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Abstract

Data-driven modeling has become a key building block in computational science and engineering. However,
data that are available in science and engineering are typically scarce, often polluted with noise and affected
by measurement errors and other perturbations, which makes learning the dynamics of systems challeng-
ing. In this work, we propose to combine data-driven modeling via operator inference with the dynamic
training via roll outs of neural ordinary differential equations. Operator inference with roll outs inherits
interpretability, scalability, and structure preservation of traditional operator inference while leveraging the
dynamic training via roll outs over multiple time steps to increase stability and robustness for learning from
low-quality and noisy data. Numerical experiments with data describing shallow water waves and surface
quasi-geostrophic dynamics demonstrate that operator inference with roll outs provides predictive models
from training trajectories even if data are sampled sparsely in time and polluted with noise of up to 10%.
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1. Introduction

Learning models from data has become a key building block in computational science and engineering.
However, data in science and engineering applications often are scarce, perturbed and noisy. To cope with
scarce low-quality data, we propose to combine non-intrusive model reduction via operator inference [1] with
the dynamic training via roll outs of neural ordinary differential equations (Neural ODEs) [2]. We show
that roll outs make operator inference more robust against scarce data and noise. Numerical experiments
demonstrate that the proposed operator inference approach with roll outs learns reduced models even when
traditional operator inference fails because of too little data and too much noise.

Learning reduced models from data is a widely studied problem. There are dynamic mode decomposition
and Koopman-based methods [3, 4, 5, 6, 7, 8] as well as sparsity-based methods [9, 10, 11, 12]. Related are
methods for data-driven closure modeling such as [13, 14]. A range of methods for non-intrusive model
reduction learn coefficients of low-dimensional approximations from data [15, 16, 17, 18, 19, 20, 21]; see [22]
for a software package. The systems and control community studies data-driven model reduction methods
from the frequency-domain perspective, e.g., Loewner methods [23, 24, 25, 26, 27, 28, 29, 30, 31], vector
fitting [32, 33], and eigensystem realization [34, 35]. All of these techniques are static in the sense that the
prediction error of the to-be-learned model is penalized based only on the residual from a prediction of a
single step into the future, because this typically leads to linear optimization problems.

Operator inference is a non-intrusive model reduction method that learns from time-domain data and
is applicable to nonlinear systems [1]. It is a building block of other scientific machine learning techniques
[36, 37, 38, 39, 40, 41, 42, 43, 44] and has been applied to a range of challenging problems in engineering
[45]. However, operator inference is prone to perturbations and noise in the data. The work [46] considers
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2. Preliminaries

We describe the data collection process in Section 2.1 and operator inference [1] for learning reduced
models from data in Section 2.2. The problem formulation is given in Section 2.3 to highlight that the
operator-inference formulation of [1] is static in the sense that the training loss penalizes the prediction of
only a single time step into the future.

2.1. Collecting data and low-dimensional structure

Consider a process (q;(u))¢>0 with state q,(p) € RN at time ¢ that is obtained for a control trajectory
(ui(p))e>0 with control uy(p) € U C RP at time ¢, initial condition qy(p) € Qo C RY, and input p € D C
RZ. Let Dirain = {41, } C D be a set of M training inputs. For each training input wp; € Dirain,
there is given an initial condition g,(p;) € Qo and a time-discrete control trajectory

U(p;) = [wi(py), - ur(p;)] € RPE

and the corresponding time-discrete state trajectory

Qi) =lay (1), - ax (p;)] € RV*E

at discrete time steps 0 = tp < t; < --- < txg = T. For ease of exposition, we assume equidistant time
steps with time-step size dt. However, the following methodology extends in a straightforward way to non-
equidistant time steps. Additionally, in the following, we consider processes with a low-dimensional structure
so that an accurate reduced model exists. Thus, there is a basis matrix V = [vy,...,v,] € RV*" of the
space V with dimension n < N that is obtained, for example, via the principal component analysis from the
snapshots

Q = [qo(1t1), Q(111),q0(p2), Q(pra), - - -, qo(prar), Q(1ps)] € RN XM+

In the space V, the states of the process (g,(t)):>0 can be approximated well; we refer to [66, 67, 68, 69, 70]
for model reduction in general.

2.2. Static learning of low-dimensional models via operator inference
Operator inference was introduced in [1] to learn low-dimensional models from data. It proceeds in three
steps: First, the trajectories are projected onto the reduced space V

Q(/J’z) = [QI(ll’i)v"~vQK(“i)] = VTQ(”i)? L= 17"'7M' (1)

Second, the time derivatives of projected states (jj([,l,i) at time ¢; for i = 0,...,M and j = 1,...,K are
approximated via, e.g., finite differences, to obtain the approximate time derivatives

Q/(Nz’):[El/l(“i)7"‘v(_1/K(Hi)]7 i=1,...,M. (2)

Third, a low-dimensional model with polynomial structure is fitted to the projected states (1) and their
approximate time derivatives (2) via a least-squares problem.
Operator inference was developed for fitting polynomial models of degree L € N,

L
St m) = > Adw)d () + Bwu(t; ) (3
(=1

with matrices A,(p) € R™"™ for £ = 1,...,L and control matrix B(p) € R"™ P, where n, = (")

because qe(t; f) contains only combinations that are unique up to commutativity; see [1] for details. For all

it =1,..., M training inputs, the corresponding model operators A;(w;),...,Ar(w;), B(w,;) are fitted via
the following linear least-squares problem

| K
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which gives the inferred operators
Ar(p), - AL(pg), B(py) - (5)

For a new input gt € D\ Dyrain, the inferred operators for all ¢ = 1,..., M training inputs can be interpolated
as shown in [1]; see also the work [37] that proposes operator inference for problems with an affine parameter
dependence.

