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Abstract
In a hierarchical clustering problem the task is to compute a series of mutually compatible 
clusterings of a finite metric space (P, dist ) . Starting with the clustering where every point 
forms its own cluster, one iteratively merges two clusters until only one cluster remains. 
Complete linkage is a well-known and popular algorithm to compute such clusterings: in 
every step it merges the two clusters whose union has the smallest radius (or diameter) 
among all currently possible merges. We prove that the radius (or diameter) of every k-clus-
tering computed by complete linkage is at most by factor O(k) (or O(kln(3)∕ ln(2)) = O(k1.59) ) 
worse than an optimal k-clustering minimizing the radius (or diameter). Furthermore we 
give a negative answer to the question proposed by Dasgupta and Long (J Comput Syst 
Sci 70(4):555–569, 2005. https://​doi.​org/​10.​1016/j.​jcss.​2004.​10.​006), who show a lower 
bound of Ω(log(k)) and ask if the approximation guarantee is in fact Θ(log(k)) . We present 
instances where complete linkage performs poorly in the sense that the k-clustering com-
puted by complete linkage is off by a factor of Ω(k) from an optimal solution for radius and 
diameter. We conclude that in general metric spaces complete linkage does not perform 
asymptotically better than single linkage, merging the two clusters with smallest inter-clus-
ter distance, for which we prove an approximation guarantee of O(k).
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1  Introduction

The k-clustering problem asks for a partition of a point set in a metric space into k sub-
sets (or clusters). To measure whether the data is clustered well, one option is to pick 
a center for every cluster and compute the maximum distance between a point and the 
center of its cluster. This objective is to be minimized and is known as k-center. A prob-
lem which is independent of the choice of centers is the k-diameter problem, where we 
want to minimize the maximum distance between two points lying in the same cluster. 
Observe that k-center and k-diameter are related to each other in the sense that for a 
fixed set P the cost of an optimal k-diameter clustering on P is at most twice the cost of 
an optimal k-center clustering, which again costs at most as much as an optimal k-diam-
eter clustering. There are other objectives to measure the quality of a clustering where 
every point contributes to the cost of the clustering, for example k-median and k-means. 
Here we want to minimize the cost which equals the sum over all (squared) distances 
between a point and the center of its cluster.

The k-center problem is NP-hard to approximate with factor 𝛼 < 2 (Hochbaum, 1984; 
Hsu & Nemhauser, 1979). This bound is tight, as both Gonzalez (1985) and Hochbaum 
and Shmoys (1985) show. Gonzalez’s 2-approximation algorithm is a simple, but ele-
gant greedy approach. Starting with an arbitrary point p1 ∈ P , one constructs an enu-
meration P = {p1,… , p|P|} by successively choosing as pi+1 a point from P whose mini-
mum distance to any point from {p1,… , pi} is maximal. Assigning every point from P 
to its closest neighbor among p1,… , pk (the centers) yields a 2-approximation for the 
k-center problem for all k = 1,… , |P| . One can prove that the resulting clustering is also 
a 2-approximation to k-diameter. Another greedy approach is the reverse greedy algo-
rithm, which starts with all data points as centers and iteratively removes a center such 
that the objective stays as small as possible. This algorithm computes an Θ(k)-approxi-
mation as shown by Hershkowitz and Kehne (2020). Observe that both greedy algo-
rithms compute an incremental clustering where the centers of a k-clustering are also 
centers of an �-clustering if � ≥ k.

Gonzalez’s algorithm (Gonzalez, 1985) allows to compute good clusterings, even if one 
does not previously know an appropriate value for k. However, even successive clusterings 
computed by Gonzalez’s algorithm and reverse greedy can be radically different and so it 
can be difficult to compare them and select one that seems appropriate for the task.

Another greedy approach known as complete linkage starts with every point in its 
own cluster and consecutively merges two clusters whose union has the smallest radius 
(or diameter when considering the k-diameter objective) among all possible cluster 
pairs. If we proceed like this until only one cluster remains, we also obtain a k-cluster-
ing for any possible 1 ≤ k ≤ |P| . However, this time, the resulting clusterings are also 
hierarchically compatible: for all � ≥ k the �-clustering is a refinement of the k-clus-
tering. This makes it easier to compare such clusterings with each other and to choose 
an appropriate k-clustering. Also, this additional hierarchical structure is interesting in 
and of itself. Famous examples include phylogenetic trees that represent the relationship 
between animal species in biology.

A series of such hierarchically compatible clusterings C1,… ,C|P| (with Ck being a 
k-clustering for all k) forms a hierarchical clustering. Complete linkage is a common 
and popular bottom-up approach to compute such a hierarchical clustering and can be 
generalized to fit any k-clustering objective, resulting in so called agglomerative clus-
tering methods. For hierarchical k-means this is Ward’s method (Ward, 1963).
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To evaluate a hierarchical clustering C1,…C|P| it is common to refer to the underlying 
k-clusterings: it is an �-approximation if the cost of Ck is at most � times that of an optimal 
k-clustering for all 1 ≤ k ≤ |P|.

1.1 � Related work

For hierarchical k-center and k-diameter, constant factor approximations are known. For 
both problems (Dasgupta & Long, 2005) and (Charikar et  al., 2004) give a polynomial-
time 8-approximation. The concept of nesting to solve hierarchical and incremental 
problems was introduced in Lin et al. (2010). Using this technique, every approximation 
algorithm for a k-clustering objective that satisfies a certain nesting property, which they 
define, can be converted into an algorithm for its hierarchical version. Especially k-median 
and k-means satisfy this property and thus (in combination with the currently best constant 
factor approximations for k-median (Byrka et  al., 2017) and k-means (Ahmadian et  al., 
2020), polynomial time constant factor approximations do indeed exist for the hierarchical 
k-median/k-means problem. Nesting can also be applied to k-center/k-diameter but does 
not improve upon the 8-approximation.

As optimal k-clusterings are not necessarily hierarchically compatible, even assuming 
unlimited computation power 1-approximations do not exist in general. There exists an 
instance for the diameter and an instance for the radius where the best hierarchical cluster-
ing is a (3 + 2

√
2)-approximation and 4-approximation, respectively (Arutyunova & Rög-

lin, 2022). Furthermore there exists a (3 + 2
√
2)-approximation for diameter (Arutyunova 

& Röglin, 2022; Bock, 2022) and a 4-approximation for radius (Großwendt, 2020), but it 
is not clear whether the respective hierarchical clusterings can be computed in polynomial 
time.

However, greedy algorithms are more common in practical applications. There exist sev-
eral theoretical results on upper and lower bounds on the approximation factor for complete 
linkage. For metrics induced by norms in ℝd , especially the Euclidean metric (Ackermann 
et al., 2014) proves that complete linkage computes for both the k-center and k-diameter 
objective an O(log(k)) approximation, assuming the dimension d to be constant. This was 
later improved to O(1) (Großwendt & Röglin, 2017). Both works distinguish between two 
variants of k-center: one where centers must be from the set P and the second where they 
can be arbitrary points chosen from the whole space ℝd . In the first case the approximation 
factor shown in Ackermann et al. (2014), Großwendt and Röglin (2017) depends linearly 
on d and in the second case exponentially on d. For the k-diameter problem it even depends 
doubly exponentially on the dimension. Furthermore Ackermann et al. prove for the lp-met-
ric with 1 ≤ p < ∞ a lower bound of Ω( p

√
log(d)) for complete linkage for k-diameter and 

k-center with centers chosen from P (Ackermann et al., 2014).
Little is known about the approximation factor of complete linkage in general metric 

spaces. The best known lower bound is in Ω(log(k))  (Dasgupta & Long, 2005). With an 
approach to upper bound the increase in cost by a complete linkage merge, which we bor-
row from Ackermann et  al. (2014), we obtain in a relatively straightforward manner an 
upper bound of O(log(|P| − k)) for complete linkage for k-center.

There exist few results for agglomerative clustering regarding other objectives. The 
work  Großwendt et  al. (2019) analyzes Ward’s method for k-means, and show that if 
the clusters of an optimal k-means clustering are sufficiently far apart, Ward’s method 



492	 Machine Learning (2024) 113:489–518

1 3

computes a 2-approximation and under some additional assumptions in fact reconstructs 
the optimal clustering.

1.2 � Our results

We study upper and lower bounds for the complete linkage algorithm in general metric 
spaces for the k-center and k-diameter objective. For k-center in general metric spaces it is 
reasonable to assume that centers can be only drawn from P and thus we only consider this 
variant. Our main results are:

•	 A lower bound of Ω(k) for complete linkage for k-center and k-diameter, which 
improves the currently highest lower bound of Ω(log(k)) (Dasgupta & Long, 2005) sig-
nificantly.

•	 An upper bound of O(k) for k-center and an upper bound of O(kln(3)∕ ln(2)) = O(k1.59) for 
k-diameter, which are to the best of the authors’ knowledge the first non-trivial upper 
bounds for complete linkage in general metric spaces.

The lower bound Ω(k) is surprising as it shows that complete linkage does not perform 
asymptotically better than single linkage, which merges the two clusters with smallest dis-
tance to each other (the distance of two clusters is the smallest distance between two of 
their points). We know that the lower bound for single linkage is in Ω(k)  (Dasgupta & 
Long, 2005) and we show that the approximation factor is in fact Θ(k) . As single link-
age is not designed to minimize the radius or diameter of emerging clusters, it is a natural 
assumption that it performs worse than complete linkage. However our results show that 
this assumption is generally not true. It is even still open if complete linkage for k-diam-
eter performs as good as single linkage, as we are only able to prove an upper bound of 
O(kln(3)∕ ln(2)).

In conclusion complete linkage seems to perform as bad as single linkage for the radius. 
However in the definition of the approximation factor we always consider the largest ratio 
between the cost of the clustering computed by complete linkage and the optimal cluster-
ing as we vary over all possible cluster sizes. In fact complete linkage for k-center produces 
reasonable results for most of the cluster sizes especially when compared to single link-
age. To go past the worst case definition of an approximation factor we therefore consider 
what approximation factor is achieved by both clustering methods on average. We define 
the average approximation factor of a hierarchical clustering as the average of all ratios 
between the cost of a k-clustering and an optimal k-clustering. We show that the average 
approximation factor of complete linkage for the radius is in O(log(n)) while the average 
approximation factor of single linkage is in Ω(n) . Thus complete linkage for k-center pro-
duces a better hierarchical clustering on average than single linkage.

