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Abstract

Non-convex constrained optimizations are ubiquitous in robotic applications such as multi-agent navigation, UAV
trajectory optimization, and soft robot simulation. As a common feature in these problems, the associated non-
convex constraints, including collision constraints, inversion-free constraints, and strain limits, are also non-smooth
with ill-defined gradients. It is well-known that such constraints are notoriously difficult to handle, for which off-the-
shelf optimizers can fail catastrophically. Instead, prior works tend to design problem-specific optimizers that trade
performance for robustness. To efficiently solve this problem class in a unified manner, we propose a variant of
Alternating Direction Method of Multiplier (ADMM), called BC-ADMM. Over the past decade, ADMM has achieved
great success in efficiently solving many large-scale (constrained) optimization problems by decoupling them into sub-
problems that can be solved in parallel. However, prior ADMM algorithms do not have convergence guarantee when
dealing with a large number of non-convex constraints with loopy constraint graphs. Instead, our BC-ADMM relaxes
each non-convex constraint into a bi-convex function, further breaking the constraint into two sub-problems. We show
that such relaxation leads to both theoretical convergence speed guarantees and practical convergence guarantees in
the asymptotic sense. Through numerical experiments in a row of four robotic applications, we show that BC-ADMM

has faster convergence than conventional gradient descent and Newton’s method in terms of wall clock time.
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Introduction

Non-convex constrained optimization problems are perva-
sive in robotics, particularly in areas such as geometric
processing, motion planning, soft-robot modeling, and multi-
agent navigation. These challenges commonly arise in appli-
cations like deformable body simulation Lipson (2014);
Kovalsky et al. (2015), collision-free trajectory optimiza-
tion Zhang et al. (2020), and multi-robot coordination Guy
et al. (2009), among others. Solving such problems is
notoriously difficult for two main reasons. First, they often
involve large-scale formulations with a high number of
decision variables and constraints. For instance, the number
of variables can grow superlinearly with mesh resolution. In
multi-agent navigation, the number of collision constraints
increases quadratically with the number of agents-reaching
on the order of 10* constraints for 102 agents in our eval-
uations. Similarly, in soft robot modeling using the finite
element method, the number of elements can reach 102,
while collision and strain-limiting constraints may scale up
to 108. Second, many of these non-convex constraints are
also non-smooth, often lacking well-defined gradients. A
common example is the collision avoidance constraint. To
illustrate this challenge, consider the simple scenario shown
in Figure 1, where a circular robot attempts to reach a target
position while avoiding a triangle-shaped obstacle. This
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problem can be formulated as the following optimization:

argmin ||z, — z7||?
“ (1)

S.t. infx/eCH(zg’zg’z4)‘|$1 — .f/H Z r,

which involves a single non-convex collision constraint. It is
well-known that this constraint function is non-smooth due
to the point-to-set distance function inf, ccr(zy,24,24) |71 —
2'||. Indeed, as illustrated in Figure 2, such a distance func-
tion has a vanishing gradient when x; € CH® (22, 3, 24)
where CH® indicates the interior of the convex hull,
but a unit-norm directional derivative exists when x; ¢
CH® (.’132, s, 334).

Solving constrained optimizations with non-smooth, non-
convex constraint functions is notoriously difficult for
general-purpose optimization algorithms, such as sequential
quadratic programming and primal-dual interior point
method Nocedal and Wright (1999), as implemented in
mature software packages SNOPT Gill et al. (2005) and
IPOPT Wachter (2002). All these algorithms are infeasible
point optimizers, meaning that they do not assume the
intermediary solutions during an optimization are strictly
feasible. Instead, they rely on the gradient of constraints to
be non-vanishing, which could be used to recover feasibility
from infeasible initial guesses. Unfortunately, such non-
vanishing-gradient assumptions on the constraint functions
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Figure 1. We optimize the position of a circular robot with a
radius = under collision constraint, which is located at z; € RZ.
The robot needs to reach the goal position x7, while avoiding
the triangular obstacle spanned by its three vertices x2, x3, x4.
We can formulate this problem as an optimization with the
collision constraint inf,/ccr(zy,z4,24) |1 — 2’|| > r. Here CH
denotes the closed convex set spanned by a set of vertices.

are frequently violated in practical problems, e.g. when
x1 € CH® (2, 23, x4) in Equation 1. The violation of these
assumptions can lead to catastrophic failure of infeasible
point optimizers by getting stuck at an infeasible solution,
as analyzed in Schulman et al. (2014); Byravan et al. (2014).

O,

S CHO(an xs3, x4)

z1 ¢ CH® (22, x3, 24)

Figure 2. We illustrate two cases of the non-smooth collision
constraint function. Left: When 1 ¢ CH®(z2, z3, x4), the
function is locally differentiable with a gradient (red arrow)
satisfying ||0[info coti(as ,wg,00) 121 — 2'[| — 7] /021 || = 1.
Right: When z1 € CH°(z2, 23, z4), then gradient vanishes.

To address the difficulty of infeasible point optimizers,
researchers have noticed that many non-smooth constraints
are indeed sufficiently smooth in the feasible domain. For
example, the point-to-set distance function in Equation |
is differentiable with unit-norm gradient when restricted to
its feasible domain. Therefore, several works have proposed
to use a feasible interior point method by using a barrier
function to restrict the solution in its feasible domain. In
the example of Equation 1, the constrained optimization is
transformed into the following unconstrained optimization,
which can then be solved using gradient descend or Newton’s
method:

argmin ||z — 2*||* —log. [infyech(y oy |2 — yll — 7]
xT

2
with log, being a locally supported variant of log-barrier
function depending on a hyperparameter e. Starting from
a feasible initial guess, the feasible interior point method
maintains constraint feasibility and thus avoids the issue
of non-smoothness. It can be shown that the function log,
can be designed such that the local solution of Equation 2
is also a local solution of Equation | as € tends to
zero. Variants of such feasible interior point methods have
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been proposed to solve problems in deformable body
simulation Li et al. (2020); Du et al. (2024), collision-free
trajectory optimization Ni et al. (2022); Zhang et al. (2024),
and multi-robot navigation Van den Berg et al. (2008);
Karamouzas et al. (2017). These works use problem-specific
barrier functions to achieve the ideal balance between
computational efficacy, robustness, and solution quality.
However, despite their robustness, the computational efficacy
has been compromised as compared with the infeasible point
methods Gill et al. (2005); Wachter (2002). This is because
the optimizer needs to take very small step sizes so that none
of the constraints are violated. Typically, the global step size
is upper bounded by the single, most stringent constraint.

In this work, we propose an unified structure-aware opti-
mizer to improve the computational efficacy of feasible inte-
rior point method. Unlike black-box numerical algorithms,
structure-aware optimizers Chang et al. (2014); Jiang et al.
(2019); Khatana and Salapaka (2022) exploit the properties
in objective functions and accelerate computation. Recently,
Alternating Direction Method of Multipliers (ADMM), a
prominent structure-aware optimization algorithm, has been
extensively applied to general physics simulation Overby
et al. (2017), geometric processing Ouyang et al. (2020),
motion planning Ni et al. (2022) and multi-agent navi-
gation Saravanos et al. (2021) problems. These methods
utilize the fact that objective functions and constraints can
be decomposed into terms related to small subsets of vari-
ables, leading to a set of smaller sub-problems that can be
solved efficiently and in parallel. The solutions of these sub-
problems are then summarized into a unified set of variables,
forming a consensus Boyd et al. (2011). Unlike the infeasible
interior point method, where the entire solution is updated
using a global step size, ADMM solves each sub-problem
independently, allowing them to take much larger step sizes.
Further, by allowing these sub-problems to be solved in
parallel, ADMM enjoys a low iterative cost, allowing it
to quickly converge to an approximate solution for large
problem instances.

However, we observe that when the sub-problems imply
non-convex constraints and the connectivity between con-
straints has loops, then existing structured optimization
algorithms are not guaranteed to converge. Unfortunately,
such problems are ubiquitous in all the aforementioned
paradigms. An illustrative toy example is provided in Fig-
ure 3 where we optimize collision-free poses for 3 robots.
Variants of this problem have been considered in prior
works Van den Berg et al. (2008); Karamouzas et al. (2017).
In this case, collision constraints exist between each pair of
the 3 robots. If we consider each robot as the node of a graph,
and each collision constraint is an edge connecting the pair
of robots potentially in collision, then the constraint graph
has a loop. Surprisingly, existing convergence analyses of the
ADMM algorithm can fail for loopy constraint graphs. This
limitation prevents ADMM from being adopted in a wide
range of robotic applications.

In this work, we propose a variant of ADMM called
Biconvex ADMM (BC-ADMM). For a special kind of non-
convex optimization that endows a bi-convex relaxation,
our algorithm takes as input a strictly feasible solution
and maintains its feasibility during the optimization. BC-
ADMM adopts the same algorithm pipeline as standard
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Figure 3. We optimize the position of three circular robots with
a uniform radius 7 under collision constraints, where their
position variables are denoted as z12,3 € R? concatenated into
a decision variable = € R®. The objective function f : R® — R
is designed for the three robots to reach their distinctive goals
x}, which is defined as 3% | ||z; — «}||*. Each collision
constraint is modeled as an extended-real log-barrier function
P € R* = R* U {00} defined as

Pz, x;) = —log, (|| — x;]| — 2r), with log, being a locally
supported variant of log-barreir function. Altogether, we need
three barrier functions Py (z1,x2), Pr(x2,x3), and Pr(z3,x1),
of which the corresponding constraint graph has a loop.
Unfortunately, existing ADMM algorithm does not have
convergence guarantee for this problem.

Figure 4. We can reformulate the log-barrier function

P, (x;, ;) in Figure 3 into an augmented function
Pr(z:,x;,m45,di;). This is done by introducing separating
planes between the pair of robots x; and x; and require that the
two robots lie on different sides of the separating plane, with the
normals and offsets of these separating planes (red) denoted
as n;; and d;;, respectively. We cancatenate all these variables
into z = (n127, dia”, n2s7, d2s”, ns T, ds ™). By proper
design, we can make the function P, convex in (x:, ;) and in
(nij, dij ) but not both. We refer readers to Section for more
details on the design of the function P;.

distributed ADMM Boyd et al. (2011). Under proper
parameter choices, we show that our algorithm has an
oracle complexity of O(e~2). Further, by maintaining the
feasibility of solutions, BC-ADMM pertains the desirable
property similar to anytime motion planner Karaman et al.
(2011), aka. it allows the algorithm to be terminated anytime
while returning a feasible solution. We propose practical
implementations of our method and show that a large class
of known optimization problems in motion planning, robot
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simulation, and trajectory optimization problems can be
modeled after our framework. In the case of Figure 3,
we can relax the collision constraint using the celebrated
hyperplane separation theorem by inserting a separating
plane between each pair of potentially colliding robots
as illustrated in Figure 4. Our main contributions are
summarized below:

* A bi-convex relaxation of a class of non-smooth
optimization problems, including meotion planning,
soft-robot simulation, multi-agent navigation, and
trajectory optimization.

* A provably robust variant of ADMM for solving the
relaxed constrained optimization.

Related Work

In this section, we first review the development and
limitations of general-purpose constraint optimizers. Next,
we review related works on structured optimization
techniques. Finally, we discuss several applications in the
robotic community, which involve optimization problems
that can be handled by our BC-ADMM.

General-purpose Constrained Optimizations

General-purpose constrained optimization solvers are
designed to be applicable for a large problem class with
no assumptions on the underlying structures of objective
and constraint functions. Typically, they only require
these functions to be (twice-)differentiable. Algorithms for
constrained optimization include the augmented Lagrangian
method, the sequential quadratic programming, and the
interior point method. These algorithms have been built
into mature software packages, such as LANCELOT Conn
et al. (2013), SNOPT Gill et al. (2005), and IPOPT Wachter
(2002), and are widely used in optimization problems
from robotic applications. However, their convergence
to feasible solutions relies on strong assumptions on the
Jacobian of constraint functions, which are known as
constraint qualifications Boggs and Tolle (1995); Birgin
and Martinez (2008). These constraint qualifications ensure
that an infeasible solution can be guided back to the
feasible domain by the gradients of the constraint functions.
Unfortunately, it is non-trivial to check and ensure that
constraint qualifications are satisfied for practical problems.
Even worse, in problems as illustrated in Figure 1, constraint
qualifications are known to fail in many cases. All these
factors lead to the lack of robustness in using general-
purpose constrained optimizers with failure cases observed
and analyzed in several prior works Schulman et al. (2014);
Byravan et al. (2014); Pan et al. (2022).

Recently, it has been discovered that several non-smooth
constraint functions are indeed smooth when restricted to
their feasible domain, which includes collision constraints Li
et al. (2020); Karamouzas et al. (2017); Ni et al. (2021),
inversion-free constraints Fu and Liu (2016), and strain
limits [i et al. (2020). Researchers thus propose to use
a feasible interior point method to restrict the solution
to its feasible domain, yielding much better robustness
than their infeasible counterpart. However, such robustness
comes at the cost of computational efficacy Nocedal and
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Wright (1999). This is because the feasible interior point
method needs to take very small step sizes to ensure all
the constraints are satisfied after moving the solution. As
a result, the step sizes are typically upper-bounded by the
most-stringent constraint.

Structured Optimization Algorithms

Compared with general-purpose algorithms, structured
optimizers exploit additional structures in the objective and
constraint functions to significantly boost the performance.
For example, when both objective and constraints are
convex, then globally optimal solutions can be found
via local optimization Boyd and Vandenberghe (2004).
When the objective function is multi-convex Xu and Yin
(2013), then block coordinate descent algorithms can be
used with guaranteed convergence. When the objective
function is a submodular quadratic function, then binary
optimization can be solved efficiently using graph-cut. In
our work, we propose a variant of ADMM, which is yet
another class of structured optimization algorithms. ADMM
works by breaking a large-scale problem into many small
problems that can be solved in a numerically stable and
efficient manner. Early works on ADMM focus on convex
optimization problems Boyd et al. (2011); Deng and Yin
(2016). Over the years, the convergence of ADMM has been
confirmed for a much wider class of constrained optimization
problems with non-convex objectives and possibly non-
convex constraints (see e.g. Wang et al. (2019)). The
massively parallel nature of ADMM makes it a stellar fit
for efficiently solving large-scale problem instances. Indeed,
ADMM has been adopted to handle collision and joint
constraints for both physics simulation Overby et al. (2017)
and geometric processing Zhang et al. (2019). However,
we notice that state-of-the-art ADMM convergence analysis
requires the associated constraint graph to contain no loops,
which is the focus of this work.

Applications of BC-ADMM

We discuss several robotic applications of our BC-ADMM,
and we show that all these methods use the feasible interior
point method, which suffers from small step sizes.

Multi-agent Navigation In early works, navigating agent
motions are simulated using force-based models Reynolds
(1987) or continuum models Hughes (2002). However, these
methods suffer from numerical stability issues and require
careful parameter tuning to generate smooth and collision-
free agent motions. Velocity-based methods Van den Berg
et al. (2008) are then proposed to introduce hard velocity
constraints between a pair of agents to resolve collisions. But
these constraints are solved for each agent separately, which
limits the allowed range of collision-free motions. Most
recently, Karamouzas et al. (2017) draws connections with
optimization-based numerical integrators and introduces a
formulation that jointly optimizes agent positions at the
next timestep under pairwise barrier functions to prevent
collisions between agents.

