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Abstract

We study episodic linear Markov decision processes with unknown transitions, adversarial losses, and
bandit feedback. The state-of-the-art result for this setting [Liu et al., 2024a] either achieves v/ K regret
with a computationally inefficient algorithm or achieves suboptimal K 3/4 regret, where K is the number of
episodes. Our work gives the first v/ K regret with a polynomial-time algorithm.

Our method reduces adversarial linear MDPs to adversarial linear bandits whose action set K consists
of policies’ expected feature vectors. The central challenge is that X is unknown and can be estimated only
through exploration. We address this challenge by constructing an approximate separation oracle for K
that either generates executable policies from queried features, or refines an outer approximation of C. This
approach draws inspiration from the reduction of van Erven et al. [2025] for linear contextual bandits and the
oracle-efficient linear bandit algorithm of Ito et al. [2019], but additionally deals with the imprecision of the
oracle. The resulting algorithm requires only aggregate loss feedback, and to our knowledge. This is the first
polynomial-time algorithm for adversarial MDPs with aggregate feedback beyond the tabular case.

1 Introduction

Achieving rate-optimal regret with polynomial computation is a central challenge in adversarial linear Markov
decision processes (MDPs) with bandit feedback and unknown transitions. Starting with the K 14/15 regret bound
of Luo et al. [2021], subsequent works improved the rate to K3/9, K6/7 and K3/4 [Dai et al., 2023, Sherman
et al., 2023, Liu et al., 2024a], respectively. Meanwhile, Liu et al. [2024a] obtained the optimal VK rate using a
computationally inefficient method. Whether /K regret can be achieved with an efficient (polynomial-time)
algorithm has remained open.

Our work closes this gap by giving the first computationally efficient algorithm with poly(d, H )\/E regret,
where d is the feature dimension and H is the horizon length. In fact, our work handles the more challenging
aggregate feedback model: the learner, despite observing the state sequence on the trajectory, only observes
the total episode loss rather than the individual step losses. Prior work for the aggregate feedback model
focuses either on the tabular case [Cohen et al., 2021, Lancewicki and Mansour, 2025, Ito et al., 2025] or
the stochastic-loss setting [Cassel et al., 2024, Chen et al., 2025]. To our knowledge, our work gives the first
polynomial-time algorithm for aggregate feedback model with adversarial losses beyond the tabular case.
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Our approach builds on a reduction from linear MDPs to linear bandits. For each policy 7, we stack its expected
state-action features across layers as a policy-feature vector ¢™. Because the expected episode loss is linear in
@™, the MDP can be viewed as a linear bandit whose action set consists of policy-feature vectors. This action set
is unknown because ¢” depends on the unknown transition kernel. Existing methods based on this reduction
[Kong et al., 2024, Liu et al., 2024a] discretize the policy class, estimate the policy-feature of every policy, and
apply a linear-bandit algorithm to the resulting finite action set. While this achieves the optimal v/ K regret rate
[Liu et al., 2024a], their computation scales with an exponentially large policy class.

Under the same reduction idea, van Erven et al. [2025] developAan efficient reduction from linear contextual
bandits to linear bandits. They construct a convex approximation X of I from past i.i.d. contexts and construct a
linear optimization oracle for K. This oracle allows them to run a linear bandit algorithm (continuous exponential
weights) over IC without explicitly representing the set. Their linear contextual bandit setting is a special case of
linear MDP when H = 1.

Although the approach of van Erven et al. [2025] suggests a promising route for linear MDPs, a direct extension
faces a major obstacle: the straightforward estimate K for linear MDP may not be convex due to the recursive
structure of MDPs. Therefore, the log-concave sampling underlying continuous exponential weights no longer
applies, and we also lose an exact optimization oracle over K. To address this, we leverage the idea of Ito et al.
[2019]: we run continuous exponential weights over an outer convex set O O K represented as an intersection of
halfspaces (cuts). In Ito et al. [2019], whenever a point queried from O lies outside /C, an exact oracle generates
a separating cut to refine @. Unlike in their setting, however, we lack an exact oracle for K. Thus, we construct
cuts that exclude the queried point only when doing so preserves O 2 K with high probability. We remark that
while Ito et al. [2019] propose this mechanism to reduce oracle complexity, we use it for a completely different
purpose of handling unknown action sets.

When the algorithm does not return a cut, it decomposes the queried point into a distribution over policies whose
average policy feature approximates the query point. This will be the policy distribution played by the learner
in that episode. Together, the two cases form a approximate separation procedure: it either constructs a finite
policy mixture approximating the query, or returns a separating cut that refines ©. We implement it using a
Frank—Wolfe-style procedure. Besides a distribution over policies, our procedure simultaneously generates
uncertainty measures, which will be crucial in constructing a bias-correction bonus fed to the learning procedure.

The paper is organized as follows. In Section 2 we describe the problem setting. In Section 3, we give a
high-level overview of the main algorithm. In Section 4, we provide a sketch of regret analysis. In Section 5,
we focus on the design of the approximate separation procedure. In Section 6, we analyze the computational
complexity of the algorithm.

2 Preliminaries

We consider a finite-horizon Markov decision process with horizon H, layer-wise state sets S1,...,Sg+1, a
finite nonempty action set A with A = |A|, and a fixed initial state s; € S;. For each layer h, the transition
kernel P, (- | s,a) is a probability distribution on S41. The kernels are unknown to the learner and fixed
across episodes. A Markov policy m = ()L | consists of maps 7, : S, — A(A), where A(A) denotes the
probability simplex over actions.

The learner interacts with the MDP for K episodes. Before interaction, an oblivious adversary fixes loss functions
lep » Spx A — [0,1] for all episodes and layers. At the start of episode k, the learner selects a possibly
random Markov policy 7, using past observations. Starting from Sy 1 = s1, the trajectory is generated by
Aph ~ b | Skn), Skht1 ~ Pr(- | Sk.n, Ak.p), for every h. We assume the loss feedback observed by the



learner consists only of the total episode loss L = Z,Ijzl Ok 1 (Skh, Ak,p), revealed at the end of the episode.
We refer to this observation model as aggregate bandit feedback.

For a Markov policy 7, define its expected loss in episode k by V7 = Ep .| ZhH:1 e n(Sh, Ap)]. Here Ep
denotes expectation over the trajectory generated by following policy 7 under transition kernels P. The objective
we consider is to minimize regret relative to the best fixed Markov policy,

K
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Regy =

K
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Linear MDPs. We assume that transitions and losses are linear in known feature maps ¢y, : S, x A — R%.
Specifically, there exist unknown vectors 1, (s') € R? and Orn € R? such that, for every k, h, s, a, s’ with
s€Spand s’ € Spiq,

Py(s" | s,a) = dn(s,a) (s, Ui n(s,a) = on(s,a) O

The transition coefficients vy, are fixed, while the loss coefficients ¢, ;, may vary across episodes. We as-
sume [|én(s, @)y < 1, [0pnlly, < Vd and || Lyes,,, va(s) (), < Vel fllo for any £ : Sy — R
without loss of generality [Jin et al., 2020, Wei et al., 2021]. For any f : Spy1 — R, define wy(f) =
> geSn, Yn()f(s') and Py f(s,a) = Egp, (fsa)[f(5)] = on(s, a) Twp(f).

