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Abstract

Mechanistic interpretability seeks circuits that are both suf-
ficient on their own and necessary to a model’s behav-
ior under intervention, yet many circuit-discovery pipelines
still rely on manually fixed circuit budgets. We propose
a procedure that scores edges with sign-preserving inte-
grated gradients and then chooses a single global cut-
off by a performance-retention criterion for circuit selec-
tion. This makes circuit size a consequence of retained
behavior rather than a manually selected budget. On
the Mechanistic Interpretability Benchmark, this retention-
calibrated thresholding yields circuits that are competitive
on CPR/CMD across multiple tasks and models. On our
GPT-2 IOI probability-space diagnostic, it improves suffi-
ciency relative to the EAP-IG baseline while also improv-
ing the reported necessity diagnostics. Threshold ablations
and stability checks further show that the selected oper-
ating point yields the best overall balance between self-
sufficiency and necessity-oriented diagnostics.

1. Introduction

Understanding how deep neural networks perform specific
tasks is a central goal of mechanistic interpretability [2, 15,
25, 27]. A common approach is to identify sub-networks of
neurons [4] and weights that implement well-defined func-
tions or behaviors-so-called “circuits” [4, 7, 14]. Extract-
ing such circuits lets us describe the internal algorithm the
model uses as an information flow [7] over constituent com-
ponents. However, reliably isolating these circuits remains
difficult [13, 18, 20, 29]: many methods either include un-
necessary pieces or miss indispensable ones, weakening ex-
planatory power and reproducibility. Small input perturba-
tions led to substantially different sets of selected connec-
tions, and the resulting circuits did not always capture all
and only the important edges. This instability motivates a
more principled approach to circuit extraction.

*This work was carried out under the supervision of Prof. Kuk-Jin
Yoon, the author’s academic advisor, at the Visual Intelligence Laboratory,
KAIST (k jyoon@kaist.ac.kr).
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An interpretable circuit should not merely look plausi-
ble. It should satisfy two criteria simultaneously. First, it
should be sufficient on its own: running only the circuit
should preserve almost all of the original model’s behavior.
Second, it should be necessary: removing the circuit should
cause the model’s performance to drop substantially [5]. A
circuit that is self-sufficient but dispensable is not a com-
pelling explanation, and conversely a circuit whose removal
is devastating but which cannot reproduce the behavior by
itself is also incomplete. Existing automatic circuit extrac-
tion methods have found it difficult to satisfy these two con-
ditions at once [4, 7, 14]. Some methods preserve behavior
by including many connections, while aggressive pruning
to maximize necessity often causes the circuit alone to fail
to reproduce the model’s behavior.

In practice, many circuit-discovery pipelines follow the
same two-stage recipe: they assign an importance score to
each edge and then impose a fixed selection budget. This
design leaves the final circuit highly sensitive to the chosen
budget, which is often set manually and does not transfer
cleanly across tasks or models. It also induces the central
trade-off of this paper: circuits that are too small cannot
capture necessary and sufficient meaningful edges, whereas
circuits that are too large preserve more behavior but be-
come less selective. Recent work has shown that this sensi-
tivity is not merely conceptual but operational, with circuit
structure changing under prompt perturbations, input sam-
pling changes, or hyperparameter choices [13, 18, 20].

This distinction between fixed top-k selection and
retention-calibrated thresholding is subtle but important. A
fixed top-k rule chooses circuit size ex ante and then asks
what behavior survives under that budget, whereas our pro-
cedure reverses the order: it first specifies the retained-
behavior target and then lets the observed score distribution
determine the effective operating point. In settings where
score mass is highly concentrated in a relatively small sub-
set of edges, these two views can lead to markedly different
circuit sizes across tasks and models. The practical ques-
tion is therefore not only how to score edges, but also how
to map those scores into a circuit in a way that preserves
behavior without sacrificing selectivity.
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Figure 1. Edge importance landscape produced by EAP-IG. (Left) The Lorenz curve of |score| (dashed line: uniform line) shows that
the mass is extremely concentrated on a small fraction of top edges. (Middle) The cumulative mass of the top-K edges (horizontal axis
in log scale) reveals a clear head-long-tail structure. (Right) The distribution of log,, |score| indicates a heavy-tailed (quasi log-normal)
shape. This empirical distribution motivates circuit selection based on a single global threshold calibrated by retained behavior rather than
by a manually fixed top-k budget: overly aggressive shrinkage degrades sufficiency, whereas overly lax thresholds reduce selectivity.

