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As a subcategory of machine learning, geometric deep learning (Brounstein et al.l|2021)) studies how to leverage
underlying domain information on which data is distributed. One particular problem domain is represented

Abstract

Surface data appears in a wide range of machine learning tasks. Among other objectives,
geometric deep learning generalizes Euclidean CNNs to two-dimensional Riemannian mani-
folds, allowing to learn patterns of data along curved surfaces. While the literature presents
numerous surface convolutions, existing comparisons often vary both the convolution and
the underlying surface charting algorithm, complicating the isolation of the source of per-
formance differences. Furthermore, unlike in Euclidean CNNs, the size of the convolution
neighborhood is not implied by the template size but manually set in the form of a chart
radius. Finding appropriate chart radii has received little attention and thus remains poorly
understood. To address these challenges, we (i) provide a structured survey of surface convo-
lutions and (ii) reformulate several approaches into a unified discretization notation. Using
this notation, we (iii) develop a charting-method agnostic surface CNN framework, allowing
to isolate downstream effects of charting algorithms from those of the convolution itself,
and to systematically study the impact of chart radii. We provide a Python library called
GeoConv and (iv) use it to conduct an ablation study encompassing 560 surface CNN con-
figurations. We find statistically significant effects of charting algorithms in local prediction
tasks, whereas varying the chart radius can give rise to statistically significant performance
changes in both local and global prediction tasks. These findings suggest that both the
choice of the charting algorithm and chart radius can constitute important experimental
factors. Future comparisons among surface CNNs should thus control for charting effects
by using a common charting algorithm, and both the charting algorithm and chart radii
should be treated as critical hyperparameters for learning on surfaces.

Introduction

by learning from data that is distributed along curved 2D manifolds in a 3D ambient space.

This kind of 3D data plays an important role in a variety of applications across many interdisciplinary
subjects: Computer graphics tasks include estimating point-correspondences among 3D shapes (Bogo et al.|
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2014)) or finding shapes in 3D retrieval tasks (Yacoub et al.,[2025)). Machine learning-based weather predictions
are often modeled on top of a discretized sphere that represents the earth (Lam et al., 2023)). Here, learning
tasks include estimating the temperature (Esteves et all 2023) or more generally atmospheric dynamics
(Bonev et all 2023; 2025). Learning protein functions from their surface geometry represents a task in the
biological domain (Sverrisson et al.l [2021). The medical domain can benefit from learning from surfaces by,
e.g., estimating wall shear stress on three-dimensional artery models for cardiovascular-disease diagnosis and
prognosis (Suk et al., 2024} or for cortical parcellation (Zhu et al., 2025)). Self-driving cars need to be able to
understand their surroundings via semantic scene segmentation (Behley et al [2019). Robotic applications
include tasks such as learning to reconstruct incomplete surfaces from tactile sensing (Comi et al., |2024)).

Approaches to learning from surface data, whether one uses volumetric approaches, graph neural networks,
point set approaches or networks specifically designed for surfaces, can vary substantially among existing
work. In this work, we put our focus on isometry invariant, spatial surface convolutions. These convolutions
generalize the Euclidean convolution to two-dimensional Riemannian manifolds. Here, the main theoretical
task is to describe how local surface features are extracted from the manifold and correlated with a trainable
template in a common integration domain. Depending on what aspects should be emphasized, existing work
varies in its emphasis on practical implementation and theoretical rigor. To provide an overview, we present a
survey on surface CNNs which (a) structures them by how they tackle the so-called gauge-ambiguity problem,
a fundamental problem in surface learning arising from the fact that no global coordinate system is available,
and (b) how they compute local coordinate systems for discretized surfaces in practice.

Different surface convolutions learn different sets of weights and thus imply distinct learnable function
classes. From a machine learning perspective, differences in downstream task performances should primarily
be attributed to changes of these learnable functions. However, the way in which features are extracted from
the surface and carried into the convolution also varies among proposed approaches. In this matter, the
vast majority of existing surface convolutions relies on surface charting algorithms, i.e., methods to compute
local coordinate systems on the surface. FEzxisting comparisons among surface CNNs often change both
the charting algorithm and the convolution simultaneously. This is problematic because different charting
algorithms can introduce distinct confounding factors into model training due to varying geometric distortions
caused by dissimilar equations for computing geodesic distances and directions. Hence, reported performance
differences among surface CNNs are not necessarily caused by differences in the convolutions alone.

To isolate performance changes caused by varying convolution definitions from effects of charting algorithms,
we reformulate existing surface convolutions into a unified notation. Within this notation, all considered
convolutions rely on the same surface feature extraction mechanism, independent of the choice of a particular
charting algorithm, and thus differ only in their trainable parameters. The benefits of this notation are two-
fold. (a) By highlighting the defining differences among existing surface convolutions, the unified notation
reveals an opportunity to combine ideas from two prior approaches. The resulting convolution outperforms
all other considered convolutions in one of our benchmarks (cf. Section . (b) By abstracting from these
defining differences, we define a charting-algorithm agnostic surface CNN framework. This framework enables
us to conduct a systematic ablation study on the downstream effects of commonly used charting algorithms
by training a fixed set of surface CNNs once per charting algorithm and comparing their performance.

In addition to selecting a charting algorithm, one must specify a maximum allowed chart radius per surface
point. It describes how large the neighborhood into which we position the template of the surface CNN
can become. Choosing it too small can omit a substantial amount of helpful information, resulting in
underperforming surface CNNs. On the other hand, choosing it too large can cause geometric instabilities
during chart computation, since directions for neighboring surface points may not be assigned uniquely
anymore. The theoretical upper bound that describes this is called the injectivity radius. Despite being a
fundamental design choice, the impact of the chart radius on the downstream performance of surface CNNs
has received little attention in the literature. Thus, we additionally analyze the effects of varying chart radii
side-by-side with our ablations on the downstream effects of charting algorithms. Altogether, we train 560
surface CNNs covering different convolutions and charting algorithm configurations in our ablation study.

In summary, our contributions encompass the following:
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1. We conduct a survey to structure existing work on surface convolutions by how they approach
key-problems in surface learning.

2. We reformulate existing surface convolution definitions into a unified notation, based on which we:

(a) propose a novel surface convolution that emerges from the comparison of two existing surface
convolutions.

(b) provide a charting-method agnostic surface CNN framework, isolating convolution effects from
effects originating from the mechanism that extracts surface features.

3. We provide a Python library called GeoConv, which implements the introduced surface CNN frame-
work to foster future research on surface convolutions.

4. Using GeoConv, we conduct an ablation study on the downstream effects of different charting algo-
rithms and varying chart radii. We find that both the selected charting algorithm and the template
radius can be critical parameters in surface learning.

In Section [2] we provide a structured survey on the literature of surface convolutions. Based on that survey,
we phrase three research questions in Section [3]in alignment with our contributions. At the end of Section [3]
we provide an overview of the remaining sections of this manuscript, describing our approach to answering
the research questions.

2 A Structured Overview of Approaches to Surface Convolutions

Surface convolutions. The subject of surface convolutions is a broad field with many diverse approaches
to learn patterns from data distributed along surfaces. Thematically related to this work are approaches
that implement isometry-invariant, spatial surface convolutions on two-dimensional Riemannian manifolds
whose definitions are independent of the surface’s discretization into polygonal meshes or point clouds.
For their definition, we consider a two-dimensional Riemannian manifold M, i.e., a surface, as well as a
surface signal function s : M — R™ whose patterns we aim to learn. Examples for s include shape texture,
heatmaps, climate data or local shape descriptors. In order to learn these patterns, we make use of intrinsic
properties of M. That is, information that can be derived with the Riemannian metric, in particular geodesic
distances and angular directions along M. These quantities are invariant under isometries, i.e., metric-
preserving transformations such as rotations and translations of M in an ambient space, and therefore ideal
for describing relative locations between features on the surface, which is essential for implementing the
correlation-with-template idea.

Convolutions that do not explicitly define their operation on two-dimensional Riemannian manifolds are
outside the scope of this work. For example, volumetric approaches (Maturana & Scherer} |2015; 'Wu et al.|
2015; Qi et all 2016) leverage the Euclidean ambient space, unordered sets of points approaches (point
clouds) focus on permutation-invariant operations on sets (Qi et al., 2017ajb; [Li et al. 2018; |[Wu et al.|
2019) rather than interpreting the surface as a manifold, and spectral approaches (Yi et all 2017} [Kostrikov
et al., |2018; Defferrard et al., 2016]) operate in the frequency domain instead of spatially on the manifold.
Lastly, mesh-based approaches (Bouritsas et al., [2019; |Gong et al., [2019; [Hanocka et all 2019; [Wang et al.,
2022; [Hu et al., |2022; Ludwig et al., 2023) define their convolution by specifically relying on a fixed surface
discretization and are thus also not considered in the course of this work.

Preliminary: the gauge-ambiguity problem. In analogy to convolutions on images, the majority of
surface convolutions implements the correlation-with-template idea. In difference to convolutions on images,
surface convolutions cannot rely on a global coordinate system along which the template can be aligned.
Instead, we compute one local coordinate system per point on the surface which, in terms of polar coordinates,
involves selecting a 0°-direction. This direction together with its orthogonal direction determine one possible
basis for the local coordinate system in the considered surface point, also referred to as the gauge. However,
note that multiple possible gauges exist as the selection of the 0°-direction is arbitrary.

The gauge determines how weights and surface features are paired during correlation. Given that these
pairings change with varying gauges, the convolution yields different results depending on the selected gauge.



Published in Transactions on Machine Learning Research (09/2026)

Deep Learning for Surface Processing

volumetric approaches

Maturana & Scherer|(2015
Wi et al. [ {2015
{2015,

isometry invariant, spatial surface convolutions

gauge selective gauge equivariant
al|[2015] GCNN MDGCNN

( ACNN Icosahedral Conv | :
MoNet HSN ! spectral approaches
Tangent Conv Field Conv i —_—
Spherical Conv GEM-CNN |
Parallel Transport Conv EMAN ; L1 ot aLJE0T7] =
ZerNet Spherical Mébius Conv | Rostrikov et al |
dMaSIF Equiv. Message Passing | | :

‘mesh based approaches
Bouritsas ct 1] (2019
Gong et al.[(2019]

H LI{2019)
[

Figure 1: A schematic overview of deep learning approaches for learning signals on two-dimensional surfaces.

This makes the convolution gauge-dependent. Considering that infinitely many equally valid gauges exist,
each of which yields different convolution results, it is unclear which gauge should be selected. This issue is
referred to as the gauge-ambiguity problem.

In the following, we distinguish related work between two classes of approaches (cf. Figure: gauge-selective
surface convolutions, which attempt to resolve the gauge-ambiguity problem by selecting a preferred gauge,
and gauge-equivariant surface convolutions, which ensure that the convolution result rotates according to
the orientation of the gauge.

Gauge selective surface convolutions. In practice, continuous surfaces are typically discretized into
polygonal meshes or point clouds. Signals along these discretized surfaces are only available at a finite set
of vertices. Consequently, a fundamental design choice in the implementation of any surface convolution
concerns the decision of whether the implementation interpolates existing signals in between of available
surface points or merely takes signals into account that are located at available surface points.

The first set of approaches that we consider follows the former idea: create interpolated surface signals to
obtain signal information at any surface location, potentially in between surface points.

Early approaches to this implementation idea are surface convolutions that build on the so-called patch
operator (Masci et al., 2015; Boscaini et al., 2016; Monti et al., 2017). Motivated by local shape descriptors
(Kokkinos et al.l [2012), the patch operator extracts surface features and interpolates these in a polar grid of
soft-bins, referred to as a surface patch. Binning weights are either defined to be Gaussian weights (Masci
2015)), heat-kernels (Boscaini et al, [2016) or learned (Monti et al} 2017). By aligning a trainable
template with the surface patch, learnable weights are paired with patch bins. These are multiplied and
aggregated to effectively implement the correlation-with-template idea on curved surfaces. This approach
selects a gauge during patch construction: the binning operation requires a preceding charting algorithm to
compute local coordinates around the convolution center which inevitably selects a 0°-direction. The gauge-
ambiguity problem can then be resolved in different ways: Masci et al|(2015) compute multiple convolutions
using different template orientations and subsequently select the maximum result. This mechanism is called
angular maz-pooling. Boscaini et al| (2016)) suggest to align the gauge of a local chart with the principal
curvature at the convolution center and compute convolutions only with respect to this gauge. [Monti et al]
2017) propose a framework that allows to obtain the approaches of Masci et al.| (2015) and Boscaini et al.
2016) as particular instances and thus leaves the choice of angular max-pooling or alignment with principal
curvature open.
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Similarly to patch operator approaches, |Tatarchenko et al.| (2018) interpolate given signals at available surface
points to create a continuous signal. To this end, they project neighboring surface points into tangent planes
and interpolate their carried signals into so-called tangent images using either nearest neighbor estimations
or Gaussian mixture models. Tatarchenko et al.| (2018) use local PCA to estimate tangent planes, where the
gauge is determined by the Eigenvector associated to the largest Eigenvalue. Their convolution results are
thus always given with respect to the direction of the largest Eigenvalue.

Another alternative for creating a continuous signal from the given signals at available surface points is
proposed by |Sun et al.| (2020)). They define their surface convolution to learn coefficients for a linear combi-
nation of normalized Zernike polynomials. The Zernike polynomials describe the learnable weights and the
surface signals as continuous functions parameterized in local coordinates. The Zernike decomposition of the
surface signal from available surface points requires surface charts, which |Sun et al.| (2020) compute using
the DGPC algorithm (Melveer & Reimers| 2012)). This algorithm randomly selects a gauge for each surface
point by construction. The gauge-ambiguity problem is resolved by using angular max-pooling.

Other gauge-selective approaches implement surface convolutions by only relying on signals at available
surface points. [Schonsheck et al.[(2018) move a trainable template into each vertex of the discretized surface
via parallel transport (cf. Section . Their surface convolution then computes the mass-matrix-weighted
dot-products between transported weights and surface features from locally available points. To prepare their
convolution, Schonsheck et al.| (2018) determine local reference frames in all mesh vertices, whose gauges
are aligned with the gradient field over precomputed geodesic distances. Their convolution results are hence
given with respect to this gradient direction.

In the context of learning protein functions, [Sverrisson et al. (2021) define their surface convolution to be
the weighted sum of chemical features. Weights depend on their relative position to the convolution center.
These positions are described using local reference frames whose gauges are aligned with the gradient of
estimated electrostatic potentials along the protein, thereby determining the local gauge in any point of the
surface. Thus, convolution results are given with respect to the direction of electrostatic potentials.

Exemplarily for methods that circumvent the explicit definition of local gauges, |(Cohen et al.| (2018]) propose
surface convolutions specifically for spheres as the integral over dot-products of weights and features, using a
rotation invariant integration measure. This convolution behaves equivariant under rotations of the sphere.
Regarding template alignment, the integration measure allows to directly associate points € S? C R? from
the sphere to features and weights. Hence, no local gauges need to be defined for associating weights to
features. This convolution relies on using the global coordinate system of the R3 ambient space, which is
why we categorize it as a gauge-selective approach.

Gauge equivariant surface convolutions. Instead of returning an embedding vector w.r.t. a preferred
gauge, gauge-equivariant surface CNNs rotate their output embedding vector according to the orientation of
an arbitrary gauge. This is a consequence of satisfying the gauge equivariance constraint, which we describe
more formally in Section [

Multi-directional geodesic convolution neural networks (MDGCNNSs) are chronologically one of the first sur-
face convolution approaches that recognize the gauge-ambiguity problem. To counteract this ambiguity, they
extend geodesic convolutions (Masci et al.,[2015) to map directional functions to directional functions. These
return different signals depending on the direction of neighboring surface points. Directions are described
w.r.t. a local gauge, which [Poulenard & Ovsjanikov| (2018)) determine using the DGPC algorithm (Melveer
& Reimers), 2012). In practice, directional functions are parameterized by an angular coordinate. [Poulenard
& Ovsjanikov| (2018]) show that rotating the gauge yields the same convolution result as adding the rotation
onto the input angle. However, since MDGCNNs return directional functions rather than embedding vectors
whose orientation depends on the local gauge, they are not gauge-equivariant in the sense described above.

Contrary to this, Harmonic Surface Networks (HSNs) introduced by [Wiersma et al| (2020]), are gauge-
equivariant in the sense described above. They define their convolution as a dot product over complex
features. |Wiersma et al| (2020]) algebraically proof gauge-equivariance by factorizing gauge rotations, ex-
pressed as the multiplication of two exponential terms, outside the convolution. This leaves a rotation term
multiplied onto the convolution that uses the original local gauge, showing that the convolution commutes
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with gauge-rotations. Thus, it can be considered gauge-equivariant. While not explicitly shown, the same
argument holds true for field convolutions (Mitchel et al 2021 which also implement complex-valued surface
convolutions. However, field convolutions differ from HSNs in that they learn sums of angular frequencies
instead of radial profile matrices and a phase offset.

|Cohen et al| (2019) introduce the theory of equivariance under symmetry transformations to surface con-
volutions (cf. Section . In summary, previously assumed stacks of scalar signals are reconsidered to be
multi-dimensional feature vectors that (a) are represented in local fiber bases and (b) transform according
to a group representation under gauge rotations (Cohen & Welling} [2017)). Due to varying bases among local
fibers, neighboring feature vectors have to be parallel transported to the convolution center. This ensures
that all features are represented in the same basis prior to feature aggregation. During aggregation, the
feature vectors are multiplied with a kernel that satisfies the rotation-steerable kernel constraint
. Due to satisfying this constraint, the surface convolution commutes with gauge rotations and
hence is gauge-equivariant. (Cohen et al. (2019) implement this surface convolution using an Icosahedron as
a specific example surface. [Haan et al.| (2021) implement it for arbitrary surfaces as an extension of graph
neural networks. Their network-design is referred to as gauge-equivariant mesh CNN (GEM-CNN). Tradi-
tional isotropic kernels used by graph neural networks are replaced with directionally sensitive, anisotropic
kernels that satisfy the rotation-steerable kernel constraint. The features associated to the one-hop neigh-
bors are parallel transported to the convolution center and subsequently aggregated in a self-connection &
neighborhood aggregation scheme.

Basu et al.| (2022)) extend GEM-CNNs by attention coefficients which are invariant under gauge transfor-
mations and thereby introduce equivariant mesh attention networks (EMANs). [Park et al. (2023) proposes
gauge-equivariant message passing as an extension to regular message passing in graph neural networks. To
this end, they embed node and edge features using the convolution of GEM-CNNs.

Mitchel et al.| (2022)) propose spherical convolutions that are equivariant towards Mobius transformations of
the signal on the sphere. As Mdobius transformations can represent rotations of the features defined on the
sphere, this convolution can be considered gauge-equivariant.

Surface charting methods. A common methodological requirement among the vast majority of discussed
surface convolutions is the computation of local surface charts. A surface chart describes local surface
coordinates around the convolution center w.r.t. a selected gauge. The choice of the charting algorithm,
however, varies across approaches.

Some approaches, like Cohen et al. (2018), Cohen et al.| (2019) or[Mitchel et al.|(2022), define their convolution
solely for one particular shape. This either allows for using a fixed set of predefined charts, a closed form
formulation of the exponential map, i.e., a function associating tangent vectors to manifold points and
thereby allowing to locally associate coordinates to the surface, or to use an integration measure for the
considered shape. Shape-agnostic approaches use one out of the following four surface charting algorithms.

Masci et al.| (2015) and Monti et al.| (2017) compute local surface charts using the Fast Marching Method
(FMM) (Kimmel & Sethian| [1998) and outward-ray shooting (Kokkinos et al.| |2012) to determine radial
and angular bins. |Schonsheck et al| (2018]) also use FMM to compute distances on the shape. However,
instead of outward-ray shooting, they combine gradient fields over the geodesic distances provided by FMM,
mesh triangle-normals and orthonormal vector fields to create local reference frames which parameterize the
surface locally.

The Heat Diffusion Method (HDM) (Crane et al., [2017)) leverages the relation between distance functions
and shortly diffused heat kernels (Varadhan, 1967). The surface convolutions of Wiersma et al.| (2020 and
Mitchel et al|(2021) use the Vector Heat Method (Sharp et all 2019) which completes the geodesic distance
computation of HDM to an approach that additionally yields angular coordinates. Boscaini et al. (2016)
combine shortly diffused anisotropic heat kernels and local reference frames, created from mesh triangle-
normals and principal curvature directions, to parameterize the surface locally.

The Discrete Geodesic Polar Coordinates algorithm (DGPC) of [Melveer & Reimers| (2012) is used by
[nard & Ovsjanikov| (2018)) and [Sun et al.| (2020)). In contrast to FMM and HDM, DGPC computes directional
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Table 1: Charting methods used in surface CNNs to compute local surface coordinates.

FMM DGPC HDM Tangent Plane Projections Predefined

2015) GCNN v

2017) MoNet v

2018) Parallel Transport Conv v

2018) MDGCNN /T
2020) ZerNet

2016) ACNN v
2020) HSN v
2021) Field Convolutions v
2018) Tangent Convolutions

Masci et al.

Monti et al.

Schonsheck et al.
Poulenard & Ovsjanikov
Sun et al.

Boscaini et al.

Wiersma et al.

Mitchel et al.
Tatarchenko et al.

v

Haan et al.|(2021) GEM-CNN v
Sverrisson et al.|(2021) dMaSIF v
Basu et al.|(2022) EMAN v
Park et al.|(2023) Equiv. Message Passing v

Cohen et al.
Cohen et al.
Mitchel et al.

2018) Spherical Conv v
2019) Icosahedral Conv v
2022) Spherical Mébius Conv v

coordinates via angular interpolation in addition to geodesic distances. Thus, unlike in FMM and HDM, no
additional step is required.

