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Abstract. The bottleneck in the quantitative analysis of Markov chaand
Markov decision processes against specifications giveMindr as some form
of nondeterministic Blichi automata is the inclusion of éed®minisation step of
the automaton under consideration. Such determinisatiostrictions are noto-
riously difficult and cumbersome to implement. In this paper argue that ap-
plying this step in full generality is only required in somkages, and can often
be circumvented by subset and breakpoint constructionshaVe implemented
our approach in a prototype tool. Our experiments show thafpeototype can
compete with mature tools like PRISM.

1 Introduction

Markov chains (MC) and Markov decision processes (MDP) adely used to model
and analyse systems that exhibit probabilistic and botbadsiistic and nondetermin-
istic choices, respectively. Properties of these systam®féen specified by temporal
logical formulas, such as the branching time logic PCTL [#J%he linear time logic
PLTL, or their combination PCTL[|BdA95]. Model checking algorithms for PCTL can
be solved in polynomial timé [BAA95], but the model checkaigorithm for linear time
properties specified in PLTL is more expensive: for MCs trebpem is in PSPACE, and
for MDPs the problem is complete for double exponential tj@Q¥95].

In classical model checking, to check whether a maotl¢lsatisfies a property
specified as an LTL formulg, first a nondeterministic Buchi automatéh,,, is con-
structed [[VW86], which recognises the models of its negatip. Then, the model
checking problem reduces to an emptiness check for the ptddux 5-,. The trans-
lation to Biichi automata takes exponential time in the sizéhe formula, and one can
apply standard off-the-shelftools like LTL3BA [BKRS12] 8POT [DL11] for it. This
translation is mostly very efficient in practice due to thet that these tools are highly
optimised.

The quantitative analysis of a probabilistic modell against an LTL specifications
v is more involved. To compute the maximal probabiFPtry)bM(cp) thaty is satisfied in
M, the automata-based approach includes the determimisztan intermediate Buchi
automatorB3,,. If such a deterministic automagis constructed foB3,, then determin-
ing the probabilityProb™™ () reduces to solving an equation system for Markov chains,
and a linear programming problem for MDPs [BdA95], both ia fitoductM x A. Such
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a determinisation step usually exploits a variant of Saff&af88] efficient determini-
sation construction, such as the techniques presentédt@¥|[8ch09b]. However, the
complexity of these translations i€”(™, and such determinisation constructions are
notoriously difficult and cumbersome to implement. Thusdelacheckers supporting
LTL, such as LLQUOR [CBO6] or PRISM [KNP11] might fail to verify certain complex
properties.

In this paper we argue that applying this determinisatiep 8t full generality is only
required in some places, while simpler subset and breakpoirstructions suffice else-
where. A subset construction is known to be sufficient tordeitg@se finite automata, but
it fails for Buchi automata. Our first idea is to constructlen and over-approximation
starting from the subset construction. That is, we constwe (deterministic) subset
automataS* andS° such thatZ(S*) € L(B,) € L(S°) whereL(B,) denotes the
language defined by the LTL specificatign The subset automatgt andS° are the
same except for their accepting conditions. We build a pcotMarkov chain with the
subset automata. We establish a nice property that the lp)imjo::ﬁ’robM(cp) equals the
probability of reaching somacceptingleaf strongly connected components (SCC) in
the product. For each leaf SCEin the product, we can first use the accepting condi-
tions in S* or S° to determine whethe§' is accepting or rejecting, respectively. The
challenge remains when the test is inconclusive. In this,cas refineS using a break-
point construction. Finally the full Rabin determinisatistep is used if the breakpoint
construction fails as well. We discuss that the frameworklmaeasily adapted to MDPs
by analysing the end componerits [CY95,BdA95].

We have implemented our approach in a prototype tool, whiglmplied on various
Markov chain and MDP case studies. Our experiments showatlaprototype can
compete with mature tools like PRISM.

Related Work. The first paper about automata-based LTL model checking [E§W8
already discussed probabilistic systems, but only thealitplive analysis. For an
overview of model checking (including LTL and probabilistnodels) seel [BKO8].
LIQUOR [CBO06] is an LTL model checker for MDPs that uses the tramafaiion of LTL
formulas to deterministic Rabin or Streett automa®oBDIVINE-MC [BBC*08] fol-
lows a similar approach but s particularly tuned for palaibmputing. The well-known
probabilistic model checker PRISM [KNP11] also works sarliy. A recent publica-
tion [CGK13] proposed an improved algorithm for model chiagka restricted version
of LTL by using an extension of Rabin automata. The transédiom of LTL into this
extended class of deterministic automata allows for the@avgd bound 02° (") where
n is the size of the formula, while the total complexity of thertsformation from LTL
to deterministic Rabin automata is2@"""***") [KE12].

Finally we remark that for Markov chains there are efficidgbathms. The paper
[CY95] presents a single exponential algorithm for LTL dfieations without using
automata theory. A recent paper [BLW13] shows that unanthigiiichi automata can
be used for Markov chains, which gives also a single expdalerigjorithm. On the other
side, model checking MDPs against LTL is known to be comgtatdouble exponential
time [CY95]. The two approaches above cannot be extendedD&s$ylwhereas our
approach in this paper applies for MCs and MDPs.

Outline. The paper is organised as follows. We briefly review some iefirs in Sec-
tion[2. The main contribution of this paper, the lazy appneadion construction, is pre-



sented for Markov chains in Sectibh 3 and extended to MDPe@ti&{4. Experimental
results are presented in Sectidn 5.

2 Preliminaries

2.1 Nondeterministic and Deterministic Automata

Nondeterministic Rabin automata are used to represeagular languages C Y =
w — X over afinite alphabeX. In this paper, we use automata with trace-based accep-
tance mechanisms. We denote the{de®, ..., k} by [1..k].

A (transition-labelled) nondeterministic Rabin autonmatgth k& accepting pairs is a
quintupleA = (2, Q,I,T,{(4;, R;) | i € [1..k]}), consisting of a finite alphabéf, a
finite setQ of states with a non-empty subde€ @ of initial states, aseéf’ C Q@ x X' xQ
of transitions from states through input letters to suamestates, and a finite family
{(A;, R;) € 2T x 2T | i € [1..k]} of Rabin pairs. (For convenience, we sometimes use
other finite sets of indices thdi..k].)

Nondeterministic Rabin automata are interpreted overitefsequences: w — ¥
of input letters. An infinite sequenge w — @ of states ofA is called arun of A on
an input worda if the first letterp(0) € I of p is an initial state, and if, for all € w,
(p(i), (i), p(i + 1)) € T is a transition. For a rup of a word o, we denote with
p:i— (p(i), (i), p(i + 1)) thetransitions ofp.

Arun p: w — @ is acceptingif, for some indexi € [l..k], some transi-
tion t € A, in the accepting setd; of the Rabin pair(A;, R;), but no transi-
tion ¢ € R; from the rejecting setR; of this Rabin pair appears infinitely of-
ten in the transitiong of p. (3 € [1..k]. inf(p) N A; # O Adinf(p) N R, =
0 for inf(p) = {t € T | Vi € w 3j > isuchthap(j) = t}). A word
a: w — X is acceptedby A if 4 has an accepting run am, and the sef’(A) =
{a € X¥ | ais accepted byd} of words accepted by is called itslanguage

For technical convenience we also allow for finite rgsg g . . . ¢, with TN {g, } x
{a(n)} x @ = 0. Stated differently, no actions are enabled frgmNaturally, no finite
run satisfies the Rabin condition. Finite runs are rejectmgl have no influence on the
language of an automaton.

Transition-labelled generalised Buichi automata (TGBAF (X, Q,I,T,{F; | i €
[1..k]}) have a family of accepting (or: final) sets. A rgrof a TGBA is accepting if it
contains infinitely many transitions from all final sets € [1..k]. inf (p) N F; # 0).