The optimization problem (4) is linear in the optimization variables Ai,..., Az, B and thus can be
solved efficiently with standard linear algebra routines. This can be seen by reformulating (4) as

D(p;)0 (1) = Q' (), (6)

with the matrix O(p;) = [A1(w;), - -, Ar(w;), B(p;)]T € R™ ™. The data matrix D(p,;) € RE*™ is defined
as

D(p;) = [Q(p)T, Q% (1), ., Q" (1) T, U(1)"]

with @’ (1;) = [@(1:), -, @) (11;)] and @ = p + Zngl ng. Note that Q'(p;) is defined in (2) and that
we dropped the factor 1/K because it has no effect as long as K is finite. The formulation also shows
that at least m rows in D(u;) are required, i.e., K > 7 to obtain a full-rank matrix and thus to avoid an
under-determined least-squares problem with non-unique solution; note that if the states are observed with
the re-projection sampling scheme, then recovery guarantees can be established under assumptions on the
data [47].

If fewer state observations are available, regularization can be helpful, see, e.g., [45, 43, 48]. In the
following, we use the minimal-norm solution and thus solve

min o(p)|%,
wmin 100}

g N 7
such that D (p;)O(p;) = Q (ky) ,
for e =1,..., M, which can be solved with standard linear algebra routines.

2.3. Problem formulation

We refer to a formulation such as (4) as static in the following because the prediction of the learned model
is taken into account only for one time step into the future during training. This means that the loss function
only compares the residual of the learned model from one time step at a time, without predicting the states
during the training process. This has several drawbacks that are inherent to such static formulations:

e First, the problem formulation is affected by the sensitivity of least-squares regression to perturbation
and noise, which is discussed in the context of operator inference in the work [46] and later in [49]. For
example, perturbations can come from the approximation of the time derivatives (2) and from partial
state observations [39]. Another source of perturbations can be a wrong model frame (parametrization)
in the sense that, for example, a quadratic model is fitted to data that are observed from a system
with cubic dynamics. Noise can be introduced because the observed states are polluted with noise and
other numerical perturbations such as early stopping in iterative solvers, as considered in [49]. These
works show that even small perturbations can lead to large errors in the predictions of the learned
models as well as to instabilities.

e Second, without regularization, problem (4) has multiple solutions if too few data points are available to
obtain a full-rank data matrix D in (6). While regularization has been proposed for operator inference,
it introduces a bias by design and the effect of the bias on the model prediction is still actively studied
[45, 43, 48].

The sensitivity to perturbations in the data and the potentially high requirements on training data can be
limitations when learning models with operator inference in practice.
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Figure 1: The loss of operator inference with roll outs penalizes model predictions of more than one time step into
the future, which increases robustness against instabilities, noise, and perturbations in our numerical experiments.
In contrast, traditional operator inference minimizes a loss that takes into account predictions of only one time step
into the future and thus cannot penalize errors in long-term predictions of the learned models.

3. Operator inference with roll outs

We roll out the learned model during the training process so that the error of the trajectory predicted over
multiple time steps into the future by the learned model is penalized rather than the residual at the current
time step alone; cf. Figure 1. Note that the concept of roll outs are extensively used in Neural ODEs [2].
Roll outs provide an inherent stability prior because models that are unstable during the training roll outs
get strongly penalized. Similarly, our numerical experiments will demonstrate that the new formulation of
operator inference is more robust against perturbations in the data because the whole predicted trajectory
is considered in the training loss rather than only a single time step. The drawback is that the training
problem becomes more challenging; however, we leverage the recent advances in automatic differentiation to
efficiently compute the gradients of the learned model.

We formulate operator inference with rollouts in Section 3.1 and Section 3.2 and discuss polynomial
models in the context of differentiable operator inference in Section 3.3. The stability bias introduced by
the roll outs is analyzed in Section 3.4. The computational procedure is discussed in Section 3.5.