UAV Trajectory Optimization Generating collision-free,
executable, and optimal UAV trajectories has been an active
area of robotic research Deits and Tedrake (2015); Zhou et al.
(2019); Gao et al. (2018); Ni et al. (2021, 2022). Among
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other technical disparities, these formulations vary in their
techniques for handling the collision constraints. The non-
convex collision constraints can be relaxed into a disjoint
union of convex constraints Deits and Tedrake (2015); Gao
et al. (2018) by pre-computing a set of convex corridor
shapes, under which the globally optimal trajectory can be
found by solving a mixed-integer convex program. On the
other hand, Gao et al. (2018) proposed to introduce non-
convex soft penalty functions to search for locally optimal
collision-free trajectories, without utilizing safe corridors.
Ni et al. (2021) further enhanced the soft-penalty function
into a log-barrier function, providing rigorous collision-free
guarantees. Unsurprisingly, their underlying feasible interior
point optimizer suffers from the small step size. In view
of this drawback, follow-up works Ni et al. (2022); Wang
et al. (2020) propose to decompose the optimization problem
into sub-problems and adopt alternating minimization.
However, none of these algorithms can decouple the collision
constraints into sub-problems, which significantly limits the
potential of alternating minimization.

Deformable Object & Soft Robot Simulation Deformable
objects are ubiquitous in robotic manipulation tasks. The
simulation, manipulation, and control of deformable bodies
have been an active area of research for decades Rus
and Tolley (2015). In particular, various formulations have
been proposed to model the dynamics of deformable
objects, including mass-spring systems Huang et al
(2020); Baraff and Witkin (1998), As-Rigid-As-Possible
(ARAP) deformations Sorkine and Alexa (2007); Kwok
and Chen (2017); Fang et al. (2018), and the finite
element method Duriez (2013); Qin et al. (2024). Whichever
formulation is adopted, a practical deformable body
simulator needs to handle various non-convex constraints, of
which the two most common constraints stem from collision
and strain limits Goldenthal et al. (2007); Wang et al. (2010);
Kim et al. (2012). The strain limits are introduced to model
the behavior where a soft body hardens infinitely under
large forces to prevent compression or stretching beyond
the material limit. These hard constraints can prevent the
underlying optimizer from taking large step sizes and making
faster progress. This issue has been partially addressed
by prior works Liu et al. (2013); Overby et al. (2017).
Unfortunately, these formulations either cannot handle both
types of constraints or do not have convergence guarantees.

Problem Formulation

We begin the construction of BC-ADMM by considering
the unconstrained optimization problem induced from the
feasible interior point method. Considering the following
optimization corresponding to the toy problem in Figure 3:

3

argmin ZHCEZ—I:H2+ 3
T =1 3)

P, (z1,22) + Pr(22,23) + Pr(x3,21),

the three barrier potential terms each model a collision
constraint between a pair of robots. However, if solve Equa-
tion 3 using a global step size, then the step size must be
upper bounded by the most stringent constraint, which often-
times hinders convergence speed. Instead, ADMM works by
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decoupling the constraint barrier functions from the objec- with Equation 7:

tive function. Specifically, we define the objective function

as f(x) = 3°_, |l&; — «7]|> and the barrier functions are L(z,y,A) = f(z) +g(y)

summarized into another function: (®)

3() = Pr(y1,y2) + Polys,ya) + Pr(ys,y6), (@)

with y € R'2. ADMM then works by reformulating Equa-
tion 3 into the following equivalent form:

argmin f(z) + g(Az), 5)

which is our main problem under consideration with a
general matrix A. In our toy problem, the matrix is defined

as:

100070\~

071000
000101

A= c R12%6, 6)

We further take the following assumption for Equation 5:

Assumption 1. i) f: R™ — R* U {oo} is continuous and
differentiable in dom(f) and §:R™ — Rt U{cc} is
continuous and twice continuously differentiable in dom(g).
ii) f(®) + g(Ae) is coercive. iii) A strictly feasible z° € R"
is given, such that f(z°) + §(Ax°) < oo.

Many underlying problems in geometric processing,
physics simulation, and trajectory generation satisfy our
assumptions. For example, in inversion-free deformation, f
is a quadratic objective function, g is the elastic energy
with log-barrier functions to limit the strain, and the rest
shape of the deformable body is strictly feasible and known.
For multi-agent trajectory generation, f is the trajectory
smoothness objective, g is the collision-free constraint, and
the initial state of agents is collision-free and known.

Remark 2. The two properties of function § are both
critical to the convergence analysis of our algorithm. As an
example, the function that is frequently considered in our
applications is the log-barrier function §(x) = —log(x) (or
its locally supported variant §(x) = — log,(x) with similar
properties), as in illustrative problem of Figure 3. This
Sunction has dom(g) = {z|x > 0} in which it is smooth
and thus twice continuously differentiable. In addition, it is
continuous in the entire domain R. As a counter-example,
we consider the function §(x) = L{z|z>0}(x), where 1z(2) is
the indicator function, which takes value 0 when z € Z and
oo otherwise. We again have dom(g) = {x|z > 0} in which
it is constant and thus twice continuously differentiable.
However, this function is not continuous at x = 0.

ADMM Relaxation

To adopt structured optimization, ADMM
reformulates Equation 5 using a slack variable y into
the following equivalent form:

argminf(z) + g(y) s.t. Az =y. @)

z,y

The above reformulation allows ADMM to introduce
the following augmented Lagrangian function associated
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+ §||Aa; —yll + AT (A —y).

It is well-known that any solution of Equation 7 corresponds
to the critical point of the Lagrangian function in all
the parameters x, y, and A. The Lagrangian function
is widely used to gauge convergence in the augmented
Lagrangian method Conn et al. (2013) and sequential
quadratic programming Boggs and Tolle (1995), and we
refer readers to these works for more discussions. As a key
difference from these methods, however, ADMM searches
for the critical point in a decoupled manner by updating
parameters x, y, and A\ sequentially. The main benefit of
this strategy is that each subproblem has a small size
and can be solved extremely efficiently. Taking the toy
function g from Equation 4 for example, the y update can
be decomposed into three subproblems related to (yl, yg),
(y3,ya4). and (s, ys ), respectively, which can be solved in
parallel.

For solving Equation 7, several variants of ADMM
algorithms Deng and Yin (2016); Jiang et al. (2019);
Themelis and Patrinos (2020) have been developed.
However, we show that these algorithms all assume
additional properties on the problem data that do not hold
in the aforementioned problem instances. In particular, Deng
and Yin (2016) assumed that g is convex, which is not
the case with collision or strain limits. Jiang et al. (2019);
Themelis and Patrinos (2020) either assumed that A has full
row rank, which implies that there is always a consensus
x satisfying all the constraints as long as each constraint is
satisfied in a separate manner, or they assume that g is a real
instead of an extended real function, which implies that g
cannot be used to model constraints. This is not the case with
non-trivial problem instances. In the case of Figure 3, again
for example, A cannot have full row rank. Further, g is a non-
convex extended real function. As summarized in Table 1, the
existing ADMM is not a suitable solver for Equation 7 even
if we know that the problem is strictly feasible.

Additional
Method f Assumption
Deng and Yin (2016) CVX,ER CVX,ER F
Jiang et al. (2019) NC.,ER NC,R F
Themelis and Patrinos (2020) NC,R NC.ER ES
Ours NC,ER BCVX,ER F

Table 1. Assumptions on the problem data in different
methods. (NC: Nonconvex, CVX: Convex, BCVX: Bi-convex, R:
Real Function, ER: Extended Real Function, F: Feasible
solution exists, S: A is Surjective and has full row rank) Our
method allows the solution of problems where g can be
non-convex, extended-real and A does not have full row rank.

Bi-convex Relaxation & BC-ADMM

To overcome the limitations of existing ADMM variants,
BC-ADMM introduces a bi-convex relaxation. In the
toy example shown in Figure 3, we demonstrate how
the collision constraints can be reformulated using the
hyperplane separation theorem, as illustrated in Figure 4.
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This reformulation introduces a new set of variables
representing the separating planes, which we concatenate
into a vector z. While this increases the overall number of
decision variables, it also induces a special structure in the
problem, which forms the basis of our convergence analysis.
In the case of Figure 4, we define:

_ T T T T T T\T
= (12T, dia"  nas™, doz” ,nsn T, dsy ")

z
9(y, z2) =P, (y1,y2,n12,d12)+ ©)

P.(
P, (y2,y3,n23, da23)+
P

Y3, Y1, 131, ds1).

In summary, we consider the bi-convex variant of Equation 5
with a slack variable z as follows:

argmin f (x) + g(Az, 2), (10)

r,zEZ
where we take the following additional assumption:

Assumption 3. i) f : R" — R™ U {oo} is continuous and
differentiable in dom(f) and g:R™T' — R+ U{co} is
continuous and twice continuously differentiable in dom(g).
ii) f(e) + g(Ae, @) is coercive. iii) A strictly feasible solution
2% € R", 2% € Z is given, such that f(z°) + g(Ax2°,20) <
00. iv) g(e, 2) is convex, g(y, ) is o-strongly convex, and Z
is convex and non-empty.

In other words, the non-convexity of g is encoded in the
additional variable z, and g is convex otherwise. We will
show that a large class of problems has such relaxations.
In our BC-ADMM algorithm, we relax Equation 10 similar
to the standard ADMM algorithm and introduce a slack
variable y, giving the following problem:

argminf(z) + g(y,z) st Az =y. (11)

z,Y,z
BC-ADMM then proceeds by introducing the following
Lagrangian function:

E(',I;aya 2 )\)
(12)
=)+ 9ly.2) + 5| Az — yl? 4 N (Ax — ).

Finally, BC-ADMM updates z,y, z, A iteratively by the
following rule, with superscript denoting the iteration
number:

y' =42 2" =z(y") A\’ =Vu(y"2%) (13w
= A :arg;ninll(m, y" 2F ) + %Hm —zF|? (13b)
é y* ! =argminl(z T, y, 25 A0) + %Hy — "> (30)
! Y
= P :argrrgnﬁ(a;’““,y’““, z, A7) (13d)

zE€
ML N L g(AZF T — R, (13e)

Here, for Equation 13b, we assume that a locally optimal
solution can be computed starting from the initial guess of
2", For Equation 13c¢ and Equation 13d, the locally optimal
solution is also global due to convexity. Indeed, since g is o-
strongly convex in z, we know that z is the unique minimizer
of the function g, which depends only on y. Due to the
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uniqueness, we can write z as a function of y denoted as
z(y). Note that the benefit of ADMM is retained in our bi-
convex relaxation. Indeed, the update of y and z can both be
done by solving small problems in parallel. Taking the toy
problem of Equation 3 for example, the z update corresponds
to adjusting the separating plane for each collision constraint,
which can be decomposed into subproblems related to
(TllQ7 dia ), (TL23, do3 ), and (ngl, ds1 ), respectively.

Remark 4. Note that the two steps Equation [3c
and Equation 13d might not be well-defined because we
only assume the function g is proper as a function of
(y,z) but g(e,2%) or g(y**1,e) might not be proper,
meaning that y*+1 and 2*+1 might not have a finite solution.
But we can easily see that BC-ADMM is well-defined by
induction. As our base step, note that g(y°, 2°) < oo by our
initial condition with 2° € Z. As our inductive step, suppose
g(yF,2%) < 0o with 2¥ € Z, then since Equation 13c
is minimizing the objective, we have g(y*T! 2¥) < oco.
Further, since Equation 13d is minimizing the objective, we
have g(y**1 2F+1) < o0

Remark 4 implies that BC-ADMM can be practically
implemented without encountering infinite values or
improper functions during each subproblem solve. However,
we are still unclear whether solving the series of subproblems
would in turn solve the problem in Equation 11, which
is the main goal of our analysis. To this end, we follow
the standard analysis technique and treat the subproblem
solvers in Equation 13c, 13d, and 13e as oracles, while
we analyze the number of BC-ADMM iterations needed
until convergence. We will show that, by a proper choice
of positive parameters (3, 3;, 8y, each iteration generated
by BC-ADMM will be strictly feasible and the algorithm
converges with an oracle complexity of O(e~2). The result
is formally claimed below and proved in Section .

Theorem S. Taking Assumption 9 and under sufficiently
large By, By, B, each iteration generated by BC-ADMM
satisfies  f(z%) + g(Ax*, 2¥) < co. Further, BC-ADMM
converges the e-stationary solution of Equation 10 with an
oracle complexity of O(e~2).

Sketch of Proof. To establish Theorem 5, we propose
a novel analysis technique. Specifically, we note that,
when the function g is not an extended-real function, but
rather a real function with Lipschitz continuous gradient,
then Equation |1 takes a similar form as the prior
setting Jiang et al. (2019). Therefore, we propose to replace
g with another function G, such that G is a real function with
Lipschitz continuous gradient. Further, we make sure that the
two functions, g and GG, match up to second derivatives in a
sufficiently large compact set, as illustrated in Figure 5. Such
a function G is guaranteed to exist by the Whitney extension
theorem Whitney (1992). With the function g replaced by
G, we derive a modified BC-ADMM algorithm denoted as
BC-ADMMg, for which a slightly modified version of the
analysis in Jiang et al. (2019) can be applied to establish
convergence. Finally, we show that BC-ADMM generates
a solution trajectory that lies in the compact domain where
g = G, which establishes the convergence of BC-ADMM.

Theorem 5 extends prior ADMM algorithms to solve
optimizations under a large number of constraints in the form
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’

Figure 5. An illustration of our technique of analysis. We
replace the extended real function g (gray) with a real function
G with Lipschitz continuous gradient (red). With g replaced by
G, we derive a modified BC-ADMM algorithm denoted as
BC-ADMMg:. The solution sequence generated by BC-ADMM¢
(gray dots and arrows), is restricted to the compact set where
g = G, which establishes the convergence of BC-ADMM.

of soft barrier functions, while achieving the same order of
convergence rate of optimizing general non-convex functions
using the first-order methods Jiang et al. (2019). However,
we emphasize that the parameter choices for f3;, 8,,3 in
our analysis are not defined in a constructive manner. In
other words, we cannot design an algorithm to compute these
parameters that achieves the claimed convergence speed. To
tackle this difficulty, we propose a practical algorithm in the
next section, which is guaranteed to converge under arbitrary
choices of these parameters.

Practical Algorithm and Applications

Our analytic results require sufficiently large B.,03y,0,
which cannot be algorithmically determined. Therefore, we
need a practical algorithm that can automatically detect the
parameters. In this section, we combine several approaches
to detect these parameters, leading to an efficient and robust
implementation of our method with an additional assumption
that f is convex.

Practical Algorithm

Our practical implementation is summarized in Algorithm 1,
where we adopt several approaches to ensure its robustness,
anytime feasible property, and efficacy. First, to ensure that
our method guarantees convergence without carefully tuning
its parameters, we propose to use a lazy strategy to update
2F*+1. Note that when z¥*1 is fixed, i.e. Equation 13d is
not executed, BC-ADMM reduces to the standard ADMM
applied to convex optimization when f is convex. With z
fixed, a wide range of parameters leads to convergence of z
to the (globally) optimal solution of f(e) + g(As,2) Deng
et al. (2017). Therefore, we propose to only update z*+1
when zFt1 sufficiently reduces the objective function
level and the optimal solution of the convex objective
is sufficiently approached. Specifically, we require the
objective function value to be reduced by at least (1 —
n)(g(y*+h, 281 — g(y*+1, 2*)). We further require that
the convergence measure ®*+1 of the convex optimization
has a norm less than . We will show that these conditions
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will be ultimately met and z**! will be updated. Further, our

lazy update allows us to track a monotonically decreasing
best solution denoted as (z, z)*. This strategy is outlined
in Line 17. In practice, we find that BC-ADMM converges
even without these conditions, so we choose to be less
stringent and set 1 very close to 1.

