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Modelling Pathwise Uncertainty of Stochastic
Differential Equations Samplers via
Probabilistic Numerics

Yvann Le Fay *T, Simo Sirkki*, and Adrien Corenflos® Y

Abstract. Probabilistic ordinary differential equation (ODE) solvers have been
introduced over the past decade as uncertainty-aware numerical integrators. They
typically proceed by assuming a functional prior to the ODE solution, which is
then queried on a grid to form a posterior distribution over the ODE solution. As
the queries span the integration interval, the approximate posterior solution then
converges to the true deterministic one. Gaussian ODE filters, in particular, have
enjoyed a lot of attention due to their computational efficiency, the simplicity of
their implementation, and their provable fast convergence rates. In this article, we
extend the methodology to stochastic differential equations (SDEs) and propose
a probabilistic simulator for SDEs. Our approach involves transforming the SDE
into a sequence of random ODEs using piecewise differentiable approximations of
the Brownian motion. We then apply probabilistic ODE solvers to the individ-
ual ODEs, resulting in a pathwise probabilistic solution to the SDE. We establish
worst-case strong 1.5 local and 1.0 global convergence orders for a specific instance
of our method. We further show how we can marginalise the Brownian approxi-
mations, by incorporating its coefficients as part of the prior ODE model, allowing
for computing exact transition densities under our model. Finally, we numerically
validate the theoretical findings, showcasing reasonable weak convergence proper-
ties in the marginalised version.

Keywords: stochastic differential equations, probabilistic numerics, state-space
models, Gaussian filters.
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1 Introduction

Consider the following It6 stochastic differential equation (SDE) with an initial value
condition and an additive noise:

dX; = (X, t)dt + o(t)dBy, t€]0,T] 1)
Xo = Z,

where T' > 0 is a finite deterministic horizon and {B; : ¢ € [0,T]} is an m-dimensional
Brownian motion defined on some probability space, and Z be a square-integrable ran-
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2 Probabilistic Numerics for SDEs

dom variable independent of the canonical filtration generated by B. Additionally, we
assume the drift vector function p : R? x [0,7] — R? and the diffusion matrix function
o : [0, 7] — R?™™ are well-behaved functions, ensuring the existence of a unique strong
solution X to (1) (see, e.g., Oksendal, 2003, Ch. 5.3).

Given a discretisation 0 = tg < t; < to < -+ < tg = T, sampling from the
finite-dimensional distribution (Xy,,... X, ) can then be done by sampling iteratively
from the conditional densities py, ¢, ,, (X¢,,,|X¢, ). However, closed-form or otherwise
tractable expressions for these densities are rarely known, and we need instead to re-
sort to numerical approximations. The simplest such approach is given by the Euler—
Maruyama (EM) scheme (see, e.g., Kloeden, 1992, Ch. 10.2), in which we informally
speaking replace infinitesimal differences with finite differences, leveraging the fact that
Brownian increments can be simulated exactly. Thus, the solution is approximated by

th+1 R th + M(th7t/€)(tk+1 - tk) + a(tk)(Btk+1 - Btk)' (2)

The EM scheme (2) has both weak and strong convergence rates of order 1, which means
that a discrete-time approximation X°, where ¢ is the maximum of the differences tj 1 —
tx, converges to the true solution X as d goes to 0. Formally, it converges weakly with
order 3 > 0, if, for any polynomial function g, maxyeo, x]|[E(g(X¢,)) — E(g(ka))H =
O(87), and it converges strongly with order v > 0, if maxye(o ) E(||Xs, — X7 |]) =
O(d7) (see, e.g., Kloeden, 1992, Ch. 9.6, Ch. 9.7).

Higher-order schemes (for a review, see, e.g., Kloeden, 1992, Ch. 10, Ch. 11) may
sometimes be necessary, either for computational reasons (allowing for better preci-
sion at a similar cost) or for physical/statistical reasons. For example, when simulating
stochastic Hamiltonian dynamics (see, e.g., Burrage and Burrage, 2014), energy preser-
vation of the system is of paramount importance. The need for higher-order schemes
is sometimes more subtle, as in Ditlevsen and Samson (2018) who demonstrate that,
for instance, the EM scheme fails to capture the covariance of the transition density
arising from hypoelliptic diffusions, preventing parameter estimation for such SDEs if
a higher-order scheme is not used.

The discretisation errors of the numerical approximation schemes add up a layer of
additional numerical uncertainty on top of the desirable structural randomness, that
is, the law of the process X one would be interested in recovering. In this article,
we aim to provide a model to quantify this numerical uncertainty by extending the
probabilistic numerics (PN, Hennig et al., 2022) framework for ODEs to SDEs. At
the core, our method relies on modelling these uncertainties in terms of a corrected
posterior distribution over the solution. This perspective has recently been introduced
for ordinary differential equations (ODEs, see, e.g., Chkrebtii et al., 2016; Tronarp et al.,
2019, 2021) as part of the probabilistic numerics framework which we briefly review in
Section 2.1. Detailed contributions of the present article are given at the end of this
section.

This problem of quantifying uncertainty arising from discretisation in SDEs was
raised by Lysy (2016) in a commentary to the article of Chkrebtii et al. (2016), treating
ODEs. Lysy (2016) highlights that the non-differentiability of the Brownian path hin-
ders the use of the Bayesian methodology given in Chkrebtii et al. (2016) which relies on
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jointly modelling the ODE solution and its first derivative by a Gaussian process. Lysy
(2016) suggested two alternative approaches. The first suggestion is to approximate the
Brownian motion by its pre-generated increments in an Euler-Maruyama fashion. The
obtained algorithm is then an inference algorithm on the increments of the process. How-
ever, it leads to asymptotically biased drift and diffusion terms as the discretisation mesh
becomes thinner, even for constant drift and diffusion functions. The second alterna-
tive is to replace the Brownian motion with a well-chosen differentiable approximating
process. Specifically, Lysy (2016) proposes to use the integrated Ornstein-Uhlenbeck
process (IOUP) Gy, a stationary Gaussian process with COV(GS,Gt) = e =5l after
which (1) becomes
dXt = /,L(Xt7 t)dt + O'(t)th

This approach resembles that of Wong—Zakai approximations (Wong and Zakai, 1965;
Twardowska, 1996), but also presents the same issue: for a choice of # > 0, the solution
will exhibit a non-vanishing bias and, as § — 0, the resulting ODE will become stiffer
and, hence, harder to solve. Moreover, globally uniform Wong—Zakai approximations are,
in general, computationally expensive for low convergence rates (Gyongy and Stinga,
2013).