3.1. General setup of differentiable non-intrusive model reduction
Consider a function f : R" xU x D x © — R" that depends on a parameter 8 € © C R?, which we want
to learn so that f describes the dynamics of the observed data,

At ) = Fa(t p), u(t), 1:6). 8)
Notice that this setup follows, e.g., Neural ODEs where the function }' is given by a deep neural network
[2]; see also [52, 53]. Based on model (8), define the discrete flow map

qk(iu’) :é&t(ak—l(y’)?uk—l(u’)?pﬂg)a k:177K

with time-step size dt > 0, which depends on a time-discretization scheme. Explicit and implicit discretization
schemes can be used and the discrete flow map can depend on a history of past time steps rather than just
the previous one. The discrete flow map Dy depends on the input 8 through the function f

Consider now a roll-out length R € N and the objective function J : © x D — R defined as

K—R R

1) =33 |ar (1) — 2e (W) (9)

k=0 r=1
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where R

Zer () = st (Zpr—1 (1), Ukar—1 (1), 13 0) . Zi0(p) = qp. (1)
with g, (p) the projected observed state at time step k with input p; cf. Eq. (1). Instead of penalizing the
misfit between data and model predictions at all R time steps as in (9), we can also instead penalize the

misfit at R time increments 74, ... , T such that r; <... <rpz < R. The corresponding objective is
K—-R R )
Ta0:m) = > > @i, (1) — 2o, ()] - (10)
k=0 ¢=1

The training problem of operator inference with roll outs is the optimization problem
min J(6; 11
min J(6; u), (11)

which is solved for all training inputs ptq,..., p,,; to obtain the model parameters 6(p,),...,0(p,,). The
objective in (11) includes the flow map of the to-be-trained model and thus the objective takes into account
the predictions of the to-be-trained model, in contrast to the traditional operator inference problem (4).

For each training input pt; € Diyain, One obtains a low-dimensional model (8) that one can integrate with
new control u(t) € R? and new initial condition ¢, € R™. To compute a low-dimensional model at a new
input gt € D \ Dirain, the parameters 0(pq),...,0(py,) are interpolated at p; note that this requires the
model (8) to be chosen such that interpolating the model parameters indeed leads to models that describe
well the dynamics at the new inputs; which we will discuss in the context of polynomial models in detail in
Section 3.3.

3.2. Model predictive control and operator inference with roll outs

We formulate operator inference with rollouts as (11), which is a classical optimization problem that is
motivated by the concept of unrolling of Neural ODEs [2]; however, the formulation with objective (9) is
equivalent to solving the following constrained optimization problem

K—R R )
ggg Z Z N@hir (1) = 2| (12)
k=0 r=1
such that g, = ®s(Zx,—1, Uerr—1 (1), 11; ), (13)
Zk0 = qi (1) - (14)

Such constrained optimization problems are well studied in the context of parameter calibration and optimal
control [71], offering alternative solution strategies using Lagrange formulations. In particular, Lagrange
formulations allow efficient realizations in software frameworks without automatic differentiation capabilities,
with the corresponding adjoint formulations being straightforward to implement!. We also want to highlight
the connection to so called solver-in-the-loop approaches, which currently gain attention in the context of
enriching solvers of PDEs with two- and three-dimensional spatial domains with machine-learning models
[72, 73], mostly leveraging the JAX library [74].

3.3. Parametrizations via polynomials in model reduction

A wide range of parametrizations can be used for formulating the function f in (8) such as deep networks,
as has been done in [2, 52]. However, in this work, we consider f to be a polynomial in the state and control,
to mimic operator inference?. Thus, in the following, the function }' is given by

L
Fl@u,p;0) = Adw)q" + B(pu,
=1

1Solving the adjoint formulation means solving a linear ODE backwards in time to determine the Lagrange multipliers.
2In general, approximating nonlinear behavior with truncated Taylor expansion is wide engineering practice.
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where we have a linear dependence on the control w and thus

O(p) = [Ar(p), ..., AL(p), B(p)] .

The use of polynomial functions has several advantages. First, interpolating an operator A;(u) between
the parameters (), ...,0(u,,) at a new input g € D\ Dypajn means to interpolate among the operators
{Ai(p), ..., Ai(pps)} foreach i = 1,. .., £, which often leads to an interpolated parameter 6(u) that indeed
leads to a predictive model of the process corresponding to w; this has been successfully leveraged in model
reduction [59, 60, 61, 62] and operator inference [1] for a long time.

Second, in case of polynomial models, the model parameter @(u) = [A1(n), ..., Ae(p), B(p)] is inter-
pretable. For example, the operators provide insights into the stability radius of the model; cf. [75, 76, 77, 78],
which we will also demonstrate in the numerical experiments.

Third, the number of degrees of freedom of a polynomial model, i.e., the dimension of () is low, as long
as the degree L of the polynomial stays low. As shown theoretically and numerically in [79, 36], low-degree
polynomials are sufficient for describing the dynamics of a wide range of applications of interest in science and
engineering. Additionally, it is wide engineering practice to approximate nonlinear behavior with low-degree
polynomials derived from truncated Taylor expansions.

Fourth, polynomial models explicitly split the dynamics into linear and nonlinear dynamics via the
matrices A; and A;,7 > 1. This is helpful when applying semi-implicit time integration schemes that are
explicit in the nonlinear dynamics and implicit in the linear ones. A decomposition into linear and nonlinear
dynamics typically has to be explicitly enforced in other, more generic nonlinear parametrizations.

