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Abstract. The bottleneck in the quantitative analysis of Markov chains and
Markov decision processes against specifications given in LTL or as some form
of nondeterministic Büchi automata is the inclusion of a determinisation step of
the automaton under consideration. Such determinisation constructions are noto-
riously difficult and cumbersome to implement. In this paperwe argue that ap-
plying this step in full generality is only required in some places, and can often
be circumvented by subset and breakpoint constructions. Wehave implemented
our approach in a prototype tool. Our experiments show that our prototype can
compete with mature tools like PRISM.

1 Introduction
Markov chains (MC) and Markov decision processes (MDP) are widely used to model
and analyse systems that exhibit probabilistic and both probabilistic and nondetermin-
istic choices, respectively. Properties of these systems are often specified by temporal
logical formulas, such as the branching time logic PCTL [HJ94], the linear time logic
PLTL, or their combination PCTL∗ [BdA95]. Model checking algorithms for PCTL can
be solved in polynomial time [BdA95], but the model checkingalgorithm for linear time
properties specified in PLTL is more expensive: for MCs the problem is in PSPACE, and
for MDPs the problem is complete for double exponential time[CY95].

In classical model checking, to check whether a modelM satisfies a property
specified as an LTL formulaϕ, first a nondeterministic Büchi automatonB¬ϕ is con-
structed [VW86], which recognises the models of its negation ¬ϕ. Then, the model
checking problem reduces to an emptiness check for the productM×B¬ϕ. The trans-
lation to Büchi automata takes exponential time in the sizeof the formula, and one can
apply standard off-the-shelf tools like LTL3BA [BKRS12] orSPOT [DL11] for it. This
translation is mostly very efficient in practice due to the fact that these tools are highly
optimised.

The quantitative analysis of a probabilistic modelM against an LTL specifications
ϕ is more involved. To compute the maximal probabilityProb

M(ϕ) thatϕ is satisfied in
M, the automata-based approach includes the determinisation of an intermediate Büchi
automatonBϕ. If such a deterministic automataA is constructed forBϕ, then determin-
ing the probabilityProbM(ϕ) reduces to solving an equation system for Markov chains,
and a linear programming problem for MDPs [BdA95], both in the productM×A. Such
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a determinisation step usually exploits a variant of Safra’s [Saf88] efficient determini-
sation construction, such as the techniques presented in [Pit07,Sch09b]. However, the
complexity of these translations isnO(n), and such determinisation constructions are
notoriously difficult and cumbersome to implement. Thus, model checkers supporting
LTL, such as LIQUOR [CB06] or PRISM [KNP11] might fail to verify certain complex
properties.

In this paper we argue that applying this determinisation step in full generality is only
required in some places, while simpler subset and breakpoint constructions suffice else-
where. A subset construction is known to be sufficient to determinise finite automata, but
it fails for Büchi automata. Our first idea is to construct under- and over-approximation
starting from the subset construction. That is, we construct two (deterministic) subset
automataSu andSo such thatL(Su) ⊆ L(Bϕ) ⊆ L(So) whereL(Bϕ) denotes the
language defined by the LTL specificationϕ. The subset automataSu andSo are the
same except for their accepting conditions. We build a product Markov chain with the
subset automata. We establish a nice property that the probability Prob

M(ϕ) equals the
probability of reaching someacceptingleaf strongly connected components (SCC) in
the product. For each leaf SCCS in the product, we can first use the accepting condi-
tions inSu or So to determine whetherS is accepting or rejecting, respectively. The
challenge remains when the test is inconclusive. In this case, we refineS using a break-
point construction. Finally the full Rabin determinisation step is used if the breakpoint
construction fails as well. We discuss that the framework can be easily adapted to MDPs
by analysing the end components [CY95,BdA95].

We have implemented our approach in a prototype tool, which we applied on various
Markov chain and MDP case studies. Our experiments show thatour prototype can
compete with mature tools like PRISM.
Related Work. The first paper about automata-based LTL model checking [VW86]
already discussed probabilistic systems, but only their qualitative analysis. For an
overview of model checking (including LTL and probabilistic models) see [BK08].
L IQUOR [CB06] is an LTL model checker for MDPs that uses the transformation of LTL
formulas to deterministic Rabin or Streett automata. PROBDIV INE-MC [BBC+08] fol-
lows a similar approach but is particularly tuned for parallel computing. The well-known
probabilistic model checker PRISM [KNP11] also works similarly. A recent publica-
tion [CGK13] proposed an improved algorithm for model checking a restricted version
of LTL by using an extension of Rabin automata. The transformation of LTL into this
extended class of deterministic automata allows for the improved bound of2O(2n) where
n is the size of the formula, while the total complexity of the transformation from LTL
to deterministic Rabin automata is in2O(2n+log2 n) [KE12].

Finally we remark that for Markov chains there are efficient algorithms. The paper
[CY95] presents a single exponential algorithm for LTL specifications without using
automata theory. A recent paper [BLW13] shows that unambiguous Büchi automata can
be used for Markov chains, which gives also a single exponential algorithm. On the other
side, model checking MDPs against LTL is known to be completefor double exponential
time [CY95]. The two approaches above cannot be extended to MDPs, whereas our
approach in this paper applies for MCs and MDPs.

Outline. The paper is organised as follows. We briefly review some definitions in Sec-
tion 2. The main contribution of this paper, the lazy approximation construction, is pre-
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sented for Markov chains in Section 3 and extended to MDPs in Section 4. Experimental
results are presented in Section 5.

2 Preliminaries

2.1 Nondeterministic and Deterministic Automata

Nondeterministic Rabin automata are used to representω-regular languagesL ⊆ Σω =
ω → Σ over a finite alphabetΣ. In this paper, we use automata with trace-based accep-
tance mechanisms. We denote the set{1, 2, . . . , k} by [1..k].

A (transition-labelled) nondeterministic Rabin automaton with k accepting pairs is a
quintupleA = (Σ,Q, I, T, {(Ai, Ri) | i ∈ [1..k]}), consisting of a finite alphabetΣ, a
finite setQ of states with a non-empty subsetI ⊆ Q of initial states, a setT ⊆ Q×Σ×Q
of transitions from states through input letters to successor states, and a finite family
{(Ai, Ri) ∈ 2T × 2T | i ∈ [1..k]} of Rabin pairs. (For convenience, we sometimes use
other finite sets of indices than[1..k].)

Nondeterministic Rabin automata are interpreted over infinite sequencesα : ω → Σ
of input letters. An infinite sequenceρ : ω → Q of states ofA is called arun of A on
an input wordα if the first letterρ(0) ∈ I of ρ is an initial state, and if, for alli ∈ ω,
(

ρ(i), α(i), ρ(i + 1)
)

∈ T is a transition. For a runρ of a wordα, we denote with
ρ : i 7→

(

ρ(i), α(i), ρ(i+ 1)
)

thetransitions ofρ.
A run ρ : ω → Q is accepting if, for some indexi ∈ [1..k], some transi-

tion t ∈ Ai in the accepting setAi of the Rabin pair(Ai, Ri), but no transi-
tion t′ ∈ Ri from the rejecting setRi of this Rabin pair appears infinitely of-
ten in the transitionsρ of ρ. (∃i ∈ [1..k]. inf (ρ) ∩ Ai 6= ∅ ∧ inf (ρ) ∩ Ri =
∅ for inf (ρ) = {t ∈ T | ∀i ∈ ω ∃j > i such thatρ(j) = t}). A word
α : ω → Σ is acceptedby A if A has an accepting run onα, and the setL(A) =
{α ∈ Σω | α is accepted byA} of words accepted byA is called itslanguage.

For technical convenience we also allow for finite runsq0q1q2 . . . qn with T ∩{qn}×
{α(n)} ×Q = ∅. Stated differently, no actions are enabled fromqn. Naturally, no finite
run satisfies the Rabin condition. Finite runs are rejecting, and have no influence on the
language of an automaton.

Transition-labelled generalised Büchi automata (TGBA)B = (Σ,Q, I, T, {Fi | i ∈
[1..k]}) have a family of accepting (or: final) sets. A runρ of a TGBA is accepting if it
contains infinitely many transitions from all final sets (∀i ∈ [1..k]. inf (ρ) ∩ Fi 6= ∅).

Let δ : (q, σ) 7→ {q′ ∈ Q | (q, σ, q′) ∈ T } denote the successor function for a set
of transitions. A Rabin or TGBA is calleddeterministicif δ is deterministic (∀(q, σ) ∈
Q×Σ. |δ(q, σ)| ≤ 1) andI = {q0} is singleton.

