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ABSTRACT

The frequency-independent Coulomb-Breit operator gives rise to the most accurate treatment of two-electron interaction in the non-
quantum-electrodynamics regime. The Breit interaction in the Coulomb gauge consists of magnetic and gauge contributions. The high
computational cost of the gauge term limits the application of the Breit interaction in relativistic molecular calculations. In this work, we
apply the Pauli component integral-density matrix contraction scheme for gauge interaction with a maximum spin- and component sepa-
ration scheme. We also present two different computational algorithms for evaluating gauge integrals. One is the generalized Obara-Saika
algorithm, where the Laplace transformation is used to transform the gauge operator into Gaussian functions and the Obara-Saika recur-
sion is used for reducing the angular momentum. The other algorithm is the second derivative of Coulomb interaction evaluated with
Rys-quadrature. This work improves the efficiency of performing Dirac-Hartree-Fock with the variational treatment of Breit interaction
for molecular systems. We use this formalism to examine relativistic trends in the Periodic Table and analyze the relativistic two-electron

interaction contributions in heavy-element complexes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0098828

I. INTRODUCTION

Four-component Dirac-Hartree-Fock (DHF) is the start-
ing point for accurate all-electron relativistic calculations.” " The
frequency-independent instantaneous two-electron interaction pro-
vides the most accurate description’ * of electron-electron interac-
tion before going to a genuine relativistic quantum electrodynamics
theory of many-electron systems.” " Derived from quantum elec-
trodynamics, the form of the instantaneous two-electron interaction
operator, accurate to O(c™2), depends on the choice of gauge. In the
Feynman gauge, it can be written as

Vee = 20 2 (8°(f) +£°(0f)), @

i=1 j>i
. 1
g6 = — @)
Tij
g0 G0) = -, 3)

y

where {i,j} are electron indices. Equation (3) is also known as the
Gaunt term. The components of the & matrices are defined as

02 (4

wij = , J={x»z} (4)
o; 02
and ¢ consists of Pauli matrices,
1 0 0 1 0 —i 1 0
I= > Ox = > Oy = , 0Oz =
0 1 1 0 i 0 0 -1

In the Coulomb gauge, the instantaneous two-electron
operator is

z

1

Ve = 2 28 () +£° (i), (6)
j>i

I
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where the Breit term [Eq. (7)] includes the magnetic interaction and
an additional gauge term. Note that the magnetic interaction of the
Breit term in the Coulomb gauge is half of the Gaunt term in the
Feynman gauge.

While the Dirac-Coulomb operator accounts for the lead-
ing two-electron energy correction in the relativistic regime, the
frequency-independent Breit or Gaunt term cannot be ignored for
accurate description of electronic structures of late-row and heavy
elements.”  The difference in the two-electron interaction in Feyn-
man and Coulomb gauge arises from different truncation schemes
in the instantaneous interaction approximation, leading to gauge-
dependent results. Although both forms of two-electron interactions
[VE in Eq. (1) and V§ in Eq. (6)] are accurate to O(c™2), there
has been work showing that the Breit operator in the Coulomb
gauge is more accurate than the Gaunt operator in the Feynman
gauge.”” Tt was also suggested that the variational treatment of the
frequency-independent Breit interaction is important for both cor-
relation calculations and property evaluations.”'® DHF with the
Coulomb and Gaunt interactions has been implemented in quantum
chemistry software packages for atomic and molecular systems.'”
However, the gauge term in the Breit interaction is computation-
ally more expensive in both integral evaluation and integral-density
contraction.

In the 1980s, frequency-dependent and -independent Breit
interactions were included perturbatively in a multi-configuration
Dirac-Fock formalism with finite difference methods in atomic
systems.”' 7’ Later on, variational treatment of the frequency-
independent Breit term in atomic systems with kinetically bal-
anced Slater type basis’ and Gaussian basis” *’ was realized
computationally.

Molecular calculation with the Breit interaction came much
later. Since radial-angular separation is not applicable for molec-
ular systems, an analytical integral evaluation algorithm for the
gauge term in Gaussian type orbitals is required.” " The first
practical gauge integral evaluation using the McMurchie-Davidson
algorithm was implemented and applied for molecular systems by
Quiney and co-workers."""** Recently, a gauge integral with the gen-
eralized Rys-quadrature method was developed for molecules with
the density fitting technique.”*" Still, the high computational cost
of the gauge term limits its application in molecular relativistic
calculations."!

Some techniques have been applied to reduce the computa-
tional cost of Dirac-Hartree-Fock calculations, such as the quater-
nion formalism,” resolution of the identity,”"" and quasi-four
component approximations.’®*” Recently, we introduced a Pauli
matrix representation with an optimal spin- and component sep-
aration algorithm that results in a minimal floating-point count
algorithm for integral-density contraction.”

In this work, we generalize the integral-density contraction
in the Pauli spinor representation in the previous work® to gauge
term contraction. A restricted kinetically balanced (RKB) Gaussian
basis is used in this work. Component- and spin-separations*’ are
applied for the Fock matrix and density matrices for maximal opti-
mization of the contraction scheme. We also derived and developed
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two new methods for gauge term integral evaluation in Gaussian
type orbitals: one uses the generalized Obara-Saika recursion, and
the other is the second derivative of Coulomb interaction with
Rys quadrature. This work includes the gauge term variationally in
a relativistic four-component Dirac-Hartree-Fock framework for
molecular calculations.

Il. DIRAC-COULOMB-BREIT HARTREE-FOCK
FORMALISM IN PAULI MATRIX REPRESENTATION

A. Restricted-kinetic-balanced Dirac-Coulomb-Breit
Hartree-Fock equation

All expressions in this work are in atomic units. The eigenfunc-
tion of the Dirac Hamiltonian y has a four-spinor form,

o*
V= g , (8)
where ¢" and ¢° are spinors of the large and small components,
expanded in spinor basis,

N N
$p = 20 gl Bp = 200 Curphurs ©)

T p=1 T p=1

where 7 € {a, 8} and N is the number of spatial basis functions. The
large component basis is defined as

Xu 0
="V xs=| |} (10)
0 A

where y is the one component spatial basis function. The rela-
tionship between the large and small component spinor basis can
be defined via the restricted kinetic balance (RKB) condition™ ™"
to ensure the correct nonrelativistic limit of the positive energy
states.”””” The RKB condition can be written as

s 1 L
v 2o pibe an

where ¢ is the speed of light and p = —iV is the linear momentum
operator.