3.4. Stability of polynomial models obtained with operator inference with roll outs

To give insights into the stability bias imposed on the polynomial models by the roll outs, it is informative
to look at the objective (9). For making the following arguments, it is sufficient to consider an autonomous
linear model of the form f([],u, ;) = A1q, where we assume that A; is symmetric. We use a forward
Euler time discretization scheme with time-step size 6t > 0. The corresponding loss with 8 = [A4] is

K—-R R

J(0) = Z Z ||qk+r — (I +6tA1)" gy

k=0 r=1

2. (15)

The loss (15) shows that unstable A;—in the sense that I + 0tA; has eigenvalues with positive real parts—
are penalized because of their unbounded grow with increasing roll-out length R. Similar observations
can be made for other parametrizations than autonomous linear polynomial models, with an empirical
demonstration provided by our numerical experiments in the next section.

3.5. Computational aspects

The objective (9) in the training problem is nonlinear in the optimization variable 8, which is in stark
contrast to the linear objective of the traditional, static operator inference problem (4). In the following,
we use derivative-based optimization methods to numerically solve (11) and so to train the low-dimensional
models. Thus, we have to differentiate through the flow map ®s5; with respect to the parameter 6(u).
Gradients and also higher-order derivative information can be derived explicitly for polynomial models in
many cases; see [50] for a derivation of the gradients in the context of operator inference. However, we instead
opt to use the widely available automatic differentiation libraries such as [80, 81] for the computations in
this work.

The training costs of differentiable operator inference can be higher than in traditional, static operator
inference. First, the number of iterations required by derivative-based optimization methods such as gradient
descent and Broyden-Fletcher-Goldfarb-Shanno to reduce the gradient norm below a threshold is a priori
unknown in many cases. Second, at each objective evaluation, the to-be-learned model is integrated in time,
which is computationally more expensive than computing the residual after one time step as in traditional
operator inference. However, as we will empirically demonstrate with the numerical experiments in the
following section, by investing higher training costs, one can obtain models with higher robustness against
noise and perturbations; even from fewer training data, which is well in line with other works such as [82].
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4. Numerical experiments
The numerical examples in this section demonstrate the following key points:

e Operator inference with roll outs compensates for scarce training data by penalizing the misfit of model
predictions at times far out in the future, resulting oftentimes in more stable and accurate models than
traditional operator inference that solves a possibly underdetermined least squares problem in the
scarce data regime that leads to unreliable predictions.

e Increasing the roll-out length can improve the accuracy of the predictions of the learned models and
help to mitigate the effect of noise by preventing overfitting when learning models from noisy data.

e If trajectories are sparsely sampled in time, then roll outs can provide meaningful values between
sampled states and so lead to more accurate models, whereas traditional operator inference is required
to take coarser approximations of the time derivatives.

e Computation of the stability radius of low-dimensional polynomially nonlinear models learned via
operator inference with and without roll outs offer interpretability beyond mere numerical experiments
on test data. The results show that roll outs help to increase upper bounds of stability radii, which
indicates that roll outs lead to models that are more robust against disturbances and are applicable to
a wider range of initial conditions.

Section 4.1 discusses the numerical implementation of the proposed approach as well as strategies for
training the low-dimensional models with operator inference with roll outs. Numerical experiments are
conducted with data sampled from models that describe shallow water waves in Section 4.2 and geophysical
fluids in Section 4.3. The hyperparameters of the training procedure mentioned above are tuned using
validation data. We chose the hyperparameter configuration that achieved the smallest error on the validation
data in all of the learned models to ensure a fair comparison.

4.1. Numerical implementation

We implemented operator inference with roll outs in JAX3 [81] to leverage automatic differentiation
when solving the training problem (11). The Adam, adaptive moment estimation, optimizer [83] is used to
minimize the objective function. We choose learning rates logarithmically spaced between 107> and 1071,
For initial conditions to the non-convex optimization problem (11), we either start with zeros or use the model
operators from traditional operator inference. For obtaining models with traditional operator inference, we
solve the problem (7), which gives the minimal-norm solution in case of an underdetermined system.

4.2. Dynamics of shallow water waves

We consider waves governed by the shallow water equations and demonstrate learning a model with
operator inference with roll outs from noisy and scarce data.

4.2.1. Shallow water equations: Setup
Consider the two-dimensional spatial domain Q = (—4,4)? C R? and the time domain 7 = (0,7) C R
with T'= 0.15. The shallow water equations are given by

Owqn + V- (qnVge) =0, inQxT,
1 2 . (16)
3tq¢+§|Vq¢\ +qg,=0, inQxT.

The system consists of the scalar potential of the fluid given by g4 and the height of the free-surface gy,
which is normalized by its mean value.

Shttps://jax.readthedocs.io/en/latest/
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Figure 2: The plots show the decay of the normalized singular values of the snapshots for the example with the
shallow water equations and the surface quasi-geostrophic dynamics.