For notational convenience, we denote deterministic automata by the tuple
(Σ,Q, q0, δ,ACC), whereACC is the acceptance condition (Rabin or TGBA), and
δ : Q×Σ → Q is the partial function, which is defined at(q, σ) iff σ is enabled atq.

2.2 Determinisation of Generalised Büchi Automata

Generalised Büchi automata can be translated to deterministic Rabin automata (DRAs)
using the following construction from [SV12]. We first definethe structure that captures
the acceptance mechanism of our deterministic Rabin automaton.

Ordered trees. We call a treeT ⊆ N∗ an ordered treeif it satisfies the following
constraints, and use the following terms:
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–every elementv ∈ T is called anode,
– the empty sequenceε, called theroot, is in T ,
– if a nodev = n1 . . . njnj+1 is in T , thenv′ = n1 . . . nj is also inT ,
v′ is called thepredecessorof v, denotedp(v) (p(ε) is undefined),

– if a nodev = n1 . . . nj is in T , thenv′ = n1 . . . nj−1i is also inT for 0 < i < nj,
v′ is called anolder siblingof v, the set of older siblings ofv is denotedos(v).

Ordered trees are therefore non-empty sets of nodes that areclosed under predeces-
sors and older siblings.

Generalised history tree. A generalised history tree (GHT)d overQ for k accepting
sets is a tripled = (T , l, h) such that:

–T is an ordered tree,
– l : T → 2Q r {∅} is a labelling function such that

• l(v) ( l(p(v)) holds for allε 6= v ∈ T ,
• the intersection of the labels of two siblings is disjoint

(∀v ∈ T . ∀v′ ∈ os(v). l(v) ∩ l(v′) = ∅), and
• the union of the labels of all siblings isstrictly contained in the label of their

predecessor (∀v ∈ T ∃q ∈ l(v) ∀v′ ∈ T . v = p(v′) ⇒ q /∈ l(v′)),
–h : T → [1..k] is a function that labels every node with a natural number from [1..k].

For a GHTd = (T , l, h), (T , l) is the history tree introduced in [Sch09b]. GHTs are en-
riched by the second labelling function,h, which is used to relate nodes with a particular
accepting set. The construction separates the transition mechanism from the acceptance
condition.

A GHT contains the set of reachable states in its root. We therefore denotel(ε) for a
given GHTd = (T , l, h) by reach(d).

Determinisation construction [SV12]. Let B = (Σ,Q, I, T, {Fi | i ∈ [1..k]}) be
a TGBA with |Q| = n states andk accepting sets. We will construct an equivalent
deterministic Rabin automatonD = (Σ,D, d0, δ, {(Ai, Ri) | i ∈ J}), denoteddet(B),
as follows.

–D is the set of generalised history trees overQ.
–d0 is the generalised history tree({ε}, l : ε 7→ I, h : ε 7→ 1).
–For every treed ∈ D and letterσ ∈ Σ, the transitiond′ = δ(d, σ) is the result of

the following sequence of transformations:
1.Raw update ofl. For every nodev ∈ d with labelQ′, replace the label ofv with

theσ successors{q ∈ Q | ∃q′ ∈ Q′. (q′, σ, q) ∈ T } of Q′.
2.Sprouting new children.For every nodev ∈ d with labelQ′ and c children

such thath(v) = i, create a new childvc with l(vc) = {q ∈ Q | ∃q′ ∈
Q′. (q′, σ, q) ∈ Fi} andh(vc) = 1.

3.Stealing of labels.For every nodev with label l(v) = Q′ and all statesq ∈
Q′, q is removed from the labels of all younger siblings ofv and all of their
descendants.

4.Accepting and removing.For every nodev whose label is equal to the union of
the labels of its children, remove all descendants ofv from the tree, and restrict
the domain ofl andh accordingly. Ifh(v) = k, changeh(v) to 1 and otherwise
incrementh(v) by one.
The transition is inAv for all nodesv for which this applies.
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5.Removing nodes.Remove all nodes with empty labels. (The resulting treeT ′

may no longer be ordered.)l andh are updated by restricting their domain.
6.Renaming and rejecting.To repair the orderedness, we call‖v‖ = |os(v) ∩ T ′|

the number of (still existing) older siblings ofv, and mapv = n1 . . . nj to
v′ = ‖n1‖ ‖n1n2‖ ‖n1n2n3‖ . . . ‖v‖, denotedrename(v).
We update a triple (T , l, h) from the previous step to
(

rename(T ), l′ : rename(v) 7→ l(v), h′ : rename(v) 7→ h(v)
)

.
For all v not inT ′ and all nodesv ∈ T ′ with rename(v) 6= v, the transition is
in Rv.

–J is the set of nodes that occur in some ordered tree of sizen.

2.3 Markov Chains and Product

A distributionµ overM is a functionµ : M → [0, 1] such that
∑

m∈M µ(m) = 1.
A Markov chain (MC) is a tupleM = (M,L, µ0,P) whereM is a finite set of states,
L : M → Σ is a labelling function,µ0 is the initial distribution, andP : M×M → [0, 1]
is a probabilistic transition matrix satisfying

∑

m′∈M P(m,m′) ∈ {0, 1} for allm ∈ M .
A statem is called absorbing if

∑

m′∈M P(m,m′) = 0.
A maximal path of M is an infinite sequenceξ = m0m1 . . . satisfying

P(mi,mi+1) > 0 for all i ≥ 0, or a finite one if the last state is absorbing. We de-
note byPathsM the set of all maximal paths ofM. An infinite pathξ = m0m1 . . .
defines the wordw0w1 . . . ∈ Σω with wi = L(mi).

For a finite sequencem0m1 . . .mk, we denote byCyl (m0m1 . . .mk) the set of
maximal paths starting with prefixm0m1 . . .mk. We define the probability of the cylin-
der set byProbM

(

Cyl(m0m1 . . .mk)
)

:= µ0(m0)
∏k−1

i=0 P(mi,mi+1). For a given
MC M, ProbM can be uniquely extended to a probability measure over theσ-algebra
generated by all cylinder sets.

In this paper we are interested inω-regular propertiesL ⊆ Σω and the probability
Prob

M(L) for some measurable setL. Further, we defineProbM(B) := Prob
M({ξ ∈

PathsM | ξ ∈ L(B)}) for an automatonB. We writeProbMm to denote the probability
function when assuming thatm is the initial state. Moreover, we omit the superscriptM
whenever it is clear from the context.

We follow the standard way of computing this probability in the product ofM and
a deterministic automaton forL. For this purpose we first define product Markov chains
that result from the product of the Markov chain and DRA or TGBA, which therefore
have accepting conditions on their edges.

Definition 1 (RMC and GMC). Given an MCM = (M,L, µ,P) and a deterministic
automatonD = (Σ,Q, q0, δ,ACC), the product automaton is defined byM × D :=
(M ×Q,L′, µ′,P′,ACC′) where

–P′
(

(m, d), (m′, d′)
)

equalsP(m,m′) if d′ = δ(d, L(m′)), and is0 otherwise;
–L′

(

(m, d)
)

= L(m);
–µ′

(

(m, d)
)

= µ(m) if d = δ(q0, L(m)), and0 otherwise;
– if ACC = {Fi | i ∈ [1..k]}, then ACC′ := {F ′

i | i ∈ [1..k]} where
F ′
i = {

(

(m, d), (m′, d′)
)

| (d, L(m′), d′) ∈ Fi} (Generalised B̈uchi Markov chain,
GMC);
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– if ACC = {(Ai, Ri) | i ∈ [1..k]}, thenACC′ := {(A′
i, R

′
i) | i ∈ [1..k]} where

A′
i = {

(

(m, d), (m′, d′)
)

| (d, L(m′), d′) ∈ Ai} andR′
i = {

(

(m, d), (m′, d′)
)

|
(d, L(m′), d′) ∈ Ri} (Rabin Markov chain, RMC).

Thus, the product automaton is an MC with corresponding accepting conditions. Note
that we omitted labels of the transitions in the accepting transitions as they can be read
from the label of the states emitting the transitions. We remark that the labelling of the
initial states of the Markov chain is taken into account in the definition ofµ′.

A leaf strongly connected component (SCC)S ⊆ V is an SCC in the underlying
digraph(V,E) of an MC, where all edges with source inS have successors inS (i.e.,
∀(s, s′) ∈ E. s ∈ S impliess′ ∈ S). We assume that a (leaf) SCC does not contain any
absorbing states.