Let p = dH be the expected-feature dimension, obtained by stacking the d-dimensional features across
all H layers. Set 0, = (0&1, .. .,Gka), and let ¢™ = ( T, ,d)%) with gbz = Ep,ﬂ[th(sh,Ah)]. Then
16711y < VH, |0kl < VdH, and E[Ly, | m, = 7] = (¢™,0;) = V;*. Let K = {¢™ : 7 is a Markov policy}
be the set of feasible policy-feature vectors. The policy-feature reduction of Liu et al. [2024a] relates regret to
linear losses over this set through

K K

Regy = E ; (@™, O) mgg > (. ) (1)
The set K depends on the unknown transitions. The reduction therefore yields an adversarial linear bandit
problem over an unknown feasible set. The algorithm developed in Sections 4 and 5 achieves the following

guarantee.

Theorem 2.1 (Main result). For adversarial linear MDPs with aggregate bandit feedback, Algorithm 1, with the
complete implementation in Algorithm 4, achieves Reg;c = O(d°H 92 /K ). Total computation is polynomial
in K,d,H, A.

Notation. For a positive integer m, write [m] = {1,...,m}, let I,, be the m x m identity matrix, and denote
the Euclidean unit ball by BS* = {x € R™ : ||z|, < 1}. The indicator 1{ E'} equals one when E holds and
zero otherwise. For X = 0, ||z|y, £ VT Xz. For a nonempty closed convex set C' C R™, write Proj(z) =
argmin, - ||z — a:H% For scalars a < b, define the clipping operator by CLIP,;)(t) = min{b, max{a,}}.
For vectors, CLIP, ;jm applies this operator to each coordinate. For functions, clipping is applied pointwise.
Throughout, O hides logarithmic factors in K, d, H, A.

3 Algorithm Overview

The main algorithm is Algorithm 1. The algorithm maintains an outer approximation O D K and a cumulative
loss estimate Z;_; € RP. Since K may have empty interior, we actually require O to contain the enlarged set



K¢ = K+ (Bb, for ¢ = 1/v/K to ensure that the linear bandit algorithm is run over a set with non-zero volume.
Each episode consists of the following steps:

Step 1. Construct a finite-support exploration distribution. The continuous exponential-weight distribution
over O has density gi(7) o< exp(—nZ,_,z)1{z € O}. Let jiy € R? and 5., € RPXP be estimates of the mean
and covariance of ¢. Instead of sampling a point directly from g;, we construct a uniform distribution over the
following 2p points:

—~ a1/2
{,uk + coEk/ v: v € {te,tey,.. .,j:ep}} 2)
where e1, ..., e, are the standard basis vectors of R?, ¢y > 0 is a universal constant. This uniform distribution

has mean iy, and covariance (c2/ p)Sk. This sampling scheme is similar to that used in SCRiBLe [Abernethy
et al., 2009].

We aim for finite support because Step 2 explicitly enumerates and processes every possible support point before
the learner samples a policy.

Step 2. Compile each support point or generate a cut. Denote the 2p points in (2) as {Yk7i}?ﬁ ,- For each
i € [2p], APPROXSEP returns exactly one of the following:

Case 1. A set of policies {ﬂ'k’i’j}jj\il and an error certificate € ; such that the average policy feature
ﬁ ij\i | ™3 approximates Y}, ;, with approximation error quantified by ¢ ;.
Case 2. A cut (c, b) such that ¢ Yy ; < b while, with high probability, ¢c" = > b for all z € K.

If the return is Case 1 for all 2p points, the algorithm will proceed to Step 3; otherwise, the cut will be used to
refine O, and the algorithm will go back to Step 1 to generate new points {Y;“}fz 1 with the refined O. Ata
high level, APPROXSEP implements an approximate separation oracle for K¢. The approximation error €, ;
is constructed with confidence bounds from past transition data. APPROXSEP returns a cut only when the
confidence bounds certify that the queried point is outside X'¢c. We will also show that: with high probability, the
number of cuts produced by APPROXSEP is upper bounded by poly(p, K) during the learning procedure, so the
algorithm will finally proceed to the next step.

Step 3. Sample a policy. If APPROXSEP returns Case 1 for every i € [2p], the learner draws (I, Jx)
uniformly from [2p] x [M] and executes 7, 1, s, . Conditional on the completed preparation and I}, averaging the
policy feature over Ji gives ﬁ Zjﬂil @™k which approximates Y}, j, within €}, 7, by the guarantee in Case 1.
Therefore, the overall algorithm approximates a standard linear bandit algorithm with the sampling scheme (2).
After execution, the constructed loss estimator §k and a bias-correction bonus By, are used to update Z.

4 Sketch of Regret Analysis and Bonus Design

Let pu, = Ex g, [X] and ), = Cov x4, (X) denote the exact mean and covariance of gy, after preparation of
episode k; fix, and Xy, are their estimates. Write Ey[-] = E[- | F%], where F}, is the information available after
preparation and before drawing (I, Jx).

The key step is the APPROXSEP procedure in Step 2 in Section 3. In this section, we provide a skeleton of regret
analysis. Then in Section 5, we provide detailed explanation for APPROXSEP.



Algorithm 1 Continuous exponential weights with policy compilation and adaptive cuts
Require: ¢ = 1=, ( = K Y2 R=vVH+(M=K,andnc (0
I: Zo < 0; O < RBY; Dy, < @ forall h € [H]
2. fork=1,...,Kdo
3: repeat

(0]
’ 128\/d3H4]‘

4: restart<— FALSE

5: Define gx(z) o< exp(—nZ,_,x)1{z € O}

6: Estimate mean and covariance: (fiy, ik) < MOMENTESTIMATE (O, Zj;_1) (Section E.1)
7: Let {Yk,i}?£1 be the set {ﬁk + coii/Qv : v € {Ley, teg,..., j:ep}}.
8: fori=1,...,2pdo

9: reply < APPROXSEP(Yy i, (Dr.n)_,, M, () (Algorithm 2)

10: if reply is a cut (¢, b) then

11: O+ O0n{x:c'z>0b}

12: restart<— TRUE; break

13: else

14: ((Trk,i’j)j]\/il,em) + reply

15: until restart= FALSE

16: Draw (I, Ji) ~ Unif([2p] x [M]) and execute 73, = 7, 1, J, -

17: Observe feature vectors along the trajectory (¢y h)hH:1 and the total loss L.
18: é\k — (CQIP + §§k> ' (Yka — ﬁk)Lk

19: 7y < Zj—1 + O — By, where By, = lozifaka_l with g5, = i Z?ﬁl 5%@

20:  Dgy1,n < Drn U{(Skns Sknt1)} forall h € [H]

Recall that in episode k, Algorithm 1 forms 2p farget points (Line 7 of Algorithm 1). For each target Y}, ; € RP,
the APPROXSEP procedure (Line 9 of Algorithm 1) either returns a cut or a list of M policies and a certificate €y, ;.

1 M - — 1 2
Letzp; = 57 ijl @™, Then Lemma 5.2 shows || ; — Y} ;|2 < €j ;. Further define 7, = % P T
Since fi, = i Zfﬁ 1 Yi.i, Jensen’s inequality gives
7 o — 1 2p 2
Tk — Lklly < e = % D i1 i )

Essentially, [ij is the mean feature suggested by the underlying linear bandit algorithm, while Z;, is the true
expected feature of the policy executed by the learner. Their mismatch indicates that the underlying linear bandit
algorithm is facing misspecified or corrupted feedback.