The input p = [p1, p2] € D = [0.2,0.5] x [1.1,1.7] determines the initial condition

2
gh (a5 ) = 1+ pye#2I=z g8 (@) =0,

where g, (0,z; ) = ¢ (x; p) and ¢4(0, ;) = qg(w;u). We impose periodic boundary conditions. The
equations are discretized in space with second-order finite difference schemes on 60 equidistant grid points
in each direction so that N = 7200. The time integration scheme used is the implicit midpoint rule for
Hamiltonian systems with the time-step size being 6t = 0.0004.

To obtain the low-dimensional basis V', we generate snapshot trajectories using 12 initial conditions with
inputs [t 1535] where 2 € {0.2,0.35,0.5} and p5*'s € {1.1,1.3,1.5,1.7}. To demonstrate the effect
of increasing the training data on learning the model operators, we use a hierarchy of training data sets
separate from the data used to generate the basis. Note that the same data can be used for constructing
the basis and learning the operators. Training data are obtained by generating trajectories whose initial
conditions correspond to three nested sets of training inputs representing increasing levels of information.
The training set of inputs is constructed as follows:

ptnl —1(0.225,1.15), (0.225, 1.65), (0.475, 1.15), (0.475,1.65)} ,
gt —trainl ) £ 295 1 4), (0.35,1.4), (0.475,1.4)},
pirain-Il _ erain-Il £ 35 1 65), (0.35,1.15)} .

The hyperparameters are tuned using a validation data set, which contains trajectories whose initial condi-
tions correspond to the validation inputs

pV i = £(0.2875,1.4), (0.35,1.525), (0.35, 1.275), (0.4125,1.4)} .

The test data used to investigate the performance of the learned model is generated using initial conditions
with inputs [p$%°, 45 where pt®' € {0.2875,0.4125} and ui™* € {1.275,1.525}. Notice that the test
parameters are chosen to be far away (in the Euclidean metric) from the training parameters.

We learn a model of dimension n = 25 in this example. The dimension n = 25 is chosen such that the
projection error is below 1073, which is shown by the decay of the singular values of the snapshots used
for generating the basis in Figure 2a. Selecting a model form is a challenging problem. In this example,
we see in (16) that the functions ¢, and ¢, enter at most quadratically. This motivates using a model
that contains linear and quadratic terms, which means that L = 2 in the model form defined in (3). A
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more detailed discussion about how to select the degree L of the polynomial when only data are available is
provided in [1, 47]. An implicit-explicit scheme is utilized to integrate the learned low-dimensional model over
t € (0,T) with 6t = 0.0004 in which the linear and quadratic terms are evaluated implicitly and explicitly,
respectively. The same implicit-explicit scheme with the same time-steps size is also used for the roll outs. In
the experiments below, we chose (9) as the objective function. In addition to penalizing the misfit between
the data and model predictions at all R time points as in (9), we will also consider the objective (10). In the
latter, we measure the misfit at R = 25 time points that are equidistant between 1 and R in the logarithmic
scale.

When training low-dimensional models using operator inference with roll outs, we select the hyperpa-
rameter configuration which results in the lowest validation error given by

Myaii K i A i
1 D k=0 H‘Ik(l‘}{ahd) - V‘Ik(ﬂ}lahd)”F
. K i
Myatia j=1 2 k=0 ||Qk(lv"}]al Dlr

where M, a4 denotes the number of validation parameters. The learned low-dimensional operators from this
configuration are then used to assemble a model, which is used for predictions at test parameters and test
initial conditions.

As discussed in Section 3.5, the training (offline) costs of operator inference with roll outs are typically
higher than the training costs of traditional operator inference. In this example, operator inference with roll
outs incurs training runtimes of multiple hours on compute nodes with Intel Core i7-8700 CPUs, whereas for
traditional operator inference one has to solve a linear least-squares problem with training runtimes of few
seconds only. We expect the runtime can be reduced by training operator inference models with roll outs
on GPUs instead of CPUs. Notice that the online costs of integrating forward in time operator-inference
models learned with roll outs with new initial conditions and parameters is the same as for models learned
with traditional operator inference.

; (17)

4.2.2. Shallow water equations: Scarce data

We demonstrate the performance of the low-dimensional models learned with traditional operator in-
ference and operator inference with roll outs in the scarce data regime by varying the number of initial
conditions utilized to generate state trajectories for training data. First, we only train with trajectories
obtained from four initial conditions and we set the roll length to R = 100. Figure 3 shows ground-truth test
data of the free-surface height computed with the truth model, the projection of the ground-truth data onto
the low-dimensional subspace V, which gives the best approximation that can be achieved, the predictions
of the model with traditional, static operator inference, and the predictions of the model obtained with
roll outs at time ¢ = 0.15 at the test parameter values. The plots show that the model learned with roll
outs captures the complex patterns of the ground truth while static operator inference appears to overfit to
certain patterns in this example.

