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ABSTRACT

Variational treatment of the Dirac-Coulomb-Gaunt or Dirac-Coulomb-Breit two-electron interaction at the Dirac-Hartree-Fock level is
the starting point of high-accuracy four-component calculations of atomic and molecular systems. In this work, we introduce, for the first
time, the scalar Hamiltonians derived from the Dirac-Coulomb-Gaunt and Dirac-Coulomb-Breit operators based on spin separation in
the Pauli quaternion basis. While the widely used spin-free Dirac-Coulomb Hamiltonian includes only the direct Coulomb and exchange
terms that resemble nonrelativistic two-electron interactions, the scalar Gaunt operator adds a scalar spin-spin term. The spin separation of
the gauge operator gives rise to an additional scalar orbit-orbit interaction in the scalar Breit Hamiltonian. Benchmark calculations of Au,
(n = 2-8) show that the scalar Dirac-Coulomb-Breit Hamiltonian can capture 99.99% of the total energy with only 10% of the computa-
tional cost when real-valued arithmetic is used, compared to the full Dirac-Coulomb-Breit Hamiltonian. The scalar relativistic formulation
developed in this work lays the theoretical foundation for the development of high-accuracy, low-cost correlated variational relativistic
many-body theory.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0144359
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INTRODUCTION

Variationally solving the four-component Dirac-Coulomb-
Gaunt (DCG) or Dirac-Coulomb-Breit (DCB) Hartree-Fock
equation is the starting point for high-accuracy relativistic
calculations.'” It is generally well understood that the Breit operator
is more accurate than the Gaunt operator."l‘m Y However, due to
the large computational cost of the Breit term, the application of the
Dirac-Coulomb-Breit Hamiltonian to molecules mostly remains in
mean-field theory or is used as a perturbative treatment in correlated
methods." "

Spin  separation of the Dirac-Coulomb-Gaunt and
Dirac-Coulomb-Breit Hamiltonians was proposed by Dyall in
1994."” For example, by applying the kinetic balance condition and
the Dirac identity, the Coulomb interaction can be separated into
spin-free and spin-own-orbit parts. The spin-free part of the Dirac-
Coulomb Hamiltonian captures the majority of the interaction
energy, whereas the spin-own-orbit term contributes to the energy
level splitting. Due to their low computational cost, Hamiltonians

based on the spin-free Dirac-Coulomb approximation have been
widely used with perturbative spin-orbit coupling in four-
component relativistic electronic structure methods.””** In
addition, the spin-free exact-two-component Hamiltonian has been
successfully applied in multi-reference calculations.””*’ However,
to the best of our knowledge, the scalar Gaunt and scalar Breit
Hamiltonians have never been developed and implemented for
molecular calculations due to the high computational cost and
complex mathematical form of the separation of the two-electron
Gaunt and Breit operators.

In these Hamiltonians, there are terms that are not spin-free but
are nevertheless spin-separated. These terms are products of a scalar
spin operator and a scalar spatial operator, both of which transform
into the totally symmetric irreducible representation of the point
group. The spin-spin interaction, for example, couples states of the
same spin, and the associated spatial operator couples states of the
same spatial symmetry. Such operators are candidates for inclusion
along with the spin-free terms in a Hamiltonian that preserves both
spin and spatial symmetry. While the phrase “scalar relativistic” has
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been used interchangeably with “spin-free relativistic,” the contri-
butions from spin-dependent terms could justifiably be considered
“scalar relativistic” as they can be incorporated into the scalar rela-
tivistic methods that traditionally have included only the spin-free
contributions.