Quantifying bias and injecting bias-correction bonus. To handle misspecification, we inject bias-correction
bonus By, into the continuous exponential weight update [Liu et al., 2024c, van Erven et al., 2025]. To understand
the design of By, we perform the following analysis. When the regret comparator has policy feature u, the true
regret in episode k is (Ty — u, 0), while the regret seen by the exponential weight algorithm is (py, —u, 5k — By).
Their difference is

(Tr, — u, Op) — (g — UaEk[é\k] — By) = (Tr, — pk, Or) + (e — w, Op — Ek[akb + (up —u,B) . (4

true regret perceived regret feature error loss estimator bias correction term

The first term (i.e., feature error) comes from the mismatch between the estimated and true policy feature. It is
upper bounded by /p(g + ||fix — pk||2) by (3) with the assumption || [|2 < \/p. The term ||fiy, — pux||2 can be



made negligible by running MOMENTESTIMATE with high enough accuracy. Therefore, this part is dominated
by \/pek.

The second term (i.e., loss estimator bias) comes from the bias of §k It can be upper bounded as (uy — u, 0 —

Eg[0k]) < ||k — uHE;l 165 — Ex[0k]||s, . Lemma C.2 gives |6y — Ex[01]]z, < 521’;’“, and hence

loss estimator bias = (uy, — u, O — Eg[0]) < E’Q%’“H,uk - UHZEI' ®)
This bias depends on the regret comparator u and can be large if distribution ¢ puts low weight on u. The
solution to this term has become standard [Lee et al., 2020, Zimmert and Lattimore, 2022, Liu et al., 2024c]:
The continuous exponential weight gy, () o exp(—nZ,_,z)1{z € O} over z € RP can be viewed as Follow-
the-Regularized-Leader with a p-self-concordant barrier [Bubeck and Eldan, 2015]. Lemma C.1 therefore gives
e — UHZ;} < —An(uk — u, Z—1) + 24p. Combining with (5) and recalling By, = %Zk,l, we can bound
the sum of the last two terms in (4) as

. . -~ 2
loss estimator bias + correction term = (py, — u, 0 — Eg[0k] + By) < 6012705".

This explains why we include the bonus term By, in Line 19 of Algorithm 1. The bonus removes the comparator-
dependent term O(p?ey||pux — u||2;1) from the bias upper bound and introduces a comparator-independent

overhead O(p?cy). Overall, the discrepancy between the true regret and the perceived regret is of order
o(p° ZkK:1 €k)-

Bounding the perceived regret. The perceived regret in (4) follows the standard analysis of exponential
weights. Even though the decision sets change over time, since they are always shrinking and the true regret
comparator always lies in X C O with high probability, the standard FTRL analysis applies (Lemma C.4).

The true regret is then bounded by the sum of the perceived regret and the discrepancy:

Lemma 4.1 (Regret bound). Algorithm I with the optimal choice of 1 ensures

~ K
Regy < O<d3/2H5/2\/E+d2H2\/KIE [Zk:ﬁ] ) (6)

perceived regret

bias + correction

To obtain 5(\/ K) regret from Eq. (6), it remains to bound ), 5% by polynomial factors in d, H and logarithmic
factors in K. Section 5 establishes this guarantee, and we give the final bound for the “bias + correction” term
above in Section 5.3.

5 From a target feature vector to a policy list

This section builds APPROXSEP, the procedure in Algorithm 1 that performs approximate separation:



Input: y € R?

Output: exactly one of the following:
* ({m;}}L,,€) such that [ly — 7 Zj\il P2 <e.

* (c,b)suchthatc'y < band ¢’z > bforall z € K.

Figure 1: Approximate separation — realized by APPROXSEP (Algorithm 2)

To build approximate separation, we leverage the ability to perform approximate linear optimization:

Input: c € R?
Output: (7, ?, A) such that ||qg— ¢l < Aand ¢T¢ < mingex ¢’z + llc||2A.

Figure 2: Approximate linear optimization — realized by APPROXLO (Algorithm 3)

In the analysis below, we will see how ¢ in Fig. 1 depends on A in Fig. 2 (Line 9 of Algorithm 2). In implementing
approximate linear optimization, the learner has access to previous transition data (Dk,h)thl as the source of
information for the unknown set K. The error A will be related to confidence bound of the transition (see (10)).

Since 7 is selected based on the same data used to estimate its feature, we establish the confidence bounds
underlying A uniformly over all possible output policies. We obtain these bounds by restricting the policy class
to have controlled complexity and applying a covering argument, allowing the same data to be reused across
adaptive linear-optimization queries.

In Section 5.1, we focus on building approximate separation from approximate linear optimization. Then in
Section 5.2, we investigate the implementation of approximate linear optimization.

5.1 Constructing the policy list or excluding the target

This subsection constructs APPROXSEP (Algorithm 2), assuming access to APPROXLO. The algorithm can
be viewed as an inexact Frank—Wolfe procedure for the objective f(z) = ||z — y||3 over K. As in standard
Frank—Wolfe, the iterate is an average over extreme points. Thus, the procedure also naturally produces a policy

list whose average feature approximates the target y.



Algorithm 2 APPROXSEP (y, (D )i, M, ()

Require: Target y € RP, transition data (Dy, h){le, policy count M, enlargement radius (.

1: 550 +— 0.
2. forj=1,...,M do
3: Cj ./Z‘\jfl -y
4 (7, ¢;,A;) < APPROXLO(cj; (Dy ), ) (Algorithm 3)
si by = llgjlly (A +¢)
6: if chy < b; then
7: return cut (c;, b;)
= =1~ 17
8: ZTj JT:Uj_1 + j¢j

9: return ((wj)j]‘il,s), where ¢ = \/4(2 + 2 E]Ai1 A? + W

First, we ensure that if APPROXLO performs as desired, then APPROXSEP returns a cut only when y ¢ K.
This is shown in the following lemma:

Lemma 5.1. Suppose APPROXLO (called in Line 4 of Algorithm 2) satisfies the property in Fig. 2 and assume
y € K¢. Then APPROXSEP will NOT return a cut.

Proof. By the guarantee of APPROXLO, we have
7 T - T
¢j ¢ Smine; x + [lejl|24, < (;gg}cnC ¢j =+ Cllejll2) + llejll2As < ey + llejll2(A5 + Q)

where we use the assumption i € K¢ in the last inequality. Thus, the “if”” condition in Line 7 of Algorithm 2
does not hold, and the algorithm will not return a cut. O

Next, we ensure that if no cut is returned by APPROXSEP, the approximation error for y is controlled.

Lemma 5.2. Suppose APPROXLO (called in Line 4 of Algorithm 2) satisfies the property in Fig. 2 and suppose
APPROXSEP does NOT return a cut. Then H ﬁ Zj]\/il P — yH2 < € (defined in Line 9).

Proof. This proof is related to the analysis for Frank-Wolfe algorithms. Forany j = 1,..., M,

N 1\ 1~ 2 _
1z — ylI> = H <1 - j> Tj—1+ 3%’ -y (Line 8)
2 ~ ~
~ 2 ~ ~ ~
=1z —ylI” — ;(%‘—1 — Y, Tj—1— ¢j) + jﬁH%‘—l — &5
. 2 2 ~ . 4R? .
< |lzj-1 - ?JHQ - ;Hfjfl - CU||2 - 3(%?/ —¢j) + ]T (¢j =Tj—1—Y)

2 2 4R?
~ ) ~
< |Zj—1 —yll” = 3||£Uj71 —ylI* + EHC]'H(AJ' +¢) + 2

(the “if” condition in Line 7 of Algorithm 2 does not hold)

72

1~ 207 +2¢7 AR -
< (1 — j) ij,1 - y||2 + J ; + i . (Cj =Tj—1—Y and AM-GM)



Expanding the recursion using Lemma D.1 yields

M
. 2 4R%*(1+log M
1Zar —yll; < 26%+ 52> AT+ (M ! ™
j=1

Letz = & zjj‘il ¢™. Since Ty = 47 Zj\il &Ej, by the assumed property of APPROXLO,

L M ) M

~ 2 T N 2

PNPES > Iy P8 "
7j=1 7j=1

Combining (8) and (7) and using ||z — y||3 < 2|z — Za]|3 + 2||Zas — y||3 finishes the proof. O

Together, the two lemmas establish the desired dichotomy: feasible targets are never excluded, while any target
not excluded is approximated by a policy list with controlled error. The next subsection relates this error to
confidence bounds for the unknown transitions.