Approximating local surface charts by entirely relying on Tangent Plane Projections (TP) represents another
popular approach (Tatarchenko et al., [2018; Haan et al.l [2021; [Basu et al., |2022; [Park et al., 2023]). For
this, local reference frames on surface points are estimated by, e.g., local distance weighted PCA as done
by local shape descriptors (Salti et al., [2014). While the Eigenvector associated to the smallest Eigenvalue
determines the point normal, the tangent planes are spanned by the Eigenvectors associated to the two largest
Eigenvalues. These tangent planes are then used to compute tangent plane projections of neighboring surface
points. |Sverrisson et al.| (2021)) additionally weigh the Euclidean distance between points by differences in
point normal orientations to improve geodesic distance estimation.

Recently, new work on how to efficiently compute geodesic distances on triangle meshes has emerged (Vern-
inas et al |2026)). However, it has not yet been adopted by existing surface convolution approaches.

We summarize our literature findings on how surface convolution approaches compute local surface coordi-
nates in Table [l according to their main methodological characteristics. The diversity of charting method
usage and their combination with various possible approaches to implement surface convolutions motivates
our following research questions for this manuscript.

3 Research questions

Table [1] shows that each surface CNN has been evaluated using only a single charting algorithm. While
theoretically any discussed algorithm aims to provide local charts, they can differ in their approaches to
computing geodesic distances or angular directions in practice. Consequently, changing the charting al-
gorithm may alter the distance estimates, direction estimates, or both, potentially resulting in different
geometric distortions associated with the same surface. This raises the question whether the performance
of surface CNNs is invariant to the choice of the charting algorithm. Specifically, we suspect that reported
performance differences among surface CNNs may partly originate from differently selected charting algo-
rithms. This motivates our first research question: Are the downstream performances of surface
CNN5s affected by their chosen charting algorithm? (RQ1)

In image CNNs, a fundamental design choice concerns the size of the template. It is typically set to some nxn
window that directly determines (a) the size of the template and (b) the size of the considered neighborhood
on the image. These n x n windows are possible due to the regular grid-like structure of images, which is
not present on discretized surfaces. That is, while most surface CNNs adopt the correlation-with-template
idea, the size of the template is decoupled from the size of the neighborhood it is placed into.
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Instead of implying the extent of neighborhoods via the template size, we explicitly compute them using
charting algorithms that require a maximum radius to be know beforehand. Once we know the neighborhood
sizes, we can configure template sizes relative to all available neighborhood sizes, or more specifically, in terms
of all chart radii. But how do we determine how large each chart radius should be?

Theoretically, the radius of a valid neighborhood around the convolution center has an upper bound, called
the injectivity radius. This injectivity radius depends on the local shape geometry and thus varies for
different surface points. Efficiently estimating accurate injectivity radii for all vertices in a set of arbitrary
shapes represents a problem that has not yet been discussed in the surface convolution literature. So far, the
literature tends to use small neighborhoods such as the one-hop neighborhood of a mesh vertex. However,
this can omit a substantial amount of meaningful information for downstream tasks and thus leaves room
for improvement. In this work, we want to systematically study the effect of chart radii and thus raise the
research question: How does the chart radius affect the performance of surface CNNs? (RQ2)

The majority of existing surface convolutions aim to implement the correlation-with-template idea. That is,
the convolution puts a template into a surface chart and computes an inner product between template weights
and locally available surface features. The discrete implementation of that inner product, however, can differ
substantially across approaches. Most notably, once all charts are computed, the surface convolution needs
to gather surface features using these charts. To this end, some approaches use feature vectors directly
associated with surface points. Others rely on interpolations of surface features in between surface points.
Varying confounding factors introduced by different implementations make it difficult to isolate whether
performance differences are caused by theoretical considerations or practical implementations. This motivates
our last research question for this work: How can existing surface convolutions be reformulated into
a unified, charting-algorithm-agnostic discretization framework? (RQ3)

Having outlined the relevant literature on isometry-invariant, spatial surface convolutions and highlighted
the research questions addressed in this manuscript, we now provide an overview over the remaining parts
of this work.

To establish a common theoretical basis on surface convolutions, we present an introduction to the theory
of surface convolutions in the next section (Section . Subsequent to discussing the theory on surface
convolutions, we shortly point out the theoretical common denominators and differences among the charting
algorithms commonly used for computing surface convolutions in Section [5] Both theoretical introduction
sections (Section [4f and [5]) represent the theoretical foundation for our work on RQ3, exploring a unified
implementation framework for surface convolutions in Section [6] Using this framework as a means to create
a controlled discretization setting, we then conduct an ablation study in Section [7] to investigate both RQ1
and RQ2. Limitations of this work are discussed in Section [8] We draw conclusion regarding our research
questions in Section [9]

4  An Introduction to Surface Convolutions

From Euclidean spaces to manifolds. In a Euclidean domain, convolutions are defined as an inner
product between a signal s : R™ — R and a template ¢ : R™ — R in a point ©u € R™:

(s*t)(u) = /m s(v)t(u —v)dv . (1)

To compute a convolution, a template ¢ is centered at w, and relative directions 4 — v determine how
template weights are paired with signal values. In a Euclidean domain, such relative directions are described
by translation vectors u—wv which are defined by pairs of locations « and v. That is, we induce a direction by
a pair of locations. In Riemannian manifolds M™, however, subtracting two locations does not necessarily
yield a direction that points along the manifold, requiring us to seek for a different notion to describe
directionality. Instead of subtracting locations, we rely on tangent vectors y € T,,M™ to describe directions
locally around the convolution center u € M™.
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wu(v) € T, 017

W

[exp, o wy](v) € M?

Figure 2: Exemplary illustration of the signal-pullback at w. [Left] To describe relative positions around
u € M we choose a gauge w,, : Br(0) — T, M and retrieve tangent vectors y € T,, M. [Right] Tangent
vectors wy, (v) € T,y M are mapped into the surface via the exponential map exp,, (wy(v)) € M. Eventually,
a neighboring signal to u is extracted using the signal-pullback [s o exp,, o w,](v).

Since tangent vectors y are coordinate-free in general (Bredon| [1993), a gauge w,, : R™ — T,,M™ must be
chosen for the tangent space to represent y in local coordinates. Hence, the gauge can intuitively be thought
of as a coordinate frame put in a tangent space T, M™ (Cohen et al., 2019).

Although tangent vectors represent a helpful tool to describe a local notion of direction, they do not represent
the elements of the manifold on which the signal s : M™ — R is defined that shall be learned. The exponential
map exp,, : TuM™ — M" offers a way to describe the target point on the manifold when moving into the
direction of a tangent vector. It is a local diffeomorphism, i.e., a differentiable bijection with differentiable
inverse, limited by the injectivity radius around u, that maps tangent vectors onto points of the manifold.

|Cohen et al.| (2019) combine the gauge, the exponential map and the signal function into the signal-pullback
[s 0 exp,, o wy] at u (cf. Figure , which allows to read s when moving relative to a base point w in order
to define the surface convolution:

Definition 4.1 (Cohen et al.| (2019): Surface convolution). Let M be a 2-dimensional Riemannian manifold,
Bg(0) the disk around 0 with radius R, w,, : Br(0) — T, M a selected gauge for T, M, and exp,, : Ty M — M
the exponential map at w. The surface convolution of a signal s : M — R on M with a template t : R™ — R
in point u € M s defined as:

(s#t)(uswy) = /B . t(v) [s o exp,, o wy](v) dv .

The gauge-ambiguity problem. In our survey, we introduced the gauge-ambiguity problem at a con-
ceptual level to categorize existing surface convolutions according to how they resolve it (cf. Section .
Using Definition [£.1] we can explain more formally why it arises.

In order to compute a surface convolution, we need to associate coordinates from Bg(0) with tangent vectors
in T,y M via a gauge w,. The gauge w, represents a basis for the local tangent space T,, M and thus can
be interpreted as a local coordinate system. It determines the orientation, i.e., the 0°-direction, on the
manifold locally around w. While multiple equally valid w,, exist, the result of the surface convolution
changes depending on what 0°-direction is selected. This is because the pairings of weights ¢(v) and surface
features [s o exp,, © wy](v), and consequently their products, vary when w,, changes. In summary, a result
of the surface convolution from Definition is not gauge-invariant and we understand gauge-ambiguity as
the following problem:
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Definition 4.2 (Gauge-ambiguity problem). The gauge-ambiguity problem refers to the ambiguity of se-
lecting a gauge for a gauge-dependent surface convolution from an infinite set of equally valid gauges.

Considering that we aim to explore whether surface CNNs, i.e., both non gauge-equivariant and gauge-
equivariant, can be phrased in a common notation (RQ3), we need to additionally discuss how gauge-
equivariant surface CNNs are defined in theory. Hence, in the following, we summarize the underlying theory
of gauge-equivariant surface CNNs to subsequently discuss the gauge-equivariant extension of Definition
from (Cohen et al.| (2019)).

4.1 Gauge-equivariant surface convolution

Gauge-equivariance. FEquivariance describes a property of a function: if we alter the input to the func-
tion, its result alters accordingly in a predictable way (Bronstein et al.) |2021)). In the context of surface
convolutions, it specifically states that the resulting embedding vector rotates according to the orientation of
the underlying gauge. We can describe gauge rotations using a symmetry group G, whose elements g € G
act on local gauges w,, from the left via (g, w,,) — gw,. But how do n-dimensional embeddings rotate?

The rotation behavior of an n-dimensional convolution output w.r.t. a gauge rotation g € G can be described
using a group representation for G. This group representation is a function p : G — GL(R™) which assigns an
invertible linear map p(g) to each gauge rotation g € G, while satisfying Vg, h € G : p(gh) = p(g)p(h) (Serre,
1977; Bronstein et all 2021). In the context of surface convolutions, a group representation p therefore
represents a mathematical tool to describe how gauge rotations g act on n-dimensional quantities, even
though the rotations g themselves are initially only defined for two-dimensional quantities in some tangent
space of the surface.

Using symmetry groups and their representations, a gauge-equivariance constraint for surface convolutions
can formally be defined as follows:

Definition 4.3 (Bronstein et al. (2021): Gauge-equivariance constraint). A surface convolution is said to
be gauge-equivariant if it satisfies:

Vg € G : p(g) (s *t) (wjwy) = (s*t) (w39 " wa) -

This constraint formalizes the concept that we have discussed before: if we alter the input to the convolution
via a gauge rotation g, its n-dimensional result alters accordingly in a predictable way. In particular, it
changes according to g’s representation p(g).

Fibers and vector bundles. A standard Euclidean convolution (cf. equation [1) returns a scalar feature
for each point in the Euclidean domain. A feature map is then represented by all scalars over the domain.
Multiple scalar feature maps can then stacked, allowing us to associate an n-dimensional, more descriptive
feature vector to each point in the domain.

Expecting a scalar-valued surface convolution to be gauge-equivariant is limiting, since the equivariance
constraint would only allow to train restrictive isotropic (i.e., directionally insensitive) templates (Cohen
et al., 2019).

Training anisotropic (i.e., directionally sensitive) templates thus requires us to interpret the output of a
gauge-equivariant surface convolution as an n-dimensional quantity which can be associated to meaningful
transformation behavior. This inevitably leads to a perspective change on embedding spaces: instead of
stacking feature maps, we create a bundle of n-dimensional feature vectors over the entire surface (Cohen
& Welling), 2017)). Formally, each surface point is now associated to an n-dimensional vector space, called a
fiber. The collection of all fibers together with the underlying manifold constitute a vector bundle.

Parallel transport. Fibers F,, and F, at different points u,v € M cannot be assumed to share the
same basis, considering that these spaces describe embedding vectors obtained using different gauges wy,
and w, (Cohen et al.| [2019). As a result, a direct comparison or aggregation of feature vectors originating
from different fibers, as required by surface convolutions, is not well-defined. Therefore, neighboring feature
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vectors have to be expressed in a common basis prior to calculating gauge-equivariant surface convolutions.
This change of basis amounts to a parallel transport g,—., into the fiber of the convolution center.

Gauge equivariant surface convolution. Gauge-equivariant surface convolutions need to satisfy the
constraint presented in Definition Cohen et al.| (2019) adapt Definition by (a) parallel transporting
neighboring feature vectors into the convolution center using a representation p(gy—.) and (b) using a
trainable template ¢ that satisfies the rotation-steerable kernel constraint (Weiler et al., |2018]):

Vg € G 1 t(g7'v) = pou(9™") t(v) pin(g) - (2)

Overall, this results in a surface convolution that satisfies the constraint from Definition |4.3|and therefore is
gauge-equivariant:

Definition 4.4 (Cohen et al| (2019): Gauge-equivariant surface convolution). Let M be a 2-dimensional
Riemannian manifold, Br(0) the disk around 0 with radius R, w, : Br(0) — T,M a selected gauge for
TuM, and exp, : TuM — M the exponential map at w. The gauge equivariant surface convolution of a
signal s on M with a template t in point u € M is defined as:

(5% £) (s 03,) = /B o[ P00,0) 50 cam oal(w) do

where we write g, = [exp, o wy](v) € M and t satisfies equation[d

5 An Introduction to Surface Charting

The surface convolution requires a gauge wy, : Br(0) — T,,M and the exponential map exp,, : T, M — M to
extract local surface features. In the context of differentiable manifolds, the composition of those functions
(exp,, owy) : Br(0) — M can be interpreted as a local chart (Bredon, [1993). Given that arbitrary shapes do
not necessarily come with closed form solutions that yield local charts, we use surface charting algorithms
to numerically estimate these (exp,, o w,,) around each convolution center w. This inevitably makes surface
charting algorithms a key component of surface convolutions.

In the following, we outline the algorithmic ideas of the charting algorithms FMM, DGPC, HDM and TP,
which are commonly used by surface convolution approaches (cf. Table . We start by motivating the
Eikonal equation, a partial differential equation that characterizes distance functions. FMM, DGPC and
HDM approximate an optimal distance function ® that satisfies this PDE, but differ in their approach to
build ®. These differences induce varying geometric distortions, which can lead to distinct downstream
learning effects in surface CNNs (RQ1). We also outline how SHOT descriptors (Salti et al.l 2014) robustly
estimate local reference frames on shapes, enabling the computation of tangent plane projections. However,
projections can only be considered approximations to surface charts as they are computed independently of
the Eikonal equation. Naturally, distortions should be expected.

5.1 Optimal distance calculation by solving the Eikonal equation

A core motivation for distance calculation in Euclidean or non-Euclidean domains can be given by taking a
look at wave-front propagation. The dynamics of propagating wave fronts can be described with the implicit
level set equation from |Osher & Sethian| (1988):

0P(x,t

P20 | Fla) Vel ]l =0. 0
Here, ®(x,t) defines a distance function that takes any point & € R? in your domain and returns the signed
minimal distance +d to a wave front T’y = {y € R? | ®(y,t) = 0} at a time step t. The term 0®(x,t)/0t thus
represents a time-derivative of a distance, making 0®(x,t)/0t the velocity of the wave front approaching .
We can rephrase equation [3] as follows:

0P (x,t)

o = —F@) [Vat(@, 1) (@
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Here we can see that the approach velocity is described by two factors: (i) An altering effect F'(x) of the
domain on the wave speed and (ii) the magnitude of the direction vector ||V®(x,t)||2 that points towards
the direction into which we would need to shift & to increase the distance from the wave front at time step
t the fastest. However, the negative sign in equation 4| negates the direction of the gradient —||V®(x,t)||2,
making it point towards the direction that would decrease the distance the fastest. Thus, it points along
the shortest path from « to the wave front or, in other words, it points along the geodesic that connects x

with the wave front. Assuming a constant approach velocity of 0®(x,t)/0t = —1, that is, the wave closes
the distance to a point by 1 unit per time step, allows us to rephrase equation [ into the following:
—1=— F(z) [[Va®(z,1)]]2
& 1= F(x)|[Va®(z,1)]]2 - (5)

When we assume that no wave-speed-altering effects exist anywhere in the domain, that is, for all £ € R? we
have F(x) = 1, we end up with the Eikonal equation that is typically referred to in work about distance
calculations (Sethian|, [1996; Kimmel & Sethian| [1998; [Melveer & Reimers, [2012} (Crane et al., [2017):

1=[|Va®(z,1)]]2 - (6)

Interestingly, the Eikonal equation constrains changes in distance to be equal regardless of the origin and the
approached point or the direction of movement. Hence, it states that distance spreads isotropically through
the domain. Algorithms that aim to approximate a distance function try to solve the Eikonal equation by
finding a distance function ® that satisfies the isotropy property described by equation [} In the following,
we outline how FMM, DGPC and HDM try to solve the Eikonal equation.

Fast Marching Method (FMM). Among the charting methods discussed in Section [2] the Fast March-
ing Method (FMM) (Sethian, [1996]) chronologically emerged as the first algorithm for geodesic distance
computation. Motivated by Dijkstra’s algorithm (Dijkstral [1959), FMM employs a narrow band technique,
categorizing domain points as alive, narrow, or far. Distances of narrow points x; ; are updated from neigh-
boring alive points by solving the upwind-difference structure for ®(x; ;), a discretization of the squared
Eikonal equation:

(B(@igy) — (i) O\ O(xiy) — P(@icry) )
— SN2 — +1,j J J J
1=||V®(x;;)||3 = min < AL ,0) -+ max AL ,0) +

2 2
min [ 2(Zi+1) — 2(@iy) 0) + max O(x; ;) — P(xij-1) 0) .
Ay Ay

Points considered to be far become narrow points once they get close enough to alive points. Narrow points
are accepted as alive points once we computed a distance for them. The algorithm iterates until all points are
accepted, resulting in an approximation of the true discrete function ®. Kimmel & Sethian| (1998) explain
how to use FMM on triangle meshes.

(7)

Discrete Geodesic Polar Coordinates (DGPC). Similar to FMM, the DGPC algorithm (Melveer &
Reimers,, 2012)) numerically approximates ® by employing a narrow band technique, as used in Dijkstra’s
algorithm (Dijkstra), [1959). During an update step, the chart origin and a triangle consisting of two known
and one unknown point are assumed to lie in a plane spanned by the triangle. The distance to the unknown
point is then updated by solving two quadratic equations for coefficients ¢; and c; of a linear combination
of the triangle’s edges. This linear combination returns a vector that points from the unknown point to the
chart’s origin, whose norm estimates the distance to the unknown point:

O(x) = HC.z'ei +cjejl| if ¢, ¢; > 0, )
ming—, ;{ ®(x;) + ||es]| } else. (Dijkstra Fallback)

Here, e; and e; represent the triangle edges. Unlike FMM, which is a one-pass label setting algorithm, the
DGPC algorithm represents a label correcting algorithm, potentially updating already existing distances.
Also, additionally to distances, the DGPC algorithm computes angular coordinates by linearly interpolating
previously determined polar angles, forming complete geodesic polar coordinate charts. Thereby, the 0°-
direction is selected by randomly selecting a reference neighbor next to the chart’s origin.

12
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Table 2: The algorithmic ideas to estimate geodesic distance functions ® and local angles of commonly used
charting algorithms for surface convolutions. Min- and max-operations in the FMM distance update have
been left away for readability.

FMM (Sethian||1996) DGPC (Melveer & Reimers| [2012) HDM (Crane et al.|[2017)

algorithm Dijkstra variant Dijkstra variant least squares

solve for ®(x; ;): solve for ¢; and ¢; and compute:

. D1 —Piy 2 Dy =Py 2 find a ® that minimizes:
distance updates Az + Az + B(x) {|c,;e,; +cjej]| if ¢, ¢5 > 0, [ Vo — XP?
(‘I)tnyrAly (bly]) + <q)zyy A‘I;LJ—1> Inllll:z,]{®($l) + HelH }
angle updates none angular interpolation none

Heat diffusion method (HDM). |Crane et al.[(2017) describe a method to compute distance fields along
manifolds. Their method is based on the idea of [Varadhan| (1967), who related the heat kernel k; ,(y) to
distance calculations ®(z,y):

O(z,y) = lim/—4t log ki.(y) - (9)

This equation is very sensitive to errors in approximations for k; ,, rendering it unfit for use in practice.
A key observation, however, is that the spatial gradient of a heat kernel is in parallel to the gradient of a
distance function, but has a wrong magnitude and sign.

To estimate geodesic distances, |Crane et al.| (2017) compute a shortly diffused heat scalar field and its
gradient field X. Then, they negate X and, in alignment to the Eikonal equation, normalize each gradient
to have a magnitude of one (cf. equation @ Eventually, they search for a ® whose gradient minimizes a
least-squares problem:

/ Vo — X2 . (10)
M

Thus, by construction, the found ® approximately satisfies the Eikonal equation. [Sharp et al.|(2019) addi-
tionally explain how to retrieve angular coordinates by applying heat diffusion to vectors to obtain a complete
logarithmic map for surface charting.

We have summarized our descriptions of optimal surface charting algorithms in Table 2l Another popular
method to compute charts for surface convolutions is to use tangent plane projections (henceforth, abbre-
viated TP). However, the construction of tangent plane projections does not explicitly try find a ® that
satisfies the Eikonal equation. Therefore, we consider them to be an approximate instead of an “optimal”
approach.

5.2 Approximate surface charts using tangent plane projections

A common method to robustly estimate tangent planes on point cloud or mesh data is described by [Salti et al.
(2014). They use a least squares estimation of the normal vector which is determined by the Eigenvector
associated to the smallest Eigenvalue of the distance weighted local covariance matrix. That is, let p be the
point for which we want to calculate the tangent plane, R a radius around p, p; points of the discretized
surface and d; their distances to p. Then, [Salti et al.| (2014]) calculates the Eigenvectors of:

M, Z (R—d;)(p; —p)(pi —p)" . (11)

- Xa<r(R-di) di<R

The signs of the Eigenvectors associated to the smallest and largest Eigenvalue are then disambiguated
according to a set of rules given in (Salti et all |2014). Eventually, the last axis of the reference frame is
calculated as the cross product of the two disambiguated Eigenvectors. The local coordinates of the surface
points around p can subsequently be calculated by the means of orthogonal projections into the tangent
plane at p, i.e., the x-y-plane of the computed reference frame. The 0°-direction of a chart is given by the
disambiguated Eigenvector associated to the largest Eigenvalue.