As stated in Lysy (2016), a differentiable approximation of the Brownian motion,
given that the associated random ODE recovers (1) in a suitable limit, enables us to
apply the probabilistic numerics framework to SDEs. In this article, we use a piecewise
differentiable approximation of the Brownian motion for this purpose.

Outline and Contributions

1. Goal: Our manuscript aims to quantify pathwise uncertainty in SDEs with ad-
ditive noise. To this end, we generalise the Bayesian probabilistic numerics frame-
work for ODEs to handle SDEs with additive noise.

2. Method Overview: Our method relies on (i) assuming a prior distribution over
the possible paths of the SDE, like Lysy (2016), and (ii) deriving the posterior
distribution thereof associated with a likelihood model corresponding to the path
satisfying the SDE.

(i) Piecewise Differentiable Brownian Motion Approximation: Instead
of using a global approximation (e.g., the Wong-Zakai approximation), our
approach uses piecewise differentiable approximations of the Brownian mo-
tion.

(ii) Bayesian Filtering and Smoothing: Our inference process is framed
within the Bayesian filtering and smoothing framework (Sarkkd and Svens-
son, 2023), which is commonly used in probabilistic numerics for ODEs (see,
e.g., Tronarp et al., 2019).

In summary, our approach builds on Bayesian numerics for ODEs, extending it
to SDEs with additive noise, using piecewise approximations of Brownian motion and
probabilistic filtering for uncertainty quantification.



4 Probabilistic Numerics for SDEs

The remainder of the article is organised as follows. In Section 2, we review the
piecewise approximation approach to SDE solving, in particular the method of Foster
et al. (2020), as well as probabilistic ODE solver methods with a focus on the Gaussian
filters as given in Tronarp et al. (2019). In Section 3, we show how probabilistic ODE
solvers can be applied to random ODE approximations of SDEs. In the specific case of
Gaussian filtering applied to the method of Foster et al. (2020), we derive theoretical
guarantees in the additive noise setting for the strong convergence of our method. Exten-
sions of our proposed method are discussed in Sections 3.2 and 3.3. Most importantly,
we discuss the explicit marginalisation of some auxiliary Gaussian variables introduced
as the coefficients of the Brownian approximation. In Section 3.4, we show how pos-
terior uncertainty calibration can be achieved after the fact via maximum likelihood
estimation for the prior diffusion coefficients Finally, in Section 4, we provide numerical
evidence showcasing the statistical performances of our method and its extensions.

2 Background

We now turn to review the two main ingredients of our method, the Bayesian framework
to quantify numerical uncertainties for ODEs and the piecewise differentiable approxi-
mation of the Brownian motion we use to transform the SDE into a sequence of random
ODEs. In Section 3, we will then show how to principally combine Sections 2.2 and 2.3
to perform pathwise uncertainty modelling in SDEs.

2.1 Bayesian Uncertainty Quantification for ODEs

Consider the following initial value problem (IVP),

y/(t) = f(y(t),t), Vte [0’ T] (3)
y(0) = yo,
where f:R? x [0,7] — R? is the vector field. Solutions to (3) are rarely expressible in
closed form, and one needs to resort to some numerical schemes. Traditional numerical
integrators for ODEs such as Euler schemes or Runge-Kutta methods are solely point
estimators of the trajectory. They typically come with a numerical error that takes the
form ||y" —y|| ., = O(h®) where y" is the approximated solution with step size h. Differ-
ent approaches to performing numerical analysis of the error exist, and recently proposed
methods are given, for example, as randomised integration grids (Lie et al., 2022), black-
box error inference via interpolation of pre-existing numerical methods (Teymur et al.,
2021), or designing numerical methods that intrinsically carry uncertainty via Bayesian
procedures, the origin of which can be traced back to at least Skilling (1992).

A recent outlook (Tronarp et al., 2019) to the Bayesian procedure consists in casting
the IVP into a Bayesian inference problem in which y is replaced by a random process
Y, and is constrained using the measurement process:

2t) =YW () — YO 1),0). (4)
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Indeed, in the limiting case when Z = 0, the solution contracts to the true solution
y of (3), (see, e.g., Hennig et al., 2022, Ch. 6., Sec. 38.1.1). However, the non-linear
dependence of Z on Y hinders the exact computation of the posterior. Hence, it becomes
necessary to resort to some approximation schemes for Z which are typically sample-
based (Chkrebtii et al., 2016; Tronarp et al., 2019) or Gaussian-based (Tronarp et al.,
2019, 2021). In Chkrebtii et al. (2016), the prior-to-posterior update is obtained by
sampling from the posterior predictive distribution and comparing it to the ODE at
hand. This approach leads to expensive routines, typically cubic with respect to the
number of time steps, but presents the benefit of performing “exact” inference in the
limit of an infinite number of samples. On the other hand, Tronarp et al. (2021) assume
a Gauss-Markov process prior for Y, and approximate the posterior distribution through
the use of Gaussian (Kalman) filters (see, e.g., Sarkka and Svensson, 2023). In this case,
the inference can be performed with a linear complexity in the size of the mesh, but
results in biased (Gaussian) posterior representations. The specific merits of the two
approaches are thoroughly discussed in the textbook Hennig et al. (2022, Ch. 6., Sec.
38.3.1, 38.4), to which we refer the reader. Throughout this article, we consider the
latter method, which we review in the next section, and refer to Hennig et al. (2015);
Cockayne et al. (2019), and references within, for a historical review of the field.