5.2 Planning and evaluating from past transitions

In this subsection, we develop APPROXL O that achieves the property in Fig. 2, with the help of the transition
data (D )1, collected before. The algorithm is adapted from the standard Least-Square Value Iteration (LSVI)
procedure [Jin et al., 2020, Wang et al., 2020] and is displayed in Algorithm 3. Its guarantee is summarized in
the following theorem:

Theorem 5.3 (Certified approximate linear optimization). Let 3 = Cgd+/log(KdHA/J), where Cg is a
sufficiently large universal constant. Then, with probability at least 1 — 0, simultaneously for every episode k
and every call to Algorithm 3, the returned tuple (7, ¢, A) satisfies ¢ € \/EIB%IQ), A € [0,2V/H], and

6 — o7l <A, ¢ ¢~ |lclly A < mingex ¢ . )

Moreover, the returned certificate satisfies

H
ZH@L(Sh)Ah)HA}:Z + Hrlog A. (10)

h=1

A <10y/pB*HEp,

Below, we overview the elements in Algorithm 3.

Task 1: Policy optimization. We use optimistic LSVI [Jin et al., 2020] to find an approximately optimal policy
under the cost function ¢y,(s, a) ' ¢;,. Different from Jin et al. [2020], we output a Gibbs (softmin) policy (Line 6
of Algorithm 3) instead of a greedy one, and use soft state value (Line 5). The reason of doing this is to make the
mapping from c to the output policy feature ¢ be Lipschitz, leading to a bounded log covering number for the
class of mappings (Appendix D). The clipping for Qzl is at v/H because |(¢(s,a), &)| < ||¢(s,a)|2]|ells < VH
(Line 4). This implies \V,fl(s)] <VH+71logA<VH+1.

The soft value preserves optimism because V, '(s) < ming le(s, a), giving V' (s1) < mingex ¢ u. Thus, to
obtain the second guarantee in (9), it suffices to bound &' ¢ — lel( s1). This difference can be decomposed into

T 1 T, _ 1
elo-V(s)= e (@—9¢7) +e " V(1) (11)
feature est;rgation error planni;lrg error



Algorithm 3 APPROXLO (c, (Dy ) )

Require: c € R?, dataset (Dg ).
Parameters: 7 = 1/(H+/K log(eA)) and $ as in Theorem 5.3.

Defines Ay = L+ Y yep, , it Vi (5,0) = (5. )y . and & = ¢/ ]
Define: ]Shhf(s,a) = ¢h(s,a)TAk7hZ (u,s") €Dy uf(s") for f: S — R
1: Let V};&rl(s) =0€Rand Vj{f, (s) =0 € RP and Un41(s) =0 € Rforall s € Sgy1.
2: forh=H H—-1,...,1do

3 /I Task 1: policy optimization: choose the policy 7
4 P(s,a) < CLIP_ g g (¢n(s, @) en + PunViPy (s,0) = (VH + 1)Bug (s, a)).
5: V}fl(s) — —1log)_, exp(—le(s, a)/T).
6: mh(a | s) exp(—QZl(s,a)/T).
7: /l Task 2: feature evaluation: estimate ¢™
: r,ff(s a) < (0,...,0,¢n(s,a),0,...,0) € RP.
9:  Q(s,a)  CLIP|_; 1o (rfi(s,a) + PeaVi (s, a))
o V) ¢ Samia | 9Qs.a)

11: /I Task 3: uncertainty evaluation: upper bound U]
12: W€ <= CLIP (o g—pq1) (1 + HB) vk p + PrnUnt1)

13 Un(s) ¢ Y mla| $)QE™(s,a)

14: ¢« PrOJ\/ﬁBg<‘/l (s1)).

15: A+ min{5\/ﬁﬁﬁ1(sl) + Hrlog A, 2V HY}
16: return (7, $, A)

The feature-evaluation error is handled in the feature-evaluation step below. The planning error comes from Gibbs
smoothing and the transition-prediction errors, which sum to &' ¢™ — lel(sl) < 2(VH +1)pU, 4+ Hrlog A,
where U,zr = Ep,ﬂ-[zh I/k’h(sh, Ah)]

Task 2: Feature evaluation. Now fix the Gibbs policy 7 constructed in the policy-optimization step, and
estimate its policy feature ¢™. Define vector (s, a) € RP as in Line 8. Then we have

H
Ep., ZT%(S}HAFL) = (Epx[¢1(S1, A1), ... . Epx[ou(Su, An)]) = ¢".
h=1

Thus estimating ¢™ is a policy-evaluation problem with p-dimensional vector rewards. We estimate ¢™ by
backward policy evaluation, obtalmng (;S e vVH BY. A backward 1nduct10n shows that the estimation error is
controlled by U], giving ngﬁ ™2 < /pBUL. Since [cf|, < —¢'¢™| < /pBUF. Adding this
estimation error to the policy optimization bound (11) gives

o - (VP + 2VH + 2)BUT + Hrlog A] < Vp (s1) < miné' w. (12)

uell

Thus both inequalities in (9) hold if we choose A > 5,/pSU;’ + H7 log A. However, the learner cannot compute
this threshold because U] is an expectation under the unknown transitions. We next obtain an estimated upper
bound of U}, from which we can choose A.

10



Task 3: Uncertainty evaluation. We use the same backward policy evaluation to estimate U;}. This can be
achieved by viewing vy, , (s, a) € [0, 1] as the reward. Since |Up1lloo < H, we add the bonus (1 + BH)vy, j, to
guard against underestimating future uncertainty. A backward induction gives U < (71 (s1) < 2BHU] . Using
the computable upper bound U3 (s1) in place of U7 in the feature evaluation step, APPROXLO (c; (Dg 1))
(Algorithm 3) returns (7, QAS, A) with A = min{5,/p ﬁﬁl(sl) + Hrlog A, 2v/H}, where the clipping to 2v/H
is because ||¢ — ¢/ |2 < 2+/H for any policy features ¢, ¢'.

The above definition of A together with Uy (sy) < 26HU » gives (10).

5.3 Final Regret Bound

Proof of Theorem 2.1. Now we combine elements to establish the final regret bound. The sum of misspecification
in the “bias + correction” term in Lemma 4.1 can be bounded as

g

K 2p M
8R?(1 + log M) 1 . .
— 2

=E ; 4¢C° + i M? z; Zl ki (Line 9 of Algorithm 2)

K
<0 (H +E Z Ak,lk,Jk]> (I, Jx) uniformly drawn from [2p] x [M] in Algorithm 1)

K
< O (H +E ZPB4H3 Z ||¢h Sk hy Ak h)”A 1 ] ) (Theorem 5.3)
<0 (d6H5) ’ (Elliptical potential lemma: E[Zk b [0k (Sk.hs Ak,h)Hi*l] < O(dH))

’ k,h

Plugging this in Lemma 4.1 gives the desired bound. O

6 Computation

We bound the computation time of Algorithm 1 by analyzing the costs of MOMENTESTIMATE and APPROXSEP,
together with the number of cuts.

The MOMENTESTIMATE procedure and the desired guarantees are same as those in [Ito et al., 2019]. We directly
use the results in their Section 4.2 to bound the complexity of MOMENTESTIMATE by poly(d, H, K,log(1/0))
calls to the membership oracle of O.