Letd: (¢,0) — {¢' € Q| (q,0,¢") € T} denote the successor function for a set
of transitions. A Rabin or TGBA is calledeterministicif J is deterministic{(q, o) €
Q x X.|6(¢q,0)] <1)andI = {qo} is singleton.

For notational convenience, we denote deterministic aatanby the tuple
(X,Q,qo,9, ACC), where ACC is the acceptance condition (Rabin or TGBA), and
d: Q x X — @ is the partial function, which is defined @t, o) iff o is enabled af.

2.2 Determinisation of Generalised Biichi Automata

Generalised Biichi automata can be translated to detestigiabin automata (DRAS)
using the following construction from [SV12]. We first defite structure that captures
the acceptance mechanism of our deterministic Rabin autema

Ordered trees. We call a tree7 C N* an ordered treeif it satisfies the following
constraints, and use the following terms:



—every element € 7T is called anode

—the empty sequenceg called theroot, is in T,

—ifanodev =n;...njn;11isinT, thenv’ =n;...n;is alsoinT,
v’ is called thepredecessoof v, denoted(v) (p(¢) is undefined),

—ifanodev =ny...n;isinT, thenv’ =n;...n;_qiis alsoinT for0 < i < n;,
v’ is called arolder siblingof v, the set of older siblings af is denoteds(v).

Ordered trees are therefore non-empty sets of nodes thelosedd under predeces-
sors and older siblings.

Generalised history tree. A generalised history tree (GHH) over @ for k accepting
setsis atriplel = (7,1, k) such that:

—7 is an ordered tree,
—1: T — 2@ < {0} is a labelling function such that
el(v) Cl(p(v)) holdsforalle £v e T,
o the intersection of the labels of two siblings is disjoint
(Vv € T.Vov' € os(v). I(v) NI(v") = 0), and
e the union of the labels of all siblings &rictly contained in the label of their
predecessor YW eT Jgellv)Vo' e T.v=pH)=q¢l(v)),
—h: T — [1..k] is a function that labels every node with a natural numbenffo.%].

Fora GHTd = (7,1, h), (T,!) is the history tree introduced in [Sch09b]. GHTs are en-
riched by the second labelling functign,which is used to relate nodes with a particular
accepting set. The construction separates the transitammamism from the acceptance
condition.

A GHT contains the set of reachable states in its root. Weetbez denoté(c) for a
given GHTd = (7,1, h) by reach(d).

Determinisation construction [SV12]. Let B = (X,Q,I,T,{F; | i € [1..k]}) be

a TGBA with |Q| = n states and: accepting sets. We will construct an equivalent
deterministic Rabin automatdd = (X, D, do, 6, {(4;, R;) | i € J}), denotedlet(B),

as follows.

—D is the set of generalised history trees ogger
—dp is the generalised history tré¢és},l: e — I, h: e — 1).
—For every treel € D and lettero € X, the transition!’ = §(d, o) is the result of
the following sequence of transformations:
1.Raw update of. For every node € d with label@’, replace the label af with
theo successor§g € Q | 3¢ € Q. (¢',0,q) € T} of Q'.
2.Sprouting new childrenfFor every nodey € d with label Q' and ¢ children
such thath(v) = i, create a new childc with I(ve) = {¢ € Q | 3¢ €
Q. (¢,0,q) € F;} andh(vc) = 1.
3.Stealing of labelsFor every node with labell(v) = @’ and all stateg €
Q’, q is removed from the labels of all younger siblingswénd all of their
descendants.
4.Accepting and removingror every node whose label is equal to the union of
the labels of its children, remove all descendants fvbm the tree, and restrict
the domain of andh accordingly. Ifh(v) = k, changé:i(v) to 1 and otherwise
increment:(v) by one.
The transition is inA,, for all nodesv for which this applies.



5.Removing nodefkemove all nodes with empty labels. (The resulting tfée
may no longer be ordered.pndh are updated by restricting their domain.

6.Renaming and rejectindo repair the orderedness, we call| = |os(v) N T
the number of (still existing) older siblings ef and mapy = n;...n; to
v = |Iny]| ||[ninz|| [|ninans]| - . . ||v||, denotedename(v).
We update a triple (7,l,h) from the previous step to
(rename(T),!’: rename(v) — [(v), k' rename(v) — h(v)).
For allv notin 7’ and all nodes € 7' with rename(v) # v, the transition is
in R,.

—J is the set of nodes that occur in some ordered tree ofisize

2.3 Markov Chains and Product

A distribution ., over M is a functiony: M — [0, 1] such thaty® _, u(m) = 1.
A Markov chain (MC) is a tupleM = (M, L, uo, P) whereM is a finite set of states,
L: M — XYis alabelling functiony is the initial distribution, ané®: M x M — [0, 1]
is a probabilistic transition matrix satisfying, ., ,, P(m,m’) € {0,1} forallm € M.
A statem is called absorbing i} -, ., ,, P(m,m') = 0.

A maximal path of M is an infinite sequenc&€ = mgm;... satisfying
P(m;,m;y1) > 0forall i > 0, or a finite one if the last state is absorbing. We de-
note by Paths™ the set of all maximal paths of1. An infinite pathé = mom; . ..
defines the wordvyw; ... € X% with w; = L(m;).

For a finite sequenceiym; ... my, we denote byCyl(mom; ...my) the set of
maximal paths starting with prefixgm; ... mx. We define the probability of the cylin-
der set byProb™ (Cyl(momi ... my)) == po(mo) [Ti—y P(mi, mis1). For a given
MC M, Prob™ can be uniquely extended to a probability measure ovesthkjebra
generated by all cylinder sets.

In this paper we are interesteddnrregular propertied, C X and the probability
Prob™ (L) for some measurable sét Further, we defin®rob™!(B) := Prob™ ({¢ e
Paths™ | ¢ € £(B)}) for an automator8. We write Prob’! to denote the probability
function when assuming that is the initial state. Moreover, we omit the superscrift
whenever it is clear from the context.

We follow the standard way of computing this probability iretproduct ofM and
a deterministic automaton fdr. For this purpose we first define product Markov chains
that result from the product of the Markov chain and DRA or TGR/hich therefore
have accepting conditions on their edges.

Definition 1 (RMC and GMC). Given an MCM = (M, L, 1, P) and a deterministic
automatorD = (X, Q, qo, 9, ACC), the product automaton is defined B x D :=
(M xQ, L' ', P, ACC") where

—P’((m,d), (m',d")) equalsP(m,m') if d' = §(d, L(m')), and isO otherwise;
—L'((m,d)) = L(m);

- ((m,d)) = p(m) if d = 6(qo, L(m)), and0 otherwise;

—if ACC {F; | i € [1.k]}, then ACC" = {F/ | i € [l.k]} where

F! = {((m,d),(m',d")) | (d,L(m'),d") € F;} (Generalised Bchi Markov chain,



—if ACC = {(Az,R) | i € [1..k]}, thenACC" := {(A},R]) | i € [1..k]} where
A = {((m,d),(m/,d)) | (d,L(m'),d') € A;} andR; = {((m,d), (m/,d)) |
(d, L(m’), d’) e R; } (Rabin Markov chain, RMC).

Thus, the product automaton is an MC with correspondingg@gtg conditions. Note
that we omitted labels of the transitions in the acceptiaggitions as they can be read
from the label of the states emitting the transitions. Weadnthat the labelling of the
initial states of the Markov chain is taken into account ia definition ofy’.

A leaf strongly connected component (SCE)C V is an SCC in the underlying
digraph(V, E') of an MC, where all edges with source $hhave successors ifi (i.e.,
V(s,s’) € E. s € Simpliess’ € S). We assume that a (leaf) SCC does not contain any
absorbing states.