2.2 The Gaussian ODE Filters

Tronarp et al. (2019, 2021) propose to use non-linear Gaussian filters to solve the
IVP (3). We quickly review their approach as well as existing convergence guarantees.
Without loss of generality, we consider the unidimensional case d = 1. As mentioned
in Section 2.1, conditioning Y on Z = 0 on the whole interval [0, T] contracts the pos-
terior to the true solution of (3) but is intractable in practice. Consequently, we need
to restrict ourselves to a finite conditioning grid. Let 0 = tg < t; < ... < tg =T be
a regular discrete grid with step size h. The prior on Y is set to be the solution of the
following SDE,

dY () = FY (t)dt + LdB,, ¥t € [0,T)

where the drift and diffusion matrices are given by

o 1 0 ... 0
0
F= : . S ) L= ) (5)
o ... ... 0 1 n
Co SN N - Cq
for some fixed parameters (co,...,c,,n) € R¥2. The solution of this SDE is a Gauss-

Markov process satisfying, for any t,h > 0, Y(t + h) ~ N(A(h)Y(t),Q(h)), with
A(h) = e and Q(h) = foh eFsLLTeF "sds. We are interested in computing the pos-
terior distributions Y'(¢) | [2(s;) = 0,5 = 0,...,k], for k = 0,..., K. The resulting
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state-space model is described by the following transition and likelihood on the mea-
surement process (4),

Y (tit1) | Y (k) ~ N(AR)Y (tx), Q(R)),
Z(ty) | Y(tr) ~ N(HLY (tg) — f(HoY (tr), tr), R(t)),

for k=0,...,K, Hy = (1,0,0,...,0), H = (0,1,0,...,0), and where a measurement
variance R has been added to the measurement process for greater generality. However,
conditioning Y (tx) on Z(t;) = 0 for j < k is in general not feasible because of the
non-linearity dependency of the measurement process Z on Y and we need to resort to
approximations. Different such approximation schemes exist, either Gaussian-based or
particle filter-based (see, e.g., Chopin and Papaspiliopoulos, 2020; Sarkk& and Svens-
son, 2023). Here, we focus on the extended Kalman filter which provides closed-form
Gaussian approximations to the solution.

At time ty, let Y(tx) | [2(t;) = 0,5 = 0,...,k] ~ N(m(ty), P(tx)), be given by
its approximated filtering posterior. At time ty11, we have Y (tgx41) | [Z(¢;) = 0,5 =
0,..., k] ~ N(m™ (tg+1), P~ (tx41)) with

m=(t1) = ABym(t), P (b)) == AWPEIAR) T +Q(h). ()

The updated posterior Y (tg41) | [2(t;) = 0,5 = 0,...,k+ 1] ~ N(m(tks+1), P(tk+1))
can then be approximated by

S(tetr) = H(tep1) P~ (teg1) H(trr1) T + R(tes1),

K (teg1) = P~ (tis1)H (teg1) " S(tegr)

E(tir1) = Hm™ (tes1) — fF(Hom™ (teg1), trr)s (7)
m(ti1) = m™ (ter1) — K(ter1)2(ter1),

P(tps1) = (Igpr = K(tiy1) H(trs1)) P~ (tr1)-

Taking H = H; is the extended Kalman filter of order 0 (EKF0) scheme, while the
EKF1 is given by H : t +— H; — Jp(.4)(Hom™(t))Ho where Jy( ) denotes the Jacobian
of f(.,t) (for a complete review of Gaussian state-space model inference, see, e.g., Sarkka
and Svensson, 2023, Ch. 5).

2.3 Approximation of the Brownian Motion for Solving SDEs

As mentioned in Section 1, we are interested in numerically solving the following
additive-noise SDE:

dXt = [L(Xt,t)dt + O'(t)dBt, te [O,T], (8)

whilst preserving uncertainty information regarding its path distribution. To apply the
existing probabilistic numerics for ODEs to this problem, we will approximate a sample
path of (8) by a path that solves a succession of random ODZEs. This is done through
the use of differentiable approximations of the Brownian motion.
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Algorithm 1: A piecewise approximation for simulating a sample path

input : An integration grid 0 =to <t; <--- <tg =T B
output: An approximate discrete sample path Xy, Xy,,..., Xy
Set X;, = Z
for k=0to K —1do

Sample an approximation 8y for t € [tx, trt1)

Compute )?tk“ using an ODE solver for the (k + 1)-th IVP (10)
end

return X, ..., X;,

We adopt the approach of Foster et al. (2020) which uses fixed-degree approximations
on an ever-thinner grid and then stitches them together to form a global approximation
of the Brownian motion. Such an approximation allows the construction of schemes
with a high order of convergence for a low computational budget. Formally, if the ran-
dom function (B is a given approximation of the Brownian motion over the interval
[tester1]s B(E) = D) Ly o) (6)Br(t) will be a global piecewise approximation of the
Brownian motion over the interval [0, 7] constructed using those Sx’s. Assuming such an
approximation for the Brownian motion, we are then interested in solving the following
sequence of random ODEs. For k € [0, K — 1],

ka(t) = ,U,(Xk(t),t)df + O'(t)dﬂk(t), for all ¢t € [tk,tk+1),

Xolto) = Z,  Xn(ty) = Xp_1(ty) if k> 1. ©)

Assuming that approximations f(t) are differentiable, the above can be written in a
more standard form

dXi(t)
= fr(X for all
dt fk( k(t)vt)7 orallte [tkatk-‘rl)a (10)
Xo(to) =2, Xp(tk) = Xi—1(tg) if £ > 1,
where we have introduced the (k + 1)-th random vector field fj
_ Bk d
filw,t) = pla, ) + o () TE®), Vo e Rt € [t tra). (11)

Solving the previous sequence of ODEs (9) is in general not feasible in closed-form, and,
instead, we need to resort to a numerical ODE solver to compute Xy, ~ Xq(t1),...,
Xt = Xg_1(tx). This is summarised in Algorithm 1.