The total number of cuts added in each episode is upper bounded by 5(p +VHK?/ 2) with high probability
(see Lemma E.3). To prevent the low probability event to lead to non-termination of the algorithm, we present a
version of Algorithm 1 that explicitly counts the number of restarts and executes the fallback plan if the count
exceeds a certain threshold (Algorithm 4).

The APPROXLO procedure (Algorithm 3) can be run in poly(d, H, K, A) time, even though the displayed
Algorithm 3 enumerates the updates on all state-action pairs. This is common in prior work for linear MDP (Jin
et al. [2020]). For completeness, we explicitly describe the implementation in Section E.3.
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A Related Work

A.1 Learning Adversarial MDPs with Linear Structure

We review results for learning adversarial rewards with fixed transition dynamics.

A closely related problem is adversarial linear contextual bandits with stochastic contexts, where contexts
are drawn independently from a fixed distribution, while reward vectors may change adversarially. Neu and
Olkhovskaya [2020] obtain efficient square-root regret when the context distribution is known. With access to a
context simulator, Dai et al. [2023] also achieve square-root regret without knowing this distribution. Liu et al.
[2023] remove the simulator requirement and obtain /K regret with computation polynomial in the number
of available actions. van Erven et al. [2026] obtains a reduction to linear bandits whose computation avoids
enumerating the actions, and only requires linear optimization oracles for the action sets.

Linear mixture MDPs parameterize the transition kernel using known features of state-action-next-state triples,
rather than the state-action features in linear MDPs. With unknown transitions and full-information reward
feedback, Cai et al. [2020] establish /K regret via optimistic policy optimization. He et al. [2022] improve the
horizon dependence and obtain near-minimax guarantees. Under per-step bandit feedback, Zhao et al. [2023a]
give the first efficient algorithm with /K regret, and Li et al. [2024] subsequently improve its dependence on
the number of states. Both bandit-feedback bounds retain polynomial dependence on state cardinality.

For adversarial linear MDPs, Neu and Olkhovskaya [2021] establish square-root regret with known transitions
under an exploratory condition. With unknown transitions and full-information feedback, Zhong and Zhang
[2023] obtain K 3/4 and Sherman et al. [2024] improved the guarantee to VK. Cassel and Rosenberg [2024]
retain the square-root rate, improve the dimension and horizon dependencies, and remove the initial reward-free
exploration phase in Sherman et al. [2024]. For bandit-feedback under a simulator access, Luo et al. [2021]
obtain %/ regret, and Dai et al. [2023] improve this to /K. Without a simulator, learning unknown transitions
from the learner’s own trajectories is more difficult. Under bandit feedback, the efficient regret bounds progress
from K'4/1° [Luo et al., 2021] to K®/? [Dai et al., 2023], K%7 [Sherman et al., 2023], and K*/4 [Liu et al.,
2024a). Kong et al. [2024] obtain K*/5 regret through a reduction to linear optimization under an exploratory
assumption. Liu et al. [2024a] additionally achieve the optimal v/K rate without that assumption, but their
algorithm is computationally inefficient. Our work obtains poly(d, H )V'K regret with polynomial computation,
and requires only the cummulative loss rather than the per-step losses along the trajectory.

A.2 Adbversarial RL beyond Linear MDPs

Low-rank MDPs extend linear MDPs by allowing the feature representation to be unknown. With unknown
transitions and full-information feedback, Zhao et al. [2023b] and Liu et al. [2024b] give model-based, oracle-
efficient algorithms with K°/6 and K2/ regret, respectively, allowing arbitrary rewards. Under bandit feedback,
Liu et al. [2024b] show that additional reward structure is necessary to avoid polynomial dependence on
the number of states. Assuming linear rewards, they obtain K 2/3 regret through computationally inefficient
model-based and model-free algorithms, and K */5 regret through oracle-efficient model-free algorithms.

The decision-estimation coefficient (DEC) approach provides a general approach to adversarial RL. Foster et al.
[2022], Xu and Zeevi [2025] characterize adversarial decision making using the DEC of the convexified model
class, but they can only handle MDPs with known transitions. Liu et al. [2025] extend the DEC framework to
MDPs with fixed unknown transitions and adversarial rewards, providing general model-based regret guarantees.
As an application, their framework yields v/ regret for low-rank MDPs with adversarial linear rewards under
both full-information and bandit feedback. For model-free learning with full-information reward feedback, they
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establish K3/* and K /6 regret for on-policy and off-policy bilinear classes [Du et al., 2021], respectively.

Liu et al. [2026] extends model-free learning to adversarial bandit feedback under linear rewards. For on-policy
and off-policy bilinear classes, they obtain K /% and K13/1° regret, respectively. With Bellman completeness,
these rates improve to K3/% and K%/°; they also obtain /& 3/4 regret for coverable MDPs [Xie et al., 2022] under
Bellman completeness. These results cover transition structures beyond linear MDPs, but do not provide the
polynomial-time square-root guarantee studied here.
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B Complete Algorithm

Algorithm 1 involves a repeat-until loop that may not stop, though this happens only with negligible probability
(Lemma E.3). In order to ensure the algorithm will terminate with probability 1, we present below in Algorithm 4
a more complete version that caps the number of repeats by a finite amount. As shown in Lemma E.3, with high
probability, the number of repeats is smaller than the threshold. In the regret analysis (Lemma 4.1), the bad
event only contributes to negligible expected regret. In Algorithm 4, we highlight the parts that are different

from Algorithm 1.

Algorithm 4 Algorithm 1 with a restart cap and a fallback policy

Require: ¢y = 1+, ( = K/, R=VH +(, M = K, Nypax = O(p + VHE?)

I: Zo < 0; O < RBY; Dy, < @ forall h € [H]
2. fork=1,...,Kdo

18:

n <0
repeat

n<n-+1
restart<— FALSE
Define gx(z) o< exp(—nZ,_,z)1{z € O}
(Fik, Sk) < MOMENTESTIMATE(O, Zj,_1)
Let {Yk,z’}?; be the set {ﬁk + coﬁi/zv cv € {*eg, teg,. .., j:ep}} .
fori=1,...,2pdo
reply <— APPROXSEP(Yy;, (Di.p)i,, M, ()
if reply is a cut (¢, b) then
O(—Oﬂ{w:chZb}
restart<— TRUE; break
else
(ki) L1 €Ri) = reply

until restart= FALSE or n = Njjax
if n = Ny.x then

Execute the policy 7y, with 7y, (- | s) = Unif(A) for all h, s.
Ly Zi—1and Dy 1 p + ,Dk’,h, for all h € [H]

else

Draw (I, Ji) ~ Unif([2p] x [M]) and execute 7, = 7y, 1,7, -
Observe feature vectors along the trajectory (¢y h)}lz{:1 and the total loss L.

~ 2~ \ —1

Or < <C21p + %’Ek> (Yi,r, — Iir) L

7y« Zy_1 + 0 — By, where By, = IOZ%Z;CA and g, = % Z?ﬁl Ezz
Dk-l—Lh — Dk,h U {(qf)k,h, Sk,h—i—l)} forall h € [H]

18
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C Omitted Proofs in Section 4

C.1 Properties of continuous exponential weights

For a full-dimensional compact convex body O C RP, define

Do (v) = log/ ev'e dx, Fo = op,. (13)
o

Here Fp(x) = sup,{v'z — ®o(v)} is the entropic barrier.
Lemma C.1 (Entropic-barrier toolkit). Let X,, have density proportional to e”Tzl{w € O}. Then
Voo(v) =E[X,], V2®p(v) = Cov(X,). (14)
At every conjugate pair x = VP (v),
VFo(z)=v,  V*Fo(z) = (V@0 (v)) . (15)
Moreover, for every x,u € int(QO),
o = ullge o) < 4z — u, VFo(x)) + 24p, (16)
IVFo(2)ll(v2po ()1 < VP a7
Finally, if r = |[0v|[g2, () < 1, then
Qo (v+ 6v) — Po(v) — (VOp(v),dv) < —r —log(l —r). (18)

Proof. Equation (14) follows by differentiation. Inverse-gradient duality gives (15) [Chewi, 2023, Section 2].