We propose an alternative. Rather than prescribing a
fixed top-k circuit budget, we select the smallest thresh-
olded circuit that satisfies a target performance-retention
criterion. Concretely, we compute a signed edge score, ap-
ply a single global cutoff chosen from the observed score
distribution, reinforce near-threshold edges with a narrow
buffer band, and repair broken input-to-logits connectivity
when necessary. The resulting pipeline is deliberately intu-
itive: circuit size is determined by retained behavior rather
than by a manually chosen budget. Put differently, each
threshold induces an effective circuit size, but unlike fixed
top-k extraction the size is chosen by a retention criterion
rather than imposed in advance. This distinction matters
because score thresholding and fixed top-k truncation can
coincide only after a budget has been chosen. Our pro-
cedure instead lets the retained-behavior target determine
which operating point along the score ranking is selected for
a given task and model. On the Mechanistic Interpretability
Benchmark (MIB) [19], this retention-calibrated threshold-
ing yields circuits that are sufficient, necessary, and com-
petitive on CPR/CMD across multiple tasks and models.

Our empirical picture is correspondingly simple. First,
the main benchmark results show that our approach is
best or second-best on CPR and CMD across most set-
tings.  Second, probability-space diagnostics on IOl
show that the method improves sufficiency relative to the
strongest EAP-IG baseline while maintaining strong neces-
sity. Third, threshold ablations reveal a non-monotonic
trade-off: overly small circuits lose both sufficiency and
necessity, whereas overly large circuits preserve more be-
havior but become less sufficient. Additional diagnostics
show that this intermediate operating regime is not fragile:
performance varies only mildly across retention targets, re-
mains stable under boundary reinforcement and direct sam-
ple perturbations, and exhibits a more spatially concentrated
pattern of method-specific unique edges than the strongest
EAP-IG baseline.

We make three contributions:
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* A circuit-extraction perspective centered on suffi-
ciency and necessity: We argue that explanatory cir-
cuits should be evaluated by whether they are jointly
self-sufficient and indispensable under intervention, and
we operationalize this with negative log-likelihood-based
sufficiency and necessity metrics.

* A retention-calibrated alternative to fixed-budget cir-
cuit selection: Instead of prescribing circuit size in ad-
vance, we choose, within the induced score ranking,
the smallest thresholded circuit that satisfies a target
performance-retention criterion, with light boundary re-
inforcement and connectivity repair.

Strong empirical performance on MIB with addi-

tional stability diagnostics: Ours achieves comparable

CPR/CMD and improves sufficiency relative to EAP-IG

baselines while maintaining necessity, additional diag-

nostics show mild retention sensitivity, stable behavior
under boundary perturbations, and a more spatially con-
centrated pattern of method-specific unique edges.

2. Related Work

2.1. Circuits and Causal Interventions

Mechanistic interpretability seeks to explain model behav-
ior by reverse-engineering the internal computations imple-
mented by a network’s parameters and activations rather
than by treating the model as an opaque input-output map-
ping [2, 15, 25, 27]. Within this literature, a circuit is typ-
ically understood as a sparse subnetwork of components-
neurons, channels, attention heads, or edges between them-
that together implement a recognizable function. This per-
spective was popularized in the circuits program and related
feature-visualization work, which argued that meaningful
algorithms can often be localized to structured interactions
among internal units rather than isolated neurons alone [21—
23].

A central methodological thread in this area is causal in-
tervention. Rather than only correlating internal activations



with outputs, intervention-based methods actively modify
hidden states or information flow and measure the result-
ing behavioral change. Activation patching and path patch-
ing are representative examples: they replace or route inter-
mediate computations so as to test whether specific com-
ponents or pathways are causally important for a down-
stream behavior [12, 14]. More formal treatments of this
causal viewpoint come from the causal-abstraction litera-
ture, which frames interpretability as aligning a high-level
causal model with lower-level neural mechanisms and vali-
dating the alignment through interventions [10, 11].

These tools enabled a number of influential manual
reverse-engineering case studies. Wang et al. [30] iden-
tify a circuit in GPT-2 small for indirect object identifica-
tion, organizing the discovered heads into functionally dis-
tinct classes and evaluating the resulting explanation with
quantitative notions of faithfulness and completeness. More
recently, McDougall et al. [17] reverse-engineer the “copy
suppression” motif in attention heads, showing how a re-
curring computation can be analyzed mechanistically rather
than only behaviorally. Together, such studies demonstrate
that nontrivial language-model behaviors can be decom-
posed into structured internal mechanisms, but they also
highlight the practical cost of manual circuit construction
and the difficulty of scaling such analyses across tasks,
models, and prompts.

2.2. Automated Circuit Discovery, Score-to-Circuit

To reduce the manual burden of intervention studies, recent
work has developed automated circuit-discovery pipelines.
A prominent family is attribution-based discovery, which
assigns an importance score to candidate components or
edges and then extracts a sparse subgraph from those scores.
Conmy et al. [4] propose an influential framework for auto-
mated circuit discovery, while Syed et al. [29] show that
attribution patching can outperform several automated al-
ternatives in recovering task-relevant structure. Hanna et
al. [13] further sharpen the discussion by emphasizing that
high overlap with a reference circuit does not by itself guar-
antee mechanistic faithfulness.