Second, without sufficiently large parameters, we are
not guaranteed to return a feasible solution upon early
termination. To ensure the anytime feasible property, we
propose to keep track of the best solution, denoted as x*, z*.
When a solution is detected to be infeasible, we restart from
x*, z*, while increasing [, 5 by a constant factor of x, and
. Note that the factor x we use for [ is strictly larger than the
factor , for 3,. This is because our analysis requires 3 to
be much larger than 3,. This strategy is outlined in Line 34.
Combining the strategies above, we argue for the asymptotic
convergence of Algorithm 1 in the following result, which is
proved in Section .

Theorem 6. Assume that new constraints have never been
detected at Line 19. Taking Assumption 9 and assuming f
is convex, Algorithm | converges to the e-stationary solution
of Equation 10.

Sketch of Proof Our analysis is divided into two
sections. First, we show that Line 34 would adaptively
increase f3;, B,, 8. Ultimately, the assumptions of Theorem 5
will hold. In other words, these parameters will only be
modified for finitely many iterations. Second, we analyze
the lazy update in two cases, where z**1 can be updated
for finitely or infinitely many times. In both cases, we
combine the uniqueness of function z(y) and the sufficient
decrease condition below Line 17 to establish the termination
condition blow Line 12 after finitely many iterations.

Theorem 6 result immediately implies that the termination
condition below Line 12 will be met within finitely many
iterations. As a result, Algorithm | becomes a practical
optimization solver that converges with a wide range of
parameter choices for 3,, and 3, which automatically
determines (.. Unfortunately, we are unable to prove
convergence speed in this case, but instead demonstrates
satisfactory performance across several applications.

Finally, we observe that in many problems, a large
number of constraints co-exist. When the number of agents
in Figure 3 grows, for example, we must introduce a collision
constraint for each pair of agents, leading to a quadratic rate
of growth in the number of terms in g with respect to the
number of agents. However, many of these constraints can
be ignored when the pair of agents is far apart. To effectively
limit the number of constraints, we could introduce a
preemptive constraint detector. Formally, we assume g =
>, 9i(y, z) is decomposed into finitely many terms, each
modeling a singleton constraint. We further introduce the
function )V =Constraint-Detected(x, g), which determines
whether g; is violated and returns the violated index set V =
{i|lgi(Azx, z) = 0o Vz € Z, g; not included in g}. Using this
function, we can start by ignoring all the constraints, and
then iteratively introduce constraints preemptively detected.
For example, in the case of Figure 3, the constraint
detector can take the form of a collision detector Pan et al.
(2012). Unfortunately, some constraint detectors can only
find constraints that are already violated, but BC-ADMM
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requires the problem to be strictly feasible. Therefore,
we propose to revert to the previous solution when such
constraints are detected, where the problem data, including
f, 9, A, is modified. This strategy is outlined in Line 19 and
we argue for the rigorous convergence under this setting in
the following result.

Corollary 7. Taking Assumption 9 and assuming [ is
convex, Algorithm | converges to the e-stationary solution
of Equation 10.

Proof. This result only extends Theorem 6 by enabling
constraint detector. Note that when new constraints are
detected in Line 19, we would roll back to the previous best
solution (z,z)*. We claim that no constraints are violated
at that configuration, because it will be rolled back to
even earlier solutions otherwise. Since no constraints are
violated at (z, z)*, we conclude that g;(Az*, z(Az*)) < oo
for any i € V. By our initialization of 2**1 < z(y**1) =
z(Ax*) at Line 26, we know that g(y**1, 2F+1) < oo, so
that Assumption 3 still holds and Algorithm 1 is essentially
restarting with a new function g and a feasible solution.
If no more constraints are detected, then the asymptotic
convergence of Algorithm | follows from Theorem 6. Our
result follows by noting that new constraints can only be
detected a finite number of times.

Applications

We present several optimization problems in robotic
applications that BC-ADMM can solve. To begin with,
we prove the following result, which shows that if two
functions g; and g satisfy our assumption, then so does their
summation g; + g2. As aresult, we can arbitrarily composite
the terms discussed in this section to deal with more complex
problem instances.

Corollary 8. We suppose g1(y1,21) € R™+h and 2,
satisfy Assumption 3 iv) and vi) and ga(ys,29) € RM2 Tl
and Z5 satisfy Assumption 3 iv) and vi). Then g = g1 + g2 €
R™H with m=mq +ma, L=11+1s, and Z = 21 X 2,
satisfy Assumption 3 iv) and vi).

Collision Constrained Optimization As our first application,
we consider the multi-robot pose optimization problem
presented in Figure 3. The key challenge in this problem
lies in the handling of the collision constraint, which was
originally modeled as a potential P, (y;, ;) = —log,(||yi —
y;|| — 2r). This potential is a general non-convex extended
real function. However, a bi-convex potential has recently
been proposed in Liang et al. (2024). As illustrated
in Figure 6, we consider two convex hulls denoted as
CH(y1,... n) and CH(yn+1,... N4+ ), Where the first hull
has N vertices y1,... n while the second hull has M vertices
YN+1,.- ,N+M- To separate the two hulls, Liang et al. (2024)
introduced a separating plane denoted as z = (n, d) € R4,
with n being the plane normal and d being the plane offset.
Put together, the potential energy preventing the two hulls
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Algorithm 1 BC-ADMM

Input: z°, A, convex f, bi-convex g, € > 0
Input: x>k, >1,7v€ (0,1),n € (0,1),5, >0,8>0
Output: z*

1€ < Byy/(By + B7), €y < B/ (By + BY)

2 B, + B(L/es — D ATA| /4
3 (x,2)0 + (29, 2(y?))
4y« Az0
5: A0« V,9(y°,2°)
6: K+ 1
7: for k=0,1,2,--- do
8 aftl « argminl(z,y", 28, \F) + 2ol — 2|2

x
9: > The update in y/**+! oftentimes allow parallel solver
10: y* e argminl (T y, 2F ) + B ly - oF)?

Yy
1: 2M e argminl (xRt Rt 2 \F)

z€EZ
12: > Termination C(ﬂdlition . it kit
. Vaf(x + A°V 2
o i (PSR TRT ) =
then

14: Return (z,y, z)F !

Vz xk+1 + ATV k+17zk
15: OF ! ( # A)mk+1 . y%g—gy )

)+ g(Ax", 2"+
16: AR« f@)
(L =m(gy™*, 2" = g(y* ", 27)

17: > Track the best solution and lazy update z°**
18: if f(xFt1) 4+ g(Azhtl 2kt1) < ARHIA ©F+1 < K then
19: > Handle new constraints detected
20: if ) # V < Constraints-Detected(z**!, ) then
21: (z, 2)F L (2, 2)*
22: Yk Aghtl
23: NFL ¥ g(yFtL, 2R
24: > Insert detected constraints V
25: g<—g + ZiEV gi
26 2P (YRt
27: Continue
28: else
29: (z,2)* « (z,2)k*!
30: K+ K+1
31: else
32: 2L ok

33: AL AR B(AgkFT — Rt
34: > Ensure feasibility by increasing 8,, 8y, 8
35: if f(2%1) 4 g(Az* Tt 28+1) = oo then

36: (m, 2)F L < (2, 2)*

17 YL Aght

38: 2N+l vyg(yk-‘rl’ Zlc-‘rl)

39: By  KyBy, B Kf

40: €z < By7/(By + B), €y < Bv/(By + B7)
41: By B(1/ex = V)| AT Al /v

from collisions is formulated as:

N
Pi(y,z) ==Y log (y/n+d—r)
=1
N+M o
— > gy —d )+ el
i=N—+1

(14)
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known as strain limiting. We can realize such constraint via
the following modified spring energy with strain limiting as

follows:

' . k
Pra(y) = §(Hyi —yill =02 —log.(lyi — 51l — 1)
(16)

1
,"'
,." Equipped with strain limiting, PkM becomes twice
! continuously differentiable in its domain. Again, P, is a
,I' non-convex extended real function that does not satisfy our
i assumption. To derive a bi-convex relaxation, we follow Liu
i et al. (2013) to introduce a direction z € R? and define:

I~
Pk:,l,!(y7 Z)
a7

Figure 6. We illustrate the barrier potential energy to prevent k
=5 llvi = y; = 211" = log (=" (vi — y;) — D),

collisions between a pair of convex objects, each having 5

vertices so that N = M = 5. The barrier energy introduces a

separating plane, which is parameterized using variables where z is restricted to the surface unit sphere Z = {z|||z|| =

z = (n, d), and requires that the convex objects reside in 1}. However, the set Z is non-convex and does not satisfy

different sides of the separating plane. our Assumption 3. Instead, we propose a more general
assumption and prove it holds for Py ;;(y, ) in Lemma 25.

where we add a regularization o||z|2/2 to make it o- We futhher prove that the unique global minimizer of
strongly convex in z and the locally supported log-barrier € Zis 2(y) = (i —y3)/ i —v;ll and Pr11(y, 2(y)) =
function is defined as log, (z) = — max(0, (e — x)*/25). It Pr(y)-
is easy to see that P(y,z) is well-defined, bi-convex, and
satisfies Assumption 3 with Z = {n|||n|| < 1}. Indeed, we
can show that P,(y, z) is monotonically decreasing with the
length of normal vector ||n|| and the additional constraint
z € Z enforces a unit normal ||n|| = 1, leading to a well-
defined separating plane. Revisiting the case of Figure 3, we
can replace the potential P, (y;,y;) = — log,(||y; — ;|| —
2r) with the new potential P,(y,z) and y = (y;,y;) to
prevent collisions between the agents. However, note that
the collision constraint presented here applies to more
general convex objects than two points ¥;,y;, including
line segments and triangles, by changing the number of
vertices in each convex hull. Finally, we emphasize that if
all the collision constraints are added at once, there can be a
quadratic number of terms in g, significantly increasing the
computational burden. To alleviate this problem, we could
use a collision detector such as Pan et al. (2012) as the  Figure 7. We illustrate the barrier potential energy to enforce
strain limiting for the ARAP material model in 2D cases (d = 2).
We first introduce an additional vertex yo and require that yo
resides strictly inside the triangular element. This is achieved by
introducing d + 1 = 3 separating planes, parameterized with
normal directions z = (n1, n2, ns ), and requiring that each
edge resides in the opposite side of the corresponding

separating plane to yo.

constraint detector in Algorithm 1.
Mass-Spring System and Strain-Limit During the simu-
lation and control of soft robots and deformable objects,
the mass-spring system is one of the most prominent and
fundamental material models Huang et al. (2020); Baraff and
Witkin (1998). A spring force between two particles y; and
y; is modeled as the following potential energy:

ARAP Deformation To simulate more complex material

(15) behaviors of soft robots and deformable objects, we need to
introduce material models more general than the mass-spring
system. One of the widely used material model is the ARAP
elastic energy Sorkine and Alexa (2007); Kwok and Chen
our assumption because it is non-differentiable at y; = (2017); Fang et al. (2018). These techniques decompose
y;. However, the situation of y; = y; is undesirable and a d-dimensional deformable object into a set of simplex
corresponds to the configuration that the spring is infinitely elements. Each element is equipped with d + 1 vertices so
that y € R4t and a deformable gradient F(y) € R?*¢,

compressed. Therefore, several prior works Goldenthal
et al. (2007); Wang et al. (2010) propose to avoid such The ARAP energy is then formulated as:

~ k
Pra(y) = 5(ly: — vl = 1)?,

where k is the spring stiffness, [ is the rest length, and
Y= (yi, Yy ) Note that this potential energy does not satisfy

configurations via a hard constraint that ||y; — y;|| > [ where
Pp(y) = |F(y) — R(F))|[F, (18)

[ is the maximal allowed level of compression, which is
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where R(F(y)) is the rotational part of the polar
decomposition of F(y). Intuitively, the ARAP energy
encourages the soft robot to undergo a purely rigid
transformation dictated by R(F'), and induces elastic energy
otherwise. Similar to the case with mass-spring models, we
can also introduce the idea of strain limiting. Let us denote
o (F) as the kth singular value of F. If any oy (F) is
close to zero, then the corresponding element is significantly
compressed along a right singular vector, which is unlikely
to happen in real-world scenarios. To prevent these situations
from happening, a well-known energy is the NeoHookean
elastic potential Kim et al. (2012), which is formulated as:

Pr(y) =I|F(y) — R(F(y))||% — logdet(F(y))+

¢ (19)
Z LUk(F)>O(F)7
i=1

where the additional ¢, ()~ functions ensure that /" has all
positive singular values and the —logdet(F'(y)) term ensures
that the potential function is continuous. Unfortunately, the
NeoHookean does not have a bi-convex relaxation. Instead,
we propose a novel biconvex relaxation to prevent oy (F')
from getting negative as illustrated in Figure 7, following a
similar idea as Liang et al. (2024). We introduce an additional
point yo € R? as a decision variable. We further introduce
d + 1 separating plane normals n; to separate yy and each of
the d + 1 surfaces of the element. Mathematically, we define:

Pr(y,z) = |F — R||3+

d
Zbdk(F)>O(F)+

=1

(20)

LCH(y1,--~,yd+1)(y0)+
d+1 o d+1
S° el = S2 S tow (] (55— )

i=1 i=1 0<ji

where the additional tcy(y, ... y,.,)(¥0) term ensures that
yo belongs to the simplicial complex, the regularization
ollni||?/2 ensures Pr. is o-strongly convex in n;.
Finally, we re-define y = (yo, "+, ya41) € R4 and
2= (n1, - nap1, R) and Z =TI ] |Jni]) < 1} x
SO(3). It is easy to see that Pp (y, z) is a biconvex energy.
Again, since Z is not a convex set, it does not satisfy
our Assumption 3. We use the more general assumption and
prove that our Pr (y, z) satisfies it in Lemma 27. Note that
the subproblems in Equation 13c and Equation 13d of BC-
ADMM become easy to solve, where Equation 13c amounts
to a small convex optimization, while Equation 13d amounts
to small convex optimizations and a polar decomposition.

Numerical Stability

Compared with general-purpose infeasible point constrained
optimizers Gill et al. (2005); Wachter (2002), the higher
numerical stability and robustness are the main benefits
of ADMM-type algorithms. Indeed, when the constraint
qualifications (nearly) fail, i.e., when the Jacobian of the
constraint functions is nearly singular, the QP subproblem
can be ill-conditioned. Instead, stable and robust algorithms
exist for each and every subproblem of BC-ADMM.
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Specifically, Equation 13b corresponds to an unconstrained
optimization of a sufficiently smooth function, for which
either gradient descend or Newton’s method can be used
with proper globalization techniques such as line-search
methods. Equation 13c corresponds to a strongly convex
optimization, for which robust algorithms have been well
discussed in Boyd and Vandenberghe (2004). Equation 13d
amounts to compute the function z(y**1). If Assumption 3
holds, then Equation 13d again amounts to a strongly convex
optimization. If our more general Assumption 9 holds, then
the stability of solving Equation 13d needs to be analyzed
in a case-by-case manner. Fortunately, our function z(y**1)
admits closed-form solutions in all the practical problems.
In the case of the modified spring energy Py ;;(y, z), for
example, the closed-form global minimizer is z(y) = (y; —
y;)/llyi — y;l|- In the case of the modified ARAP energy
with strain limiting P ((y, ), the rotation matrix R can be
computed via the polar decomposition.