3 Lazy Determinisation

We fix an input MCM and a TGBAB = (X, Q, I, T,{F; | i € [1..k]}) as a specifica-
tion. Further, letd = det(B) be the deterministic Rabin automaton (DRA) constructed
for B,and letM x A := (M x Q, L, u, P, ACC) be the product RMC.

We consider the problem of computilf?gob%0 (B), i.e., the probability that a run of
M is accepted by3.

3.1 Outline of our methodology

We first recall the classical approach for computirgb™™ (B), seel[BKO8]. It is well
known [BdA95] that the computation ¢frob™! (B) reduces to the computation of the
probabilistic reachability in the product RMC. We need fits¢ notion of accepting
SCCs:

Lemma 1.Let S be a leaf SCC of the product RMC. We sais accepting iff there is
an index: such thatS contains some edge iAl, but no edge ink;. Formally, there
exists(A;, R;) € ACC such thatd; N {(d, L(m/),d") | P|5( ,(m/,d)) >0} #0
and R; N {(d, L(m/),d) | Pls((m,d), (m d’ ) > 0} = ere P|s denotes the
probabilistic transition restricted to the sét

Moreover, we say is accepting if there exists an accepting leaf SE@ith s € S.

Essentially, if a path ends in a statec S, then almost all of its continuations
are accepting (or rejecting) § is accepting (or rejecting), that is they are accepting
(rejecting) with probabilityl. Now we have the following reduction:

Theorem 1 ([BdA9E]).LetU C M x @ denote the set of accepting states andliEt
denote the set of paths containing a stat&/offhen,Prob™ (B) = Prob™*4(0U).

When all leaf SCCs are evaluated, the evaluation of the Risli@nis simple: we
abstract all accepting leaf SCCs to an absorbing goal statearform a reachability
analysis, which can be solved in polynomial time. Thus, th#tirme of the traditional
probabilistic model checking approach for LTL specificaigs as follows:

1. translate the TGBAS into an equivalent DRAA = det(5);

2. build (the reachable fragment of) the product automatorx A;

3.for each leaf SCG, check whethelS is accepting. LetU be the union of these
accepting SCCs;



4.infer the probabilityProb™ >4 (OU).

The deterministic Rabin automaton used in the classicalogah is often the bot-
tleneck of the approach, as one exploits some variant of pipeoach proposed by
Safra [Saf88], which is rather involved. The lazy deterisétion approach we suggest
in this paper follows a slightly different approach. Ingted usingdet () directly, we
construct two deterministic TGBAS", B¢ directly from the subset construction, such
that£(B“) C L(B) C £(B°) holds. ThusB“, B° under- and over-approximat re-
spectively. We use them to build product GMCs and get lowed-wpper-bound for the
probability Prob™*A(00).

The approach i;icrementalin the sense that if the bound is not tight, we refine the
product GMC instead of restarting. In more detail, we idgrdnly the leaf SCCs which
cause the imprecise bound, and use a refined breakpointatdo there. If both fail to
examine that leaf SCC, we resort to the precise Rabin automat

In next subsection we first provide the theoretical backgdothen we present the
incremental evaluation of the leaf SCCs.

3.2 Acceptance Equivalence

In order to be able to apply the determinisation lazily, wdl wikploit a number of
acceptance equivalences in the RMC.

For a given DRAA, we denote by4, the otherwise similar DRA with initial state
d. Similarly, for a TGBAB, we denote by5 4 the TGBA with the set of initial stated.

Theorem 2.Let d be an arbitrary state ofd. Then, a word is accepted by, iff it is
accepted by each(a)-

The proof is a minor variation of the acceptance proof of tHeADconstruction
[Saf88]. Theorerhl2 provides two immediate corollaries.

Corollary 1. For an MC M and DRAA = det(B), a pathp in M x A that starts from
a state(m, d) is accepted iff the word it defines is accepted3aych q)-

Corollary 2. For an MC M and DRAA = det(B), if reach(d) = reach(d’), then
the probabilities of acceptance from a stdte, d) and a state(m, d’) are equal, i.e.,
Prob// " (B) = Prob{,n ;A (B).

This property allows us to work on quotierdsid to swap (finitely many times)
between states with the same reachability set. The qudtieof a stated of a DRA
A = det(B) is [d] = reach(d). By abuse of notation, we usén,d)] = (m,[d]) and
[S] = {[s] | s € S}. Itis straightforward to check that the quotient is well defi: for
(m,dy), (m,dz) € [(m,d)], itholdsP((m,d), [(m',d)]) = P((m,dz),[(m/,d)]) =
P(m,m’). Thus the equivalence induces an MC, which will be referoeakttheguotient
MC below.

Using the quotient MC, the relation between paths and lea@<S@f the product
DRA becomes apparent.

Lemma 2.For an MC M, a DRAA = det(B), and the RMCR = M X A, it holds:

1.if there is a path fron{m, d) to (m’,d’) in M x A, then there is a (similar) path
from [(m, d)] to [(m, d’)] in the quotient MC, and



2.if there is a path fronfi(im, d)] to [(m/, d')] and (m, d) is reachable inM x A, then
there is a (similar) path fronfm, d) to some(m, d”’) with reach(d') = reach(d")
in M x A.

In particular, if [(m, d)] is reachable in the quotient MC, thém, d’) is reachable in
M x A for somed’ with reach(d) = reach(d').

Both of the claims are easy to establish by induction overéhgth of the path.
They prepare the relevant theorem about leaf SCCs.

Lemma 3.For an MC M and DRAA = det(B), it holds that

1.if Sis aleaf SCC inM x A then[S] is a leaf SCC of the quotient MC,
2.if S’ is a leaf SCC in the quotient MC, then there is a leaf SCd M x A with
S’ =[9].

Together with LemmEl1 and Theoré&in 2, Lenirha 3 provides:

Corollary 3. Let.S be a leaf SCC of the quotient MC. Then, either all statebM x A
with [s] € S are accepting, or all statesof M x A with [s] € S are rejecting.

Thus, the value of nodes in leaf SCCs of the quotient MC isitaigle, and any
technique that allows us to establish the value of some nodégaf SCC will suffice to
determine the value of all nodes in the leaf SCC. Once all$2(s are evaluated, we
need only to perform a standard probabilistic reachaldlitglysis on the quotient MC,
which can be solved in polynomial time, see for examiple [BKO8details.

3.3 Incremental Evaluation of Leaf SCCs

To evaluate each leaf SCC of the RMC, we suggest to use thaleritpies: the first one
is based on evaluating the subset construction directlyg&vevo deterministic TGBASs

that provide over- and under-approximations. If this faile refine the corresponding
leaf SCC by a breakpoint construction. Only if both fail, @@se determinisation step
follows.

Estimation of accepting transitions. For a given TGBAB = (X, Q,I,T,{F; | i €
[1..k]}), a simple way to over- and underapproximate its languagedoypset construc-
tion is as follows. We build two TGBASS® = (X, 2% {I},T",{F¢ | i € [1..k]}) and
St = (X,29 {I},T' . {F* | i € [1..k]}) with

~T"={(R,0,C) | C={¢ €Q|3q€ R (g,0,¢') € T} # 0},
_Fio = {(R,O’,C) € T/ | H(Qaq/) € R X C (Qaaaq/) € E}’ and
—F*={(R,0,C) €T | #(q.¢') € Rx C.(q,0,¢') € T\ F;}.

EssentiallyS° andS" are subset automata where we over- and under-approximate
the accepting conditions, respectively. The following teanholds:

Lemma 4.L£(Sf) € L(Ag) € L(SPy)-

The proof is easy as iF? and F}* the accepting transitions are over- and under-
approximated. The proof will be established as a part of T&me3 later. With this
lemma, we are able to identify some accepting and rejectiaff3CCs in the product.



