposed into

c̄⊤ϕ̂− V pl
1 (s1) = c̄⊤(ϕ̂− ϕπ)︸ ︷︷ ︸

feature estimation error

+ c̄⊤ϕπ − V pl
1 (s1)︸ ︷︷ ︸

planning error

(11)
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Algorithm 3 APPROXLO (c, (Dk,h)
H
h=1)

Require: c ∈ Rp, dataset (Dk,h)
H
h=1.

Parameters: τ = 1/(H
√
K log(eA)) and β as in Theorem 5.3.

Define: Λk,h = Id +
∑

(u,s′)∈Dk,h
uu⊤, νk,h(s, a) = ∥ϕ(s, a)∥Λ−1

k,h
, and c̄ = c/ ∥c∥2.

Define: P̂k,hf(s, a) = ϕh(s, a)
⊤Λ−1

k,h

∑
(u,s′)∈Dk,h

uf(s′) for f : S → R.

1: Let V pl
H+1(s) = 0 ∈ R and V ft

H+1(s) = 0 ∈ Rp and ÛH+1(s) = 0 ∈ R for all s ∈ SH+1.

2: for h = H,H − 1, . . . , 1 do

3: // Task 1: policy optimization: choose the policy π
4: Qpl

h (s, a)← CLIP[−
√
H,

√
H]

(
ϕh(s, a)

⊤c̄h + P̂k,hV
pl
h+1(s, a)− (

√
H + 1)βνk,h(s, a)

)
.

5: V pl
h (s)← −τ log

∑
a exp(−Q

pl
h (s, a)/τ).

6: πh(a | s) ∝ exp(−Qpl
h (s, a)/τ).

7: // Task 2: feature evaluation: estimate ϕπ

8: rfth (s, a)← (0, . . . , 0, ϕh(s, a), 0, . . . , 0) ∈ Rp.
9: Qft

h (s, a)← CLIP[−1,1]p(r
ft
h (s, a) + P̂k,hV

ft
h+1(s, a))

10: V ft
h (s)←

∑
a πh(a | s)Qft

h (s, a)

11: // Task 3: uncertainty evaluation: upper bound Uπ
k

12: Qunc
h ← CLIP[0,H−h+1]((1 +Hβ)νk,h + P̂k,hÛh+1)

13: Ûh(s)←
∑

a πh(a | s)Qunc
h (s, a)

14: ϕ̂← Proj√HBp
2
(V ft

1 (s1)).

15: ∆← min{5√pβÛ1(s1) +Hτ logA, 2
√
H}

16: return (π, ϕ̂,∆)

The feature-evaluation error is handled in the feature-evaluation step below. The planning error comes from Gibbs
smoothing and the transition-prediction errors, which sum to c̄⊤ϕπ − V pl

1 (s1) ≤ 2(
√
H + 1)βUπ

k +Hτ logA,
where Uπ

k = EP,π[
∑

h νk,h(Sh, Ah)].

Task 2: Feature evaluation. Now fix the Gibbs policy π constructed in the policy-optimization step, and
estimate its policy feature ϕπ. Define vector rfth (s, a) ∈ Rp as in Line 8. Then we have

EP,π

[
H∑

h=1

rfth (Sh, Ah)

]
=
(
EP,π[ϕ1(S1, A1)], . . . ,EP,π[ϕH(SH , AH)]

)
= ϕπ.

Thus estimating ϕπ is a policy-evaluation problem with p-dimensional vector rewards. We estimate ϕπ by
backward policy evaluation, obtaining ϕ̂ ∈

√
HBp

2. A backward induction shows that the estimation error is
controlled by Uπ

k , giving ∥ϕ̂ − ϕπ∥2 ≤
√
p βUπ

k . Since ∥c̄∥2 ≤ 1,
∣∣c̄⊤ϕ̂ − c̄⊤ϕπ∣∣ ≤ √p βUπ

k . Adding this
estimation error to the policy optimization bound (11) gives

c̄⊤ϕ̂−
[
(
√
p+ 2

√
H + 2)βUπ

k +Hτ logA
]
≤ V pl

1 (s1) ≤ min
u∈K

c̄⊤u. (12)

Thus both inequalities in (9) hold if we choose ∆ ≥ 5
√
pβUπ

k +Hτ logA. However, the learner cannot compute
this threshold because Uπ

k is an expectation under the unknown transitions. We next obtain an estimated upper
bound of Uπ

k , from which we can choose ∆.
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Task 3: Uncertainty evaluation. We use the same backward policy evaluation to estimate Uπ
k . This can be

achieved by viewing νk,h(s, a) ∈ [0, 1] as the reward. Since ∥Ûh+1∥∞ ≤ H , we add the bonus (1 + βH)νk,h to
guard against underestimating future uncertainty. A backward induction gives Uπ

k ≤ Û1(s1) ≤ 2βHUπ
k . Using

the computable upper bound Û1(s1) in place of Uπ
k in the feature evaluation step, APPROXLO (c; (Dk,h)

H
h=1)

(Algorithm 3) returns (π, ϕ̂,∆) with ∆ = min{5√p βÛ1(s1) +Hτ logA, 2
√
H}, where the clipping to 2

√
H

is because ∥ϕ− ϕ′∥2 ≤ 2
√
H for any policy features ϕ, ϕ′.

The above definition of ∆ together with Û1(s1) ≤ 2βHUπ
k gives (10).