Evaluation

We use C++ to implement Algorithm | and OpenMP to
solve yz-subproblems in parallel. In all our examples, f
is always a quadratic function, so that the z-subproblem
amounts to a linear system solve for which we use the sparse
direct solver in the Eigen library. For all our examples, we
choose ky =2, k=21, v=0.95n=1- 1075, and run
experiments on a single desktop machine with the AMD
Ryzen Threadripper 3970X CPU. The remaining parameters
By and 8 need to be tuned for each problem, which is
a standard treatment in practical implementations Overby
et al. (2017); Ni et al. (2022). We evaluate our method on
a row of four benchmarks listed below, where we compare
our method with two standard baselines: Gradient Descent
(GD) and Newton’s Method. As a major difference from
BC-ADMM, these algorithms solve Equation 10 without
decoupling f and g. Therefore, we only need to update two
variables, = and z, in an alternative manner. In GD, the
simple first-order update rule for x is used:

z+ 2 —acp [Vaf(z) + ATV, g(Az, 2)], (21)
with agp being the sufficiently small step size found by
the line search procedure to ensure a strict function value

decrease. The Newton’s method is defined similarly, but uses
the following second-order update rule:

T4 T— [Vif(m) + ATVf,g(Aa:, 2)A+ aNewtonI] -
(22)
[Vai(@) + ATV, g(Az,2)] .

Here anewton 18 the sufficiently large regularization found
by the line search procedure to ensure a strict function value
decrease. After updating =, both GD and Newton’s method
update z by setting z < z(Ax). Typically, Newton’s method
achieves faster convergence, but each iteration is slower
by requiring solving a large-scale sparse linear system. In
our implementation, we use the state-of-the-art sparse linear
solver Chen et al. (2008) to compute the second-order search
direction. Finally, both methods suffer from the drawback of
having to search for a global step size agp and anewton that
can slow down the progress of the overall optimization.
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Figure 8. We plan motions for N = 300 robots with an obstacle
in the middle and plot the trajectories computed by BC-ADMM.
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Figure 9. Objective function level for multi-agent navigation,
plotted against wall time (left) and iteration number (right). All
three solves would have the robot congested in the middle of
the circle, forming a congested configuration. This corresponds
to the plateau in the middle of convergence curve. After a while,
BC-ADMM and Newton’s method find wa ay for all robots to
reach the other end.

Multi-Agent Navigation We solve the large-scale multi-
agent navigation problem Karamouzas et al. (2017); Weiss
et al. (2017). We notice that we can compute collision-free
navigation trajectories by solving a robot pose optimization
problem as illustrated in Figure 3. Specifically, for a set of IV
robots x = (xl, To, -, TN ), we adopt the following setup:

N
fl@)=) 1k
i=1

zi — x;

;

goal-reaching

N N
9(Az,2) =3 > P(wi,2) 25+ (23)
N— —

i=1 j=i+1

self-collision
N
Z ZPT((xz) Ol) 7Zil)7
o =1 _—

obstacle-collision

where z} is the goal of the ith robot, r is the robot
radius, and P, is the collision potential between a pair of
geometric entities. Besides robot-robot collisions, there are
static obstacles in the environment (the /th obstacle denoted
as o;), and we use two sets of collision potential terms
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to prevent their interpenetrations. The potential number of
collision terms is quadratic, which leads to a large number of
yz-subproblems to solve. To accelerate computation, we use
a 2D collision checker as our constraint detector, where we
only include P, terms in our optimization when the distance
between two agents is less than (2 + €margin)” With €margin
set to a margin distance. We emphasize that, although the
above formulation only solves for a single pose for each
robot, the optimizer would generate a series of intermediary
poses during each iteration. These intermediary poses can be
connected into a robot trajectory. Specifically, let us denote
k(7) as the index of the subset of iterations where the two
conditions below Line 17 of Algorithm | are satisfied, i.e.
2P+ s updated to z(y*()+1) at the end of the k(i)th
iteration. After the optimization, we reconstruct the ith

robot trajectory as (x?,xf(l)“,mf@)“,.

) We claim
that these trajectories are valid, collision-free trajectories
navigating robots towards their goal x}. To see this is the
case, note that 21 is not updated between iterations k(i —
1) and k(¢). Since the second condition below Line 17 is

satisfied at k(i)th iteration, we have ©F()*1 < o0 and thus:

f(mk(i)ﬂ) + g(Aack(i)H, zk(i_l)H) < 00. (24)
Since the first condition below Line 17 is satisfied at k(i —
1)th iteration, we have:

f(ik(i_l)—i_l) + g(Axk(i—1)+1’ Zk(i—l)—i—l) < oo, (25)
By the definition of P,, the above two conditions imply
that robots at configuration z*(*~D+1 and 2*()+1 are both
collision-free. Further, in both of these configurations, the
pair of robots x; and x; is separated by the same plane
zfj(l_l)ﬂ. Now, since the plane-separated regions are convex
regions and linear interpolated points of a convex region stay
inside this region, we conclude that any linear interpolated
robot configurations between zF(\—D+1 and zF()+1 are also
collision-free. This proves that the piecewise linear robot
trajectories (x?, xf(1)+17 xf(2)+1’ .. ) are valid, collision-
free paths. In conclusion, we have shown that BC-ADMM
is a suitable solver for multi-agent navigation problems. As
illustrated in Figure 8 we conduct experiments on a standard
benchmark with N = 300 robots arranged in a circle with an
obstacle in the middle, where each robot has their goal on the
opposite side of the circle. All three solvers would generate
similar robot trajectories, where robots are first congested in
the middle and then push each other to find ways to reach
the goals. The convergence history of all three algorithms
is plotted in Figure 9. Our method converges after only 30
seconds of computation. In comparison, GD cannot make
sufficient progress even after 150 seconds of computation.
Instead, Newton’s method takes a much smaller number of
iterations to converge. But since each iteration is much more
costly, their overall computational cost is higher. Finally,
we compare the performance of a variant of Algorithm |
with the check for the two conditions below Line 17 turned
off. In other words, we always update z¥*! < z(y**1). In
this case, there is no guarantee that the algorithm converges,
unless we use the parameters ;, 8y, § satisfying Theorem 5
that are difficult to estimate. Using the same set of practical
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parameters, the performance of these two variants of BC-
ADMM is profiled in Figure 10. The result shows that this
variant of BC-ADMM can frequently violate the constraints,
leading to the energy value being oco. Therefore, we cannot
recover collision-free trajectories for the robots, rendering
this variant of BC-ADMM an inappropriate solver for multi-
agent navigation problems.

1.0 le7
= BC-ADMM
BC-ADMM-NoCheck
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Figure 10. We run multi-agent navigation using

standard Algorithm 1 (BC-ADMM) and a variant of Algorithm 1
with the check for the two conditions below Line 17 turned off
(BC-ADMM-NoCheck). From the convergence history, we can
see that, in many intermediary iterations, BC-ADMM-NoCheck
violates the constraints, leading to the energy value being oo,
as marked by the vertical red lines. As a result, we cannot
reconstruct collision-free trajectories for the robots, rendering
BC-ADMM-NoCheck an inappropriate solver for multi-agent
navigation problems.

Figure 11. We drop a flat piece of cloth (left) on the ground and
use BC-ADMM to compute its final configuration under a high
(middle) and low (right) cloth thickness.

Quasistatic Deformable Object Simulation Deformable
object simulation is a foundational module in robotic
manipulation tasks Lin et al. (2022). Thanks to our
reformulated mass-spring material model P ;;, our BC-
ADMM can be used as a deformable object simulator.
Although ADMM algorithms have been used as physical
simulators in prior works Overby et al. (2017); Ouyang et al.
(2020). However, Overby et al. (2017) used a soft penalty
function to handle constraints, which is not guaranteed to
resolve all interpenetrations. This is a well-known challenge
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Figure 12. Objective function level for deformable object
simulation, plotted against wall time (left) and iteration number
(right). When BC-ADMM computes the ultimate pose for the
piece of cloth, the two other solvers are still far from
convergence.

in cloth simulation Harmon et al. (2009); Li et al. (2020)
where inter-penetrations are notoriously hard to resolve.
Similarly, Ouyang et al. (2020) did not consider any collision
constraints or strain limits. Instead, our novel analysis and
algorithm design allow all the constraints to be incorporated,
making BC-ADMM a full-fledged and robust physical
simulator.

In our second benchmark, we consider a quasistatic
simulation problem where a long flat piece of cloth is
dropped into a box and our goal is to compute the ultimate
configuration of the cloth. This problem is formulated as
a potential energy minimization problem. We represent the
cloth as a triangle mesh with x being the concatenated
vertex positions, and we denote each triangle of the mesh as
consisting of three vertices, denoted x;, x;, x;,. We minimize
the combined gravitational energy f(x) = —x® Mg with
M being the mass matrix and g being the gravitational
acceleration. Further, the term g is a summation over mass-
spring energy terms P ;; and collision potential terms P,.
Specifically, we model the box as a set of convex box-
shaped obstacles. Between a pair of obstacle (the /th obstacle
denoted as o;) and the triangle x;,x;,2y, we introduce
a collision potential P, to prevent collision between the
two geometric primitives. Another set of collision potential
P, is introduced to prevent self-collisions. To model the
material of cloth, we introduce two types of springs as done
in Liu et al. (2013), the 1-ring and 2-ring spring models,
which model the stretch and bending resistance of the cloth,
respectively. Note that in this benchmark, we do not have
f # 0, which violates our assumptions. But since the piece
of cloth is confined to a box, we know that f cannot go to
—00, i.e. it is lower-bounded. Therefore, we can simply add
a constant to f to make it positive. Put together, our objective
function is formulated as:

f(z) = —z" Mg + const.
—_—

gravitational-force

9(Az, 2)
= Z Pr((zi, xj, wr, 01) , zige) +
<x1jk’ol> obstacle-collision (26)

>

(TijksTimn)

> Peni((o,w) , 25) .-

i

Pr((ﬂﬂzv Tjy Thy Ty Tm, ﬂfn) s Zijkimn) +

self-collision

mass-spring

Our benchmark involves a mesh with 1111 vertices, i.e.
x € R3333, Our formulation allows us to simulate a piece
of cloth with different thickness, since the parameter r in
P.(y, z) can be modeled as the thickness parameter and the
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solutions under a high- and a low-thickness are illustrated
in Figure 11. The convergence history of all three algorithms
are summarized in Figure 12. In this setting, the iterative
cost of Newton’s method is much higher than the two other
solvers, so that the first method outperforms. Again, BC-
ADMM is the fastest to converge.

Figure 13. We drape three pieces of cloth with different
extensible limit. From left to right, we use
(I—1)/1=0.1,0.2,0.4.
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Figure 14. With a more stringent extensible limit, BC-ADMM
experiences slower convergence.

We further show that we can slightly extend our
formulation to simulate nearly inextensible cloth Goldenthal
et al. (2007), thus allowing our method to incorporate a wider
range of material models. An inextensible cloth has a stretch
limit of I > [ such that a spring between 3; and y; has the
maximal length of I. This behavior can be implemented by
an additional energy term denoted as Pj(y) = —log, (I —
llyi — y;ll). This energy term is convex in y and thus
trivially bi-convex, which is compatible with our assumption.
Further, we note that Pj(y) is not differentiable and has
a non-smooth singularity when y; = y;. But due to the
strain limit in the mass-spring energy Py ;;, we know
that |ly; —y;|| > I, so that this singularity is removable.
Combined, the inextensible mass-spring potential is denoted
as Pp;,1(y,2) = Peau(y,2) + Pi(y). In Figure 13, we
drape three pieces of cloth with different extensible limits. As
shown in Figure 14, a more stringent extensible limit leads to
slower convergence, which is consistent with the observation
in Goldenthal et al. (2007).

UAYV Trajectory Optimization In this benchmark, we solve
the classical problem of optimizing a smooth and collision-
free UAV trajectory Gao et al. (2018); Ni et al. (2021)

Prepared using sagej.cls

by minimizing the trajectory-integrated jerk under various
constraints. Specifically, a UAV trajectory is represented by
a piecewise Bezier curve with each curve represented as a
5th-order polynomial. Consecutive Bézier curves are (-
smoothly connected with matching derivatives up to second
order. We represent all the Bezier curves using their control
points concatenated into a vector x, where we use A;; to
denote the 7jth block of matrix A that extracts the jth
control points of the ith Bézier curve. Similarly, A; is the
ith block of matrix A that extracts all the 6 control points
of the curve. There are obstacles in the environment, each
represented using a convex object. To prevent the Bezier
curve from intersecting the obstacle, we introduce a collision
potential P, for each pair of Bézier curve (A;z) and convex
obstacle 0;. Our collision potential follows a similar idea
as Ni et al. (2021) that ensures all the control points and
the obstacle lay on two different sides of the separating
plane. Now since the actual curve is bounded by the convex
hull of the control points, our collision potential ensures
the entire curve is collision-free. Again, we use a collision
detector to progressively introduce collision terms into the
optimizer. We further introduce velocity and acceleration
limits to ensure that the trajectory is executable. Specifically,
to introduce a velocity upper bound of ¥, we compute the
derivative of each curve and extract its control points, with
the jth control point of the ith derivative curve’s denoted as
Aj;z and we bound all the control points to be within the
range ¥ by introducing the log-barrier function — log, (v —

| A;x|? + €), where we introduce a small regularization
€ to ensure the function is smooth. A similar technique can

be used to adopt the acceleration bound. Put together, we use
the following problem definition:

1
ngJx

trajectory-integrated jerk

g(A'IVZ) = Z PT((Aixuol)vzil)+
<A'ivol>

fz) =

27)

obstacle-collision

> —log (v =/ AL]? +e),

’
Al

velocity-bound

where J is the Hessian matrix of the trajectory-integrated
jerk. Our formulation is the same as Ni et al. (2021),
which is more robust than prior work Gao et al. (2018) by
ensuring collision-free properties using log-barrier functions
P,.. However, it is known that the log-barrier functions lead
to slow convergence. Therefore, Ni et al. (2022) proposed to
accelerate the solver by using ADMM. Unfortunately, their
formulation does not allow splitting the collision potential
terms P, into sub-problems, i.e., all the P, terms are treated
as part of f instead of g, which requires their solver to handle
all the collision potentials together and use a line-search to
upper bound the overall step size. Instead, our formulation
allows a fully decoupled treatment where P, terms are
handled separately using a y-subproblem. As illustrated
in Figure 15, we optimize a very complex trajectory that has
the UAV flying through a series of circle-shaped obstacles
of a varying radius, where the UAV trajectory is represented
using 393 Bezier curves. The convergence history of all
three algorithms is plotted in Figure 16 in terms of energy
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level and gradient norm. In this example, BC-ADMM has
almost the same performance as Newton’s method in terms
of wall time, which is much faster than GD. However, since
each iteration of BC-ADMM is much faster than Newton’s
method, our algorithm is more amenable to early stop and
returns a solution with moderately high quality, which is
a common practice in the community of UAV trajectory
optimization. From the plot of the gradient norm, we can see
that BC-ADMM is the best performer. Although both BC-
ADMM and GD are first-order algorithms, GD exhibits very
noisy gradients, while BC-ADMM consistently reduces the

gradient norm.