In the mathematical derivation of these terms, the use of the
Dirac relation for spin reduction of the one-electron modified Dirac
Hamiltonian'® produces a scalar product, which is spin free, and
a scalar triple product, which is the spin-orbit term. Likewise, the
spin reduction of the electronic Coulomb interaction produces a
spin-free term and a spin-orbit term from the (LL|SS) integrals and
various more complex terms from the (SS|SS) integrals involving
products of spin-free and spin-orbit terms. The spin reduction of
the Gaunt and Breit interactions involves multiple applications of
the Dirac relation and results in scalar triple and quadruple prod-
ucts as well as regular scalar products. The triple products are all
of the spin-orbit type, which is not spin-free and does not pre-
serve spin and spatial symmetry. The scalar quadruple product is
a scalar product of vector products, which can be written in terms
of the products of two scalar products. Of these, one term separates
the spin from the spatial operators completely so that they can be
treated separately, and the other includes terms that preserve spa-
tial and spin symmetry, and from these terms arise contributions
to the scalar relativistic Hamiltonian. Therefore, we propose that
the term “scalar” not be considered synonymous with “spin-free”
but include terms that contribute to the diagonal spin and spatial
symmetry blocks of the Hamiltonian or Fock matrix. It should be
noted that the quaternion-based SCF methods cannot separate out
the double spin-orbit terms from the (SS|SS) integrals because these
terms are even in the number of spin operators. The same is true
for the spin-spin terms derived from the Gaunt interaction. Hence,
these methods are not really spin-free but fall under our proposed
definition of scalar relativistic Hamiltonians.

As mentioned, the Gaunt and Breit terms,

. L7 7]
gl j)=-——, (1)
r,'j

1fa-a; a-rijaj-r;
gB(i>j):_7( l ! + d 1]3] 1]), (2)
2\ i Tij

can be decomposed into spin-free, spin-other-orbit, spin-spin, and
orbit-orbit interactions.”***’ Here, {i,j} are electron indices, and
the components of the & matrices are defined as

02 O'q
aig = , q=A{xyz}, (3)
O'q 02
where the g, are the Pauli matrices,
0 1 0 —i 1 0
Ox = > Oy = > 0z = > (4)
1 0 i 0 0 -1

and 0, is the 2 x 2 zero matrix.
Recent advances using the Pauli matrix quaternion basis have
achieved the minimum floating-point count algorithm for building

28.29

the full DCG and DCB Hamiltonians in spin-separated forms™~
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and opened a pathway for the development of fully correlated
DCG/DCB many-body methods. The current work builds upon the
spin- and component-separation using the Pauli matrix quaternion
representation and, for the first time, introduces the low-scaling
scalar Breit Hamiltonian that allows for practical applications of
the fully relativistic electronic structure theory. The mathematical
derivations are lengthy and complex, especially for the spin- and
component-separation of the Breit operator in the Pauli quater-
nion representation. We refer readers to Refs. 28 and 29 for
detailed derivations. In this work, we present the key discussion
and final working expressions (see the Appendix) of the scalar Breit
Hamiltonian with benchmark calculations.

In the Dirac-Coulomb Hamiltonian, the spin-free O(c™?) inte-
grals can be easily derived using the Dirac identity [Eq. (A2)] in the
restricted kinetic balance condition,’’ **

V‘u ° Vv(‘uV|KAf)> (5)

where V, operates on an atomic basis function y. Equation (5)
is the conventional spin-free term that does not depend on spin
densities. The contraction of spin-free integrals with the large-
component and small-component scalar densities gives rise to the
spin-free Dirac-Coulomb term in the Pauli quaternion represen-
tation [Eq. (A7) and Eq. (A12) in the Appendix]. The O(c™*)
spin-free contribution can be derived similarly from the (SS|SS)
integrals and leads to the integral (V, - V,) (Vi - Vi) (uv]xd),
which provides contributions like the nonrelativistic direct and
exchange terms [Egs. (A13)-(A16) in the Appendix] in the small-
component block of the Fock matrix. It is easy to see that the spin-
free Dirac-Coulomb Hamiltonian accounts for the direct O(c™2)
Coulomb interaction between the large- and small-component elec-
tron densities and O(c™*) Coulomb and exchange interactions in
the small-component space.