1.3 � Techniques

One of the biggest and most well-known issues concerning single linkage is that of 
chaining. If there is a sequence of points x1,… , xk ∈ P with dist (xi, xi+1) relatively small 
for all i, then single linkage might merge all of them together, despite the resulting clus-
ter being quite large. Dasgupta and Long show with their lower bound of Ω(log k) that a 
similar process of chaining can also occur when executing complete linkage. They give 
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the example of points placed on a regular (k × k)-grid with a spacing of 1. The distance 
is given by the sum of the discrete metric on the horizontal axis and the logarithm of the 
absolute value of the vertical axis. That is, dist ((x, y), (x�, y�)) = 1x≠x� + log2(1 + |y − y�|) . 
Now, although an optimal clustering just consists of the individual rows of the grid, 
complete linkage might reproduce the columns instead (assuming that k is a power of 
2): iteratively go from top to bottom and merge vertically neighboring clusters. Every 
such iteration halves the number of clusters and, due to the logarithm, only increases the 
cost by 1, just as when merging along the rows. Of course, we would have to pay only 
once to merge horizontally, whereas we have to pay log2 k times to merge vertically, but 
complete linkage cannot distinguish between these two cases. In fact, one can shift the 
vertical placement by arbitrarily small values to ensure that complete linkage always 
chooses the bad case.

We have to heavily modify the example to improve upon this log2 k factor. The fun-
damental problem is this: a vertical merge is only allowed to increase the cost by 1 to 
tie it with any horizontal merge, whereas the number of rows occupied by a cluster (and 
thus its diameter) doubles. We raise the lower bound by constructing an instance on 
which complete linkage iteratively merges diagonally shifted clusters. This process of 
merging clusters is much slower and does not require us to introduce a logarithmic scal-
ing: merging one such cluster into the other incurs a cost of 1, while at the same time 
increasing the number of occupied rows only by one. The instance that we describe later 
is successively built from smaller components that exhibit exactly this behaviour, while 
ensuring that any such merge does not pay for the whole row.

Following the work Ackermann et al. (2014) one can show for complete linkage an 
upper bound of log(|P| − k) for k-center. This comes from the following easy property, 
which is true for the radius but cannot be transferred to diameter: Suppose the opti-
mal k-center solution O  has cost x. In a complete linkage clustering consisting of more 
than k clusters two of its centers must lie in the same optimal cluster and therefore are 
at distance ≤ 2x to each other. Thus the merge that is performed by complete linkage 
increases the cost by at most 2x. However if we replace k-center by k-diameter we see 
that the cost is more than doubled in the worst case (see Fig. 1), which is not enough 
to obtain an upper bound polynomial in k. Thus we introduce another perspective on 
the cost of a cluster. A cluster is good if its cost is small enough in comparison to the 
number of optimal clusters from O  which it intersects. As O  consists of k clusters this 
already implies a sufficiently small upper bound for good clusters. For all remaining 
clusters we show that their number is small enough. This approach leads to an upper 
bound of O(kln(3)∕ ln(2)) for k-diameter and, in combination with the log(|P| − k) upper 
bound, an upper bound of O(k) for k-center.

Fig. 1   On the left we see two k-center clusters with radius r whose centers lie in the same optimal cluster 
with radius x. The radius of the merged cluster is at most r + 2x . On the right we have a similar situation for 
k-diameter but we can upper bound the diameter of the merged cluster only by 2d + x
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2 � Preliminaries

Let (P, dist ) be a metric space with n points and 1 ≤ k ≤ n . The k-center prob-
lem asks for a partition of P into k clusters C = {C1,… ,Ck} . The cost of cluster Ci 
is given by cost (Ci) = minc∈Ci

maxx∈Ci
dist (x, c) while the cost of the clustering C  is 

cost (C) = maxi=1,…,k cost (Ci) and is to be minimized.
In the k-diameter problem we also have to find a partition of P into k clusters 

C = {C1,… ,Ck} and minimize the overall cost. However, we replace the cost of a clus-
ter Ci by cost (Ci) = maxx,y∈Ci

dist (x, y). For both the k-center and the k-diameter prob-
lem we denote by Ok an arbitrary but fixed optimal clustering.

We study the hierarchical version of the above problems, where we ask for a k-clus-
tering Ck of P for every 1 ≤ k ≤ n . The clusterings must be hierarchically compatible, 
which means that Ck−1 is obtained from Ck by merging two of its clusters, i.e., for all 
2 ≤ k ≤ n there are A,B ∈ Ck such that Ck−1 = Ck�{A,B} ∪ {A ∪ B}. A sequence of such 
k-clusterings (Ck)

n
k=1

 is called a hierarchical clustering. We say that it is an �-approxi-
mation if cost (Ck) ≤ � cost (Ok) for all 1 ≤ k ≤ n . Thus the task is to find a hierarchical 
clustering which is a good approximation to the optimal solution on every level k.

A common class of approaches for computing such hierarchical clusterings are 
agglomerative linkage algorithms. As outlined above, a hierarchical clustering can 
be computed in a bottom-up fashion, where pairs of clusters are merged succes-
sively. Agglomerative linkage procedures do exactly that, with the choice of clus-
ters to be merged at every step given by a linkage function. Such a linkage function 
maps all possible pairs of disjoint clusters onto ℝ+ and the algorithm chooses one 
pair that minimizes this value: Suppose that we have already constructed Ck and are 
using the linkage function f. Then Ck−1 is given by merging a pair A ≠ B ∈ Ck with 
f (A,B) = minA�≠B�∈Ck

f (A�,B�) . As already stated, the two linkage functions we are inter-
ested in are:

•	 Single linkage: (A,B) ↦ dist (A,B) = min(a,b)∈A×B dist (a, b).
•	 Complete linkage: (A,B) ↦ cost (A ∪ B).

To analyze the performance of the respective agglomerative algorithms we often consider 
the smallest clustering from (Ck)

n
k=1

 (in terms of the number of clusters) whose cost does 
not exceed a given bound. This perspective is already used in Großwendt and Röglin (2017) 
and allows a better handling of the cost. For any x ≥ 0 let t≤x = min{k ∣ cost (Ck) ≤ x} and 
set Hx = Ct≤x

 . Observe that Hx is the smallest clustering from (Ck)
n
k=1

 with cost at most x. 
Thus it has the useful property that every merge of two clusters in Hx results in a clustering 
of cost more than x. Furthermore, for a cluster C ⊆ P and an optimal k-clustering O = Ok 
we denote by OC = {O ∈ O |O ∩ C ≠ �} the set of all optimal k-clusters hit by C.

3 � Approximation guarantee of single linkage

As outlined in Dasgupta and Long (2005) there are clustering instances where single 
linkage builds chains yielding the lower bound Ω(k) on the approximation factor. We 
show that this is the worst case scenario, as in fact single linkage computes an O(k)-
approximation for hierarchical k-center/k-diameter.
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Let (Ck)
n
i=1

 be the hierarchical clustering computed by single linkage on (P, dist ) . 
Recall that Ck−1 arises from Ck by merging two clusters A,B ∈ Ck that minimize 
dist (A,B).

We first compare the radius of Ck to the cost of an optimal k-center clustering O . We 
introduce a graph G whose vertices are the optimal clusters V(G) = O and whose edges 
E(G) = {{O,O�} ⊆ O | dist (O,O�) ≤ 2 cost (O)} connect all pairs of optimal clusters 
O,O� ∈ O with distance at most twice the optimal radius.

We make a similar construction to compare the diameter of Ck to the cost of an optimal 
k-diameter clustering O′ . We consider the graph G′ with V(G�) = O

� where two clusters in 
O

′ are connected via an edge if their distance is at most cost (O�).
To estimate the cost of a single linkage cluster C ∈ Ck we look at the optimal clusters 

hit by C. The next lemma shows that for any two points in C we can find a path connect-
ing them that passes through a chain of optimal clusters with distance at most 2 cost (O) or 
cost (O�) when considering the radius or diameter, respectively. One can already anticipate 
that this gives an upper bound of O(k) on the radius or diameter of any such cluster C. In 
Fig. 2 we see an example of such a cluster C and the optimal clusters hit by C.

Lemma 1  Let C ∈ Ct be a cluster computed by single linkage at a time step t ≥ k . Then 
the graphs G[OC] and G�[O�

C
] induced by the vertex set of optimal clusters hit by C are 

connected.

Proof  We prove the lemma for G[OC] by induction. At the beginning ( t = n ) the lemma 
obviously holds, since any cluster contained in Cn is a point and thus hits only one single 
optimal cluster. Assume now that the claim holds for t > k . By the pigeonhole principle 
there must exist two clusters C,C� ∈ Ct with two points c ∈ C and c� ∈ C� lying in the 
same optimal cluster O ∈ O . We know that dist (C,C�) ≤ 2 cost (O) ≤ 2 cost (O) . But this 
value is exactly the objective that single linkage minimizes, so we know in particular that 
this upper bound also holds for the distance between the clusters D,D′ chosen by single 
linkage. Combining this with the induction hypothesis that both G[OD] and G[OD� ] are con-
nected finishes the proof. One proves analogously that G�[O�

C
] is connected. 	�  ◻

As we see in Fig.  2 this already yields an upper bound of 2k cost (O�) on the diam-
eter of C. We estimate the radius of C by looking at the paths going through optimal 

Fig. 2   Cluster C hits the optimal clusters A1,… ,A
�
 with dist (A

i
,A

i+1) ≤ 2 cost (O) when considering the 
radius on the left and dist (A

i
,A

i+1) ≤ cost (O�) when considering the diameter on the right. In the left pic-
ture, we see that choosing center c in A⌈ �

2
⌉ leads to radius ≤ 2(� + 1) cost (O) . Similarly the diameter of C in 

the right picture is at most 2� cost (O)
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clusters in OC that are at distance at most 2 cost (O) from one another. Choosing the center 
appropriately and uncoiling these paths in our original space P yields our upper bound of 
(2k + 2) cost (O).

Theorem  1  Let (Ck)
n
k=1

 be the hierarchical clustering computed by single linkage on 
(P, dist ) and let Ok be an optimal clustering for k-center or k-diameter, respectively. We 
have for all 1 ≤ k ≤ n

1.	 cost (Ck) ≤ (2k + 2) ⋅ cost (Ok) for the k-center cost
2.	 cost (Ck) ≤ 2k ⋅ cost (Ok) for the k-diameter cost.