We remark thatS®, S* are the same except for their accepting conditions. Thes, th
corresponding GMCa1 x §* and M x §° are also the same except for their accepting
conditions. Moreover: this GMC is precisely the quotientrktss chain we discussed in
the previous subsection. With the accepting conditions;aveidentify some accepting
or rejecting leaf SCCs as below:

Lemma 5.Let M be an MC and3 a TGBA. LetS°,S* as defined above. L&t be a
leaf SCC ofM x S*. Then,

- S is accepting ifF* N {(R, L(m’),C) | P|s((m, R), (m’,C)) > 0} # ( holds for
all i € [1..k];

- S is rejecting if 2 N {(R, L(m/), C) | P|s((m, R), (m/,C)) > 0} =  holds for
some; € [1..k].

Thus the above result directly follows by Lemina 4. In caseelse remaining leaf
SCCs for which we cannot conclude whether they are acceptimgjecting, we con-
tinue with the breakpoint construction.

Breakpoint construction. For a given TGBAB = (X, Q,I,T,{F;, | i €
[1..k]}), a further simple way of over- and underapproximate its legg is by
a breakpoint construction. We denote witheakpt(Q, k) = {(R,i,C) | C <€
R C Q@ andi € [1.k]} the breakpoint set, wher& and i intuitively refer
to the set of reachable states in the root of an extendedrhistee and the in-
dex of the root, respectively, an@d' is the set the children of the root are la-
belled with. That is, we build two deterministic Rabin autttay called the break-
point automatal3° = (X, breakpt(Q, k), (1,1,0), 7", {(A,0), (T”, R1)}) andB* =
(X, breakpt(Q, k), (1,1,0), T",{(Ac,0)}), with

-A: =((R,i,C),0,(R,i®r 1,0)) | i € [1..K], (R,0,R)€eT', R #(and
3C" C Q. (C,0,C") € T' suchtha{R' N F;) UC’' = R'},
-R1 ={((R,i,0),0,(R,i,R'NF;)) |i€[l.k], (Ro,R)eT, (Co0)eT,
and either®’ g F,orR =0},
-N ={((R,i,C),0,(R,i,C")) | i € [1..k],(R,0,R') € T',R' # C', and
AC” C Q. (C,0,C") € T such thatC’ = (R' N F;) UC” andC” # (ZJ}, and
T"=A.UR; UN.

In a triple (R, i, C)) (R for root andC for children, respectively)R keeps the set
of reachable states represented in the root of the trime set of final states currently
flagged in the root, and' keeps the union of the states represented by its children. We
refer toR by set((R, i,C)), toi by index((R, i, C)), and toC' by children((R, i,C)).

These triples can also be viewed as quotients of extend&ahhisees. For an ex-
tended history treé = (7,1, h), we write(d) = (I(¢), h(e), U;c 7 (i), whereT NN
denotes the indices of children of

Casting aside the acceptance mechanism, we observd, fotlet(B), that the run
p of B? andB? () the runy’ of A4, and the rurp” of S[‘ji] andeji] on an input wordy

—set((p(n))) = reach((p'(n))) = p"(n),

—children((p(n))) = UzeTnﬂN (1), an

—index((p(n))) = hn(e)
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hold for p'(n) = (T»,!n, hyn). This allows us to establish the following theorem (the
proofs are moved to the appendix).

Theorem 3.L(Sy) € L(Byy) € L(Aa) € L(BY), L(Sfy)-

First we remark that the breakpoint construction can be edfilurther such that
it is finer thanL‘(S‘Zi]). However we leave it as further work to avoid heavy technical
preparations. Exploiting the above theorem, the followbegomes clear.

Corollary 4. Let S be a leaf SCC of the quotient MC. Leh, R) € S be an arbitrary
state ofS andd = (m, (R, 1,0)). Moreover, lets?,,, BY;, be the breakpoint automata.
Then,

-5 is accepting if there exists a leaf ST in M x B, with S = [S'] which is
accepting (i.eS’ contains some transition id.).

-5 is rejecting if there exists a leaf SCE in M x B, with S = [S’] which is
rejecting (i.e.S’ contains no transition i, but some transition itR;).

Note that the productdt x B, and M x Bf, are the same RMCs except for their
accepting conditions. Thus the above resuit directly fefildrom Theoreni13. In case
there are remaining leaf SCCs for which we cannot concludstiven the are accepting
or rejecting, we continue with the Rabin construction.

Together with Corollar{]3, Lemnid 5 and Corollaly 4 immediafeovide the fol-
lowing corollary, which justifies the incremental evalwais of the leaf SCCs.

Corollary 5. If A = det(B), [(m,d)] is a state in a leaf SCC of the quotient MC, and
[d] = [d'], then

u

—Prob™XA4(B) = 1if Prob. 2“1 (B) > 0 or Prob. - () > 0, and

(m.d) (mla) ()
—Probs4(B) = 0 if Proby, "\ (B) < 1 or Prob,, ", (B) < 1.

4 Markov Decision Processes

The lazy determinisation approach proposed in this papends to Markov decision
processes (MDP) after minor adaptation; Markov chains heaialy been used for ease
of notation. While the details of the extension to MDPs hagerbmoved to Appendix
D we here give an outline of the adaptation with a focus ordtfierences and particu-
larities that need to be taken into consideration when weleaéing with MDPs.

An MDP is a tupleM = (M, X, ng, Steps) with Steps: M x X — Dist(M).
The nondeterministic choices are resolved by a scheduk¢ictiooses the next action
to be executed depending on a finite path. Like for Markovchahe principle tech-
nigue to analyse MDPs against a specificatiois to construct a deterministic Rabin
automatonA, build the productM x A, and analyse it. This product will be referred
to as aRabin MDP(RMDP). For an RMDP, it suffices to consider memoryless deter
ministic schedulers of the ford: M x D — X, whereD are the states ofl. Given
a TGBA specification3,,, we are interested iBups ProbM"s(B@). In particular, one
can use finite state schedulers.®f. (Schedulers that contrait can be used to con-
trol M x A for all deterministic automatal.) The superscripiM is omitted when it
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is clear from the context. We remark that the infimum can baté accordingly, as
inf5 Prob®(B,) = 1 — sups Prob® (B-,,).

As TheoreniR operates on the word level, Corol[dry 2 immedjiaxtends to MDPs.
Under the corresponding equivalence relation we obtgiunaient MDP Consequently,
we can extend the probability to achieve the objective frostate (under optimal con-
trol) to quotients, and hence to refer to the probability ¢chiave the control objective
from a state in a quotient MDP of the RMDP.

From here, it is apparent that we can use the estimation ofitind languages pro-
vided in Theorerfil3 to estimagep; Prob’ (B,,).

Corollary 6. Let m be a state of M, let d be a state of A. Then
Supg Prob‘(sm_’[d])(Sfji]) < supg Prob‘(sm7<d>)(l32‘d>) < supg Prob‘(sm_’d)(Ad) <
supg Prob‘(sm,<d>)(8‘<’d>), sups Prob‘(;m7[d])(8[°(i]) holds.

The inequalities are apparent, as the same control str&tedglye underlying MDP
can be used. (Note that a control strategyXbrx A, is not necessarily memoryless for
Sa or Bgy, but they are all finite memory controllers fof itself.)

In the standard evaluation of RMDP, tted components the productM x A play
arole comparable to the one played by leaf SCCs in MCs. An entpbonentis simply
a sub-MDP, which is closed in the sense that there exists aomyéess scheduley such
that the induced Markov chain is a leaf SCC. Thus, one canistdne end component
and traverse all of its transitions infinitely often, wheceeptance is defined as for leaf
SCCs in Markov chains. For RMDPs, it suffices to analyse makiend components,
see[BKO8] for details.