Introducing the RKB condition [Eq. (11)] into the Dirac equa-
tion results in the four-component Dirac formalism in matrix
representation,”*

LL LS

F" F°\[c C;

' B Ilcd ¢

I®S 0 Ci Ci\€e 12)

1 L _
0 Te_TI\C CJlo e

m

where T and S are the kinetic energy and overlap matrices,

respectively. The solution of Eq. (12) consists of sets of posi-

tive/negative eigenvalues ({¢*}, {¢”}) with corresponding molec-
. -

ular orbital coefficients ((C:i) and (E’,) for the positive/negative
S S

energy solutions.
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The computation of integrals of operators in Eq. (6) is the
dominant cost in building the Dirac-Coulomb-Breit Hartree-Fock
matrix and is usually done in the atomic-orbital (AO) basis. To
build the AO Dirac-Coulomb-Breit Hartree-Fock, one can scat-
ter the four-component density matrix into 16 component- and
spin-blocked density matrices,

Ne
XY X Y
Dyn,vfz = Z Cury,iCvry,iv XY= {L> S}> (13)
i=1

where 71,72,73,74 € {a, 8}. With the RKB condition [Eq. (11)],
component- and spin-blocked integrals can be constructed from
four-index scalar AO integrals. Then, one can build the Fock
matrix by contracting AO spinor integrals with component-
and spin-blocked density matrices, resulting in the contrac-
tion scheme in the two-spinor basis [see Egs. (Al)-(A4) in
Appendix A].

B. Gauge term in Pauli matrix basis

In a recent study,’’ we introduced a minimal floating-point-

operation (FLOP) count algorithm based on the Pauli quaternion
formalism of maximal component- and spin-separation. In this
approach, AO density matrices are further component- and spin-
separated and directly contracted with scalar integrals with a min-
imal FLOP approach but at the cost of an increased arithmetic
complexity.

In this work, we extend the Pauli quaternion formalism for
building the gauge term in the Dirac-Coulomb-Breit Hartree-Fock
equation. Note that the magnetic term [first term in Eq. (7)] is
one-half of the Gaunt term, which was previously derived and imple-
mented.”’ We refer readers to Ref. 30 for detailed implementation of
the Gaunt term the with Pauli quaternion formalism.

In order to build the gauge term contribution in the Pauli com-
ponent basis, both gauge integrals and density matrices need to be
expressed in the Pauli matrix representation. The Pauli components
of the density matrix can be transformed from the spin-blocked
matrices,”

D, = Deo + Dy,
D; = Dao — Dgg,
D = Dys + Dp

D, = i(Dys — Dga),

for each component-block (LL, SS, LS, SL).

The separation of gauge integrals that contract with the den-
sity matrices in the Pauli component basis utilizes the Dirac identity
and orthogonality of the quaternion. Mathematical derivations are
lengthy and complex, and we only present the key equations and the
final working expressions [Eqs. (A17)-(A30) in Appendix A].

Collecting all Pauli components, the two-spinor Fock matrix
can be constructed:

XY XY XY XY
1 EY B B -
FY = S ‘ * 7, (14)

2\ B iEY R R

where X,Y € {L,S}. The Dirac-Hartree-Fock equation can be
solved self-consistently.

ARTICLE scitation.org/journalljcp

C. Gauge integral evaluation
In this work, we derived and implemented two methods to
evaluate the gauge integral with the operator form defined as

(a1 -112) (02 - 112) - rp ®rp )
2r3, 2r3,

In Appendix B, we show the working equations to evaluate the
gauge integral using the Rys-quadrature approach in terms of sec-
ond derivatives of the four-center two-electron Coulomb integral. In
Appendix C, we derived the recursion relations using the generalized
Obara-Saika algorithm. Both methods are implemented and bench-
marked against each other, and the resulting integrals only differ
by less than 107™'? a.u. Integral code optimization requires exten-
sive work, and therefore, we will not provide timing comparisons
between Rys-quadrature and Obara-Saika algorithms for the gauge
term.

I1ll. BENCHMARK AND DISCUSSION
A. Analysis of computational cost

In this section, we focus on analyzing the memory require-
ment and computational cost for building the Dirac-Fock matrix
from four-index electron-repulsion-integrals (ERIs). We use the in-
core formalism where all four-index integrals are computed and
stored in memory for the theoretical cost analysis. In this analysis,
we used a Kramers-unrestricted condition where all four Pauli com-
ponents are non-zero. The memory requirement and FLOP count
for Dirac-Coulomb and Gaunt have been previously analyzed in
Ref. 30. Note that the magnetic contribution in the Breit term has
the same computational cost as the Gaunt term. Therefore, the pre-
vious cost analyses were directly used in this work with the addition
of the gauge contribution.

The gauge term is built from 16 four-index scalar (or one-
component) integrals shown in Eqs. (A11)-(A14). In the two-spinor
RKB approach, these 16 types of gauge ERIs are assembled into
64 two-spinor ERIs, and the integral-density contraction is carried
out in the two-spinor form [see Egs. (A1)-(A4)]. In contrast, the
Pauli component approach does not assemble the 16 gauge ERIs
into a large dimension, although several auxiliary scalar integrals
[e.g., (0 - 0), (0 x0), and (00)x; + (00)zc] can be constructed to
reduce the cost of contraction. Instead, we scatter the Dirac-Fock
and density matrices into the Pauli representation so that all gauge
ERIs remain in the scalar form and the integral-density contraction
is done in Pauli quaternion representation (see Sec. II B). Tables I
and II list the estimated computational costs in terms of memory
requirement and FLOP count for forming the Dirac-Fock matrix
from integrals.

Table I shows that the Pauli matrix formalism has a much
smaller memory storage requirement compared to the two-spinor
matrix form. This is mainly because in the Pauli matrix basis, all
integrals are stored in one-component real-valued scalar form. In
contrast, in the two-spinor basis, scalar integrals are assembled into
two-component complex-valued tensors. As a result, the in-core
integral storage requirement is much bigger in the two-spinor basis
than in the Pauli matrix basis.

Table II gives the FLOP count for each type of Coulomb
J and exchange K contractions with the density. For both the
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TABLE I. Analysis of memory requirement in terms of the equivalent number of unique real-valued one-component four-index
electron-repulsion-integral tensors needed for forming the four-component Dirac-Coulomb-Breit Hamiltonian. N number of
atomic basis functions are used in this estimate. Dense matrices with no integral or matrix symmetry are considered.

Equivalent no. of real-valued N* ERI tensors

Four-component scheme Dirac-Coulomb* Breit"” Total
Pauli matrix RKB basis 36 35 71
Two-spinor RKB basis* 96 128 224

*Dirac-Coulomb including the (SS|SS) contribution.
® Analysis of the magnetic contribution in the Breit term is from Ref. 30.
“Two-spinor integrals are stored as complex-valued quantities, occupying two double-precision storage.