5.3 Final Regret Bound

Proof of Theorem 2.1. Now we combine elements to establish the final regret bound. The sum of misspecification
in the “bias + correction” term in Lemma 4.1 can be bounded as

E

[
K∑
k=1

1

2p

2p∑
i=1

ε2k,i

]

= E

 K∑
k=1

4ζ2 +
8R2(1 + logM)

M
+

6

M

1

2p

2p∑
i=1

M∑
j=1

∆2
k,i,j

 (Line 9 of Algorithm 2)

≤ Õ

(
H + E

[
K∑
k=1

∆2
k,Ik,Jk

])
((Ik, Jk) uniformly drawn from [2p]× [M ] in Algorithm 1)

≤ Õ

(
H + E

[
K∑
k=1

pβ4H3
H∑

h=1

∥ϕh(Sk,h, Ak,h)∥2Λ−1
k,h

])
(Theorem 5.3)

≤ Õ
(
d6H5

)
, (Elliptical potential lemma: E

[∑
k,h ∥ϕh(Sk,h, Ak,h)∥2Λ−1

k,h

]
≤ Õ(dH))

Plugging this in Lemma 4.1 gives the desired bound.

6 Computation

We bound the computation time of Algorithm 1 by analyzing the costs of MOMENTESTIMATE and APPROXSEP,
together with the number of cuts.

The MOMENTESTIMATE procedure and the desired guarantees are same as those in [Ito et al., 2019]. We directly
use the results in their Section 4.2 to bound the complexity of MOMENTESTIMATE by poly(d,H,K, log(1/δ))
calls to the membership oracle of O.

The total number of cuts added in each episode is upper bounded by Õ(p+
√
HK3/2) with high probability

(see Lemma E.3). To prevent the low probability event to lead to non-termination of the algorithm, we present a
version of Algorithm 1 that explicitly counts the number of restarts and executes the fallback plan if the count
exceeds a certain threshold (Algorithm 4).

The APPROXLO procedure (Algorithm 3) can be run in poly(d,H,K,A) time, even though the displayed
Algorithm 3 enumerates the updates on all state-action pairs. This is common in prior work for linear MDP (Jin
et al. [2020]). For completeness, we explicitly describe the implementation in Section E.3.
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A Related Work

A.1 Learning Adversarial MDPs with Linear Structure

We review results for learning adversarial rewards with fixed transition dynamics.

A closely related problem is adversarial linear contextual bandits with stochastic contexts, where contexts
are drawn independently from a fixed distribution, while reward vectors may change adversarially. Neu and
Olkhovskaya [2020] obtain efficient square-root regret when the context distribution is known. With access to a
context simulator, Dai et al. [2023] also achieve square-root regret without knowing this distribution. Liu et al.
[2023] remove the simulator requirement and obtain

√
K regret with computation polynomial in the number

of available actions. van Erven et al. [2026] obtains a reduction to linear bandits whose computation avoids
enumerating the actions, and only requires linear optimization oracles for the action sets.

Linear mixture MDPs parameterize the transition kernel using known features of state-action-next-state triples,
rather than the state-action features in linear MDPs. With unknown transitions and full-information reward
feedback, Cai et al. [2020] establish

√
K regret via optimistic policy optimization. He et al. [2022] improve the

horizon dependence and obtain near-minimax guarantees. Under per-step bandit feedback, Zhao et al. [2023a]
give the first efficient algorithm with

√
K regret, and Li et al. [2024] subsequently improve its dependence on

the number of states. Both bandit-feedback bounds retain polynomial dependence on state cardinality.

For adversarial linear MDPs, Neu and Olkhovskaya [2021] establish square-root regret with known transitions
under an exploratory condition. With unknown transitions and full-information feedback, Zhong and Zhang
[2023] obtain K3/4 and Sherman et al. [2024] improved the guarantee to

√
K. Cassel and Rosenberg [2024]

retain the square-root rate, improve the dimension and horizon dependencies, and remove the initial reward-free
exploration phase in Sherman et al. [2024]. For bandit-feedback under a simulator access, Luo et al. [2021]
obtain K2/3 regret, and Dai et al. [2023] improve this to

√
K. Without a simulator, learning unknown transitions

from the learner’s own trajectories is more difficult. Under bandit feedback, the efficient regret bounds progress
from K14/15 [Luo et al., 2021] to K8/9 [Dai et al., 2023], K6/7 [Sherman et al., 2023], and K3/4 [Liu et al.,
2024a]. Kong et al. [2024] obtain K4/5 regret through a reduction to linear optimization under an exploratory
assumption. Liu et al. [2024a] additionally achieve the optimal

√
K rate without that assumption, but their

algorithm is computationally inefficient. Our work obtains poly(d,H)
√
K regret with polynomial computation,

and requires only the cummulative loss rather than the per-step losses along the trajectory.

A.2 Adversarial RL beyond Linear MDPs

Low-rank MDPs extend linear MDPs by allowing the feature representation to be unknown. With unknown
transitions and full-information feedback, Zhao et al. [2023b] and Liu et al. [2024b] give model-based, oracle-
efficient algorithms with K5/6 and K2/3 regret, respectively, allowing arbitrary rewards. Under bandit feedback,
Liu et al. [2024b] show that additional reward structure is necessary to avoid polynomial dependence on
the number of states. Assuming linear rewards, they obtain K2/3 regret through computationally inefficient
model-based and model-free algorithms, and K4/5 regret through oracle-efficient model-free algorithms.

The decision-estimation coefficient (DEC) approach provides a general approach to adversarial RL. Foster et al.
[2022], Xu and Zeevi [2025] characterize adversarial decision making using the DEC of the convexified model
class, but they can only handle MDPs with known transitions. Liu et al. [2025] extend the DEC framework to
MDPs with fixed unknown transitions and adversarial rewards, providing general model-based regret guarantees.
As an application, their framework yields

√
K regret for low-rank MDPs with adversarial linear rewards under

both full-information and bandit feedback. For model-free learning with full-information reward feedback, they
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establish K3/4 and K5/6 regret for on-policy and off-policy bilinear classes [Du et al., 2021], respectively.