13
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5.3 A note regarding complete surface charts from FMM and HDM

Table 2] shows that among the discussed optimal approaches only the DGPC algorithm also returns angular
coordinates additionally to geodesic distances. Henceforth, when we refer to surface charts that were calcu-
lated using FMM or HDM in our experiments, we imply that we use their geodesic distances in combination
with angular coordinates estimated using tangent plane projections.

We note that the vector heat method (Sharp et al. [2019) builds on HDM (/Crane et al., |2017) and can com-
pute complete surface charts including geodesic distances and angular directions. However, our preliminary
experiments comparing TP-completed HDM and the vector heat method typically resulted in more robust
surface charts created by the former approach, leading to better downstream performance of surface CNNs
in our benchmarks.

6 A Unified Implementation Framework for Surface CNNs

Varying confounding factors introduced by different implementations of surface convolutions complicate
the isolation of the source for performance differences among existing surface CNNs. In the following,
we explore how implementations of existing surface CNNs can be reformulated into a charting-algorithm-
agnostic and unified discretization (RQ3). To this end, we aim to implement a charting-method agnostic
surface CNN framework that builds on a shared discretized signal-pullback across all considered surface CNN
implementations, which can work with any charting algorithm. This leaves only the trainable parameters,
i.e. the template, to be specified by a concrete convolution definition.

Existing surface CNNs can then be instantiated by selecting their respective weights within a self-connection
& neighborhood aggregation scheme, while the underlying charting algorithm and template radius remain
interchangeable. That is, charting algorithm and template radius can be treated like hyperparameters for
a selected surface convolution, enabling a controlled discretization setting to systematically investigate our
research questions about the impact of charting algorithms (RQ1) and varying chart radii (RQ2).

Discretization overview. We start by discretizing the theoretically continuous template. Then, we de-
scribe how surface signals are sampled from the manifold using signal interpolation with barycentric coor-
dinates in precomputed local charts. This constitutes the discrete realization of the signal-pullback from
the theoretical surface convolution. Based on the signal-pullback, we define the patch operator which has
been adapted by early surface CNNs (Masci et al., [2015; |Boscaini et al.l 2016} Monti et al., [2017) from the
construction of local shape descriptors (Kokkinos et all [2012)) to read surface signals robustly. The patch
operator enables us to implement the discrete, non gauge-equivariant surface convolution (cf. Deﬁnition
which we can use together with angular maz-pooling layers to design non gauge-equivariant surface CNNs.

Then, we explain how we discretize the parallel transport. This enables the implementation of gauge-
equivariant surface convolutions (cf. Definition . We exemplarily discuss how we can implement HSNs
(Wiersma et al., [2020), GEM-CNNs (Haan et al., [2021]) and EMANs (Basu et al., [2022)) using our discretized
signal-pullback with preceding parallel transport.

Given that any implementation relies on the same discretized signal-pullback at this point (with potentially
preceding parallel transport), non gauge equivariant and gauge equivariant surface convolutions merely vary
in their sets of trainable parameters that construct the template. A comparison of HSNs and GEM-CNNs
within this unified discretization suggests a natural extension of GEM-CNNs by learnable phase offsets and
radially dependent weights inspired by HSNs. We refer to this extension as GEM-CNN+. This can similarly
be applied to EMANS, creating EMAN+.

Overall, our surface CNN framework can be summarized in one equation and a table of parameter choices (cf.
equation [25|and Table [4)). This unified discretization (RQ3) ensures that all considered surface convolutions
follow the same implementation idea and thereby supports a systematic analysis of differences between
existing surface CNNs (RQ1, RQ2).
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Figure 3: [Left] The template vertices T of a discretized template of size N, = 5 and Ny = 8 (green
dots) put on top of a surface chart (blue triangles with red edges). [Middle and Right] The radial and
angular coordinates of the same chart illustrated on the Stanford Bunny, the shape on which the chart
was computed. Red colors represent geodesic distances (radial coordinates). Green colors show directions
(angular coordinates). The darker the color, the larger its value. The yellow dot represents the chart’s origin.

6.1 Preprocessing

Template vertices. Our discretization of the surface convolution builds on the idea of
|Ovsjanikov| (2018), who compute surface convolutions using barycentric coordinates to interpolate signal
values at fixed positions within local surface charts. To this end, we start by defining the template vertices:

Definition 6.1 (Template Vertices). We discretize a template into N, x Ny template vertices by defining
fizxed interpolation coordinates in the local charts on the surface:

—1)2
T={(rr,04)|r=1,....N;, a=1,..,Ng} with 7. = ZVLI; and 0, = (GN% ,
where Tr defines the template radius. Fach template vertex (7,.,0,) € T defines a spatially fized position at
which trainable weights can be placed. We define the origin of any discrete template at (19,00) := (0,0). It
s not included in T.

The discrete template is thus given by the Cartesian product of geodesic polar coordinates. Its origin
corresponds to the convolution center and will be handled separately in the discretized surface convolution
that we will structure into a self-connection vs. neighborhood aggregation scheme. An illustration of a
discrete template in a local chart is provided in Figure [3] on the left. The middle and right illustrations in
Figure [3] show how the chart in which the template was placed looks on the 3D shape.

Barycentric coordinates. Barycentric coordinates provide a convenient way to parameterize a plane
spanned by a triangle or to check whether a point is located within a triangle . Specifically,
given triangle corner points t1, to, t3 and a query point g in the same plane, one can express g as a linear
combination of the triangle points:

3 3
q=) bit; with » b=1. (12)
i=1 i=1

The coefficients b; represent barycentric coordinates for q. We know that g is within the triangle if for all
b; holds that 0 < b; < 1. As explained by (2004)), given a triangle, barycentric coordinates b; can be
found efficiently for g by solving a 2 X 2 system of linear equations.

Preprocessing pipeline. Overall, our surface convolution requires a preprocessing stage that consists of
three steps: (i) Compute local charts around every point of the input shape, (ii) define the template vertices
following Deﬁnition and (iii) determine barycentric coordinates for the specified template vertices within
all local charts. In terms of our barycentric coordinates description, query points are g € T, and the triangles
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are taken from the local neighborhood around the convolution center, whereby their corner points ¢;, t2 and
t3 are represented in geodesic coordinates of the computed local chart.

Together with a predefined surface signal, the barycentric coordinates are passed to the surface convolution
as input, which uses them to interpolate signal values at its template vertices on the surface to eventually
compute the convolution. Details of the discretized surface convolution are described in the next section.

6.2 Implementing non gauge-equivariant surface convolutions

Signal-pullback. While surface convolutions are theoretically defined on continuous manifolds, in practice,
we use meshes consisting of finite sets of vertices and triangles which piecewise linearly approximate the real
surface. Consequently, the template vertices typically fall into triangles in between mesh vertices when we
place the discrete template onto the triangle mesh at a specific position. This is problematic since feature
vectors are typically only defined for the mesh’s vertices. Therefore, we use linear signal interpolation at the
template vertices based on existing feature vectors provided by surrounding shape vertices. To this end, our
discretized signal-pullback uses the precomputed barycentric coordinates:

Definition 6.2 (Poulenard & Ovsjanikov| (2018): Signal-pullback). Let 8% € R%n*3 be a matriz whose
columns contain the d;,-dimensional feature vectors of the three mesh vertices enclosing the template vertex
(74,04). Furthermore, let b("®) € R? describe their associated barycentric coordinates for interpolating at
template vertex (1.,0,). We approzimate the signal-pullback using the linear map:

m(”‘)”’) = S(""va)b(rva) 3

In the following, we use the interpolations at all template vertices (7,,60,) € T. Therefore, we stack the
interpolations (™% in a matrix X € R4 *N-No with X = [, ... g(V-No)],

Patch-operator. One of the earliest surface convolutions (Masci et al.|2015) adapted the idea of |Kokkinos
et al.| (2012)) to use a weighting function for reading surface information. Kokkinos et al.| (2012)) aimed to
create robust local shape descriptors by spatially arranging local bins, each equipped with a soft-membership
function, i.e. a weighting function, to determine how much neighboring shape vertices attribute to a bin.
Monti et al.| (2017)) leave the choice of the weighting function for soft-binning open, to create a parametric
patch operator which allows to instantiate prior convolutions as particular instances of their framework:

Definition 6.3 (Monti et al| (2017): Patch operator). Let X € R n*N-Ne pe the matriz that contains
the interpolated feature vectors at all template vertices. Furthermore, let w™® € RN=No be the pre-defined
weighting function localized in template vertex (7,,0,) which assigns scalar weights to all template vertices.
The patch operator is defined as:

p"®) = X" |

In contrast to existing literature (Kokkinos et al., |2012; Masci et al., |2015; [Boscaini et al., 2016} [Monti et al.)
2017), which pre-computes the attribution of all mesh vertices included in the local chart to the bins, we
only consider the attribution of interpolated feature vectors to the bins. At the cost of precision, this allows
flexibility: since we remember the barycentric coordinates for interpolation, the patch-operator results p(™®)
do not need to be preprocessed for each shape individually.

Surface convolution. We can now formulate the discrete surface convolution using a neighborhood ag-
gregation term that uses the patch-operator and a self-connection term for the convolution center:

Definition 6.4 (Discrete surface convolution). Let t,, € R%n describe a trainable weight vector for the self-

connection, t%’a) € R the trainable weight vector at template vertex (1,,0,) and B € R a trainable bias.
Furthermore, let s € R%» be the feature vector at the convolution center and p\™® € R% the feature vector
at template vertezx (7,,0,) computed using the patch-operator. We define the surface convolution as:

N: Nop
T
T = ths + 33 tGO POV 15, form =1, o
r=1a=1
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Figure 4: The discretized surface convolution visualized. (I) Position the template vertices T around the
convolution center in mesh vertex c¢. Here, it was configured to have N, = 1 and Ny = 6. (II) Interpolate

surrounding mesh vertex features at the template vertices (7., 6,) by calculating x(he) = > bgr’a)si with

barycentric coordinates bgr’a) and the s; being column vectors in S (III) To calculate p("%) | center the

predefined weighting function w on template vertex (7,,6,) (i.e., select w(™®) and compute the weighted

sum over all interpolations: p("® = Xw(*. Do so for each template vertex (7,,6,). (IV) Compute
(r,a)

the inner products ), tﬁ,:’,?)pi , sum over the results at all template vertices (7, 6,), and add the self-
connection t2 s and bias 8 to calculate the m-th embedding feature x,, for the new embedding vector at

the center vertex c.

max{...}

Figure 5: Angular max-pooling visualized. Incremental rotations from left to right, starting with picture
(IV) from Figure [ with no rotation (A = 0) and ending in the maximal rotation (A = Ny — 1). Given the
convolution results for all A, AMP selects the maximum.

17



Published in Transactions on Machine Learning Research (09/2026)

Figure [4] illustrates the surface convolution algorithm, ranging from the definition of template vertices until
final weighted aggregation. The resulting surface convolution conceptually lies between classical image
and graph convolutions. In analogy to graph convolutions, the implementation follows the self-connection
plus neighborhood aggregation scheme. In contrast to graph convolutions, the neighborhood aggregation is
not calculated using isotropic message passing along graph edges. Instead, aggregation pairs directionally
dependent (i.e., anisotropic) weights with interpolated feature vectors at template vertices that have fixed,
relative locations. This aligns more with the concept of fixed-sized templates used in image CNNs; and yields
a discretization that naturally leverages the underlying continuous structure of surfaces.

Dirac and Geodesic CNNs. In the course of this work, we include two non gauge-equivariant surface
convolutions baselines into our ablations that differ in their predefined weighting function w(® used in the
patch operator. First, we consider the Dirac weighting function

’w(r’a)(T, 9) _ {1 if (7—7 9) = (Traea) (13)

0 else.

Inserting it into Definition yields ("% = Xw(»%) . That is, the weighting function merely selects the
interpolated feature vector at template vertex (7, 6,) and therefore simplifies the patch operator back to the
discrete signal-pullback. We refer to convolutions that use Dirac weighting as intrinsic surface convolutions
(ISC). Alternatively, we consider the Gaussian weighting function

e () O g ) o

with d(6,0,) representing the shortest angular distance
d(0,60,) = min(|0 — b,|,2m — |0 — 0,]) . (15)

Surface convolutions using Gaussian weighting resemble geodesic surface convolutions (GCNNs) (Masci et al.)
2015). Note that while [Masci et al.| (2015) did use Gaussian weighting, they determined angular weights
using a point-to-set distance which requires a modification of our preprocessing stage that is not shared
across all surface CNNs. Shortest angular distances can be computed during the forward pass “on-the-fly”,
making it the more suitable choice for a framework that enforces a common preprocessing pipeline across all
surface CNNs.

6.3 Implementing gauge-equivariant surface convolutions

As discussed in Section [5] fundamental for computing surface convolutions is the preceding computation
of local charts. However, there are multiple equally valid charts for the neighborhood around one vertex
since there is no unique 0°-direction for the chart’s orientation. This renders the directional localization
of learned features ambiguous and represents the practical phenomenon that emerges from the theoretical
gauge-ambiguity problem. Early work resolves this issue by choosing the 0°-direction at random, compute
the convolution using multiple rotations of the template and eventually choose the maximum response over
all results (Masci et al.l 20155 Monti et al., 2017 |Sun et al., [2020):

Definition 6.5 (Masci et al. (2015): Angular max-pooling — AMP). Angular maz-pooling returns the maz-
tmum response of the convolution results over all template rotations:

N, Ng
T
@, = max{z> | A€ {0,...,Ny —1}} where x5 =tL s+ Z Zt(mr"”'A modNo)" p(r.a) 4 g
r=1a=1

Figure |5] illustrates angular max-pooling. However, this approach comes with the drawback that the convo-
lution has to be computed multiple times per layer in a forward pass. More recently, a general strategy to
resolve gauge-ambiguity has been to select an arbitrary 0°-direction or gauge, respectively, and ensure that
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the output of the convolution rotates according to the orientation of the local gauge. This encapsulates the
idea of gauge-equivariance, as discussed in Section

In order to implement gauge-equivariant surface convolutions, we first need to integrate parallel transport
into the signal-pullback of the non gauge-equivariant surface convolution.

Parallel transport. In practice, parallel transport on a 2D-surface in a 3D ambient space amounts to
rotating a vector by an angle ¢ (Sharp et al.,[2019). Existing gauge-equivariant surface convolutions typically
pre-compute all required . For instance, Haan et al.| (2021) describe how to align local reference frames,
which induces a 1, and [Wiersma et al.| (2020) as well as Mitchel et al.| (2021) use the Vector Heat Method
(VHM) proposed by |[Sharp et al.| (2019)) to compute 1.

In this work, we also compute the transport angle 1,s_,,¢ using VHM. This algorithm builds on the obser-
vation that, for short time ¢, the direction of a diffused vector field lies in parallel with the parallel transport
of an initial tangent vector. To compute the transport angle between a source vertex x* € M and a target
vertex ! € M, we first parallel transport a tangent vector a € R? from the source vertex to the target vertex
using VHM: VHM_ s ,4¢(a) = b. Then we compute 1zs .4t as the angle difference between the coordinate
representations of the transported vector b and its associated initial vector a:

Vs gt = atan2(a x b,a'd) . (16)

In the following, we write ©4s .+ = 1 for notational brevity. To maintain the geometric quantity a feature
vector represents, feature coordinates need to adjust for the basis change between the source and target
fibers. The basis change amounts to a rotation of the gauge by the transport angle 1. Accordingly, feature
vectors are rotated by the inverse transformation using a representation p(—v¢) € GL(R%») (Haan et al.,
2021)).

Theoretically, the rotation behavior of the feature vectors (i.e., their type) determines the representation
p(—1) € GL(R%=) (Cohen & Welling, 2017; Haan et all [2021). However, in practice we first select the
representations p(—) like hyperparameters and thereby induce the type of the feature vectors indirectly.

In our framework, aggregation of neighboring feature vectors first occurs during feature vector interpolation
at the template vertices (cf. Figure IT). Parallel transport must precede this step, as otherwise the gathered
feature vectors do not share a common basis and therefore cannot be interpolated. We adopt the basis of
the fiber at the convolution center as the common basis for all required, neighboring feature vectors. That
is, our framework rotates neighboring feature vectors by ¢ to transport them into the center fiber before
interpolation:

Definition 6.6 (Signal-pullback with parallel transport). Let S("® = [s1, 85, 83] € R%*3 gnd b ¢ R3
be defined as in the regular signal-pullback (cf. Definition . Furthermore, let representation p encode the
type of feature vectors with p(—1) € Rén>din qnd

S = [p(—11)s1, p(—b)s2, p(—1)3)ss] .
We approzimate the signal-pullback with parallel transport using the linear map:

%(r,a) _ gb(r,a) )

Using this discretized signal-pullback with parallel transport, we can now implement gauge-equivariant
surface convolutions in the same self-connection and neighborhood aggregation scheme as their non gauge-
equivariant counterparts. This way, all considered surface convolutions rely on the same discretized signal-
pullback except that gauge-equivariant surface CNNs additionally implement a parallel transport.

6.4 Implementing gauge-equivariant surface convolutions

In the following, we explain the convolutions implemented by HSNs (Wiersma et al., |2020), GEM-CNNs
(Haan et al., 2021)) and EMANSs (Basu et al., 2022) in terms of the discretized signal-pullback with preceding
parallel transport. We adopt the same template-vertex-based self-connection & neighborhood aggregation
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scheme as in Definition thereby enforcing an analogous discretization of gauge-equivariant architectures
to their non gauge-equivariant convolution counterparts.

In addition to differing in the discretized signal-pullback, existing surface convolution discretizations also vary
in their level of granularity: some definitions return entire embedding vectors while others return individual
values in the embedding vectors. Analogous to equation [6.4] the unified notation we aim for defines the
element-wise output of any considered gauge-equivariant surface convolution. These values can subsequently
be stacked into full output embeddings.

Harmonic surface networks. |[Wiersma et al.| (2020) extend Harmonic Networks (Worrall et al.l |2017)) to
Harmonic Surface Networks (HSNs), which rely on complex-valued inner products. Originally, their surface
convolution is defined over the neighborhood N, around vertex u, where neighbors can have arbitrary polar
coordinates. We rewrite the harmonic surface convolution into a complex inner product using matrix-vector
notation. This formulation describes how the m-th complex output feature is computed in dependence of
neighbors with fized relative locations given by the template vertices T:

Q)

N, No din . i
ZheiEh _ Z Ze Z ) [cos(v0 @ + B,,)  — sm(fyﬁ( )4+ By)\ [ Relzn an
Umn \ sin(10@ 4 8,,)  cos(10 + B,) ) \ 1t (309 )

r=1a=1n=1

That is, HSNs learn how to rotate and adjust the norm (i.e., the modulus) of complex input values. We refer

to the w( "), as the radial weights and to the trainable rotation matrix as the phase weight matriz ®8¢ieh. The
network learns different phase offsets 3, per output dimension m. Details on the derivation of this equation
from the original formulation for HSNs can be found in Appendix [A7T}

Here, n is the index that refers to the n-th element of a d;,-dimensional complez input feature vector . That
is, the total feature vector stores 2d;, scalars, containing real and imaginary parts. Prior to aggregation, the
input feature vector  has been parallel transported into the convolution center using Definition which
we denote with the tilde. Each output feature also represents a complex number. Thus, we have an output
dimensionality of 2dgys.

So far, equation only describes how neighbor features are aggregated. The self-connection is located in
the origin (0,0) of the local chart. Therefore, we are not required to transport the feature vector and can
directly work with (%0, Additionally, since we define # = 0 for the origin, we have a simplified phase weight
matrix @I for self-connections. Lastly, we train exactly one radial weight w,,,, for 7 = 0 and therefore get
the self-connection:

din . (0 U)
self COs 5771 —sin ﬁm) Re Ln
x,, = Wmn | . . 18
nz::l (sm Bm  €OS B Im m%‘lo) (18)

The final m-th element of the new embedding vector associated to vertex u is given by @,, = a5 + xneigh,

Gauge-equivariant mesh CNNs. |Haan et al.[(2021)) replace the isotropic kernel used in standard Graph
Neural Networks (Kipf & Welling} [2017)) with anisotropic, gauge-equivariant kernels, and thereby introduce
Gauge-Equivariant Mesh CNNs (GEM-CNNs). GEM-CNNs have originally been defined on the one-hop
neighborhood N}, around a vertex u, allowing neighbors to have arbitrary polar coordinates. We substitute
N with template vertices T, and reformulate the original version to explicitly describe how the m-th output
component is computed in dependence of fixed relative locations described by T:

N No din Re %Sf’“)
ST 9 9 SIS N . 19)
r=1a=1n=1 \—’—/ Im xg",a)

=Y Winn K (0a)
Here, each K"¢igh ¢ R2*2 describes a block in the complete weight matrix K¢t ¢ RdoutXdin wwhich maps the

n-th input feature of type pin to type pous. K " needs to satisfy the rotation-steerable kernel constraint (cf.
equation |2) to make the convolution gauge-equivariant. To this end, a block is constructed as a weighted
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linear combination K1elsh = Y~ ws K3 = of basis kernels K§,,. Thereby, the weights w3, are learned
and each K3, is explicitly constructed to satisfy the kernel constraint, which ultimately leads to Kn"eigh
satisfying it too. Achieving gauge-equivariance via this block-matrix construction is possible because the
type of a complete feature vector is considered to be given by how its individual features rotate under gauge
rotations. Consequently, gauge-equivariance of the complete convolution arises from gauge-equivariance of its
feature-to-feature mappings. This allows to decompose the kernel constraint into constraints for individual

block-matrices (Weiler & Cesal, 2019).