3 Lazy Determinisation
We fix an input MCM and a TGBAB = (Σ,Q, I, T, {Fi | i ∈ [1..k]}) as a specifica-
tion. Further, letA = det(B) be the deterministic Rabin automaton (DRA) constructed
for B, and letM×A := (M ×Q,L, µ,P,ACC) be the product RMC.

We consider the problem of computingProbMm0
(B), i.e., the probability that a run of

M is accepted byB.

3.1 Outline of our methodology

We first recall the classical approach for computingProb
M(B), see [BK08]. It is well

known [BdA95] that the computation ofProbM(B) reduces to the computation of the
probabilistic reachability in the product RMC. We need firstthe notion of accepting
SCCs:

Lemma 1.Let S be a leaf SCC of the product RMC. We sayS is accepting iff there is
an indexi such thatS contains some edge inAi, but no edge inRi. Formally, there
exists(Ai, Ri) ∈ ACC such thatAi ∩{(d, L(m′), d′) | P|S

(

(m, d), (m′, d′)
)

> 0} 6= ∅

and Ri ∩ {(d, L(m′), d′) | P|S
(

(m, d), (m′, d′)
)

> 0} = ∅. HereP|S denotes the
probabilistic transition restricted to the setS.

Moreover, we says is accepting if there exists an accepting leaf SCCS with s ∈ S.

Essentially, if a path ends in a states ∈ S, then almost all of its continuations
are accepting (or rejecting) ifS is accepting (or rejecting), that is they are accepting
(rejecting) with probability1. Now we have the following reduction:

Theorem 1 ([BdA95]).LetU ⊆ M × Q denote the set of accepting states and let♦U
denote the set of paths containing a state ofU . Then,ProbM(B) = Prob

M×A(♦U).

When all leaf SCCs are evaluated, the evaluation of the RabinMC is simple: we
abstract all accepting leaf SCCs to an absorbing goal state and perform a reachability
analysis, which can be solved in polynomial time. Thus, the outline of the traditional
probabilistic model checking approach for LTL specifications is as follows:

1. translate the TGBAB into an equivalent DRAA = det(B);
2. build (the reachable fragment of) the product automatonM×A;
3. for each leaf SCCS, check whetherS is accepting. LetU be the union of these

accepting SCCs;
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4. infer the probabilityProbM×A(♦U).

The deterministic Rabin automaton used in the classical approach is often the bot-
tleneck of the approach, as one exploits some variant of the approach proposed by
Safra [Saf88], which is rather involved. The lazy determinisation approach we suggest
in this paper follows a slightly different approach. Instead of usingdet(B) directly, we
construct two deterministic TGBAsBu,Bo directly from the subset construction, such
thatL(Bu) ⊆ L(B) ⊆ L(Bo) holds. Thus,Bu,Bo under- and over-approximateB, re-
spectively. We use them to build product GMCs and get lower- and upper-bound for the
probabilityProbM×A(♦U).

The approach isincrementalin the sense that if the bound is not tight, we refine the
product GMC instead of restarting. In more detail, we identify only the leaf SCCs which
cause the imprecise bound, and use a refined breakpoint-automaton there. If both fail to
examine that leaf SCC, we resort to the precise Rabin automaton.

In next subsection we first provide the theoretical background, then we present the
incremental evaluation of the leaf SCCs.

3.2 Acceptance Equivalence

In order to be able to apply the determinisation lazily, we will exploit a number of
acceptance equivalences in the RMC.

For a given DRAA, we denote byAd the otherwise similar DRA with initial state
d. Similarly, for a TGBAB, we denote byBA the TGBA with the set of initial statesA.

Theorem 2.Let d be an arbitrary state ofA. Then, a word is accepted byAd iff it is
accepted byBreach(d).

The proof is a minor variation of the acceptance proof of the DRA construction
[Saf88]. Theorem 2 provides two immediate corollaries.

Corollary 1. For an MCM and DRAA = det(B), a pathρ in M×A that starts from
a state(m, d) is accepted iff the word it defines is accepted byBreach(d).

Corollary 2. For an MC M and DRAA = det(B), if reach(d) = reach(d′), then
the probabilities of acceptance from a state(m, d) and a state(m, d′) are equal, i.e.,
Prob

M×A
(m,d) (B) = Prob

M×A
(m,d′)(B).

This property allows us to work on quotientsand to swap (finitely many times)
between states with the same reachability set. The quotient[d] of a stated of a DRA
A = det(B) is [d] = reach(d). By abuse of notation, we use[(m, d)] = (m, [d]) and
[S] = {[s] | s ∈ S}. It is straightforward to check that the quotient is well defined: for
(m, d1), (m, d2) ∈ [(m, d)], it holdsP

(

(m, d1), [(m
′, d′)]

)

= P
(

(m, d2), [(m
′, d′)]

)

=
P(m,m′). Thus the equivalence induces an MC, which will be referred to as thequotient
MC below.

Using the quotient MC, the relation between paths and leaf SCCs of the product
DRA becomes apparent.

Lemma 2.For an MCM, a DRAA = det(B), and the RMCR = M×A, it holds:

1. if there is a path from(m, d) to (m′, d′) in M × A, then there is a (similar) path
from [(m, d)] to [(m, d′)] in the quotient MC, and
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2. if there is a path from[(m, d)] to [(m′, d′)] and(m, d) is reachable inM×A, then
there is a (similar) path from(m, d) to some(m, d′′) with reach(d′) = reach(d′′)
in M×A.

In particular, if [(m, d)] is reachable in the quotient MC, then(m, d′) is reachable in
M×A for somed′ with reach(d) = reach(d′).

Both of the claims are easy to establish by induction over thelength of the path.
They prepare the relevant theorem about leaf SCCs.

Lemma 3.For an MCM and DRAA = det(B), it holds that

1. if S is a leaf SCC inM×A then[S] is a leaf SCC of the quotient MC,
2. if S′ is a leaf SCC in the quotient MC, then there is a leaf SCCS in M × A with
S′ = [S].

Together with Lemma 1 and Theorem 2, Lemma 3 provides:

Corollary 3. LetS be a leaf SCC of the quotient MC. Then, either all statess ofM×A
with [s] ∈ S are accepting, or all statess ofM×A with [s] ∈ S are rejecting.

Thus, the value of nodes in leaf SCCs of the quotient MC is qualitative, and any
technique that allows us to establish the value of some node in a leaf SCC will suffice to
determine the value of all nodes in the leaf SCC. Once all leafSCCs are evaluated, we
need only to perform a standard probabilistic reachabilityanalysis on the quotient MC,
which can be solved in polynomial time, see for example [BK08] for details.

3.3 Incremental Evaluation of Leaf SCCs

To evaluate each leaf SCC of the RMC, we suggest to use three techniques: the first one
is based on evaluating the subset construction directly. Weget two deterministic TGBAs
that provide over- and under-approximations. If this fails, we refine the corresponding
leaf SCC by a breakpoint construction. Only if both fail, a precise determinisation step
follows.

Estimation of accepting transitions. For a given TGBAB = (Σ,Q, I, T, {Fi | i ∈
[1..k]}), a simple way to over- and underapproximate its language by asubset construc-
tion is as follows. We build two TGBAs,So = (Σ, 2Q, {I}, T ′, {F o

i | i ∈ [1..k]}) and
Su = (Σ, 2Q, {I}, T ′, {Fu

i | i ∈ [1..k]}) with

–T ′ =
{

(R, σ,C) | C = {q′ ∈ Q | ∃q ∈ R. (q, σ, q′) ∈ T } 6= ∅
}

,
–F o

i =
{

(R, σ,C) ∈ T ′ | ∃(q, q′) ∈ R× C. (q, σ, q′) ∈ Fi

}

, and
–Fu

i =
{

(R, σ,C) ∈ T ′ | ∄(q, q′) ∈ R× C. (q, σ, q′) ∈ T r Fi

}

.

Essentially,So andSu are subset automata where we over- and under-approximate
the accepting conditions, respectively. The following lemma holds:

Lemma 4.L(Su
[d]) ⊆ L(Ad) ⊆ L(So

[d]).

The proof is easy as inF o
i and Fu

i the accepting transitions are over- and under-
approximated. The proof will be established as a part of Theorem 3 later. With this
lemma, we are able to identify some accepting and rejecting leaf SCCs in the product.
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We remark thatSo,Su are the same except for their accepting conditions. Thus, the
corresponding GMCsM×Su andM×So are also the same except for their accepting
conditions. Moreover: this GMC is precisely the quotient Markov chain we discussed in
the previous subsection. With the accepting conditions, wecan identify some accepting
or rejecting leaf SCCs as below:

Lemma 5.Let M be an MC andB a TGBA. LetSo,Su as defined above. LetS be a
leaf SCC ofM×Su. Then,

–S is accepting ifFu
i ∩ {(R,L(m′), C) | P|S

(

(m,R), (m′, C)
)

> 0} 6= ∅ holds for
all i ∈ [1..k];

–S is rejecting ifF o
i ∩ {(R,L(m′), C) | P|S

(

(m,R), (m′, C)
)

> 0} = ∅ holds for
somei ∈ [1..k].