Liu et al. [2026] extends model-free learning to adversarial bandit feedback under linear rewards. For on-policy
and off-policy bilinear classes, they obtain K5/6 and K13/15 regret, respectively. With Bellman completeness,
these rates improve to K3/4 and K4/5; they also obtain K3/4 regret for coverable MDPs [Xie et al., 2022] under
Bellman completeness. These results cover transition structures beyond linear MDPs, but do not provide the
polynomial-time square-root guarantee studied here.
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B Complete Algorithm

Algorithm 1 involves a repeat-until loop that may not stop, though this happens only with negligible probability
(Lemma E.3). In order to ensure the algorithm will terminate with probability 1, we present below in Algorithm 4
a more complete version that caps the number of repeats by a finite amount. As shown in Lemma E.3, with high
probability, the number of repeats is smaller than the threshold. In the regret analysis (Lemma 4.1), the bad
event only contributes to negligible expected regret. In Algorithm 4, we highlight the parts that are different
from Algorithm 1.

Algorithm 4 Algorithm 1 with a restart cap and a fallback policy

Require: c0 = 1
16e , ζ = K−1/2, R =

√
H + ζ, M = K, Nmax = Θ̃(p+

√
HK3), η ≤ c0

128
√
d3H4

.
1: Z0 ← 0; O ← RBp

2; D1,h ← ∅ for all h ∈ [H]
2: for k = 1, . . . ,K do
3: n← 0
4: repeat
5: n← n+ 1
6: restart← FALSE

7: Define qk(x) ∝ exp(−ηZ⊤
k−1x)1{x ∈ O}

8: (µ̂k, Σ̂k)← MOMENTESTIMATE(O, Zk−1)

9: Let {Yk,i}2pi=1 be the set
{
µ̂k + c0Σ̂

1/2
k v : v ∈ {±e1,±e2, . . . ,±ep}

}
.

10: for i = 1, . . . , 2p do
11: reply← APPROXSEP(Yk,i, (Dk,h)

H
h=1,M, ζ)

12: if reply is a cut (c, b) then
13: O ← O ∩ {x : c⊤x ≥ b}
14: restart← TRUE; break
15: else
16: ((πk,i,j)

M
j=1, εk,i)← reply

17: until restart= FALSE or n = Nmax

18: if n = Nmax then
19: Execute the policy πk with πk,h(· | s) = Unif(A) for all h, s.
20: Zk ← Zk−1 and Dk+1,h ← Dk,h for all h ∈ [H]
21: else
22: Draw (Ik, Jk) ∼ Unif([2p]× [M ]) and execute πk = πk,Ik,Jk .
23: Observe feature vectors along the trajectory (ϕk,h)

H
h=1 and the total loss Lk.

24: θ̂k ←
(
ζ2Ip +

c20
p Σ̂k

)−1
(Yk,Ik − µ̂k)Lk

25: Zk ← Zk−1 + θ̂k −Bk, where Bk = 10ηpεk
c0

Zk−1 and εk =
√

1
2p

∑2p
i=1 ε

2
k,i.

26: Dk+1,h ← Dk,h ∪ {(ϕk,h, Sk,h+1)} for all h ∈ [H]
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C Omitted Proofs in Section 4

C.1 Properties of continuous exponential weights

For a full-dimensional compact convex body O ⊂ Rp, define

ΦO(v) = log

∫
O
ev

⊤x dx, FO = Φ∗
O. (13)

Here FO(x) = supv{v⊤x− ΦO(v)} is the entropic barrier.

Lemma C.1 (Entropic-barrier toolkit). Let Xv have density proportional to ev
⊤x1{x ∈ O}. Then

∇ΦO(v) = E [Xv] , ∇2ΦO(v) = Cov(Xv). (14)

At every conjugate pair x = ∇ΦO(v),

∇FO(x) = v, ∇2FO(x) =
(
∇2ΦO(v)

)−1
. (15)

Moreover, for every x, u ∈ int(O),

∥x− u∥∇2FO(x) ≤ 4 ⟨x− u,∇FO(x)⟩+ 24p, (16)

∥∇FO(x)∥(∇2FO(x))−1 ≤
√
p. (17)

Finally, if r = ∥δv∥∇2ΦO(v) < 1, then

ΦO(v + δv)− ΦO(v)− ⟨∇ΦO(v), δv⟩ ≤ −r − log(1− r). (18)

Proof. Equation (14) follows by differentiation. Inverse-gradient duality gives (15) [Chewi, 2023, Section 2].

By Chewi [2023, Theorem 2], FO is a p-self-concordant barrier, giving (17). By Zimmert and Lattimore [2022,
Lemma 14], some γ′ ∈ [1, 4] satisfies

∥x− u∥∇2FO(x) ≤ γ
′ ⟨x− u,∇FO(x)⟩+ 4γ′p+ 2

√
p.

For p, γ′ ≥ 1, 4γ′p+ 2
√
p ≤ 6γ′p. Thus

0 ≤ ∥x− u∥∇2FO(x) ≤ γ
′(⟨x− u,∇FO(x)⟩+ 6p

)
≤ 4
(
⟨x− u,∇FO(x)⟩+ 6p

)
,

proving (16).

Since ΦO = F ∗
O and self-concordance is preserved under convex conjugation [Nemirovski and Todd, 2008,

Section 2.1.3], ΦO is self-concordant. Its local Taylor bound [Nemirovski and Todd, 2008, Section 2.1.1,
Eq. (2.5)] gives (18).