Recall that the type of a feature vector is described by its associated representation. Haan et al.| (2021)
construct representations p(g) € GL(R?) by building on the idea of [Weiler & Cesal (2019): p(g) can be
constructed for arbitrary feature dimensions d as the direct sum of irreducible representations of SO(2),
resulting in R?*? block-diagonal rotation matrices. Due to the block-diagonal structure, each feature is
transformed by exactly one block in p(g) (i.e., by one irreducible representation). This associates single
features to individual rotation behavior. The rotation behavior, i.e., the type, of a complete feature vector
is then described by the collective behavior of its features under gauge-rotations.

In practice, we map the n-th input feature of type pin to its contribution to the m-th output fea-
ture of type pout via K1¢h  Here, GEM-CNNs distinguish 4 map-types between rotation-invariant and
rotation-equivariant features: (i) invariant-to-invariant (pg — po), (ii) invariant-to-equivariant (pg — p4/),
(ili) equivariant-to-invariant (py, — po), and (iv) equivariant-to-equivariant (p, — p,s). Thereby, rotation-
invariant features can be interpreted as real numbers and rotation-equivariant features as complex numbers
(cf. Appendix . Consequently, map type (i) is a real-valued mapping, map type (ii) lifts real numbers
into the complex plane, map type (iii) projects complex numbers onto the real axis and map type (iv)
implements a complex-valued function. In the course of this work, when working with GEM-CNNs or its
extensions, we always assume to work with complex numbers and set the imaginary part to zero in the
presence of rotation-invariant features to reduce notational clutter for case distinctions.

Since GEM-CNNs thus work with complex-valued features, similarly to HSNs, a single in- and output feature
consists of two scalars, yielding 2d;,-dimensional input and 2d,,t-dimensional output vectors.

Using a self-kernel K*'f and the feature vector at the convolution center (%) (not transported) allows us
to calculate the self-connection analogously:

d; (0,0)
in Re (x5
el = 3 Kk . (20)
7;1 Im a;ﬁ?’o’

Eventually, the layer returns a feature vector with each feature defined as x,, = x*°'f + ncish,

Equivariant mesh attention networks. Equivariant Mesh Attention Networks (EMAN) (Basu et al.
2022) integrate attention coefficients into GEM-CNNs. As an extension of GEM-CNNs, the original version
of EMANS also considered solely one-hop neighborhoods. Replacing the neighborhood with T yields:

N, No din Re 55;”7(1)

nc1gh neigh neigh,value
S S () o)
r=1la=1n=1 n

The attention coefficients ¢! € R are calculated using common QKV-attention (Vaswani et al., [2017).
Thereby, separate gauge-equivariant kernels K are used to calculate query (K ehauery)  keqy (K neighkey)
and value (K"¢8hvalue) embeddings. The use of gauge-equivariant kernels to calculate attention coefficients
makes attention coefficients gauge-invariant. This invariance preserves gauge-equivariance of EMANs.

In analogy to the neighbor-aggregation, we calculate the embeddings of self-connections:

: 0,0
1f ilm 1f 1f,val Re ilZ( )
self __ se self,value
mm - Kmn I (0’0) ) (22)
n=1 m | Tn

using the non-transported feature vector at the center vertex (%0, Similarly to GEM-CNNs, the EMAN-

layer returns a 2d,,¢-dimensional feature vector with doy, complex entries @, = x5! + :c?nclgh.
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Table 3: This table presents the basis-kernels for the GEM-CNN+ (and EMAN+) convolution with integrated
trainable phase weights. The upper table presents the basis-kernels for the neighborhood aggregation term.
We set o = (v £ )8 + B, with (3, being the output channel related trainable phase weight, and ~,~’
being the input- and output rotation orders of the features. The lower table presents the basis-kernels for
the self-connection term. The original GEM-CNN kernels are obtained by setting 3, = 0.

neigh. s=1 s=2 s=3 s=4
Po = po (1) - - -
Py = Po (Cos (v0 + Brm) sin (70 + Bm)) (sin (v0 + Brm) —cos (0 + ﬁm)) - -
o c0s (0 + B) sin (70 + B ] ]
Po =2 Py sin (70 + Bm) —cos (V0 + Bm)
cosa™ —sina™ sina™  cosa™ cosa’l’  sin(af}) —sin ag’_’ cos ag'_’
Py = Py sina™  cosa™ —cosa™ sina™ sina? —cosa” cosa™  sina
- - - - + + + +
self
po = o 1) : : :
N cos B, —sin By, sin B, cos Bm ) )
Py =7 Py sinf,,  cosfBm —cos By, sin B,

00
Py 7 Py 00 - - -

6.5 Making GEM-CNNs and EMANSs learn radial sensitivity and constant phase-offsets

Comparing HSNs and GEM-CNNSs in our unified notation. Comparing equation[I7/and equation
shows that HSNs learn different radial weights wﬁ,’;Bl per radial coordinate  while GEM-CNNs learn one set of
radial weights w,,, for all radial coordinates r. This difference appears due to the original implementation of
GEM-CNNSs, which solely considers features from one-hop neighbors, limiting the need for learning different
radial weights. However, learning different weights for features positioned farther away from the convolution
center is reasonable because geometric distortions of local charts tend to increase with the distance from the
convolution center. Thus, features that lie farther out may require different treatments compared to those

lying close.

Furthermore, the phase weight matrix of HSNs learns a constant phase offset (,,, which is not learned by
the kernels of GEM-CNNs. This restricts the network from learning an adjustment to the orientation of a
feature, which portrays another degree of freedom that may be beneficial to a downstream task.

Proposing an adjustment to GEM-CNNs. We thus propose to modify the kernels of |Haan et al.
(2021) by introducing a trainable phase weight f,, to each K3, and substitute radial dependent weights

wsfmr ) for the coefficients wS,SJL

N; Ng din Re ig"va)
T =2 3 ) K o | - (23)
r=1a=1n=1 Im Tn'

=3 wii K, (6a)

As constant phase-weights merely represent learned orientation-offsets to features, they do not break the
equivariance-property of the K, . We explicitly show this in Appendix

We adjust the basis-kernels for the self-connection term analogously. All adjusted basis-kernels are presented
in Table [3] To distinguish from regular GEM-CNNs, we call this convolution type GEM-CNN+.

EMANS can be extended analogously: the kernels from Table [3] substitute their original kernels in the
neighborhood aggregation and the trainable coefficients are made dependent on the radial coordinate:

N, No din Re i(ﬂa)

nelgh Z Z Z anelg,h ngerngv:”h value(aa) 5;}"7“) . (24)

r=1a=1n=1 Im
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Table 4: This table summarizes what weighting function and kernels W,,,, and W,(,f;f) to select to instantiate

a particular surface convolution. Gauge-equivariant surface convolutions always use parallel transported
feature vectors ("% at the template vertices and non-transported feature vectors (99 for self-connections.

Architecture Weighting Won 7(,%“) aﬁf’“) b(r’a)
ISC Dirac T € R2x2 T(ma) ¢ R2x2 " x"e)
GCNN Gaussian T € R>*? T(ma) ¢ R2%2 pi p{Y

HSN Dirac wmn{)?glf g) q)nelgh Re

GEM-CNN Dirac S wh Kt S w Kaneish(g,) Re

: self s s,self neigh s s,neigh
EMAN Dirac o™ty ws K ardieh Y ws K58 (0,)  Re

(3) 1 (a)
(3) tm (a)
GEM-CNN+  Dirac S ws,, Kol LwSDEspeeh(g,) Re (%J*“’) Im (ESZ" *“))
(a0) tm (a7)

EMAN+ Dirac sl wf,mf(/fﬂfflf neigh S~ WS K sueigh( ) Re ( ) ( )

The basis-kernels for the self-connection term are adjusted analogously. We refer to EMANs using those
kernels as EMAN+.

6.6 A summarizing surface CNN framework

Answering RQ3. In Section [3] we raised the following research question: How can ezisting surface con-
volutions be reformulated into a unified, charting-algorithm-agnostic discretization framework? (RQ3)

In Section [f] we have reformulated both non gauge-equivariant and gauge-equivariant surface convolutions
in terms of a common discretization of the signal-pullback, potentially with preceding parallel transport,
in a self-connection & neighborhood aggregation scheme over template vertices. In particular, we phrased
each convolution such that it describes how a single output element is computed instead of the entire output
embedding, overall enabling a direct comparison among existing surface convolutions.

Due to relying on the same signal-pullback, any surface convolution leaves only the choice of its defined
trainable parameters open that constitute the template. The common signal-pullback together with a feature-
wise description of the convolution thus enforces unified notation across the discretizations of all considered
surface convolutions up to the definition of trainable weights.

We emphasize this shared computational pipeline among all discussed surface convolutions by abstracting
from the particular choice of weight matrices, yielding the following charting-method agnostic surface CNN
framework:

din N; Ny din
m:ZWmn< 00)>+ZZZWM <b(m>+ﬂ’ (25)
n=1

r=1a=1n=1

where W and W ("% represent the linear mappings learned by self-connections and neighborhood-
aggregations, and 8 denotes a trainable bias, which is used by non gauge-equivariant surface convolutions.
The values a7(10,0) and b(o,o) denote the scalar components for the n-th feature at the convolution center,
which is never parallel-transported. On the other hand, a(r ) and bﬁf*“) describe the n-th interpolated fea-
ture at template vertex (7., 6,) which is parallel transported in case gauge-equivariant surface convolutions
are instantiated. Table [l summarizes how to select layer attributes to build the desired convolution.
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In summary, we can reformulate all discussed surface convolutions as a particular instance of a common
surface CNN framework which builds on a unified discretization of the signal-pullback, emphasizing that
different convolutions differ only in their choice of weight matrices and whether parallel transport is applied.

Activation functions. When using non gauge-equivariant surface convolutions, one may apply arbitrary
activation functions element-wise on the resulting feature vectors. In contrast, activation functions used
subsequent to gauge-equivariant surface convolutions must pay attention to the gauge-equivariance constraint
(cf. Definition when gauge-equivariance across multiple layers is desired.

In this work, we consider 8-ReLU activation applied on the magnitude of each complex-valued feature (Weiler,
et al. [2018):

Lm

lZmll2

¢(xm) = ReLU (|[2m|]2 — B) (26)
where [ is a learnable parameter subtracted from the feature magnitude. This activation only alters the
norm of a feature while it preserves its current orientation and thus maintains gauge-equivariance.

Programming. We have implemented the parametric framework (cf. equation and Table {4f) in our
Python library called Geo Comﬂ Besides the parametric framework, GeoConv further provides all necessary
utilities for studying surface convolutions such as charting algorithms, algorithms to efficiently compute
barycentric coordinates, magnitude activation functions, bindings towards the VHM implementation of|Sharp
et al.| (2019), and local shape descriptors that can be used as initial input features for the vertices. We use
this library to conduct the following ablation study.

7 Ablation Study

In Section [3] we raised two research questions regarding whether surface CNN performance depends on the
used charting algorithm (RQ1) and how the chart radius affects the performance of surface CNNs (RQ2). In
this section, we systematically conduct experiments to answer these research questions using the surface CNN
framework from equation 25 For this, we consider three problem settings: predicting point-correspondences
between FAUST meshes (Bogo et al., |2014)), shape classification on ModelNet10 (Wu et al., [2015)), and
autoregressive spatiotemporal forecasting of physical states using the PlanetSWE dataset (McCabe et al.)
2023).

Setup of chart and template radii. The chart radius determines the size of the neighborhood in which
a trainable template is placed, and thus also the amount of locally available information to the convolution.
In order to be able to employ comparable chart- and template radii across multiple shapes, we normalize all
triangle meshes to have a geodesic diameter of 1 in practice and express the chart radii as fractions of the
geodesic diameter, which after normalization is equal across all considered shapes.

To study the effect of varying the chart radius on surface CNNs, we compute multiple sets of charts. Each
set is computed using one charting algorithm and one maximum allowed chart radius cg. In more technical
terms: let C € {DGPC,FMM, HDM, TP} be a charting algorithm that takes a mesh M, a vertex from the
mesh v € M and a maximum chart radius cg as input, returning a chart C'(M, v, cg) centered in v as output.
We compute the following sets of charts:

Ac, ={C(M,v,cg)|v € M,M € D} for cg € {0.01,0.02,...,Tr} , (27)

where D is a dataset of shapes and we refer to each A.,, as the atlas for all Shapeﬂ in D with maximum
radius cg. Tg is the upper bound for allowed chart radii. While the majority of resulting charts attain a
radius close to cg, some chart radii may be smaller depending on the local surface geometry.

LCode: https://github.com/andreasMazur/geoconv

2Note that in differential geometry (Bredon||1993), an atlas is commonly defined with respect to only one shape since charts
within an atlas need to satisfy a change-of-coordinates-property in theory. We do not address this property in this work and
define an atlas as a “loose” collection of charts, each of which can be associated to a different shape, to reduce notational clutter.
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Given the atlas A.,, we define the template radius 7r (cf. Definition as the median of all given chart
radii in A.p:

7 := median ({radius (C(M, v, cg)) | C(M,v,cg) € Ac,}) - (28)

Considering that the majority of chart radii in an atlas are approximately cg, we have 7 ~ cg. Figure [f]
(a) illustrates local charts and templates exemplarily for three increasingly large maximum chart radii cg.

Network architecture. In order to quantify the learning behavior of surface CNNs, we are going to train
a total of 560 different surface CNN configurations over all three datasets. We deliberately do not include
intermediate batch-normalizations, skip-connections or other architectural design choices that may have an
effect on the training results since we want to study the performance of surface convolutions w.r.t. charting
effects and minimize unrelated secondary effects.

We use the same surface CNN architecture blueprints depicted in Figure[6| (b) for the FAUST and ModelNet10
datasets. The network architecture for the PlanetSWE benchmark is explained in Section[7.3] The blueprints
are instantiated once with each convolutions listed in Table[d] Network architectures that utilize ISC, GCNN
or HSN convolutions use 32 — 64 — 96 — 64 as intermediate embedding dimensions. GEM-CNNs, EMANs
and their +-extensions consider the input features to be gauge-invariant features, i.e., of type pg, and use
the following intermediate output feature types for the FAUST experiments:

8(p1 @ p2) = 16(p1 & p2) — 24(p1 & p2) — 16(p1 ® p2) | (29)
—_———
weRfiQ weR64 ZIZERQG EER64

and the following intermediate output features for the ModelNet10 experiments:

8(p1 @ p2) — 16(p1 @ p2) — 24(p1 & p2) — 64 pg . (30)
~—~—

zcR64

The only difference in feature types between these dataset-related architectures occurs in the last layer: in
difference to vertex-level predictions in the FAUST experiments using a linear layer, the architectures used
in the ModelNet10 experiments use a permutation invariant DeepSet classification head (Zaheer et al.,[2017)
to classify entire shapes from local (i.e., vertex-associated) feature vectors. This layer sums over the feature
vectors and subsequently classifies the sum using a linear layer.

Since local feature vectors are represented with respect to their own local gauge, we would need to parallel
transport all features into a common basis before summation. This is not required for gauge-invariant features
of type po. Furthermore, when testing different feature types, we found that p., with too large rotation orders
(v > 3) caused the training to become unstable. Hence, we kept v small by selecting v € {0, 1, 2}.

Lastly, while the original input to the surface CNNs are merely the 3D coordinates of the mesh vertices,
we compute Euclidean neighborhood feature vectors for the surface convolutions at the beginning of each
forward pass and normalize them in each feature dimension. To this end, we use z-score normalization and
determine the mean as well as the standard deviation for each dimension in the preprocessing stage. For
the construction of the feature vectors we consider the k nearest neighbors of a mesh vertex x, calculate
their relative positions @, — « and concatenate them to one feature vector. The neighbors considered for
a feature vector are sorted according to their distance to ®. For all experiments, we set k = 32, yielding
96-dimensional input vectors.

7.1 FAUST

Dataset. In our first experiment, we test surface CNNs on the FAUST dataset Bogo et al.| (2014). This
dataset contains triangle meshes of ten human subjects in ten different poses, yielding 100 ordered triangle
meshes in total. Each mesh consists of 6890 vertices. We divide the dataset into a training, validation, and
test split. The training split contains the first 70 meshes, the validation split contains the subsequent 10
meshes and the test split contains the last 20 meshes.
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(a) An illustration of charts with increasing maximum allowed chart radii cg and a discretized template (green dots,
N, =4 and Ny = 8) whose radius is set to the median geodesic extension of all local charts in the FAUST dataset
(Bogo et al., |2014). Barycentric coordinates are computed for each green dot and stored in a barycentric coordinates
tensor B which is passed as additional input to the network architecture. Template vertices outside any triangle are
zeroed.

‘ Charting Algorithm ‘ ‘ Charting Algorithm ‘
1 1
‘ Compute Barycentric Coordinates ‘ ‘ Compute Barycentric Coordinates ‘
1
| Mesh Vertices: S | | Barycentric Coord.: B | | Mesh Vertices: S | | Barycentric Coord.: B | | PT Angles: ¥ |
1
‘ Eucl. Nelgh Descr ‘ ‘ Eucl. Neigh. Descr ‘
1
‘ Normahzatlon ‘ ‘ Normalization ‘
1 1
‘ Surface Conv. (NGE) }47 ‘ Surface Conv. (GE) }
1 1
‘ Angular Max-Pooling ‘ ‘ B-ReLU ‘
1 1
‘ Surface Conv. (NGE) }<— ‘ Surface Conv. (GE) }
1 1
‘ Angular Max-Pooling ‘ ‘ B-ReLU ‘
1 1
‘ Surface Conv. (NGE) }<— ‘ Surface Conv. (GE) }
1 1
‘ Angular Max-Pooling ‘ ‘ B-ReLU ‘
1 1
| Surface Conv. (NGE) ‘ Surface Conv. (GE) }
1 ‘ 1 ‘

Angular Max-Pooling ‘ B-ReLU
[

\—l 1

‘ Classification Head ‘ ‘ Classification Head

(b) The surface CNN architecture blueprints for the FAUST and ModelNet10 experiments in our ablation study. The
“Surface Conv.”-blocks are substituted with the studied surface convolution operations from Table [d The “Classi-
fication Head” changes depending on the task. Furthermore, depending on whether we use non gauge-equivariant
or gauge-equivariant surface convolutions, we either instantiate the left or right blueprint. [Left] The non gauge-
equivariant architecture (NGE). Each convolution uses point-wise ReLU-activation and is followed by angular max-
pooling (AMP). The architecture requires 3D-coordinates of the mesh vertices and barycentric coordinates as input.
[Right] The gauge-equivariant architecture (GE). Instead of point-wise ReLU activation and AMP, each convolution
is followed by a S-ReLU activation. This architecture expects parallel transport (PT) angles ¥ as additional input.

Figure 6: An illustration of the preprocessing and surface CNN architecture blueprints for our ablation study.
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Learning problem. Given a reference shape R and a query shape Q, for every vertex x; € Q the surface
CNN has to predict index k; of the corresponding vertex xx, € R. We select the first mesh of the dataset to
be R throughout all experiments. Given that R has 6890 vertices, we train a classifier ¢ : D x T — R68%,
whereby D is the set of all FAUST shapes and Z an index set referring to one out of 6890 vertices. Note that
the same index k; may be predicted multiple times. While ¢ estimates vertex-wise predictions, it requires
the whole shape as input to aggregate neighborhood information for the prediction. In practice, we use a
fully connected layer with linear activation as the classification head.

Preprocessing. FAUST-meshes are registered. That is, originally any vertex xj; of any query mesh Q
corresponds to vertex xj in any reference shape R. While in this benchmark predictions are made on a
vertex-level, we are still concerned that this fixed vertex ordering introduces advantageous learning effects
that cannot be assumed to exist in the general case. Hence, we randomly permute the vertex ordering of
the query meshes Q once during preprocessing. We compute local charts for five different max-radii cgr in
between of 1% and 5% of the geodesic diameter, define the template vertices with N, = 4 and Ny = 8 as
well as the template radius accordingly (cf. equation , and determine the barycentric coordinates for the
defined template vertices as described in Section [6.1] Lastly, we compute angles for parallel transports using
the Vector Heat Method (Sharp et al., [2019).

Loss and optimizer configuration. We minimize the cross-entropy loss using the Adam optimizer
(Kingma & Bal [2015)) and apply exponential decay onto the learning rate. The learning- and decay rate
are found at the hand of the validation set via Bayesian optimization and knowledge from experience (cf.
Appendix, Table left). These hyperparameters vary among the used network architectures but are equal
across different charting configurations. The amount of trainable weights for each network architecture
and inference times are reported in Table [5] In total, we train 140 different surface CNNs in this FAUST
benchmark.

Observations. Figure (7| (a) shows accuracies and median geodesic errors for all point-correspondence
predictions over template radii computed for the test split. While accuracy measures only the fraction of
exactly correct predicted correspondences, geodesic error quantifies how far predicted correspondences are
from their ground truth. We have marked the mean neighbor distance for vertices in the reference shape (i.e.,
mean edge-length) in the geodesic error plots as a reference point for interpreting how close the predictions
lie to their actual ground truth correspondence.

Considering that the template radius serves as a proxy for chart radii since T =~ cr, we can observe that
the majority of surface CNNs exhibit “arc-performance” over chart radii in their accuracy scores. Arc-
performance is characterized by worse performance at small or large chart radii and good performance when
using mid-range radii. The geodesic error plots qualitatively illustrate reciprocal arcs compared to the test
accuracy arcs with the exception of those from HSNs. That is, the majority of surface CNNs achieve low
median geodesic errors in their point-correspondence predictions when accuracies are high and vice versa.
The median geodesic errors of HSNs, on the other hand, appear to be mostly invariant to varying chart radii.

To summarize the effect of charting algorithms on the performance of surface CNNs, we have added an inset
axes to the right of each plot in Figure [7] (a). These show the 25% and 75% quantiles together with the

Table 5: The amount of weights and inference times for the prediction of 6890 point-correspondences (i.e.,
one prediction for each vertex of one FAUST shape) using an NVIDIA A40 graphics card. The classification
heads share the same amount of weights across architecture types. Therefore, we once report the total
number of trainable parameters and once the number of trainable parameters without the classification
head. Bold numbers indicate either the least amount of weights or the fastest inference time.