Proof  We prove the statement for k-center. Fix an arbitrary time step 1 ≤ k ≤ n and denote 
O = Ok . Let C ∈ Ck be an arbitrary cluster and P a longest simple path in G[OC] . Choose 
as center for C an arbitrary vertex c ∈ C ∩ O from an optimal cluster O lying in the middle 
of P. Note that by this choice every other vertex in G[OC] is reachable from O by a path 
of length at most k

2
 . Uncoiling such paths in P gives us an upper bound of 2(k + 1) cost (O) 

for the distance between c and any other point z ∈ C as follows: If Oz ∈ O is the opti-
mal cluster containing z, then by choice of O, there exists a path O = O1,… ,O

�+1 = Oz in 
G[OC] of length � ≤

k

2
 connecting them. That means, for each i = 1,… ,� there exist points 

xi ∈ Oi, yi+1 ∈ Oi+1 such that dist (xi, yi+1) ≤ 2 cost (O) . Hence

Using Lemma 1 one proves the statement for k-diameter analogously. 	�  ◻

4 � Lower bounds for complete linkage

In the following we show that complete linkage performs asymptotically as bad as single 
linkage in the worst case. That is, for every k ∈ ℕ we provide an instance Pk on which 
the diameter and radius of a k-clustering computed by complete linkage is off by a factor 
of Ω(k) from the cost of an optimal solution. This improves upon the previously known 
lower bound of Ω(log2(k)) established by Dasgupta and Long. Recall from the introduction 
that one of the big problems preventing an improved lower bound was that any horizontal 
merge already paid for all the involved rows. As such, for the worst case, one was only 
allowed to merge vertically, but this can be done at most log2(k) times. We improve upon 
this by inductively constructing an instance from smaller components that are diagonally 
shifted to produce bigger ones. Merging two such diagonally shifted components incurs an 
additional cost of 1, while ensuring at the same time that this does not pay for any future 
merges of parallel components.

dist (c, z) ≤ dist (c, x1) +

�−1∑

i=1

(
dist (xi, yi+1) + dist (yi+1, xi+1)

)

+ dist (x
�
, y

�+1) + dist (y
�+1, z)

≤ 2(2� + 1) cost (O) ≤ 2(k + 1) cost (O).
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A k-component Kk = (Gk,�k) is a combination of a graph Gk = (Vk,Ek) and a mapping 
�k ∶ Vk → {1,… , k} . The mapping is necessary for the construction of the component and 
later on determines an optimal k-clustering on Pk . We refer to �k(x) as the level of x. The 
other part of the component is an undirected graph Gk , referred to as a k-graph, on 2k−1 
points with edge weights in ℕ that describe the distances between the levels.

The 1-component K1 consists of a single point x with �1(x) = 1 . All higher compo-
nents are constructed inductively from this 1-component. Given the (k − 1)-component 
Kk−1 we construct Kk as follows: Let K(0)

k−1
 and K(1)

k−1
 be two copies of the (k − 1)-compo-

nent Kk−1 . For the k-graph Gk we first take the disjoint union of the graphs G(0)

k−1
 and G(1)

k−1
 . 

This already yields all the points of Gk . For the k-mapping �k we set �k(x) = �
(i)

k−1
(x) + i 

for x ∈ V(G
(i)

k−1
) ⊂ V(Gk) . That is, in the first copy the levels stay the same, whereas in 

the second all levels are shifted by 1. Finally, to complete Gk , we add one edge of weight 
k − 1 from the unique point s ∈ V(Gk) with �k(s) = 1 to the unique point t ∈ V(Gk) with 
�k(t) = k . The progression of the first five components is given in Fig. 3.

The instance Pk is now constructed from the k-component as follows: Let K(1)

k
,… ,K

(k+1)

k
 

be k + 1 copies of Kk . Take the disjoint union of the corresponding k-graphs G(1)

k
,… ,G

(k+1)

k
 

and connect them by adding edges {x, y} of weight 1 for every two points x ∈ V(G
(i)

k
) and 

y ∈ V(G
(j)

k
) with �(i)

k
(x) = �

(j)

k
(y) . Note that the sets of points from the same level constitute 

cliques of diameter and radius 1 and form an optimal solution of cost 1. To simplify nota-
tion we omit the indices and write �k(x) to denote the level of a point x ∈ V(G

(j)

k
) ⊂ V(Pk) . 

The distance between two points in V(Pk) is given by the length of a shortest path.
Let (Ck� )

n
k�=1

 be the clustering produced by complete linkage on (V(Pk), dist ) mini-
mizing the radius or diameter. Recall that Ck�−1 arises from Ck′ by merging two clus-
ters A,B ∈ Ck� that minimize the radius or diameter of A ∪ B . Remember that 
t≤x = min{k� ∣ cost (Ck� ) ≤ x} and that Hx = Ct≤x

 denotes the smallest clustering with cost 

Fig. 3   The progression of the first 5 components K1,… ,K5 . The gray sets indicate points on the same level 
and form the optimal clusters. When analyzing the instance for the radius, the encircled points in the K2 and 
K4 component indicate their optimal centers
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smaller or equal to x. We show in the following two subsections that Hk−1 consists exactly 
of the k + 1 different k-graphs that make up the instance resulting in the following theorem.

Theorem 2  For every k ∈ ℕ there exists an instance (V(Pk), dist ) on which complete link-
age, minimizing either diameter or radius, computes a solution of diameter k or radius k

2
 , 

respectively, whereas the cost of an optimal solution is 1.

4.1 � A lower bound for diameter‑based cost

We start with the analysis for diameter-based costs and after that move on to radius-based 
costs.

Lemma 2  The distance between two points x, y ∈ V(Pk) is at least as big as the difference 
in levels |�k(x) − �k(y)|.

Proof  By the inductive construction of the components, an edge of weight w can cross at 
most w levels. Hence the distance between x and y is at least |�k(x) − �k(y)| . 	�  ◻

Consider an �-graph G
�
 . Instead of talking about the cluster V(G

�
) in (V(Pk), dist ) we 

slightly abuse our notation and see G
�
 as a cluster with cost (G

�
) = maxx,y∈V(Gl)

dist (x, y) , 
i.e., the diameter of V(G

�
) . Using the previous lemma we can show inductively that the 

diameter of any �-graph in Pk is � − 1.

Lemma 3  Let G
�
 be an �-graph contained in Pk . We have cost (G

�
) = � − 1.

Proof  We prove the upper bound cost (G
�
) ≤ � − 1 by induction. The 1-graphs are points 

and so the claim follows trivially for � = 1 . Assume now that we have shown the claim for 
� − 1 . Let s, t ∈ V(G

�
) be points such that dist (s, t) = cost (G

�
) . If these points lie in the 

same graph, say G(0)

�−1
 , of the two (� − 1)-graphs G(0)

�−1
 and G(1)

�−1
 that make up G

�
 , then

by induction and we are done. Otherwise we may assume that s ∈ V(G
(0)

�−1
) and 

t ∈ V(G
(1)

�−1
) . This leaves us with another case analysis. If s is the unique point with level 

1 and t is the unique point in level � in G
�
 then we are again done, since by construc-

tion there exists an edge between s and t of weight � − 1 . Otherwise one of s or t must 
share a level with a point not in the same (� − 1)-graph as themselves. Without loss of 
generality we may assume that s lies in the same level as some u ∈ V(G

(1)

�−1
) . By induction 

dist (u, t) ≤ � − 2 and so

This concludes the proof of the upper bound cost (G
�
) ≤ � − 1.

To see the lower bound cost (G
�
) ≥ � − 1 , we apply Lemma  2 to the unique 

point s with level 1 and the unique point t with level � in G
�
 . This shows that 

cost (G
�
) ≥ dist (s, t) ≥ � − 1 . 	�  ◻

cost (G
�
) = dist (s, t) ≤ cost (G

(0)

�−1
) ≤ � − 2 < � − 1

cost (G
�
) = dist (s, t) ≤ dist (s, u) + dist (u, t) ≤ 1 + � − 2 = � − 1.
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The goal now is to show that complete linkage actually reconstructs these graphs as 
clusters. We already computed the cost of an �-graph and now it is left to observe that 
merging two �-graphs costs at least �.

Lemma 4  Complete linkage might merge clusters on (V(Pk), dist ) in such a way that for all 
� ≤ k , the clustering H

�−1 consists exactly of the �-graphs that make up Pk.

Proof  We again prove the claim by induction. Complete linkage always starts with every 
point in a separate cluster. Since those are exactly the 1-graphs and any merge costs at least 
1, the claim follows for � = 1 . Suppose now that H

�−1 consists exactly of the �-graphs of 
the instance. Since we are dealing with integer weights, any new merge increases the cost 
by at least 1 and so we may merge all pairs of �-graphs that form the (� + 1)-graphs. These 
are cheapest merges as they altogether increase the cost from � − 1 to � (see Lemma 3). 
To finish the proof we are left to show that at this point there are no more free merges 
left. Take any two (� + 1)-graphs G

�+1 ≠ G�
�+1

 contained in the current clustering. If they 
do not exactly cover the same levels, then the distance between the point in the lowest 
level to the point in the highest level is strictly more than � by Lemma 2. Hence, we can 
assume that they share the same levels, say level � up to level � + � . Denote by s the unique 
point in V(G

�+1) with �k(s) = � and by t the unique point in V(G�
�+1

) with �k(t) = � + � . 
A shortest path connecting s and t must contain an edge {u,w} with u ∈ V(G

�+1) and 
w ∈ V(Pk)�V(G�+1) . Such an edge either weights at least � + 1 or weights 1 and con-
nects points in the same level, i.e., �k(u) = �k(w) . In the first case we directly obtain 
dist (s, t) ≥ � + 1 . In the second case we use Lemma 2 and obtain

It follows that H
�
 consists exactly of the (� + 1)-graphs that make up Pk . 	�  ◻

Proof  (Theorem 2 (diameter)) Lemma 4 shows that Hk−1 can consist of all the k-graphs 
that make up Pk . There are exactly k + 1 of them and so there is one merge remaining to get 
a k-clustering. By definition of Hk−1 , this last merge increases the cost by at least 1 and so 
the k-clustering produced by complete linkage costs at least k, whereas the optimal cluster-
ing consisting of the k individual levels costs 1. 	�  ◻

4.2 � A lower bound for radius‑based costs

We show that the instance (V(Pk), dist ) also yields a lower bound of k/2 for radius-based 
costs. This requires some additional work, as we now also have to keep track of the centers 
that induce an optimal radius. For an �-graph G

�
 we again slightly abuse the notation and 

talk about G
�
 as a cluster with cost (G

�
) = minc∈V(G

�
) maxx∈V(G

�
) dist (c, x) , the radius of 

V(G
�
).

To prove Lemma 5 we show that there is a point in Pk for which the following holds:

dist (s, t) = dist (s, u) + dist (u,w) + dist (w, t)

≥ |�k(s) − �k(u)| + 1 + |�k(w) − �k(t)|
= |�k(s) − �k(t)| + 1

= � + 1.
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•	 For all but one of the �-graphs that constitute G2� we can find a point that we can reach 
by an edge of weight 1. Since the diameter of these graphs is � − 1 , this is sufficient.