C.2 Bounding bias and bonus

Lemma C.2 (Loss-estimator bias and local norm). Assume 1
2Σk ⪯ Σ̂k ⪯ 2Σk, and write θ̃k = θ̂k −Bk. Then

the loss estimator satisfies

∥θk − Ek[θ̂k]∥Σk
≤ 5pεk

2c0
, ∥θ̂k∥2Σk

≤ 2H2p2

c20
, ∥θ̃k∥Σk

≤
√
2Hp

c0
+

10p3/2εk
c0

. (19)
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Proof of Lemma C.2. Define α = c20/p. From the estimator definition,

θk − θ̂k = (ζ2Ip + αΣ̂k)
−1
(
(ζ2Ip + αΣ̂k)θk − (Yk,Ik − µ̂k)Lk

)
.

Our construction gives

1

2p

2p∑
i=1

(Yk,i − µ̂k) = 0,
1

2p

2p∑
i=1

(Yk,i − µ̂k)(Yk,i − µ̂k)⊤ = αΣ̂k.

Define

mk :=
1

2p

2p∑
i=1

(Yk,i − µ̂k)(xk,i − Yk,i)⊤θk.

Using Ek[Lk | Ik = i] = ⟨xk,i, θk⟩, we obtain

Ek[(Yk,Ik − µ̂k)Lk] =
1

2p

2p∑
i=1

(Yk,i − µ̂k)x⊤k,iθk

= αΣ̂kθk +mk.

Taking Ek in the first display therefore gives

θk − Ek[θ̂k] = (ζ2Ip + αΣ̂k)
−1(ζ2θk −mk). (20)

For any v ∈ Rp, Cauchy–Schwarz for the uniform average over i ∈ [2p] gives

|⟨v,mk⟩| =

∣∣∣∣∣ 12p
2p∑
i=1

v⊤(Yk,i − µ̂k)(xk,i − Yk,i)⊤θk

∣∣∣∣∣
≤

√√√√ 1

2p

2p∑
i=1

v⊤(Yk,i − µ̂k)(Yk,i − µ̂k)⊤v

√√√√ 1

2p

2p∑
i=1

θ⊤k (xk,i − Yk,i)(xk,i − Yk,i)⊤θk

≤
√
α∥v∥

Σ̂k

√√√√ p

2p

2p∑
i=1

∥xk,i − Yk,i∥22 (∥θk∥22 ≤ dH = p)

= c0∥v∥Σ̂k
εk. (α = c20/p)

Taking v = Σ̂−1
k mk, we get ∥mk∥2Σ̂−1

k

≤ c0∥mk∥Σ̂−1
k
εk and hence

∥mk∥Σ̂−1
k
≤ c0εk.

Since Σk ⪯ 2Σ̂k, we have∥∥∥(ζ2Ip + αΣ̂k)
−1mk

∥∥∥2
Σk

≤ 2
∥∥∥(ζ2Ip + αΣ̂k)

−1mk

∥∥∥2
Σ̂k

≤ 2

α2
∥mk∥2Σ̂−1

k

≤
2c20ε

2
k

α2
=

2p2ε2k
c20

.
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We also have ∥∥∥ζ2(ζ2Ip + αΣ̂k)
−1θk

∥∥∥2
Σk

≤ 2ζ4θ⊤k (ζ
2Ip + αΣ̂k)

−1Σ̂k(ζ
2Ip + αΣ̂k)

−1θk

≤ 2

α
ζ4θ⊤k (ζ

2Ip + αΣ̂k)
−1/2(ζ2Ip + αΣ̂k)

−1/2θk

≤ 2ζ2

α
∥θk∥22 =

2ζ2p2

c20
.

Combining these two bounds in (20) and using εk ≥ 2ζ yields

∥θk − Ek[θ̂k]∥Σk
≤
√
2pεk
c0

+

√
2pζ

c0
≤ 5pεk

2c0
.

Moreover, 0 ≤ Lk ≤ H and the leverage identity above imply

∥θ̂k∥2Σk
≤ 2H2(Yk,Ik − µ̂k)

⊤(ζ2Ip + αΣ̂k)
−1Σ̂k(ζ

2Ip + αΣ̂k)
−1(Yk,Ik − µ̂k)

≤ 2H2

α
(Yk,Ik − µ̂k)

⊤(αΣ̂k)
−1(Yk,Ik − µ̂k) ≤

2H2p2

c20
.

This proves the first two bounds in (19).

By (14) and (15),
∇FOk

(µk) = −ηZk−1, ∇2FOk
(µk) = Σ−1

k ,

and hence Bk = −10pεk∇FOk
(µk)/c0. Equation (17) gives

∥Bk∥Σk
≤ 10p3/2εk

c0
.

The triangle inequality and (a + b)2 ≤ 2a2 + 2b2, together with the bound on ∥θ̂k∥Σk
above, prove the last

bound in (19).

Lemma C.3 (Bias–bonus compensation). Under the assumptions of Lemma C.2, for every u ∈ Ok, it holds that

⟨µk − u, θk⟩ ≤ Ek[⟨µk − u, θ̃k⟩] +
60p2εk
c0

. (21)

Proof of Lemma C.3. By (14) and (15),

∇FOk
(µk) = −ηZk−1, ∇2FOk

(µk) = Σ−1
k ,

and hence Bk = −10pεk∇FOk
(µk)/c0. Local Cauchy–Schwarz, Eq. (19), and Eq. (16) give

⟨µk − u, θk − Ek[θ̂k]⟩ ≤
5pεk
2c0
∥µk − u∥∇2FOk

(µk)

≤ 10pεk
c0
⟨µk − u,∇FOk

(µk)⟩+
60p2εk
c0

= −⟨µk − u,Bk⟩+
60p2εk
c0

.