IsC GCNN HSN GEM-CNN GEM-CNN+ EMAN EMAN+

# weights 1022763 1022763 470059 478891 540459 581291 642859
# weights (without classification head) 574720 574720 22016 30848 92416 133248 194816
inference time 0.09s 0.09s 0.12s 0.16s 0.20s 0.16s 0.21s
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(b) Test performances for each charting algorithm grouped by template radii.

Figure 7: Mean scores for test accuracies and median geodesic errors in the FAUST point-correspondence
benchmark over network architecture classes. The non gauge-equivariant scores describe ISC and GCNN
networks. The gauge-equivariant scores describe GEM-CNNs and EMANs. The gauge-equivariant—
scores describe GEM-CNNs+ and EMANs+. The purple scores describe harmonic surface networks.
The median performance, the lower 25% and upper 75% quantiles over all architecture types and template
radii per metric and charting-method is illustrated in the inset scatter plots in Figure (a). The magenta-
colored dots illustrate mean performances for repeatedly trained best and worst network configurations (cf.

Table .
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Table 6: Median and quantile statistics for the FAUST benchmark. IQR refers to the inter quantile range
in between the 25% and 75% quantiles. Bold values indicate the best scores in their respective statistic.
Moreover, 1 indicates that larger values are better and | shows that lower values are better.

metric statistic DGPC FMM HDM TP
25% quantile T 0.19794 0.36087 0.34789 0.28405
test acoUrac median T 0.25858 0.40976 0.39107 0.33881
y 75% quantile 1 0.31682 0.44724 0.44059 0.37619
IQR | 0.11889 0.08638 0.09270 0.09214
25% quantile |  0.09147 0.00649 0.00828 0.02336
codesic erTor median | 0.15220 0.01337 0.01757 0.06296
& 75% quantile |  0.25566 0.09578 0.09891 0.16279
IQR | 0.16419 0.08929 0.09064 0.13943

median over all measured test accuracies and median geodesic errors. Their exact values are additionally
presented in Table [f] Comparing the median values for test accuracies and geodesic errors across charting
algorithms yields a ranking of charting algorithms on the FAUST benchmark: 1. FMM — 2. HDM — 3. TP
— 4. DGPC.

We additionally report the inter quantile ranges (IQR) between the 25% and 75% quantiles. Large IQRs
indicate that the downstream performances vary substantially across the considered architectures when
using a particular charting algorithm. Conversely, small IQRs indicate that more consistent performances
are achieved when using a particular charting algorithm. Similarly to the medians, the IQR establishes a
ranking of charting algorithms according to the consistency of downstream performance across the considered
architectures. Test accuracy IQRs lead to the following ranking: 1. FMM — 2. TP — 3. HDM — 4. DGPC,
whereby the difference between TP and HDM IQRs is marginal. For geodesic error IQRs, the ranking
becomes: 1. FMM — 2. HDM — 3. TP — 4. DGPC.

ANOVA hypothesis tests. So far, we have examined the experiment results qualitatively at the hand
of Figure [7] (a). Now we want to investigate whether changing the underlying charting algorithm (RQ1) or
varying the chart radius (RQ2) has a statistical significant impact on the downstream performance of surface
CNNs. To this end, we conduct two sets of ANOVA hypothesis tests: the first set conducts 10 hypothesis
tests, two for each fixed template radius (considering both test metrics), using charting algorithms as varying
treatments. The second set conducts 8 hypothesis tests, each of which fixes the charting algorithm and uses
template radii as varying treatments. Each test corresponds to an observation table that crosses surface CNNs
and preprocessing configurations (cf. Appendix, Tables [16[and . Each row within a table corresponds to
the performance over the treatments for one particular surface CNN. Each table is visualized in one sub-plot
of Figure[7| (a) or (b). The treatments are shown along the x-axis.

The first set of hypothesis tests targets our first research question: are the downstream performances of
surface CNNs affected by the charting algorithm? For each template radius 7, we treat each surface CNN
as an individual subject. The treatments are the 4 charting algorithms DGPC, FMM, HDM and TP. The
response variable represents either the achieved accuracy or the geodesic error for a given charting algorithm
(cf. Figure(7} b). Our null hypothesis claims that the charting algorithm does not affect the response variable
(i.e., test metric) for a fixed 7r. However, as reported by Table[7| (upper), the p-values for the test accuracy
tests were consistently < 0.01, making the null hypothesis highly unlikely. For geodesic errors we have
p-values which are at least < 0.05 for all cases except the smallest 7. Hence, the null hypothesis becomes
unlikely with respect to geodesic errors once large enough template radii are used. Since we measured better
performances when using larger radii, this would therefore be the prominent case in practice. We therefore
reject the null-hypothesis in most cases and conclude that the selection of the charting algorithm has a
statistically significant effect on the performance of surface CNNs in the FAUST benchmark.

Table [7| further reports partial % effect sizes (Cohenl [1973) for the conducted hypothesis tests. Given that
we analyze how one experimental factor (i.e., the choice of treatment: charting algorithm/template radius)
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Table 7: The resulting p-values and partial n2-effect sizes for the ANOVA hypothesis tests for the groups
depicted in Figure m

~ T p-value (acc.) partial n? (acc.) p-value (geodesic err.) partial n? (geodesic err.)

0.01 < 0.01 0.58 > 0.1 0.14
0.02 < 0.01 0.56 < 0.05 0.34
0.03 < 0.01 0.57 < 0.01 0.37
0.04 < 0.01 0.66 < 0.05 0.35
0.05 < 0.01 0.58 < 0.05 0.31

Charting Algorithm p-value (acc.) partial n? (acc.) p-value (geodesic err.) partial n? (geodesic err.)

DGPC > 0.1 0.21 <0.1 0.23
FMM < 0.01 0.66 < 0.01 0.56
HDM < 0.01 0.58 < 0.01 0.47
TP < 0.01 0.64 < 0.01 0.57

affects the response variable (i.e., test metric: accuracy/geodesic error), partial n? coincides with the n? effect
size, quantifying how much of the total observed variability in the response variable is explained from using
different treatments. The effect sizes for the test accuracies indicate that at least 56% of the total variability
is explained by differences between the considered charting algorithms. Likewise, the effect sizes associated
to statistically significant cases for the geodesic errors indicate that at least 31% of the observed variability
is explained by using different charting algorithms. Overall, our experiments thus indicate that the choice
of charting algorithm has a practically meaningful impact on surface CNNs in the FAUST benchmark.

The second set of hypothesis tests investigates our second research question: does the chart radius affect the
performance of surface CNNs? We have described arc-performance over chart radii before. The hypothesis
tests now serve to determine whether these changes over chart radii are statistically significant. For each
charting algorithm, we treat each surface CNN as an individual subject. Each subject is evaluated under 5
treatments, corresponding to the different template radii 75 (Figure [7} a). Since we have 7 = cg in our
experiments, the template radii 7z serve as proxies for a set of approximately equal chart radii, allowing us
to relate the observed performance to the corresponding chart-radius magnitude.

As before, the response variables are the test accuracy or the geodesic error for a given template radius. In
this test, the null hypothesis claims that the template radius does not affect the response variable for a fixed
charting algorithm. However, besides the p-values for the hypothesis test regarding the DGPC algorithm,
all p-values for both response variables are < 0.01 (cf. Table |7} lower), enough to reject the null hypothesis
in most cases. The p-values for the DGPC algorithm indicate that the template radius has a statistically
significant impact on the geodesic error, whereas the classification accuracy is not significantly affected.
Nevertheless, the majority of hypothesis tests indicate that the template radius and thus the chart radius
does affect surface CNNs.

The corresponding effect sizes for the statistically significant hypothesis test suggest that varying 7r explains
at least 58% of the total variability in test accuracy and and at least 23% of the total variability in the geodesic
error. Analogously to the first set of hypothesis tests concerning the charting algorithm, the p-values and
effect sizes for our second set of hypothesis tests provide empirical evidence that the chart radius meaningfully
affects the test metrics of surface CNNs in the FAUST benchmark.

7.2 ModelNetl10

Dataset. ModelNet10 (MN10) (Wu et al. 2015) contains about 5000 triangle meshes across 10 classes
(bathtub, bed, chair, desk, dresser, monitor, night stand, sofa, table, and toilet). After our preprocessing
procedure, the meshes contain between 500 to 6 000 vertices. MN10 defines a training and a test split. While
we maintain the predefined test split, we use 90% of the predefined training split for training and the residual
10% as a validation split to find hyperparameters.
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Learning problem. Given a query shape Q, the surface CNN ¢ has to predict Q’s class y. That is, we
train a classifier ¢ : D — C, where D is the set of all MN10 shapes and C the set of all classes. In contrast
to the FAUST benchmark, the surface CNN needs to aggregate all vertex embeddings before it can make a
prediction for the shape. This mechanism is implemented in the form of a permutation-invariant DeepSet
layer (Zaheer et al.l 2017) which predicts the class y from the sum over all vertex embeddings:

j=¢ (Z zb(fi)) : (31)

9

Prior to the sum, a gauge-equivariant surface CNN is required to either (a) parallel transport all final vertex
embeddings ¥(f;) into a common gauge or (b) predict gauge-invariant embeddings (type pp) in its last layer.
In this work, we decided to use the latter approach (cf. equation .

Preprocessing. We use the algorithm of [Huang et al.|(2018]) to generate manifold meshes, i.e. watertight
meshes with edges being associated to exactly two triangles, from the original MN10 shapes. Each mesh is
then normalized to have a geodesic diameter of 1. We define 10 different max radii cg for the local charts
varying from 1% to 10% with respect to the geodesic diameter. The computation of local charts is followed
by the definition of template vertices using N, = 4 and Ny = 8, the computation of barycentric coordinates
as described in Section [6.1] and the computation of angles for parallel transports using the Vector Heat
Method (Sharp et al., 2019).

Loss and optimizer configuration. For training, we minimize cross-entropy using the Adam optimizer
(Kingma & Bal [2015) with an exponential decay applied to the learning rate. Thereby, learning rate and
decay rate have again been found using Bayesian optimization and knowledge from experience. Similarly to
the FAUST ablations, the hyperparameters are equal for different charting configurations but differ across
network architectures. They are reported in Table (middle). The number of weights and inference
times per network architecture for meshes with 6042 vertices are reported in Table [§] Overall, our MN10
benchmark encompasses the training of 280 different surface CNNs.

Observations. Regarding the effect of template radii on the performance of surface CNNs; Figure [§] (a)
shows a trend of improved performance for increasing template radii. The most substantial improvements
appear at smaller template radii. Particularly gauge-equivariant networks and their +-extensions appear to
be sensitive to small template radii. In contrast to the FAUST benchmark, we cannot observe performance
degradation at large template radii and thus have no arc-performance behavior for any architecture class in
the MN10 benchmark.

Similar to the FAUST benchmark, we can additionally quantify differences among the charting algorithms
by ranking them according to the observed median for the test accuracy statistics (cf. Table E[): 1. DGPC —
2. HDM — 3. FMM — 4. TP. Using IQR as a measure for the spread of observed performance, we observe
the following ranking: 1. HDM — 2. FMM — 3. TP — 4. DGPC. None of these rankings are equal to the
observed rankings in the FAUST ablations. Thus, the charting algorithm related performance distribution
of surface CNNs changes across datasets in our ablations.

Table 8: The amount of weights and inference times for predicting the class of one ModelNet10 shape with
6042 vertices using an NVIDIA A40 graphics card. The classification heads share the same amount of
weights across architecture types. Therefore, we once report the total number of trainable parameters and
once the number of trainable parameters without the classification head. Bold numbers indicate either the
least amount of weights or the fastest inference time.

ISC GCNN  HSN GEM-CNN GEM-CNN+4+ EMAN EMAN+

# weights 575370 575370 22666 40746 120778 173866 253898
# weights (without classification head) 574720 574720 22016 40096 120128 173216 253248
inference time 0.08s 0.08s 0.13s 0.17s 0.18s 0.17s 0.19s
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Figure 8: Mean scores for test accuracies in the ModelNet10 shape classification benchmark over network
architecture classes. The classes are similar to the classes in Figure[7] Mean performance values are reported

in Table

Table 9: Median and quantile statistics for the ModelNet10 benchmark. IQR refers to the inter quantile
range in between the 25% and 75% quantile. Bold values indicate the best scores in their respective statistic.
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(b) Test accuracies for each charting algorithm grouped by template radii.
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Furthermore, 1 indicates that larger values are better and | shows that lower values are better.

ANOVA hypothesis tests.

metric statistic DGPC FMM HDM TP
25% quantile T 0.48623  0.48844 0.49752 0.41162
test accurac median T 0.68888 0.64978 0.65474  0.60738
Y% quantile T 0.75385 0.69906 0.70127  0.65556
IQR |} 0.26762  0.21063 0.20374 0.24394
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Analogously to our FAUST benchmark, we conduct two sets of ANOVA
hypothesis tests in this MN10 benchmark. As before, the first test set addresses the effects of varying
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Table 10: The resulting p-values and partial n?-effect sizes for the ANOVA hypothesis tests for the groups
depicted in Figure @

~7r p-value (acc.) partial >  charting algorithm p-value (acc.) partial 7>

0.01 > 0.1 0.00 DGPC < 0.01 0.39
0.02 > 0.1 0.02 FMM < 0.01 0.31
0.03 >0.1 0.10 HDM < 0.05 0.29
0.04 > 0.1 0.05 TP <0.1 0.22
0.05 > 0.1 0.07
0.06 >0.1 0.02
0.07 > 0.1 0.06
0.08 >0.1 0.04
0.09 > 0.1 0.06
0.1 >0.1 0.03

radii for fixed charting algorithms (RQ2). The observation tables for the hypothesis tests are presented in
the Appendix (cf. Tables [18)and [19). Each table corresponds to a sub-plot in Figure [§] (a) or (b).

Unlike in the FAUST benchmark, the hypothesis tests examining whether charting algorithms affect the
downstream performance of surface CNNs (RQ1) do not indicate a statistically significant effect (cf. p-
values in Table left) in the MN10 benchmark.

On the other hand, the hypothesis tests for examining whether the chart radii affect the downstream perfor-
mance of surface CNNs (RQ2, Table right) report p-values which are < 0.1. This highlights a statistically
significant impact of the template radius on test accuracies of surface CNNs. Since we have 7z &~ cg in our
experiments, this observation likewise provides evidence for an impact of the chart radius.

The associated effect sizes for the hypothesis tests that indicate statistical significance show that at least 22%
of the total variability in test accuracy is explained by varying 7. Analogously to the FAUST benchmark,
this represents numerical evidence that 7z has a practical meaningful impact on surface CNNs in the MN10
benchmark.

7.3 PlanetSWE

Dataset. The PlanetSWE dataset (McCabe et al., 2023) provides simulated fluid data generated by nu-
merically solving the forced hyperviscous shallow water equations (SWE) on a spherical domain. The SWE
state consists of two coupled fields: a velocity field v(x,t) € R? describing the horizontal fluid motion at
positions @ on the sphere (S?) and time step ¢, and a scalar field h(zx,t) € R describing deviations of a
pressure surface height from a reference mean height. The dataset contains 40 trajectories, each one having
a length of 3024 time steps. That is, the dataset provides 120920 input-output pairs of physical state fields,
whereby each state is described in terms of a set of 3-dimensional feature vectors associated to the vertices of
a discretized sphere with a total number of N = 131072 vertices. The training split contains 32 trajectories
and the validation- and test splits contain 4 trajectories each.

Learning Problem. This benchmark considers autoregressive spatiotemporal forecasting of physical state
fields governed by the SWE. Let X; = (v(x), ht(x)) denote the physical state at time step ¢ and location x
where v, : S — R? is the velocity field and h; : S — R is the pressure surface height deviation field. The
objective is to train a model ¢ : X; — X471 which predicts the next physical state from the current state for
all vertices of the discretized sphere.

Architecture. Given the comprehensiveness of our testing scenario and the size of the dataset, we decrease
the size of the previously used architecture in this benchmark. The new architecture-blueprints are shown
in Figure [J] These expect the concatenation of the velocity and height field as input vectors. Non gauge-
equivariant architectures predict one 32-dimensional intermediate embedding vector. Gauge-equivariant
architectures interpret the input vectors as (p1 @ pg)-features and predict an intermediary embedding = € R32
of type 8(p1 @ p2). The new blueprints employ two regression heads on a shared embedding space: the first
predicts vectors v € R? for the velocity field and the second predicts height deviations h € R of the pressure
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Figure 9: The blueprints for the architectures used in the PlanetSWE benchmark. The red boxes represent
the regression heads: the left regression head predicts velocity vectors v € R? and the right predicts heights
h € R for a subsequent time step to the input state field. Both outputs are concatenated into one final
output vector = [v, h] € R3.

surface. While non gauge-equivariant architectures estimate the two velocity components by predicting two
independent scalar channels, gauge-equivariant architectures directly estimate both velocity components as
one feature v € R? of type p.

Preprocessing. We convert the longitude—colatitude grid coordinates provided by the PlanetSWE dataset
into Cartesian 3D coordinates and connect adjacent grid points into a triangle mesh. We normalize the mesh
to have a geodesic diameter of 1 and select max chart radii cg in the range of 1% and 5% of the geodesic
diameter. In accordance to the preprocessing procedure described in Section we compute local charts
w.r.t. all cg, define the template vertices using N, = 2 and Ny = 4, compute barycentric coordinates for
the template vertices and lastly compute the parallel transport angles using the Vector Heat Method (Sharp!
et al., 2019).

Loss and optimizer configuration FEach surface CNN is trained to reduce the mean squared error
between the predicted physical state field for the next time step and the next time-step’s ground truth state
field. Learning and decay rates again have been tuned using Bayesian optimization and knowledge from
experience. The final values used are reported in Table (15| (right). Like before, these parameters vary across
architectures but remain equal across charting configurations. The number of weights and inference times for
predicting all 131 072 physical state vectors across the sphere are reported in Table [11] for each architecture.
In total, we train 140 surface CNN configurations the course of this benchmark.

Observations. Figure [10|reports the variance-scaled root mean squared errors (VRMSE) obtained on the
test split of the PlanetSWE dataset for 1-step and 3-step rollouts, averaged over the same architecture groups
as in the previous two benchmarks. Let y be the ground truth for n data samples and gy the associated
predictions. The variance-scaled root mean squared error (VRMSE) is defined as:

MSE(y,9) _ RMSE(y,9)

VRMSE®W.9) =1\ "0t) ~  Std(y)

(32)

Table 11: The amount of weights and inference times for predicting all 131072 state vectors for a next
time step on PlanetSWE data using an NVIDIA A40 graphics card. Bold numbers indicate either the least
amount of weights or the fastest inference time.

ISC GCNN HSN GEM-CNN GEM-CNN+ EMAN EMAN+

7 weights 1507 1507 210 337 546 3793 4002
inference time 0.02s 0.02s  0.08s 0.07s 0.07s 0.08s 0.08s
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(b) Test VRMSE values for each charting algorithm grouped by template radii.

Figure 10: Mean scores for VRMSE values in the PlanetSWE benchmark over network architecture classes.
The classes are similar to the classes in Figure m Mean performance values are reported in Table |7_5l
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Table 12: Median and quantile statistics for the PlanetSWE benchmark. IQR refers to the inter quantile
range in between the 25% and 75% quantile. Bold values indicate the best scores in their respective statistic.
Lower values are better.

metric statistic DGPC FMM HDM TP
925% quantile 0.02241 0.02551  0.02550  0.02550
median 0.02600 0.02580 0.02566 0.02563
Lstep VRMSE 7o/ antile 002742 0.02608  0.02595  0.02586
IQR 0.00501  0.00057 0.00045 0.00036
25% quantile 0.06705 0.07429 0.07459  0.07461
median 0.07108 0.07532 0.07530  0.07508
3 steps VRMSE /00" antile 007406 0.07574  0.07565  0.07557
IQR 0.00702  0.00144 0.00106 0.00096

That is, VRMSE compares the model performance to the mean predictor § = > ; y;/n. If VRMSE(y, §) >
1, the model performs as good or worse compared to the mean predictor y. If VRMSE(y, §) < 1, the model
performs better than the mean predictor y.

Unlike in the prior two experiments, Figure [I0] does not reveal a shared qualitative performance trend
of surface CNNs over template radii across architecture groups and charting algorithms. However, some
charting-specific trends are noticeable. For example, surface CNNs that were trained using DGPC charts
appear to have comparatively large differences between architecture groups at 7 ~ 0.02 due to a spike
of the gauge-equivariant architectures and their +-counterparts. When using FMM charts, surface CNNs
tend to perform better with slightly larger template radii. The HDM runs show similar behavior, although
too large radii start to degrade the performance of some surface CNNs. This behavior is reminiscent of
the arc-performance of surface CNNs over template radii in the FAUST benchmark. For TP charts, gauge-
equivariant+ architectures rather degrade in performance when choosing larger radii, whereas non gauge-
equivariant architectures tend to improve.

Ranking the aggregated performance of a set of surface CNNs among charting algorithms again yields a
different order compared to the two prior benchmarks on FAUST and MN10 (cf. Table . The median
VRMSE ranking in the 1-step benchmark yields: 1. TP — 2. HDM — 3. FMM — 4. DGPC. On the other
hand, in the 3-step benchmark we observe: 1. DGPC — 2. TP — 3. HDM — 4. FMM. Thus, the VRMSE
ranking changes from the 1-step to the 3-step rollout test runs. This suggests that, during an autoregressive
rollout, prediction errors increase at different rates depending on the used charting algorithm. The most
evident example for this observation is the DGPC algorithm: using it to train surface CNNs appears to yield
surface CNNs that are more stable during a rollout in our experiments, given that it climbs from rank 4 in
the 1-step benchmark to rank 1 in the 3-step benchmark.