Within this automation literature, several choices recur.
First, methods differ in what they score: nodes, edges,
paths, or latent variables. Second, they differ in how they
induce a circuit from those scores. Some approaches rely
on explicit routing or graph construction, such as Informa-
tion Flow Routes (IFR), which uses attribution to extract
directed information-flow structure at scale [7]. Others use
optimization over masks or sparse subnetworks, learning
binary or soft masks that preserve task performance while
minimizing the retained structure [8, 9, 26, 32]. Yet others
shift attention away from edges entirely and toward features
or latent variables, including distributed alignment search
and sparse-autoencoder-based decompositions [11, 16, 24].
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Despite their differences, many of these pipelines share a
common architecture: they first compute a ranking or score
over candidate structures and then apply an external spar-
sification rule to obtain the final circuit. In practice, the
quality of the resulting explanation often depends not only
on the score itself but also on how aggressively the circuit is
pruned, which components are grouped together, and which
budget or threshold is chosen. This makes it difficult to
separate improvements in attribution quality from improve-
ments in the score-to-circuit mapping rule.

2.3. Faithfulness, Sufficiency, Necessity, Stability

A growing body of work argues that interpretability meth-
ods should be judged by faithfulness rather than by plausi-
bility or visual appeal alone. In the attribution literature,
sanity checks and related evaluation criteria have shown
that seemingly compelling explanations can be insensitive
to model parameters or can fail to track the mechanisms that
genuinely drive predictions [1, 31]. In mechanistic inter-
pretability specifically, Hanna et al. [13] argue that circuit
overlap with a hypothesized reference circuit is at best an
incomplete proxy: a discovered circuit may omit genuinely
necessary components or include components that are irrel-
evant to the true mechanism.

This concern connects naturally to the distinction be-
tween sufficiency and necessity. In explanation research
more broadly, these notions are often treated separately: one
asks whether an explanation alone preserves the model’s be-
havior, and the other asks whether removing the explanation
substantially degrades that behavior [3, 5]. Mechanistic cir-
cuit discovery inherits the same tension. Highly permissive
circuits can be sufficient in the sense that they preserve out-
put behavior, yet they may fail to be necessary because they
include many superfluous parts. Conversely, overly sparse
circuits can look clean and necessary under ablation while
failing to reproduce the model’s behavior on their own. Our
paper builds directly on this distinction and treats joint suf-
ficiency and necessity as the central target of circuit extrac-
tion rather than as secondary diagnostics.

A second major concern is stability. Méloux et al. [18]
show that current mechanistic-interpretability pipelines can
produce substantially different circuits under small pertur-
bations, raising the question of whether the extracted mech-
anism 1is identifiable at all. Nainani et al. [20] further em-
phasize that circuits can be context-sensitive and can adapt
across distributional conditions, complicating any notion
of a single immutable mechanism. These findings make
two points especially relevant for our setting: first, a high-
scoring circuit is not necessarily a stable one. Second,
the final selection rule matters, because small changes near
the sparsification boundary can induce qualitatively differ-
ent circuits even when the underlying score distribution
changes only slightly.



3. Method

We propose a global-threshold-based circuit extraction
method to improve mechanistic interpretability [2, 15, 25,
27]. The central goal is not simply to rank important edges,
but to extract circuits that are jointly sufficient and neces-
sary. To this end, we first define sufficiency and necessity as
the criteria for a circuit explanation, then describe a signed
edge-importance estimate, and finally present a retention-
calibrated thresholding rule that builds a circuit.

3.1. Sufficiency and Necessity of Circuit

An interpretable circuit is a set of internal connections that
accurately and succinctly explains the model’s mechanism
of operation, and to this end it must satisfy two criteria:
sufficiency and necessity. Sufficiency indicates whether the
extracted circuit alone preserves almost all of the original
model’s performance, and necessity indicates whether re-
moving that circuit causes the model’s performance to drop
substantially [5].

More formally, let the full neural network be f, and de-
fine the restricted model that uses a circuit C' C E as f¢
(that is, we zero out the outputs of all connections not in C).
Conversely, denote by f_¢ the model obtained by removing
only the connections in circuit C. Let L(f) denote the av-
erage negative log-likelihood (NLL) over the task data.

Sufficiency. The circuit C alone should be able to deliver
performance nearly identical to that of the original model.
Expressed as the sufficiency loss,

~
~

ALsuff(C) :L(fC') _L(f) 0. (1)

The closer ALg,g(C) is to zero, the more the circuit alone
reproduces the performance of the original model.