For the Gaunt operator, a spin-free term that is similar to
the spin-free Dirac-Coulomb term arises after applying the Dirac
identity twice. This term is of the form

V;c : VV(‘MV|KA’) (6)

There are four terms of this kind, corresponding to the possible
combinations of indices. Just like the spin-free Dirac-Coulomb case,
this term accounts for O(c™?) direct and exchange contributions
in the scalar Gaunt Hamiltonian. However, the scalar Gaunt term
has more contributions from the Gaunt operator than the spin-
free interaction. In the derivation of spin separation for the Gaunt
term, the reduction of the scalar quadruple product of the spin-spin
interaction yields two terms,

(0(2) x V) - (6(1) x V) (uvlich)
=[(6(2)-a(1))(Vi- Vy) = (6(2) - V1) (o(1) - V«)](ﬂVIK?g-)

The first term is a product of a spin operator and a spatial operator,
each of which preserves symmetry as they are tensors of rank 0. This
term resembles in form the contribution from the spin-free integrals
[Eq. (6)], except that it is contracted with spin densities instead of
scalar densities. The second term couples the spin and spatial opera-
tors and contains operators that preserve spin and spatial symmetry
(tensors of rank 0) and operators that break spin or spatial symmetry

J. Chem. Phys. 158, 171101 (2023); doi: 10.1063/5.0144359
Published under an exclusive license by AIP Publishing

158, 171101-2

ZYPEiEL ¥20z Isnbny g2


https://scitation.org/journal/jcp

The Journal

of Chemical Physics

(tensors of rank 1 and 2). Both of these terms contribute to the Fermi
contact and the spin-spin dipole terms of the Breit-Pauli Hamilto-
nian. In this work, only the contributions from tensors of rank 0 are
included in the scalar Gaunt Hamiltonian.

In other words, in addition to the direct Coulomb-like inter-
action, the spin-spin interaction also contributes to the scalar Gaunt
term. Compared to the spin-free Dirac—-Coulomb term, scalar Gaunt
contributions predominantly appear as exchange interactions in the
LL, SS, and LS blocks of the Fock matrix. The working expres-
sions of density-integral contractions of Eq. (7) are presented in
Eqs. (A18)-(A23) of Appendix A 3.

The derivation of the scalar Breit operator is more compli-
cated, mainly due to the gauge term in Eq. (2), which has the form
(o)1) The all-scalar product of the gauge operator in the
restricted kinetic balance condition naturally leads to a scalar gauge
contribution that resembles the direct Coulomb interaction,

(uv|Vy - 12112 - Vi|xhd)s, (8)

where the symbol ()3 stands for the integral of operator % for sim-

12
plicity. However, this all-scalar gauge term is incomplete for the
scalar Breit operator. Another scalar term arises from the derivation
of spin separation for the gauge operator,

(uv|(r12 x V) - (112 X Vi) [KA)3. (9)

Since rxp is the angular momentum operator, (r;z x Vy)
- (r12 X V) is the scalar orbit-orbit interaction. This scalar quadru-
ple product reduces to a product of scalar products, as for the
spin-spin term. Like the Gaunt operator, the scalar Breit operator
contributes predominantly through exchange interactions in all the
component blocks of the Fock matrix.

In summary, the spin-free Dirac-Coulomb operator consists
of direct and exchange terms that resemble non-relativistic two-
electron interactions, and the scalar Gaunt operator adds scalar
spin-spin interactions along with other direct and exchange terms.
The scalar Breit operator adds a scalar orbit-orbit interaction. All
working expressions in the Pauli quaternion representation are
presented in the Appendix.

Figure 1 presents the computational scaling of Au, chains
and the accuracy of spin-free/scalar terms with respect to the full
Dirac-Coulomb, Gaunt, and Breit Hamiltonians. All calculations
in this section are performed with a development version of the
Chronus Quantum software package.”> The speed of light utilized
is 137.035999 679 94 a.u. The uncontracted ANO-RCC basis™* ™ set
was utilized, resulting in 297 basis functions per Au atom with up
to h orbital angular momentum (2376 basis functions for Aug with
16 h, 32 g, 88 f, 120 d, 168 p, and 192 s functions). The scalar and
full relativistic calculations are carried out in complex arithmetic for
a direct algorithmic and energy comparison.