The IQR values appear to be less sensitive to the autoregressive problem setting since the 1-step and 3-step
rollouts give rise to the same ranking ranking order: 1. TP — 2. HDM — 3. FMM — 4. DGPC. However,
none of these observed rankings equals any of their corresponding rankings in the two prior benchmarks on
the FAUST and MN10 datasets. Therefore, our experiments again suggest that charting algorithm related
performances of surface CNNs appear to change depending on the dataset at hand.

ANOVA hypothesis tests. In analogy to the previous two benchmarks, we compute two sets of ANOVA
hypothesis tests. Like before, the first set considers the effect of varying the charting algorithm for fixed
template radii (RQ1), the second examines the effect of varying template radii for fixed charting algorithms
(RQ2). The corresponding observation tables for the hypothesis tests are reported in the Appendix (cf.
Tables and . Likewise to the previous two benchmarks, each group within these tables is depicted
in one sub-plot in Figure [10] (a) or (b). All p-values and partial n? effect sizes for this benchmark are
summarized in Table
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Table 13: The resulting p-values and partial n?-effect sizes for the ANOVA hypothesis tests for the groups
depicted in Figure @

~7p p-value (1 step) partial n? (1 step) p-value (3 steps) partial n? (3 steps)

0.01 > 0.1 0.11 < 0.01 0.43
0.02 > 0.1 0.03 > 0.1 0.09
0.03 >0.1 0.10 < 0.01 0.40
0.04 >0.1 0.12 < 0.01 0.45
0.05 > 0.1 0.06 < 0.01 0.44

Charting Algorithm p-value (1 step) partial n? (1 step) p-value (3 steps) partial n? (3 steps)

DGPC > 0.1 0.06 > 0.1 0.05
FMM > 0.1 0.10 > 0.1 0.17
HDM > 0.1 0.10 >0.1 0.09
TP > 0.1 0.04 > 0.1 0.02

Considering RQ1 and the corresponding hypothesis tests that fixate the template radius and vary the chart-
ing algorithm to study the impact of charting algorithms, none of the 1-step rollout experiments do exhibit
statistical significance for any template radius. In contrast, the 3-step rollout experiments demonstrate a
substantial increase in the effect sizes for all 7p except Tg &~ 0.02. The corresponding p-values of the sub-
stantially increased effect sizes are all < 0.01, which indicates a statistical significant impact of the charting
algorithm in this 3-step rollout scenario for the majority of tested scenarios. This observation suggests that
statistical significant differences between downstream performances linked to charting algorithms may first
appear during a longer rollout, whereas short-term predictions appear less affected by the choice of charting
algorithm.

The hypothesis tests targeting the impact of template radii, however, do not allow to conclude statistically
significant effects of the template radii in any tested scenario within the PlanetSWE benchmark.

7.4 Discussion

We start this section by discussing our first research question in light of the ablation results: Are the
downstream performances of surface CNNs affected by their chosen charting algorithm? (RQ1)

Discussion RQ1. FMM, HDM and DGPC search for distance functions that satisfy the FEikonal equation.
However, the algorithms vary in their way of approximating local distances (cf. Table . Moreover, tangent
plane projections can only be considered an approximation to local surface charting by construction. These
differences can cause varying geometric distortions depending on the chosen charting algorithm. In particular,
errors in geodesic or angular coordinates cause the signal-pullback to extract noisy features. These noisy
features are then used by the convolution, suggesting that different charting algorithms lead to varying
downstream performances.

Our observations in all three dataset benchmarks allow to rank charting algorithms based on measured IQR
and median downstream performances achieved by surface CNNs. However, none of the median-performance
or IQR rankings are equal across datasets. Thus, our experiments indicate that there is no “one-fits-all”
or “best” charting algorithm for all learning tasks, and that the selection of it should be considered a
hyperparameter for the learning task.

While this observation already suggests that the performance of surface CNNs depends on the selected
charting algorithm, we could verify statistically significant differences between these charting algorithm
related performances only in the FAUST and PlanetSWE benchmark, and not in the MN10 benchmark.
We hypothesize that the magnitude of the downstream effects caused by charting algorithms depends on the
locality of the learning problem.

In particular, global shape predictions, as required by the MN10 benchmark, do not directly rely on the
embedding of a single vertex, but rather on the embeddings estimated for an entire subset of vertices that
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are particularly meaningful for the assignment of the ground truth class to the query shape. The importance
of individual embeddings in isolation is therefore questionable in a global prediction task. Furthermore, from
a technical perspective, the effects of local geometric distortions that propagate into local embeddings can
be concealed by the aggregation over all embeddings (cf. equation , reducing their observable effect in
the final shape prediction. Hence, we suspect that the downstream effects of local geometric distortions are
less visible in global learning tasks compared to local learning tasks.

In summary, our FAUST and PlanetSWE benchmarks provide empirical evidence that the charting algorithm
can have a statistically significant effect on the downstream performance of surface CNNs. However, we
suspect that the magnitude of the downstream effect of the charting algorithm depends on the locality of
the learning problem, as indicated by the MN10 results.

In the next part of our discussion, we examine our ablation results w.r.t. our second research question: How
does the chart radius affect the performance of surface CNNs? (RQ2)

Discussion RQ2. In contrast to Euclidean CNNs, surface CNNs do not infer the neighborhood size from
the template size. The neighborhoods for surface convolutions are constructed using a charting algorithm
that requires the chart’s extent to be known beforehand as a hyperparameter. While too small neighbor-
hoods might not carry enough information to solve the task, too large neighborhoods are more likely to be
geometrically distorted or even completely invalid in case the injectivity radius is exceeded. This suggests
the existence of a “sweet spot” which balances information contained in the neighborhoods and geometric
stability. We hypothesize that this sweet spot is a value that is close to the true injectivity radius of the
majority of surface points.

In our ablations, we define the template radius as the median of the set containing all chart radii associated
with a given maximum radius and one charting algorithm (cf. equation [28)). Thus, in our experiments,
varying the template radius corresponds to varying the radii of the underlying charts, which enables us to
use the template radius as a proxy for studying the effect of chart radii on surface CNN performance.

While the PlanetSWE benchmark does only allow for charting algorithm specific trends of certain archi-
tecture groups, the FAUST and MN10 benchmarks allow for shared qualitative performance trends across
architecture groups and charting algorithms. In our FAUST benchmark the performance of surface CNNs
over template radii is characterized by arcs: low performance for small and large radii and peak perfor-
mance for mid-range radii. The most prominent example is the top-performing gauge-equivariant+ model
that uses FMM as charting algorithm and about 3% of the geodesic diameter as the template radius, which
represents the median of all investigated template radii. Our global prediction task on the MN10 benchmark
shows template radius dependent performance, too. Small template radii perform worse compared to larger
template radii. However, instead of a performance drop, we only observe saturating performances for larger
template radii.

Across the FAUST and MN10 benchmark datasets, most hypothesis tests suggest a statistically significant
impact of the template radius on the test metrics. In the PlanetSWE benchmark, the template radii affected
the test metrics less prominent. Since two out of three benchmarks yielded statistically significant differences
in performance measures across template radii, and since the template radius serves as a proxy for chart
radii, we conclude that the chart radius can be a critical parameter for surface CNNs. Our experiments
further suggest that the relationship between template radius and performance of surface CNNs depends on
the dataset and learning problem.

We thus argue that future experiments involving surface CNNs should treat the chart radius as a tunable
hyperparameter, since inadequate chart radii can cause surface CNNs to substantially underperform. Our
ablations suggest that good performing chart radii lie in between 1% and 5% of the geodesic diameter, which
can be used as a reasonable starting point for future architectural design choices. However, the final chart
radii for a learning task will most likely require task-specific fine tuning or a more geometry-aware estimation.
Regarding the latter, |Aamari et al| (2019) propose an estimator for the so-called reach of a manifold and
prove that it represents a lower bound to the injectivity radius. Experimentally investigating whether reach-
based radius selection yields good downstream surface CNN performance constitutes an interesting direction
for future work.
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8 Limitations and Future Work

In this work, we analyzed downstream effects caused by varying charting algorithms and chart radii in a
controlled discretization setting. This analysis is subject to limitations, which gives rise to interesting future
work.

Considering the effects of charting algorithms, we focus on the most commonly used charting algorithms
in the literature on surface convolutions. Other promising charting algorithms, which were not considered
in the course of this work, such as [Verninas et al.| (2026), exist, but yet have to be adopted by surface
convolutions. Our charting-method-agnostic surface CNN framework can be a possible starting point for
further investigations in this direction.

Regarding the effects of chart radii, we have systematically studied changes in surface CNN performances
for a window of pre-selected maximum chart radii. Although empirically returning reasonable results, we
cannot claim that the selected chart radii are theoretically valid. This would require knowledge about all
local injectivity radii for all considered shapes, which we do not have. Estimating injectivity radii for a set
of arbitrary shapes would alleviate tedious hyperparameter searches, but exceeds the scope of this work.
Future research into the direction of more geometry-aware estimations of the injectivity radius could find
motivation in the work of (Aamari et al., 2019), who estimate the reach of a manifold which represents a
lower bound to the injectivity radius.

Lastly, the receptive field of a CNN grows with an increasing number of subsequent convolutions. In our
ablation, we used varying template radii in dependence of underlying chart extents which also adjust the
receptive field, but only for a limited number of sequential convolutions. We did not systematically study the
effects of changing the number of subsequent convolutions for fixed template radii, leaving another possible
ablation dimension for future work.

9 Conclusion

To organize the diverse literature on isometry-invariant, spatial surface convolutions, we started this work
by providing a survey that structures existing work according to how they approach the gauge-ambiguity
problem and which charting algorithms they use. Our survey shows that comparisons among surface CNNs
jointly change the convolution and the charting algorithm, therefore obscuring the source of performance
differences. Additionally, existing literature contains only limited investigations on the effect of varying chart
radii on the performance of surface CNNs.

To study the effects of changing charting algorithms and varying chart radii in controlled discretization set-
tings, we reformulated existing surface convolutions into a unified discretization based on which we developed
a charting-method agnostic surface CNN framework with an accompanying Python library called GeoConv.
In addition to providing practical means for creating controlled discretization settings, we further showcased
the advantages of the unified notation by deriving a new, relatively well-performing surface convolution from
the comparison of HSNs and GEM-CNNs.

Using this framework, we conducted ablations whose results highlight that an appropriate chart radius
selection can be essential for training well performing surface CNNs. Specifically, we have observed arc
performance over chart radii in our FAUST benchmark, indicating the existence of a “sweet spot” for chart
radii. We hypothesize that this value may be close to the injectivity radius of the majority surface points.
The statistically significant impact of the chart radius on the downstream performance of surface CNNs was
further validated by the MN10 benchmark result. In contrast to the impact of chart radii, a statistically
significant impact of the charting algorithm was only observed in the FAUST and PlanetSWE benchmarks,
and thus for local surface prediction tasks.

We conclude that future comparisons among surface CNNs should be conducted in charting-method-
controlled environments, e.g., by using the same charting algorithm for all surface CNNs. Furthermore,
charting algorithm and chart radii should be considered critical and tunable hyperparameters when design-
ing and evaluating surface CNNs.
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A Appendix

A.1 Rewriting harmonic surface networks

Wiersma et al.| (2020) extend Harmonic Networks (Worrall et al. 2017) to Harmonic Surface Networks
(HSNs). Their original formulation of the surface convolution is defined over the neighborhood A, of vertex
k:

@, = D wiR(ry) €0 Py (@) ) (33)
JEN

Thereby, w, represents pre-computed integration weights, R(ry;) describes learnable radial weights,
¢’ +8) the phase with predefined rotation order v € N and learnable phase-offset 3, 6; describes the
angular polar coordinate of the input and Pj—”c(“’é‘,r) shows the parallel transport of the input features mé‘,r

with rotation order I'" to the convolution center in mesh vertex k.

In contrast to our implementation, the original formulation of HSNs allowed neighbors to have arbitrary
polar coordinates. To make this work, Wiersma et al.| (2020)) defined the radial parameters R as interpolated
learnable weight matrices

Q
R(ry;) = Z tq(ris) W (34)

where each p4(r) € R represents an interpolation coefficient in dependence of the neighbors radial coordinate
r. Prior to training, these are precomputed and stored. Lastly, W, € R¥utX"in represents a trainable weight
matrix.

In addition to radial weights, HSNs learn phase weights 5. The parameter v denotes a predefined rotation
order and I' is the rotation order of the input features. The value 6;; represents the angular coordinate of
the input feature. The term w; denotes precomputed integration weights

1
wj = g ;a]‘ab 5 (35)

where ajqp represent triangle areas adjacent to vertex j. Wiersma et al.| (2020) also precompute and store
the integration weights.

The vector :cévyp € C™ denotes complex features returned by layer ! of neighbor j following rotation order T,

and o
(1) irell
ajj €k

Pii(2hr) = : ; (36)

(din) i0@din)
akj e kj

represents the parallel transport of the complex feature vector iL’é—I from neighbor j to convolution center k.

For notational brevity, we leave away the sub- and superscripts for rotation orders and layers. This allows
us to write:

zp= ) wiR(ry) 0"t Py () (37)
JEN

Our framework describes neighborhoods N} with the set of template vertices T. We thus replace neighbor
index j with tuples of radial- and angular indices (r, a):

N, Ng
zp =y > waR(re) TP (T 0a)) - (38)

r=1a=1

Using the template vertices instead of neighbors with arbitrary polar coordinates removes the need to inter-
polate radial weights since neighbors now always have known, fixed radial distances. That is, we only need
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to learn one weight matrix R, € R%ut*din ysable in any vertex k, thereby reducing computation complexity
g

and the amount of required weights. Analogously, the relative angular coordinates of neighbors remain the
same for any center vertex k, removing the dependence of 0, on k:

N+ Ny
o= D wraRe O 4y (20a) (39)
r=1a=1
oD gire)
N: Ny Aoq €
S S aem e | (0
r=1a=1 (din) 1"<I>(d‘“>
Oprq € e
: g (1)
N. Ny wﬁ) e wgd) elmbath) al(clr)a e P
=2 D e | s - (41)
r=1a=1 (r) (7") ; din) 7@ din)
doutl e doutdm el(me(l"’_ﬁ) a’l(cra) equ’km
=R,

For the implementation of the harmonic surface convolution we are particularly interested in how we compute
the m-th entry of the resulting embedding xj:

N; No din

Zzzwm ’“ et (Y0a+5) ag;zl ein)S;)a )
r=1la=1n=1
N, N

= ZZ“W Zw(r) i(v0a+8) ( ) ST (43)

r=1a=1

We set the integration weights w,., = 1 to alleviate from preprocessing complexity and to improve compara-
bility to other surface convolution types that did not use integration weights. A detailed study of the impact
of w on the training performance of surface convolutions is left for future work.

) g (n) e :
The term w%)l et(10a+5) ~a§;;zl e ®ira represents multiplication between two complex numbers. We can rewrite
complex multiplication in matrix-vector notation:

N- No din . (n) (n)
r [cos(V0o + )  —sin(v0a + B)\ [ ay,, cos(I' @,.7)
Tm ZZZ ’(”2‘ (sm (70, + B)  cos(v8, + B) ) ( t n) (F¢é€n))> (44)

r=la=1n=1 akmbln o
Ny N i . ~(k,r,a)

=Z§§Z () (0s(16a+B) —sin(y8 + B)) [Helon (45)
r=1a=1n=1 Hmn | sin (v0a + B)  cos(vba + ) Im i%k’r’“) '

Eventually, we can learn different 8 per output dimension ¢ while maintaining gauge-equivariance for output
dimension ¢:

N; Ny din oS 79 + B ) Sln(’ye n ﬁ ) Re %«;k:,r,a)
= q - a q ) 4
o = Zlazlzl " (Sm (Y0, + By)  cos(v0, + By) ) T () (46)

The context typically clarifies the fact that we are interested in the m-th embedding feature for the feature
vector associated to vertex k. Hence, we drop the index k£ from the equation for notational brevity:

N No din . ~(r,a)
Zi S win), (€500t By) = sin(v6a + By) Re (o (47)
r=1a=1n=1 mn sin 79 + ﬂq) COS(’y@a + ﬁq) Im 1‘5: -a) .

This equation represents the harmonic surface convolution shown in equation [I7]
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Table 14: Zero padded basis kernels. Like in|Haan et al.| (2021), cx = cos((y £v)0) and s = sin((y' £7)8).

neigh. original (Haan et al.||2021) zero-padded

mom ) : : : (0 o) :

Py p0 (cosr0 sinyf) (siny0 — cosyd) ) ) (00279 smo’yo) (slno’w — cc())s 70)
N cos~'6 sinv’6 cosy'0 0 siny’d 0
po = Py sinv'0 —cosv'0 ) ) siny'6 0 —cosy'6 0
c_.  —S_ S_ C_ C S4 —S4+ C4 .
Py = Pyt (s, o ) (707 s,) (s+ 7c+) < r S+) equal to original

self

10
po = po 1) : : : (v o) :
10 0 1 -
Py = Py 01 - - equal to original

00 -
Py = Pyt 0 0 - - - equal to original

A.2 GEM-CNN basis kernels implement complex valued functions

In Section[6.3] we represent individual input features for GEM-CNNs as complex values. Core to this notation
idea is the following observation: because p, is constructed from irreducible representations (irreps) of
SO(2), those individual features that transform according to these irreps can be considered two-dimensional
quantities which we identify with complex values. The only exception are rotation-invariant features (type
po), whose corresponding irrep is the real-valued identity function. However, we can “lift” this identity and
its associated one-dimensional, real-valued feature into two dimensions by appending zeros (cf. Table [14)),
allowing us to treat all input features as two-dimensional quantities in our notation.

The basis kernels of GEM-CNNs used in equation [I9] define functions between feature types. To clarify how
complex-valued features are used, we derive equivalent function definitions for each basis kernel of a map
type, whose domains and codomains characterize how complex numbers are processed in terms of lifts into
the complex domain, projections onto the real axis or transformations within the complex domain. To this
end, we identify real and complex values with the following vectors:

reosa =1 (), r (cosa+isina) =r cosa (48)
N—— 0 ’ —_— — Sin [0 ’
eR eC

and assume r = 1 to reduce notational clutter.

Map type po — po. This map type considers one basis kernel, expecting a rotation invariant feature of
type po as input and returning the same feature as output:

£ (%)-(5)

This basis kernel thus implements a function f : R — R with r cos a — 7 cos «, corresponding to the identity
function for rotation-invariant, real-valued features.

Map type py, — po. This map type considers two basis kernels, expects rotation-equivariant features of
type p as input, and returns rotation-invariant features:

(cos(w) sin(70)> (cos a) _ (cos(*y@) cos o + sin(y6) sin a) _ (COS(’YH - a)) (50)

<sin§)72) - co(s)?w)> (2}} §> _ <sin(’y€) cos a ; cos(70) sin a> _ <sin(7§ — a)) (51)
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The basis kernels thus implement projections fi, fo : C — R onto the real axis:

(cos(()*y@) smé*yé))) corresponds to: 7 (cosa + isina) — rcos(y8 — ) (52)
(smng) B 008(79)> corresponds to: 7 (cosa + isina) — rsin(y6 — «) (53)

Map type po — p.. This map type also considers two basis kernels, but expects rotation-invariant features
as input and returns rotation-equivariant features:

() ) (55) =eosa (S 0) o
(0 0) () = eosa (201 -

The basis kernels thus lift real values into the complex plane via functions fs, f4 : R — C:

cos(y'0) 0 . in'0
(sin(y’@) 0 corresponds to: 7 cosa — 1 cosae (56)
sin(7'6) corresponds to: 7 cosa — —ir cosae’?? (57)
~cos(v'8) 0 rrespon : T cosa ir cosae

where we use Euler’s formula for cos(y'0) + isin(y'0) = ™7,

Map type py — p,s. This map type considers four different basis-kernels. To highlight their differences,
we factorize each basis-kernel into two matrices:

(C%(( 7)0+ B) —sin((v 7)9+6)> _ <COS((7’—7)9+/3) —sin((/ v)9+6)) (1 0)
sin((v' =)0+ 6)  cos((y =)0+ B) sin((v/ =)0+ 6)  cos((v —=O+pB) J\0 1
( sin((Y =)0+ 6)  cos((v v)9+5)) _ (COS((7’7)9+B) — sin(( ’v)9+ﬂ)) (0 1)
— cos ((7’—7)9+ﬂ) sin((y" — )0 + B) sin((y/ =)0 +6)  cos(( =70+ 3) )\ -1 0
(cos(( +7)0+6)  sin((y +7)0 + B) > _ (cos((w’—&-v)@—i—ﬁ) —sin(( ’+7)9+B)) (1 0)
sin((Y +7)0+8)  —cos((v +7)0 + ) sin((v' +7)0+8)  cos((y +7)0+p6) ) \0 -1
(—SI n((y +7)0+B)  cos((+/ +7)9+6)> _ (cos((v’+v)9+,8) — sin(( ’+7)9+6)) (0 1)
cos((v +7)0+B)  sin((y + )0+ B) sin((7' +7)0+6)  cos(( +m0+p3) J\1 0

We can see that except the first kernel, which only rotates the input feature, any other kernel transforms
the input before rotation. The transformation becomes clear once we multiply a complex number in vector
notation with the right matrices from the matrix factorizations:

<_01 0) (Z?I?((;:))) (—Slcr(l)(sﬁg)> = sin(z) — icos(z) = —i(cos(z) 4 isin(z)) = —ie'™ (multiply — i)
)
)

) = (080 ) = costo) — isinGe) = e (conjugate inpur)

<(1) (1)> (fés((x))> - (Sm(x)> = sin(z) 4 i cos(z) = i(cos(z) — isin(z)) = ie”** (conjugate & multiply )

cos(z)
Rotation matrices are equivalent to the function that multiplies a complex value onto a given complex value:

(cos(w) —sin(x)

. T
sin(z)  cos(x) > corresponds to: z — ez
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Taking everything together, the basis kernels of this map type give rise to the following complex-valued
functions for C — C:

(G700 ) et s
(—Siclfl)(s(&;’_—ae); fé) Z?I?(( 3 zj: g ) corresponds to: z — —ie’ (7' =N0+A) 4 (59)
(zfﬁggf/ﬂ))gig)) _SICI;((((/ /4 7‘30 +B) ) corresponds to: z — e/((7+N046) = (60)
(L ST ot o

A.3 Learning a constant phase shift does not break gauge-equivariance

In this section, we show that extending the basis kernels of GEM-CNNs (Haan et all [2021) by learnable
phase offsets does not break their gauge-equivariance property. To this end, it suffices to show that the linear
combination of basis kernels satisfies the rotation-steerable kernel constraint (Weiler et al., |2018]):

t(gﬁl U) = pout(ngl) t(v) pin(gu) , (62)
where pi, and pout, are the representations of the input and output features, given by (Haan et al.l [2021)):

polg) = 1, pr(g) = (Cf)s(”” ‘Si“”g)) | (63)

sin(yg)  cos(vg)

GEM-CNNs employ four map types: pg —+ po, py — Po, po — p, and py — p,, each of which is associated
to a set of basis kernels which are linearly combined during the convolution. A linear combination of basis
kernels decomposes the constraint of the result onto its addends:

t(g;1 'U) = pout(ngl) t(’U) pin(gu)

- pout gu <Z ts > Pm gu) (64)
- Z pout gu Pm gu Zts 71

Differently phrased, if each basis kernel satisfies the kernel constraint, then their linear combination does
too. Thus, we only need to show that each basis kernel satisfies the kernel constraint separately in each map
type to prove that the equivariance constraint is preserved.