•	 The remaining �-graph lies in the same (� + 1)-graph as our point and so we are again 
done by considering the diameter. Also there are no points that induce a smaller radius, 
since the diameter of G2� is already 2� − 1.

Lemma 5  Let G2� be any of the 2�-graphs that constitute Pk for 1 ≤ � ≤
k

2
 arbitrary. Then 

it holds that cost (G2�) = � and furthermore, all optimal centers that induce this cost are 
themselves already contained in G2� (and not in any other 2�-graph).

Proof  By Lemma 3 we know that the diameter of G2� is 2� − 1 . Thus the radius of G2� 
is at least � . To show the upper bound of � suppose that G2� covers the levels � up to 
� + 2� − 1 in Pk . Consider the unique (� + 1)-graph H

�+1 contained in G2� covering the 
levels � + � − 1 to � + 2� − 1 . Let c be the unique point in H

�+1 with level � + � − 1 . By 
Lemma 3 the diameter of H

�+1 is � , so any point in H
�+1 is at distance ≤ � to c. Consider 

now a point x ∈ V(G2�)�V(H�+1) and the �-graph H
�
 containing x. We claim that H

�
 con-

tains a point y with level � + � − 1 . If this is not true then H
�
 covers the levels � + � up 

to � + 2� − 1 and therefore also contains the unique point in G2� with level � + 2� − 1 . 
This is not possible as the unique point in G2� with level � + 2� − 1 is already contained in 
H

�+1 . So using that the diameter of H
�
 is � − 1 and �k(c) = �k(y) we obtain

Now we prove that all optimal centers must be contained in G2� . For all points 
c ∈ V(Pk)�V(G2�) we have to show that maxx�∈V(G2� )

dist (c, x�) ≥ � + 1 . Suppose that 
�k(c) ≤ � + � − 1 . Let x be the unique point in G2� with level � + 2� − 1 , we claim that 
dist (c, x) ≥ � + 1 . Consider a shortest path between c and x and let {u,w} be an edge on 
this path with u ∈ V(Pk)�V(G2�) and w ∈ V(G2�) . By construction {u,w} either weights at 
least 2� in which case

or it weights 1 and �k(u) = �k(w) , so

In case �k(c) ≥ � + � we can prove analogously that dist (c, y) ≥ � + 1 for the unique point 
y in G2� with level � . This finishes the proof. 	�  ◻

Now we make sure that complete linkage completely reconstructs these components. 
In particular we show that merging 2�-graphs which cover the same levels increases the 
cost of our solution. Here we make use of the fact that sets of optimal centers for any 
pair of 2�-graphs do not intersect. Lemma 6 ensures that the cost indeed increases.

dist (c, x) ≤ dist (c, y) + dist (y, x) ≤ 1 + (� − 1) = �.

dist (c, x) ≥ 2� ≥ � + 1

dist (c, x) = dist (c, u) + dist (u, v) + dist (v, x)

≥ |�k(c) − �k(u)| + 1 + |�k(w) − �k(x)|
= |�k(c) − �k(x)| + 1

≥ � + 1.
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Lemma 6  Let C,  D be two subsets of V(Pk) with cost (C) = cost (D) . Let Z(C) and 
Z(D) denote the set of all optimal centers for C respectively D. If Z(C) ∩ Z(D) = � then 
cost (C ∪ D) > cost (C).

Proof  Let x ∈ V(Pk) . Since Z(C) ∩ Z(D) = � this point can be an optimal center for at most 
one of the sets. Assume without loss of generality that x ∉ Z(D) . We have

So we have for all x ∈ V(Pk) that maxy∈C∪D dist (y, x) > cost (C) which proves the lemma. 	
� ◻

Now, with this we can prove that the merging behavior of complete linkage reconstructs 
our components. Observe that Theorem 2 is an immediate consequence of Corollary 1.

Corollary 1  Complete linkage might merge clusters in (V(Pk), dist ) in such a way, that for 
1 ≤ � ≤

k

2
 , the clustering H

�
 consists exactly of the 2�-graphs that make up Pk.

Proof  The proof is an analogous induction to Lemma 4. Consider the case � = 1 . The first 
merge increases the cost to 1. Observe by Lemma 5 that the cost of a 2-graph is 1. Further-
more, the same lemma shows that the sets of optimal centers for any pair of 2-graphs do 
not intersect and so, as shown in Lemma 6 any further merge necessarily has to increase 
the cost. Hence H1 consists exactly of the 2-graphs.

Assume now that the claim holds for H
�
 . The induction step works essentially the same 

as the base case. Any merge will increase the cost of the solution by at least 1 by definition 
of H

�
 and so we might as well merge all 2�-graphs that together compose a (2� + 2)-graph 

as this is a cheapest choice (Lemma 5). Furthermore, any additional merge would increase 
the cost to at least � + 2 (again by Lemma 6) and so H

�+1 consist of the (2� + 2)-graphs. 	
� ◻

Notice that in our analysis we decided which clusters will be merged by complete link-
age whenever it has to choose between two merges of the same cost. However with some 
adjustments on the instance Pk we can show a lower bound of Ω(k) for both, diameter and 
radius, for any behavior of complete linkage on ties. For more details we refer to Appendix 
A.

5 � An upper bound for complete linkage

Even though complete linkage is often used when it comes to computing a hierarchical 
clustering, there are no known non-trivial upper bounds for its approximation guarantee in 
general metric spaces, to the best of the authors’ knowledge. We give an upper bound for 
complete linkage for hierarchical k-center and hierarchical k-diameter.

max
y∈C∪D

dist (y, x) ≥ max
y∈D

dist (y, x) > cost (D) = cost (C)
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5.1 � An upper bound for radius‑based cost

We show that the approximation ratio of the radius of any k-clustering Ck produced by 
complete linkage relative to an optimal k-center clustering is in O(k).

Theorem  3  Let (Ck)
n
k=1

 be the hierarchical clustering computed by complete linkage on 
(P, dist ) optimizing the radius. For all 1 ≤ k ≤ n the radius cost (Ck) is upper bounded by 
O(k) cost (Ok) , where Ok is an optimal k-center clustering.

To simplify the notation we fix an arbitrary k and assume that the optimal k-clustering 
O = Ok has cost cost (O) = 1

2
 . The latter is possible without loss of generality by scaling the 

metric appropriately.
We split the proof of Theorem 3 into two parts. In the first, we derive a crude upper 

bound for the increasing cost of clusterings produced during the execution of complete link-
age. This part follows from Ackermann et al. (2014), who use the same bound to estimate 
the cost of some few merge steps. Proposition 1 shows that the difference in cost between Ck 
and Ct for t > k is at most ⌈log(t − k)⌉ + 1 . That is, cost (Ck) ≤ ⌈log(t − k)⌉ + 1 + cost (Ct) 
holds for all 1 ≤ k < t ≤ n . A clustering Ct whose cost we can estimate directly (i.e. with-
out refering to any other clustering) thus yields a proper upper bound for cost (Ck) . Ide-
ally, this clustering should consist of relatively few clusters (so that ⌈log(t − k)⌉ is small), 
while at the same time not being too expensive. Of course, however, these criteria oppose 
each other. Naively choosing the initial clustering Ct = Cn is not good enough. Although 
its cost is minimal, the number of clusters is too high, only yielding an upper bound of 
cost (Ck) ≤ ⌈log(n − k)⌉ + 1 . In the second part of the proof we thus set out to find a differ-
ent clustering to start from.

5.1.1 � Part 1: an estimate of the relative difference in cost

When dealing with radii, any merge done by complete linkage previous to reaching a 
k-clustering increases the cost by at most 2 cost (O) = 1 (Fig. 1). This is due to the fact that 
the centers of two of those clusters are contained in the same optimal cluster.

We show that complete linkage clusterings at times t≤x and t≤x+1 can have at most k clus-
ters in common. All other clusters from Hx are merged in Hx+1.

Lemma 7  For all x ≥ 0 the clustering Hx+1 contains at most k clusters of cost at most x. In 
particular, it holds that |Hx+1 ∩Hx| ≤ k.

Proof  Assume on the contrary that there exist k + 1 pairwise different clusters D1,… ,Dk+1 
at time t≤x+1 of cost at most x. Denote by di ∈ Di a point that induces the smallest radius, 
i.e. cost (Di) = maxd∈Di

dist (d, di) for all i. Then two of these points, say d1 and d2 , have to 
be contained in the same optimal cluster O ∈ O . Hence, we know that

because dist (d1, d2) ≤ 2 cost (O) ≤ 2 cost (O) = 1 and cost (Di) ≤ x for i = 1, 2 . This con-
tradicts the definition of Hx+1 , as D1 and D2 can still be merged without pushing the cost 
beyond x + 1 . 	�  ◻

cost (D1 ∪ D2) ≤ 1 + max
i∈{1,2}

cost (Di) ≤ 1 + x
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With this we can upper bound |Hx+i| in terms of |Hx| for all i ∈ ℕ.

Corollary 2  For all i ∈ ℕ+ and x ≥ 0 it holds that |Hx+i| ≤ k +
1

2i
(|Hx| − k).

Proof  First, we consider what happens when we increase the cost by 1. We fix an arbi-
trary x′ ≥ 0 . Lemma 7 shows that at most k clusters from Hx′ are left untouched, while the 
remaining |Hx� | − k clusters have to be merged with at least one other cluster (thus at least 
halving the number of those clusters) to get to Hx�+1 . This yields a bound of

Now, the case for general i ∈ ℕ follows by a straightforward induction. We have just shown 
that the claim is true for i = 1 , where we set x� = x . For the induction step suppose that

Substituting this into the inequality

derived from the first part of our proof with x� = x + i − 1 , yields

as claimed. 	�  ◻

Proposition 1  For all k < t ≤ n it holds that cost (Ck) ≤ ⌈log(t − k)⌉ + 1 + cost (Ct).