In practice, the choice of the Si’s greatly impacts the numerical efficiency of Al-
gorithm 1, and different choices may lead to different convergence properties or lack
thereof. Foster et al. (2020) introduces a family of L2-optimal polynomial approximation
of the Brownian motion that exhibits strong convergence properties: under smoothness
assumption on the drift and diffusion functions, the solution of (9) using the second-
degree polynomial approximation converges in £2, globally, both strongly and weakly
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Figure 1: A Brownian path and its linear and parabola approximations. The piecewise
derivative of the parabola approximation is discontinuous at the ¢;’s.

with an order of at least 1.0 and strongly locally with an order of at least 2.0 (Foster
et al., 2020, Th. 3.14., Th. 3.17). The parabola approximation is, component-wise, given
by

ﬁk(t) = Btk + Btk;tk+lu + \/éu(u - 1)Itk;tk+1’ (12)
where u = tk:tftk and By, , By, t,.1, It 4., are independent zero-mean Gaussian ran-
dom variables with variances ty, tx4+1 — tx, and @, respectively. An illustration of

the resulting approximation is given in Figure 1.

3 Modelling Uncertainty in SDEs

In this section, we introduce three novel probabilistic numerics solutions to the additive-
noise SDE:

dXt = N(Xty t)dt + O'(t)dBt, te [0, T] 13
X0 =7, (13)
where 7" > 0 is a finite deterministic horizon, p and o are vector-valued functions
satisfying some latter-specified assumptions, B is a m-dimensional Brownian motion,
and Z is a square-integrable random variable independent of the filtration induced by
B. The first one, the Gaussian SDE filter, corresponds to applying a single Kalman
filter step for each ODE and sampling from the posterior distribution. The second one,
the Gaussian Mixture SDE filter, is a slightly modified version of the former where,
instead of sampling at each time step, we carry over the mean and the variances of
the sample path solution. This then provides the marginal distribution of the solution
as a Gaussian with random mean and covariance, justifying the name. The third one,
the Marginalised Gaussian SDE filter, incorporates the random coefficients defining
the Brownian approximation as part of the latent state modelling the ODE solution.
The resulting inference process then forms a joint distribution over the solution and
the driving Brownian path, which we can then discard to obtain the marginal ODE
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solution. As discussed in Section 2.3, we will consider a, not yet specified, piecewise
random ODE given by (9) or equivalently (10).

Importantly, we give strong convergence guarantees for the two first methods when
EKFO (Tronarp et al., 2019) is used on top of the parabola-ODE method (Foster et al.,
2020).

3.1 The Gaussian SDE Filters

For the sake of simplicity, we solely focus on the unidimensional problem, d = 1, and
consider a regular integration grid, tx11 — t = 9.

Given a realisation of a Brownian approximation over [tg, tx+1], our method consists
in applying a Gaussian ODE filter to the resulting ODE with vector field a realisation of
fr given by (11). We can then sample from the (Gaussian) approximate solution of the
ODE at time tx11 and repeat the procedure between [txt1, tgp42]. Formally, we introduce,

for ¢t € [tg,tr+1], the variable Y3 (t) = (Yk(o) (t),Yk(l)(t))T with the initialisation Yy (tx)
to be sampled from the distribution of Yk(g)l (tx):

~ LV (1),

where E( e (tk)) is the (Gaussian) law of Yk(g)l (tr). We define the following state-space

model,
[ Xkatk ‘|

Yi(trs1) | Yi(te) ~ N(A(0)Yi(tr), Q(9)),
Z(trg) | V(b)) ~ NG (t1) = V0 (b)) trs)s R),

where the observation noise R is assumed to be 0 (see Remarks 1.1, 1.2 and 1.3 in the
supplementary material (Le Fay et al., 2025) for a generalisation to R = O(52)). The
next value of X;, is then sampled from the distribution of Yk(o) (ti+1) | {Zk(tp41) = 0}
using one of the Gaussian approximations described in Section 2.2, the procedure is
then repeated over, resulting in Algorithm 2.

Remark 3.1. The previous approach is different from solving the piecewise ODE on the
whole interval [0,T] using 2.2. Indeed, the discontinuity (see Figure 1) at discretisation
points of the piecewise derivative of the parabola approximation ngol Lyt () 4 dB (t)
makes the global vector field given by

- dBy
f(xvt) = u(x,t) + U(ﬂ Z ]l[tmtkﬂ)(t) ds ( )
k=0

discontinuous at the ty’s. This sudden change of the vector field at time ty constrains
us to include in the scheme, both the left and right values, fr_1(-,tx) and fr(-,tx),
respectively.
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Algorithm 2: Gaussian SDE Filter

input : A regular integration grid given by §

output: An approximate discrete sample path Xtm )~(t17 . JZ}K
Set Xto =7

for k=0to K —1do

Sample an approximation B for t € [tg, tr11)

Set initial distribution Yy (t) = X,
Tk (th ) tk)
Compute the posterior distribution Y (tg+1) ~ N (mg(tr+1), Pe(te+1)),
using one-step EKF0/1
Sample )?tk“ from the first component of N'(mg (tx+1), Pe(tr+1))
end

return X, ,..., X, ,

Assumption 1 (Regularity of the drift and diffusion functions). The drift function

(i) is uniformly bounded with respect to both x and t, i.e., for all z € R, t € [0,T],
lu(z, )| < L,

(it) is continuously differentiable with respect to both x and t,

(iii) admits uniformly bounded partial derivatives with respect to x and t, i.e., for all
rE€Randt € [OaTL max{|aru(z7t)‘7 ‘atu(x?t)|} < L:

where L is a suitable finite constant. Moreover, the diffusion function is continuously
differentiable with respect to time.