By Chewi [2023, Theorem 2], Fp is a p-self-concordant barrier, giving (17). By Zimmert and Lattimore [2022,
Lemma 14], some v’ € [1, 4] satisfies

[z = ullg2py @) < Y {x —u, VFEo(z)) + 4'p + 2\/D.
Forp,v" > 1,4v'p + 2,/p < 67'p. Thus
0< |l —ullgepy(z) < v ((x — u, VFo(z)) + 6p) < 4((z — u, VFo(z)) + 6p),

proving (16).

Since @ = F}; and self-concordance is preserved under convex conjugation [Nemirovski and Todd, 2008,
Section 2.1.3], ®p is self-concordant. Its local Taylor bound [Nemirovski and Todd, 2008, Section 2.1.1,
Eq. (2.5)] gives (18). ]

C.2 Bounding bias and bonus

Lemma C.2 (Loss-estimator bias and local norm). Assume %Ek = f]k = 2%, and write gk =0y — By. Then
the loss estimator satisfies

5pe ~ 2H?p? ~ V2Hp  10p3/2¢
PEE IR, < T |0l < - £,

0, — [0, <
10k — Ex[0k]ll5,, 20’ 2 o o

19)
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Proof of Lemma C.2. Define a = ¢3/p. From the estimator definition,

Qk — /H\k = (CQIp + Oéik)fl <(C21p + aik)ek — (Yk,lk — ﬁk)Lk> .

Our construction gives

2p 2p
1 =N 1 N N a
=Y V=) =0, o= > (Vs — ) (Ve — i) | = oSy
2p =1 2p =1
Define
1 &
mE =g ;(Yk,i — i) (@i — Yii) ' O

Using Ex[Ly, | I, = i) = (24, 0k), we obtain

2p
Ex[(Ye,r, — fix) L] = 211);(}/16,1' — i)z O
= af]kek + mg.
Taking [Ej, in the first display therefore gives
O — E[0k] = (€1, + aSp) "1 (30, — my,). (20)

For any v € RP, Cauchy—Schwarz for the uniform average over i € [2p] gives

2p
1 ~
(v, mg)| = W > 0T (Y = in)(@hi — Yis) O
=1
2p 2p
1 R N 1
<\ 2 Z 0T (Yii — k) (Yei — fix) "o % Z 0 (2 — Yii)(@ri — Yii) Ok
i—1 i—1
p &
< Vallvllg, % Z ki — Yaull3 ([16xl5 < dH = p)
=1
= colvllg, ex- (a=c}/p)

Taking v = f),;lmk, we get HmkH%,l < col||mi||¢-1€x and hence
k k
Hmk’|§;1 < cpe.
Since X, < 2§]k, we have

H(CZIP + Ozik)ilmk‘

2 9 S 2
SQH(C Ip+a2k) mk‘

Zk k

26%6% _ 2p25i

St =2 2 -
k o c§
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We also have

HCZ(CQIp +a§k)*19k‘

2 ~ ~ ~
] < 2¢40) (1, + aZg) TSk (CPT, + aXy) Mo,
k

2 S —_— e p—
< ag‘*e,j(@lp + a3) V2L, + aXy) "V 20,

2¢2 2¢%p?
e A
o CO

Combining these two bounds in (20) and using €, > 2¢ yields

V2pey n V2p¢ < 51961{‘
co

0, — E. [0, <
10k — Ex[0k]ls,, < o = 2

Moreover, 0 < Ly < H and the leverage identity above imply
108113, < 2H* (Vier, = i) (P + 055) ' Sk(¢CPy + 05) ™ (Vi — 7ir)

2H2 - ~ N 2H2p2
<~ Wep, — i) " (aS) ™ Ve, — i) < o
0

This proves the first two bounds in (19).
By (14) and (15),

VEo, () = —nZk-1, V2Fo, (1) = 23,
and hence By, = —10pe;VFp, (pr)/co. Equation (17) gives

10p3/2
|Belle, < =

The triangle inequality and (a + b)? < 242 + 2b2, together with the bound on |6 |5, above, prove the last
bound in (19). ]

Lemma C.3 (Bias—bonus compensation). Under the assumptions of Lemma C.2, for every u € O, it holds that

~ 60p%e
(i — 0, 0) < Bl — 0, 05)] + == 1)

Proof of Lemma C.3. By (14) and (15),

VFOk (,U,k-) = _UZk—h V2F(9k (,Ltk) = Z)];17
and hence By, = —10pe;V Fp, (p)/co. Local Cauchy—Schwarz, Eq. (19), and Eq. (16) give

~ OPEL
(e — u, O — Eg[0h]) < TCOHM — ullv2r,, (u)
10pe 60p%e
< =Lk e — u, Vo, (i) + ——F
Co Co
60p2es,
:*<,U,k‘*’U,,Bk>+ .
€o
Since By, is Jj-measurable,
~ 60p%e
(e — u, 0) < Ex[{ux —u, 0, — Bi)] + ]C)o b

which proves (21). ]
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C.3 Opverall regret analysis

Let F; be the information available after preparation of episode k£ and before the policy draw, and write
Eg[-] = E[- | Fi]. Define x; to equal one if all Bellman-confidence and moment-estimation events have held
through this preparation. Once it becomes zero, it remains zero. Thus xy is F-measurable and, by Theorem D.2,
the moment-estimation guarantee, and a union bound over all calls,

P(xy = 1 forevery k € [K]) > 1 — 6. (22)

where § = 2K 2. Whenever x; = 1, K¢ C O C RB! and the moment and compiler guarantees hold. Write
T), = Ei[¢™*] and set the auxiliary quantities to zero when yj = 0.

Lemma C.4 (Cumulative estimated loss on nested regions). Let O1 2 --- 2 Ok satisfy K¢ € Oy, C RBY. Let
(g, 2i) be the exact mean and covariance of the density proportional to e op Oy, where Zy = 0 and
Ty = Z1 1+ Op. IfTIHQkHEk < 1/2 for every k, then for each u € K,

K

S s — ) < plOg(R/C S I,

k=1 k=1

Proof. Apply Eq. (18) at v = —nZ},_1 with increment —n9~k. Since r = W”ngZk <1/2and —r—log(l—r) <
2
e,
D0, (—1Z1) — o, (—1Zk—1) < =0k, O) + 12 )|0k][3, -
Since Oy 1 € O, by Eq. (13) we have o, ., < P, , and thus

K

CDOK(_HZK) - Qo, (O) = Z[q)(’)k(_nzk) - (I)Ok(_nzk—l)]
k=

—

=

+ [q)o;m (—=nZ) — ®o, (—1Zy)]

]

K K
< UZ pi O) 07 Y 110k,
=1 k=1

Finally, o, (0) < log Vol(RBY) and Jensen on u + (BY C O give

/ e 12K dy > e 12K Vol(¢BY).
Ok

Using Zx =Y ;. 0), yields

Mw

log(R
Je — u, B MMZW 12, . (23)
k:zl n k=1

Proof of Lemma 4.1. Define £ :=E {Z b1 stk} On the valid prefix, Lemma C.3 gives

~ } 60p28k.