Since Bk is Fk-measurable,

⟨µk − u, θk⟩ ≤ Ek[⟨µk − u, θ̂k −Bk⟩] +
60p2εk
c0

,

which proves (21).
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C.3 Overall regret analysis

Let Fk be the information available after preparation of episode k and before the policy draw, and write
Ek[·] = E[· | Fk]. Define χk to equal one if all Bellman-confidence and moment-estimation events have held
through this preparation. Once it becomes zero, it remains zero. Thus χk is Fk-measurable and, by Theorem D.2,
the moment-estimation guarantee, and a union bound over all calls,

P(χk = 1 for every k ∈ [K]) ≥ 1− δ. (22)

where δ = 2K−2. Whenever χk = 1, Kζ ⊆ Ok ⊆ RBp
2 and the moment and compiler guarantees hold. Write

xk = Ek[ϕ
πk ] and set the auxiliary quantities to zero when χk = 0.

Lemma C.4 (Cumulative estimated loss on nested regions). Let O1 ⊇ · · · ⊇ OK satisfy Kζ ⊆ Ok ⊆ RBp
2. Let

(µk,Σk) be the exact mean and covariance of the density proportional to e−ηZ⊤
k−1x on Ok, where Z0 = 0 and

Zk = Zk−1 + θ̃k. If η∥θ̃k∥Σk
≤ 1/2 for every k, then for each u ∈ K,

K∑
k=1

⟨µk − u, θ̃k⟩ ≤
p log(R/ζ)

η
+ η

K∑
k=1

∥θ̃k∥2Σk
.

Proof. Apply Eq. (18) at v = −ηZk−1 with increment−ηθ̃k. Since r = η∥θ̃k∥Σk
≤ 1/2 and−r− log(1−r) ≤

r2,
ΦOk

(−ηZk)− ΦOk
(−ηZk−1) ≤ −η⟨µk, θ̃k⟩+ η2∥θ̃k∥2Σk

.

Since Ok+1 ⊆ Ok, by Eq. (13) we have ΦOk+1
≤ ΦOk

, and thus

ΦOK
(−ηZK)− ΦO1(0) =

K∑
k=1

[ΦOk
(−ηZk)− ΦOk

(−ηZk−1)]

+
K−1∑
k=1

[ΦOk+1
(−ηZk)− ΦOk

(−ηZk)]

≤ −η
K∑
k=1

⟨µk, θ̃k⟩+ η2
K∑
k=1

∥θ̃k∥2Σk
.

Finally, ΦO1(0) ≤ log Vol(RBp
2) and Jensen on u+ ζBp

2 ⊆ OK give∫
OK

e−ηZ⊤
Kx dx ≥ e−ηZ⊤

KuVol(ζBp
2).

Using ZK =
∑

k θ̃k yields

K∑
k=1

⟨µk − u, θ̃k⟩ ≤
p log(R/ζ)

η
+ η

K∑
k=1

∥θ̃k∥2Σk
. (23)

Proof of Lemma 4.1. Define EK := E
[∑K

k=1 χkε
2
k

]
. On the valid prefix, Lemma C.3 gives

⟨µk − u, θk⟩ ≤ Ek

[
⟨µk − u, θ̃k⟩

]
+

60p2εk
c0

. (24)
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Furthermore,

xk − µk = (µ̂k − µk) +
1

2p

∑
i

(xk,i − Yk,i). (25)

Since p = dH , the RMS approximation and moment bounds imply

⟨xk − u, θk⟩ ≤ Ek

[
⟨µk − u, θ̃k⟩

]
+ ek, ek :=

(
60p2

c0
+
√
p

)
εk + 2R

√
p δµ. (26)

Write rk = ⟨ϕπk − u, θk⟩. Since χk is Fk-measurable,

E

[
K∑
k=1

χkrk

]
= E

[
K∑
k=1

χk⟨xk − u, θk⟩

]
. (27)

Multiplying Eq. (26) by χk and taking expectations gives

E

[
K∑
k=1

χkrk

]
≤ E

[
K∑
k=1

χk⟨µk − u, θ̃k⟩

]
+ E

[
K∑
k=1

χkek

]
. (28)

Here we used the tower property, since χk(µk − u) is Fk-measurable.

By Lemma C.2, ∥∥∥θ̃k∥∥∥2
Σk

≤ 4H2p2

c20
+

200p3ε2k
c20

.

On the valid prefix, εk ≤ 6
√
H . Provided η ≤ c0/(128p3/2

√
H), Eq. (19) gives

η
∥∥∥θ̃k∥∥∥

Σk

≤ η

(√
2Hp

c0
+

10p3/2εk
c0

)
≤

60 +
√
2/d

128
≤ 60 +

√
2

128
<

1

2
,

which verifies the condition of the nested-region potential bound. On every sample path, the indices with χk = 1
form a prefix. Applying Lemma C.4 to this realized prefix and then taking expectations yields

E

[
K∑
k=1

χk⟨µk − u, θ̃k⟩

]
≤ p log(R/ζ)

η
+

4ηH2p2K

c20
+

200ηp3

c20
EK .

Furthermore,

E

[∑
k

χkεk

]
≤
√
KEK .

Substitution into Eq. (28), followed by p = dH , gives

E

[
K∑
k=1

χkrk

]
≤ Õ

(
dH

η
+ ηd2H4K + ηd3H3EK + d2H2

√
KEK +R

√
p δµK

)
.

Finally, rk ≤ H , and by Eq. (22),

E

[
K∑
k=1

rk

]
= E

[
K∑
k=1

χkrk

]
+ E

[
K∑
k=1

(1− χk)rk

]

≤ E

[
K∑
k=1

χkrk

]
+HKδ.
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Using δµ = 2c0/
√
K, δ = 2/(K + 1)2, R =

√
H +K−1/2, and p = dH , we have

R
√
p δµK +HKδ = O

(
R
√
pK +

H

K

)
= O

(
H
√
dK
)
.