Proof  Let x = cost (Ct) , so that Hx consists of at most t clusters. Applying Corollary  2 
with i = ⌈log(t − k)⌉ + 1 then shows that

That is, Hx+i emerges from Ck by merging some (or none) of its clusters and we can con-
clude that cost (Ck) ≤ cost (Hx+i) ≤ x + i = cost (Ct) + ⌈log(t − k)⌉ + 1. 	�  ◻

5.1.2 � Part 2: a cheap clustering with few clusters

Suppose that there exists a complete linkage clustering Ct for some t > k with t ∈ O(2k) 
clusters and cost (Ct) ∈ O(k) . Then applying Proposition 1 shows that

and Theorem  3 is proven (recall that cost (O) = 1

2
 ). We show that Ct = H4k+2 is a suf-

ficiently good choice. To estimate the size of H4k+2 , we distinguish between active and 

|Hx�+1| ≤ k +
1

2
(|Hx� | − k).

|Hx+i−1| ≤ k +
1

2i−1
(|Hx| − k).

|Hx+i| ≤ k +
1

2
(|Hx+i−1| − k),

|Hx+i| ≤ k +
k +

1

2i−1
(|Hx| − k) − k

2
= k +

1

2i
(|Hx| − k)

|Hx+i| < k +
1

t − k
(|Hx| − k) ≤ k + 1.

cost (Ck) ∈ log(O(2k)) + 1 + O(k) = O(k) = O(k) cost (O)
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inactive clusters. Remember that OC = {O ∈ O ∣ O ∩ C ≠ �} is the set of optimal clusters 
hit by C.

Definition 1  We call a cluster C ∈ Hx active, if cost (C) ≤ 4 ⋅ |OC| , or if there exists 
1 ≤ i < x and a cluster C� ∈ Hx−i such that OC = OC� and cost (C�) ≤ 4 ⋅ |OC� | . Otherwise, 
C is called inactive.

Notice that the definition of an active cluster C directly implies that cost (C) ≤ 4|OC| + 1

.
The behavior that makes complete linkage more difficult to analyze than single link-

age is that the former sometimes merges clusters that are quite far apart. That is, con-
trary to single linkage, complete linkage can produce clusters that are very expensive 
relative to the number of optimal clusters hit by them. We mark such clusters as inactive 
and count them directly the first time they are created. We will see that the number of 
such clusters is small. However the number of active clusters is potentially large, but if 
the cost of the clustering reaches 4k + 2 , this number can also be bounded as we see in 
the following lemma.

Lemma 8  There are at most 2k active clusters in H4k+2.

Proof  Notice that at time t≤4k+2 there cannot exist two active clusters C1 and C2 with 
OC1

⊆ OC2
 . Indeed, since C2 hits all the optimal clusters hit by C1 we get that

where the second inequality follows from the fact that C2 is active and therefore 
cost (C2) ≤ 4|OC2

| + 1 . We conclude that C1 and C2 would have been merged in H4k+2 . 
Now, if there are more than 2k active clusters in H4k+2 , then at least two of them must hit 
exactly the same set of optimal clusters. Since we have just ruled this out, the lemma fol-
lows. 	�  ◻

We estimate the number of inactive clusters by looking at the circumstances under 
which they arise. As it happens, at each step there are not many clusters whose merge 
yields an inactive cluster.

Lemma 9  There are at most 4k2 + k inactive clusters in H4k+2.

Proof  Let mx be the number of inactive clusters in Hx . We show that the recurrence rela-
tion mx ≤ mx−1 + k holds for any x ∈ ℕ . In that case m4k+2 ≤ (4k + 1)k = 4k2 + k since 
m1 = 0 and we are done.

To prove the recurrence relation first fix some arbitrary x ∈ ℕ and let D ∈ Hx be an 
inactive cluster. Let D1,… ,D

�
∈ Hx−1 be the clusters whose merge results in D. We show 

that none of them can be active at time t≤x−1 and have cost at least x − 2 . Since this only 
leaves few possible clusterings, we get the recurrence inequality given above. Suppose that 
for one of the clusters, say Di , it holds that Di is active and cost (Di) ≥ x − 2 . Right away, 
notice that |ODi

| < |OD| since otherwise D would also be active by definition. But then

cost (C1 ∪ C2) ≤ cost (C2) + 1 ≤ 4|OC2
| + 2 ≤ 4k + 2

cost (D) ≤ x ≤ cost (Di) + 2 ≤ 4|ODi
| + 3 < 4(|ODi

| + 1) ≤ 4|OD|
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contradicts the assumption of D being inactive. As such, we know that all Di ( i = 1,… ,� ) 
must be inactive or have cost less than x − 2 . In other words, each inactive cluster in Hx 
descends from the set

The cardinality of the set on the left is mx−1 and, by Lemma 7, the cardinality of the set on 
the right is at most k. This proves the claim. 	�  ◻

Corollary 3  H4k+2 consists of at most 2k + 4k2 + k clusters.

Notice that Theorem 3 is an immediate consequence of Corollary 3 and Proposition 1.

5.2 � An upper bound for diameter‑based cost

The main challenge in proving an upper bound on the approximation guarantee of com-
plete linkage when replacing the k-center objective by the k-diameter objective is to deal 
with the possibly large increase of cost after a merge step. When we perform complete 
linkage for the k-center objective, complete linkage roughly halves the number of clus-
ters while the cost increases by a constant amount and this is repeated as long as the 
number of clusters is larger than k (see Corollary 2). This is an easy conclusion from the 
fact that whenever the centers of two clusters are contained in the same optimal cluster 
merging the two clusters increases the cost only by the cost of the optimal clustering. If 
we try to apply this insight to analyze complete linkage for the k-diameter objective we 
now consider the merge of two clusters which intersect the same optimal cluster. As we 
see in Fig. 1 merging these two clusters can double the cost in the worst case, therefore 
we are not able to prove a similar statement to Corollary 2 for k-diameter. In conclusion 
when dealing with the diameter we ignore Part 1 of the analysis presented in Sect. 5.1 
for the radius and instead follow some ideas of Part 2 in Sect.  5.1 where we divide 
clusters constructed by complete linkage in active and inactive clusters. Even though 
we substantially change the definition of inactive and active clusters the main idea stays 
the same: the cost of active clusters can be upper bounded nicely while we guarantee 
that there are not too many inactive clusters. A main difference to Part 2 of the analysis 
for the radius is now that the total number of active and inactive clusters must be upper 
bounded by k instead of O(2k) which yields the increase in the approximation factor for 
diameter.

We now give a brief overview over the ideas used to upper bound the approxima-
tion factor of complete linkage for the diameter. For some arbitrary but fixed k let O 
denote an optimal k-diameter solution and assume that cost (O) = 1 from now on. Con-
sider the clustering H1 computed by complete linkage at time t≤1 . Observe that every 
optimal cluster can fully contain at most one cluster from H1 , as the union of such clus-
ters would cost at most 1. Now, consider the graph G = (V ,E) with V = O  and edges 
{A,B} ⊂ V  for every cluster C ∈ H1 intersecting A and B. If there is such an edge {A,B} , 
then the cost of merging A and B is upper bounded by 3. We can go even further and 
consider the merge of all optimal clusters in a connected component of G. Suppose the 
size of the connected component is m, then the resulting cluster costs at most 2m − 1 . 
There are two extreme cases in which we could end up: if E = � , then H1 = O  and 
complete linkage has successfully recovered the optimal solution. On the other hand, if 

{D ∈ Hx−1 |D is inactive} ∪ {D ∈ Hx−1 | cost (D) < x − 2}.
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G is connected, then merging all points costs at most 2k − 1 and we get an O(k)-approx-
imative solution. The remaining cases are more difficult to handle. We proceed by suc-
cessively adding edges between optimal clusters, while maintaining the property that for 
a connected component Z in G merging ∪A∈V(Z)A costs at most |V(Z)|ln(3)∕ ln(2) . This leads 
to an upper bound of ⌈kln(3)∕ ln(2)⌉ for all clusters C constructed by complete linkage with 
C ⊂ ∪A∈V(Z)A . We call such clusters active clusters. All clusters which do not admit this 
property are called inactive clusters. We show that the number of inactive clusters is 
sufficiently small, such that in the end, we are able to prove that H⌈kln(3)∕ ln(2)⌉ consists of at 
most k clusters. This immediately leads the following theorem.

Theorem  4  Let (Ck)
n
k=1

 be the hierarchical clustering computed by complete linkage on 
(P, dist ) optimizing the diameter. For all 1 ≤ k ≤ n the diameter cost (Ck) is upper bounded 
by ⌈kln(3)∕ ln(2)⌉ cost (Ok) , where Ok is an optimal k-diameter clustering.

Let � = ln(3)∕ ln(2) from now on. Essential for this section is a sequence of clus-
ter graphs Gt = (Vt,Et) for t = 1,… , ⌈k�⌉ constructed directly on the set Vt = O  of opti-
mal k-clusters. We start with the cluster graph G1 that contains edges {A,B} for every 
two vertices A,B ∈ V1 = O  that are hit by a common cluster from H1 . To this we suc-
cessively add edges based on a vertex labeling in order to create the remaining cluster 
graphs G2,… ,G⌈kln(3)∕ ln(2)⌉ . The labeling distinguishes vertices as being either active or 
inactive. We denote the set of active vertices in Vt by Va

t
 and the set of inactive ones 

by Vi
t
 . In the beginning ( t = 1 ) the inactive vertices are set to precisely those that are 

isolated: Vi
1
= {O ∈ V1 | �G1

(O) = �} . For t ≥ 2 , the labeling is outlined in Definition 2. 
Over the course of time, active vertices may become inactive, but inactive vertices never 
become active again.

Given a labeling for Vt+1 , we construct Gt+1 from Gt by adding additional edges: If 
there are two active vertices A,B ∈ Va

t+1
 that are both hit by a common cluster from 

Ht+1 , we add an edge {A,B} to Et+1.

Definition 2  Let t ≥ 1 and A ∈ Vt+1 be an arbitrary optimal cluster and ZA the connected 
component in Gt that contains A. We call A inactive (i.e., A ∈ Vi

t+1
 ) if ⌈ cost (ZA)⌉ ≤ t , and 

active otherwise. Here, and in the following cost (ZA) = cost (
⋃

B∈V(ZA)
B) denotes the cost 

of merging all optimal clusters contained in V(ZA).

Thus if a connected component in Gt has small cost, then all vertices in this compo-
nent become inactive in Gt+1 by definition. We state the following useful properties of 
inactive vertices in (Gt)

⌈k�⌉
t=1

.

Lemma 10  If Z is a connected component in Gt+1 with V(Z) ∩ Vi
t+1

≠ � , then 

1.	 Z is also a connected component in Gt and ⌈ cost (Z)⌉ ≤ t,
2.	 we have V(Z) ⊆ Vi

t+1
 , i.e., all vertices in Z become inactive at the same time.

Moreover we have Vi
t
⊆ Vi

t+1
 , so once vertices become inactive, they stay inactive. 