0-0-0-0-00

t Q\,
A N\ S Y,
y/ 0/ G ‘J'V ‘7' 1 ’ ARUOY ) 5 0000

& &OC\&O“Q y

Figure 15. We optimize a complex UAV trajectory where the
UAV flies through a series of circle-shaped obstacles of varying
radius. The top figure shows our initial trajectory, and the bottom

figure shows the optimized configuration.
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Figure 16. We plot the convergence history of the three

algorithms in optimizing the UAV trajectory, where the left figure
shows the energy value and the right figure shows the gradient
norm. BC-ADMM has similar performance as Newton’s method

significantly outperforms GD.

Soft Robot Gripper Simulation We solve the problem

introduce these potential terms. Put together, our problem
setup is summarized below:

flz) = —2T Mg + const.
gravitational-force
g(Az, 2)
= Z Pr((zi, @i, wr, 01) , zigit) +

obstacle-collision

(Tijk,01)

>

(TijksTimn)

Z Pr (i, @5, x, T 5 2ije) +

ARAP-material-model

Pr((xiv Tjy Thy Tty Tm, Irn) ) Zijhimn) +  (29)

self-collision

Tijkl

Z Pcable,a(xi, «:Bj) .
i3 cable-driven actuator
In our benchmark, we model the soft robot gripper to grasp
another soft ball, where the ball is modeled using ARAP
material as well. We setup the ball to have a much smaller
stiffness than the finger (we use 100 : 1 stiffness ratio), so
that the fingers can impose large grasping forces on the soft
ball, forming a firm grip and causing extreme deformations
in the ball. Starting from a trivial initialization, our goal is
to compute the ultimate pose of the fingers and the soft ball.
This is a challenging benchmark where large forces need to
be transferred from the gripper to the ball, through collision
potential terms P,. Further, the extreme deformations can
cause complex collisions between objects, and any violations
of collision constraints can lead to infinite energy values
and failure of optimization. Again, we show the initial and
optimized configurations of this benchmark in Figure 18
and we plot the convergence history in Figure 19. Our BC-
ADMM significantly outperforms the two other algorithms
in terms of energy value and gradient norm. Thanks to our
modified ARAP energy with strain limiting, BC-ADMM
can simulate extremely large deformations without inverted
elements as compared with the standard ARAP formulation,

as illustrated in Figure 17.
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proposed in Fang et al. (2018), where a soft robot is actuated
by cables and serves as fingers of a gripper, treating ADMM
as a quasistatic soft robot simulator. In our problem setting,
the robot is discretized using a finite element mesh, and
the internal elastic energy is discretized using our modified,
bi-convex ARAP energy Pr.. To model the cable-driven
actuator, we notice that a cable segment connecting two
points x; and x; can be exactly modeled as a convex potential

Pcable,a(xivxj) =a ||$7 7IjH2+€’

where € is a small regularization to ensure smoothness and a

is the positive constant representing the internal tension force

magnitude in the cable. It can be verified that the negative
gradient of P is the force vector with magnitude a and
pointing along the line segment between x; and ;. As usual,
all the collisions are handled using our collision potential
term P,, and we use collision detectors to progressively

energy:
(28)
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Figure 17. We simulate a soft beam under different
gravitational coefficients (marked below) and compare our
modified ARAP energy Pr . with the standard ARAP energy
without strain limiting by setting Pr = ||F — R||%. Under a large
gravitational force ||g|| = 20, the result without strain limiting
exhibits an inverted element (red box), while our ARAP energy
with strain limiting always predicts faithful deformation results.
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Figure 18. We simulate a 3-fingered, cable-actuated (red line
segment) soft robot gripper (brown) to grasp a soft-ball (blue),
the initial and optimized configuration are shown on the left and
right, respectively. The ball is much softer than the gripper, so
that the gripper can impose extreme forces and cause
significant deformations.
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Figure 19. We plot the convergence history of the three
algorithms in the soft robot gripper simulation benchmark,
where the left figure shows the energy value and the right figure
shows the gradient norm. BC-ADMM outperforms the two other
algorithms in both criteria.

Scalability

Empirically, larger problem instances lead to an accumu-
lation of log-barrier terms, which increases the numerical
stiffness of the optimization problem and results in a greater
number of iterations to reach convergence. We examine how
computational cost scales with problem size across four
benchmark tasks. While it is common practice in robotics
applications to terminate optimization after a fixed number
of iterations, such comparisons only capture per-iteration
cost and fail to reflect true convergence behavior. Instead,
we evaluate the total computational cost required for conver-
gence. To do so, we first run the optimizer for a large number
of iterations to ensure full convergence and obtain a reference
solution, denoted by (33**, z* ) . We then define convergence
as the point at which the relative objective value is within 1%
of this reference:

|[f (") + g(Ax™, z%)] — [f (&™) + g(Az™*, 2*)]|
|f (%) + g(Az*, 2)|

< 1%.

This criterion is sufficient for nearly all practical applica-
tions, as we observe no measurable differences in robot
behavior or object deformation once the threshold is met.
Our findings are summarized in Figure 20. In some tasks,
such as multi-agent navigation and UAV trajectory optimiza-
tion, we even observe a decrease in computational cost with
increasing problem size. Nevertheless, the overall scaling
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trend across all tasks remains approximately linear with
respect to problem size.

We further analyzed the scalability of all three methods
using the example shown in Figure 2 1. In this benchmark, a
piece of cloth is dropped onto a grid of needles—a standard
scenario for evaluating the robustness and scalability of
cloth simulation algorithms. By varying the resolution of the
cloth mesh, we profile the convergence behavior of all three
methods, as illustrated in Figure 22. Our results show that
the performance advantage of our method becomes more
pronounced at higher resolutions. This is primarily due to
the fact that the per-iteration complexity of BC-ADMM
scales approximately linearly with problem size, while the
direct matrix factorization required by Newton’s method
scales superlinearly. Additionally, the global line-search
strategies employed by both Newton’s method and gradient
descent tend to become more restrictive as the problem
size increases. Finally, we note the inherent challenge in
ensuring fair comparisons across varying problem sizes, as
different solvers may converge to different local solutions.
Furthermore, a rigorous theoretical characterization of the
scalability of ADMM-based optimization methods remains
an open problem in the field.

Parameter Sensitivity

Our main result in Assumption 3 indicates that the optimizer
can be sensitive to all three parameters: 3, (3,, and f.
In practice, however, we find that Algorithm | provides
a robust mechanism for automatically tuning 3, and 3,
to ensure convergence. In all experiments, we initialize
By =1 and allow the algorithm to adaptively adjust both
B and B3, during optimization. In contrast, the algorithm
remains sensitive to the global penalty parameter 3, which
requires manual tuning across different benchmarks. This
sensitivity is consistent with observations in prior work,
such as Overby et al. (2017). In Figure 23, we compare
convergence behavior for two examples under varying
values of . The results reveal the existence of a sweet
spot—where the optimizer converges most efficiently—and
demonstrate degraded convergence when [ is set either
too high or too low. For deformable object simulation,
we recommend following the empirical guideline proposed
in Overby et al. (2017), setting 3 to the square root of the
average material stiffness, i.e., § = Vk in Py.1,1. However,
we note that the stiffness of the log-barrier function can vary
dynamically depending on the proximity between objects
and obstacles. Therefore, for other applications such as
multi-agent navigation and UAV trajectory optimization, we
simply use a fixed value of 5 = 100.

Conclusion

In this paper, we introduce BC-ADMM, a new optimizer that
can solve non-convex constrained optimization problems.
Our theoretical analysis shows that BC-ADMM has
convergence speed guarantees and practical convergence
guarantees in an asymptotic sense. We further show
that BC-ADMM can be used in a wide range of
robotic applications, including multi-agent navigation, UAV
trajectory optimization, deformable object simulation, and
soft robot simulation. Our numerical experiments show that,
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Figure 20. We plot the computational cost as a function of problem size across four tasks. For the multi-agent navigation problem,
we use the agent setup shown in Figure 8, where a varying number of robots are initialized in a circular configuration. In the
quasistatic cloth simulation task, following the setup in Figure 11, we vary the cloth size by increasing the number of rectangular
grid cells along the vertical dimension. For the UAV trajectory optimization task, based on the configuration in Figure 15, we vary
the number of circular obstacles. As the number of obstacles increases, the UAV trajectory is subdivided into a corresponding
number of Bézier curve segments. Lastly, for ARAP deformation, we adopt the 3D version of the setup in Figure 17, where we vary
problem size by discretizing the 3D beam using different numbers of tetrahedral elements.

Figure 21. The initial (top) and final (bottom) iteration during
the quasistatic optimization of a piece of cloth dropped onto a
grid of needles.

when solving large-scale problem instances, BC-ADMM
outperforms both gradient descent and Newton’s method
in terms of wall clock time. However, our formulation
still suffers from several limitations. First, our theoretical
analysis does not guarantee a convergence speed of the
practical Algorithm 1. Instead, our convergence speed
guarantee requires sufficiently large parameters that are hard
to estimate. Second, our method heavily relies on a bi-convex
relaxation of non-convex constraints, which potentially
limits its range of applications in other robotic problems. An
important class of robotic applications is the optimization
under dynamic constraints, which has been investigated in
other structured optimizers Stella et al. (2017); Tang and
Daoutidis (2019). Incorporating dynamic constraints in BC-
ADMM poses a promising direction of future research.
Finally, our practical Algorithm | requires a centralized
check to determine whether variables can be updated, which
prevents BC-ADMM from solving very large-scale problems
in a decentralized manner. We hope these limitations inspire
future research to improve our techniques.
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Convergence Analysis

We need a novel technique to analyze the convergence of
BC-ADMM. Our main idea is to construct an Lyapunov
candidate and establish its descendant property. However,
such analysis requires the function g to have Lipschitz
continuous gradient. To work around this obstacle, we
propose to use Whitney extension theorem Whitney (1992)
and construct a function G with Lipschitz-continuous
gradient. We then consider BC-ADMM with g replaced by
G and denote the algorithm as BC-ADMM¢; (Section ) and
establish its convergence by Lyapunov analysis (Section ).
Finally, we show that the two algorithms, BC-ADMM and
BC-ADMMg;, generate the same sequence (Section ).

BC-ADMM;

To construct the modified algorithm BC-ADMMg, we
introduce the following result to prove the existence of G.
Specifically, for a function twice differentiable on a compact
set of R™t! we can extend it to a function that is twice
differentiable in the entire R™*!. Further, we can slightly
modify this function to equip it with Lipschitz continuous
gradient. Let us define the set:

S(r,M) ={(y,2) lg(y,2) <M N (y,2) || <r}
2(r, M) = {(y,2) |g(y,2) < M A (y,2) || <rAze 2}

We aim to prove a theorem that is slightly more general
theorem based on a weaker assumption on the function g as
follows, which allows us to solve more problem instances:

n

Assumption 9. i) f : R" — R* U {oo} is continuous and
differentiable in dom(f) and g:R™T' — Rt U{co} is
continuous and twice continuously differentiable in dom(g).
ii) f(®) + g(Ae, o) is coercive. iii) A strictly feasible solution
20 € R, 20 € Z is given, such that f(2°) + g(Az?, 2°) <
oo. iv) g(e,z) is convex. vi) For (y, z) € Sz(r, M),
g(y, ®) + tz(e) has a unique global minimizer on the closed
set Z denoted as a function z(y), such that (y,z(y)) €
SZ(FQyM, M). Further for (y7 z(y)) € Sz(r,M), z(y) isan
L?yM -Lipschitz continuous function.

We first present a set of preparatory results:

Lemma 10. We take Assumption 9. Then for any r > 0 and
M > 0, g has the Lipschitz continuous gradient on S(r, M)
with a modulus LZ’M < oo.

Proof. For each (y,z) € S(r, M), we can find an open
neighborhood G, .(p(y, z)) with radius p(y, z) such that
19294/, )| < L(y. 2) < o0 for (y,2') € Gy (ply, 2).
Now since S(r, M) is compact, we can find a finite sub-
cover and we choose L;M to be the maximum over these
finite modulus L(y, 2).

Lemma 11. We take Assumption 9. Then for any v > 0 and
N > M > 0, there exists some 6"MN > 0, such that for any
(y, z) e S(r, M), Qy,z((ST"M’N) CS(r+ 6"’M’N7N).

Proof. Consider another set S'(r+1,N) = {g(y,2) >
NA|(y,z)|| <r+1}. Clearly, S(r,M) and S'(r+
1, N) are both compact and disjoint because ¢ is continuous,
so the distance between them is a positive value denoted as
§mMN* > 1. We can show that §"*N = min(§"M-N* 1)
satisfies our needs.
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Lemma 12. We take Assumption 9. Suppose (y7z
Sz(r, M) and |ly —y|| < 6N, then ||z(y) — z(y')]
LMy — y|| for some LM < oo,

Proof. For any point y” on the line segment between y and
y', we have (y”, z) € Sz(r+6"M~N N) by Lemma 11,
so by our Assumption 9 vi), (y”, 2(y")) € Sz(F;,MN, M)
where we define 7N = " N Further by
our Assumption 9 vi), z(y"") restricted to this set is Lipschitz

SN
’

continuous with a modulus of L.}’ re-defined as

LQyM N which is our desired result.

Lemma 13. We take Assumption 9. Then for any v, M > 0
such that S(r, M) is not empty, we can define a twice-
differentiable real function G,y : R™* — R such that: i)
Gr,m and g match up to second derivatives on S(r, M);
ii) Grar =0 when || (y,2) || > 2r; iii) Gyar has LEM-
Lipschitz continuous gradient with L;M < LgM < 00, V)
Grpm > G > —o0.

Proof. Clearly S(r,M) is compact, so the Whitney
extension theorem results in a twice-differentiable function
G7 p such that G7 , and g match up to second derivatives
on S(r, M). We then define a smooth decay function:

1 d<r
ne(d) = < (2r — 2)3 (622 — 9ra + 4r2) /15 d € (r,2r)
0 d>2r

Finally, we can satisfy all the conditions by defining:
Grm(y,2) = n:([ly, 2[) G721 (y, 2). Indeed, i) and ii) are
trivial. To establish iii), note that G, has LjM-
Lipschitz continuous gradient on S(r, M) with LyM <
oo by Lemma 10, G, has 0-Lipschitz continuous
gradient when || (y,z)| > 2r. The remaining area is
bounded. Similarly, to establish iv), note that G,y = g >
0 on S(r,M), Grpr =0 when || (y,2) | > 2r, and the
remaining area is bounded.