Provided the chosen piecewise polynomial approximation is the parabola approx-
imation given by (12), and under the Assumption 1, we can prove that Algorithm 2
converges as 0 — 0.

Theorem 3.1 (Strong convergence of the Algorithm 2 using EKFO0 linearisation). As-
sume the drift and diffusion functions satisfy Assumption 1, moreover, assume the Brow-
nian approzimation B is given by the piecewise parabola (12). Let X denote the solution
of the SDE (13). Let X denote the solution given by Algorithm 2 using EKFO0 linearisa-
tion with an integrated Ornstein-Uhlenbeck process of parameter 6 > 0 (see Section 2.2)
as a prior. Then for alln € [0, K —1]:

||Xt1 - th”[:? = 0(61‘5)7 ||Xt - th+1||ﬁ2 = 0(6)7

n+1

where ||| 2 = E[||-|?] is the L£2-norm and the expectation is taken over the SDE
solution’s distribution.
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The proof is given in the supplementary material Proof 1 (Le Fay et al., 2025).

Remark 3.2. While the bounded derivative assumption in Assumption 1 is standard,
the bounded-ness of the drift is a strong assumption, which we use to control terms
of the form podyp. We however believe that this could be weakened. Indeed, numerical
experiments in 4 are conducted on a model for which it is not verified, but where the
scheme still converges empirically.

3.2 A Gaussian Mixture Solution

A slightly modified version of the previous scheme, perhaps more in spirit with Gaus-
sian ODE filters, consists in keeping track of the posterior distributions Yy(t1) ~
N(mo(t1), Po(t1)), -, Y1 ~ N(mk_1(tx), Pk—1(tx)) instead of sampling from it at
each iteration. To this end, we enforce the posterior mean and covariance of the solution
to the k-th IVP at time ¢, that is m,(c()jl(tk) and Py_1(tx)o,0, to be the initial mean and

covariance of the prior solution to the (k4 1)-th IVP at time ¢, m,go) (tx) and Py (tx)o.0,
ie.,
0 0 0
mg (0) =2, (t) = mi (t),
Py(to)o,0 =0, Py(tr)o,0 = Pr—1(tr)o,0-

The vector field components for the mean and covariance are then updated accordingly
to the sampled Brownian path on [tg, tx11]. For EKF1, the approximations are obtained
using first-order Taylor series expansion (see, e.g., Sarkkd and Svensson, 2023, Ch. 5):

m? (t) = E[fu(V (1), 1)
~~ fk(m,(co),tk),

Pi(ti)on = CIVV (tr), fu (YO (tr), t4)]

© (14)
~ Pr(tr)0,00z fe(my,” (te), t),
Pe(te)1n = V(Y O(tr), t1)]
~ Pk(tk)O,O(axfk(ml(cO)(tk)v te))?,
and for EKFO,
m/il)(tk) ~ fk(m,(f),tk), Py(tk)o1 =0, Pp(tr)i,1 =0, (15)

which essentially does not propagate the uncertainty on the solution to its vector field.
This corresponds to Algorithm 3.

Theorem 3.2. [Strong convergence of Algorithm 3 using EKFO linearisation] Under the
Assumptions of Theorem 3.1, the same convergence orders as 3.1 hold for Algorithm 3
using EKFO linearisation.

The proof is given in the supplementary material Proof 2 (Le Fay et al., 2025).
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Algorithm 3: Gaussian Mixture SDE Filter

input : A regular integration grid given by §
output: A mixture of Gaussian for approximating a discrete sample path
Yo(t1),...,Yr-1(tk)

for k=0to K —1do
Sample an approximation B for t € [tg, tr+1)
Set the initial distribution Yj(tx) to N (mg(¢x), Pk(tr)) using (14) or (15)
Compute the posterior distribution Y (tg+1) ~ N (mi(tr+1), Pe(te+1)),

using EKF0/1
end
return Yy(t1),...,Yr_1(tx)

3.3 Marginalising the Brownian Approximation

In the previous sections, we successively sampled, for £ = 0,..., K — 1, an approx-
imation of the Brownian motion, and then, conditionally on the approximation, the
corresponding probabilistic solution X (tx+1) to the random ODE. This two-step ap-
proach, although consistent, is wasteful in that it (i) requires sampling several random
variables that are then discarded, (ii) does not provide a closed-form solution for the
(approximate) transition density. In this section, we take a different approach, which
consists in marginalising the state distribution with respect to the “random parabola”
explicitly rather than under samples, thus avoiding the sampling procedure of the Brow-
nian approximation required by Algorithms 2 and 3. To do so, we now explicitly assume
that the Brownian approximation is given by the parabola approximation of (Foster
et al., 2020) which we reviewed in Section 2.3.

Marginalising the Brownian approximation then more simply corresponds to com-
puting the joint posterior distribution over the solution and the Gaussian parabola’s
coefficients (Bys,(k+1)s; Iks,(k+1)5) appearing in (12). To this end, let us artificially in-
clude the Brownian approximation (Bys,(k+1)s; [ks,(k+1)s) inside the state variable Yy,

0
Yi(t) = Yy (t) , VYt € [tg, tpta]-
Bys,(k+1)s

Tis, (k+1)s

Similarly to the first scheme, we initialise the first two components of Y}, using a previ-
ously sampled solution Xy, , for k > 1:

Y O(t) = KXo ~ Y (t0), V() = (Koo ta).