Necessity. Removing the circuit C' should prevent the
model from solving the task properly. This means that the
task loss should increase significantly when the circuit is
ablated. Expressed as the necessity loss,

ALneC(C) = L(fﬁc) - L(f) >0, 2
so larger values indicate stronger necessity.

An ideal explanatory circuit C'is therefore one that keeps
ALgusx(C) close to zero while making ALyq.(C) large. In
other words, the circuit alone achieves performance compa-
rable to the original model (high sufficiency), and the cir-
cuit is indispensable in that performance collapses without
it (high necessity). However, existing automatic circuit ex-
traction methods have found it difficult to satisfy these two
conditions simultaneously [5, 18, 20].
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3.2. Loss-Based Edge Importance Estimation

To identify the key connections that constitute a circuit, we
first compute for each network connection (edge) a quanti-
tative importance score for its contribution to the model’s
predictions. Specifically, letting f_. denote the model f
with a particular connection e € E removed, we define the
importance I, of connection e as

I = L(f-¢) — L(f).

That is, I, measures how much the task loss changes when
edge e is removed.

This importance is estimated using integrated gradients
over a continuous edge gate [0, 13, 28]. We retain the sign
for analysis, but the circuit extraction rule itself operates on
the score magnitude, so larger || indicates a stronger task-
level effect.

3)

3.3. Circuit Extraction via a Global Threshold

After obtaining the importance I, for all connections, we
decide which connections to include in the circuit by apply-
ing a single global threshold 7. We define

C(r)={e€ E||l| >} “4)
The choice of 7 is the key factor that controls circuit size
and the degree of performance retention.

Setting 7 high selects only highly influential connec-
tions, making the circuit compact and selective by avoid-
ing meaningless and confounding edges. If too strict, how-
ever, important connections may be omitted and both ne-
cessity and sufficiency may drop. Conversely, lowering 7
includes many connections even with small effects, thereby
increasing necessity but risking over-inclusion. Therefore,
7 should be chosen to keep the circuit concise while pre-
serving the model’s behavior as much as possible.

To this end, we use a target performance-retention crite-
rion. For example, if we desire a circuit that retains at least
95% of the original model’s behavior, or whose sufficiency
loss A Lg, (C) remains below a specified tolerance, we ad-
just 7 so that the circuit C(7) satisfies the performance con-
dition. In practice, 7 is tuned by automated binary search
over the sorted score magnitudes on a calibration split. This
replaces manually fixed circuit budgets-including fixed top-
k variants and other budget-based sparsification rules-with
a retention-calibrated global cutoff.

We also take care around the threshold boundary. If the
importance of a connection lies just below 7, excluding it
due to tiny changes from data sampling or numerical noise
can sharply degrade sufficiency [1, 5, 13, 18, 20]. To pre-
vent this, we introduce a buffer ratio 3: near-boundary can-
didates satisfy

|| € [7(1 = 8),7), (5)



and a fixed fraction of these candidates ranked by |I.| is
conservatively included in the circuit. This mitigates the
brittleness of a hard cutoff and stabilizes the selected circuit
around the threshold.

Finally, after extracting C'(7), we run a graph-theoretic
reachability check on the directed circuit graph to ensure
that at least one path from input to logits remains. If thresh-
olding breaks all such paths, we repair connectivity using
candidate edges until reachability is restored. The final cir-
cuit is therefore the smallest thresholded circuit within this
score-induced ranking family that satisfies the retention cri-
terion after boundary stabilization and connectivity repair.

4. Experiments

We evaluate our methods across a diverse set of mod-
els and tasks [2, 25, 27]. All experiments follow the
Mechanistic Interpretability Benchmark (MIB) [19] cir-
cuit track with four task families: Indirect Object Iden-
tification (IOI), Arithmetic (addition/subtraction), Multi-
Choice QA (MCQA), and ARC-Easy/Challenge (ARC),
spanning syntactic binding, symbolic manipulation, and
world-knowledge reasoning [19]. We consider four lan-
guage models (GPT-2, Qwen-2.5, Gemma-2, Llama-3.1) to
test that our single-threshold rule is not tied to a specific ar-
chitecture or scale. For every method, a subgraph (“circuit™)
is first extracted and then evaluated under a unified counter-
factual patching harness [12, 14]: sufficiency is measured
by running only the subgraph (ablating all other edges), and
necessity by ablating the subgraph from the full model. This
protocol is identical for all methods.

4.1. Baselines and Evaluation Metrics

Baselines. We compare Ours against representative
circuit-extraction baselines, summarized in Table 1 and Ta-
ble 2:

EActP (CF): Effective Activation Patching tuned by
counterfactual held-out performance [14, 25].

EAP (mean/CF/OA): Edge Attribution Patching with
different score-to-circuit mappings and ablation set-
tings [29].

EAP-IG-inputs/activations (CF): EAP combined with
Integrated Gradients on inputs or hidden activations to
capture long-range edge importance [13].