It is evident from Fig. 1 that spin-free and scalar Hamiltonians
are computationally much cheaper than the full Hamiltonian. For
the Dirac-Coulomb case, building the spin-free Fock matrix is only
~27% of the cost of the full Hamiltonian, including integral forma-
tion and integral-density contraction, for Au,. The scalar Gaunt and
scalar gauge costs are only ~16% and ~24%, respectively, of the full
Hamiltonian for Au,.

COMMUNICATION scitation.org/journalljcp
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FIG. 1. Cost comparison of full (dark colors) and spin-free/scalar (light colors)
Dirac-Coulomb-Breit Hamiltonian components. (a) Dirac-Coulomb (DC) without
SSSS; (b) SSSS; (c) Gaunt; (d) Gauge. Cost is measured relative to the LLLL only
calculation, T{u where T and Ty, are the CPU times to build the corresponding

relativistic and the LLLL term. (d) Speedup factor = % where Tg and T are

the CPU times to build the full and spin-free/scalar (SF) Hamiltonian term. Schwarz
integral screening threshold of 10~ is used in the calculations.

As the system size increases, the advantage of using the
scalar Hamiltonian decreases, although it is still much computa-
tionally cheaper than the full Hamiltonian. This is mainly due
to the increased effectiveness of integral screening in the full
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FIG. 2. Percent error of scalar Dirac-Coulomb-Breit interaction components rela-

tive to corresponding full operators. The percent error is computed as %,

where AE = E — Eyy, is the relativistic energy contribution. The energy E is
obtained by only adding the corresponding relativistic operator separately to the
LLLL term, followed by a full self-consistent-field wave function optimization.
Schwarz integral screening threshold of 10~ is used in the calculations.
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TABLE |. Total energy (Hartrees) comparison between scalar Dirac-Coulomb-Breit and full Dirac—-Coulomb-Breit calcula-
tions with the ANO-RCC basis set across the actinyl oxycation series. A Schwarz integral screening threshold of 10~ was
used in the uncontracted calculations. All molecules are in the linear form with An-O bond lengths of 1.76, 1.75, and 1.74 A
for UO%*, NpO%*, and PuO%*, respectively. For scalar calculations, the spin multiplicities are singlet, doublet, and triplet for

UO3*, NpO3*, and PuO3*, respectively.

Formula Full Hamiltonian Scalar Absolute error Percent error (%)
uos* -28164.71 ~28165.47 0.75 0.0027
NpO?* ~28957.31 ~28958.14 0.83 0.0029
PuO%+ -29765.31 -29766.19 0.88 0.0030

Hamiltonian build. The scalar Breit interaction is relatively more
local than non-relativistic operators, dominated by the nearest-
neighbor interaction, and as a result, less sensitive to the increased
integral screening as the system size increases.

While exhibiting a strong computational advantage, Fig. 2
shows that these scalar Hamiltonians capture ~99% of the total two-
electron interaction energy compared to those computed using the
full Hamiltonian. It is worth emphasizing that ignoring the scalar
spin-spin interaction from the Gaunt interaction or the scalar orbit-
orbit interaction in the gauge term leads to a large discrepancy
in total energy, strongly supporting the use of these terms in the
scalar Breit Hamiltonian. For Au, tests, the orbit-orbit interaction
accounts for ~73% of the scalar gauge term, and the spin-spin
interaction is ~56% of the scalar Gaunt term.

In order to study the scalar Hamiltonian’s effect on total cal-
culated energy in molecules, four-component Dirac-Hartree-Fock
calculations were performed on three members of the actinyl oxy-
cation series utilizing either the full Dirac-Coulomb-Breit or the
scalar Dirac-Coulomb-Breit Hamiltonian. In the scalar case, the
Dirac-Coulomb, Gaunt, and gauge terms are all chosen to be scalar
only. The results in Table I show that over 99.99% of the total energy
is captured by the scalar Breit Hamiltonian. Note that the percent
errors shown here are much less than those in Fig. 2 because the
errors here are displayed as a percentage of total energy, not as a per-
centage of the relativistic energy contribution attributable to a single
operator.