The main benefit of analyzing the extended function
G, v instead of g lies in the fact that G, ps has LEM—
Lipschitz continuous gradient, so that we have the following
convenient result in the entire Euclidean space:

||VGT,]VI (Zh Z) - VGT,M(ylv Z/)”

<LgM| (y:2) = (v, 2) |, o
and:
Gru(y',2")
<Grum(y,2) +VGrm(y, 2) (v, 2') = (y,2))+ 31)
LT,M

=511y 2) = (v, ") I

We are now ready to define our modified BC-ADMMg
algorithm that aims to minimize the objective with g
replaced by G, ). First, since f(e) + g(Ase,e) is coercive
by Assumption 9, we must have that all the ( z, z) satisfying
f(@) + g(Ax,z) < M is bounded in the hyperball with
radius RM, ie., (w, z) | < RM. With this notation, we
assume the following parameter choice:
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Assumption 14. The following parameters are used for
BC-ADMMg;:

M = 5(f(z°) + g(Az°)) (32)
Pl = p2M/5 2 _ 1 +6r1,2M/5,3M/5
2 r2,3M/5,4M/5 (32b)
3 = p2 4§ BM/5AM/5 4 03 LLy 5, 5g
5:min(57-1,2M/5,3M/5 57-2,3A1/5,41v1/5 57»4,4M/5,M) (32¢)
R 6r4,4M/5,]\/I (32d)
2||A 0y + AT Ax0, 20
. > AAUVIGD + 47Ty a0 | 20
4(2M /5 — G, )| A2
5, 5 AEM/5 = GylAl 0
52
4(2M/5 -G, u)
By 2~ (329)
g >2LpM (32h)
2
3255 + 165§(L81\4L2y,3M/5,4M/5)2 n 16(Lg]b1)2 .
8> (32i)
By
28y — Lg™) .
B8 2 m (32))
Y le]
B> # (32k)
T f(2%) + g(Ax0, 20)
(By + LgMer,3M/5,4M/5)2
1 _ z
M ;72,3M/5,4M/5
8B2(1+ (LM Lz, SM/5AM/5)2) (321)
2(2M/5 - G,. 3r)
r, M r, M
Lem =%

It is easy to see that the parameters in Assumption 14
can be satisfied by choosing M, d,r, 3., By, 3 in order to
satisfy all the conditions. Next, we introduce the following
Lagrangian function:

‘cTa]W(:rv y7 2 )‘)
(33)
=1(@) + G (3,2) + )| Az — y|* + X7 (42 — ).

Our BC-ADMMg; proceeds to update z,y, z, A iteratively
by the following rule, with superscript denoting the iteration
number:

0 =42 20 =2(°) A0 =V,9(° 2" (34a)

2{5 xhtt =argminl,. p/(z, y*, 2P NF) + %Hm —z*|? (34b)
x

z B
% yk+1 :argminﬁ’r,M(xk+lvy7 Zkv Ak) + ?UHy - yk”2 (34C)
b y
@]
m

2 4
2L CLIP(2(yF 1), 2%, L1, 3M/P M5 |yt k) (34d)
A+ K Jr5(Aack+1 _ yk-&-l). (34e)

We make two changes in BC-ADMMg;,. First, we cannot
compute the globally optimal solution in Equation 34c
because G, ps(e,z) is not convex in general, so we
only assume that a locally optimal solution is computed
starting from the initial guess of y*. Second, note that we
cannot reuse equation Equation 13d with g replaced by
Gy m because G, a(y,e) is no longer convex in general.
Therefore, we introduce a clip function defined as:

CLIP(z(y"*1), 2%, 1) =

P otherwise

z(yk+1) if ||Z(yk+l) _ZkH S land
GT’,Z\/I (ykJrlv Z(yk+1)) S GT,M(ykJrla Zk)
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Note that, unlike BC-ADMM, we cannot use mathematical
induction to show that g(y**!, e) is proper in BC-ADMMg,
so we have to consider the case where z(y**1) does not exist
and our CLIP function simply set z**1 = 2* in this case.
Finally, similar to BC-ADMM, we assume that Equation 34b
and Equation 34c is solved by local gradient descend starting
from the initial guess of x*. By the first-order optimality
condition and the definition of CLIP, we have at every
iteration:

0 =82 ("1 —2F) L v pEF ) 4 paT (aak Tt k) ATk @5)

=80 ("1 = aF) £ v @) £ ATAFTL L paT M %) 6o
0 =8y T — o) + vya, WP R — AR )
I >||CLIP(a, b, 1) — b]|. (38)

In the next section, we would construct Lyapunov
candidate for BC-ADMM and establish its descendent

property.

Lyapunov Analysis of FT-ADMM¢

In this section, we analyze the convergence by constructing
a Lyapunov candidate in a similar fashion as Jiang et al.
(2019). We start from a convenient lemma:

Lemma 15. Taking Assumption 9, the update of \* in FT-
ADMM ¢ satisfies the following inequality:
NP = AR < 485+ (LT = P
r,M 12 _
4B, (1 + (L L MSAMB) )|k — yh =12,
Proof. This result is derived by the following inequality:
”)\k-‘rl _ >\k||2
o)
<418, (" = yO)IP + 4018, (v* — y"HIP+
4|V Grar (" HY, 27) = VG (7, 2 |2+
4V Grar(y*, 25) = Vy Groa (v, 257H)|12
@ M -
<4(By + (L") = o I + 485 lly" — o 1P+
4B (LG ?I" — 2P
®) ” B
<A + (L")l = M P + 485 lyt - P+
T, -2 —
4BZ(LG]VILL:LI,3M/5,4M/5)2||yk: _ yk: 1H2'

Here (1) is derived using Equation 37, (2) is due
to Lemma 13, and (3) is due to Lemma 12 and Equation 38.

Next, we propose the following Lyapunov function:
leT,]W(xk7 yka zka )‘ka yk_l) = £T,]\/[($k7 yk7 Zk> Ak)—"_

r, r?,3M/5,4M/5
4B2(1 + (LM Lz, M )
B

and establish its monotonically decreasing property:

k _ yk—1”2’

Lemma 16. Taking Assumption 9 and Equation 32i, then
we have for FT-ADMM ¢ :

R R e

S\Ijr,ﬂf(xk7yk7Zka)\kayk_l)_ (40)

k+1 | k+1 _k+1 yk+1 |k
lI/T,M($+7y+aZ+a)‘+ay )
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Proof. From Equation 34b and Equation 34c, we have:

£7_71\/I(xk+l’yk+17 Zk, )\k)_|_

B B
7y”y}’c-‘rl o yk||2 + i”xk-i-l _ ka2
3 41)
S»Cr’zv[(xk+1,yk7 Zk)\k) + %ka—i-l _ $k|‘2
S‘CT,M(Ika Z/k7 Zk7 )\k)
Now from Equation 41, Equation 34e, and Lemma 15, we
have:

k+1 , k+1 _k+1 yk+1
ﬁr,M(x+,y+aZ+a>‘+)

©)]
k+1 _k+1 _k yk+1
SET',M(J: Y A A )

:£r7M(xk+1yyk+1,Zk, Ak)—F
()\k+1 _ )\k)T(Axk+1 _ yk+1)

) ) 1, ..
:‘CT,M(xk+17yk+la Zka )‘k) + 7||)‘k—"_1 - Ak||2

2
k+1 , k+1 _k \k
SET,M(J; + Y + y R a)‘ )+

482 + (L))
8
452(1+<LT]\/IL7‘ 3M/54M/5) )”y
3
2Lt (2F, ", 25 A+

48; + (L)) 5y ”
5 y

ly* T — |1+

k _ yk—1||2

ML yR|1P
2 rM 71r2,3M/5,4M/5\9
46, (1 + (Lg™ Lzy ) )”y

B

8
e

k yk71||27

where, specifically, (1) is due to the definition of CLIP, (2) is
due to Lemma 15, and (3) is due to Equation 4 1. The result
follows by our choice of parameter:

482+ (L™ By
153 2
_ 4ﬁ2(1+(LTMLT 3M/54M/5) ) _@
< 3 1
M yr2,3M/5,4M/5 M
LB 3262 + 16832 (Lg " Ly )2 +16(LpM)2

By ’
and all is proved.

We can further bound our proposed Lyapunov candidate
W,. pr from below as follows:

Lemma 17. Taking Assumption 9 and Equation 321, then
we have for FT-ADMM ¢ :

\IJT,M(wkayk7zk7>\k7yk—l)
>f(a®) + GnM(Axk, 2F)+
8 LBM »3(,31/ + Lr MLT2 3M/5,4JW/5)2
2 16ﬁ2(1 + (LY MLr2 3M/5, 4M/5) )
|Az? — y*|?
> f(a) + Gpo(A2F,2%) > G,
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Proof. Our desired result then follows due to the following
inequality:

£T7M(Ik,yk,zk,)\k)
=f(@") + Grr(y", 25)+
T Ak — g ()" (A
9 F(e*) + Gron (4,5 +
By (" —v* ™) + VyGrar (F, 2 1) T (Ak — o)

)

B
+ 5 llAz® =yt P+

=f(a") + Gru(y*, 2%) + f||Azk—yk||2—|-
(By(y* =" + VG (v*, 2%)) " (Ax" — y*)+
(VyGrom(y ’Zk 1) VyGrm(y k )) (Ax _y)
(2
>f(2®) + G (Az®, 2F)+
p— LTM k|2 k k—1\T k k
7”/4% =y 1P+ By (" —y ) (AxT — ")+
(VyGrm(y*,2571) =V Grar (v, 27)T (Az" — yF)
3) k kK B_L'rG,M . -
> f(2%) + G (Aa®, 2) + = || Az® — ¢~
Bylly® —y* [l A* — ¥ |-
LM |28 = 21| Ae® — |
(4 _LT,M
> F(a*) + Grar (A, ) + BTGIIAI’c —y*|?

2
= (By + LM LL MM |y —
>f(2®) + G (A, 27)+

[P Tl

,B—LEM - ﬂ(ﬂy+LT JV[LT ,3M /5, 4M/5)
2 1665( (L’r ML;y3M/54M/5) )
|Az® — y*|?
r,M y7%,3M/5,4M/5
AR (LML
3 ly" =y

and the result follows by our choice of Equation 321. Here
(1) is due to Equation 37, (2) and (3) are due to Lemma 13
iii) as well as Equation 30 and Equation 31, and (4) is due
to Equation 38.

Connection between BC-ADMM and
BC-ADMM,

We show that the z*,y*, 2* sequences generated by BC-
ADMM and BC-ADMMg; are the same under the proper
parameter choice. as a result, BC-ADMM has the same
convergence speed as BC-ADMMg, aka. O(e~2). To begin
with, we need to analyze the behavior of the first iteration of
BC-ADMM¢; as follows:



22

Journal Title XX(X)

Lemma 18. We take Assumption 9 and Assumption 14. The
first iteration of BC-ADMM ¢, satisfies:

1)
1.0
I %)l < g 420)
r,M
ly" — Ale < Put Lo Mé < é (42b)
Iyt ="l <6 (42¢)
2L =z(y). (42d)

Proof. From our choice of initial value and Equation 37, we
have:

0=, (y" — Az°) + V,Gra(y'. 2%)+
Bly' — Az') — V, G, ar(Az?, 2%)
=By(y" — Az’ + Az’ — Aa®) + B(y" — Az')+
[VyGrar(y', 2%) — VG (Axt, 20)]+
[VyGrar(Azt, 2%) — V, G, (A2 20)].

By the triangle inequality, we have:
(By + B)lly" — Az'||
M 1 0 M| 1 1
SBy + L A —27)[[ + Lg ™ [ly — Az

Lp"|A
_Al'lH < (6U+ G )J«|JVIH||:E1 _‘TOH‘
By +6—Lg

(43)
=||y*

From our choice of initial value and Equation 35, we have:
0 =P (z! —2°) + Vf(zh)+
BAT (Ax' —¢°) + ATV,G, 0 (A2?, 20)
=Bu(z’ —2°) + [Vf(a') = Vf(2)]+
BAT (Ax' — Az®) + V f(2°) + ATV, G, 0 (A2?, 20).
Again by the triangle inequality, we have:

Bullzt — 20| < |81 + BAT A](z* — 20)
<Lgllz' = 2°) + |V f(z%) + ATV, Gy 0 (A2, 20) |

=zt - 2%
1
,ﬁ ||Vf( N+ ATV, G, (A0 20)||
)
Si V() + ATV, g(Az°, 2° <

(44)

where in (1) we have used Equation 32¢ and we
have proved Equation 42a. By combining Equation 43
and Equation 44, we have:

By + LTJ\/[

Iyt — Aot <ot te 0 g
By+B—Lg" 2

) 6
5 @9
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where in (1) we have used Equation 32h and we have
proved Equation 42b. Further, we have by combining Equa-
tion 43 and Equation 45:

ly' =30l < lly" — Az’ + ||Azt — A2®| <6, (46)

and we have proved Equation 42c. Finally, we have the
following chain of inequality:

Grar(y 2 2 Gyt 2(y1) 2 gy, 2(yY)
o (47)

<9(y",2(8°) = Gru(y', 2(4°)) = Grue(y',2°).

To see the above inequality, we note that (y°,2°) €
SZ(T1>2M/5) - 82(7“4,4M/5) and ||y1 - yOH <
§ < §raM/5M by Equation 46. Now by Lemma 13,
we have (1) and (2) is due to optimality of z(y').
To see (3), we can, apply Lemma 12 to show that

2(yt) — 2(°)|| < Lo M/BMB )L _ 0 5o that
we have:
I (y" 2M) 1<l (y% 2°) T+ 1 (yh 2(6h) = (9°,2°) |l

S7,1 +5(1 JrLZZ,3M/5,4M/5) <

Also note that we have already shown by (1) and (2)
that g(y*, z(y")) < M, so we have (y', z(y')) € S(r, M)
where G, =g, which is (3). Now by Equation 34d
and the definition of CLIP, we have proved (4), which is
exactly Equation 42d and all is proved.

Next, we show that the Lyapunov candidate in the first
iteration can be upper bounded:

Lemma 19. We take Assumption 9 and Assumption [4.
The Lyapunov candidate in first iteration of BC-ADMM¢g
satisfies W, (xh,yt, 21, AL y9) < 2M /5.
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Proof. This is due to the following inequality:

F(@) + g(Aa?, 2%

gf(atto) + Grar(Az,2°) = L, 0 (20, 4%, 2°,09)
@ Ba B
ZET,M(Ilayla ZO? )‘0) + 7“‘%1 - ‘P‘CO”2 + ?yHyl - y0||2
@ Ba B
ZET,M(xlaylazla)‘o) + 7“%1 - x0||2 + ?yHyl - y0||2
zﬁr,M(zl,yl,zl,)\l) o ()\1 o )\O)T(Axl o yl)+
B B
et =217+ =0
=Lzt yt, 2 A = Bl Azt -yt P+
% — a0l 4 Dyt -2
Z\IIT,M(xlvyl, 217 )\l’y()) - ﬂHAxl - y1||2+
R M
rM 71r%,3M/5,4M/5
485 (1 + (Lg ™ Ly )1 oy
5 Iy — |
“)
>\I/7‘ JW(:C17y17 Zlv Alayo) - /BHA'II - y1||2+
B B
e = Il
® B 6 —‘,—LT"M 2 52
Z\IIT,M(xlvylvzlvAlvyO) - ( S GT7]\>4 22
(ﬂy +8 - LG )
© 52
Z\I}T,M( 7y Z >‘17y) ﬁ

Here (1) uses our choice of initial guess and the fact that
(Axo,zo) € S(r,M). (2) is due to Equation 41. (3) is
due to Equation 47. (4) is due to Equation 32i. (5) is due
to Equation 42b. (6) is due to Equation 32j. Finally, our
desired result is due to Equation 32k. The proof is complete.