Thus the above result directly follows by Lemma 4. In case there are remaining leaf
SCCs for which we cannot conclude whether they are acceptingor rejecting, we con-
tinue with the breakpoint construction.

Breakpoint construction. For a given TGBA B = (Σ,Q, I, T, {Fi | i ∈
[1..k]}), a further simple way of over- and underapproximate its language is by
a breakpoint construction. We denote withbreakpt(Q, k) =

{

(R, i, C) | C (
R ⊆ Q and i ∈ [1..k]

}

the breakpoint set, whereR and i intuitively refer
to the set of reachable states in the root of an extended history tree and the in-
dex of the root, respectively, andC is the set the children of the root are la-
belled with. That is, we build two deterministic Rabin automata, called the break-
point automata,Bo = (Σ, breakpt(Q, k), (I, 1, ∅), T ′′, {(Aε, ∅), (T ′′, R1)}) andBu =
(Σ, breakpt(Q, k), (I, 1, ∅), T ′′, {(Aε, ∅)}), with

–Aε = ((R, i, C), σ, (R′, i⊕k 1, ∅)) | i ∈ [1..k], (R, σ,R′) ∈ T ′, R′ 6= ∅ and
∃C′ ⊆ Q. (C, σ, C′) ∈ T ′ such that(R′ ∩ Fi) ∪ C′ = R′},

–R1 =
{

((R, i, C), σ, (R′, i, R′ ∩ Fi)) | i ∈ [1..k], (R, σ,R′) ∈ T ′, (C, σ, ∅) ∈ T ′,

and eitherR′ * Fi orR′ = ∅
}

,
–N =

{

((R, i, C), σ, (R′, i, C′)) | i ∈ [1..k], (R, σ,R′) ∈ T ′, R′ 6= C′, and
∃C′′ ⊆ Q. (C, σ, C′′) ∈ T ′ such thatC′ = (R′ ∩ Fi) ∪C′′ andC′′ 6= ∅

}

, and
–T ′′ = Aε ∪R1 ∪N .

In a triple (R, i, C) (R for root andC for children, respectively),R keeps the set
of reachable states represented in the root of the tree,i the set of final states currently
flagged in the root, andC keeps the union of the states represented by its children. We
refer toR by set

(

(R, i, C)
)

, to i by index
(

(R, i, C)
)

, and toC by children
(

(R, i, C)
)

.
These triples can also be viewed as quotients of extended history trees. For an ex-

tended history treed = (T , l, h), we write〈d〉 =
(

l(ε), h(ε),
⋃

i∈T ∩N
l(i)

)

, whereT ∩N
denotes the indices of children ofε.

Casting aside the acceptance mechanism, we observe, forA = det(B), that the run
ρ of Bo

〈d〉 andBu
〈d〉, the runρ′ of Ad, and the runρ′′ of So

[d] andSu
[d] on an input wordα

– set
((

ρ(n)
))

= reach
((

ρ′(n)
))

= ρ′′(n),
–children

((

ρ(n)
))

=
⋃

i∈Tn∩N
ln(i), and

– index
((

ρ(n)
))

= hn(ε)

9



hold for ρ′(n) = (Tn, ln, hn). This allows us to establish the following theorem (the
proofs are moved to the appendix).

Theorem 3.L(Su
[d]) ⊆ L(Bu

〈d〉) ⊆ L(Ad) ⊆ L(Bo
〈d〉),L(S

o
[d]).

First we remark that the breakpoint construction can be refined further such that
it is finer thanL(So

[d]). However we leave it as further work to avoid heavy technical
preparations. Exploiting the above theorem, the followingbecomes clear.

Corollary 4. LetS be a leaf SCC of the quotient MC. Let(m,R) ∈ S be an arbitrary
state ofS andd = (m, (R, 1, ∅)). Moreover, letBo

〈d〉,B
u
〈d〉 be the breakpoint automata.

Then,

–S is accepting if there exists a leaf SCCS′ in M × Bu
〈d〉 with S = [S′] which is

accepting (i.e.S′ contains some transition inAε).
–S is rejecting if there exists a leaf SCCS′ in M × Bo

〈d〉 with S = [S′] which is
rejecting (i.e.S′ contains no transition inAε, but some transition inR1).

Note that the productsM × Bu
〈d〉 andM × Bo

〈d〉 are the same RMCs except for their
accepting conditions. Thus the above result directly follows from Theorem 3. In case
there are remaining leaf SCCs for which we cannot conclude whether the are accepting
or rejecting, we continue with the Rabin construction.

Together with Corollary 3, Lemma 5 and Corollary 4 immediately provide the fol-
lowing corollary, which justifies the incremental evaluations of the leaf SCCs.

Corollary 5. If A = det(B), [(m, d)] is a state in a leaf SCC of the quotient MC, and
[d] = [d′], then

–ProbM×Ad

(m,d) (B) = 1 if Prob
M×Su

[d′]

(m,[d]) (B) > 0 or Prob
M×Bu

〈d′〉

(m,〈d〉) (B) > 0, and

–ProbM×Ad

(m,d) (B) = 0 if Prob
M×So

[d′]

(m,[d]) (B) < 1 or Prob
M×Bo

〈d′〉

(m,〈d〉) (B) < 1.

4 Markov Decision Processes
The lazy determinisation approach proposed in this paper extends to Markov decision
processes (MDP) after minor adaptation; Markov chains havemainly been used for ease
of notation. While the details of the extension to MDPs have been moved to Appendix
D, we here give an outline of the adaptation with a focus on thedifferences and particu-
larities that need to be taken into consideration when we aredealing with MDPs.

An MDP is a tupleM = (M,Σ, µ0, Steps) with Steps : M × Σ → Dist(M).
The nondeterministic choices are resolved by a scheduler that chooses the next action
to be executed depending on a finite path. Like for Markov chains, the principle tech-
nique to analyse MDPs against a specificationϕ is to construct a deterministic Rabin
automatonA, build the productM × A, and analyse it. This product will be referred
to as aRabin MDP(RMDP). For an RMDP, it suffices to consider memoryless deter-
ministic schedulers of the formδ : M × D → Σ, whereD are the states ofA. Given
a TGBA specificationBϕ, we are interested insupδ Prob

M,δ(Bϕ). In particular, one
can use finite state schedulers onM. (Schedulers that controlM can be used to con-
trol M × A for all deterministic automataA.) The superscriptM is omitted when it

10



is clear from the context. We remark that the infimum can be treated accordingly, as
infδ Prob

δ(Bϕ) = 1− supδ Prob
δ(B¬ϕ).

As Theorem 2 operates on the word level, Corollary 2 immediately extends to MDPs.
Under the corresponding equivalence relation we obtain aquotient MDP. Consequently,
we can extend the probability to achieve the objective from astate (under optimal con-
trol) to quotients, and hence to refer to the probability to achieve the control objective
from a state in a quotient MDP of the RMDP.

From here, it is apparent that we can use the estimation of theword languages pro-
vided in Theorem 3 to estimatesupδ Prob

δ(Bϕ).

Corollary 6. Let m be a state of M, let d be a state of A. Then
supδ Prob

δ
(m,[d])(S

u
[d]) ≤ supδ Prob

δ
(m,〈d〉)(B

u
〈d〉) ≤ supδ Prob

δ
(m,d)(Ad) ≤

supδ Prob
δ
(m,〈d〉)(B

o
〈d〉), supδ Prob

δ
(m,[d])(S

o
[d]) holds.

The inequalities are apparent, as the same control strategyfor the underlying MDP
can be used. (Note that a control strategy forM ×Ad is not necessarily memoryless for
Sd orB〈d〉, but they are all finite memory controllers forM itself.)

In the standard evaluation of RMDP, theend componentsof the productM×A play
a role comparable to the one played by leaf SCCs in MCs. An end component is simply
a sub-MDP, which is closed in the sense that there exists a memoryless schedulerδ such
that the induced Markov chain is a leaf SCC. Thus, one can stayin the end component
and traverse all of its transitions infinitely often, where acceptance is defined as for leaf
SCCs in Markov chains. For RMDPs, it suffices to analyse maximal end components,
see [BK08] for details.