NAP and NAP-IG (CF): Node-level analogues of EAP
(with/without IG), operating at a coarser granularity.
IFR: Information Flow Routes, which traces high-
magnitude information paths without repeated counter-
factual testing [7].

UGS: Uniform Gradient Sampling, a sparsification base-
line reported in MIB [19].

Many of these methods first produce edge scores and then
convert them into circuits using manually fixed budgets or
other budget-based sparsification rules. Our comparison

L]
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therefore asks whether replacing a manually fixed circuit
budget with a retention-calibrated global cutoff improves
circuit faithfulness under the same benchmark.

Primary metrics. Table | reports the integrated circuit
performance ratio (CPR) and Table 2 reports the inte-
grated circuit-model distance (CMD) and InterpBench AU-
ROC, which measure how well the circuits match the full
model’s behavior and faithfulness under MIB [19]. CPR
measures the area under the faithfulness—versus—circuit-
size curve, rewarding methods that consistently recover
components with positive task-relevant effects across cir-
cuit sizes.CMD measures the area between the faithfulness
curve and the ideal line, capturing how closely a discovered
circuit matches the full model’s task behavior across circuit
sizes, with lower being better.

Secondary metrics. We define sufficiency and neces-
sity formally using negative log-likelihood: ANLLg,y and
ANLL,... For sufficiency, values closer to zero indicate
that the circuit alone better preserves the behavior of the
full model. For necessity, larger values indicate that re-
moving the circuit causes a greater degradation relative to
the full model, implying that the removed circuit was more
necessary for the original behavior. We additionally report
ABrier score and AECE as auxiliary calibration diagnostics
under circuit-only and circuit-ablation interventions. For
sufficiency, values closer to zero are preferable because they
indicate that the circuit-only model stays closer to the full
model’s behavior. On the necessity side, ABrier score and
AECE values closer to zero are interpreted as less unfa-
vorable auxiliary calibration shifts, not as stronger formal
necessity, since circuit ablation can flatten the output dis-
tribution toward uniform and thereby trivially reduce both
metrics regardless of correctness.

4.2. Main Results Across Benchmarks

We now consider the full benchmark suite in Table | and Ta-
ble 2. Overall, Ours is either the best or second-best method
on CPR and CMD across most task-model pairs. This head-
line benchmark picture is not confined to MIB alone: on In-
terpBench, Ours attains AUROC 0.79, second only to EAP-
IG-activations at 0.81 and ahead of most remaining base-
lines. More importantly, the MIB results are consistent with
the sufficiency-necessity picture developed above. Methods
that chase CPR alone often pay with worse CMD or with
circuits that become less selective, whereas methods that
maximize necessity via aggressive pruning typically destroy
sufficiency [5, 13, 18].

On IOI, Ours is at or near the top across all four mod-
els. For GPT-2, EActP (CF) attains the highest CPR (2.30),
but Ours is a close second (2.01) with competitive CMD
and extends to larger models where EActP is undefined. On



Table 1. CPR scores on the public test set across circuit localization methods and ablation types . All evaluations are assumed under
counterfactual ablations. Higher is better. Arithmetic is averaged over addition/subtraction. We bold and underline the best and second-

best per column, respectively.

Method | 101 | Arithmetic | MCQA | ARC (B) | ARC(C)
‘ GPT-2 Qwen-2.5 Gemma-2 Llama-3.1 ‘ Llama-3.1 ‘ Qwen-2.5 Gemma-2 Llama-3.1 ‘ Gemma-2  Llama-3.1 ‘ Llama-3.1
Random 0.25 0.28 0.30 0.25 0.25 0.27 0.32 0.26 0.32 0.26 0.25
EActP (CF) 2.30 1.21 - - - 0.85 - - - - -
EAP (mean) 0.29 0.71 0.68 0.98 0.35 0.29 0.33 0.13 0.26 0.34 0.80
EAP (CF) 1.20 0.26 1.29 0.85 0.55 0.85 1.49 1.00 1.08 0.80 0.82
EAP (OA) 0.95 0.70 - - - 0.29 - - - - -
EAP-IG-inputs (CF) 1.85 1.63 3.20 2.08 0.99 1.16 1.64 1.05 1.53 1.04 0.98
EAP-IG-activations (CF) 1.82 1.63 2.07 1.60 0.98 0.77 1.57 0.79 1.70 0.71 0.63
NAP (CF) 0.28 0.30 0.30 0.26 0.27 0.38 1.47 1.69 1.01 0.26 0.26
NAP-IG (CF) 0.76 0.29 1.52 0.42 0.39 0.77 1.71 1.87 1.53 0.26 0.26
IFR 0.58 0.31 0.25 0.09 0.89 0.40 0.38 0.52 0.34 0.36 0.24
UGS 0.97 0.98 - - - 1.17 - - - - -
Ours ‘ 2.01 1.92 3.72 1.96 ‘ 1.01 ‘ 0.73 1.65 1.02 ‘ 1.75 1.25 ‘ 1.40

Table 2. CMD scores on the public test set across circuit localization methods and ablation types (lower is better), and AUROC for
InterpBench (higher is better). All evaluations are assumed under counterfactual ablations. Arithmetic scores are averaged across addition
and subtraction. We bold and underline the best and second-best per column, respectively.