In our context we have ¢ = A and v = 0, where § is a learnable constant phase offset and 6 the angular
coordinate of a template vertex. Consequently, the kernel constraint becomes:

t(g'EI 'U) = pout(g'L:l) t(v) pin(gu) <~ t(@ - A) = pout(_A) t(e) pm(A) .

Proof. Map types po — po and p, — po. Both map types share the fact that their output features
are of type pout(—A) = 1. That is, we need to show that the kernel factorizes as t(6 — A) = t(0)pin(A).
However, map type pp — po additionally constrains the input to be of type po and only considers ¢(6) = 1.
Consequently, the kernel constraint simplifies to (6 — A) = () pin(A) = 1 which is true. On the other hand,
for the first basis kernel of map type p, — po we have:
t(0 — A) = (cos(y(0 — A) + B) sin(y(0 — A) + 8))
= (cos(v0 —yA + ) sin(v0 —yA + 3))
= (cos(70 + B) cos(YA) — sin(v8 + ) sin(yA)  sin(0 + ) cos(yA) — cos(v8 + ) sin(vA))

= (cos0+9) 50 +5) (73] oAy )
=1(0) pin(A) .
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For the second basis-kernel of map type py, — pog we have:

t(0 — A) = (sin(y(0 — A) +8)  —cos(y(0 — A) + )

= (sin(y0 —vA +B) —cos(v8 —yA + 3))

= (sin(v8 + B) cos(yA) — cos(v8 + B) sin(yA)  —cos(v8 + B) cos(yA) — sin(v8 + ) sin(yA))
(

sin(v0 + 8)  —cos(v0 + ) (Z?I?((’Zﬁ)) ZELIEEYFVAA)D

= t(a) pin(A) .

/\ —~~ Y~

Overall, both basis-kernels for map type p, — po satisfy the kernel constraint t(0 — A) = (6)pin(A) and
therefore ensure gauge-equivariance.

Map type po — p,. This map type expects input features of type po and returns output features of
type p,. Thus, the basis kernels for this map type need to satisfy t(0 — A) = pout(—A)t(#). For the first
basis-kernel of map type py — p4 we get:

cos(v'(0 = A) + B)\ _ (cos(v'0 —+'A+p)
Ho—A4)= (sm('y’(ﬁ A) + 5)) N (Sin(v'& —vA+ ﬂ))
_ ( os(v'6 cos(y'A) — sin(y'0 + ) sin(*y’A))
sin(y'6

+ ) co

+ B) cos(y'A) — cos(7'0 + B) sin(v'A)
A)

A)

_ sin(*y’A)) T (COS(7’9 + ﬂ))

cos(y'A
o (sm( 'A)  cos(y'A) sin(v'0 + )

= pout(—A)t(0) .
For the second basis-kernel of map type po — p,+ we get:
. : 9 Af
t(@—A)z(Sm( ~' (0 — A)+ﬁ)) <51n(79 'yA-i-ﬁ))

—cos(y/ (60 — A) + ) —cos(v'0 — ' A+ j)

_( sin(y'0 + B) cos(v'A) — cos(v'8 + 5) sin(y'A)
— \—cos(v'0 + B) cos(y'A) —sin(y'0 + ) sin(y'A)

 (Sra) ) (o) )

sin(y/A)  cos(y'A) —cos(v'0 + p)
= pout(—A)t(0) .
Hence, both basis-kernels satisfy the kernel constraint ¢(6 — A) = pout (—A)E(6).

Map type py — p./. The map type p, — p,s expects input features of type p, and returns output features
of type p,,. The basis-kernels for this map type hence need to satisfy (6 — A) = pout(—A)t(0)pin(A). In
this case, we use the complex notation from Appendix

Basis-kernels that use (' +7)? always conjugate the input. We denote this in the surface convolution as:

(5% £) (s 00) = /B o) Pl ) [0, (o) o

Furthermore, considering the surface convolution under gauge-transformation shows:

(S * t)(”; g) - /B © t(g;lv) pin(ggl)pin(gqv—)u) [5 O €XP,, © Wu]('v) dv

- /B 7o 92700 H0) i) (3] ) 5 05pe o)
r(O
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Hence, kernels that use e!((7'+70+8) have to satisfy t(0—A) = pout (—A) £(8) pin(A). For the first basis-kernel
we have:

0 — A) = el =DE=2)48) _ (i((7 =M= =NA+B) _ oi((V =m0+vA—yA+5)

= ¢ 8 GHUOTNOEE) A = L (—A) H(0) pin(A)
For the second basis-kernel we have:
0 — A) = —iel (" =NE=2)+B) — (efw'A (7' =7)6+8) 6mA) — YA (_Z-ez'«w'w)ew)) RATN
= pout(_A) t(e) pm(A) .

For the third basis-kernel we have:

(6 — A) = (O HNO-2)+8) — il(Y+NI-(Y+NA+B) — (U(Y+7)0—7"A=7A+H)

— oA LY +Y)O+B) g—ivA Pout(—A) £(0) pin(A) .

For the fourth basis-kernel we have:

#H0 — A) = i O FNO-2)+5) _ (e—iv/Aei((v’+v)9+ﬁ)e—i’vA)

— A (i ei(("/+’7)9+5)) e R = pout(—A) H(0) pin(A)

Therefore, all basis-kernels with phase offset satisfy their according kernel-constraint. Following equation [64]
the constant phase offset thus does not break gauge-equivariance. Regardless of the map type, all basis-
kernels for the self-connection term are independent of 8 (cf. Table[3]) and therefore invariant against changes
0 — A. Hence, there is nothing left to show.

O
A.4 Used training hyperparameters in the FAUST, MN10 and PlanetSWE benchmarks

Table 15: The used hyperparameters in our FAUST experiments [Left], ModelNet10 experiments [Middle],
and PlanetSWE experiments [Right].

architecture  learning rate learning rate decay architecture  learning rate learning rate decay architecture  learning rate learning rate decay
ISC 0.00161 0.98649 ISC 0.00024 0.80342 ISC 0.00091 0.97484
GCNN 0.00205 0.93113 GCNN 0.00061 0.98808 GCNN 0.00091 0.90045
HSN 0.02210 0.82603 HSN 0.01081 0.63966 HSN 0.00073 0.93489
GEM-CNN 0.00188 0.92561 GEM-CNN 0.00099 0.99999 GEM-CNN 0.00081 0.90000
GEM-CNN+ 0.00099 0.75019 GEM-CNN+ 0.00091 0.61923 GEM-CNN+ 0.00117 0.90184
EMAN 0.01504 0.87839 EMAN 0.00557 0.63172 EMAN 0.00196 0.90669
EMAN+ 0.01033 0.82153 EMAN+ 0.00607 0.61180 EMAN+ 0.00108 0.90000
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A.5 FAUST benchmark: observation tables for ANOVA hypothesis tests

Table 16: FAUST benchmark. The tables used to conduct ANOVA hypothesis tests on observed test-
metrics (Taublel?l7 upper). [Left] Accuracy observations. [Right] Geodesic-error observations.

Architecture cg  DGPC FMM HDM TP p-value partial n?>  Architecture cg  DGPC FMM HDM TP p-value partial n?
ISC 0.214964  0.343505 0.351705 0.221132 ISC 0.068228  0.030480 0.020919  0.148622
GCNN 0.145929  0.290254  0.339064  0.239666 GCNN 0.130104  0.065305 0.024641 0.089148
HSN 0.305689  0.311705 0.317772  0.300319 HSN 0.167584  0.160045 0.153959  0.184847
GEM-CNN 0.01  0.208723 0.253338 0.284086 0.162816 < 0.01  0.583090 ~ GEM-CNN 0.01  0.390258 0.339245 0.284664 0.434796 > 0.1  0.140002
GEM-CNN+ 0.160356  0.264158  0.293418  0.158810 GEM-CNN+ 0.441575  0.372734  0.302522  0.595879
EMAN 0.192896  0.250290 0.276335 0.142663 EMAN 0.406575 0.434131  0.290759  0.543465
EMAN+ 0.152126  0.266313 0.301488  0.166023 EMAN+ 0.452490 0.379512  0.243496  0.557461
1sC 0.174289  0.433106 0.397417  0.328977 IsC 0.031049  0.005378  0.008183  0.011433
GCNN 0.165370  0.391226  0.382801  0.295885 GCNN 0.029545  0.009350  0.009014  0.013743
HSN 0.327627  0.374238  0.373599  0.343737 HSN 0.166018  0.144566  0.138549  0.187097
GEM-CNN 0.02 0.353832 0.449165 0.449594 0.360806 < 0.01  0.563545 GEM-CNN 0.02  0.142992 0.019390 0.017566 0.120338 < 0.05  0.339373
GEM-CNN+ 0.315276  0.474057 0.468512  0.383716 GEM-CNN+ 0.259977  0.007490  0.009108  0.087797
EMAN 0.373077  0.422801 0.432692 0.367954 EMAN 0.117511  0.039059  0.031486  0.121024
EMAN+ 0.330152  0.474906  0.480798  0.408062 EMAN+ 0.181257  0.007340  0.005389  0.048093
1SC 0.230776  0.409761  0.405936  0.340058 1SC 0.015411  0.005605 0.005432  0.008571
GCNN 0.099804 0.419151 0.356814  0.277293 GCNN 0.042819  0.005026  0.008889  0.012446
HSN 0.336328  0.396691 0.391074  0.350958 HSN 0.168459  0.126260 0.133177  0.176957
GEM-CNN 0.03  0.343353  0.460029 0.448004 0.392525 < 0.01 0.569659  GEM-CNN 0.03 0.114716 0.011438 0.015145 0.048718 < 0.01  0.374989
GEM-CNN+ 0.296923  0.512068 0.497453  0.422496 GEM-CNN+ 0.251346  0.000000 0.001266 0.025531
EMAN 0.343396  0.460189  0.447895 0.392293 EMAN 0.118870  0.013367 0.017408  0.062960
EMAN+ 0.304702  0.530276 0.536343 0.424898 EMAN+ 0.217056  0.000000 0.000000  0.022581
ISC 0.224078  0.411560 0.416988  0.329477 ISC 0.016235  0.004630 0.004132  0.008708
GCNN 0.158607 0.349724  0.355363  0.268367 GCNN 0.023708  0.008140 0.007097  0.011943
HSN 0.330718  0.395653 0.382772  0.338810 HSN 0.166004 0.128428 0.139585 0.202250
GEM-CNN 0.04 0.301647 0.439528 0.429833 0.364543 < 0.01  0.664983 ~ GEM-CNN 0.04 0.124319 0.015546 0.017799 0.062328 < 0.05  0.347475
GEM-CNN+ 0.258578  0.505131  0.488962  0.402525 GEM-CNN+ 0.279305  0.000000  0.002741  0.024139
EMAN 0.307750  0.429927 0.433287 0.376597 EMAN 0.128974  0.024410 0.019893 0.078317
EMAN+ 0.253048  0.493208 0.497482  0.403585 EMAN+ 0.290512  0.001900  0.001213  0.025459
IsC 0.201923  0.378766 0.318179  0.290813 1SC 0.018960  0.005647 0.008369 0.010663
GCNN 0.194303  0.278070  0.305581  0.201219 GCNN 0.020548  0.010999  0.009208  0.016013
HSN 0.318360 0.372010 0.344071 0.316967 HSN 0.193798  0.153771 0.171131 0.218261
GEM-CNN 0.05 0.263999 0.398549 0.378244 0.332837 < 0.01 0.576724  GEM-CNN 0.05 0.132226  0.028793 0.034786 0.079397 < 0.05  0.313859
GEM-CNN+ 0.201567  0.442627 0.420929  0.372068 GEM-CNN+ 0.394546  0.009931  0.014403  0.036444
EMAN 0.276023  0.403621 0.363302  0.336836 EMAN 0.152202  0.035660 0.064651  0.099171
EMAN+ 0.229507  0.445319  0.401974  0.375784 EMAN+ 0.322086  0.008624 0.019737  0.030680

Table 17: FAUST benchmark. The tables used to conduct ANOVA hypothesis tests on observed test-
metrics (Tablelfl, lower). [Left] Accuracy observations. [Right] Geodesic-error observations.

Architecture  Charting Algorithm 0.01 0.02 0.03 0.04 0.05 p-value partial 7> Architecture  Charting Algorithm 0.01 0.02 0.03 0.05 p-value partial 72
1SC 0.174289  0.230776  0.224078  0.201923 1SC 0.068228 0.015411 0.018960

GCNN 0.165370 0.158607 0194303 GCNN 0.130104 0. 0.042819 0. 0.020548

HSN 0.327627 0.330718  0.318360 HSN 0.167584  0.166018  0.168459  0.166004 :

GEM-CNN DGPC 0.353832 0301647  0.263999 >0 0212621 GEM-CNN DGPC 0.300258  0.142092  0.114716  0.124319 <01 0226918
GEM-CNN+ 0160356 0.315276 0.258578  0.201567 GEM-CNN+ 0.250977  0.251346  0.279305

EMAN 0.192896  0.373077  0.343396  0.307750 0.276023 EMAN . 0.117511  0.118870  0.128974

EMAN+ 0.152126  0.330152  0.304702  0.253048  0.229507 EMAN+ 0452490  0.181257  0.217056  0.290512

1SC 0343505 0433106  0.409761 0.411560 0.378766 1SC 0.030430 0005378 0.005605 0.004630 0.005647

GCNN 0.419151  0.349724  0.278070 GCNN 0.065305  0.009350 0.005026 0.008140  0.010999

HSN 0.396691  0.395653  0.372010 HSN 0.160045 0.144566  0.126260 0.128428  0.153771

GEM-CNN FMM 0460020 0.439528 0.398549 < 0.01  0.659263 ~GEM-CNN FMM 0.019390 0.011438 0.015546  0.028793 < 0.01  0.561826
GEM-CNN+ 0512068 0505131 0.442627 GEM-CNN+ 0.007490  0.000000 ~ 0.000000 ~ 0.009931

EMAN 0460180  0.429927  0.403621 EMAN 0.039059  0.013367  0.024410  0.035660

EMAN+ 0530276 0.4 0.445319 EMAN+ 0.007340  0.000000  0.001900  0.008624

1SC 0.405936 0.318179 1SC 0.020919 0.008183 0.005432 0.004132  0.008369

GCNN 0.356814  0.355363  0.305581 GCNN 0.024641  0.009014 0.008889 0.007097 0.009208

HSN 0391074 0382772  0.344071 HSN 0.153959 0.138549 0.133177 0.130585 0.171131

GEM-CNN HDM 284086 0.448004 0.429833 0.378244 < 0.01 0575518  GEM-CNN HDM 0.284664  0.017566 0.015145 0.017799 0.034786 < 0.01  0.471150
GEM-CNN+ 0.293418 0.4 0.497453  0.488962  0.420929 GEM-CNN+ 0302522 0.009108 0.001266 0.002741 0.014403

EMAN 0.276335  0.432692  0.447895 0.433287  0.363302 EMAN 0.031486  0.017408  0.019893  0.064651

EMAN+ 0.301488  0.480798 0.536343 0.497482  0.401974 EMAN+ 0.005389  0.000000 0.001213  0.019737

1SC 0221132 0328977 0340058 0.320477 0.290813 1SC 0.011433  0.008571 0.008708  0.010663

GCNN 0.239666  0.205885  0.277293  0.268367 0.201219 GCNN 0.013743  0.012446  0.011943  0.016013

HSN .300319  0.343737  0.350958  0.338810  0.316967 HSN 0.187097  0.176957 0.202250 0.218261

GEM-CNN TP 0.162816  0.360806 0.392525 0.364543 0.332837 < 0.01  0.636870 GEM-CNN TP 0.048718  0.062328  0.079397 < 0.01  0.565116
GEM-CNN+ 0.158810  0.383716 0.402525 0372068 GEM-CNN+ . 0.025531  0.024139  0.036444

EMAN 0.142663  0.367954 0.376597  0.336836 EMAN 1543465 0.121024  0.062960  0.078317  0.099171

EMAN+ 0.166023  0.408062 0.403585  0.375784 EMAN+ 0.557461  0.048093  0.022581  0.025459  0.030680
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A.6 ModelNetl0 benchmark: observation tables for ANOVA hypothesis tests

Table 18: MIN10 benchmark. The tables used to conduct ANOVA hypothesis tests on observed test-

Architecture  Charting Algorithm 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 p-value partial 52
1SC 0.596916  0.444934  0.733480 0.784141 0.792952 0.792952 0.817181 0.841410 0.821586  0.850220
GCNN 0.697137 0.686123 0.714758 0.704846 0.715859 0.751101 0.708150 0.752203 0.737885 0.785242
HSN 0.581498  0.616740 0.672907 0.667401 0.710352 0.685022 0.743392 0.710352 0.698238  0.692731
GEM-CNN DGPC 0.112335 0.192731 0.482379 0.620044 0.646476 0.690529 0.678414 0.674009 0.675110 0.675110 < 0.01  0.386495
GEM-CNN+ 0.116740  0.226872  0.658590 0.677313 0.779736  0.720264 0.726872 0.737885 0.702643 0.762115
EMAN 0.118943  0.197137 0.431718 0.427313  0.578194 0.438326 0.529736  0.476872 0.600220 0.484582
EMAN+ 0.122247 0.178414 0.388767 0.491189 0.440529 0.431718 0.466960 0.441630 0.422908 0.405286
ISC 0.626652 0.563877 0.726872 0.740088 0.745595 0.786344 0.783040 0.785242 0.805066 0.808370
GCNN 0.732379  0.659692 0.704846  0.733480 0.690529 0.718062 0.748899 0.716960 0.761013 0.724670
HSN 0.595815  0.590308 0.626652 0.636564 0.557269 0.626652 0.657489 0.620044 0.587004 0.657489
GEM-CNN FMM 0.116740  0.201542  0.508811 0.601322 0.649780 0.687225 0.689427 0.640969 0.636564 0.635463 < 0.01  0.310557
GEM-CNN+ 0.122247  0.242291  0.553965 0.642070 0.676211 0.653084 0.643172 0.670705 0.655286 0.694934
EMAN 0.127753  0.180617 0.395374 0.505507 0.556167 0.476872 0.534141 0.637665 0.493392 0.505507
EMAN+ 0.113436  0.186123  0.432819  0.374449 0.414097 0.406388 0.383260 0.334802 0.355727  0.400881
1SC 0.651982  0.677313  0.744493  0.744493  0.747797 0.754405 0.799559 0.789648 0.819383  0.792952
GCNN 0.686123 0.653084 0.702643 0.683921 0.712555 0.721366 0.715859 0.764317 0.748899 0.746696
HSN 0.567181  0.596916  0.659692 0.616740 0.600220 0.633260 0.594714 0.655286 0.621145 0.626652
GEM-CNN HDM 0.137665 0.335903  0.625551 0.661894 0.653084 0.632159 0.620044 0.613436 0.631057 0.603524 < 0.05  0.287720
GEM-CNN+ 0.139868 0.354626 0.634361 0.633260 0.603524 0.626652 0.664097 0.637665 0.678414 0.694934
EMAN 0.122247  0.212555  0.454846  0.503304 0.527533 0.454846 0.574890 0.437225 0.599119  0.656388
EMAN+ 0.116740  0.231278  0.495595 0.407489 0.399780 0.421806 0.334802 0.400881 0.386564 0.334802
ISC 0.584802 0.601322 0.606828 0.707048 0.742291 0.768722 0.765419 0.762115 0.773128 0.840308
GCNN 0.697137  0.657489  0.689427  0.735683 0.685022 0.764317 0.667401 0.744493 0.733480 0.740088
HSN 0.621145 0.589207 0.646476 0.604626 0.607930 0.617841 0.618943 0.616740 0.621145 0.613436
GEM-CNN TP 0.109031 0.178414 0.500000 0.555066 0.624449 0.567181 0.564978 0.583700 0.552863 0.562775 <0.1 0.220762
GEM-CNN+ 0.107930  0.188326  0.505507 0.545154  0.555066 0.562775 0.637665 0.564978  0.640969 0.649780
EMAN 0.110132  0.149780 0.278634 0.409692 0.515419 0.536344 0.506608 0.495595 0.417401 0.468062
EMAN+ 0.110132  0.172907 0.284141 0.297357 0.312775 0.300661 0.279736  0.327092 0.223568 0.308370

Table 19: MIN10 benchmark. The tables used to conduct ANOVA hypothesis tests on observed test-
accuracies (Table |10} left).