TABLE II. Analgsis of FLOP count in double-precision operations for forming the four-component Dirac-Coulomb-Breit Fock
matrix (FLL, FSS, F-S). N number of atomic basis functions are used in this estimate. FLOP count is separated into Coulomb
J and exchange K contractions. Dense matrices with no integral or matrix symmetry are considered.

Number of integral-density contractions (J, K)

Four-component scheme Dirac-Coulomb” Breit” Total FLOP*
Pauli matrix RKB basis (21,53) (44,189) 1228N*
Two-spinor RKB basis (64,48) (64,96) 2176N*

*Floating point operation (FLOP) is defined as an arithmetic procedure (+, —, x, +) of two double-precision numbers. Because
integrals for the Pauli matrix RKB basis are stored as real-valued matrices and density matrices are complex-valued, each con-
traction step requires 4N* FLOPs. For the two-spinor RKB basis, because integrals are complex-valued, each contraction step

requires 8N* FLOPs.
®Dirac-Coulomb including the (SS|SS) contribution.

€ Analysis of the magnetic contribution in the Breit term is from Ref. 30.

Dirac-Coulomb and the Breit terms, we see that the Pauli matrix
formalism requires a much smaller number of J contractions than
the two-spinor approach. However, the number of K matrix for-
mations is much bigger in the Pauli basis than in the two-spinor
basis. Since all integrals and density matrices in the two-spinor
basis are complex-valued, each integral-density contraction requires
8N* FLOPs. In contrast, each integral-density contraction needs
4N* FLOPs in the Pauli basis because integrals are real-valued. As a
result, the computational cost in terms of FLOP count is much more
efficient in the Pauli basis.

B. Atomic periodic trend

The purpose of the data presented here is to display the mag-
nitude of the effect of the Dirac-Coulomb-Breit Hamiltonian in
atomic systems. In particular, DHF energies are compared to one
another in this section. Integral computation is performed with
the LIBCINT integral library.” All calculations in this section are
performed with a development version of the Chronus Quantum
software package.”® The speed of light utilized in this section is
137.035999 679 94 a.u.

Ground state DHF energies were computed utilizing the
Dirac-Coulomb and Dirac-Coulomb-Breit Hamiltonians. All
atoms are defined to be neutral in these calculations. A core Hamil-
tonian guess is utilized, such that no spin multiplicity need to
be defined for the wavefunction guess. The self-consistent-field
optimization proceeds in the Kramers unrestricted framework in
which the lowest N, number of positive energy orbitals is singly

occupied. In order to analyze the importance of relativistic two-
electron corrections in Dirac Hartree-Fock, we also compare
the results obtained using the (LL|LL) approximation (previ-
ously referred to as the Bare-Coulomb’ approximation), i.e.,
only (LL|LL) integrals are used without contributions from the
small component. The four-component Hamiltonians presented
here differ only in their treatment of the two-electron interaction.
This allows for the isolation of the effect of various two-electron
corrections, particularly the terms of the Dirac-Coulomb-Breit
Hamiltonian presented here.

The ground state energies of selected atomic species from
across the Periodic Table were computed and relativistic two-
electron contributions are compared in Table III. To obtain the
ground state energies, we have carried out separate self-consistent-
field (SCF) calculations with each of the three Hamiltonians and
the (LL|LL) approximation. Relativistic two-electron corrections are
defined as the differences between different SCF energies (see the
caption of Table ITI). The uncontracted ANO-RCC basis”  set was
utilized for all cases. The results are listed in Table III and plotted
in Fig. 1. As the atomic number Z increases, the Dirac-Coulomb
(AEPC) and Breit (AE™™") corrections increase as expected, as
shown in Fig. 1(a). Compared to AEP, the Breit correction becomes
less important as the atomic number increases, as indicated by the
decreasing ratio of %ﬁ? [see Fig. 1(b)].

We plot in Fig. 1(c) the magnetic and gauge contributions
(AEM*® and AE®™$%) in the Dirac-Coulomb-Breit Hamiltonian

Gauge

and their ratio AA};iM;g in Fig. 1(d). Both the magnetic and gauge
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TABLE III. Ground state SCF energies (Hartrees) for selected atoms using finite width nuclei and the uncontracted ANO-RCC basis.”’ %% AEPC = EDC _ pLUL - ppBreit
= EDOB _ OC, AEMeg. = 1 (EDCC _ EDC) and AEC20e = AEBrlt — AEMA. where £PCB, £PCC, EOC, and EMLL are the ground state SCF energies calculated with the
Dirac-Coulomb-Breit (DCB), Dirac-Coulomb-Gaunt (DCG), and Dirac-Coulomb (DC) Hamiltonians, respectively, and the (LL|LL) approximation.

Element 7z ELLLL EDC AEDC EDCB AEBreit AEMag. AEGauge
F 9 -99.54092 -99.504 74 0.03618 —99.493 29 0.01144 0.00599 0.005 46
Na 11 -162.15979 -162.077 29 0.082 49 -162.05392 0.023 37 0.012 38 0.01099
Si 14 —289.662 42 —289.448 67 0.21376 —289.39378 0.054 89 0.029 42 0.02547
Cl 17 —461.406 68 -460.947 16 0.45951 -460.838 80 0.108 36 0.058 57 0.04979
Ca 20 -680.572 25 —679.709 87 0.862 37 —679.518 88 0.191 00 0.103 88 0.08711
Ti 22 —854.108 69 —-852.857 54 1.251 14 —852.59270 0.264 84 0.144 48 0.120 36
Cu 29 —-1657.19012 -1653.45340 3.73672 -1652.775 81 0.677 59 0.37257 0.30502
Ag 47 -5339.39310 -5314.62570 24.767 40 -5311.05572 3.56998 1.98561 1.584 36
I 53 —7155.39518 —7115.798 49 39.596 69 —7110.390 59 5.407 90 3.01422 2.39367
Ce 58 -8917.383 68 -8861.043 87 56.339 81 -8853.658 36 7.38551 4.12182 3.263 68
Pr 59 -9298.56018 -9238.26544 60.294 74 -9230.432 81 7.83263 4.37222 3.46041
Pm 61 -10091.17892 —-10022.33095 68.847 97 -10013.546 34 8.784 62 4.905 35 3.87926
Sm 62 —10502.861 37 —10429.356 22 73.50515 —10420.062 39 9.293 83 5.19033 4.103 50
Tb 65 —11801.62531 -11712.82512 88.800 18 -11701.89228 10.9328 6.108 49 4.824 36
Ho 67 —12721.92260 -12621.57398 100.348 62 —12609.433 93 12.140 05 6.78447 5.35558
Lu 71 —14 699.426 40 —14 572.526 42 126.899 98 —14 557.677 23 14.84919 8.30118 6.54801
Au 79 —19231.54195 -19035.57905 195.96291 -19013.938 49 21.640 56 12.10175 9.538 81

terms grow exponentially with respect to the atomic number and
both contributions are equally important in the Breit Hamiltonian.