We now investigate how the number of trajectories used for training as well as the roll-out length R
influence the performance of operator inference. Figure 4 shows the relative error averaged over the test
inputs over time of the low-dimensional models as a function of the number of training trajectories M,ain
and the roll-out length R. The plotted error is computed as

M es’ K S jay S
1R Do g (B5) = Va (u) | r
K
Miest j=1 > k=0 HQk(HE‘ESt)HF

where Mies; denotes the number of test parameters. The plots in Figure 4 show that roll outs during
training help operator inference to learn models that make more accurate predictions on the test data set
than traditional operator inference without roll outs, especially for the scarce data regime with a low number
of training trajectories. Notice that the error of the traditional operator-inference model slightly increases
as more data are added. This can be explained by recalling that the objective (4) of traditional operator
inference aims to minimize the residual, whereas Figure 4 reports the error when the learned operator-
inference model is integrated forward in time on test initial conditions and test parameters. Thus, the error

(18)
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Figure 3: Shallow water equations (Section 4.2): In this experiment with training data set p and roll length
R = 100, operator inference with roll outs leads to a predictive model on the test data set, whereas the model learned
with traditional operator inference provides only inaccurate predictions. The plots corresponding to “projection”
show the ground-truth data projected onto the reduced space V, which provides the best approximation that any
low-dimensional model seeking a linear approximation in V can achieve.
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Figure 4: Shallow water equations (Section 4.2): The plots show that roll outs during training help operator inference
to learn a model that makes more accurate predictions on the test data set than traditional operator inference without
roll outs, especially in the scarce data regime with a low number of training trajectories.

reported in Figure 4 is not the objective that is minimized by traditional operator inference and thus the
reported error can increase as more data are added.

Parametrizing low-dimensional models via quadratic polynomials offers a tractable representation that
permits us to study properties of the learned models such as stability. For quadratic models, we compute a
bound of the stability radius [75, 76, 78] that is derived in [77] and given by

Umin(L)

’y = —_——
2V P|rllAzllr

where P € R™*" gatisfies the continuous Lyapunov equation ATP +PA, = —LL" for specified L € R™*",
We generate 1000 realizations of a random matrix with independent standard normal entries for L and then
we compute the average stability radius of the learned quadratic models. The bounds of the stability radii
of the learned low-dimensional models are shown in Figure 5. The results indicate that the stability radii of
the learned models via operator inference with roll outs are orders of magnitude larger than those learned
with traditional operator inference. These results agree with the observation discussed in Section 3 that roll
outs impose a stability bias. The plots are also consistent with the fact that operator inference with roll outs
offers more accurate predictions in this example than models learned with traditional operator inference.

4.2.8. Shallow water equations: Noisy and scarce data
We now consider noisy data that are generated as

qk(u)+p€k®|(_1k(u)|7 kZlﬂ"'7K_17

where e, ~ N(0, I) is standard normal and p € {0.1%,1%, 10%} controls the standard deviation of the noise.
The ® means component-wise multiplication. The plots in Figure 6 show the time-averaged relative error
(18) of the model predictions across various noise levels for learning from M. € {4, 7,9} noisy training
trajectories with roll-out length R = 150. Despite having noisy training data, operator inference with roll
outs still learns a numerically stable low-dimensional model. The error of the model learned with roll outs
increases much slower than the model learned without roll outs, which indicates that the roll outs reduce the
effect of noise because they prevent the model from overfitting to the noise in the polluted training data. In
contrast, the predictions from several models obtained with traditional operator inference are unstable (and
thus replaced by the initial condition in the error computations).
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Figure 5: Shallow water equations (Section 4.2): The bounds of the stability radii of models learned with roll outs
are orders of magnitude higher than for the models learned with traditional operator inference without roll outs.
This suggests that training with roll outs promotes robustness in the learned low-dimensional model especially when
training data are scarce.
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Figure 6: Shallow water equations (Section 4.2): Operator inference with roll outs learns models that achieve accurate
predictions that are close to the best approximation (projection) in this example even when training data are polluted
by 10% noise. In contrast, traditional operator inference without roll outs fails to make meaningful predictions
especially for large noise in the training data.

Figure 7 shows the ground-truth free-surface height computed with the high-dimensional model and the
various low-dimensional models at time ¢ = 0.15 for different test parameter values with Mi..i, = 9, R =
150, p = 10%. Observe that despite the high noise level, the model learned with roll outs is still able to
capture the patterns in the ground truth. The model learned via traditional operator inference that does
not use roll outs seems to have memorized a pattern for all parameter values in the test set, thereby failing
to make meaningful predictions. Figure 8 shows the effect of the roll-out length on the prediction accuracy
of the learned model. In this example, increasing the roll-out length aids in obtaining more accurate model
predictions in the presence of noise. Increasing the roll-out length also increases the number of misfits
penalized in the objective function (9), or more generally, it lengthens the time window over which we assess
the misfit for the objective function (10), which makes the learned model more robust against overfitting.