The basic technique is to determine these maximal end coemt@rThey are easy
to construct and, for each accepting pair, they are easyalo@e: it suffices to remove
the rejecting transitions, repeat the construction of MBGshe remainder, and check
if there is any that contains an accepting transition.

Once the accepting MECs are determined, their states agmadsa winning proba-
bility of 1, and evaluating the complete MDP reduces to a maximal rédithanalysis,
which in turn reduces to solving a linear programming probénd can thus be solved
in polynomial time.

Now we argue that a layered approach of lazy determinisa@gmnbe followed for
MDPs, which is rather comparable to the one described fokMachains. We start with
the quotient MDP, and consider an arbitrary MECUsing accepting conditions of the
subset automatd” andS?, we check whethe$ is accepting and rejecting, respectively.
If this test is inconclusive, then we first refigeby a breakpoint construction, and finally
a Rabin automaton construction (full determinisation). Mmark that, as for Markov
chains, the breakpoint and Rabin constructions can be a@emesl as oracles: when we
have identified the accepting MECs, a plain reachabilityysis is performed on the
quotient MDP. For details on the evaluation of MDPs, we ré&defppendiX{D.

5 Implementation and Results

We have implemented our approach in a prototypical tool.dutematon as well as the
model and the product are stored explicit-state wise. Wepawaour tool with the model
checker PRISM and another recent prototype tool used in [C3bideveloped for a
subclass of LTL formulas. To do the comparison, we use LTInfadas for specifying
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properties. Our experimental results suggest that ourpamlides a practical approach
for checking LTL properties for probabilistic systems. Tthel and more examples can
be found undehttp://1cs.ios.ac.cn/~zhanglj/lazy/

We first argue that our approach can be directly used to chEkclspecifications.

5.1 Lineal Temporal Logic

For an LTL formulay, Vardi and Wolper[[VW86] have shown that one can construct a
Biichi automatorB,, such thatC(y) = L(B,). One can apply off-the-shelf established
tools like LTL3BA [BKRS12] or SPOTI[[DL11] to translate an LTépecification to

a TGBA. We remark that it is well-known that TGBAs are more mgsive than LTL
formulas.

For Markov chains, one can translate bgtand—y into equivalent TGBA3,, and
B-,, respectively. If one of them is deterministic, it can bedidizectly; otherwise we
just selectB to be the smaller one of both to continue. The reason for iag&ioth,
the automaton fop and for—, is that the complementation of Biichi [Schi)9a,Yan08]
and generalised Buchi automata [SV12] can lead to a fadtioiirease in their size. It
is therefore a realistic assumption that the differencéénsize of3, and -, can be
significant. As the translation to nondeterministic TGBAieved to be comparably
cheap, we deem this step worth taking. Indeed, the runtimshitransformation using
SPOT was negligible in all experiments we have conducted.

5.2 Experimental Results

We applied our implementation on several models exported the probabilistic model
checker PRISM. For all experiments, we used a 2.9 GHz Intet Cowith 8 GB 1600
MHz DDR3 RAM. We aborted tool runs when they took more than 3@utes or needed
more than 4GB of RAM.

Workstation cluster [HHKOO]. We consider two clusters of = 16 workstations
each, so that the two clusters are connected by a backbode.dtdhe workstations
may fail with a given rate, as may the backbone. Though thie study is a continuous-
time Markov chain, we focused on time-unbounded propersiegsh that we could use
discrete-time Markov chains to analyse them. The propepttep U, are probabilities
of the event of component failures with respect to the orfilest ¢ failures on left before
right) while prop GF A, and propGF'v,, describe the long-run number of workstations
functional.

Results are given in Tallé 1. We give results for our proticgigool (“prototype”) as
well as for PRISM (“PRISM”). We depict the probability cormtpd (“prob.”), the total
runtime in seconds (“time”), the number of states reachdtiénproduct of the model
and the automaton (“states”) and the number of states of ut@reton, which were
constructed (“aut.”). For our prototype, we state the deteisation procedure, with
which we were able to obtain a conclusive result (“type”)e Humber of automata states
refers to this automata type. For PRISM, we used the spartixraagine, because it
has proven to be the fastest. For the model checking of gdrirgroperties, PRISM
first transforms the formulas into Biichi automata, which subsequently transformed
into deterministic Rabin automata.

As we see, for this case study our approach is faster thannbebPRISM for
larger model instantiations. The reasons for this is as¥l for this case study, for the
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prototype PRISM
property prob. time states aut. type prob. time states aut.

propU,  0.509641789089 110836 9 subset 0.509641789089 020480 10
propUy ~ 0.509641789162 210928 10 subset 0.509641789162 120508 11
propU,  0.509641789168 211020 11 subset 0.509641789168 620536 12
propUy, 0.509641789168 211020 11 subset 0.509641789168 2420536 13
propU;;  0.509641789168 311020 11 subset - - -

propGFA, 0 513704 4 breakp. 0 112036 1609
propGF /g 0 315028 5 breakp. 0 611272430537
propGF /A, 0 316352 6 breakp. - - - -
propGFV, 1 327625 11 rabin 1 212748 824
propGFV, 1 330413 14 rabin 1 278 13360 14168
propGFV, 1 433201 17 rabin - - - -

Table 1.Results for the workstation cluster. Above, we let

propU,, := Pz (left_-n=n U (left-n=n—1U (... U (lefton=n—k U right_n#n)...),
propGF A, := Pz (GFleft_n=n A \/f:O FGright_-n=n—i), and

propGFV, := P+ (GFleft_n=nV \/f:O FGright_-n=n—1i) .

propertiespropU,, the subset is sufficient, as both under and overapproximéesxd

to the same result. FarropGF /\,, the breakpoint construction suffices. Thus, we can
use computationally cheaper algorithms than the one imgiéad in PRISM. Indeed,
PRISM spends by far most of the runtime for the computatiacgh@fleterministic Rabin
automata. FopropGF'V,,, we had to use the full Rabin determinisation. However, our
prototype was still faster than PRISM here, because we ctergiates of the Rabin
automaton on the fly and thus never had to construct the céengaldomaton.

Self-stabilising algorithm [IJ90]. In this case study, we consider a numbenqiro-
cesses connected by a ring-formed network. Initially, onmore processes have a to-
ken. The case study considers a self-stabilising algoritheth targets at reducing the
number of tokens to exactly one, which can then be passedarthe network to
uniquely identify some privileged process. To do so, beeaidshe ring-formed struc-
ture of the network, processes can only communicate witin tlir@ct neighbours. The
variant we consider is an MDP. For differenmt we consider a number of properties
about the order, in which the number of tokens decreases.

We give results in Tablgl 2. The columns given are as in theckst studies. In this
case study, the subset construction is sufficient for alleholdecking runs. Performance
figures of our tool are better than those for PRISM, becausgperd significantly less
effort in constructing automata states.

Randomised mutual exclusion[[PZ85].We consider a mutual exclusion protocol to-
gether with a set of properties analysed previously in [C@KThe approach proposed
in [CGK13] involves a specialised algorithm for LTL formuwlathout the Until and Next
but including the Finally and Globally operators. Instedd@mparing to PRISM, we
compare to the numbers given in this previous work. The coispacannot be com-
pletely accurate, because their implementation is notiglyldvailable. Also, for their
results they just state that they used an Intel i7 with 8 GB R#WIdid not discuss the
exact speed of the machine. From comparison of PRISM rust{mat given in the ta-
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prototype PRISM
property n prob. time states aut. prob. time states aut.