We construct a specific Kalman filtering step by exploiting the structure of the state-
space model with respect to (Bys,(k+1)s> [ks,(k+1)5) to obtain (see Section 1.4 in the
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Algorithm 4: Marginalised Gaussian SDE Filter
input : A regular integration grid given by 6 _
output: An approximate discrete sample path Xy, X;,,..., X
Set X, = Z
for k=0to K —1do
Set initial distribution Yj(t4) to (16) using X;,
Sample )Z'tk 4, from the posterior distribution
Yi(tet1) ~ N (mi(trt1), Pe(trs1)), computed using EKF0/1
end

return X ,..., X;,

supplementary material (Le Fay et al., 2025))

X, 0 0 0 0
v 4 2 6
~ :u’(th7tk3) 0 Ea(tk) O—(tk) 770(tk)
Yilte) ~ N 0 o ot 5 0 )
0 0 —Lo(ty) 0 g (16)

Yie(tkt1) | Yi(tr) ~ N(A()Yi(tr), Q(6)),
Zi(tinn) | Yeltrr) ~ NG () = fe03 (k) i), R = 0),
where A and Q are given by
A = Diag(4,1,1), Q@ = Diag(Q,0,0),

A and Q are defined by (5), and fy, is the (k+1)-th vector field defined using parabola’s
coeflicients as part of the state, i.e.,

Fe(Y,t) = p(Y O 1) + o(t) (Y@) + */76 <2(’56t’“) - 1) Y(3>> ,

where Y and Y®) are the Gaussian coefficients for the parabola approximation. The
EKFO scheme is then obtained using (7) with

Hy(t) = Hy — (0,0, ?70@)? (@ - 1)) ;

while for the EKF1 scheme, we have

Hk(t) = Hl - (afﬂ(HOm]:,(t)vt)’Ov ?,0@)? <w - 1)> .

The resulting procedure is given by Algorithm 4. Contrary to Algorithms 2 and 3, we
did not obtain convergence guarantees for Algorithm 4. This is because incorporating
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the Brownian path as part of the solution makes its treatment largely more compli-
cated, with the non-linearity impacting additional parts of the algorithm. However, we
empirically observe in Section 4 that it enjoys good weak convergence properties, and,
therefore, should be considered as a viable algorithm for uncertainty modelling. By the
Rao-Blackwell theorem, if one were able to perform the marginalisation step exactly
(which we are not given the non-linearity involved, and so the consequence has to be
understood heuristically), such moment estimates exhibit lower variance compared to
those obtained via simulation, see, e.g., Sarkk& and Svensson (2023)[Ch. 7.5].

3.4 Uncertainty Calibration

The uncertainty calibration can be carried out by choosing the prior, in particular,
the drift and diffusion matrices (5). While we restrict ourselves to the set of IOUP
processes for simplicity, the procedure we discuss below on the calibration of the diffusion
coefficient 7 can be extended to other priors. The most adopted method for uncertainty
calibration in the Bayesian ODE solver literature is the one discussed in Tronarp et al.
(2019), in which a post-hoc point estimate on the diffusion coefficient 7 is obtained under
the assumption that the vector field is affine. In the affine SDE setting, this condition
is equivalent to assuming the drift function p is affine with respect to x.

Proposition 3.1 (Quasi maximum-likelihood for the diffusion coefficient). Assume the
drift is an affine function with respect to X, i.e., (8) becomes

dX; = (g(t) + f(t)X,)dt + o (t)dB,
Xo=2.

At time ty, let my(ter1), Pe(ter1) denote the posterior mean and covariance given by
Algorithm 3 with transition parameters (A, Q). Similarly, let (m) (tg41), Pl(tet1)) be
the output of Algorithm 3 but now with n-scaled transition parameters (A, Q' = n?Q).
Then, the posterior means coincide, i.e., mj = my and the posterior covariances Py
and P}, are proportional with P}, = n?Py,. Additionally, denote the predicted mean and
covariance of the residual error Zy(tg+1) by 2k (tkr1) and Sk(tg+1). Then, conditionally
on the Brownian path and the initialisation, the mazimum-likelihood estimate for 1H)?
given we observe the measurement error Zi(tp+1) = 0 for k € [0, K — 1] is given by

K-1
R 1 Z . -1z
7= K k=0 Zk(tk+l)TSk(tk+1) 1Zk(tk+1)' (17)

Other calibration methods including inline calibration allowing time-varying diffu-
sion coefficients are discussed in Bosch et al. (2020).

The calibration uncertainty of a trajectory then goes as follows: (1) use Algorithm 3
to sample from a trajectory, (2) apply (17) to calibrate the posterior uncertainty on the
solution.

Remark 3.3. As outlined in Proposition 3.1 this procedure is an exact MLE for affine
drifts only, but is biased otherwise, hence the name quasi maximum-likelihood. Nonethe-
less, it provides a fast, and principled, way to calibrate uncertainties for the trajectory.
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4 Experiments

Throughout this section, we assess the strong order of convergence for the Algorithms 2
and 3 using EKFO linearisation (see Theorems 3.1 and 3.2). We empirically measure
the weak convergence performances of Algorithms 2, 3 and 4. In addition, we provide
an illustration of the calibration method given in Proposition 3.1. The JAX code to
reproduce the experiments listed below can be found at the following address: https://
github.com/ylefay/bayesianSDEsolver.

4.1 Experimental Methodology

The fine solution we will use as a comparison to our approximate solution X is obtained
using the Euler-Maruyama scheme for a time-step §2 and is denoted by X em, 8% By
simulating parabola approximations (12) with scale 62, (Bro2, (k+1)62 Ir52 (k4+1)52), We
are able to compute the conditional coefficients (Bgs, Iks) | (Brs2,(k+1)62> Iks2,(k+1)52),
which will be used to compute X9 by either Algorithm 2 or Algorithm 3. For the state-
space model of Algorithm 4, we compute only weak error estimates: this is because no
strong convergence can be computed as the path has been marginalised.