We now compare the bounds of the stability radii of models learned from noisy data, see Figure 9. We
vary the number of training trajectories as Mi.in € {4,7,9} and set the roll-out length to R = 150. For
noise with p = 0.1%, the bounds of stability radii of the models learned with operator inference with roll
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Figure 7: Shallow water equations (Section 4.2): In this experiment with nine training parameters and roll length
R = 150 and noise p = 10%, operator inference with roll outs leads to a predictive model for gy, for the test parameters,
whereas the model learned traditional operator inference provides inaccurate predictions.
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Figure 9: Shallow water equations (Section 4.2): For small noise intensity, the stability radii of the learned model with
roll outs is up to two orders of magnitude higher than the model obtained with traditional operator inference. For
larger noise intensity, the stability radii of the two approaches are comparable, owing to the increase in the learned
model errors.

outs is up to two orders of magnitude larger than the bounds corresponding to the models learned with
traditional operator inference. This is in agreement with the error shown in Figure 6, where for M i, = 9
training trajectories and noise with p = 0.1%, the models learned with roll outs achieve about one order of
magnitude higher accuracy. For high noise with p = 1.0% and p = 10%, the bounds of the stability radii of
the models inferred under both approaches tend to be comparable in magnitude, which mirrors the increase
in the error of the models learned with roll outs as p is increased to 10% in Figure 6.

4.8. Surface quasi-geostrophic dynamics

Surface quasi-geostrophic equations model the dynamics of buoyancy on horizontal boundaries and is a
special case of the quasi-geostrophic equations which characterize fluid motion in the limit of strong rotation
and stratification. We follow the problem as described in [84] and implemented in the PyQG code®.

“https://github.com/pyqg/pyqg
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4.8.1. Surface quasi-geostrophic dynamics: Setup

For z € (—o00,0] and z,y € Q where Q = (—m,7) X (=7, 7), let ¢ be the stream function such that
b(t,x,y) = g—f(t, x,y,0) is the buoyancy. The governing equation of the surface buoyancy for t € (0,7) C R
is given by

b oY oY
— _—— E— . = 1
ot +( ay z:07 O z_0> Ve 0 ( 9)
such that
0%y 0% 0%
a2 "o T =0
o
Jm 5 =0

The initial condition is

00,) = = exp{ 2 (0~ 0302 + () |~ exp{ = 25 (Gl + 032 + ()

with inputs p = [u1, pe] € D where D = [2.5,4] x [3,4.5] U [4,5.5] x [1.5, 3].

We generate data using the PyQG code which discretizes (19) using a spectral method and advances
the corresponding system of ordinary differential equations in time using a third-order Adams-Bashford
scheme. We set 6t = 0.005 and T" = 5. The square domain is partitioned into a regular grid with 200
equidistant points along each dimension such that at time step k, the components of the high-dimensional
state g, () € RN, N = 40000, correspond to the buoyancy at each point in the grid. We use an implicit-
explicit scheme for integrating the low-dimensional models over ¢ € (0,7) with 6t = 0.005. The linear term
is handled implicitly while the quadratic term is evaluated explicitly.

We learn a low-dimensional model of dimension n = 60 for this example to reach a projection error of
the snapshots used for generating the basis of less than 5 x 1072, which can be seen by the decay of the
singular values shown in Figure 2b. The low-dimensional basis V' of the space V is computed from snapshot
trajectories that are obtained from nine different initial conditions corresponding to the inputs

P € {(2.5,3), (4,4.5), (4,1.5), (5.5,3), (4,3), (3.25,3.75), (4.75,2.25), (5.5, 1.5), (2.5,4.5) }.
Training data correspond to three nested sets of inputs given by

ptreinl =1(2.5,3.75), (5.5,2.25), (4,3.75), (4,2.25)} ,
putrainIl — ptrainl £33y (35 4.5),(4.5,3), (5,1.5)},
ptrainIl —  train-Il 03 4 5y (3.5, 3), (4.5, 1.5), (5,3)} .

Hyperparameters are tuned using trajectories on the validation data set corresponding to the inputs

' e {(2.75,3.375), (3.75, 3.375), (2.75, 4.125), (3.75, 4.125),
(4.25,1.875), (5.25,1.875), (4.25,2.625), (5.25,2.625)}.  (20)

We then assess the performance of the learned low-dimensional models using test data corresponding to the
inputs p'*t € {(3.25,4.125), (3.25, 3.375), (4.75,1.875), (4.75,2.625) }.

4.3.2. Surface quasi-geostrophic dynamics: Scarce data because of sparsely sampled trajectories in time

In this example, we will also demonstrate another advantage of operator inference with roll outs: the
objective function is flexible enough to accommodate the situation where the training data is not observed
at all time points. This would pose a challenge for traditional operator inference when it approximates time
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derivatives via finite differences, for example. In particular, operator inference with roll outs is well-equipped
to handle data at irregularly-spaced time points. To keep computations manageable, in this work, we will
consider scarce training data that are obtained at equidistant time points; however, the methodology applies
to non-equidistant time points as well. The sampling period is £ € N, which corresponds to the number of
time steps between two consecutive measurements of training states. Thus, with a sampling period &, the
training data are collected at t € {EAt|0 < (At < T, ¢ € Z,& > 0}. Setting £ = 1 means that data are not
sparsified. For traditional operator inference, we change the objective function as

2

LK/¢]|| L
1
min e Al (1) + Bure(p) — @he ||
Ai,..,AL,B | K/¢| 1; 4:21 kE( ) e(m;) I3 )

where the derivative (’1;Cf is approximated via finite difference using the scarce data, i.e.