4 1 0 39 4 1 0 25 161
5 1 1 8 4 1 0 52 161
PP+ g 1 0 175 4 1 0 106 161
7 1 135 4 1 0 214 161
5 1 1 8 5 1 1 56 1822
prop; 6 1 1 189 5 1 1 114 1822
7 1 1387 5 1 1 230 1822
oy, 6 1 1 181 6 1 51 11924824
PfPs 7 1 1 401 6 1 52 24024824
prop, 1 1 2 372 7 - - - -

Table 2. Results for self-stabilising algorithm.
Above, we letprop;, := Puin=2(G({t=k = (... (t=kUt=k—1)Ut=1)U...t=1)...).

ble) we assume that the machine we use is about 11 to 18 pémstatt This case study
is an MDP.

In Table[3 we give a comparison of our implementation with ¢pecialised algo-
rithm from [CGK13]. For this case study, we did not use theagmoint construction, as
it did not lead to any improvementin runtime or memory us@gewe see, in most very
large cases, the approachlof [CGK13] is faster than ours.Was to be expected, as the
previous approach is an algorithm particularly tuned fer type of properties consid-
ered: the total complexity of the translation of LTL formsilaf sizen to deterministic
automata used in [CGK13] is 2”(®") whereas the total complexity of the translation
from LTL to Rabin automata is i22""'***") [KE12]. However, for medium-sized
model instances and also some larger analyses the runtfroess ol are comparable
or better. For property (9), we remark that our approach ishmslower when using
the incremental approach to decide components. Howevehifparticular property,
when we just use the breakpoint construction directly, #saiits are conclusive. Then,
for n = 3 we obtain a runtime of 9 seconds while for= 4 we get a runtime of 128
seconds.

Summary. For the cases considered above, except for very small modésmulas,
our prototype outperforms PRISM. In particular, this hdlosthe cases where we were
able to use the subset or breakpoint determinisation ssittlys However, because we
use an on-the-fly approach that only expands inconclusafs,leur method was faster
even if we had to fall back to the complete Rabin determifosan some parts of the
model. When comparing with the specialised approach oft€hje¢ et al.[[CGK13],
we achieve comparable or better times for models of mediam svhile their tool is
mostly faster for very large models. However, our prototwaes faster in some larger
cases even than their specialised algorithm.

6 Conclusion

We have proposed a lazy determinisation approach for angli#arkov models against
specifications given by Biichi automata or LTL formulas. Veeenimplemented the ap-
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prototype [CGK13]
property n prob. time states aut. type time
Proaxer (GFpy =10 3 1 2 2368 1 subset 0
A GF po=10 (1) 4 1 3 27600 1 subset 0
A GF p3=10) 5 1 13 308800 1 subset 0
Praxe?(GFp1=10 A GFpa=10 @ 4 1 4 27600 Lsubset 0
A GF ps=10 A GFp,=10) 5 1 19 308800 1 subset 0
Prmin=?(GFp1=10 A GFpy=10 3) 4 0 25 505239 62 rabin 36
A GF py—10 A GFpa—10) 5 - - S 607
3 1 5 19981 33 rabin 2
Prnax=2((GFp1=0 V FGp270) 4) 4 1 16 222635 32 rabin 29
A(GFPQZO Vv FGpg?éO)) 5 _ _ _ _ _ 479
3 1 5 15594 20 rabin 2
Pnax=((GFp1=0 vV FGp1£0) (5) 4 1 19 358820 36 rabin 28
A(GFPQZO \ FGP27éO)) 5 _ _ _ _ _ 463
Praxe? ((GFp1=0 v FGpa£0) 3 1 9 57590 96 rabin 7
ANGFpa=0 v FGps£0) 6) 4 1 81 674417 96 rabin 75
ANGFps=0 v FGp; £0)) 5 - - So- 1219
Proaxe? ((GFp1=0 v FGp, £0) 3 1 17 90297 155 rabin 7
A(GFpa=0 v FGps70) (7) 4 1 1361042479 155 rabin 78
AGFps=0 v FGpy£0)) 5 - - Lo 1267
3 0 5 3021 4 rabin 0
Poin=2((GFp1#10VGFp=0VFGp1=1) gy 4 (5 34995 5 rabin 8
NGE pi#0 A GFp1=1) 5 0 30 388771 5 rabin 146
Rnax:7((Gpl #10 \% Gp2#10 \% Gp37é10) 3 - - - - - 80
ANFGp1£1V GFpo—1V GFps=1) (9) 4 - - A 703
AFGpa#£1 V GFpr=1V GFps=1)) 5 - - A )
3 0 4 12743 40 rabin 3
Pnin=2(FGp1#0V FGpa£0V GFps=0) 15,4 21 146221 40 rabin 33
\/(FGpl;«élo/\GFpgle/\GFpgle) 5 . _ . _ _ 543

Table 3. Results for randomised mutual exclusion.

proach in a prototypical tool and were able to demonstratefficiency on a number of
case studies. As future work, we plan to explore how our prtesseplicit-state algorithm
can be transformed into a symbolic one, in order to allow lieranalysis of very large

probabilistic models.
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Appendix
A Proof of Theorem[2

To establish Theorefd 2, we show inclusion in both directidie proof is the same
as the correctness proof for the determinisation construdat [SV12], but the claim
is different, and the proof is therefore included for congtess. The difference in the
claim is thatL(Ag) = L(Breach(a)) is shown ford = (7,1, h) with a singleton set
T = {e} that contains only the root arfde) = 1. The proof, however, does not use
either of these properties.

Lemma 6£(~Ad) c E(Breach(d))

Notation. For an w-word o and j > 4, we denote withafi,j[ the word
a(@)a(i+1)a(i+2)...a(j —1). We denote withQ; —* Q. for a finite word
a = oq...a;-1 that there is, for allj; € Q2 a sequence; ...q; with ¢ € Q4
and(q;, ai,q;+1) € T forall 1 < ¢ < j. If one of these transitions is guaranteed to be
in F,, we write@, =% Q2.

For an extended history tree= (7,1, h), we denote for a statg € reach(d) the
node ofY € T, such that; € [(99), but not in any child ofy (i € N. ¢ € 1(0)), by
host(q, d).

For an inputwordy : w — X, let pp = dy, dy, . . . be the run of a Rabin automaton
D ona. A nodev in the history treel; , ; is calledstableor accepting respectively, if it
is stable or accepting in the transitiody, (i), d;11).

Proof.Let « € L(A4). Then there is & that is eventually always stable and always
eventually accepting in the ryn= dodds . . . (with dy = d) of A; ona. We pick such
awv.

Letip < i1 < iz < ...be aninfinite ascending chain of indices such that

—v is stable for alld; with j > iy, and
—the chainiy < i; < iy < ... contains exactly those indicés> iy such that; is
accepting; this implies that is updated exactly at these indices.

Letd, = (7;,1;, h;) for all i € w. By construction, we have

—reach(d) -0l (v), and

1, (0) =il ().
Exploiting Konig's lemma, this provides us with the existe of a run that visits all
accepting setg’; of Beach(q) infinitely often. (Note that the value df is circulating
in the successive sequences of the run.) This run is acge@titd« therefore in the
language 0B,csch(a)- O

Lemma 7.L£(Aq) 2 L(Breach(a))-

Proof.Leta € L(Breacn(a))- We fix an accepting rup = qoq: - . . of A onaninputword

«, and letpp = dody ... be the run ofD on «. We then define the related sequence
of host node®) = vyvyv2 ... = host(qo, dg)host(qy, d1)host(ga, ds) . ... Letl be the
shortest lengthw;| of these nodes that occurs infinitely many times.
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We follow the run and see that the initial sequence of lerigth the nodes ind
eventually stabilises. Ly < i; < i2 < ... be an infinite ascending chain of indices
such that the lengthw;| > [ of the j-th node is not smaller thanfor all j > iy,
and equal td = |v;| for all indicesi € {ig,1,42,...} in this chain. This implies
thatv,,,v;,, viy, . .. IS @ descending chain when the single nodeare compared by
lexicographic order. As the domain is finite, almost all ederts of the descending chain
are equal, say; := 7. In particular,r is eventually always stable.