Method | InterpBench (1) | 101 | Arithmetic | MCQA \ ARC (E) | ARC(C)
| AUROC | GPT-2 Qwen-25 Gemma-2 Llama-3.1 | Llama-3.1 | Qwen-25 Gemma-2 Llama-3.1 | Gemma-2 Llama-3.1 | Llama-3.1
Random 0.44 0.75 0.72 0.69 0.74 0.75 0.73 0.68 0.74 0.68 0.74 0.74
EActP (CF) 0.28 0.02 0.49 - - - 0.36 - - - - -
EAP (mean) 0.78 029 0.18 0.25 0.04 0.07 021 020 0.16 0.22 028 0.20
EAP (CF) 0.73 0.03 0.15 0.06 0.01 0.01 0.07 0.08 0.09 0.04 0.11 0.18
EAP (OA) 0.77 030 0.16 - - - 0.11 - - - - -
EAP-IG-inp. (CF) 0.71 0.03 0.02 0.04 0.01 0.00 0.08 0.06 0.14 0.04 0.11 0.22
EAP-IG-act. (CF) 0.81 0.03 0.01 0.03 0.01 0.00 0.05 0.07 0.13 0.04 0.30 0.37
NAP (CF) 0.30 038 033 0.37 0.29 0.28 030 035 032 033 0.69 0.69
NAP-IG (CF) 0.62 027 020 0.26 0.19 0.18 0.18 0.29 033 0.28 0.67 0.67
IFR 0.71 0.42 0.69 0.75 0.83 022 0.60 0.62 0.48 0.66 0.64 0.76
UGS 0.74 0.03 0.03 - - - 020 - - -
Ours | 0.79 0.03 0.03 0.04 001 | 000 | 014 0.05 013 | 004 015 | 013

Qwen-2.5 and Gemma-2, Ours achieves the best CPR (1.92
and 3.72) and among the lowest CMDs, and on Llama-
3.1, CPR (1.96) is essentially tied with the best EAP-IG
baseline (2.08) while keeping CMD at 0.01. Thus a sin-
gle global threshold, without manually choosing a model-
specific fixed top-k budget, is enough to remain competi-
tive.

On Arithmetic (Llama-3.1 addition and subtraction),
Ours is particularly strong, with CPR 1.01 and CMD 0.00,
effectively retaining distributional behavior. Several base-
lines also achieve near-ideal Arithmetic behavior, but Ours
remains among the strongest settings with CPR 1.01 and
CMD 0.00, consistent with the retention-calibrated rule iso-
lating a compact, low-distortion circuit in this setting [4].

On ARC-Easy and ARC-Challenge, Ours again per-
forms strongly across the reported columns. it attains
CPR 1.75, surpassing EAP-IG-activations (next best 1.70),
and for Llama-3.1 it reaches CPR 1.25 on ARC-Easy and
1.40 on ARC-Challenge, while baselines remain below 1.1.
CMD is likewise competitive: Ours attains joint-lowest
CMD 0.04 on Gemma-2 ARC-Easy and among the lowest
CMDs elsewhere. These reasoning-heavy tasks are there-

fore also handled by the same simple threshold rule [19].

The MCQA results are more mixed and show where
we trade off against more permissive fixed top-k base-
lines [13, 29]. On Qwen-2.5 MCQA, CPR and CMD (0.73
and 0.14) lag behind the NAP-IG/EAP-IG variants. On
Gemma-2 MCQA, Ours nearly matches the best CPR (1.65
vs. 1.71) while achieving the lowest CMD (0.05), and on
Llama-3.1 MCQA our CPR is moderate (1.02) but CMD
remains low (0.13), whereas methods reaching CPR up to
1.87 suffer significantly larger CMD (> 0.33). In other
words, Ours trades a small amount of MCQA accuracy for
circuits.