CONCLUSION AND PERSPECTIVES

The scalar Dirac-Coulomb-Breit Hamiltonian introduced in
this work includes direct and exchange spin-free terms from the
Coulomb and Gaunt interactions and the scalar spin-spin and
scalar orbit-orbit interactions from the Breit interaction, obtained
through spin separation in the Pauli quaternion basis. Benchmark
calculations show that the scalar Dirac-Coulomb-Breit Hamilto-
nian captures ~99% of the total relativistic two-electron interaction
energy at only a fraction of the computational cost compared to the
full Hamiltonian.

The scalar Dirac-Coulomb-Breit Hamiltonian consists of only
real-valued matrix elements. Therefore, the computational cost can
be further reduced by using real-valued arithmetic, resulting in
another twofold reduction in computational cost in the Pauli quater-
nion basis relative to the full Dirac-Coulomb-Breit Hamiltonian.

The reduction is only twofold because the full Dirac-Coulomb-Breit
Hamiltonian in the Pauli quaternion basis already utilizes real-
valued integrals in an optimal FLOP (floating point operation)
algorithm.

Although important physics (including the spin-own-orbit,
spin-other-orbit, and more complex spin-dependent interactions)
is separated out, the scalar Dirac-Coulomb-Breit Hamiltonians
are ideal for preparing zeroth-order four-component wave func-
tions for the perturbative treatment of the spin physics in the
state interaction framework. In addition, we suggest that the scalar
Dirac-Coulomb-Breit operator can be used to capture relativis-
tic electron correlation in many-body theory, laying the theo-
retical foundation for the future development of fully correlated
Dirac-Coulomb-Breit ultra-high-accuracy computational methods.
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APPENDIX: SPIN-FREE DIRAC-COULOMB-BREIT
HAMILTONIAN IN THE PAULI QUATERNION
REPRESENTATION

The development of the scalar Gaunt and Breit Hamiltoni-
ans is based on the restricted kinetic balance (RKB) condition for
the large component (x*) and small component (y*) basis,” *

¥ = 2%0' -px", to ensure the correct nonrelativistic limit of the pos-

itive energy states,””" where c is the speed of light and p = iV
is the linear momentum operator. Mathematical derivations are
lengthy and complex for the spin- and component-separation of
the Dirac-Coulomb, Gaunt, and Breit operators in the Pauli quater-
nion representation. We refer to readers Refs. 28 and 29 for detailed
derivations. We only present the key equations and the final working
expressions here.

1. Pauli quaternion representation

In order to build the scalar Dirac-Coulomb-Breit Hamiltonian
on the Pauli quaternion basis, all integrals (Dirac-Coulomb, Gaunt,
and Breit) and density matrices need to be expressed in the Pauli
matrix representation. The Pauli components of the density matrix
can be transformed from the spin-blocked matrices,”

D, = Doo + Dy,
D; = Dax — Dgg,
Dy = Dy + Dgy,

D, = i(Dys — Dpa),

for each component-block (LL, SS, LS, SL). These density matrices
are contracted with scalar integrals to build Fock matrices, all in the
Pauli quaternion representation. Collecting all Pauli components,
the four-component Fock matrix can be constructed,

XY XY XY XY
FEY+FY Y _iF
FY = ¥ z * 7, (A1)

P
where X, Y € {L,S}.

2. Pauli quaternion spin-free Dirac-Coulomb

The derivation of the spin-free Dirac-Coulomb is straightfor-
ward, utilizing the Dirac identity,

(o-u)(o-v)=1(u-v)+ic-uxv, (A2)

COMMUNICATION scitation.org/journalljcp

in the two-electron Coulomb integrals with the RKB condition. The
first term in Eq. (A2) is known as the conventional spin-free con-
tribution. The resulting Pauli quaternion spin-free Dirac-Coulomb
expressions, including the O(c™*) order contribution from the
(8S|SS) term, are