(=, O0) < B (s — .00 + == 24)
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Furthermore,

. 1
T — pp = (fr — px) + » Z(Sﬂk,z‘ —Yii).

7

Since p = dH, the RMS approximation and moment bounds imply

_ ~ 60
<l’k — U, 9k> < Eg [<,LL,1€ — u,@kﬁ + ek, e 1= (p + \f> £k + 2R\/]>)(5#.

Write r, = (¢™F — u, 0). Since xj, is F-measurable,

K K
E > xark| =B > xu(@r —u, 9k>] :
k=1 k=1

Multiplying Eq. (26) by xj and taking expectations gives

K K
E ZXk?“k] <E [Z Xkt — u, Ok)
k=1 k=1

Here we used the tower property, since x(ur — u) is Fr-measurable.
2 2,2 92 3.2
< 4H*p n 00p €k

~ ‘

On the valid prefix, e, < 6v/H. Provided n < ¢/ (128p*/2v/H), Eq. (19) gives

3/2
<n<\/§Hp+ 10p 5k> . 60+ 2/d _ 60+ V2 _ 1y

+E

K
> Xkek:] .
k=1

0,
77H Flg, = o o 128 = 1928

(25)

(26)

27)

(28)

which verifies the condition of the nested-region potential bound. On every sample path, the indices with x =1

form a prefix. Applying Lemma C.4 to this realized prefix and then taking expectations yields

2 K-

log(R AnH?p2K 200
[ZXk k_U9>] _ plog(R/Q) | AnH"p"K np
n 150 Co

Furthermore,

Zx;ﬁ]S\/T'

Substitution into Eq. (28), followed by p = dH, gives

K
E > xark

k=1

Finally, r, < H, and by Eq. (22),

K K K
E[Zm =E | k| +E | (1 —xp)r ]
k=1 k=1 k=1
K
<E [Z i1 | + HKGS.
k=1
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Using 6, = 2¢o/VK,d =2/(K +1)%, R = vVH + K~'/2,and p = dH, we have
H
Rypo,K + HKS = O(R PK + K) — O(HVIK).

The unconstrained minimizer of the two £ -independent 7)-terms is (dH3K) ~1/2, To also ensure the local-norm
condition above, choose

n=—2 min{(dHSK)_l/Z, d_S/QH_Z} .
The second branch is exactly the required stability cap. Moreover, the pathwise bound £ < 36 H K gives
ndPH3E < 0<d3/2H5K) < O<d2H2«/K8K> .

Thus the € term is absorbed by the d?H?\/K&f term. In either branch, HVdK = O(nd’H*K). If
K > d?H, the first branch applies and

dH
L PHAK = O<d3/2H5/2\/K> :
n
If K < d?H, the trivial bound Regy < HK is no larger than the same expression. Therefore

Regy < 6(d3/2H5/WT( n d2H2\/KSK> .

This proves Lemma 4.1. O
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D Omitted Proofs in Section 5

Lemma D.1 (Averaging recursion). Let ag, a1,...,ap and by, ..., by be real sequences, and let ¢ > 0.
Suppose that, for every j € [M],
< (1 1) N b L
aj = — =< ]aj-1 —5-
J i)Y 2
Then, for every m € [M],
1 & c(1+logm)
< — by + ————=. 29
tm < — ; ;i + = (29)

Proof. Multiplying the recursion by j gives
. ) c
jaj < (j —Daj-1+bj + G

Summing from j = 1 to m telescopes the terms involving a; and yields

m m 1
My < ij +CZ -,
j=1 =

which proves Eq. (29) because 27", j~! <1+ logm. O

Theorem D.2 (Uniform Bellman confidence (Lemma D.4 of Jin et al. [2020])). Fix d € (0,1) and € € (0, 1).
Foreach h € [H], let C > 1 and let F be a deterministic class of scalar functions from Sp41 to [—C, C]. Define
the relative covering number

N]:(E) = Nm(cevf)7

where N, denotes the sup-norm covering number. Assume Nx(€) < cc. There is a universal constant ¢c; > 0

such that, if
B>c <\/dlogK+log<HN;(e)>+Ke+\/g), (30)

then, with probability at least 1 — 0, simultaneously for every k € [K), h € [H], f € Fpy1, and (s,a) € Sp X A,

[(Pen = ) (s,0)] < BC [ n(s,a)lly-1 - 3D

Proof of Theorem 5.3. All three tasks in Algorithm 3 are based on least-squares value iteration. The key is
to show (31) for all three tasks, each corresponding to a different function class F. Fix a layer h, write
a = (a1, a9, as), and define

vn(s,a; A) = /én(s,0) A1y (s,0)

an(s,3 A, 0, @) = CLIP o, o) (91(s,0) 70 + agui(s,a:0))
mn(a] 5 8,9) o< exp(—an(s, a; A, 9, a™) /7)),

op(s; A, 0,0, ) = Zﬂha\sAﬁ)qh(saAﬂa)
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where
oP = (—VHVH,~(VHE+1)8), o= (-1,1,0), o™ =0,H—h+1,1+Hp).

The function classes for the three tasks are respectively

s+— —71log Z exp(—qh(s, a; A\, 0, apl)/7'> (planning)
a

s = vp(s; A, 0, 5, aft) (feature evaluation)

s+ vp(s; A, 9, 5, a""o). (uncertainty evaluation)

Denote these classes by F pl, F }flt, and JF}'°, respectively, and set their terminal classes to {0}, with terminal
scale one.

Bounding the covering number of each classes. Clipping and 7log A < 1 give the uniform bounds
FeF: Ifle <VH+1,
Fer: Ifle<t,
fer™: fle<H-h+1 (32)

Write C}fl =vH+1, C,flt = 1,and C}"° = H — h + 1 for these scales. Therefore,

A > uwf$)] < Y lulblf(s)l < 3KH.
(uvsl)eDk,h 2 (uvsl)epk,h

Including the immediate reward/cost gives ||9]|z, [|9]|2 < 3K H + 1. Also, Iy =< App = (K + 1)1,. Thus, each

class has at most

n:d<d2+1)+2d§3d2

scalar parameters, and each of them is bounded in absolute value by R = max{K + 1,3K H + 1}. Moreover,

1
|1/h(s,a; A) - Vh(37a§ A/)| < 9 HA B A/HF ’

so clipping gives, for each fixed a,

Jan(: A 9.0) — g A0 @) < [0 — ], + 192 A - )

The softmax map satisfies
sup |7n (- | s5q) = mn(- | s54)]|, < % lg—d|.-
Hence, if C' denotes the corresponding scale in (32),
Jon = Vil < llan — anll . + C'sup [|7n(- | 8) =74 (- 1), -

The planning soft minimum is nonexpansive in sup norm. Since C' > 1, |as|/C <1+ Hp, and (VH + 1) <
2H (3, the evaluation is L-Lipschitz with respective to its parameters, with

1+H
L _ 81+ Hp)
T
A parameter grid of mesh ¢/(nL) gives a Ce-cover. Therefore,
RnL
log Noo (Ce, F) = O(n log<1 + fin >> . (33)
€
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Bounding error. Take
§=K72  qu=K72  8=Cgdlog(KdHA).
Since 7! = HV/K log(eA), (33) gives
log Nzt (enet) = O(d? log(KdHA)) .