Figure 1(d) shows that the ratio % approaches unity toward
light elements and ~0.78 toward heavy elements. Recall that the
Breit operator is the Gaunt term in the Feynman gauge, and in the
Coulomb gauge, consists of half of the Gaunt term (i.e., magnetic
contribution) and the gauge term. Therefore, another way to under-
stand Fig. 1(d) is that the energetic difference between the Feynman
gauge and the Coulomb gauge is approaching ~0% for light elements

and ~20% for heavy elements.

C. Heavy-element molecules

In this section, we analyze the contribution of the Breit Hamil-
tonian to the ground state energy and its effect on the electronic
structure characteristics of selected heavy-element compounds from
the actinyl oxycation series. Linear geometries and experimental
bond lengths of 1.76, 1.75, and 1.74 A were utilized for uranyl,
neptunyl, and plutonyl, respectively.®’

Table TV gives the energetic decomposition of different rela-
tivistic two-electron interaction terms in the total energy of uranyl,
neptunyl, and plutonyl. The uncontracted ANO-RCC-VDZP basis
set was used for both the oxygen and actinide atoms. The main
trends seen across the actinyl series reflect the growing nuclear
charge of the actinide atom and mirror the atomic periodic trends
seen in Sec. I11 B. Although the relative contribution of the Breit term
is small (~0.1% of the total energy), its effect on electronic structure
characteristics of the molecular bonding could be significant.

Density of states plots were generated using the occupied
Dirac-Coulomb and Dirac-Coulomb-Breit molecular orbitals for
the three actinyls presented in Table I'V. These plots are presented
in Fig. 2 and show a total large component density as well as a large

component contribution from each angular momentum orbital type,
i.e, s, p, d, and f characters. Orbital character is summed over the
three atoms in the molecule.

Figures 2(a) and 2(b) show that the highest occupied orbitals
of uranyl consist of six 5f-2p and six 6d-2p bonding orbitals with
a very small contribution of s character. The occupied nonbond-
ing 5f electron molecular orbitals in neptunyl and plutonyl are the
next highest energy orbitals, appearing lower in energy than the 12
bonding orbitals.

Comparing the DOS plots for this series, the energies of bond-
ing molecular orbitals in neptunyl are more spread out than for those
of uranyl and plutonyl. Comparing the DOS plots computed using
the Dirac-Coulomb and Dirac-Coulomb-Breit Hamiltonians, we
see that the Breit term does not significantly alter the character of the
orbitals or the general ordering of the molecular orbitals presented
here, but it does alter their relative energetics. For example, a distinct
sharpening of the highest energy peak in each of these systems can
be observed in the Dirac-Coulomb-Breit case. This is a result of nar-
rowing of the frontier orbital energy gap near HOMO. However, for
deeper valence orbitals, there is no noticeable difference in the DOS
plots computed using Dirac-Coulomb and Dirac-Coulomb-Breit
Hamiltonians.

In order to investigate the effect of the Breit operator on
energetic observables, the dissociation energies of uranyl, nep-
tunyl, and plutonyl into 2 x O?  and U(VI), Np(VI), and
Pu(VI), respectively, were calculated with both Dirac-Coulomb and
Dirac-Coulomb-Breit. To compute the SCF energies of atomic
An(VI) cations, a core Hamiltonian guess is utilized, such that no
spin multiplicity need to be defined for the wavefunction guess. The
SCF optimization proceeds in the Kramers unrestricted framework
in which the lowest N, number of positive energy orbitals is singly
occupied. These dissociation energies are given in Table V. Note that
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FIG. 2. Dirac-Hartree-Fock density of states plots of frontier molecular orbitals of
actinyls with Dirac-Coulomb and Dirac-Coulomb-Breit Hamiltonians. Occupied
molecular orbitals are shown with energies shifted with respect to the highest
occupied molecular orbital (HOMO) for (a) UO%+ using Dirac-Coulomb, (b) UO%+
using Dirac-Coulomb-Breit, (c) NpO3* using Dirac-Coulomb, (d) NpO2* using
Dirac-Coulomb-Breit, (€) PuO3* using Dirac-Coulomb, and (f) Pu02" using
Dirac—Coulomb-Breit. Each orbital is broadened using Lorentzian broadening with
a half-width at half-maximum of 0.03 eV. Partial density of states is calculated using
Mulliken population analysis. The s, p, d, and f characters are summed over each
of the three atoms in the molecule.

this study is meant to analyze the importance of the Breit contribu-
tion to bond dissociation energy at the Dirac-Hartree-Fock level.
Accurate bond dissociation energies will require calculations using
electron correlation methods.

TABLE IV. Ground state SCF energies (Hartrees) and relativistic two-electron contributions in three actinyls using finite width nuclei and uncontracted ANO-RCC-VDZP basis.
AEPC = EDC _ pULL ppBreit - pDOB _ pDC ApMag. - 1 (EDCC _ EDC) and AECGau0e = AEBMe! — AEM2, where £OCB, EDCC, EDC, and £ are the ground state SCF
energies calculated with the Dirac-Coulomb-Breit (DCB), Dirac-Coulomb-Gaunt (DCG), and Dirac-Coulomb (DC) Hamiltonians, respectively, and the (LL|LL) approximation.

Compound  Formula EME EP° AEPC© EPCB AEP!t AEM3® AEC™g

Uranyl uo% -28572.42212 2820226763  370.15449  -28164.71623  37.55140  20.98433  16.56707
Neptunyl NpO3"  —29383.80943 2899638629  387.42314  -28957.31371  39.07257  21.83154  17.24103
Plutonyl PuO3*  -30211.25361 2980594966 40530394 2976530759  40.64207 2270534  17.93674
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TABLE V. Ground state bond dissociation energies of three actinyls using finite
width nuclei and uncontracted ANO-RCC-VDZP basis. Egissoc. :2xE(02‘)
+E(An(VI)) — E(AnO3*+). AEBret — pDCB _ pDC

dissoc. dissoc. ~ —dissoc.”

Compound Formula Ejg,. (€V) Efsb. (eV) AERS (eV)

dissoc.
Uranyl UO%+ 178.907 65 179.108 90 0.201 25
Neptunyl ~ NpO3* 18257994 182.80270  0.22276
Plutonyl PuO%Jr 186.566 79 186.81001 0.24322

Dissociation energies, and therefore bonding energies, can be
seen to be higher when calculated with Dirac-Coulomb-Breit than
with the Dirac-Coulomb Hamiltonian in these compounds, sug-
gesting that the Breit Hamiltonian stabilizes the chemical bonds
between actinide and oxygen. This can be understood from the
DOS plots in Fig. 2. The Breit Hamiltonian narrows the energy
gap among frontier orbitals near HOMO. As a result, orbitals
lower than HOMO will contribute more to the molecular bond-
ing with Dirac-Coulomb-Breit than with the Dirac-Coulomb
Hamiltonian. The difference between the calculated dissociation
energies grows larger with an increasing atomic number of the
actinide atom.