The unconstrained minimizer of the two EK-independent η-terms is (dH3K)−1/2. To also ensure the local-norm
condition above, choose

η =
c0
128

min
{
(dH3K)−1/2, d−3/2H−2

}
.

The second branch is exactly the required stability cap. Moreover, the pathwise bound EK ≤ 36HK gives

ηd3H3EK ≤ O
(
d3/2HEK

)
≤ O

(
d2H2

√
KEK

)
.

Thus the ηEK term is absorbed by the d2H2
√
KEK term. In either branch, H

√
dK = O(ηd2H4K). If

K ≥ d2H , the first branch applies and

dH

η
+ ηd2H4K = O

(
d3/2H5/2

√
K
)
.

If K < d2H , the trivial bound RegK ≤ HK is no larger than the same expression. Therefore

RegK ≤ Õ
(
d3/2H5/2

√
K + d2H2

√
KEK

)
.

This proves Lemma 4.1.
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D Omitted Proofs in Section 5

Lemma D.1 (Averaging recursion). Let a0, a1, . . . , aM and b1, . . . , bM be real sequences, and let c ≥ 0.
Suppose that, for every j ∈ [M ],

aj ≤
(
1− 1

j

)
aj−1 +

bj
j
+

c

j2
.

Then, for every m ∈ [M ],

am ≤
1

m

m∑
j=1

bj +
c(1 + logm)

m
. (29)

Proof. Multiplying the recursion by j gives

jaj ≤ (j − 1)aj−1 + bj +
c

j
.

Summing from j = 1 to m telescopes the terms involving aj and yields

mam ≤
m∑
j=1

bj + c
m∑
j=1

1

j
,

which proves Eq. (29) because
∑m

j=1 j
−1 ≤ 1 + logm.

Theorem D.2 (Uniform Bellman confidence (Lemma D.4 of Jin et al. [2020])). Fix δ ∈ (0, 1) and ϵ ∈ (0, 1).
For each h ∈ [H], let C ≥ 1 and let F be a deterministic class of scalar functions from Sh+1 to [−C,C]. Define
the relative covering number

NF (ϵ) := N∞(Cϵ,F),

where N∞ denotes the sup-norm covering number. Assume NF (ϵ) <∞. There is a universal constant c1 > 0
such that, if

β ≥ c1

(√
d logK + log

(
HNF (ϵ)

δ

)
+Kϵ+

√
d

)
, (30)

then, with probability at least 1− δ, simultaneously for every k ∈ [K], h ∈ [H], f ∈ Fh+1, and (s, a) ∈ Sh×A,

|(P̂k,h − Ph)f(s, a)| ≤ βC ∥ϕh(s, a)∥Λ−1
k,h
. (31)

Proof of Theorem 5.3. All three tasks in Algorithm 3 are based on least-squares value iteration. The key is
to show (31) for all three tasks, each corresponding to a different function class F . Fix a layer h, write
α = (α1, α2, α3), and define

νh(s, a; Λ) =
√
ϕh(s, a)⊤Λ−1ϕh(s, a)

qh(s, a; Λ, ϑ, α) = CLIP[α1,α2]

(
ϕh(s, a)

⊤ϑ+ α3νh(s, a; Λ)
)
,

πh(a | s; Λ, ϑ̃) ∝ exp
(
−qh(s, a; Λ, ϑ̃, αpl)/τ

)
,

vh(s; Λ, ϑ, ϑ̃, α) =
∑
a

πh(a | s; Λ, ϑ̃)qh(s, a; Λ, ϑ, α),
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where

αpl = (−
√
H,
√
H,−(

√
H + 1)β), αft = (−1, 1, 0), αunc = (0,H − h+ 1, 1 +Hβ).

The function classes for the three tasks are respectively

s 7→ −τ log
∑
a

exp
(
−qh(s, a; Λ, ϑ, αpl)/τ

)
(planning)

s 7→ vh(s; Λ, ϑ, ϑ̃, α
ft) (feature evaluation)

s 7→ vh(s; Λ, ϑ, ϑ̃, α
unc). (uncertainty evaluation)

Denote these classes by Fpl
h , F ft

h , and Func
h , respectively, and set their terminal classes to {0}, with terminal

scale one.

Bounding the covering number of each classes. Clipping and τ logA ≤ 1 give the uniform bounds

f ∈ Fpl
h : ∥f∥∞ ≤

√
H + 1,

f ∈ F ft
h : ∥f∥∞ ≤ 1,

f ∈ Func
h : ∥f∥∞ ≤ H − h+ 1. (32)

Write Cpl
h =

√
H + 1, Cft

h = 1, and Cunc
h = H − h+ 1 for these scales. Therefore,∥∥∥∥∥∥Λ−1

k,h

∑
(u,s′)∈Dk,h

uf(s′)

∥∥∥∥∥∥
2

≤
∑

(u,s′)∈Dk,h

∥u∥2 |f(s
′)| ≤ 3KH.

Including the immediate reward/cost gives ∥ϑ∥2, ∥ϑ̃∥2 ≤ 3KH + 1. Also, Id ⪯ Λk,h ⪯ (K + 1)Id. Thus, each
class has at most

n =
d(d+ 1)

2
+ 2d ≤ 3d2

scalar parameters, and each of them is bounded in absolute value by R = max{K + 1, 3KH + 1}. Moreover,

|νh(s, a; Λ)− νh(s, a; Λ′)| ≤ 1

2

∥∥Λ− Λ′∥∥
F
,

so clipping gives, for each fixed α,∥∥qh(·; Λ, ϑ, α)− qh(·; Λ′, ϑ′, α)
∥∥
∞ ≤

∥∥ϑ− ϑ′∥∥
2
+
|α3|
2

∥∥Λ− Λ′∥∥
F
.