Equivalently, Va
t+1

⊆ Va
t
.
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Proof  Take any inactive vertex A ∈ Vi
t+1

∩ V(Z) and consider the connected component ZA 
in Gt containing A. By Definition 2, we have that ⌈ cost (ZA)⌉ ≤ t and so all other vertices in 
ZA have to be in Vi

t+1
 as well. We observe that Et+1 ⧵ Et only contains edges between verti-

ces from Va
t+1

 by construction. This shows Z = ZA.
It is left to show that inactive vertices stay inactive. For t = 1 the inactive vertices Vi

1
 are 

already connected components with cost at most 1. As such, they remain inactive at step 
t = 2 . For t ≥ 2 , consider an inactive vertex A ∈ Vi

t
 and the connected component Z ⊆ Gt 

containing it. We showed previously that V(Z) ⊂ Vi
t
 and so Z is also a connected compo-

nent in Gt+1 with ⌈ cost (Z)⌉ ≤ t − 1 < t and thus A ∈ V(Z) ⊂ Vi
t+1

 . 	�  ◻

Definition 3  Let C ∈ Ht  for some fixed t ∈ ℕ . We define It = {C ∈ Ht ∣ OC ∩ Vi
t
≠ �} as 

the set of all clusters in Ht  which hit at least one inactive vertex of Gt . We call these clus-
ters inactive and all clusters from Ht∖It active.

We prove the following easy property about active clusters.

Lemma 11  If C ∈ Ht ⧵It , then Gt[OC] forms a clique. In particular there exists a con-
nected component in Gt that fully contains OC.

Proof  By definition of It , OC must consist exclusively of active vertices. Since all of them 
are hit by C ∈ Ht  there exists an edge {A,B} ∈ Et for every pair A,B ∈ OC . In other words, 
Gt[OC] forms a clique and the claim follows. 	�  ◻

This does not necessarily hold for an inactive cluster C ∈ It . As C contains at least 
one inactive vertex, the connected component Z which contains this vertex does not 
grow. If later on complete linkage merges C with another cluster the result is an inactive 
cluster which may hit vertices outside of Z. So Gt′ does not reflect the progression of C 
for t′ ≥ t . However, the number of such clusters cannot exceed |Vi

t
|.

Lemma 12  The number of inactive clusters in Ht  is at most the number of inactive vertices 
at time t. That is, |It| ≤ |Vi

t
| holds for all t ∈ ℕ.

Proof  We prove the claim by showing that the following inductive construction defines a 
family of injective mappings �t ∶ It → Vi

t
:

•	 Let C ∈ I1 be an inactive cluster. By definition C thus has to intersect an inactive 
optimal cluster A ∈ Vi

1
 . Actually, there can only be one such cluster, as any other 

optimal cluster that is hit would induce an edge incident to A in G1 , making it active. 
Set �1(C) = A , so that OC = {�1(C)}.

•	 For t > 1 and C ∈ It we distinguish two cases: If there is no cluster in It−1 that is 
a subset of C, we pick an arbitrary but fixed A ∈ OC ∩ Vi

t
 and set �t(C) = A . Oth-

erwise, we know that C must descend from some cluster D ∈ It−1 and we can set 
�t(C) = �t−1(D) . Since 𝜙t−1(D) ∈ Vi

t−1
⊂ Vi

t
 by Lemma 10, this shows that �t really 

maps into Vi
t
.

Suppose that there exist two inactive clusters C,D ∈ I1 that are mapped to the same inac-
tive vertex A ∈ Vi

1
 . Then, by the construction of �1 , OC = {A} = OD shows that C and D 

are actually fully contained in the same optimal cluster. The optimal cluster has diameter at 
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most 1 and so C and D would have already been merged in H1 . As this is not possible, �1 
has to be injective.

Now, let t ≥ 2 be arbitrary and assume �t−1 to be injective. We show that in that case 
�t also has to be injective. Suppose on the contrary, that there exist two different clusters 
C,D ∈ It with �t(C) = �t(D) . We distinguish three cases. 

Case 1:	� Both C and D descend from (i.e., contain) clusters C�,D� ∈ It−1 
with �t(C) = �t−1(C

�) and �t(D) = �t−1(D
�) , respectively. Then 

�t−1(C
�) = �t(C) = �t(D) = �t−1(D

�) entails that C� = D� , since �t−1 is assumed 
to be injective. Clearly, C� = D� cannot end up being a subset of two different 
clusters in It and so we end up in a contradiction.

Case 2:	� Neither C nor D descend from a cluster in It−1 . In other words, C and 
D fully descend from clusters in Ht−1 ⧵It−1 and so there exist clus-
ters C�,D� ∈ Ht−1 ⧵It−1 contained in C and D, respectively, such that 
A = �t(C) = �t(D) ∈ OC� ∩ OD� . Applying Lemma  11 yields the exist-
ence of a connected component Z in Gt−1 with V(Z) ⊃ OC� ∪ OD� . We show 
that this connected component has cost at most t − 1 . In that case, C′ and 
D′ should have already been merged in Ht−1 ; a contradiction. To show that 
cost (Z) ≤ t − 1 , consider the connected component Z′ in Gt containing 
A = �t(C) = �t(D) ∈ OC ∩ OD ∩ Vi

t
 . Since A was chosen from a subset of Vi

t
 , 

we know from Lemma 10 that Z′ is also a connected component in Gt−1 with 
cost (Z�) ≤ t − 1 . Now, A ∈ V(Z) ∩ V(Z�) shows that Z = Z� and so we are done.

Case 3:	� D contains a cluster D� ∈ It−1 , so that �t(D) = �t−1(D
�) ∈ Vi

t−1
 , whereas C does 

not. (The symmetric case with the roles of C and D swapped is left out.) Since 
C fully descends from Ht−1 ⧵It−1 , we know that OC ⊆ Va

t−1
 . But this already 

yields a contradiction: Va
t−1

∋ �t(C) = �t(D) = �t−1(D
�) ∈ Vi

t−1
.

 This covers all possible cases, with each one ending in a contradiction. Hence �t has to 
be injective and by induction this holds for all t ∈ ℕ . 	�  ◻

Active clusters from Ht  are nicely represented by the graph Gt as it is shown in 
Lemma 11. We can indirectly bound the cost of active clusters by bounding the cost of 
the connected components they are contained in.

Lemma 13  Let Z be a connected component in Gt . If V(Z) ⊂ Va
t
 , we have 

⌈ cost (Z)⌉ ≤ �V(Z)�� .

Proof  Again, we prove this via an induction over t. For t = 1 and A,B ∈ V(Z) we want to 
upper bound the distance between p ∈ A and q ∈ B . Let A = Q1,… ,Qs = B be a simple 
path connecting A and B in Z. We know by definition of G1 that for j = 1,… , s − 1 there is 
a pair of points pj ∈ Qj and qj ∈ Qj+1 with dist (pj, qj) ≤ 1 . Using the triangle inequality we 
obtain

dist (p, q) ≤ dist (p, p1) +

s−2∑

j=1

(
dist (pj, qj) + dist (qj, pj+1)

)

+ dist (ps−1, qs−1) + dist (qs−1, q)

≤ 2s − 1.
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Here we use that qj and pj+1 are in the same optimal cluster, thus the distance between 
those points is at most one.

Since V(Z) contains only active vertices we have |V(Z)| ≥ 2 . Using the above upper 
bound on the distance between two points in 

⋃
A∈V(Z) A we obtain

where the last inequality follows from the fact that the function h(x) = x� − 2x + 1 is con-
vex and h(1) = h(2) = 0 . Thus h(x) ≤ 0 for x ∈ (1, 2) and h(x) ≥ 0 for x ∈ ℝ≥0�(1, 2).

For t > 1 let Z1,… , Zu denote the connected components in Gt−1 with V(Z) =
⋃u

j=1
V(Zj) . 

Let j, j� ∈ {1,… , u} . We observe that V(Zj) ⊂ V(Z) ⊂ Va
t
⊂ Va

t−1
 . Thus we obtain by induc-

tion that

Suppose that ⌈ cost (Zj)⌉ ≤ t − 1 . Then V(Zj) ⊂ Vi
t
 by definition, which is a contradiction to 

V(Z) ∩ Vi
t
= � . So we must have

 Combining (1) and (2) we obtain

For A,B ∈ V(Z) we want to upper bound the distance between p ∈ A and q ∈ B . Let 
A = Q1,… ,Qs = B be a simple path connecting A and B in Z which enters and leaves 
every connected component Zj for j ∈ {1,… , u} at most once. We divide the path into sev-
eral parts such that every part lies in one connected component from {Z1,… , Zu} . Let 
1 = m1 < m2 < … < m

�
= s such that Qmj

… ,Qmj+1−1
 lie in one connected component 

Z(j) ∈ {Z1,… , Zu} and Z(j) ≠ Z(j+1) for all j ∈ {1,… ,�} . Since (Qmj−1
,Qmj

) ∈ Et we know 
that there exists a cluster in Ht  that intersects Qmj−1

 and Qmj
 , thus there is a pair of points 

pj ∈ Qmj−1
 and qj ∈ Qmj

 such that dist (pj, qj) ≤ t. We obtain

For the second inequality we use (1) and dist (pj, qj) ≤ t . For the third inequality we use 
(3). Now it remains to show that

⌈ cost (Z)⌉ ≤ 2�V(Z)� − 1 ≤ �V(Z)�� ,

(1)⌈ cost (Zj)⌉ ≤ �V(Zj)�� .

(2)t ≤ ⌈ cost (Zj)⌉.

(3)t ≤ |V(Zj)|� .

⌈ dist (p, q)⌉ ≤
�−1�

j=1

�
⌈ cost (Z(j))⌉ + ⌈ dist (pj, qj)⌉

�
+ ⌈ cost (Z(�))⌉

≤ (� − 1)t +

��

j=1

�V(Z(j))��

≤ (� − 1) min
1≤j≤�

�V(Z(j))�� +
��

j=1

�V(Z(j))�� .

(� − 1) min
1≤j≤�

|V(Z(j))|� +
�∑

j=1

|V(Z(j))|� ≤

( �∑

j=1

|V(Z(j))|
)�

.
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For this purpose we assume without loss of generality that 
|V(Z(1))| ≥ |V(Z(2))| ≥ … ≥ |V(Z(�))| and define xj =

|V(Z(j))|
|V(Z(1))| for j = 1,… ,� . We obtain 

the following equivalent inequality:

Since 1 = x1 ≥ … ≥ x
�
≥ 0 this follows directly from Lemma 14 and thus

We obtain ⌈ cost (Z)⌉ ≤ �V(Z)�� which proves the lemma. 	�  ◻

Lemma 14  For � ≥ 1 let

We have f (y1,… , y
�
) ≤ 0 for all 1 = y1 ≥ y2 ≥ … ≥ y

�
≥ 0.