Overall, Ours is the best or second-best method on CPR
and CMD across most task-model pairs, and it does so with-
out task-specific objectives, fixed top-k budgets, or archi-
tecture tuning. The method is therefore not optimized for a
single benchmark column in isolation. It is optimized to re-
cover circuits that are jointly sufficient and necessary while
remaining faithful in probability space. Read together with
the retention and perturbation diagnostics above, these ag-
gregate results suggest that the observed trade-off is a stable
property of the selection rule rather than an artifact of one
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Table 3. Sufficiency and necessity metrics on GPT-2 IOIL. Comparison between the EAP-IG-inputs (CF) baseline and our circuit in terms
of ANLL and changes in Brier score and ECE. Lower ANLLg,#, ABriersus, and AECEq, g indicate a more self-sufficient and better
calibrated circuit. For necessity, we report ANLLye. for necessity and ABrieryec, and AECE,e. for auxiliary metrics.

Method ‘ ANLLgyJ  ANLLpee T ABriergy .  ABrierpee T AECEgg |  AECEpe T
EAP-I1G-inputs (CF) 1.009 8.328 0.1550 -0.1977 0.2010 -0.2570
Ours 0.7579 8.431 0.1005 -0.1077 0.1415 -0.1203

Table 4. Ablation on global threshold 7 for Ours circuits. Varying 7 controls circuit size (75, 750, 1500 edges) and induces a non-
monotonic trade-off between sufficiency and the reported necessity diagnostics. A very small circuit (75 edges) is highly selective but
performs poorly on both sufficiency and the reported necessity metrics, while a larger circuit (1500 edges) preserves more behavior
but exhibits larger calibration shifts. The intermediate setting (750 edges, ~95% performance retained) yields the best overall balance,
simultaneously achieving low ANLL, the strongest NLL-based necessity score, and the least unfavorable Brier/ECE.

Edges ‘ ANLLg |  ANLLpec T ABriergyg | ABriernec T AECEgg )  AECEpe 1

75132491 2.718 5.836 0.2013 -0.1856 0.3024 -0.2434
750/32491 0.7579 8.431 0.1005 -0.1077 0.1415 -0.1203
1500/32491 1.138 8.065 0.1742 -0.1799 0.2390 -0.2395
benchmark-specific hyperparameter choice. agnostics: ANLL,.. = 5.836 is the weakest of the three
settings, and the Brier/ECE necessity gaps are the most
4.3. Circuit Sufficiency and Necessity on 101 unfavorable. At the same time, sufficiency collapses to
We first examine GPT-2 on IOI [4, 19]. Table 3 compares ANLLgysr = 2.718, and calibration degrades sharply. Thus,
our circuit with the EAP-IG-inputs (CF) baseline. Ours sub- the smallest circuit is neither self-sufficient nor favorable
stantially improves sufficiency: ANLLg decreases from on the reported necessity metrics since it disables too many
1.009 to 0.7579. Calibration shows the same pattern: the meaningful edges to operate the target task.
Brier and ECE are 0.1005 and 0.1415 for Ours versus At the medium setting (750 edges), our default,
0.1550 and 0.2010 for the baseline, meaning our circuit ANLLg,g improves sharply to 0.7579. At the same time,
preserves both the output distribution and calibration more the NLL-based necessity score is strongest at 8.431, and
faithfully. the Brietr/ECE gaps are the least unfavorable (—0.1077 and
On necessity, the NLL-based score also improves: ab- —0.1203). Calibration shifts are also smallest. This is there-
lating the our circuit yields ANLLy.. = 8.431, compared fore the best overall balance: the circuit can solve the task
with 8.328 for the EAP-IG baseline. Thus, under the orig- much more effectively on its own while also achieving the
inal necessity definition, Ours is numerically higher in this strongest reported necessity diagnostics. Tables 5 and 6
comparison. For the Brier and ECE necessity gaps, Ours is support the same conclusion from a different angle: the in-
still more favorable than the baseline because its reported termediate regime is not a fragile consequence of one par-
gaps are closer to zero (from —0.1977 to —0.1077 in Brier ticular calibrated threshold, but remains stable across reten-
and from —0.2570 to —0.1203 in ECE). We interpret this as tion targets, near-threshold boundary choices, and broader
more favorable auxiliary calibration behavior under abla- sample perturbations.
tion rather than as a standalone necessity metric. We there- At the lowest threshold (1,500 edges), the circuit be-
fore claim improved sufficiency and a slight improvement comes larger. The NLL-based necessity score remains high
in NLL-based necessity, with auxiliary calibration diagnos- (8.065), but sufficiency worsens relative to the 750-edge
tics moving in the same direction. setting and calibration shifts increase again. It succeeds to

contain the meaningful edges for the task but fails to reject
unnecessary edges that can degrade the performance. In

4.4. Ablation on the Global Threshold

We study how the global threshold 7 affects circuit quality this regime, the circuit recovers some behavior relative to
by varying 7 on GPT-2 IOI to produce circuits with approx- the 75-edge setting, but it is not the best operating point.
imately 75, 750, and 1,500 edges from 32,491 total edges. This ablation confirms that the 750-edge operating point
As shown in Table 4, this ablation directly reveals the cen- is not chosen because it maximizes only one column in
tral trade-off of the paper. isolation, but because it provides the most favorable joint
With a very high threshold (75 edges), the circuit is ex- trade-off between sufficiency, calibration, and the reported
tremely small and selective. However, this regime performs necessity diagnostics. The retention sweep, the perturba-
poorly on both sufficiency and the reported necessity di- tion diagnostics, and the qualitative layer-pair comparison
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Table 5. Effect of retention target on IOI/GPT-2. Retention
target changes yield mild sensitivity: CPR changes by only 0.012
across retention targets 0.90/0.95/0.97/0.99.