The basic technique is to determine these maximal end components. They are easy
to construct and, for each accepting pair, they are easy to evaluate: it suffices to remove
the rejecting transitions, repeat the construction of MECson the remainder, and check
if there is any that contains an accepting transition.

Once the accepting MECs are determined, their states are assigned a winning proba-
bility of 1, and evaluating the complete MDP reduces to a maximal reachability analysis,
which in turn reduces to solving a linear programming problem and can thus be solved
in polynomial time.

Now we argue that a layered approach of lazy determinisationcan be followed for
MDPs, which is rather comparable to the one described for Markov chains. We start with
the quotient MDP, and consider an arbitrary MECS. Using accepting conditions of the
subset automataSu andSo, we check whetherS is accepting and rejecting, respectively.
If this test is inconclusive, then we first refineS by a breakpoint construction, and finally
a Rabin automaton construction (full determinisation). Weremark that, as for Markov
chains, the breakpoint and Rabin constructions can be considered as oracles: when we
have identified the accepting MECs, a plain reachability analysis is performed on the
quotient MDP. For details on the evaluation of MDPs, we referto Appendix D.

5 Implementation and Results
We have implemented our approach in a prototypical tool. Theautomaton as well as the
model and the product are stored explicit-state wise. We compare our tool with the model
checker PRISM and another recent prototype tool used in [CGK13] developed for a
subclass of LTL formulas. To do the comparison, we use LTL formulas for specifying
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properties. Our experimental results suggest that our toolprovides a practical approach
for checking LTL properties for probabilistic systems. Thetool and more examples can
be found under:http://lcs.ios.ac.cn/˜zhanglj/lazy/

We first argue that our approach can be directly used to check LTL specifications.

5.1 Lineal Temporal Logic

For an LTL formulaϕ, Vardi and Wolper [VW86] have shown that one can construct a
Büchi automatonBϕ such thatL(ϕ) = L(Bϕ). One can apply off-the-shelf established
tools like LTL3BA [BKRS12] or SPOT [DL11] to translate an LTLspecification to
a TGBA. We remark that it is well-known that TGBAs are more expressive than LTL
formulas.

For Markov chains, one can translate bothϕ and¬ϕ into equivalent TGBAsBϕ and
B¬ϕ, respectively. If one of them is deterministic, it can be used directly; otherwise we
just selectB to be the smaller one of both to continue. The reason for creating both,
the automaton forϕ and for¬ϕ, is that the complementation of Büchi [Sch09a,Yan08]
and generalised Büchi automata [SV12] can lead to a factorial increase in their size. It
is therefore a realistic assumption that the difference in the size ofBϕ andB¬ϕ can be
significant. As the translation to nondeterministic TGBA isbelieved to be comparably
cheap, we deem this step worth taking. Indeed, the runtime for this transformation using
SPOT was negligible in all experiments we have conducted.

5.2 Experimental Results

We applied our implementation on several models exported from the probabilistic model
checker PRISM. For all experiments, we used a 2.9 GHz Intel Core i7 with 8 GB 1600
MHz DDR3 RAM. We aborted tool runs when they took more than 30 minutes or needed
more than 4GB of RAM.

Workstation cluster [HHK00]. We consider two clusters ofn = 16 workstations
each, so that the two clusters are connected by a backbone. Each of the workstations
may fail with a given rate, as may the backbone. Though this case study is a continuous-
time Markov chain, we focused on time-unbounded properties, such that we could use
discrete-time Markov chains to analyse them. The properties propUk are probabilities
of the event of component failures with respect to the order (first k failures on left before
right) while propGF∧k andpropGF∨k describe the long-run number of workstations
functional.

Results are given in Table 1. We give results for our prototypical tool (“prototype”) as
well as for PRISM (“PRISM”). We depict the probability computed (“prob.”), the total
runtime in seconds (“time”), the number of states reached inthe product of the model
and the automaton (“states”) and the number of states of the automaton, which were
constructed (“aut.”). For our prototype, we state the determinisation procedure, with
which we were able to obtain a conclusive result (“type”). The number of automata states
refers to this automata type. For PRISM, we used the sparse matrix engine, because it
has proven to be the fastest. For the model checking of general LTL properties, PRISM
first transforms the formulas into Büchi automata, which are subsequently transformed
into deterministic Rabin automata.

As we see, for this case study our approach is faster than the one of PRISM for
larger model instantiations. The reasons for this is as follows: for this case study, for the
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prototype PRISM
property prob. time states aut. type prob. time states aut.

propU7 0.509641789089 1 10836 9 subset 0.509641789089 0 20480 10
propU8 0.509641789162 2 10928 10 subset 0.509641789162 1 20508 11
propU9 0.509641789168 2 11020 11 subset 0.509641789168 6 20536 12
propU10 0.509641789168 2 11020 11 subset 0.509641789168 24 20536 13
propU11 0.509641789168 3 11020 11 subset - - - -

propGF∧2 0 5 13704 4 breakp. 0 1 12036 1609
propGF∧3 0 3 15028 5 breakp. 0 61 12724 30537
propGF∧4 0 3 16352 6 breakp. - - - -

propGF∨2 1 3 27625 11 rabin 1 2 12748 824
propGF∨3 1 3 30413 14 rabin 1 278 13360 14168
propGF∨4 1 4 33201 17 rabin - - - -
Table 1.Results for the workstation cluster. Above, we let
propU

k
:= P=?(left n=nU (left n=n−1U (. . .U (left n=n−k U right n 6=n) . . .),

propGF∧
k
:= P=?(GFleft n=n ∧

∨
k

i=0
FGright n=n−i), and

propGF∨
k
:= P=?(GFleft n=n ∨

∨
k

i=0
FGright n=n−i) .

propertiespropUk the subset is sufficient, as both under and overapproximation lead
to the same result. ForpropGF∧k, the breakpoint construction suffices. Thus, we can
use computationally cheaper algorithms than the one implemented in PRISM. Indeed,
PRISM spends by far most of the runtime for the computation ofthe deterministic Rabin
automata. ForpropGF∨k, we had to use the full Rabin determinisation. However, our
prototype was still faster than PRISM here, because we compute states of the Rabin
automaton on the fly and thus never had to construct the complete automaton.

Self-stabilising algorithm [IJ90]. In this case study, we consider a number ofn pro-
cesses connected by a ring-formed network. Initially, one or more processes have a to-
ken. The case study considers a self-stabilising algorithmthat targets at reducing the
number of tokens to exactly one, which can then be passed around the network to
uniquely identify some privileged process. To do so, because of the ring-formed struc-
ture of the network, processes can only communicate with their direct neighbours. The
variant we consider is an MDP. For differentn, we consider a number of properties
about the order, in which the number of tokens decreases.

We give results in Table 2. The columns given are as in the lastcase studies. In this
case study, the subset construction is sufficient for all model checking runs. Performance
figures of our tool are better than those for PRISM, because wespend significantly less
effort in constructing automata states.

Randomised mutual exclusion [PZ86].We consider a mutual exclusion protocol to-
gether with a set of properties analysed previously in [CGK13]. The approach proposed
in [CGK13] involves a specialised algorithm for LTL formulawithout the Until and Next
but including the Finally and Globally operators. Instead of comparing to PRISM, we
compare to the numbers given in this previous work. The comparison cannot be com-
pletely accurate, because their implementation is not publicly available. Also, for their
results they just state that they used an Intel i7 with 8 GB RAMbut did not discuss the
exact speed of the machine. From comparison of PRISM runtimes (not given in the ta-
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prototype PRISM
property n prob. time states aut. prob. time states aut.

prop4

4 1 0 39 4 1 0 25 161
5 1 1 85 4 1 0 52 161
6 1 0 175 4 1 0 106 161
7 1 1 352 4 1 0 214 161

prop5

5 1 1 86 5 1 1 56 1822
6 1 1 189 5 1 1 114 1822
7 1 1 387 5 1 1 230 1822

prop6
6 1 1 181 6 1 51 119 24824
7 1 1 401 6 1 52 240 24824

prop7 7 1 2 372 7 - - - -
Table 2.Results for self-stabilising algorithm.
Above, we letprop

k
:= Pmin=?(G(t=k → (. . . (t=k U t=k − 1)U t=1)U . . . t=1) . . .).

ble) we assume that the machine we use is about 11 to 18 percentfaster. This case study
is an MDP.