Proof  Let M = {(a1,… , a
�
) ∣ 1 = a1 ≥ a2 ≥ … ≥ a

�
≥ 0} . We have to prove that 

f (y1,… , y
�
) ≤ 0 for all (y1,… , y

�
) ∈ M.

Let s ≥ 1 and consider all points in M whose sum of coordinates is exactly s, i.e., 
Ms = {(a1,… , a

�
) ∈ M ∣ a1 +…+ a

�
= s} . Notice that Ms is a convex polytope and f is 

a convex function on Ms and thus the maximum of f in Ms is attained at one of the vertices 
of Ms . Thus the maximum (y1,… , y

�
) of f in Ms must be of the form y1 = … = y

�1
= 1 and 

y
�1+1

= … = y
�
= b . We obtain for k = � − �1

It is left to show that for all b ∈ [0, 1] and natural numbers �1 ≥ 1 , k ≥ 0 this term is at 
most 0. Thus we define for �1, k, b ∈ ℝ≥0 the function

The partial derivative of g with respect to k is given by

Now suppose that either �1 ≥ 2 and b ∈ [0, 1] or �1 = 1, k ≥ 1 and b ∈ [0, 1] . In both cases 
we obtain

and thus

|V(Z(1))|�
(
(� − 1)x�

�
+

�∑

j=1

x�
j

)
≤ |V(Z(1))|�

( �∑

j=1

xj

)�

.

⌈ dist (p, q)⌉ ≤
� ��

j=1

�V(Z(j))�
��

≤ �V(Z)�� .

f (y1,… , y
�
) =

(
(� − 1)y�

�
+

�∑

j=1

y�
j

)
−
( �∑

j=1

yj
)�
.

f (y1,… , y
�
) = (� − 1)b� + �1 + (� − �1)b

� − (�1 + (� − �1)b)
�

= �1 + (2� − �1 − 1)b� − (�1 + (� − �1)b)
�

= �1 + (2k + �1 − 1)b� − (�1 + kb)� .

g(�1, k, b) = �1 + (2k + �1 − 1)b� − (�1 + kb)� .

�

�k
g(�1, k, b) = 2b� − �b(�1 + bk)�−1

b < 0.67(�1 + bk) ≤
(
𝛼

2

) 1

𝛼−1
(�1 + bk)
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Therefore g is monotonically decreasing for these values and we conclude that the maxi-
mum of g for b ∈ [0, 1] and natural numbers �1 ≥ 1, k ≥ 0 must be attained at one of the 
points (�1, 0, b), (1, 1, b) for �1 ∈ ℕ≥1, b ∈ [0, 1] . Now

is monotonically increasing in b, so the maximum is attained for b = 1 . Observe that 
h(�1) = g(�1, 0, 1) = 2�1 − 1 − �

�
1
 in concave and we have h(1) = h(2) = 0 . Thus 

h(�1) ≥ 0 for �1 ∈ (1, 2) and h(�1) ≤ 0 for �1 ∈ ℝ≥0�(1, 2).
It is left to check the value of g at (1,  1,  b) for b ∈ [0, 1] . Let 

�(b) = g(1, 1, b) = 1 + 2b� − (1 + b)� . We consider the second derivative of � which is 
given by

Since b�−2 ≥ (1 + b)�−2 we obtain that d2

db2
�(b) ≥ 0 and therefore d

db
�(b) is monotonically 

increasing. This implies that � is convex on [0, 1]. Since �(0) = �(1) = 0 and � is convex 
we know that �(b) ≤ 0 for all b ∈ [0, 1] . This proves the lemma. 	�  ◻

We see that a connected component in G⌈k�⌉ cannot contain two active clusters, yielding 
the following upper bound.

Lemma 15  At time t≤⌈k�⌉ the number of active clusters is less than or equal to the number of 
active vertices. In other words, �H⌈k�⌉⧵I⌈k�⌉� ≤ �Va

⌈k�⌉�.

Proof  By Lemma 11 we know that every cluster C ∈ H⌈k�⌉⧵I⌈k�⌉ is fully contained in a 
connected component ZC from G⌈k�⌉ . We show that mapping any such C to an arbitrary ver-
tex in ZC yields an injective map � ∶ H⌈k�⌉⧵I⌈k�⌉ ↪ Va

⌈k�⌉ . First, notice that � is well-
defined: If ZC contains an inactive vertex, then all its vertices are inactive (Lemma 10), 
contradicting the choice of C as active.

Suppose now that there are two different clusters C,C� ∈ H⌈k�⌉⧵I⌈k�⌉ that are mapped to 
the same vertex �(C) = �(C�) . Then the connected components ZC and ZC′ , in which they 
are embedded, already have to coincide ( ZC = ZC� ). But we have just shown (Lemma 13), 
that cost (ZC) ≤ �V(ZC)�ln(3)∕ ln(2) ≤ ⌈k�⌉ and so C and C′ would have already been merged 
in H⌈k�⌉ . As such the images of both cannot coincide and the map is injective. 	�  ◻

Together with the bound for the number of inactive clusters we are now able to prove 
the theorem.

Proof  (Theorem  4) Using Lemmas  12 and 15 we obtain 
|ℋ

⌈k�⌉| = |ℋ
⌈k�⌉⧵ℐ⌈k�⌉|

+ |ℐ
⌈k�⌉| ≤ |Va

⌈k�⌉| + |Vi
⌈k�⌉| = k, yielding cost (Ck) ≤ cost (H⌈k�⌉) ≤ ⌈k�⌉ cost (Ok) . 	

� ◻

𝜕

𝜕k
g(�1, k, b) < 2b

(
𝛼

2

) 𝛼−1

𝛼−1
(�1 + bk)𝛼−1 − 𝛼b(�1 + bk)𝛼−1 = 0

g(�1, 0, b) = �1 + (�1 − 1)b� − �
�

1

d2

db2
�(b) = �(� − 1)(2b�−2 − (1 + b)�−2).
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6 � The average approximation factor

We have seen previously that the approximation guarantee for complete linkage for the 
radius is in Θ(k) and that the same holds for single linkage. This is rather surprising since 
complete linkage merges clusters based on which merge minimizes the objective function, 
which is not the case for single linkage. Notice that when we perform complete linkage on 
the worst case instance (V(Pk), dist ) presented in Sect. 4 complete linkage produces rea-
sonably good clusters for most cluster sizes � ≠ k . Depending on the application we may 
not need a strong approximation guarantee for all cluster sizes, instead it may be sufficient 
to find a hierarchical clustering which is a good approximation to the optimal cost for most 
of the cluster sizes. We try to incorporate this by considering the average approximation 
factor. The advantage of this new definition is emphasized by the fact that complete linkage 
for k-center performs asymptotically better than single linkage with respect to this defini-
tion. This fits our intuition that complete linkage is more suited for the task of construct-
ing hierarchical clusterings for the k-center objective than single linkage even though both 
compute a Θ(k)-approximation with respect to the standard definition of an approximation 
factor.

Definition 4  Let (Ck)
n
k=1

 be an arbitrary hierarchical clustering on (P, dist ) and let (Ok)
n
k=1

 
be optimal solutions for the radius or diameter. We denote by

the average approximation factor of (Ck)
n
k=1

.

The following corollary is an immediate consequence of Proposition 1.

Corollary 4  Let (Ck)
n
k=1

 be the hierarchical clustering computed by complete linkage for the 
radius. We have

However the upper bound of ⌈log(n)⌉ seems too pessimistic. It would be interesting to 
know whether this bound is tight or complete linkage in fact computes a constant factor 
approximation on average and whether similar results hold for the diameter.

Next we give a lower bound on the average approximation factor for single linkage. 
Let n = 2s . Consider the instance P = {1,… , n} ⊂ ℝ . We can assume that in the k-th step 
single linkage merges the two clusters containing xn−k and xn−k+1 as the distance between 
these clusters is 1. The k-clustering computed by single linkage on (P, ‖ ⋅ ‖1) then equals

and has diameter n − k.
On the other hand for 0 ≤ t ≤ s the optimal 2t-clustering has diameter 2s−t − 1 and con-

sists of clusters with 2s−t consecutive points in P

Thus we obtain for the diameter

Avg ((Ck)
n
k=1

) =
1

n

n∑

k=1

cost (Ck)

cost (Ok)

Avg ((Ck)
n
k=1

) ≤ ⌈log(n)⌉.

Ck = {{x1},… , {xk−1}, {xk,… , xn}}}

O2t = {{x1,… , x2s−t},… , {x2s−t(2t−1)+1,… , x2s}}.
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The same computation can be done for the radius, as the radius of C2t+1 equals 2
s−2t+1

2
 and 

the radius of O2t equals 2
s−t

2
.

Corollary 5  The average approximation factor achieved by single linkage on (P, ‖ ⋅ ‖1) for 
both radius and diameter is at least n

21
− 1.

We conclude that the average approximation factor achieved by complete linkage for 
k-center is asymptotically better than the average approximation factor achieved by single 
linkage. In general it may be of interest to consider other ways to measure the quality of 
hierarchical clusterings computed by complete linkage and single linkage.

A Lower bound for complete linkage without bad ties

In this section we focus on modifying the instance (V(Pk), dist ) such that merging two �
-graphs G

�
,G′

�
 which are part of the same (� + 1)-graph is slightly cheaper than perform-

ing any other merge in a clustering consisting of all �-graphs.

A.1 Diameter‑based cost

We explain how to adjust the construction of the k-components for the diameter. Let 
� ∈ (0,

1

2
) . The definition of K1 stays the same. As before a k-component is constructed 

from two copies K(0)

k−1
,K

(1)

k−1
 of the (k − 1)-component by taking the disjoint union of the 

corresponding graphs and increasing the level of each point in K(1)

k−1
 by one. Here we do 

not add an edge of weight k − 1 between the unique point s ∈ V(G
(0)

k−1
) with level 1 and 

t ∈ V(G
(1)

k−1
) with level k. Instead we complete Gk by adding edges of weight (k − 1)(1 − �) 

between x ∈ V(G
(0)

k−1
) and y ∈ V(G

(1)

k−1
) if they are not on the same level, i.e., �k(x) ≠ �k(y).

The instance Pk is then constructed from k-copies K(1)

k
,… ,K

(k)

k
 of the k-component Kk . 

We take the disjoint union of the corresponding k-graphs G(1)

k
,… ,G

(k)

k
 and connect them 

by adding edges {x, y} of weight 1 for every two points x ∈ V(G
(i)

k
) and y ∈ V(G

(j)

k
) with 

�
(i)

k
(x) = �

(j)

k
(y).

We show that the clustering computed by complete linkage on (V(Pk), dist ) at time 
t≤�(1−�) consists exactly of the (� + 1)-graphs that make up the instance.