Architecture ¢ DGPC FMM HDM TP p-value partial n?>  Architecture ¢ DGPC FMM HDM TP p-value partial n?
ISC 0.596916  0.626652 0.651982  0.584802 1SC 0.792952  0.786344  0.754405 0.768722
GCNN 0.697137  0.732379  0.686123  0.697137 GCNN 0.751101  0.718062 0.721366 0.764317
HSN 0.581498  0.595815 0.567181  0.621145 HSN 0.685022  0.626652 0.633260 0.617841
GEM-CNN 0.01 0.112335 0.116740 0.137665 0.109031 > 0.1 0.000564 GEM-CNN 0.06 0.690529 0.687225 0.632159 0.567181 > 0.1 0.023919
GEM-CNN+ 0.116740  0.122247  0.139868  0.107930 GEM-CNN+ 0.720264  0.653084  0.626652 0.562775
EMAN 0.118943  0.127753  0.122247  0.110132 EMAN 0.438326  0.476872  0.454846  0.536344
EMAN+ 0.122247  0.113436  0.116740 0.110132 EMAN+ 0.431718  0.406388  0.421806  0.300661
ISC 0.444934  0.563877  0.677313  0.601322 ISC 0.817181  0.783040  0.799559  0.765419
GCNN 0.686123  0.659692  0.653084  0.657489 GCNN 0.708150  0.748899  0.715859  0.667401
HSN 0.616740  0.590308 0.596916  0.589207 HSN 0.743392  0.657489  0.594714  0.618943
GEM-CNN 0.02 0.192731 0.201542 0.335903 0.178414  >0.1  0.022752 GEM-CNN 0.07 0.678414 0.689427 0.620044 0.564978 > 0.1  0.058904
GEM-CNN+ 0.226872  0.242291  0.354626  0.188326 GEM-CNN+ 0.726872  0.643172  0.664097  0.637665
EMAN 0.197137  0.180617  0.212555  0.149780 EMAN 0.529736  0.534141  0.574890  0.506608
EMAN+ 0.178414  0.186123  0.231278  0.172907 EMAN+ 0.466960  0.383260 0.334802  0.279736
ISC 0.733480  0.726872  0.744493  0.606828 1sC 0.841410  0.785242  0.789648 0.762115
GCNN 0.714758  0.704846  0.702643  0.689427 GCNN 0.752203  0.716960 0.764317  0.744493
HSN 0.672907  0.626652 0.659692  0.646476 HSN 0.710352  0.620044  0.655286  0.616740
GEM-CNN 0.03 0.482379 0.508811 0.625551 0.500000 >0.1 ~ 0.097571  GEM-CNN 0.08 0.674009 0.640969 0.613436 0.583700 > 0.1  0.040183
GEM-CNN+ 0.658590  0.553965 0.634361  0.505507 GEM-CNN+ 0.737885 0.670705 0.637665 0.564978
EMAN 0.431718  0.395374  0.454846  0.278634 EMAN 0.476872  0.637665 0.437225 0.495595
EMAN+ 0.388767  0.432819  0.495595  0.284141 EMAN+ 0.441630  0.334802  0.400881  0.327092
ISC 0.784141  0.740088  0.744493  0.707048 ISC 0.821586  0.805066 0.819383 0.773128
GCNN 0.704846  0.733480  0.683921  0.735683 GCNN 0.737885 0.761013  0.748899  0.733480
HSN 0.667401  0.636564 0.616740  0.604626 HSN 0.698238  0.587004 0.621145 0.621145
GEM-CNN 0.04 0.620044 0.601322 0.661894 0.555066 > 0.1 0.048955 GEM-CNN 0.09 0.675110 0.636564 0.631057 0.552863 > 0.1 0.062779
GEM-CNN+ 0.677313  0.642070  0.633260 0.545154 GEM-CNN+ 0.702643  0.655286  0.678414  0.640969
EMAN 0.427313  0.505507  0.503304  0.409692 EMAN 0.600220  0.493392  0.599119  0.417401
EMAN+ 0.491189  0.374449  0.407489  0.297357 EMAN+ 0.422908  0.355727  0.386564  0.223568
1SC 0.792952  0.745595  0.747797  0.742291 1SC 0.850220  0.808370  0.792952  0.840308
GCNN 0.715859  0.690529  0.712555 0.685022 GCNN 0.785242  0.724670  0.746696 0.740088
HSN 0.710352  0.557269  0.600220 0.607930 HSN 0.692731  0.657489  0.626652 0.613436
GEM-CNN 0.05 0.646476 0.649780 0.653084 0.624449 >0.1  0.072891  GEM-CNN 0.1 0.675110 0.635463 0.603524 0.562775 > 0.1  0.026557
GEM-CNN+ 0.779736  0.676211  0.603524  0.555066 GEM-CNN+ 0.762115  0.694934  0.694934  0.649780
EMAN 0.578194  0.556167  0.527533  0.515419 EMAN 0.484582  0.505507  0.656388  0.468062
EMAN+ 0.440529  0.414097  0.399780  0.312775 EMAN+ 0.405286  0.400881 0.334802  0.308370
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A.7 PlanetSWE benchmark: observation tables for ANOVA hypothesis tests

Table 20: PlanetSWE benchmark. The tables used to conduct ANOVA hypothesis tests on observed
VRMSE values (Table. upper). [Left] 1-step VRMSE observations. [Right] 3-step VRMSE observations.

Architecture cg  DGPC FMM HDM TP p-value partial n?>  Architecture cg  DGPC FMM HDM TP p-value partial n?
ISC 0.023237  0.026104  0.025541  0.025584 ISC 0.068340  0.075485  0.074371  0.074504
GCNN 0.022186  0.025528  0.025009  0.025287 GCNN 0.066480 0.074512 0.073418 0.073798
HSN 0.022246  0.025552  0.025523  0.025650 HSN 0.067614  0.075451  0.075410  0.075644
GEM-CNN 0.01  0.026988 0.025950 0.025965 0.026297 >0.1  0.113185 GEM-CNN 0.01  0.076054 0.075842 0.075907 0.075988 < 0.01  0.432775
GEM-CNN+ 0.026280  0.025824  0.025476  0.025511 GEM-CNN+ 0.074094  0.075574  0.074991  0.075041
EMAN 0.028281  0.028366  0.029030  0.025697 EMAN 0.074031  0.078384 0.077911  0.075084
EMAN+ 0.027587  0.029987 0.029142 0.026301 EMAN+ 0.073538 0.080241 0.079138 0.075473
1sC 0.021444  0.025606 0.025890  0.025818 IsC 0.064018  0.074072  0.074742  0.074862
GCNN 0.020579  0.024827 0.025232  0.025154 GCNN 0.062503  0.072724  0.073839  0.073771
HSN 0.022475  0.025537  0.025622  0.025626 HSN 0.068196  0.075318  0.075555  0.075566
GEM-CNN 0.02  0.027206 0.025897 0.025763  0.025632 >0.1 0.031787 GEM-CNN 0.02 0.076238 0.075744 0.075708 0.075573 >0.1 0.094434
GEM-CNN+ 0.026162  0.025593  0.025646  0.025597 GEM-CNN+ 0.073346  0.075150  0.075339  0.075313
EMAN 0.036702  0.026052 0.025652  0.025542 EMAN 0.082906 0.075516  0.075304  0.075240
EMAN+ 0.034243  0.030662  0.025929  0.025790 EMAN+ 0.079842  0.079897  0.075327  0.075410
1SC 0.021884  0.025653 0.025823  0.026100 1SC 0.064037  0.073786  0.074479  0.074471
GCNN 0.020529  0.024799  0.024977  0.024932 GCNN 0.062098  0.072513  0.073053  0.072675
HSN 0.022434  0.025491  0.025664  0.025540 HSN 0.068063  0.075158  0.075595 0.075349
GEM-CNN 0.03  0.027320 0.025891 0.025916 0.025722  >0.1  0.099436 ~ GEM-CNN 0.03 0.076218 0.075728 0.075808 0.075692 < 0.01  0.401805
GEM-CNN+ 0.026079  0.025633  0.025575  0.025459 GEM-CNN+ 0.072810 0.075188 0.075107 0.074818
EMAN 0.028803  0.026121  0.025783  0.025294 EMAN 0.076121  0.075330  0.074911  0.073909
EMAN+ 0.025021  0.026555 0.026248  0.026803 EMAN+ 0.067860  0.075600 0.075362 0.076183
ISC 0.022848  0.025960 0.026253  0.026448 ISC 0.065808  0.073750  0.074314  0.075047
GCNN 0.020740  0.024613  0.024667 0.024698 GCNN 0.062348  0.071912  0.072096 0.072116
HSN 0.022413  0.025446  0.025550  0.025554 HSN 0.067958  0.075109 0.075422  0.075406
GEM-CNN 0.04 0.027510 0.025795 0.025772 0.025769 > 0.1 0.117531 ~ GEM-CNN 0.04 0.076317 0.075834 0.075724 0.075769 < 0.01  0.445806
GEM-CNN+ 0.026235  0.025485  0.025429  0.025563 GEM-CNN+ 0.072647  0.074884  0.074703  0.074982
EMAN 0.027518  0.027418 0.026916 0.025862 EMAN 0.073608 0.077598  0.076289 0.074896
EMAN+ 0.025373  0.026341  0.026016  0.026682 EMAN+ 0.068570  0.075416  0.074972  0.076274
IsC 0.022450  0.025928  0.026972  0.026697 1SC 0.065034  0.073661 0.075066 0.074859
GCNN 0.021018  0.024813  0.024745  0.024648 GCNN 0.062406  0.071964  0.071965 0.071992
HSN 0.022405 0.025422  0.025559  0.025557 HSN 0.067791  0.075015 0.075401
GEM-CNN 0.05 0.027774 0.025866 0.025864 0.025858  >0.1  0.062005 GEM-CNN 0.05 0.076371  0.075852 0.075860 < 0.01  0.438135
GEM-CNN+ 0.026334  0.025525  0.025454  0.025484 GEM-CNN+ 0.072349  0.074829 0.074701  0.074721
EMAN 0.025998  0.025099  0.025454  0.025480 EMAN 0.071076  0.073717 0.074125 0.074495
EMAN+ 0.028829  0.027069  0.028048  0.027824 EMAN+ 0.072146  0.075806  0.077143  0.076925

Table 21: PlanetSWE benchmark. The tables used to conduct ANOVA hypothesis tests on observed
VRMSE values (Table lower). [Left] 1-step VRMSE observations. [Right] 3-step VRMSE observations.

Architecture  Charting Algorithm 0.01 0.02 0.03 0.04 0.05 p-value partial 7> Architecture  Charting Algorithm 0.01 0.02 0.03 0.04 0.05 p-value partial 72
1SC 0.023237  0.021444  0.021884  0.022848 : 1SC 0.068340  0.064018  0.064037 0.065808 0.065034
GCNN 0.022186  0.020579  0.020529 0.020740 GCNN 0.066480 0.062503 0.062098 0.062348  0.062406
HSN 0.022246  0.022475 34 0.022413 HSN 0.067614  0.068196 0.068063 0.067958 0.067791
GEM-CNN DGPC 0.026088  0.027206 0. 0.027510 0.058139  GEM-CNN DGPC 0.076054 0.076218  0.076317 0.076371  >0.1  0.050791
GEM-CNN+ 0.026280 0.026162 0.026079 0.026235 0.026334 GEM-CNN+ 0.072810  0.072647  0.072349
EMAN 0.028281  0.036702  0.028803 0.027518  0.025998 EMAN 0.076121  0.073608  0.071076
EMAN+ 0.027587 43 0025021 0.025373  0.028829 EMAN+ 0.079842  0.067860 0.068570 0.072146
1SC 0.026104 0.025653  0.025960 : 1SC 0.074072  0.073786  0.073750  0.073661
GCNN 0.025528 0.024799  0.024613 GCNN 0072724 0.072513  0.071912  0.071964
HSN 0.025552 0.025491  0.025446 HSN 0.075318  0.075158 0.075109  0.075015
GEM-CNN FMM 0.025950 0.025891  0.025795 0.025866 >0  0.104685 ~GEM-CNN FMM 0.075744  0.075728  0.075834  0.075852 >0  0.167484
GEM-CNN+ 0.025824 0.025633  0.025485 0.025525 GEM-CNN+ 0.075150 0.075188 0.074884  0.074829
EMAN 0.028366  0.026052 0.026121 0.027418  0.025099 EMAN 0.075516  0.075330  0.077598  0.073717
EMAN+ 0.020987 0.030662 0.026555 0.026341 0.027069 EMAN+ 0.079897  0.075600 0.075416  0.075806
1SC 0.025541  0.025800 0.025823 0.026253 0.026972 1SC 0.074742  0.074479  0.074314  0.075066
GCNN 0.025009 0.025232  0.024977  0.024667 0.024745 GCNN 0.073053  0.072096  0.071965
HSN 3 0.025664  0.025550 0.025559 HSN 0.075595  0.075422  0.075392
GEM-CNN HDM 0.025916  0.025772 0.025864 >0  0.100961 ~GEM-CNN HDM 0.075808  0.075724  0.075857  >0.1  0.086125
GEM-CNN+ 0.025575 0025429  0.025454 GEM-CNN+ 0.075107  0.074703  0.074701
EMAN 0.025783  0.026916  0.025454 EMAN 0.077911 0.074911  0.076289  0.074125
EMAN+ 0.029142 0.026248  0.026016  0.028048 EMAN+ 0.079138 0.075362  0.074972  0.077143
1SC 0.025384  0.025818  0.026100 0.026607 1SC 0.074504  0.074862 0.074471 0.075047 0.074859
GCNN 0.025287  0.025154  0.024932 0.024648 GCNN 0.073771  0.072675  0.072116  0.071992
HSN 0.025650 0.025626  0.025540 0.025557 HSN 0.075349 ; 0.075401
GEM-CNN TP 0.026297  0.025632  0.025722 0.025858 >0  0.035138 GEM-CNN TP ¢ 0.075860 >0 0.016517
GEM-CNN+ 0.025511  0.025597  0.025459 0.025484 GEM-CNN+ 0.075041 X 0.074721
EMAN 0.025697  0.025542 0025294 0.025480 EMAN 0.075084 0.073909 0.074495
EMAN+ 0.026301  0.025790  0.026803 0.027824 EMAN+ 0.075473 0.076183  0.076274  0.076925
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A.8 Differences between original convolution formulations and framework instances

Table 22: Comparison between the original convolution formulations and their instantiations within our
parametric framework (cf. equation. Depending on the convolution one compares against, the framework

adjusts how weights are accessed or how features are sampled from the surface.

Architecture Neighborhood support How features are sampled How weights are sampled
sampling locations soft-binning trainable weights integration weights
GCNN (Masci et al. up to injectivity radius from template vertices 2D Gaussian weighting us-  defined at template ver- -

GCNN (framework)

up to injectivity radius

from template vertices

ing point-to-set distance
for directional weighting
2D Gaussian weighting
using  shortest
distance for
weighting

directional

angular

tices

defined at template wver-
tices

HSN (Wiersma et al.

2020

up to injectivity radius

up to injectivity radius

from mesh vertices

from template vertices

Dirac kernel

linear interpolation of ra-
dial profiles at mesh ver-
tices
ofined at template wver-
tices

area of surrounding mesh
triangles

GEM-CNN
GEM-CNN

Haan et al.||2021
Tamewor

one-hop neighborhood
up to injectivity radius

from mesh vertices
from template vertices

Dirac kernel

defined at mesh vertices
defined at template wver-
tices

EMAN
EMAN

Basu et al. 2{]22'
Tamewor’

one-hop neighborhood
up to injectivity radius

from mesh vertices
from template vertices

Dirac kernel

defined at mesh vertices
defined at template wver-

tices

A.9 A numerical validation of gauge-equivariance

In this section, we numerically validate that each gauge-equivariant layer listed in Table [4] approximately
satisfies the gauge-equivariance constraint from Definition in practice. Definition requires:

Vg € G : p(g) (5% 1) (w;wu) = (s 1) (u; 97" wu)

That is, the result of a convolution computed in the rotated gauge g~'w, should be equal to the result

of a convolution computed using the original gauge which is transformed by the output representation
p(9) = Pout(9)-
As discussed by Weiler & Cesal (2019)), a representation p(g) can be defined as the direct sum of irreducible

representations of SO(2). Therefore, we rotate each two-dimensional element of a feature vector individually
using a rotation matrix associated to its (rotation-) type (cf. Section GEM-CNNs).

Furthermore, as discussed by [Haan et al| (2021), gauge-rotations g~!w, not only require to adjust the

barycentric coordinates but also induce a basis change for input features . Accordingly, @ is transformed
by pin(g) prior to the convolution. This process is analogous to how we transport feature vectors between
fibers (cf. Section parallel transport). Algorithm [1| summarizes our numerical gauge-equivariance test-
procedure using pseudo-code.
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0.0175 4 0.0175 GEM
. - —8— GEM+
—8— EMAN
0.0150 1 0.0150 —o— EMAN+
9 o
8 8
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2 4
© °
2 0.0100 2 0.0100
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$ 00075 1 $ 00075
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Rotation angle [°] Rotation angle [°]

Figure 11: [Left] The average cosine distance between p(g) (s * t) (u;wy) and (s *t) (u; g~  wy) over 6890
predictions on a FAUST shape. [Right] The average over cosine distances below the 99%-quantile.
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Our tests include each gauge-equivariant layer from Table 4] using charts with a maximum radius of cg = 0.05
and the following template configuration: N, =4, Ny = 8, 7 = 0.01. The results for each gauge-equivariant
convolution layer are shown in Figure The left figure shows that across all architectures the maximum
observed cosine distance between the L.H.S. and R.H.S. of the gauge-equivariance constraint equals ~ 0.02.
Considering only values below the 99% quantile, illustrated by the right figure, halves the maximum cosine-
distance to ~ 0.01. These results provide numerical evidence that the proposed implementations preserve
gauge-equivariance in the sense of Definition up to small discretization and numerical errors.

Algorithm 1 Numerical Gauge-Equivariance Validation

Require: Atlas A (collection of charts for given shape), convolution layer f, representation p, rotation
angles ©
Ensure: Equivariance error for each rotation angle
1: for all # € © do
2: Rotate local charts using R(0) € SO(2): > conduct gauge rotation

A+ R(@)- A
3: Compute barycentric coordinates
B+ BC(A), B’ + BC(A)
4: Sample random input features > one feature vector per vertex
x ~N(0,1)
5: Basis change of input feature vector > due to gauge rotation
x' < pin(—0)z
6: Compute convolution outputs > RH.S.: vy = (sx*t) (u; g ! wu)
y < f(x,B), vy « f(=',B)
7: Transform output of convolution that used the non-rotated gauge > L.H.S.: g = p(g) (s*t) (u;wa)
G < pout(—0)y
8: Compute the average cosine distance
€9 = mean <1 — <~Q,y'>>
9l

9: end for
10: return {ep}oco
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A.10 Repetition results

Table 23: Repetition results for the FAUST benchmark. The top table shows the repeated experiment
results that achieved best performance. The lower table shows the repeated experiment results that achieved
the lowest performance.

Architecture  Charting Algorithm CR Trial 1 Trial 2 Trial 3 Mean Accuracy std. Accuracy

EMAN DGPC 0.02 0.356763 0.373977 0.380573 0.370438 0.010037
EMAN+ FMM 0.03 0.502627 0.510044 0.522112 0.511594 0.008030
EMAN+ HDM 0.03 0.501372 0.513033 0.525073 0.513159 0.009676
EMAN+ TP 0.03 0.430726 0.431618 0.442409 0.434918 0.005310
GCNN DGPC 0.03 0.174891 0.190392 0.199956 0.188413 0.010328
EMAN FMM 0.01 0.243694 0.250994 0.251887 0.248858 0.003670
EMAN HDM 0.01 0.270080 0.271364 0.275450 0.272298 0.002290
EMAN TP 0.01 0.148512 0.148534 0.150929 0.149325 0.001134

Table 24: Repetition results for the MIN10 benchmark. The top table shows the repeated experiment results
that achieved best performance. The lower table shows the repeated experiment results that achieved the
lowest performance.

Architecture  Charting Algorithm CR Trial 1 Trial 2 Trial 3 Mean Accuracy std. Accuracy

ISC DGPC 0.10 0.776432 0.790749 0.792952 0.786711 0.007324
ISC FMM 0.10 0.669604 0.696035 0.712555 0.692731 0.017690
ISC HDM 0.09 0.715859 0.733480 0.789648 0.746329 0.031464
ISC TP 0.10 0.708150 0.719163 0.747797 0.725037 0.016710
GEM-CNN DGPC 0.01 0.124449 0.126652 0.127753 0.126285 0.001374
EMAN+ FMM 0.01 0.114537 0.121145 0.135463 0.123715 0.008734
EMAN+ HDM 0.01 0.113436 0.118943 0.126652 0.119677 0.005420
GEM-CNN+ TP 0.01 0.109031 0.109031 0.111233 0.109765 0.001038

Table 25: Repetition results for the PlanetSWE 3-step rollout benchmark. The top table shows the repeated
experiment results that achieved best performance. The lower table shows the repeated experiment results
that achieved the lowest performance.

Architecture  Charting Algorithm CR Trial 1 Trial 2 Trial 3 Mean VRMSE std. VRMSE

GCNN DGPC 0.03 0.062151 0.062158 0.062296 0.062201 0.000067
GCNN FMM 0.04 0.072072 0.072165 0.072211 0.072149 0.000058
GCNN HDM 0.05 0.071597 0.071765 0.072080 0.071814 0.000200
GCNN TP 0.05 0.071815 0.072055 0.072186 0.072019 0.000154
EMAN DGPC 0.02 0.070775 0.071610 0.085681 0.076022 0.006838
EMAN+ FMM 0.01 0.076380 0.076556 0.077970 0.076969 0.000712
EMAN+ HDM 0.01 0.074933 0.075305 0.077995 0.076077 0.001364
EMAN+ TP 0.05 0.075690 0.076804 0.077481 0.076658 0.000739
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