The number of sample paths for each experiment is N = 10° and the considered step
sizes are § € {274,275 ... 2710}, The estimates of the strong local and global errors
are given by

N N
N ]. S8 ’52 N 1 S8 52
b= SIF - XN a= < SR - X
k=1 k=1
The weak error is estimated using the polynomial function g(X) = XX,

Throughout the experiments, we consider the test model defined by the following SDE

N

v m,o>
Y 9(Xk) —g(X75")
k=1

Ewyg N

dXo(t) = 1/e(s + Xo(t) — Xo(t)® — X1 (2))dt,
dX;(t) = (e +~vXo(t) — X1(¢))dt + od By,
X(0)=(0,0)",

where ¢ = 0.1, s = 0, v = 1.5, = 0.8, 0 = 0.3, ¢ € [0,1]. This corresponds to
the stochastic Fitzhugh-Nagumo (FHN) model, which is a stochastic oscillator used
to describe spiking neurons (FitzHugh, 1961; Berglund and Gentz, 2006). Thus, the
transition density’s covariance showcases a high-order O(6%) term on the first component
and high-order schemes are needed to capture the variance structure (i.e., a 1.5 weak-
order scheme).
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Figure 2: Algorithm 2, Fitzhugh—-Nagumo model. Independent integrated Brownian mo-
tion (IBM) prior on each coordinates with n = 1. Strong local and global errors, and
weak global errors (grey points, black triangles and black squares, respectively) with
log-log regression (grey, black line and dashed black line, respectively).

€ a b ¢ R?
& exro | 1.508 | 1.086 | 0.007 | 0.999
égExro | 0.936 | 0.565 | 0.033 | 0.999
Ewg,EKFo | 1.645 | 1.545 | 0.216 | 0.992
& exr1 | 1.523 | —0.171 | 0.018 | 0.999
égexr1 | 0.972 | —0.586 | 0.036 | 0.999
Ewg,EKF1 | 1.935 | 2.388 | 0.081 | 0.999

Table 1: Linear regression summary of the model (18) for the Algorithm 2 using either
EKFO or EKF1.

4.2 Convergence Rates

We now turn to empirically assessing the convergence orders. Let € be either the weak
error or strong error estimate. In the perfect case where the error estimate is of the form
€ = bd?, which is the case for a convergence with order «, we have Iné = alné + Inb.
We therefore assume the following linear model with Gaussian residuals:

InE}¢]=alnd+1nb+v, (18)

where v ~ N(0, ¢?) and perform a least-square regression on our data to estimate a and
Inb. The estimators (a,b), as well as the estimated standard deviations ¢ and the R?
coefficients are given in Tables 1, 2 and 3. 'We draw the following empirical conclusions:

(i) The Algorithms 2 and 3 using EKFO display 1.5 strong local convergence and 1.0
strong global convergence, confirming Theorems 3.1 and 3.2. This is shown by the
solid line regressions in the left plots of Figures 2 and 3.
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Figure 3: Algorithm 3, Fitzhugh-Nagumo model. Strong, local and global errors, and
weak global errors.

¢ a b ¢ R?
Zexro | 1.508 | 1.086 | 0.007 | 0.999
é,mKro | 0.937 | 0.569 | 0.034 | 0.999
Ewgpkro | 1.615 | 1.409 | 0.249 | 0.989
ZiEke1 | 1523 | —0.171 | 0.0176 | 0.999
omKr | 0.973 | —0.803 | 0.026 | 0.999
wgpkr1 | 1.943 | 2447 | 0120 | 0.998

Table 2: Linear regression summary of the model (18) for Algorithm 3 using either
EKFO0 or EKF1.

(i)

(iii)

The above conclusion appears to be valid with EKF1 used instead of EKF0, as
shown by the right plots in Figures 2 and 3. The convergence orders are the same
but EKF1 gives slightly better performances for the multiplicative factor. See the
right plot of Figure 5 for a comparison of the previous schemes as well as the
Euler-Maruyama scheme with a step size §.

All the above schemes, that is EKF0 and EKF1 versions of Algorithms 2 and 3,
exhibit high-order weak convergences, with EKF1 having a higher speed of con-
vergence compared to EKF0. See the dashed line regressions in the right plots of
Figures 2, 3, and Figure 5.

The marginalised version of the parabola-ODE given by Algorithm 4 with EKF0
linearisation exhibits low-order weak convergence, this can be seen with the grey
line regression in the left plot of Figure 4. The EKF1 version of Algorithm 4
however does not converge weakly: we observe biased means, see Figure 4.
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Figure 4: Fitzhugh-Nagumo model. Left: weak global errors for Algorithm 2 and 4
using EKFO0, in log-log scale. Right: trajectory means, from the fine solution (FS) and
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the estimated solution given by Algorithm 4 using EKF1 with § = 2710,

€ a b ¢ R?
Ewg,EKFo | 0.694 | —1.287 | 0.350 | 0.892
Table 3: Linear regression summary of the model (18) for Algorithm 4 using EKFO.
Strong error comparisons Weak error comparisons
100 2 0.99 100 2 1.00
— &g eu = 1260 = Epen & 3.698 s
— &, BKF0-(2) ~ 1.766° == &y pKRO—(2) & 4.69515
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Figure 5: Fitzhugh-Nagumo model. Left: strong global errors for the Euler-Maruyama
scheme with parameter § and Algorithms 2 and 3. Right: similar to the left but with

weak global errors.

4.3 Uncertainty Calibration

In this section, we illustrate the calibration uncertainty methodology proposed in Sec-
tion 3.4. We compute the maximum-likelihood estimate for the diffusion coefficient 7>
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Figure 6: Algorithm 3, Fitzhugh-Nagumo model. Top, prior with = +/10. Bottom,
calibrated prior with n = Ayvpe (17). For the two coordinates, the fine solution (FS)
sample path obtained via EM and the Gaussian approximation is given by its mean and
its standard deviation.

using (17) from Proposition 3.1. We first compute a pathwise solution using Algorithm 3
with % = 1.0, which is then used to compute the post hoc estimate #? (17). The cali-
brated solution is then obtained by setting 72 = 72 in Algorithm 3. See Figure 6 for the
comparison between the EKF0/1 approximations given by Algorithm 3 with n = /10
and 1 = fivLe. The step size is § = 0.02, the fine solution (FS) denoted by (X{™)o<r<x
is obtained with the EM scheme with step size 62. In order to help with visualisation, in
addition, we report the marginal Z-scores associated with both components in Figure 7,
computed as follows:

Xtem,(z) - m’(czzl (tk)

k

— : (19)
P (ty)

for component ¢ € {1, 2} and time step ¢;. It can be seen that the non-calibrated poste-
rior solutions (top row) produce errors that oscillate outside their reported uncertainties
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Figure 7: Algorithm 3, Fitzhugh-Nagumo model. Dashed lines, prior with n = /10.
Solid lines, calibrated prior with n = Ay (17). For the two coordinates, Z-scores of
the fine solution associated with the posterior Gaussian approximation.

while the calibrated ones largely do not, hinting to a better coverage of the posterior
uncertainty.