The softmax map satisfies

sup
s

∥∥πh(· | s; q)− πh(· | s; q′)∥∥1 ≤ 2

τ

∥∥q − q′∥∥∞ .

Hence, if C denotes the corresponding scale in (32),∥∥vh − v′h∥∥∞ ≤ ∥∥qh − q′h∥∥∞ + C sup
s

∥∥πh(· | s)− π′h(· | s)∥∥1 .
The planning soft minimum is nonexpansive in sup norm. Since C ≥ 1, |α3|/C ≤ 1 +Hβ, and (

√
H + 1)β ≤

2Hβ, the evaluation is L-Lipschitz with respective to its parameters, with

L =
8(1 +Hβ)

τ
.

A parameter grid of mesh ϵ/(nL) gives a Cϵ-cover. Therefore,

logN∞
(
Cϵ,F

)
= O

(
n log

(
1 +

RnL

ϵ

))
. (33)
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Bounding error. Take

δ = K−2, ϵnet = K−2, β = Cβd
√
log(KdHA).

Since τ−1 = H
√
K log(eA), (33) gives

logNFt(ϵnet) = O
(
d2 log(KdHA)

)
.

Thus a sufficiently large universal Cβ makes (30) hold, and β = Õ(d). Applying Theorem D.2 directly to the
three classes, with failure probability δ/3 each, and taking a union bound yields

|(P̂k,h − Ph)V
pl
h+1(s, a)| ≤ (

√
H + 1)βνk,h(s, a), (34)

|(P̂k,h − Ph)V
ft,m
h+1 (s, a)| ≤ βνk,h(s, a), m ∈ [p], (35)

|(P̂k,h − Ph)Ûh+1(s, a)| ≤ Hβνk,h(s, a). (36)

Fix one call and let π be its returned policy. Write

Uπ
k = EP,π

[
H∑

h=1

νk,h(Sh, Ah)

]
.

By backward induction [Jin et al., 2020] on the update in Line 4 with confidence bound (34), and that V pl
h (s) ≤

minaQ
pl
h (s, a), we have V pl

h ≤ minπ V
π
h . Therefore,

V pl
1 (s1) ≤ min

u∈K
c̄⊤u. (37)

Likewise, backward induction on the update in Line 12 with confidence bound (36) gives

Uπ
k ≤ Û1(s1). (38)

Similarly, backward induction on the update in Line 10 with coordinatewise confidence bounds (35) gives

∥ϕ̂− ϕπ∥2 ≤
√
p βUπ

k ≤
√
pβÛ1(s1). (39)

The feature-estimation error ∥ϕ̂− ϕπ∥2 is at most 2
√
H because ϕ̂, ϕπ ∈

√
HBp

2. Thus,

∥ϕ̂− ϕπ∥2 ≤ min
{
5
√
p βÛ1(s1) +Hτ logA, 2

√
H
}
= ∆

proving the first bound in (9).

Comparing the planning recursion with the true value of the returned Gibbs policy, each layer contributes at
most 2(

√
H + 1)βνk,h from transition error and at most τ logA from the soft minimum. Hence

c̄⊤ϕπ − V pl
1 (s1) ≤ 2(

√
H + 1)βUπ

k +Hτ logA. (40)

The same uncertainty recursion also gives

Û1(s1) ≤ 2βHUπ
k . (41)
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Combining (39), (37), (40) and using p = dH yields

c̄⊤ϕ̂−min
u∈K

c̄⊤u ≤ 5
√
p βUπ

k +Hτ logA ≤ 5
√
p βÛ1(s1) +Hτ logA. (42)

The normalized optimization gap c̄⊤ϕ̂−minu∈K c̄
⊤u is at most 2

√
H because ϕ̂ ∈

√
HBp

2, K ⊆
√
HBp

2, and
∥c̄∥2 ≤ 1. Thus,

c̄⊤ϕ̂−min
u∈K

c̄⊤u ≤ min
{
5
√
p βÛ1(s1) +Hτ logA, 2

√
H
}
= ∆

proving the second bound in (9).

Finally, (41) gives
∆ ≤ 10

√
p β2HUπ

k +Hτ logA,

proving the final bound.
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E Omitted Proofs in Section 6

E.1 Moment Estimates

We let MOMENTESTIMATE to be a procedure described in Ito et al. [2019], which takes a convex function
f : Rp → R and a convex body P ⊂ Rp as input, and output estimators of the mean and covariance of the
distribution q(x) ∝ exp(−f(x))1{x ∈ P} within polynomial time. In our case f(x) = ηx⊤Zt−1 and P = O.
Its guarantee is the following:

Lemma E.1 (Corollary 1 of Ito et al. [2019]). Let P ⊂ Rp be a convex body with non-zero Lubesgue measure,
and let q(x) ∝ exp(−f(x))1{x ∈ P} be a log-concave distribution with some convex function f : P → R.
Let µ and Σ denote the mean and covariance of q. Then there is an algorithm that outputs a vector µ̂ ∈ Rp

and a symmetric matrix Σ̂ ∈ Rp×p satisfying 1
2Σ ⪯ Σ̂ ⪯ 2Σ and ∥µ̂− µ∥Cov(q)−1 ≤ ε with probability at least

1− δ. The computational time, the number of calls for the membershpi oracle of P , and the value oracle of f
are bounded by poly(p, 1ε , log

1
δ ).

We let ε = δµ = 2c0/
√
K, which implies the estimation accuracy

∥µ̂k − µk∥Σ−1
k
≤ δµ,

1

2
Σk ⪯ Σ̂k ⪯ 2Σk

after calling MOMENTESTIMATE in Line 6 of Algorithm 1.