Lemma 16  The distance between two points x, y ∈ V(Pk) is at least |�k(x) − �k(y)|(1 − �).

Avg ((�k)nk=1) =
1
n

s−1
∑

t=0

∑

k∈(2t ,2t+1]

cost (�k)
cost (�k)

≥ 1
n

s−1
∑

t=0
2t

cost (�2t+1 )
cost (�2t )

≥ 1
n

s−1
∑

t=0
2t 2

s − 2t+1
2s−t

= 1
n

s−1
∑

t=0
22t 2

s−t − 2
2s−t

= 1
n

(

s−1
∑

t=0
4t −

s−1
∑

t=0

23t
2s−1

)

= 1
2s
(

s−1
∑

t=0
4t − 1

2s−1

s−1
∑

t=0
8t
)

= 1
2s

4s − 1
3

− 1
22s−1

8s − 1
7

= 2s − 2−s
3

− 2s+1 − 21−2s
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Proof  By the inductive construction of the components, an edge which crosses 
w levels costs at least w(1 − �) . Hence the distance between x and y is at least 
|�k(x) − �k(y)|(1 − �) . 	�  ◻

As before we use the previous lemma to show that the diameter of any �-graph in Pk is 
(� − 1)(1 − �).

Lemma 17  Let G
�
 be an �-graph contained in Pk . We have cost (G

�
) = (� − 1)(1 − �).

Proof  We prove the upper bound cost (G
�
) ≤ (� − 1)(1 − �) by induction. The 

1-graphs are points and so the claim follows trivially for � = 1 . Assume now that we 
have shown the claim for � − 1 . Let G

�
 be an �-graph and s, t ∈ V(G

�
) points such that 

cost (G
�
) = dist (s, t) . If these points lie in the same graph, say G(0)

�−1
 , of the two (� − 1)

-graphs G(0)

�−1
 and G(1)

�−1
 that make up G

�
 , then

by induction and we are done. Otherwise we may assume that s ∈ V(G
(0)

�−1
) and 

t ∈ V(G
(1)

�−1
) . We distinguish two cases. If �k(s) = �k(t) these points are connected by an 

edge of weight one by construction. Notice that an �-graph does not contain points with the 
same level if � ≤ 2 . Using � ≤ 1

2
 and � ≥ 3 we obtain

If s and t are on different levels there is an edge of weight (� − 1)(1 − �) between s and t by 
construction. Thus we obtain in all cases

To see the lower bound cost (G
�
) ≥ (� − 1)(1 − �) , we apply Lemma 16 to the unique point 

s ∈ V(G
�
) with �

�
(s) = 1 and the unique point t ∈ V(G

�
) with �

�
(t) = � . This shows that 

cost (G
�
) ≥ dist (s, t) ≥ (� − 1)(1 − �) . 	�  ◻

We show that complete linkage must reconstruct these components as clusters.

Lemma 18  Complete linkage must merge clusters on (V(Pk), dist ) in such a way that for 
all � < k , the clustering H

�(1−�) consists exactly of the (� + 1)-graphs that make up Pk.

Proof  We prove the claim by induction. Complete linkage always starts with every point in 
a separate cluster. Since those are exactly the 1-graphs and any merge of two points costs 
at least (1 − �) , the claim follows for � = 0 . Suppose now that H(�−1)(1−�) consists exactly 
of the �-graphs of the instance. Consider two �-graphs G

�
≠ G′

�
 contained in the current 

clustering. We compute the cost of merging G
�
 with G′

�
 . For this purpose we distinguish 

whether they are contained in the same (� + 1)-graph or not. 

Case 1:	� If they are contained in the same (� + 1)-graph G
�+1 merging G

�
 with G′

�
 results 

in G
�+1 . We obtain by Lemma 17, that cost cost (G

�+1) = �(1 − �).

dist (s, t) ≤ cost (G
(0)

�−1
) ≤ (� − 2)(1 − 𝜖) < (� − 1)(1 − 𝜖)

dist (s, t) = 1 ≤ (� − 1)(1 − �).

cost (G
�
) = dist (s, t) ≤ (� − 1)(1 − �).
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Case 2:	� If they are not contained in the same (� + 1)-graph, we show that merging G
�
 

with G′
�
 costs more than �(1 − �) . We make the following observations.

 

1.	 The edges connecting x ∈ V(G
�
) and y ∈ V(G�

�
) with �k(x) ≠ �k(y) are of weight 

≥ (� + 1)(1 − �).
2.	 There exist s ∈ V(G

�
) and t ∈ V(G�

�
) with |�k(s) − �k(t)| ≥ � − 1.

The last observation follows from the fact that each of the graphs contains two points 
whose difference in levels is exactly � − 1.

We prove that dist (s, t) > �(1 − 𝜖) and therefore merging G
�
 with G′

�
 costs more than 

�(1 − �) . Any shortest path connecting s and t in Pk must contain an edge {u,w} between a 
point u ∈ V(G

�
) and a point w ∈ V(G�

�
) . By above observation this edge is either of weight 

≥ (� + 1)(1 − �) or u and w are on the same level and the edge is of weight 1. In the first 
case we conclude

In the second case we obtain that

We see that H
�(1−�) must consists exactly of the (� + 1)-graphs of Pk . 	�  ◻

Lemma 18 shows that H(k−1)(1−�) consists of all the k-graphs that make up Pk . There are 
exactly k of them, thus the k-clustering produced by complete linkage costs (k − 1)(1 − �).

Corollary 6  However the tie-breaks are resolved, complete linkage computes a k-clustering 
on (V(Pk), dist ) with diameter (k − 1)(1 − �) while the optimal k-clustering has diameter 1.

A.2 Radius‑based cost

We explain how to adjust the construction of the k-components for the radius. Let 
� ∈ (0,

1

2
) . The definition of K1 does not change. As before a k-component is constructed 

from two copies K(0)

k−1
,K

(1)

k−1
 of the (k − 1)-component by taking the disjoint union of the 

corresponding graphs and increasing the level of each point in K(1)

k−1
 by one. We complete 

Gk by adding edges between x ∈ V(G
(0)

k−1
) and y ∈ V(G

(1)

k−1
) if �k(x) ≠ �k(y) and we assign 

this edge a weight of ⌈ k

2
⌉(1 − �) if ��k(x) − �k(y)� ≤ ⌈ k

2
⌉ − 1 and otherwise a weight of 

|�k(x) − �k(y)|(1 − �).

dist (s, t) ≥ (� + 1)(1 − 𝜖) > �(1 − 𝜖).

dist (s, t) = dist (s, u) + 1 + dist (w, t)

≥ |𝜙k(s) − 𝜙k(u)|(1 − 𝜖) + 1 + |𝜙k(w) − 𝜙k(t)|(1 − 𝜖)

= |𝜙k(s) − 𝜙k(t)|(1 − 𝜖) + 1

≥ (� − 1)(1 − 𝜖) + 1

> �(1 − 𝜖).
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As before the instance Pk is constructed from k-copies K(1)

k
,… ,K

(k)

k
 of the k-component 

Kk . We take the disjoint union of the corresponding k-graphs G(1)

k
,… ,G

(k)

k
 and connect 

them by adding edges {x, y} of weight 1 for every two points x ∈ V(G
(i)

k
) and y ∈ V(G

(j)

k
) 

with �(i)

k
(x) = �

(j)

k
(y) . We observe that Lemma 16 still holds on the adjusted instance. Also 

notice that the diameter of an �-graph is still upper bounded by (� − 1)(1 − �).

Lemma 19  Let G2� be any of the 2�-graphs that constitute Pk for 1 ≤ � ≤
k

2
 . It holds that 

cost (G2�) = �(1 − �) . Furthermore let G′
2�

 be a second 2�-graph which is not contained 
in the same 2(� + 1)-graph as G2� . Any cluster containing G2� and G′

2�
 costs at least 

�(1 − �) + 1.

Proof  We know that G2� contains points s and t with |�k(s) − �k(t)| = 2� − 1 . Thus for any 
x ∈ V(Pk) we have max{|�k(s) − �k(x)|, |�k(t) − �k(x)|} ≥ � . By Lemma 16 we know that 
max{ dist (s, x), dist (t, x)} ≥ �(1 − �) and therefore cost (G2�) ≥ �(1 − �).

To prove the upper bound suppose that G2� covers the levels � up to � + 2� − 1 in Pk . 
Consider the unique (� + 1)-graph H

�+1 contained in G2� covering the levels � + � − 1 to 
� + 2� − 1 . Let c be the unique point in H

�+1 with level � + � − 1 . Remember that the 
diameter of H

�+1 is at most �(1 − �) , so any point in H
�+1 is at distance ≤ �(1 − �) to c. 

Consider now a point x ∈ V(G2�)�V(H�+1) . We know that 𝜙k(x) < 𝜆 + 2� − 1 . Thus 
|�k(x) − �k(c)| ≤ � − 1 . By construction there exists an edge of weight at most �(1 − �) 
between x and c and thus dist (x, c) ≤ �(1 − �).

It is left to show that any cluster containing G2� and G′
2�

 costs at least �(1 − �) + 1 . 
Let y ∈ V(Pk) and let H2(�+1) be the 2(� + 1)-graph containing y. Assume without 
loss of generality that G2� is not contained in H2(�+1) . Let x ∈ V(G2�) be a point with 
|�k(x) − �k(y)| ≥ � . We claim that dist (x, y) ≥ (� − 1)(1 − �) + 1 . A shortest path connect-
ing x and y must contain an edge {u,w} with u ∈ V(Pk)�V(H2(�+1)) and w ∈ V(H2(�+1)) . We 
know by construction that either �k(u) = �k(w) , or the edge weights at least (� + 2)(1 − �) . 
In the first case we use Lemma 16 and obtain

and in the second case we obtain

	�  ◻

This immediately leads the following results.

Corollary 7  Complete linkage must merge clusters on (V(Pk), dist ) in such a way that for 
all 1 ≤ � ≤

k

2
 , the clustering H

�(1−�) consists exactly of the 2�-graphs that make up Pk.

Corollary 8  However the tie-breaks are resolved, complete linkage computes a k-clustering 
on (V(Pk), dist ) with radius k

2
(1 − �) , while the optimal k-clustering has radius 1.

dist (x, y) = dist (x, u) + dist (u,w) + dist (w, y)

≥ |�k(x) − �k(u)|(1 − �) + 1 + |�k(w) − �k(y)|(1 − �)

= |�k(x) − �k(y)|(1 − �) + 1

≥ �(1 − �) + 1

dist (x, y) ≥ (� + 2)(1 − �) ≥ �(1 − �) + 1.
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