Let us assume for contradicting that this stable prefiis accepting only finitely
many times. We choose an indéfrom the chainip < i1 < i < ... such thatr is
stable for allj > i. (Note thatr is the host ofy; for d;, andg; € I;(w) holds for all
J =)

As p is accepting, there is a smallest index> ¢ such that(¢;_1,a(j — 1),¢;) €
Fy, (xy- Now, asm is not acceptingg; must henceforth be in the label of a child of
which contradicts the assumption that infinitely many nadeshave lengthr|.

Thus,r is eventually always stable and always eventually accgptin O

The lemmas in this appendix imply TheorEin 2.

B Proof of Lemmal3

Proof.To show (1), we have to run through the properties of a leaf JWEt, all states
in [S] are reachable and connected by the previous lemma. It rertmghow that no
state[(m’,d")] ¢ [S] is the successor of any state in the quotient MC. Let us assume
for contradiction that there is a state:,d) € S such that[(m’,d’)] is the succes-
sor of [(m, d)’] By the previous lemma, this implies that there is a staté d’) with
reach(d”) = reach(d’) reachable fronfm, d). As S is a leaf SCC(m/,d"”) € S holds,
and[(m/,d")] = [(m/,d")] € [S] follows, which is a contradiction.

To show (2), let us start withthe sét' = {s € V' | [s] € S}.[S”] = S follows from
the point (2) of LemmE&l2, ang” is closed under successors: assuming for contradiction
that this is not the case provide$a, d) € S” with successofm’, d’) ¢ S”. (Note that
the reachability of(m, d) implies the reachability ofm’,d’).) But this implies that
[(m/,d")] is a successor dfm, d)], and by construction af”, [(m’,d’)] € S. For the
leaf SCCS, the construction of” then implies(m/, d’) € S”, which is a contradiction.

As S is closed under successors, it contains some leaf SCC, arsgleetsS’ to
be such a leaf SCC. We have shown tj#t is a leaf SCC in the quotient MC in the
first half of this proof. Consequently§’] is a leaf SCC that is contained f) and hence
[S] = S holds. O

C Proof of Theorem[3

In this appendix, we show Theordm 3, that is, the inclusiBas;;) € L(Bf,) <
L(Aq) C E(BZJUD)’ L(Sfy)- The subset automatst’, S°, and the breakpoint automata
B*, B° are defined in Sectidn 3.3.

Lemma 8.L(Siy) € L(B{,)-

Proof.Let us assume for contradiction thatis an infinite word such that the rynof
ng] on « is accepting, while the rup’ of L‘(BE‘UD) on « is rejecting. Then there is a
positionp € w such that the following statements hold:
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—no transition after positiop is accepting irp’, and, consequently,
—there is an indexsuch that, in the rup’ of Bj,,,, foralln > p, index((p(n))) = .

Itis easy to see that, by constructieet((p'(n))) = p(n) holds for alln € w. As p
is accepting, there is a positian> p such that, for al € p(n) and all¢’ € p(n + 1),
(¢,(n),q') € T' implies (¢, a(n),q’) € F;. (OtherwiseF; would not be accepting in
ng] .) But then, transitiom in p’ is accepting, which is a contradiction. O

Lemma 9.L(Bf,;,) € L(Aq)

Proof.Let us consider an accepting ryrof B}L@ and a runy’ of A4 on a given input
word a. Itis easy to show by induction that, fpt(n) = (T, ln, An),

—set((p(n))) = reach((p'(n))),
—children((p(n))) = UieT, An ln (i), and
—index((p(n))) = ha(e)

hold for alln € w, and that ifg(n) is accepting, the@’(n) is accepting with accepting
pair with indexe. As the root cannot be rejecting, this implies thats accepting, too.
O

Lemma 10.L(Aq) € L(B],)

Proof.Let us consider an accepting rphof A, and a runp of B?@ on a given input
word a. Itis easy to show by induction that, fpt(n) = (T, ln, An),

—set((p(n)) = reach((p'(n))),
—children((p(n)) = UieT, An ln(4), and
—index((p(n))) = hn(e)

hold for alln € w, and that ifp’ (n) is accepting with accepting pair with indexrecall
that the root cannot be rejecting), thefn) is accepting. Ifo’(n) is accepting, but not
with index e, then the node with positioh in the history is eventually always stable
(note that, whenever is not stable, no other node thans) say from positiorv € w
onwards. But thehildren((p(n)) 2 1,,(1) cannot be empty for any > o. Moreover,
the stability of node implies(l,,(1),0,1,+1(1)) € T, and thus(n) ¢ R;.
Consequently is rejecting only finitely many times, andis accepted bﬁ?@. O

Lemma 11.L(Aq) € L(Sf)-

Proof.We useL(Aq) = L(Bq) (Theoreni?), wher# is the GTBA with A = det ().
Let p be the run of a word that is rejected b)S["], andi an index such thag contains
only finitely many transitions itk;. Then there is a positiom € w such that no transition
in F; may occur fromm onwards.

But then there is, there are me > n for which a positiongy € p(m) is reachable
such that(q, a(n), q’) is in the setF; of the GTBAB. Thus no run of3 on o can have
more tham transitions from#;, and the claim follows withC(Aq) = £(B4)) (Theorem

2). O
Together, the lemmas in this appendix imply Theokém 3.

19



D Markov Decision Processes

In this section, we give more details on how we evaluate MDRt M =
(M, X, o, Steps) be an MDP. We recall the computation of the probability
Supg Prob‘s(By,) whered: M — X is deterministic scheduler. See [BK08, Lemma
10.125] for details. Letd = det(B,) denote the deterministic Rabin automaton for
B.

D.1 Product of MDPs with automata

As for MC, we have to define products of MDP with deterministitomata.

Definition 2 (RMDP and GMDP). Given an MDPM = (M, L, i, Steps) and a de-
terministic automatorD = (X, @, qo, 9, ACC), the product automaton is defined by
M xD:=(MxQ,L, 1, Steps’, ACC") where

—Steps' ((m,d),a) (m',d’) equalsSteps(m,a)(m’) if d = §(d,L(m’)), and is0

otherwise;

—L’(( d)) = L(m);
- ((m,d)) = p(m) if d = 6(qo, L(m)), andO otherwise;

—if ACC = {F | i € [1..k]}, thenACC" := {F! | i € [1..k]} whereF! =
{((m,d),a,(m/,d)) | (d,L(m’),d) € E,a € X'} (Generalised Bchi Markov

Decision Process GMDP);

—if ACC = {(Ai, R;) | i € [1..k]}, thenACC" := {(A,R.) | i € [1..k]} where
Ay = {((m,d), (m’,d")) | (d, L(m'),d') € A}andRé = {((m,d), (m',d")) |
(d,L(m’),d") € R;} (Rabin Markov Decision Process, RMDP).

D.2 Reduction to Probabilistic Reachability

For the reader’s convenience, we recall the reductiosupf ProbM"s(Bw) to proba-
bilistic reachability in the RMDRPM x A.
First, we need some notations:

—A sub-MDP is a pai(T, en) such that) # T'C M anden : M — 2% satisfying:
(i) 0 # en(s) C Act(s) whereAct(s) denote the enabled actions ©f(ii) s € T
anda € en(s) implies Steps(s, ) is a distribution ovef".