Vims" = Dies[2(uvled) — (ud|ev)], (A3)
Vs = D (ud|xv), (Ad)
Vi = =D (uhv), (AS)
Vs = ~Ditey (ud|xv), (A6)
Viih = 2D3 V- Va(uvlkh), (A7)
Vil = —Djy Vi - Vo (uh|iv), (A8)
Vil = -DiS Vi - Vo (ph|xv), (A9)
V,i;ﬁcs = —Dﬁixvx Vo (uM|v), (A10)
VEL = —DE V- Vo (udli), (A1)
Vﬂc‘;,sss = ZDiﬁ,svy -V, (uvlKd), (A12)
Vi = 2Da [ (V- V) (V- V) (uv]cd)
= (Vi V) (Ve Vo) (pA|ev) ], (A13)
Ve = =Diee(Vi- V1) (Vi V) ([xv), (A14)
Vi = =Die(V V) (Ve V) (uAliv),  (A15)
Vi = ~Diey (Vi V1) (Vi V) (u]xv), (A16)

where V, is the nuclear coordinate derivative of the atomic basis
function y, .

3. Pauli quaternion scalar Gaunt

The mathematical expressions for the scalar Gaunt and Breit
Hamiltonians cannot be easily obtained using the Dirac identity
[Eq. (A2)]. Unlike the Dirac-Coulomb term, both the Gaunt and
Breit operators [Eqgs. (1) and (2)] are intrinsically dependent on Pauli
matrices. As a result, the following vector identity:

UXV - KXA=p-Kv-A—p-Av- K, (A17)
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must be applied, in addition to the Dirac identity, to achieve fully
spin-separated expressions. The working expressions for the scalar
Gaunt Hamiltonian in the Pauli quaternion representation are

V,va:L =3D5. Vi - Vi(ph|ev), (A18)
[?vsss = 3D}V, - Vo (ph|iev), (A19)

Vel = 2[DiS V- Vo (uv[kA) + Dk ¥, - Va(uvlicd)
+ DisVa - Vo (udxv) ], (A20)

Vi = =2[ DV - Vo (u|xv) + D5 V- W, (vl

+Dye, Yy - Va(uvl)) ], (A21)

V}ﬁ;,l;ts = _Z[Dii,xvl : VV(MMKV) + Df\li,ka : VV(”WlKA)
+ Dﬁ,xvv . V,\([whc/\)], (A22)

Visy = =2[Diey Vi - Vy(uA|kv) + Diy V- Vo (vlicd)
+ Dﬁ,yvv v (‘uv|;c)t)]. (A23)

4. Pauli quaternion scalar gauge

We introduce the following short notations for the gauge
integrals that contribute to the scalar term:

(s5) il = (mu| A), (A24)
|r12]
i 3 (ri2 x V)7 (Vi x r12)k
O )
LK e{x,y,z},
(0-0) (ifi)s = [(00)ee + (00)yy + (00)=] iliL)s,  (A26)

where subscript 3 denotes the |r;,| ™ operator for the gauge integral.
The scalar gauge Hamiltonian in the Pauli quaternion repre-
sentation is

VL = [Dii,s(ss) + Dy (0 0) | (ph]&v)s, (A27)
Vit = 2 DR () (W), (A28)
Vﬁ’vx = 2D,\,(,c(ss)(w\|;cv)3, (A29)
Visy :% ey (55) (A [&v)3, (A30)

VESS - %[Dim(ss) + DI (0 0)] (D)5, (A3D)
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VS = 7DAKZ(55)(/"MKV)3’ (A32)
Vi = Dii,x(ss)(ﬂklw)s, (A33)
Vi = D’jﬁ,y(SS)(MIKv)s, (A34)
Vﬁ’vs = [DA,”(ss) +D)Lks(ss)](m)|x)_t)3
- %[DEKS(SS) + Dy (0 0) | (ulx9)s, (A35)
Vi = %Diﬁ,z(ss)(ﬂilw)z, (A36)
Vs = m(SS)(M\KV)s, (A37)
Vi = —%Dfﬁ,y(SS)(MIW)s. (A38)

For the SL blocks of Dirac-Coulomb, Gaunt, and Breit, we have the
symmetry

VoL _ it
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