Thus a sufficiently large universal Cg makes (30) hold, and 8 = 9] (d). Applying Theorem D.2 directly to the
three classes, with failure probability § /3 each, and taking a union bound yields

|(Pi — PV (s,a)| < (VH +1)Bug (s, a), (34)
(Pop — PV (s,0)| < Bugp(s,a),  me [p), (35)
|(Pip — Pu)Uns(s,a)| < HBvg (s, a). (36)

Fix one call and let 7 be its returned policy. Write

H

Z Vi, (S, An)

h=1

Up =Ep,

By backward induction [Jin et al., 2020] on the update in Line 4 with confidence bound (34), and that V}f’ l(5) <
min, le(s, a), we have VP ' < min,, V7. Therefore,
VP (s1) < miné' u. (37)

uell

Likewise, backward induction on the update in Line 12 with confidence bound (36) gives
UF < Uy(s1)- (38)
Similarly, backward induction on the update in Line 10 with coordinatewise confidence bounds (35) gives
16— 67 ll2 < VB BUE < /BBUL(s1). (39)
The feature-estimation error ||$ — ¢7||2 is at most 2v/H because qg, ¢™ € VHBS. Thus,
16 — ¢™ [} < min {5\/;35171(51) + Hrlog A, Nﬁ} -

proving the first bound in (9).

Comparing the planning recursion with the true value of the returned Gibbs policy, each layer contributes at
most 2(v H + 1)y, p, from transition error and at most 7 log A from the soft minimum. Hence

¢l o™ — VP (s1) < 2(VH +1)BUf + Hrlog A. (40)

The same uncertainty recursion also gives

Ui (s1) < 2BHUY. 1)
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Combining (39), (37), (40) and using p = dH yields

ET$— miné' u < 5pBUL + Hrlog A < 5\/135(71(81) + Hrlog A. (42)

uell

The normalized optimization gap 5T$ — mingex €' w is at most 2v/H because $ € VHBS, K C VHBY, and
||¢]]2 < 1. Thus,

ET$— mi}gé—ru < min {5\/]3B(71(51) + Hrtlog A, 2\/?} =A
ue

proving the second bound in (9).

Finally, (41) gives
A <10/pB*HUT + Hrlog A,

proving the final bound. O
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E Omitted Proofs in Section 6

E.1 Moment Estimates

We let MOMENTESTIMATE to be a procedure described in Ito et al. [2019], which takes a convex function
f : RP — R and a convex body P C RP as input, and output estimators of the mean and covariance of the
distribution ¢(z) o< exp(—f(z))1{x € P} within polynomial time. In our case f(x) = nz' Z;_; and P = O.
Its guarantee is the following:

Lemma E.1 (Corollary 1 of Ito et al. [2019]). Let P C RP be a convex body with non-zero Lubesgue measure,
and let q(x) x exp(—f(x))1{z € P} be a log-concave distribution with some convex function f : P — R.
Let 11 and Y5 denote the mean and covariance of q. Then there is an algorithm that outputs a vector i € RP
and a symmetric matrix 3 € RP*P satisfying %E <% < 2% and 12 = llcov(q)-1 < € with probability at least
1 — 6. The computational time, the number of calls for the membershpi oracle of P, and the value oracle of f
are bounded by poly (p, %, log %)

We let e = 0, = 2¢¢/ VK, which implies the estimation accuracy
~ 1 &
H,Uk - Mk”z};l < 5/17 §Ek =X M X 2%

after calling MOMENTESTIMATE in Line 6 of Algorithm 1.

E.2 Number of cuts

Lemma E.2 (Containment of the estimated covariance ellipsoid). Let q be a full-dimensional log-concave
distribution supported on a convex body O C RP, with mean i and covariance Y. Suppose [i and Y. satisfy
3N XY 228 and || — pllg-1 < 1. Then

1 - 1
4+ —21/2pP C — /2P C 0. 4
P T6e 25 1T 5 20 “3)

Proof. We first show that
1
p+=xVBh C O. (44)
e
Otherwise, separation gives a nonzero vector a and a point y with ||y — u||s—1 < 1/e such that a'y <
infreo a'z. For X ~ q, denote the random scalar
a' (X —p)
a'a

and denote the density function of S as ¢g. Then S is centered, variance-one, and log-concave. Moreover, its
support is contained in [upin, 00): Indeed, strict separation and compactness of O give

_infecoal@—p) a'ly—p) 1

Umin * - )
Va'Xa Va'Xa e
where the last inequality follows from Cauchy—Schwarz in the >-norm. Lemmas 5.4 and 5.5(a) of Lov4sz and
Vempala [2007] give P(S < 0) > 1/e and ¢gg(s) < 1 for any s. However, the support condition would instead
imply

0
1
P(S < 0) =/ (1) dt < ] <

min
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a contradiction. This proves Eq. (44).

Now fix v € BS. The covariance assumption gives || X~/ 2531/ 2||op < /2. Therefore

1 o 1 ~
T Vo N <5 _ L “2—1/221/2 H
R T 72 = pll=r + 62 v,
1 2 1
<1y 1
12e  16e  2e
The first inclusion in Eq. (43) follows, and the second follows from Eq. (44). ]

Lemma E.3 (Number of cuts). Suppose every invoked moment call, with exact mean (v and covariance %,
returns estimates satisfying %Z =Y <X 2Y and ||pp — plls—1 < 1/(12e). Then the number of cuts is upper

bounded by O(pK + vHK?/?),

Proof. By the definition of 8, we have ||§k|\2 < Q?QH. Since the update is Z;, = (1 — mzige’“)Zk_l + by, we

have || Zy|| < || Zk—1]| + ||0k||. By induction, it holds that || Z;|| < 2Rgf< for all k.

By Lemma E.2, every target used during preparation belongs to the current region O and satisfies ||Y; — pf|x,-1 <
1/(2e). The local-cut argument of Ito et al. [2019, Lemma 5] shows that each cut removes at least a i fraction
of the current mass. Let Ny, be the number of new cuts added in episode k, and let O;, Oy be the set O at the
start and the end of episode k. Then we have

VOI(C]BZ;)B_UR“Z’“*ﬂ' S/ o= Zht g
Os

N,
< (1 — 1) k/ e~ Zk-1 g
2e 0;

1\
< (1 - 26) Vol(RBS) el Ze—1ll,

Taking logarithms gives
nR’KH
2

Summing over episodes gives the desired bound. O

Ne < O (plog(R/C) + R| Zus])) < O <p log(R/C) + ) < O(p+ VAKY).

E.3 Implementation of Algorithm 3
Although Algorithm 3 defines value functions on the entire state space, it can be executed without enumerating

states or state—action pairs. Below is an efficient way to implement Algorithm 3. We just use the computation of
V,f Las example; the other two tasks follow the same manner.

For any function f : 11 — R, define:
Du(f) == Mg > _uif(sh)T e R™.
J
Then, for every queried pair (s, a),
ﬁk,hf(sa CL) = ¢h(8, a)T@h(f)'
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Below, we show that we only need to keep track of the vector @h(Vﬁrl), or equivalently ¥, = ¢, + @h(Vﬁrl)
during the execution of Algorithm 3. They are computed by backward induction.

Suppose ¥, has already been computed. For every state s;- appearing in Dy, ,_1, query th(s;-, a) foreacha € A
and compute

Qlﬁl(s;aa) = CLIP_ 7 va) (efm(s;’a)wh - (VH+1)8 Hgbh(sg’a)HAkj) ’

acA

These are the values needed to form @y, 1 (V} ") and hence
_ _ 1
Up—1 = Ch1 + Wp—1(V})).

Thus, ¥}, can be computed in a backward induction manner. This then allows us to evaluate le(s, a) and V;P '(s)
efficiently for any queried (s, a).
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