In Table 3 we give a comparison of our implementation with thespecialised algo-
rithm from [CGK13]. For this case study, we did not use the breakpoint construction, as
it did not lead to any improvement in runtime or memory usage.As we see, in most very
large cases, the approach of [CGK13] is faster than ours. This was to be expected, as the
previous approach is an algorithm particularly tuned for the type of properties consid-
ered: the total complexity of the translation of LTL formulas of sizen to deterministic
automata used in [CGK13] is in2O(2n) whereas the total complexity of the translation
from LTL to Rabin automata is in2O(2n+log2 n) [KE12]. However, for medium-sized
model instances and also some larger analyses the runtimes of our tool are comparable
or better. For property (9), we remark that our approach is much slower when using
the incremental approach to decide components. However, for this particular property,
when we just use the breakpoint construction directly, the results are conclusive. Then,
for n = 3 we obtain a runtime of 9 seconds while forn = 4 we get a runtime of 128
seconds.

Summary. For the cases considered above, except for very small modelsor formulas,
our prototype outperforms PRISM. In particular, this holdsfor the cases where we were
able to use the subset or breakpoint determinisation successfully. However, because we
use an on-the-fly approach that only expands inconclusive leafs, our method was faster
even if we had to fall back to the complete Rabin determinisation in some parts of the
model. When comparing with the specialised approach of Chatterjee et al. [CGK13],
we achieve comparable or better times for models of medium size, while their tool is
mostly faster for very large models. However, our prototypewas faster in some larger
cases even than their specialised algorithm.

6 Conclusion

We have proposed a lazy determinisation approach for analysing Markov models against
specifications given by Büchi automata or LTL formulas. We have implemented the ap-
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prototype [CGK13]
property n prob. time states aut. type time

Pmax=?(GFp1=10
∧GF p2=10
∧GF p3=10)

(1)
3 1 2 2368 1 subset 0
4 1 3 27600 1 subset 0
5 1 13 308800 1 subset 0

Pmax=?(GFp1=10 ∧GFp2=10
∧GF p3=10 ∧GFp4=10)

(2)
4 1 4 27600 1 subset 0
5 1 19 308800 1 subset 0

Pmin=?(GFp1=10 ∧GFp2=10
∧GF p3=10 ∧GFp4=10)

(3)
4 0 25 505239 62 rabin 36
5 - - - - - 607

Pmax=?((GFp1=0 ∨ FGp2 6=0)
∧(GFp2=0 ∨ FGp3 6=0))

(4)
3 1 5 19981 33 rabin 2
4 1 16 222635 32 rabin 29
5 - - - - - 479

Pmax=?((GFp1=0 ∨ FGp1 6=0)
∧(GFp2=0 ∨ FGp2 6=0))

(5)
3 1 5 15594 20 rabin 2
4 1 19 358820 36 rabin 28
5 - - - - - 463

Pmax=?((GFp1=0 ∨ FGp2 6=0)
∧(GFp2=0 ∨ FGp3 6=0)
∧(GFp3=0 ∨ FGp1 6=0))

(6)
3 1 9 57590 96 rabin 7
4 1 81 674417 96 rabin 75
5 - - - - - 1219

Pmax=?((GFp1=0 ∨ FGp1 6=0)
∧(GFp2=0 ∨ FGp2 6=0)
∧(GFp3=0 ∨ FGp3 6=0))

(7)
3 1 17 90297 155 rabin 7
4 1 136 1042479 155 rabin 78
5 - - - - - 1267

Pmin=?((GFp1 6=10∨GFp1=0∨FGp1=1)
∧GF p1 6=0 ∧GFp1=1)

(8)
3 0 5 3021 4 rabin 0
4 0 5 34995 5 rabin 8
5 0 30 388771 5 rabin 146

Pmax=?((Gp1 6=10 ∨Gp2 6=10 ∨Gp3 6=10)
∧(FGp1 6=1 ∨GFp2=1 ∨GFp3=1)
∧(FGp2 6=1 ∨GFp1=1 ∨GFp3=1))

(9)
3 - - - - - 80
4 - - - - - 703
5 - - - - - -

Pmin=?((FGp1 6=0∨FGp2 6=0∨GFp3=0)
∨(FGp1 6=10∧GFp2=10∧GFp3=10)

(10)
3 0 4 12743 40 rabin 3
4 0 21 146221 40 rabin 33
5 - - - - - 543

Table 3.Results for randomised mutual exclusion.

proach in a prototypical tool and were able to demonstrate its efficiency on a number of
case studies. As future work, we plan to explore how our present explicit-state algorithm
can be transformed into a symbolic one, in order to allow for the analysis of very large
probabilistic models.
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automata translation: Fast and more deterministic. InTACAS, pages 95–109, 2012.

BLW13. Michael Benedikt, Rastislav Lenhardt, and James Worrell. Ltl model checking of inter-
val markov chains. InTACAS, pages 32–46, 2013.

CB06. Frank Ciesinski and Christel Baier. LiQuor: A tool forqualitative and quantitative linear
time analysis of reactive systems. InQEST, pages 131–132, 2006.

CGK13. Krishnendu Chatterjee, Andreas Gaiser, and Jan Kretı́nský. Automata with generalized
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Appendix

A Proof of Theorem 2
To establish Theorem 2, we show inclusion in both directions. The proof is the same
as the correctness proof for the determinisation construction in [SV12], but the claim
is different, and the proof is therefore included for completeness. The difference in the
claim is thatL(Ad) = L(Breach(d)) is shown ford = (T , l, h) with a singleton set
T = {ε} that contains only the root andh(ε) = 1. The proof, however, does not use
either of these properties.

Lemma 6.L(Ad) ⊆ L(Breach(d))

Notation. For an ω-word α and j ≥ i, we denote withα[i, j[ the word
α(i)α(i + 1)α(i + 2) . . . α(j − 1). We denote withQ1 →α Q2 for a finite word
α = α1 . . . αj−1 that there is, for allqj ∈ Q2 a sequenceq1 . . . qj with q1 ∈ Q1

and(qi, αi, qi+1) ∈ T for all 1 ≤ i < j. If one of these transitions is guaranteed to be
in Fa, we writeQ1 ⇒α

a Q2.
For an extended history treed = (T , l, h), we denote for a stateq ∈ reach(d) the

node ofϑ ∈ T , such thatq ∈ l(ϑ), but not in any child ofϑ (∄i ∈ N. q ∈ l(ϑi)), by
host(q, d).

For an input wordα : ω → Σ, let ρD = d0, d1, . . . be the run of a Rabin automaton
D onα. A nodev in the history treedi+1 is calledstableor accepting, respectively, if it
is stable or accepting in the transition(di, α(i), di+1).

Proof.Let α ∈ L(Ad). Then there is av that is eventually always stable and always
eventually accepting in the runρ = d0d1d2 . . . (with d0 = d) of Ad onα. We pick such
av.

Let i0 < i1 < i2 < . . . be an infinite ascending chain of indices such that

–v is stable for alldj with j ≥ i0, and
– the chaini0 < i1 < i2 < . . . contains exactly those indicesi ≥ i0 such thatdi is

accepting; this implies thath is updated exactly at these indices.

Let di = (Ti, li, hi) for all i ∈ ω. By construction, we have

– reach(d) →α[0,i0[ li0(v), and

– lij (v) ⇒
α[ij ,ij+1[
hij

lij+1(v).

Exploiting König’s lemma, this provides us with the existence of a run that visits all
accepting setsFi of Breach(d) infinitely often. (Note that the value ofh is circulating
in the successive sequences of the run.) This run is accepting, andα therefore in the
language ofBreach(d). ⊓⊔

Lemma 7.L(Ad) ⊇ L(Breach(d)).

Proof.Letα ∈ L(Breach(d)). We fix an accepting runρ = q0q1 . . . of A on an input word
α, and letρD = d0d1 . . . be the run ofD on α. We then define the related sequence
of host nodesϑ = v0v1v2 . . . = host(q0, d0)host(q1, d1)host(q2, d2) . . .. Let l be the
shortest length|vi| of these nodes that occurs infinitely many times.
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We follow the run and see that the initial sequence of lengthl of the nodes inϑ
eventually stabilises. Leti0 < i1 < i2 < . . . be an infinite ascending chain of indices
such that the length|vj | ≥ l of the j-th node is not smaller thanl for all j ≥ i0,
and equal tol = |vi| for all indicesi ∈ {i0, i1, i2, . . .} in this chain. This implies
that vi0 , vi1 , vi2 , . . . is a descending chain when the single nodesvi are compared by
lexicographic order. As the domain is finite, almost all elements of the descending chain
are equal, sayvi := π. In particular,π is eventually always stable.