We have established all the results about the initial
iteration and we are now ready to show the equivalence
between BC-ADMM and BC-ADMM¢. We prove the
following result by induction:

Lemma 20. We rake Assumption 9 and Assumption 14.
Then every iteration generated by BC-ADMM ¢ satisfies:

y* by BC-ADMM and BC-ADMM, is same ~ (48a)
2 = 2(y") (48b)
F(2F) + g(Azk, 2%) < 2M /5. (48¢)

In summary, the z¥ y* 2* sequence generated by BC-
ADMM ¢ and BC-ADMM are the same.

Proof. We use mathematical induction. The case with k£ =
0 is trivially due to our choice of initial value. Base
Step (kK =1, Equation 48b and Equation 48c): We have
f(2%) + g(Ax°, 20) < M/5 < 2M /5 by our initial guess so
(A%, 20) € Sz(r!,2M/5). We have || Az® — Az!|| <6 <
§r'12M/5,3M/5 by Equation 424 and:

I (Azt, 2%) || <[l (A2°, 2%) || + [|Aa’ — A=

1
<pl g §r'2M/53M/5 2,

Prepared using sagej.cls

leading to (Az',z") € Sz(r?,3M/5). We also have
[[Az0 — 0| =0 < §rt2M/5,3M/5 o (yo’ ZO) c
Sz(r',3M/5) C Sz(r?,3M/5).  Next, we  have
Azt — || < 6 < 67 3M/5.4M/5 by Equation 42b and:

(g 22) I <l (Azh,20) ||+ ly* — Azl
§T2 + 5r2,3M/5,4M/5 _ r3,
leading to (y',2°) € Sz(r3,4M/5). Then, we have
(v°,2°) € Sz(r*,3M/5) and Iyt =yl <0<
§7°:3M/5,4M/5 g by T emma 12 and Equation 42d:

2! = 2% = ll2(y") — 27| < LLAMAM5 !

=3l
Now by optimality of z(y'), we know that g(y',z') =
gyt z(yh)) < g(yh, 2Y) < 4M/5 and:
(o =) 1<l (ot 20) T+ D12 =20
<r3 4+ LZ;,3M/5,4M/55 — ot

leading to (y*,z') € Sz(r*,4M/5). Finally, we have
Azt —yt|| < 6 < 67 AM/SM g that: (Azt,2') €

SZ(’I"4 + 67’4,4M/5,M)M) = SZ(T, M). HOWCVGI‘, we alSO
have:
0 Sf(ml) + g(Axl7 zl) = f(xl) + Gr,M(Aa:l, 21)
@ @
<, (zt gt 2t A y0) < 2M )5,

where (1) is due to Lemma 19 and (2) is due to Lemma 17.
We have essentially proved Equation 48c and Equation 48b
is due to Equation 42d. Now we have finished proving the
base case.

Inductive Step (k > 1, Equation 48b and Equation 48c¢):
We have f(2%)+ g(Az*, 2¥) < M/5<2M/5 by our
inductive assumption so (Az",z*) € Sz(r',2M/5). We

have the following estimate in the change of z*:

[

4 \IIT,M(mkvyk7Zk7)\k7yk DE
2 ] M(xk-&-l’ yk+17 zk+17 )\k-&-l’ yk)
- B

<2>\/4(\Ilr,M(xl7y1,zl,)\1,yO

Ba
o \/ 4(2M /5 —
- B

Q’I‘,M) g 0 ’
1Al
where (1) is due to Equation 40, (2) is due to Lemma 17,
(3) is due to Lemma 19, and (4) is due to Equation 32f. We
further have the following estimate in teh change of y/*:

) - QT,JVI)

Hy'“ kH

7y Z /\k k— 1)
] T]\/I k+1 yk+la k+1a)‘k+17yk)
> By

@ [4(T Loyl 21 A\l y
By

4(2M /5 —
(‘3)\/ / TM)%(S

) _QT,M)

IN

INE

)
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where (1) is due to Equation 40, (2) is due to Lemma 17, (3)
is due to Lemma 19, and (4) is due to Equation 32g. We thus
have ||Az? — Azh+1| < § < ¢ 2M/5,3M/5 gpg:

I (Az*tt, ) || <[l (Az*, %) || + | Az" T — Aa®|

1
<pl 4 g7 2M/53M/5 _ 2,

leading to (A"t 2F) € Sz(r?,3M/5). We further have
the following bound on || Az**+1 — y*+1|| or || Az* — y*|:

max (]| Az"H — "2, [ Az® —yF)?)

@ 2M /5 — G, <2>(S
ﬁ*Lg’M B ﬁ(ﬁy+L81WLZ§:}IW/5,4M/5)2 ’
2 lﬁﬂg(1+(LgJVIL;y‘ISJW/oAZM/O)Q)
where (1) is due to Lemma 17 and Lemma 19,

while (2) is due to Equation 32I. Combined with
the fact that (Ax*, z%) € Sz(r',2M/5), we know that
(y*,2%) € S(r?,3M/5). Next, we combine the fact that
(AzFT1, %) € Sz(r?,3M /5) and:

(™ 25 ) I <) (A 29) [+ fly™ - At

2
<p? 4§ BM/5AM/5 _ =

leading to (y"™!, z%) € Sz(r3,4M/5). Then, we have
(y% 2%) € 8z(r?,3M/5)  and  [lyFt! —yF|| <6 <

§773M/5,4M/5 g by Lemma 12 and:

12570 = 28] =l () = 2(5°)]

§L;Z73M/5’4M/5||yk+1 . yk”’

and Equation 48b follows by an identical argument as
in Equation 47. Now optimality of z(y**1), we know that
g(yk+1,zk+1) — g(ykJrl’Z(yk:Jrl)) < g(yk+1,zk) < 4M/5
as well as:

F(gE T 2 <) (7 25) 4+ (125 = 27

2
< 4 L;y,3A{/5,4]V[/55 _ 7"47

leading to  (y**t, 2*T1) € Sz(r*,4M/5).  Finally,
we have ||AzFtl — Rt << §TIAM/BM o that
(Azht1, 2241) € Sz (rd 4 o7 AM/SM M) = Sz (r, M).
However, we also have:

0 <f(a"*1) + g(Aa™HT, 2

=) + G (A, 2

2 (1)
1 1 c+1 1
Sy (R Y ST Ry <oy,

where (1) is due to Lemma 19 and (2) is due to Lemma 17.
We have essentially proved Equation 48c. Now we have
finished proving the inductive case.

Base & Inductive Step (k > 1, Equation 48a): From the
analysis above, we know that (y*, 2*) € Sz(r?,3M/5) for
every k > 1 and |[yF+! — y|| < § < 77 3M/5AM/5 Aq g
result, (y**1, 2%) € S(r3,4M/5). Therefore, the gradient
of G, pr and g matches and we have at yF*+1 generated by
BC-ADMMg:

p
0=, [LoarlaH 1 2400 4

B
:vy |:E(xk+1’yk+1’zk’)\k) + EyHylH»l _ ka2 .

Prepared using sagej.cls

But since the objective function in Equation 13c of BC-
ADMM is strongly convex, whose optimal solution is
unique, we must have y**! generated by BC-ADMM is
equivalent to that generated by BC-ADMMg,.

Finally, we still need to show that BC-ADMM¢ and BC-
ADMM generates the same sequence. Note that the two
algorithm uses different steps in the update of y* and z*.
But we have shown that 2 = z(y*) for every k and that the
update from the same y/* leads to the same 3/***. Our desired
result follows.

As our last step of analysis, we establish the convergence
speed of BC-ADMMg¢; in the following result:

Lemma 21. Under Assumption 9 and Assumption 14, BC-
ADMMy¢ converges at a speed of O(e™?) to e-stationary
point of Equation 11.

Proof. We can repeatedly applying Lemma 16 and, by
letting /3, = min(B,, 8,), we have:

K
By k41 k2 k41 k2
-+ ;Ilw — PP+ g =

Be By =
STl =R Y T - )
k=1

S\I}T,M(xlv ylv >‘17 yO) - \I}T,M(xK+17 yK+17 )‘K+17 yK)

Adding above equations twice and define % = ||z**! —
TF|2 4+ [lyEHT — gFI2 4 ok — 2R L2 [l — g2,
we have by the second term in parameter choice
and Lemma 17:

5 K
Yy k
Ik
k=2
3 K—1\_ k+1 _ k|2 k+1 _ k(2
_Pay k=1 B4 z”||* + [ly yr 1P+
4 POy (Fa i e e Tl

§2\IJT,M(3717 yla A17 yo) - 2\IJT,M(:EK+17 yK+17 )‘K+17 yK>
§2(\IIT7M($17 y17 >‘17 yo) - QT,JW)'

Therefore, we can bound the change in both = and y over
consecutive iterations as follows:

8(\:[/1”,1\/[(‘%13 yla )‘1a yO) - QT,M)

E M @)
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Now define k = argmin #* and we bound the norm of
k=2, K

objective’s gradient with respect to z*.
IVf(*) + ATV, g(Az", 2")|?

=V f(=") + ATV, G (A, 25|12

=[Vf(=") + ATN + AT(V, G (v, 257 = A+
ATV, G (Y, 2") = VG (", 25 7))+

AT(Vy Gy (Az®, 2%) = VG (v, 29))|1?
Be(z® — 271 — BAT(y* — ) = B, AT (" —of
AT(Vy G (y*, 2") = VG (v, Zk*l))‘*‘
AT (V,Grm(A2® 25) =V, G (y*, )12

<452Hwk — "2+ 4B+ B8y IAIP Y — vt
AL AP = 25T + (A2t — y*)?]

=482 ||" — "Y1 + 48 + By AP ly* — v 1P+

. _ >\k _)\k:—l 2
T L [ e

TP 4B+ B AP~y
4(L8ML22,3M/5,4M/5)2HAH2Hyk . ykf

4085 + (L")l — o P+
AB2(1 + (L™ LI M/ AMIo2) |k k12
=0(6").

k
T

(“H A

1H2+

I+

1H2+
(L)’
B2

3)
<4p3 =" —

P+ 4 1Al

Here (1) is due to Equation 36 and Equation 37, (2) is due
to Lemma 13 iii), and (3) is due to Lemma 15. Combined,
we have:

IV f(z*) + ATV, g(Ax", 25)||?
(8 (@t Y N YY) — G, (50)
=0 ( G K = O(e%).

Next we bound the norm of objective’s gradient with respect
to 2F . By (Rockalellal and Wets 2009, Theorem 8.15)
and the fact that z* = 2(y*) due to Lemma 20, we have
—V.g(y*, 2¥) = Nz (zF), with Nz(z*) being the normal
cone of Z at z*. As a result, we have:

dist(Nz(2"), =V.g(Az", 2%))?

=dist(Nz(2"), = V.G, (Az®, 27))?

@)

<IV-Grar(Az”, 2*) = V.Grm (v*, 2")|I?

2/ rr,M\2 k k2 (LEM)Q k k—12

=(Le™ ) |Az” —y7 " = 2 AT = A"

@ (LgM)? A8y + (LTM) My = y* 12+

T B (LML MR Iyt — g
=0(6").

Here (1) is due to the fact that —V .G, r(y*,2%) =
—V.g(y*, 2¥) € Nz(2*) and that dist(Nz(2*),a) < ||a —
b|| + dist(Nz(2%),b), (2) is due to Lemma 13 iii), and (3) is
due to Lemma 15. Combined we have:

dist(Nz(2F), —V.g(Azk, 2¥))?

o 8(\I/T,M(x17ylaA17yO) _Qr)]w) B 2 (51)
=0 ( B K = O(€”).

Prepared using sagej.cls

Our desired result follows by combining Equation 50
and Equation 51.

Theorem 22. Tuaking Assumption 9 and under sufficiently
large (3:,By, B3, each iteration generated by BC-ADMM
satisfies  f(z*) + g(Ax*, 2F) < oco. Further, BC-ADMM
converges to the e-stationary solution of Equation 10 with
an oracle complexity of O(e~?).

Proof. Combine the result of Lemma 20 and Lemma 21.

Convergence of Algorithm 1

In Algorithm 1, we introduced several properties to allow
automatic tuning of parameters and progressively introduce
constraints. To formally argue for the convergence, we use
the observation that with z fixed, our objective f(eo) +
g(Ae, 2) is convex and Algorithm | becomes a special,
two-block case of the proximal ADMM algorithm analyzed
in Deng et al. (2017). According to their analysis, the
parameters (3, 3., 3, need to satisfy the following conditions:

1>e+¢y
Bol = B(1)es — 1)AT A
By > ﬂ(l/Gy - 1)

(52)

To prove convergence, we show that our parameter choices
in Algorithm | always satisfies Equation 52 by construction.
It also satisfies Assumption 14 after a sufficient number of
parameter tuning iterations (below Line 34). As a result, the
feasibility of our solution is ensured by Theorem 22. Our
result is formally claimed in Theorem 6 and proved here.

Proof of Theorem 6. We note that Line 17 ensures that
x* stores the best solution with the smallest f(x*)+
g(Az*, 2*) < f(2°) + g(Ax?, 2°) < 0o. We prove several
properties of Algorithm 1.

We first prove that the parameter tuning iteration
below Line 34 will be entered only finitely many times.
This is because the parameter tuning iteration would restart
the simulation from the best solution at (z, 2)**1 < (x, 2)*
while resetting y**! and A**!. Further, each parameter
tuning iteration would increase 3, 3, indefinitely. Since x >
Ky, B would be ultimately larger than 3, by an arbitrarily
large factor. We could easily see that 8, would also be
indefinitely large, which is obvious from the following
rewrite:

Bx <+ B(1/y+ B/By — 1||AT Al /~.

As a result, all the requirements from Assumption 14
would be satisfied within finitely many parameter tuning
iterations, after which all the iterations are strictly feasible
by Theorem 22 and the condition below Line 34 will never
be met. As a result, we can safely ignore the finitely many
iterations and assume that 3, 3,, 3 are never modified while
all iterations are feasible.

Second, we investigate the number of times z* will be
updated to z(y**1). Note that we use a lazy strategy and
update z* only when the two conditions below Line 17
are met. Suppose these conditions are not met and

z* is not updated, then our algorithm becomes the
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conventional ADMM Deng and Yin (2016) minimizing the
convex objective function f(e)+ g(Ae,z*). Due to our
parameter choice, Equation 52 is always satisfied and (Deng
and Yin 2016, Theorem 2.3) applies, which shows that
f(xP 1) + g(yk+1, 2*) converges to the (globally) optimal
solution of that objective function denoted as 27, ie.
limg_ oo 2% = 2T and limp_, oo yk = Azt. This also implies
that lims_ o 1 = 0. As a result, the second condition
below Line 17, i.e., ! < ¥ will be met for sufficiently
large k. In order for z* to be updated, we also need the first
condition to be satisfied. To this end, we consider two cases.
Case I: If g( Az, 2(Azt)) < g(Az', 2*), then we have:

lim f@b ) 4 g(Aat ! 20 2 f(al) + g(Aat, 2(Aa)
— (@) + g(Azt, =) + (g(Az, 2(Ax")) — g(Aa, =)
2F(2*) + g(Az*, 2*) + (9(Aat, 2(Axh)) — g(Aa', =),

In (1) above, we used the fact that limy_, . zFt! =

limg o0 2(y*F1) = 2(y) = 2(AzT) because z(y) is a
locally Lipschitz function of y by our Assumption 9 vi). (2)
is due to optimality of . We further have:

lim AR =f(x

k—o0

)+ g(Ax*, %)+
(1= n)(g(Az’, 2(Ax’

know  that
o Ak+1

) — g(Azt, 7).
Put together, we limy o0 f(zFTY) +
g(AzFTL A1) < limy, so that the first
condition below Line 17 will be satisfied after finitely
many iterations where z* will be updated. Case II: If
g(Azt, 2(Az")) = g(AxT, 2*), then z* = z(AxT) due to
the uniqueness of z(Az") by our Assumption 9 vi) and z*
might never be updated further. Suppose this is the case,
due to the fact that limy_,o, ®*t1 = 0, we can easily verify
that (zF*1 ¢y*+1 2*) is the desired e-stationary solution
of Equation 10 for sufficiently large k.