—An end componenf M is a sub-MDP(T, en) such that the digraph induced by
(T, en) is strongly connected.

—An end componen(l’, en) is amaximal end compone(WEC) if it is not contained
in some other end compondft’, en’) # (T, en) with T C T” anden(s) C en/(s)
foralls € T.

We first define a sub-MDP restricting to a subset of st&e&s M. Let Mo denote
the sub-MDP with state spade moreover, only those transitions that will remainBn
with probability1 will be kept, other transitions will be removed. As we allobsarbing
states, we do not need the fresh stadeas in [BKOS].

With these notations, we recall that the computation of th@bability
supg Prob‘s(Bg,) can be reduced to a reachability probability:

—for a Rabin pail(A, R), defineU 4 ry € M such thatn € U4 g, iff there exists a
MEC (T, en) in Mg such thafl’n A # (. In this case we sayis accepting w.r.t.
(A, R).
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—LetU := YU, r,)- Then,sup, Prob™"°(B,) reduces to a probabilistic reacha-
bility:
sup ProbM"s(B@) = sup ProbMXA“”‘S((}U)
5 5

Obviously, if a MEC(T, en) contains an accepting statec U, all states iril” have
valuel.

D.3 The incremental evaluation of MECs
As argued in the body of the paper, the likelihoag; Probf:/‘nfd“)“"s(lﬁw) does not de-
pend ond itself, but only on[d]. Together with the observations from Corollaty 6, we
can therefore follow the principle layered approach. AsMarkov chains, we can use
the results from the previous layers to avoid parts of thestraotion. The incremental
evaluation is described as follows:

Construct the quotient MDRM x §* (which is the same as1 x S° except the
accepting conditions). For each MEC evaluate as follows:

1. Similar to Lemm&bb for Markov chainé; is accepting ifC' contains some accepting
transition fromF; all ¢ € [1..k]; C'is non-accepting i€ does not contain states from
F; holds for some € [1..k].

(Strictly speaking, thé"; refer to transitions in the automata. They naturally extend
to the transitions in the product, and are used in this seaise)h

2.1f we could neither establish thét is accepting nor thaf’ is non-accepting, we
refineC by a breakpoint construction (only for this MEC). Le¥t x B“)|¢, (M x
B°)|c denote the breakpoint automata or(again, the difference is only reflected
by the accepting conditions).

These RMDPs are to be read as the MDPs that exist if one expaadgdDP re-
stricted toS. Let C’ be an arbitrary MEC in the resulting breakpoint automata.

3.C" is accepting ifC’ contains some accepting transitiondn. As for all RMDPs,

C' = (T, en) is non-accepting if there is no MEC {fT’, en \ Ry).
(Stricly speaking,A. and R, refer to transitions in the automata. They naturally
extend to the transitions in the product, and are used irsthise here.)

4.1f C remains is inconclusive, we finally evaluate the MECs\bfx A. For this, we
follow a similar procedure as for the breakpoints. In paiac, it suffices to refine
the MECs individually.

After the above procedure, we make accepting MECs in theiequdIDP absorb-
ing, whereas non-accepting MECs are untouched. We rematlattMEC cannot be
accepting if it contains a staten, (d)) such thasup; Probé/‘n_xd“)“*‘;(l’j‘g,) < 1 has been
established by a previous estimation. '

As a final step, a probabilistic reachability analysis — tigio solving a linear pro-
gramming problem — is needed for the evaluation. Note thatdhn always be per-
formed on the quotient MDP.

E lllustrational examples
E.1 Acceptance conditions

In Fig.[d we give an (intentionally minimal) example to iltteste the different determin-
isation methods and their differences. The starting paithé Biichi automatoff; in
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(1) Buichi automatoif, (2) Sub. u. of3; (3) Sub. 0. of3;
(63:
rej.)
Bs)
(4) Breakpoint 01'61/62/83 (5) By (6) B3

Fig. 1. Example illustrating determinisation approaches.
part (1). We assume a single input charaeteso that all transitions in the figure are
labelled witha. In addition, there is only one acceptance condition, andisesdouble
arrows for accepting transitions. It is easy to see thatdhguage of the automaton is
empty, because the only accepting transition frgro s; can be taken at most once.

To determinise the automaton, we first compute under andappeoximating sub-
set automata in (2) and (3). It turns out that the result ismctusive, because the au-
tomaton in (2) accepts the empty language whereas (3) aceepBy applying the
breakpoint construction, we obtain the automaton in (4 f@sult is inconclusive, too.
The self-loop in the rightmost state is neither acceptingreecting. Thus, using the
underapproximating condition, the automaton does not@e®/ word, while for over-
approximating automata the automaton acceptdf we would have applied the Rabin
construction, the automaton would be basically the samen;Tall R, but also allA,,
would be empty, so that no word would be accepted.

Assume now that our starting point® of (5). The language of this automaton is
a*. The breakpoint automaton constructed is basically theesasbefore in (4), except
that instead of the self-loop, we have an accepting tramsitack to the initial state. This
means that the breakpoint construction is conclusive, #g tee under- and the overap-
proximation, lead to the same languageNow assume that we want to determinfsge
of (6). The result is similar to the one fdt;. However, the self-loop transition is now
rejecting. Thus, the result is conclusive, as the languegya both, the under- and the
overapproximation, are empty.

E.2 Accepting and rejecting Rabin ECCs in subset ECCs

In the following, we demonstrate that for MDPs, an ECC from slubset contruction
may lead to both accepting and rejecting ECCs when applyi@@abin construction to
decide it. For a subset ECC to be accepting, it suffices totleatl least one accepting
ECC. Thus, it does not suffice to check for a single Rabin EAQsfrejecting. In the
worst case, all Rabin ECCs have to be tried out.

Consider the MDPM in Figure[2 (1) and the Biichi automatéhin (2). When we
transformB into subset automata and build the composition with we end up with
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(1) Original modelM (2) Buchi automato (3) ProductM x S

(4) ProductM x R

Fig. 2. Example illustrating Subsectién E.2.

the composition shown in (3). The product construction irclusive, and contains
one maximal ECC marked with a dashed box. To decide it, in @)uild the product
with the Rabin determinisation automat®rof B, starting with one state of the maximal
ECC of (3). In (4), there are two ECCs marked with dashed hokes one consisting
of a single state is rejecting, whereas the one consistihgmétates is accepting. Thus,
we can only mark the ECC of (3) as accepting after we have dersil the accepting
ECC of (4). (The transition is accepting for notdef the history tree.)

Note that the state we start with is arbitrary. If we had stamith the other state
from the ECC of (3), then we had obtained a smaller expandedugt that does not
contain the leftmost state or (4).

E.3 Staying within the ECC is important

When evaluating a maximal ECC of a product of a model and assithgomaton us-
ing a determinisation (or breakpoint) construction, itngpbrtant to only construct the
determinisation for the states within the ECC, leaving @sitk states outside the ECC
which might be reached. (Note that this will have to be doneefch maximal ECC

individually.)
—a true
i '
()~

1
(1) Original modelM (2) Buchi automato8  (3) ECC in produciM x S

Fig. 3. Example illustrating Subsectién E.3.

Consider the modeMt of Figure[3 (1) and the Biichi automatsrin (2). If we build
the product ofM with a subset automata$i of 5, the productM x S has the same
structure as the model itself. Thus, in the following, we @antify states ofM and
M x S. It consists of three maximal endcomponents, each congisfione ofmg, m1,
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andms. Assume we want to decide the maximal EC@,}. If we do so correctly, and
restrict to the states of the ECC under consideration, waiilobte ECC of (3). However,
if we just usem, as the starting point of the determinisation, we end up withcael
with the same structure as (1). We would then by mistake iyefitn } as accepting,
becausgms} is.
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