Let us assume for contradicting that this stable prefixπ is accepting only finitely
many times. We choose an indexi from the chaini0 < i1 < i2 < . . . such thatπ is
stable for allj ≥ i. (Note thatπ is the host ofqi for di, andqj ∈ lj(π) holds for all
j ≥ i.)

As ρ is accepting, there is a smallest indexj > i such that(qj−1, α(j − 1), qj) ∈
Fhi(π). Now, asπ is not accepting,qi must henceforth be in the label of a child ofπ,
which contradicts the assumption that infinitely many nodesin ϑ have length|π|.

Thus,π is eventually always stable and always eventually accepting. ⊓⊔

The lemmas in this appendix imply Theorem 2.

B Proof of Lemma 3
Proof.To show (1), we have to run through the properties of a leaf SCC. First, all states
in [S] are reachable and connected by the previous lemma. It remains to show that no
state[(m′, d′)] /∈ [S] is the successor of any state in the quotient MC. Let us assume
for contradiction that there is a state(m, d) ∈ S such that[(m′, d′)] is the succes-
sor of [(m, d)′] By the previous lemma, this implies that there is a state(m′, d′′) with
reach(d′′) = reach(d′) reachable from(m, d). AsS is a leaf SCC,(m′, d′′) ∈ S holds,
and[(m′, d′)] = [(m′, d′′)] ∈ [S] follows, which is a contradiction.

To show (2), let us start with the setS′′ = {s ∈ V | [s] ∈ S}. [S′′] = S follows from
the point (2) of Lemma 2, andS′′ is closed under successors: assuming for contradiction
that this is not the case provides a(m, d) ∈ S′′ with successor(m′, d′) /∈ S′′. (Note that
the reachability of(m, d) implies the reachability of(m′, d′).) But this implies that
[(m′, d′)] is a successor of[(m, d)], and by construction ofS′′, [(m′, d′)] ∈ S. For the
leaf SCCS, the construction ofS′′ then implies(m′, d′) ∈ S′′, which is a contradiction.

As S′′ is closed under successors, it contains some leaf SCC, and weselectS′ to
be such a leaf SCC. We have shown that[S′] is a leaf SCC in the quotient MC in the
first half of this proof. Consequently,[S′] is a leaf SCC that is contained inS, and hence
[S′] = S holds. ⊓⊔

C Proof of Theorem 3
In this appendix, we show Theorem 3, that is, the inclusionsL(Su

[d]) ⊆ L(Bu
〈d〉) ⊆

L(Ad) ⊆ L(Bo
〈d〉),L(S

o
[d]). The subset automataSu,So, and the breakpoint automata

Bu,Bo are defined in Section 3.3.

Lemma 8.L(Su
[d]) ⊆ L(Bu

〈d〉).

Proof.Let us assume for contradiction thatα is an infinite word such that the runρ of
Su
[d] on α is accepting, while the runρ′ of L(Bu

〈d〉) on α is rejecting. Then there is a
positionp ∈ ω such that the following statements hold:
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–no transition after positionp is accepting inρ′, and, consequently,
– there is an indexi such that, in the runρ′ of Bu

〈d〉, for all n ≥ p, index
((

ρ′(n)
))

= i.

It is easy to see that, by construction,set
((

ρ′(n)
))

= ρ(n) holds for alln ∈ ω. Asρ
is accepting, there is a positionn ≥ p such that, for allq ∈ ρ(n) and allq′ ∈ ρ(n+ 1),
(

q, α(n), q′
)

∈ T ′ implies
(

q, α(n), q′
)

∈ Fi. (OtherwiseFi would not be accepting in
Su
[d].) But then, transitionn in ρ′ is accepting, which is a contradiction. ⊓⊔

Lemma 9.L(Bu
〈d〉) ⊆ L(Ad)

Proof.Let us consider an accepting runρ of Bu
〈d〉 and a runρ′ of Ad on a given input

wordα. It is easy to show by induction that, forρ′(n) = (Tn, ln, hn),

– set
((

ρ(n)
))

= reach
((

ρ′(n)
))

,
–children

((

ρ(n)
))

=
⋃

i∈Tn∩N
ln(i), and

– index
((

ρ(n)
))

= hn(ε)

hold for alln ∈ ω, and that ifρ(n) is accepting, thenρ′(n) is accepting with accepting
pair with indexε. As the root cannot be rejecting, this implies thatρ′ is accepting, too.

⊓⊔

Lemma 10.L(Ad) ⊆ L(Bo
〈d〉)

Proof.Let us consider an accepting runρ′ of Ad and a runρ of Bo
〈d〉 on a given input

wordα. It is easy to show by induction that, forρ′(n) = (Tn, ln, hn),

– set
((

ρ(n)
)

= reach
((

ρ′(n))
)

,
–children

((

ρ(n)
)

=
⋃

i∈Tn∩N
ln(i), and

– index
((

ρ(n))
)

= hn(ε)

hold for alln ∈ ω, and that ifρ′(n) is accepting with accepting pair with indexε (recall
that the root cannot be rejecting), thenρ(n) is accepting. Ifρ′(n) is accepting, but not
with index ε, then the node with position1 in the history is eventually always stable
(note that, whenever1 is not stable, no other node thanε is) say from positiono ∈ ω
onwards. But thenchildren

((

ρ(n)
)

⊇ ln(1) cannot be empty for anyn ≥ o. Moreover,
the stability of node1 implies(ln(1), σ, ln+1(1)) ∈ T ′, and thusρ(n) /∈ R1.

Consequently,ρ is rejecting only finitely many times, andα is accepted byBo
〈d〉. ⊓⊔

Lemma 11.L(Ad) ⊆ L(So
[d]).

Proof.We useL(Ad) = L(B[d]) (Theorem 2), whereB is the GTBA withA = det(B).
Let ρ be the run of a wordα that is rejected bySo

[d], andi an index such thatρ contains
only finitely many transitions inFi. Then there is a positionn ∈ ω such that no transition
in Fi may occur fromn onwards.

But then there is, there are nom ≥ n for which a positionq ∈ ρ(m) is reachable
such that

(

q, α(n), q′
)

is in the setFi of the GTBAB. Thus no run ofB onα can have
more thann transitions fromFi, and the claim follows withL(Ad) = L(B[d]) (Theorem
2). ⊓⊔

Together, the lemmas in this appendix imply Theorem 3.
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D Markov Decision Processes
In this section, we give more details on how we evaluate MDPs.Let M =
(M,Σ, µ0, Steps) be an MDP. We recall the computation of the probability
supδ Prob

δ(Bϕ) whereδ : M → Σ is deterministic scheduler. See [BK08, Lemma
10.125] for details. LetA = det(Bϕ) denote the deterministic Rabin automaton for
Bϕ.

D.1 Product of MDPs with automata

As for MC, we have to define products of MDP with deterministicautomata.

Definition 2 (RMDP and GMDP). Given an MDPM = (M,L, µ, Steps) and a de-
terministic automatonD = (Σ,Q, q0, δ,ACC), the product automaton is defined by
M×D := (M ×Q,L′, µ′, Steps ′,ACC′) where

–Steps ′
(

(m, d), a
)(

m′, d′
)

equalsSteps(m, a)(m′) if d′ = δ(d, L(m′)), and is0
otherwise;

–L′
(

(m, d)
)

= L(m);
–µ′

(

(m, d)
)

= µ(m) if d = δ(q0, L(m)), and0 otherwise;
– if ACC = {Fi | i ∈ [1..k]}, thenACC′ := {F ′

i | i ∈ [1..k]} whereF ′
i =

{
(

(m, d), a, (m′, d′)
)

| (d, L(m′), d′) ∈ Fi, a ∈ Σ} (Generalised B̈uchi Markov
Decision Process, GMDP);

– if ACC = {(Ai, Ri) | i ∈ [1..k]}, thenACC′ := {(A′
i, R

′
i) | i ∈ [1..k]} where

A′
i = {

(

(m, d), (m′, d′)
)

| (d, L(m′), d′) ∈ Ai} andR′
i = {

(

(m, d), (m′, d′)
)

|
(d, L(m′), d′) ∈ Ri} (Rabin Markov Decision Process, RMDP).

D.2 Reduction to Probabilistic Reachability

For the reader’s convenience, we recall the reduction ofsupδ Prob
M,δ(Bϕ) to proba-

bilistic reachability in the RMDPM×A.
First, we need some notations:

–A sub-MDP is a pair(T, en) such that∅ 6= T ( M anden : M → 2Σ satisfying:
(i) ∅ 6= en(s) ⊆ Act(s) whereAct(s) denote the enabled actions ofs, (ii) s ∈ T
andα ∈ en(s) impliesSteps(s, α) is a distribution overT .