E.2 Number of cuts

Lemma E.2 (Containment of the estimated covariance ellipsoid). Let q be a full-dimensional log-concave
distribution supported on a convex body O ⊆ Rp, with mean µ and covariance Σ. Suppose µ̂ and Σ̂ satisfy
1
2Σ ⪯ Σ̂ ⪯ 2Σ and ∥µ̂− µ∥Σ−1 ≤ 1

12e . Then

µ̂+
1

16e
Σ̂1/2Bp

2 ⊆ µ+
1

2e
Σ1/2Bp

2 ⊆ O. (43)

Proof. We first show that

µ+
1

e
Σ1/2Bp

2 ⊆ O. (44)

Otherwise, separation gives a nonzero vector a and a point y with ∥y − µ∥Σ−1 ≤ 1/e such that a⊤y <
infx∈O a

⊤x. For X ∼ q, denote the random scalar

S =
a⊤(X − µ)√

a⊤Σa

and denote the density function of S as qS . Then S is centered, variance-one, and log-concave. Moreover, its
support is contained in [umin,∞): Indeed, strict separation and compactness of O give

umin :=
infx∈O a

⊤(x− µ)√
a⊤Σa

>
a⊤(y − µ)√

a⊤Σa
≥ −1

e
,

where the last inequality follows from Cauchy–Schwarz in the Σ-norm. Lemmas 5.4 and 5.5(a) of Lovász and
Vempala [2007] give P(S < 0) ≥ 1/e and qS(s) ≤ 1 for any s. However, the support condition would instead
imply

P(S < 0) =

∫ 0

umin

qS(t) dt ≤ |umin| <
1

e
,
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a contradiction. This proves Eq. (44).

Now fix v ∈ Bp
2. The covariance assumption gives ∥Σ−1/2Σ̂1/2∥op ≤

√
2. Therefore∥∥∥∥µ̂+

1

16e
Σ̂1/2v − µ

∥∥∥∥
Σ−1

≤ ∥µ̂− µ∥Σ−1 +
1

16e

∥∥∥Σ−1/2Σ̂1/2v
∥∥∥
2

≤ 1

12e
+

√
2

16e
<

1

2e
.

The first inclusion in Eq. (43) follows, and the second follows from Eq. (44).

Lemma E.3 (Number of cuts). Suppose every invoked moment call, with exact mean µ and covariance Σ,
returns estimates satisfying 1

2Σ ⪯ Σ̂ ⪯ 2Σ and ∥µ̂− µ∥Σ−1 ≤ 1/(12e). Then the number of cuts is upper
bounded by Õ(pK +

√
HK5/2).

Proof. By the definition of θ̂k, we have ∥θ̂k∥2 ≤ 2RH
ζ2

. Since the update is Zk = (1− 10ηpεk
c0

)Zk−1 + θ̂k, we

have ∥Zk∥ ≤ ∥Zk−1∥+ ∥θ̂k∥. By induction, it holds that ∥Zk∥ ≤ 2RHK
ζ2

for all k.

By Lemma E.2, every target used during preparation belongs to the current regionO and satisfies ∥Yi − µ∥Σ−1 <
1/(2e). The local-cut argument of Ito et al. [2019, Lemma 5] shows that each cut removes at least a 1

2e fraction
of the current mass. Let Nk be the number of new cuts added in episode k, and let Oi,Of be the set O at the
start and the end of episode k. Then we have

Vol(ζBp
2)e

−ηR∥Zk−1∥ ≤
∫
Of

e−ηx⊤Zk−1dx

≤
(
1− 1

2e

)Nk
∫
Oi

e−ηx⊤Zk−1dx

≤
(
1− 1

2e

)Nk

Vol(RBp
2)e

ηR∥Zk−1∥.

Taking logarithms gives

Nk ≤ O (p log(R/ζ) + ηR∥Zk−1∥) ≤ O
(
p log(R/ζ) +

ηR2KH

ζ2

)
≤ Õ

(
p+
√
HK3/2

)
.

Summing over episodes gives the desired bound.

E.3 Implementation of Algorithm 3

Although Algorithm 3 defines value functions on the entire state space, it can be executed without enumerating
states or state–action pairs. Below is an efficient way to implement Algorithm 3. We just use the computation of
V pl
h as example; the other two tasks follow the same manner.

For any function f : Sh+1 → R, define:

ŵh(f) := Λ−1
k,h

∑
j

ujf(s
′
j)

⊤ ∈ Rd×m.

Then, for every queried pair (s, a),

P̂k,hf(s, a) = ϕh(s, a)
⊤ŵh(f).
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Below, we show that we only need to keep track of the vector ŵh(V
pl
h+1), or equivalently ϑh = c̄h + ŵh(V

pl
h+1)

during the execution of Algorithm 3. They are computed by backward induction.

Suppose ϑh has already been computed. For every state s′j appearing in Dk,h−1, query ϕh(s′j , a) for each a ∈ A
and compute

Qpl
h (s

′
j , a) = CLIP[−

√
H,

√
H]

(
ϕh(s

′
j , a)

⊤ϑh − (
√
H + 1)β

∥∥ϕh(s′j , a)∥∥Λ−1
k,h

)
,

V pl
h (s′j) = −τ log

∑
a∈A

exp
(
−Qpl

h (s
′
j , a)/τ

)
.

These are the values needed to form ŵh−1(V
pl
h ) and hence

ϑh−1 = c̄h−1 + ŵh−1(V
pl
h ).

Thus, ϑh can be computed in a backward induction manner. This then allows us to evaluate Qpl
h (s, a) and V pl

h (s)
efficiently for any queried (s, a).
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