IV. CONCLUSION AND PERSPECTIVE

In this work, we applied Pauli spinor representation in
the restricted-kinetic-balance condition for four-component
Dirac-Hartree-Fock calculations with the Coulomb-Breit two-
electron interaction. Along with the density-integral contraction
formalism, we introduced two different methods for calculating
frequency-independent gauge term integrals with the Gaussian
basis. One method utilizes the generalized Obara-Saika algorithm,
and the other is the second derivative of Coulomb interaction with
Rys quadrature.

With this maximally component- and spin-separated formal-
ism, the computational cost of density-integral contraction for
gauge term in the Breit interaction is minimized. It is shown that
this Pauli spinor representation is equivalent to the two-spinor
formalism but with a much lower computational cost.

We applied this method for calculating atomic energies in order
to analyze the periodic trend of the Breit term. It was shown that the
Breit contribution becomes relatively less important compared to
the Dirac-Coulomb term as the atomic number increases. The anal-
ysis also suggests that the difference between the Breit terms in the
Feynman gauge and the Coulomb gauge approaches ~20% toward
the heavy elements.

We also studied the effect of the Breit term on the electronic
structure characteristics of actinyl oxycations. The analysis shows
that the Breit term modifies the relative energies of frontier molec-
ular orbitals near HOMO. As a result, it leads to a slightly stronger
chemical bond.

Future development will be focused on combining this Pauli
spinor formalism with atomic balance’®' and minimal-FLOP
Cholesky integral decomposition® to further reduce the computa-
tional cost of four-component Dirac-Hartree-Fock.
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APPENDIX A: COMPONENT- AND SPIN-SEPARATION
IN GAUGE TERM

The gauge term contribution to the Fock matrix in the two-
spinor basis reads

LL 1 ) L 18,8 L
Vfr,,vrz == Z D,m,m; (/"110'/114|KT30-V72)3) (A1)
2/\14KT3
5SS 1 L S JLy L _§
V.;ngvVTZ =5 Z D/"r K. (#TlaAT4|K130VT2)3’ (Az)
2/114;(13 e
LS 1 LS L S, S 4L SL
Vﬁrl,vn = 75 Z {D)m,xn (.‘"‘n O'V12|Kr3 0'/114)3 + D/\u,m';
AT4KTs
L S L N L S . L S
x [(/411 UVT2|KT3 o')tr4)3 - (.“n GAT4|KT3‘7V12)3]}’ (A3)

st 1 SL S Ly L 48 LS
Vyrl,vrz = _E Z {D)m,,xrg (/"T, asz|KT3 0'/114)3 + D/\u,xn
A1yKkT3

x [(ur,0vE |5, 007,)3 — (s, o)y s, 007, )31}, (A4)

where subscript “3” denotes that the integral is r% in contrast to i
12

and superscript ¢ denotes the gauge term contribution.
In this work, we perform component- and spin-
separation for gauge integrals. We use the Dirac identity,’
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(6-pu)(o-v)=1(u-v)+io-uxv, and introduce &, as the spin

representatlon,

We have the following identities:

dods=1, Eobu=1,
toyts =i, Eoyba=i,
oka=1, Eobp=-1,
=1, grg=1,

otherwise zero.
The gauge integral in Eq. (A1) can be written as

(ur, 0(1)A3, |15, 0(2) 7, )3
= & ()&, (1)E ()&, ) [I(I(2) Vi 1otz - V)
+il(2)Vi - ri20(1) - 112 X V)
+il(1)0(2) - Ve X2 112 V)
= 06(2) - Ve x1120(1) - 112 x V) ] (pA|xv)s. (A5)

Similarly, the integral in the first term of Eq. (A3) is

(pr,0(1) Ve s, 0(2))r,)3
= £ ()8 (DEL ()& IRV, 12k - Vs
+ iI(Z)I']z . VKO'(I) ‘ri2 X Vy + II(l)VV . 1‘120'(2) Vi X112
- 0(1) 112 x V,6(2) - Vi x r12] (uv]6d) 5. (A6)

The integral in the second term of Eq. (A3) is

(pr, 0 (1), ez, 0(2)43, )3
==& ()&, (DE (2)&, (2)[I()I2)V, - 12112 V2
+il1V, - 1120(2) - 112 x V) +iLo(1) - 112 X Vyr12 - V)
- 06(1) 112 x V,0(2) - r12 x V3 [ (uv]xh)s, (A7)

and the exchange integral of Eq. (A3) is

(ur, 0(1)A3, |5, 0(2)vr, )3
= =& ()& ()EL(2)E,Q)[I)IR)Va -T2 112 -V,
+il(1)V) - 1126(2) ‘12 x V, +i1(2)0(1) - 112 X V)12 - Vy
- 0(1) 12 x V30(2) - 11z x V, [ (uh|xv)3, (A8)

and the exchange integral of Eq. (A2),

(2,0 (1AL, |kz,0(2) 7, )3
= & (& (DE ()& )[IMIR)V, rar:- 9,
+il()V, - 1126(2) - r2xV, +il(2)0(1) - Vuxri2 112 - V,
= 6(1) -V x1120(2) - 112 X V| (A|kv)3, (A9)

where V is the nuclear coordinate derivative of the atomic basis y,.
I(2) and 0(2) are the identity and Pauli matrix for electron 2.

ARTICLE scitation.org/journalljcp

For simplicity and brevity, we introduce a simplified notation
for two-spinor integrals,

(uh 03, |3, 0%, )3 = & (1)&, (1)EL (2) &, (2)[1(1)1(2)(s5)
+il(2)o(1) - (0s) +il(1)(s0) - 6(2)
+0(1) - (00) - 6(2)](uv|&A)s3. (A10)

The “” over v, x means derivatives are taken of these orbitals. To
expand the spinor basis integral (%, o5, |x3, 6A%, )3 as linear combi-
nation of second derivatives of spatial basis integrals as shown in
Eq. (A10), we introduce the following short notations for the second
derivative of spatial basis gauge integrals:

(ss)(up|kA)s = Vo - r12 112 - Vi (pv|xd)3, (A11)
(08)7(ub|kA)s = (r12 x V)5 (12 - Vi) (uv|xd)s, (A12)
(s0)7(uvlih)s = (Vy - 112) (Vi x 112) 5 (vcd )3, (A13)

(00)x (uv|kd)s = —(r12 x V,)5 (Ve x ri2)x (pvlxd)s,  (Al4)
K € {x,y,2},

where ripri; in Eqs. (A11)-(A14) is the operator evaluated in the
integral. We move it outside of the (); for brevity. We give the
definition for integrals with derivatives on the second and third
centers.