–An end componentof M is a sub-MDP(T, en) such that the digraph induced by
(T, en) is strongly connected.

–An end component(T, en) is amaximal end component(MEC) if it is not contained
in some other end component(T ′, en′) 6= (T, en) with T ⊆ T ′ anden(s) ⊆ en′(s)
for all s ∈ T .

We first define a sub-MDP restricting to a subset of statesB ⊆ M . LetM�B denote
the sub-MDP with state spaceB, moreover, only those transitions that will remain inB
with probability1 will be kept, other transitions will be removed. As we allow absorbing
states, we do not need the fresh stateno as in [BK08].

With these notations, we recall that the computation of the probability
supδ Prob

δ(Bϕ) can be reduced to a reachability probability:

– for a Rabin pair(A,R), defineU(A,R) ⊆ M such thatm ∈ U(A,R) iff there exists a
MEC (T, en) in M

�R such thatT ∩A 6= ∅. In this case we says is accepting w.r.t.
(A,R).
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–Let U :=
⋃

U(Ai,Ri). Then,supδ Prob
M,δ(Bϕ) reduces to a probabilistic reacha-

bility:
sup
δ

Prob
M,δ(Bϕ) = sup

δ

Prob
M×Aϕ,δ(♦U)

Obviously, if a MEC(T, en) contains an accepting states ∈ U , all states inT have
value1.

D.3 The incremental evaluation of MECs

As argued in the body of the paper, the likelihoodsupδ Prob
M×A,δ

(m,d) (Bϕ) does not de-
pend ond itself, but only on[d]. Together with the observations from Corollary 6, we
can therefore follow the principle layered approach. As forMarkov chains, we can use
the results from the previous layers to avoid parts of the construction. The incremental
evaluation is described as follows:

Construct the quotient MDPM × Su (which is the same asM × So except the
accepting conditions). For each MECC, evaluate as follows:

1. Similar to Lemma 5 for Markov chains,C is accepting ifC contains some accepting
transition fromFi all i ∈ [1..k]; C is non-accepting ifC does not contain states from
Fi holds for somei ∈ [1..k].
(Strictly speaking, theFi refer to transitions in the automata. They naturally extend
to the transitions in the product, and are used in this sense here.)

2. If we could neither establish thatC is accepting nor thatC is non-accepting, we
refineC by a breakpoint construction (only for this MEC). Let(M×Bu)|C , (M×
Bo)|C denote the breakpoint automata forC (again, the difference is only reflected
by the accepting conditions).
These RMDPs are to be read as the MDPs that exist if one expandsthe MDP re-
stricted toS. LetC′ be an arbitrary MEC in the resulting breakpoint automata.

3.C′ is accepting ifC′ contains some accepting transition inAε. As for all RMDPs,
C′ = (T, en) is non-accepting if there is no MEC in(T, enrR1).
(Stricly speaking,Aε andR1 refer to transitions in the automata. They naturally
extend to the transitions in the product, and are used in thissense here.)

4. If C remains is inconclusive, we finally evaluate the MECs ofM×A. For this, we
follow a similar procedure as for the breakpoints. In particular, it suffices to refine
the MECs individually.

After the above procedure, we make accepting MECs in the quotient MDP absorb-
ing, whereas non-accepting MECs are untouched. We remark that a MEC cannot be
accepting if it contains a state(m, 〈d〉) such thatsupδ Prob

M×A,δ

(m,d) (Bϕ) < 1 has been
established by a previous estimation.

As a final step, a probabilistic reachability analysis – through solving a linear pro-
gramming problem – is needed for the evaluation. Note that this can always be per-
formed on the quotient MDP.

E Illustrational examples

E.1 Acceptance conditions

In Fig. 1 we give an (intentionally minimal) example to illustrate the different determin-
isation methods and their differences. The starting point is the Büchi automatonB1 in
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s0 s1

(1) Büchi automatonB1

{s0, s1}

(2) Sub. u. ofB1

{s0, s1}

(3) Sub. o. ofB1

{s0, s1}

{s0, s1}

{s1}

(B3:
rej.)

(not in
B2)

(4) Breakpoint ofB1/B2/B3

(B2 only)

s0 s1

(5)B2

s0 s1

(6)B3

Fig. 1.Example illustrating determinisation approaches.

part (1). We assume a single input charactera, so that all transitions in the figure are
labelled witha. In addition, there is only one acceptance condition, and weuse double
arrows for accepting transitions. It is easy to see that the language of the automaton is
empty, because the only accepting transition froms0 to s1 can be taken at most once.

To determinise the automaton, we first compute under and overapproximating sub-
set automata in (2) and (3). It turns out that the result is inconclusive, because the au-
tomaton in (2) accepts the empty language whereas (3) accepts a∗. By applying the
breakpoint construction, we obtain the automaton in (4). The result is inconclusive, too.
The self-loop in the rightmost state is neither accepting nor rejecting. Thus, using the
underapproximating condition, the automaton does not accept any word, while for over-
approximating automata the automaton acceptsa∗. If we would have applied the Rabin
construction, the automaton would be basically the same. Then, allRv but also allAv

would be empty, so that no word would be accepted.
Assume now that our starting point isB2 of (5). The language of this automaton is

a∗. The breakpoint automaton constructed is basically the same as before in (4), except
that instead of the self-loop, we have an accepting transition back to the initial state. This
means that the breakpoint construction is conclusive, as both, the under- and the overap-
proximation, lead to the same languagea∗. Now assume that we want to determiniseB3

of (6). The result is similar to the one forB1. However, the self-loop transition is now
rejecting. Thus, the result is conclusive, as the language from both, the under- and the
overapproximation, are empty.

E.2 Accepting and rejecting Rabin ECCs in subset ECCs

In the following, we demonstrate that for MDPs, an ECC from the subset contruction
may lead to both accepting and rejecting ECCs when applying the Rabin construction to
decide it. For a subset ECC to be accepting, it suffices to leadto at least one accepting
ECC. Thus, it does not suffice to check for a single Rabin ECC ifit is rejecting. In the
worst case, all Rabin ECCs have to be tried out.

Consider the MDPM in Figure 2 (1) and the Büchi automatonB in (2). When we
transformB into subset automata and build the composition withM, we end up with
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m0

a

m1

∅1

1
1

(1) Original modelM

q0 q1

true

a

a

¬a

(2) Büchi automatonB

m0, {q0}

m1, {q0, q1}

m0, {q0, q1}

1

1

1

(3) ProductM×S

m1, {q0, q1} m0, {q0, q1} m1,

{q0, q1}

{q1}

m0,

{q0, q1}

{q1}

(4) ProductM×R

1

1 1

1

1

1

Fig. 2. Example illustrating Subsection E.2.

the composition shown in (3). The product construction is inconclusive, and contains
one maximal ECC marked with a dashed box. To decide it, in (4) we build the product
with the Rabin determinisation automatonR of B, starting with one state of the maximal
ECC of (3). In (4), there are two ECCs marked with dashed boxes. The one consisting
of a single state is rejecting, whereas the one consisting oftwo states is accepting. Thus,
we can only mark the ECC of (3) as accepting after we have considered the accepting
ECC of (4). (The transition is accepting for node1 of the history tree.)

Note that the state we start with is arbitrary. If we had started with the other state
from the ECC of (3), then we had obtained a smaller expanded product that does not
contain the leftmost state or (4).

E.3 Staying within the ECC is important

When evaluating a maximal ECC of a product of a model and a subset automaton us-
ing a determinisation (or breakpoint) construction, it is important to only construct the
determinisation for the states within the ECC, leaving aside the states outside the ECC
which might be reached. (Note that this will have to be done for each maximal ECC
individually.)

m0∅

m1∅

m2a

1
0.5

0.5

1

1
(1) Original modelM

q0 q1

¬a

a

true

(2) Büchi automatonB

m0, {q0}
1

(3) ECC in productM×S

Fig. 3. Example illustrating Subsection E.3.

Consider the modelM of Figure 3 (1) and the Büchi automatonB in (2). If we build
the product ofM with a subset automatonS of B, the productM × S has the same
structure as the model itself. Thus, in the following, we canidentify states ofM and
M×S. It consists of three maximal endcomponents, each consisting of one ofm0,m1,
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andm2. Assume we want to decide the maximal ECC{m0}. If we do so correctly, and
restrict to the states of the ECC under consideration, we obtain the ECC of (3). However,
if we just usem0 as the starting point of the determinisation, we end up with amodel
with the same structure as (1). We would then by mistake identify {m0} as accepting,
because{m2} is.
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