As our final step, we consider the case where z* is
updated infinitely many times. In this case, we denote the
subsequence of iterations that update z* as z*(") with i =
1,2,---. In other words, we assume that, at every iteration
k(), the two conditions below Line 17 are met and we have
2* = PO+ = 5 (y#(D+1) The sequence {(x,y,z)*H+1}
is bounded so that there exists a convergent subsequence.
Without a loss of generality in the following arguments, we
can assume the entire sequence {(z,y, z)*()*+1} converges
to some (z, 9, z)T. Clearly, we have 2T = z(y") because z(y)
is a locally Lipschitz function of y by our Assumption 9 vi).

We first claim that lim; o g(y*®T1, 2RO+1)
g(yF@O+L k@) = 0. This is because the
sequence  {f(z*) + g(Axz*,2*)} is  monotonically
decreasing and it reduces by at least (1-—
) (g(yFOF, K OT) — g(yF O+ 2R@D)) at the  k(i)th
iteration due to the first condition below Line 17. If
liminf;_ g<yk(i)+1’ Zk(z‘)+1) _ g<yk(i)+1’ Zk(z‘)) <0,
then f(z*)+ g(Az*,2z*) would tend to —oo, which
contradicts the fact that both f and g are positive
functions. We then claim that lim;_, o 2¥O+1 — zk() = (.

Indeed, suppose otherwise, there exists some e > 0
where [|2#()+1 — 2F()|| > ¢ for infinitely many i. We
can assume that 2zF® converges (otherwise, choose

a convergent subsequence), but with a limit different

Prepared using sagej.cls

from z(y'). But we know by our previous claim
that limy_y o0 g(yFOF1, ZRO+1) _ g(yR+1 k@) =
g(yt, 2(y")) = lim,; o g(yf, 2#)) = 0. This contradicts

our Assumption 9 vi) that z(y") is unique. Our second claim
immediately implies that lim; ., 2*(*) = z(y'), which
combined with the fact that limy_,., ®*»+!1 =0 again
leads to e-stationary solution of Equation 10 for sufficiently
large k.

Remark 23. In Theorem 6, we have assumed that the
constraint detector below Line 19 has never been invoked.
In practice, there are finitely many constraints so that the
detector will be invoked for at most finitely many times.
Further, a well-defined constraint detector only ignores
constraint function terms when the value of these terms are
smaller than some user-defined threshold. It is not difficult to
show asymptotic convergence under this setting.

Special Cases of Theorem 22

In this section, we prove several special cases of Theorem 22,
adapting it to different application domains. First, we show
that two terms ¢g; and go can be summed together and still
satisfy Assumption 9.

Proof of Corollary 8. Define y = (yl, yg), z = (zl, zz),
and z(y) = (21(y1), 22(y2) ). Suppose z1(y1) and z3(y2)
are unique global minimizers of g¢1(y;,e) + ¢z, (e) and
92(y2,®) + tz,(e), then obviously z(y) is the unique
global minimizer of g(y,e) + ¢z(e), proving the first part
of Assumption 9 vi).
Now  suppose (y,
(y1,21) € Sz,(r,M) and
by our assumption we have (y1,21(y1)) € Sz, (7

Zly ’
and (y2, 22(y2)) € Sz,(7;}, M). Combined, we have

1y 2) < (o2 ) I 11 (e, 22) [T < 723 + 72y =
rgyM. Therefore, we have (y,z(y)) € Sz(Fi,, M),
proving the second part of Assumption 9 vi).

Finally, suppose (y,2(y)) € Sz(r, M) then

(ylazl(yl)) € 831(7' M) and (yQaZQ(y2)) € Szz(TaM)'

Therefore, z1(y1) is L7} -Lipschitz continuous and 23 (y2)

s LM _Lipschitz continuous by our assumption. Our result

z2Y
follows by defining LM = L7 + L7

z) € Sz(r,M), then clearly
(yg,zg) € Sz,(r,M) and
7=, M M)

Next we show that bi-convex g satisfies our assumption.

Lemma 24. Assumption 3 implies Assumption 9.

Proof. We first reclaim what we need to prove. For
(y,2) € Sz(r,M), g(y,e) +1z(e) has a unique global
minimizer denoted as a function z(y), such that (y, z(y)) €
Sz (M, M), in which is an L,-Lipschitz continuous
function with (r, M )-dependent parameters M and LM,

The uniqueness of minimizer is due to the o- strong
convexity of g. Next, we know that S(r, M) is a compact
set and |V.g(y, 2)|| is a continuous function. Therefore, we
have ||V.g(y, z)|| is upper bounded on S(r, M) with the

upper bound denoted as LTV’]ZW. We thus have the following
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inequality:

M 2g(y,2) = gy, 2(y))
2905, 2) + Vag(5, )7 () — )+ Z]12() — 2|
>g(y,2) = L =) - 2l + S l12() - 21
> — LY |l2(y) — 2l + S l12(y) — =11

where (1) is due to our assumption, (2) is due to optimality,
and (3) is due to o-strong convexity. Solving the above
quadratic inequation and we have:

I2(y) — zI| < [ 2Mo + (LM)? +LQJZW,N] Jo & g M

Therefore, we know that:
1 (y,2) = (g, z)) I < | (w:2) | + 12 — 2(®)]]

<r+ |:\/2M0 + (L2 + L@é“’} o &M,

Now suppose (y,z(y)) € Sz(r,M). By the inverse
function theorem (Dontchev and Rockafellar 2009, Theorem
2F.7), we know that 0 € Nz (z(y)) + V.g(y, 2(y)) where
z(y) has a single-valued localization in a neighborhood
around (y,z(y)) with a Lipschitz modulus upper bounded
by:

I = Veag(y, 2(y) "' Vayg(y, 2()
©)
<IV29(y, 2() IV a9y, 2())|| < Ly fo £ LEM,

where (1) is due to Lemma 10 and o-strong convexity, which
is our desired result.

Proof of Theorem 5. Combine Lemma 24 and Theorem 22.

We further show that the mass-spring energy Py ;;(y, 2)
satisfies our Assumption 9.

Lemma 25. g = Py ,(y,z) and Z = {z|||z|| = 1} satis-
fies Assumption 9.

Proof. Ohter parts being trivial, we only need
to show Assumption 9 vi). First, we prove that
2(y) = (yi — y;)/llyi — y;]| is the unique global minimizer.
We have for an arbitrary unit z:

ly: =y — 2|1
=l[=(v)2(y) " Nyi — y; — 2DII*+

I = =()=() " Nyi — 5 — 2D
=llys = yi — [=(y)=(v) " )=*+

I = 2(y)2(y)T=1)1?
=lllys = il = cos(@)1* + || sin(6)1]|?
=llys = will* + 1% = 2L cos(0)llys — wsll = (Ilys — wsll = D,
where 0 is the angle between z(y) and z. From above
formula, we can see that z(y) is the unique optimal solution

making cos(f) = 1. Further, it can be easily verified that
z(y) is also the optimal solution to — log, (n” (y; — y;) — 1).
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Put together, z(y) is the unique optimal solution minimizing
g = Pr.1.1(y, 2), proving the first part of Assumption 9 vi).
Suppose (y, z) € Sz(r, M), then we have [|y|| < r and
=)l < L. so || (v, 2() | < v+ 127,
second part of Assumption 9 vi).
From the solution z(y) above, it is differentiable with
respect to y with the derivative being:

0z(y)
dy

proving the

1
lys — ;1"

= (I =227, 2(n)2(y)" — 1)

The above matrix has a norm upper bound of v/2/1 £ L7;M,
which is our desired Lipschitz modulus. We have thus proved

the last part of Assumption 9 vi).

Finally, we show that the ARAP energy with strain
limiting Pr(y, z) satisfies our Assumption 9.

Lemma 26. If Pr(y,z) < M then there exists some e >
0 and o™ >0 such that i) The sphere centered at g

with radius € is contained in CH(y1,- -+ ,yq41) and ii)
or(F(y)) = c™.

Proof. i) First note that all the terms in Pgr. are
positive, so each of them is smaller than M. Let us
define CH; = CH({y;|0 < j #i}) as the face of the
simplex element opposite to vertex y;. We can claim
that there exists some ¢ > 0 such that dist(yo, CH;) >
€. Because otherwise, the term — > 0<jzi 108 (nT (y; —
Yo)) = oo models a separating plane between y, and CH,,
which is continuous and tends to infinity as dist(yo, CH;) —
0 according to Liang et al. (2024), contradicting the fact that
Pr(y,z) < M. We further have yo € CH(y1," - ,Yd+1)
because 0 = tcH(y,,.. ,yqsq) (Y0) < M. This means the d-
dimensional sphere centered at g with radius € is entirely
contained the simplex element.

ii) We recall the following formula for calculating the
deformation gradient F'(y):

X" = (ys—yl, Yo — U7
X(y) = (yz Y1, Yd+ *y1)
F(y) = X(y)[X",

where we use the superscript r to denote the rest pose.
We know that 0 < ¢" < 0, (X") for some 0 < o”, ie.
X" is non-singular by definition. By the barycentric
coordinate interpolation formula, we know that for any ¢ €
R? with ||q|] = €™, we have the barycentric coordinates
0 <w(q) <1, such that yo + ¢ = X (y)w(g). Now since
LCHy; - ,d+1(Y0) =0 < M by assumption, yo also has
the barycentric coordinates, such that yo = X (y)w(yo).
Subtracting the two equations and we have || =
|1 X (y)[w(q) — w(yo)]|l, which immediately implies that
or(X(y)) > €M /d. Combined with the fact that o, (X") >
o", we conclude that o, (F(y)) > M /(do™) = o™, which
is our desired result.

d+1
Lemma 27. g= Pr.(y,2z) and Z = HZ; {nil||ni| <
1} x SO(3) satisfies Assumption 9.

Proof. We start by showing Assumption 9 vi). First
note that when optimizing z = (nl, RN (PR R), the n;-
subproblems and R-subproblem are separable. Suppose
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(y,2(y)) € Sz(r, M), then we have the analytic solution
that R = R(F') because R solves the orthogonal Procrustes
problem Sorkine and Alexa (2007). The uniqueness of R
follows from the uniqueness of polar decomposition. The
uniqueness of n; follows from the o-strong convexity.

Now suppose (y,z) € Sz(r, M), then we have |y| <r
and [[2(y)| < d+ 149, 50 || (,2(4)) | <r+d+102
r.y, . proving the second part of Assumption 9 vi).

We still need to show that z(y) = (n,, R(F)) is Lipschitz
continuous when (y, z(y) ) € (r, M). We only need to show
that each n; and R(F") is Lipschitz continuous with respect
to y and sum up the Lipschitz modulus to yield L;'in . The
Lipschitz continuity of n; follows by the same argument
as in Lemma 24. From Lemma 26 ii), we know that
ox(F(y)) > oM > 0. It is known by Araki and Yamagami
(1981) that R(F)TF is a Lipschitz continuous function of
F with a modulus of v/2. As a result, we have the following
inequality:

IR(F(y)"F(y) = R(F(y) F)r
<V2|F(y) = F()||p-
We then have the following inequality:

IR(F ()" = R(F(y)" ||

=[I(R(F(y))"F(y) = RF () F)F(y) " lr
=[I(R(F(y))" F(y) = R(F(y)" F(y')+
R(F(y)"F(y') = R(F(y)TF)Fy) " lr
<I(REF @) Fly) = REW)) F)r|Fy) " e+
IRCE@DIIF) = F)llelF )~ e

<(V2+VI)IEW) HIFIFW) = Fy)llr
d

<(V2+V3),| D on(FW) 2 IF() = Fy)lr
k=1
d

<(\/§+\/§)\ZUM )EIEW) = F)lr,
k=1

which shows that R = R(F) is a Lipschitz-continuous
function of F. We have thus proved the Ilast part
of Assumption 9 vi).

Finally, we turn to Assumption 9 i) and show that
Pr.(y,z) is continuous in its entire domain, even
though the indicator function terms tcy(y, ... y,,,)(¥0) and
2:3:1 Lo (F)>0(F(y)) are not continuous in general. Let
us suppose there is sequence (y, z) — (y*, z*). We first
show that the term tcy(y, ... y,.,)(¥0) does not hinder
continuity. In Case I, we assume tcu(y, ... .yqyq)(¥0) = 00
then since CH(yi,- - ,y4+1) is a closed set, there is a
neighborhood of (y*,z*) in which tcu(y, ... yar1)(¥0) =
co. In Case II, we assume icu(y,,... yo.p)(%5) = 0, then
there are two sub-cases. In Case Il.a, we assume yj €
CH®(y1,- - ,Ya+1), then there is a neighborhood in which
LCH(y1, yay:)(W0) = 0. In Case ILb, we assume y; €
OCH(y1," - ,Yd+1), then by Lemma 26 i), we know
that Pp(y*,2*) = co because the plane separating term

=D 0<ji loge(( o7 (yj —y5)) =00 for some i. And
since this term is continuous, we have lim, , Pr(y, 2) =
0.
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Next, we show that the term Zle Lop(Py>0(F(y)) does
not hinder continuity. Again, we consider two cases. In
Case I, we assume 2?21 Loy (F)>0(F(y*)) = 0, then since
singular values are continuous functions of the matrix, we
have a neighborhood in which Z?:1 Loy (F)>0(F(y)) = 0.
In Case II, we assume o (F(y*)) <0 for some k, then
there is a neighborhood in which Z?Zl loy(Fy>0(F(y)) =
oo. In Case III, we have oy (F(y*)) = 0 but o (F(y)) >
0 for every (y, z), then again we consider two sub-
cases. In Case IllLa, we assume (cu(y,,.. y...)(¥5) =
oo, then by the argument in the previous section, we
have lim, , Pp.(y,2) =oco. In Case IILb, we assume
LCH(yy - yara) (o) = 0, then as argued in the previous
section, we can again consider two sub-cases. In Case
ILbl, y € CH®(y1,- - ,y4+1) and there is a neighborhood
in which tc(y, ... .oy 1) (o) = 0. But this is not possible
by Lemma 26 ii). In Case IIL.b2, y§ € OCH(y1, - ,Yd+1)
then we again have lim,, ., Pp .(y, z) = oo as argued above.
Thus all is proved.
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