Other types of integrals where the derivatives are taken on the
second and fourth centers, or the first and fourth centers, can be
derived from Egs. (A11)-(A14) using symmetry. For the V&LE, V&S,
and V& terms, we need gauge spinor integrals of the type (LS|SL),
(SLILS), (LS|LS). By using the symmetry of the spinor integrals, we
can express the gauge integrals of the type (SL|LS), (LS|LS) by Pauli
components of (LS|SL). Comparing Eq. (A9) with Eq. (A6), we have

(ur, 0V e, 07, )3 = &, (1)& (D ()8, () 1(DI(2) (s5)
+il(2)o(1) - (0s) +iI(1)(s0) - 6(2)
+0(1) - (00) - 0(2) ] (Avlxd)s

= & (D& (DEL (2)&, (2)[1()1(2)(ss)
—il(2)o(1) - (0s) —il(1)(s0) - 6(2)
+0(1) - (00) - 6(2) ] (V@A) (A15)

Similarly, comparing Eq. (A7) with Eq. (A6), we have

(7,075 i, 002,)5 = €1, (18 (1)EL ()&, ()T (s9)
+il(2)o(1) - (os) +il(1)(s0) - 6(2)
+ (1) - (00) - 6(2) ) (ulx1)s
= &L, (D& (&L ()&, () [FI(DI2)(s9)
—il(2)a(1) - (os) +il(1)(s0) - 6(2)
+ (1) - (00) - 6(2) ] (uv|Ak)s. (Al6)
The discussion above illustrates the mathematical expressions

and notations needed to derive the gauge contribution to the Fock
matrix in the component- and spin-separated form. We skip the
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detailed derivations and only present final working expressions.
Note that the gauge contribution to the Fock matrix has a prefactor
of (Ti)z For brevity, we omit the prefactor in all equations.

The gauge term contribution to the Pauli components of the LL
block of the Fock matrix is an exchange type,
Vi = J{DIRL(9) +1[DE.(50): + D50 + DI, (50),]
+i[DRie(09)= + Diea(05)x + D (05), ]
+ [Dis(0 - 0) —iD}, (0 x 0)- — iD,, (0 x 0),
- iDii,x(a X U)x]}(w-\|kv)3, (A17)
Vi = 2 {DiL(s) + [DR(s0). DI, (s0).
+ iDYex(50)y ] + i[ Dixs(05): + iDix, (05)s
- iDii,x(Us)y] + Dii,l[_(aa)xx = (00)yy + (00)=]
+iDjs(0 % 0)z + D[ (00)xz + (00)x]
+ DY, [(00)e + (90)2,} (), (A18)
Vit = S{DR(s) + i (502 + D (50
- iDii,z(sa)y] + i[—iDiiy(as)z + Dii,s(as)x
+ iDii,z(Us)y] + Dii,x[(‘m)xx ~(00)yy — (00)2]

+ Diey[(00)sy + (00),x] + Diez[(00) 52 + (00)=:]

+iD}s (0 x 0)x  (pA|v)s, (A19)
Vi = 2 {Di, () + [-iDE(s0). + DR (50)s

+ Diis(so)y] + i[iDii,x(as)z - ini,Z(as)x

+ Dii,s(ffs)y] + Dii,y[—(‘m)xx +(00)yy — (00)z]

+ Dyl (00)sy + (00)y] + iDi (0 x 0),

+ Dire[(00)yz + (00)5 ]} (uhliv)s, (A20)

where (0% 0)x, (0% 0)y,(0x0); denote (g0),; -
— (00)xz, (00)xy — (00),x, respectively.

Similarly, the Pauli components of the SS block of the Fock
matrix are also an exchange type,

(00)z, (00)zx

ss 1 .
V}Sv,s = E{Dﬁ,s(ss) + z[Dﬁ)z(sa)z + Dﬁ,x(sa)x + Dﬁ,},(sa)y]
+ i[Di;];,z(as)Z + Dﬁ:ﬁ,x(as)x + Diﬁ,,v(os))’]
IL . LL . LL
+ [DAK,S(U ' 0) - lD/lx,z(g x 0)2 - lDAx,y(U X 0)}’
— D, (0 % 0)x ]} (EAKP)3, (A21)

ss 1 . .
V}Sv,z = E{Diéz(ss) + I[Di,is(SO')z - lDi;%,y(Sa)x

+ iDiﬁ)x(so)y] + z‘[Dﬁﬁ,s(as)z + iDﬁ,},(as)x
- iDﬁ,x(Us)y] + Dﬁ,z[*((m)xx = (00)yy + (00)z]
+iDje(0 % 0)z + D[ (00)xz + (00)zx]

+ Dig,[(00)ye + (00) ]} (A|K7)3, (A22)
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1 e
Vﬁ;saf = E{D/%;I;x(ss) + I[IDiﬁ,y(Sa)Z + Dﬁé,s(sa)x

~ iDjy,(s0)y] + i[ ~iDix, (05)z + Dirs(05)x

+ iDﬁ,z(US)y] + Dﬁ,x[((w)xx = (00)yy — (00)z]

+ Diey[(00)sy + (00)x] + D[ (00) 5z + (00)x]

+ iDjr (0 x 0)x } (EA|KD)3, (A23)

ss 1 o .
Vﬁv,), = E{Dﬁ)y(ss) + 1[71Dﬁ)x(so)z + zDﬁiz(sa)x

+ Dié,s(sa)y] + i[inllﬁ,x(Us)Z - iDii,z(as)x
+ Dﬁ,s(“)y] + Dﬁ,y[*(””)xx +(00)yy — (00)2]
+ D)Lti,x[(‘m)xy +(00)y] + iDﬁ,s(U X 0)y

+ Dice[(00)yz + (00)2] } (#M|x). (A24)

The gauge contribution to the Pauli components of the LS and
SL blocks of the Fock matrix includes both Coulomb and exchange
types of integrals. For the LS block, the Coulomb part is

J=xy.z

yeis —{[Dﬁi,s(ss) Gy Dﬁmso)/]wm»

+ [Di’;,s(ss) +iy Diﬁ,(sa),](m|xi)3}, (A25)

J=x.,2

Ve = {[z’Dﬁis(as» + 3 Di,i,x(aa)m](mma

K=x,y,z

K=x,y,z

. [wﬁgs(asw > DizK(w)m](mma}, (29)