5 Discussion

In this article, we have presented a probabilistic numerics approach to characterising
the discretisation error in additive-noise SDEs. We believe that this paves the way for
the development of further probabilistic numerics techniques for sampling from SDE
solutions. At its core, our methods rely on computing a corrected posterior distribution
over the sample path solution of the SDE. We use piecewise differentiable approxima-
tions of the Brownian motion on top of which we apply existing Gaussian ODE filtering
methods (Tronarp et al., 2019, 2021), allowing for tractable estimation of approximated
Gaussian transition densities. To quantify uncertainty, our approach increases computa-
tional complexity compared to traditional pointwise SDE simulators, typically costing
d3 due to matrix inversions appearing in the Kalman-filtering routine and potentially
(for the EKF1 variant of our method here) requiring gradient evaluations. However, and
similarly to Bayesian ODE filters, it can benefit from solutions built either on indepen-
dence assumptions or Kronecker structures on the model (Krdmer et al., 2022), thus
making the inference computationally almost as efficient as the EM scheme or other
standard SDE samplers.

To summarise, we have introduced three key methods. The first one, the Gaus-
sian SDE filter, consists of drawing a local Brownian approximation, applying a single
Kalman filter step for each ODE, and then sampling from the posterior solution. The
second one, the Mixture Gaussian SDE filter is a variation of the previous one. Instead
of sampling at each time step a solution from the posterior, we propagate the posterior



Y. Le Fay, S. Sarkka, and A. Corenflos 21

uncertainties through the Kalman filter, leading to a mixture of Gaussian posteriors
given a sample Brownian path. The third one, the Marginalised Gaussian SDE filter,
leverages the parabola approximation of the Brownian motion introduced in (Foster
et al., 2020) and incorporates the Gaussian coefficients as part of the observed vari-
ables, thus marginalising the Brownian path along the SDE solution and resulting in a
joint transition density over the solution and the Brownian path.

We have proven empirically and theoretically that our methods retain good pathwise
and moment properties. The first two schemes in particular are provably 1.0 strongly
convergent in the specific instance where EKFO is used on top of the parabola ap-
proximation and for an IOUP prior. Moreover, numerical experiments highlight a weak
convergence order > 1.5 that is yet to be analysed in future work. We anticipate that a
similar proof can be adapted for EKF1 (Algorithm 2), which empirically exhibits similar
order convergence as EKFO0 (respectively strong local order 1.5, strong global order 1,
and weak order 2). Moreover, we believe Assumption 1 of bounded drift functions can be
weakened: indeed the drift function in the FHN model is not bounded, does not admit
bounded derivative, and is not Lipschitz; this did not prevent the method from working
in this case. The third, marginalised, scheme appears numerically to be weakly con-
vergent with low-order convergence when EKFO is used. However, when EKF1 is used
to propagate uncertainty on the solution, the resulting trajectory estimate suffers from
non-negligible biased moment estimations, likely resulting from an error accumulation
that is absent from EKFO due to its more radical forgetful initialisation.

Perhaps the main drawback of our method lies in its underconfident uncertainty
estimates, which is a problem inherited from probabilistic numerics for ordinary differ-
ential equations, specifically when using EKF1-type linearisations Bosch et al. (2020).
The question of better calibrating uncertainty is an active topic of research in the liter-
ature on Gaussian-approximated ordinary differential equations (Kersting and Hennig,
2016; Bosch et al., 2020, see, e.g.), and improvements made in this direction are likely to
translate immediately to our setting provided the underlying prior/inference methods
are compatible with a piecewise approximation approach.

While our current algorithm leverages the specific piecewise Brownian approxima-
tion of Foster et al. (2020), it is worth noting that the flexibility of our approach allows
for exploring the same framework with different approximations, including higher-order
ones, which could lead to performance improvements. Similarly, a large number of exten-
sions of the Gaussian ODE framework have been proposed in the recent literature (see,
e.g., Kramer et al., 2022; Bosch et al., 2023), which could be used as a drop-in re-
placement for EKF0 or EKF1. Furthermore, our Bayesian approach allows for potential
improvements of the sampler through the use of adapted solution priors, and uncer-
tainty calibration methods. For example, using periodic priors for periodic SDEs, or
Matérn priors for differentiable SDE paths, could enhance the numerical performances
of the samplers or, similar to Tronarp et al. (2019), calibrating the prior noise could also
lead the SDE sampler to report appropriate uncertainty. Additionally, better Gaussian
integrators, such as iterative and implicit methods (Tronarp et al., 2021), are likely
directly applicable to our work. We leave the study of their empirical and theoretical
properties to future work.
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Supplementary Material

Modelling pathwise uncertainty of Stochastic Differential Equations samplers via Prob-
abilistic Numerics (DOI: 10.1214/25-BA1522SUPP; .pdf). The supplementary material
contains proofs of Theorems 3.1 and 3.2 in Sections 1.2 and 1.3, respectively, of auxil-
iary lemmas necessary for these proofs in Section 1.1, and further details regarding the
multivariate formulation for the marginalisation procedure of Section 3.3 in Section 1.4.
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