0.90
2.0041

0.95
2.0156

0.97
2.0135

0.99
2.0119

Retention

CPR

Table 6. Boundary-reinforcement stability on IOI/GPT-2. CPR
under two independent sample perturbations for three values of the
buffer ratio 8. The two perturbations align almost perfectly once
even a small buffer is introduced.

B=00 B=02 B=04
Sample 1 20112 20117  2.0117
Sample2  2.0205 20115  2.0115

all point to the same interpretation: the selected interme-
diate circuit is not only strong on scalar metrics, but also
stable under small perturbations and structurally more con-
centrated than the EAP-IG baseline. Taken together, these
observations strengthen the claim that our operating point
is not a lucky scalar optimum but a robust compromise be-
tween self-sufficiency and indispensability.

4.5. Threshold, Stability, and Qualitative Structure.

For IOI/GPT-2, finding 7 to meet a 0.95 retention target
required 15 evaluations of fc () over sorted score magni-
tudes. The sensitivity to the chosen retention target is mild:
as shown in Table 5, sweeping the target from 0.90 to 0.99
changes CPR by only 0.012 in total, a very small shift rel-
ative to the absolute CPR scale of roughly 2.0. This indi-
cates that our operating regime is not critically dependent
on one hand-picked value. This matters because the cen-
tral methodological claim is not merely that one particular
threshold works, but that retained behavior can be used to
calibrate circuit size in a stable way across a nontrivial range
of retention targets.

Boundary reinforcement is likewise stable. Table 6 re-
ports CPR under two independent sample perturbations for
three values of the buffer ratio 5. The point of this table is
not that one perturbation setting is intrinsically meaningful,
but that the selected circuit is not brittle around the thresh-
old boundary: the CPR values remain nearly unchanged
across $ € {0.0,0.2,0.4} and across both perturbations.
In fact, the only visible deviation occurs for one perturba-
tion at 5 = 0.0. Once even a small buffer is introduced,
the two perturbations become almost identical. This is ex-
actly the intended role of boundary reinforcement, namely
to suppress unstable threshold decisions without materially
changing overall circuit quality.

Direct perturbation stability tells the same story.
Across six independent sample perturbations, the resulting
IOI/GPT-2 circuits achieve CPR 2.0135 & 0.0022, indicat-
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Figure 2. Unique-edge heatmaps on GPT-2 IOI. We compare
only the edges unique to Ours and the EAP-IG baseline to visual-
ize where the two score-to-circuit rules diverge. Our unique edges
are concentrated in fewer source-target layer pairs, whereas the
EAP-IG spreads its unique edges across broader layer interactions.

ing that the selected operating regime is stable not only to
the exact retention target and threshold buffer, but also to
broader changes in the calibration inputs. This matters be-
cause instability under small perturbations has emerged as
a central concern in automated circuit discovery.

Finally, Figure 2 compares the method-specific unique
edges discovered by Ours and the EAP-1G baseline on GPT-
2 I0I. We do not compare the full circuits directly, since
most salient structure is shared between the methods. In-
stead, we isolate the edges unique to each method to re-
veal where the selection rules diverge. Our unique edges
are concentrated in fewer source-target layer pairs, whereas
the EAP-IG baseline distributes its unique edges across a
broader set of layer interactions. This suggests that Ours
suppresses tail clutter while avoiding widespread expansion
of the circuit. It is consistent with the quantitative threshold-
ablation story: the retention-calibrated operating point ap-
pears structurally more concentrated and less diffuse than
the fixed top-k baseline, while still preserving performance.

5. Conclusion

This paper argues for a design rule in automated cir-
cuit discovery: evaluate circuits by sufficiency and neces-
sity together, and choose circuit size by retained behavior
rather than by a manually fixed budget. In our setting,
retention-calibrated global thresholding yields competitive
CPR/CMD on Mechanistic Interpretability Benchmark and
improves probability-space sufficiency and reported neces-
sity diagnostics in GPT-2 IOI relative to EAP-IG baselines.
Threshold ablations indicate that the best operating point is
an intermediate regime rather than the smallest or largest
circuit. The additional retention and perturbation diagnos-
tics suggest that this regime is reasonably stable rather than
a fragile consequence of a single threshold choice.
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