L.Ke{xyz}
The exchange part of LS block is

s 1o gr [ ~SL SL
Vﬁv,s = E{D/\K,S (ss) + l[DAK,z(SU)Z + Dbc,x(so')x

+ Diy(s0)y] + [ Dicz(05)z + Dy (09)x
+ Diﬁ,y(as)y] + [D,S\is(a o) — iDi,Lc,Z(a X 0)z
i Dy (0% 0), — iDyee(0 % 0):] } (udlci)s,  (A27)
VES = 2{Dik(s9) +i[DI(s0). - D, (50
+ iDiﬁ,x(sa)y] + i[Dﬁ,s(as)Z + iDﬁ,y(as)x
— iD3x(05),] + Dic[(00)xx = (00),y + (00)2]
+iDjs(0 % 0)z + Di[(00)sz + (00) ]
+ Diy[(00)yz + (60)2 ]} (uh[xh)s, (A28)
Vil = S {Dik(ss) + {iDfk, ()2 + Dik (50 — iD}c(s0)]
+ i[—iDii)},(as)z + Dii,s(as)x + iDii,Z(as)y]
+ Dii,x[(‘m)xx = (00)yy — (00)z] + Diﬁ,y[(‘m)xy +(00)x]

+ Dix [(00)xz + (00)zx] + iDyeo(0 % 0)5 } (uA|x7)3, (A29)
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Vi = (DI (55) + i[-iDik(s0). + iDik. (0
+ Dix(s0)y] + i[iD3s (05)z — iDjy. (05)x
+ Dﬁis(as)y] + Dii,y[*(‘m)xx +(00)yy - (00)=]
+ Dﬁ,x[(‘m)xy +(00)yc] + iDii,s(U x0)y
+ Dy (00)yz + (00)2] } (ul|x9)s. (A30)

The SL block can be obtained by taking the complex conjugate
transpose of the LS block,

YL _ el
APPENDIX B: GAUGE INTEGRAL EVALUATION WITH
SECOND DERIVATIVES OF COULOMB INTEGRAL

The frequency independent gauge term operator is

(011 '1‘12)(062 . 1'12) rp ®@rp
=a-
2r3, 2r3,

* ). (Bl)

Define the Cartesian Gaussian basis function as

p(r-R;n,0) = (x~R)"™(y~R))" (2~ R:)" exp[~{(r ~R)’].
(B2)
The integral of the gauge operator in the Gaussian basis is a 3 x 3
second order tensor that has six independent elements: xx, xy, xz,
¥y, ¥z, and zz. A component of the gauge integral is defined as

(ab\n12|cd)3, (B3)

where subscript 3 denotes |ri2| 7. ni» = (n,,1),,n,) is a vector

that denotes the component of the operator, x;’; yﬁz z;l;. Thus, xx,
XY, XZ, VY Y2, and zz components correspond to nyp = (2, 0,0),
(1,1,0),(1,0,1), (0,2,0), (0,1,1), and (0,0, 2), respectively.

The first-order derivative for the Coulomb operator is

1 I
Vi =t (B4)
2 r12

We can use integration by parts to compute the first-order
derivatives of the two-electron integrals,

- (ab|v1i|cd) = (ablcd) + (abM|cd). (B5)
12

The superscript (1) refers to the gradient of basis function with
respect to electron 1. The four-index notations are

(ab\Vli\cd):/drlfdr1¢*(r1fA;a)go(rlfB;b)
r2
1 .
Vi—¢ (r2 - C;c)p(r - D;d),
12
(ab|cd) = [drl fdrl(Vmp*(rl - A;a))g(r; - B;b)
|-
— ¢ (r2 - G c)g(r, — D;d).
T2

The superscript () in (a®blcd) refers to taking the first derivative
with respect to u € {x, y,z} for the particular basis function.
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By using the relation [Eq. (B4)], we can decompose the gauge
interactions into two terms,

wmonm) L (g,1)

21‘%2 2 12

1 1 1
=—(a1-11)az- (—Vlf) - =(a1 1)z
2 12 2

1
-(—V1*)-
T2

Taking the integration by parts relation [Eq. (B5)], we then derive an
expression to compute a gauge integral from five regular Coulomb
integrals,

(ab|m|cd):% S

3
21'12 UV=X,),Z

x ((a(”)rlub|cd) + (ar1,b"|cd)
+ 8uv (abled) — (ablcra,d)
- (ab™crz,d) ). (B6)

All five Coulomb integral terms above can be evaluated with the
regular electron repulsion integral algorithms.

In the LIBCINT integral library,” the gauge integrals are com-
puted using the Rys-quadrature approach. Based on the working
expression in Eq. (B6), when calling Rys-quadrature for the regular
Coulomb integrals, one needs to solve the Rys-polynomials for the
total angular moment of the entire Coulomb integral with the total
angular momentum raised by two. This roughly has the same cost
as the second-order derivatives of Coulomb integrals. In addition,
when the restricted-kinetic-balanced basis is used for small compo-
nents, the total angular momentum of the Coulomb integral is raised
by another two. This leads to roughly the same cost as fourth-order
derivatives of regular Coulomb integrals.

APPENDIX C: GAUGE INTEGRAL EVALUATION
WITH GENERALIZED OBARA-SAIKA ALGORITHM

1. Laplace transformation of the operator

In general, (‘—il)’\ can be written in the form of Laplace
transform,

1 ' had ZuA_l e oo 2u)t—l 5
(M) :fo ram :/0 dug oy $m 0w (€D

The y, v elements of the tensor operator can be expressed as
the Laplace transform of Cartesian Gaussian with a total angular
momentum of two,

(r12)u(ri2)v f"" 2w i (r12)?
= d v 12
r o W) (m2duna)e

—fwduziuz (r -1, +1,,u%) (C2)
= Jo r(s/z)(/) 1 25 1y Vs >
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where 1, denotes a vector whose y component is 1, otherwise 0.
Thus, the gauge integral can be written as Laplace transform,

- 2
(ablnizfeds = [ du%‘/z)[abmu\cd], (C3)
where [ab|n;|cd] is the overlap integral,

[ab|nizled] = / dr; / drz(p*(rl -A;a,()e(r —-B;b, ()
x (11 — 13012, 1°) 9" (r2 - G ¢, &) o(r2 — D3 d, ).

(C4)
. . ()2 (r2), ¥ (r) 2
Similarly, integral of the operator o can be
written as
°° 2u?
(abjnyzfed), = fo gy abImaled], (C5)
and Eq. (C5) becomes the Coulomb integral when n;, = (0,0,0).

J
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2. Recursion relations for auxiliary integrals

In order to use the generalized Obara-Saika recursion intro-
duced in Ref. 63 to compute the gauge term, we define auxiliary

integrals,
2 m
u? ) ’

m_ [, 2w
(ab|n12|cd)() fo duﬁb;z)[alﬂmﬂcd](ﬁ):l

X G (e)
m u
(ablnyaled) ™) = fo W[ab|n12|cd](p . uz) :
where
_ G
(+n
( = Cu + Cb:
n= (E + (d)

and m is the non-negative integer. The gauge integral is
(ab|n12|cd)§0).

First, we derived the recursion relation for ni, using Eq. (128)
in Ref. 63,

1 m 1 m
(ablniz + 1,4|cd)§”’) = TKN”(HIZ){(ab|n12 - 1,,\cd))(t ) _ (ab|n;, - 1,4|cd)§"’“)} + aNy(mz){(ab|mz—lﬂ|cd)§ ) — (ab|n; - 1M|cd)§m+l)}

+ P{ (ablniz[cd){™ - (ablnyled){"" "} +

2fl(Ny(a){((a = 1,)blniz[ed){™ - ((a - 1,)blnizfed) ("}

+ 5N { (a0 = ) mofed) (" = (a(b - 1) maed) " | - { Q| (ablmafed) " ~ (ablmaled){"*V ]

+ iN,M(C)[(aMn]ZKC - lﬂ)d)i”‘) — (ab|n12|(c _ IF)d),(\MH):I

# 5 Ne(@)[(ablmle(d - 1,)){" - (ablnile(d - 1,»)('"“’]} ()

where A can be 1 or 3. Although Eq. (C7) is not directly used in the integral evaluation, it is important for deriving the vertical recursion for

electron 2 [Eq. (C11)] and the initial integral [Eq. (C14)].

The vertical recursion for the auxiliary Cartesian Gaussian integral for electron 1 (a and b) is

((a+ 1,)blnizfed){™ = (P - A),(ablniz[ed){"™ + (W - P),(ablniz[ed){"*" +

+ iNM(a){((a - ly)b‘HIZ‘Cd)gm) _ B((a _ )b|n12|cd)("’“)} .

- B(alb - tmaled){" )+ ST

oA+GB = LC+{
where y, v € {x,y,z},P = %,Q = ¢ ;(f

,and W = (P“Z]Q Since

ni, + n), + ni, = 2, we can define n;2 — 1, = 1,. The integral of the
third term of Eq. (C8) can be split into three Coulomb integrals,

(abnys — 1,Jcd) ™ = ((a+1),bled) "™V — (ab(c + 1),d) "
+ (A - C),(abled) "), (C9)

P I(1/2) (m+1)
20 r(3/2) Nl‘(nlz)(ab‘nlz - 1M|Cd)1

iNM(b){(a(b 1) nafed) ™

5 {Nu(©) ablnsl (e = 1)@+ N (@) (ablmal(e(d - 1))

(C8)

To derive the vertical recursion for electron 2, we first note that
(ablnis + 1,]cd){™ = ((a+ 1),b|n1z|cd){™ - (abjnyz|(c + 1),d) ™
+ (A - C)u(ablnya|cd) ™. (C10)

Combining Eq. (C10) with the vertical recursion of electron 1
[Eq. (C8)] and the recursion for n;» [Eq. (C7)], we have
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(abjnia|(c + 1,)d){™ = (Q - C)u(ablnizfed)(™ + (W - Q)4 (ablnyzled) ™™ —
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p I(1/2)
2 r(z/2) *

(n12) (ab|n12 - 1,4 ‘Cd)(WIH)

+ iNy(c){(ab\nlz\(c ~1,)d)" - B(ab|n12\(c - 1,,)d)§m“>} + Z—WNy(d){(ab|nlz|c(d ~1,))™

(ab|n12|c(d - 1#))(m+1)}

Note that the third term of Eq. (C11) is different from that in
Eq. (C8) by a negative sign.

Horizontal recursions for electron 1 and 2 can be obtained from
vertical recursions Egs. (C8) and (C11), respectively,

(a(b + 1,)[npzled){™ = ((a+ 1,)bnis|cd){™

+(A-B),(abnplcd){™,  (CI2)
(abnpsle(d + 1,)){™ = (ablny|(c + 1,)d){™
+(C-D)u(abnpled){™.  (C13)

With horizontal [Egs. (C12) and (C13)] and vertical recursion
relations [Eqgs. (C8) and (C11)], the gauge integral can be expressed

)(m)

in terms of regular ERIs and (00|n12/00);" integrals.

3. (00|n1z|00);m) auxiliary integrals

Since n;; has a total angular momentum of 2, we can write
it as m3 =1, +1,. The (00|n12|00)§m) auxiliary integral of the
gauge operator can be written in terms of auxiliary integrals of the
Coulomb operator using Eq. (C7),

(00]1, +1,]00){™ = (f + —)NP,(IV){(OOUV - 1,]00){™

- (00[1, - 1,/00){"""}

+ (PM - Qy){(00|lv|00)§m) _ (00|1v|00)§m+1)}

G111 ey [(1/2) |
- %(f + —)(00|0|00)1 r(a/z)
+(Pu—Qu) ?E;Z;p(ﬂ @)

x {(00[0j00){"*" - (00j0j00){" >}, (C14)

where we use the relation (ab|nis|cd)™ — (ablnjsjcd){™"

= ggﬁgp(ab\nlz\cd)gm“). This relation can be derived

(ab|n12|cd)(m) - (ab|n12|cd)(m+1)

o 2 m MZ m+1
- )y r(s/z)“‘"'““'Cd)[(wﬂ) (%) ]
b 2u ? \" u?
:[0 duir(3/2)(ab|n12|cd)(m) (1_p+u2)

2(C+ n)

{NH(a)((a u)b|n12|Cd)§m+l) + Nu(b)(a(b - ly)\n12|(cd)§m“)},

(C11)

R RN O N w2
_fo g1 =) s (g blnled) (1 -0

1 _ 2
_ dt 1/2 1- tZ 3/2
./o PG

:fo “Ears )(ab|n12|cd)( u)

p(abny|cd) "

1"(1/2) 2 m+1

“16/2)° r(1/2) (ab‘n”‘“l)( i

I(1/2) (m+1)

r(3/2)p(ab|n12|cd)1 , (C15)
where we used t*= ;7, du = p'?(1- )4y, (p+u )32

= (1-)*2, and note that ?E;ﬁg =2.

Using Eq. (C14), (00|n;, |00)§m> integral can be evaluated using

(00[0[00)™ = B (T) (C16)
1 {T’]\/m abfcdl'm >

Kah=exp( (“(b(A B)) (C17)

ch:exp( (C(d(c D)) (C18)

where the Boys function Fu(T) = foldt 2" exp(~Tt*) with
T=p(P-Q)>~
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