Q1) — Dre

Note that |-] denotes the floor function that returns the greatest integer less than or equal to the argument.
For operator inference with roll outs, the objective function is now

L(K—R)/¢] [R/E]

J(O;p) = Z Z H(l(mr)g(ﬂ) - 2k§,r§(l’/)H2 .
k=0 =1

4.8.3. Surface quasi-geostrophic dynamics: Results for learning from scarce data

In the following, training data are scarce with respect to two properties: the number of training tra-
jectories and the sampling period &, which corresponds to the number of time steps that lie between two
consecutive measurements.

Consider training data obtained with sampling period £ = 10 and M.y = 12 training trajectories.
We set the roll-out length to R = 200. The state predictions are shown in Figure 10. Operator inference
with roll outs trains models that accurately predict the states corresponding to the test inputs. In contrast,
the model obtained with traditional operator inference poorly generalizes to the test inputs. In particular,
traditional operator inference leads to models that show instabilities, e.g., Figure 10d. This is because when
the training data is only available at sparsely sampled time points, recall that the sampling period is £ = 10
in this experiment, then the approximation of time derivatives via finite differences becomes less reliable.

To quantify the accuracy of the learned models, Figure 11 plots the test error (18) over the number of
training trajectories for sampling periods £ = 5 and £ = 10. The error of the model obtained with roll
outs decreases as the amount of training data is increased. For traditional operator inference, several of
the obtained models resulted in unstable predictions, and so we replaced their predictions by the initial
conditions in computing the shown errors. The results indicate that the lack of training data is compensated
by roll outs via solving a modified optimization problem that penalizes discrepancies between the data and
model predictions at future times. In Figure 12, we fix the number of training trajectories to M ain = 12
and plot the error over the roll length for sampling periods £ = 5 and £ = 10. In this example, increasing
the roll-out length helps to decrease the prediction error of the learned model.

Figure 13 plots the bound of the stability radii, averaged over 1000 realizations of the random matrix L
with standard normal entries. We set R = 200. When the training data are very scarce, e.g., Mipain = 4,
then the bound of the stability radius of the learned models from operator inference with roll outs is larger
by up to three orders of magnitude compared to the models learned with traditional operator inference.
However, as more training data are used, e.g., by increasing the sampling period and by increasing the
number of trajectories, the bounds of the stability radii of the models learned with traditional operator
inference improves. Indeed, the model learned via traditional operator inference in this example appears to
be stable despite being inaccurate; see Figure 10.
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Figure 10: Surface quasi-geostrophic dynamics (Section 4.3): Operator inference with roll outs with sampling period
& = 10 leads to models that accurately predict the surface buoyancy at the test inputs. In contrast, traditional
operator inference without roll outs results in almost unstable predictions for several test inputs and leads to visibly
higher errors in the state predictions.
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Figure 11: Surface quasi-geostrophic dynamics (Section 4.3): For training data obtained with a large sampling period
and from few trajectories only, roll outs compensate to some extent for the information loss by penalizing the misfit in
the model predictions at future times. The error of the model obtained with roll outs approaches the projection error
as the amount of information is increased. When training with traditional operator inference, the model predictions
can be numerically unstable and inaccurate.

4.8.4. Surface quasi-geostrophic dynamics: Scarce data that are also noisy

We now add noise to the training data in the same way as described in Section 4.2.3, with p controlling
the standard deviation of the noise. We plot the buoyancy obtained with the learned models in Figure 14,
where R = 200, Miyain = 12, = 5,p = 10%. The plots demonstrate that in the scarce and noisy data
regime, operator inference with roll outs offers an approximation that closely resembles the projected states,
which is the best approximation possible in the low-dimensional subspace. Meanwhile, traditional operator
inference fails to provide meaningful predictions across various test inputs.

Figure 15 shows the test error (18) of the model predictions with respect to the standard deviation given
by p of the noise. The roll-out length is set to R = 200 and the number of training trajectories is Miyan = 12.
As can be seen, despite the increase in the standard deviation of the noise, we only observe a modest increase
in the prediction error of the model learned with roll outs. In the scarce and noisy data regime, traditional
operator inference leads to numerically unstable models quickly. In these cases, for computing the error, the
initial condition serves as a surrogate for the model prediction at all times.

In Figure 16, we visualize the error over the roll length for p = 25% and My, i, = 12. The results shown in
the plots demonstrate that in this example, increasing the roll length improves the accuracy and stability of
the learned model by up to two orders of magnitude. Increasing the roll length penalizes the misfit between
data and predictions at more time points, thus, the learned model is less likely to overfit to the noise in the
data.

Let us now investigate the stability radii of the learned models; we follow the same computation of the
bounds of the stability radii as in the previous examples. The results are shown in Figure 17 over the
standard deviation given by p for the sampling periods £ = 5 and & = 10, with fixed R = 200, Miyain = 12.
The models learned with roll outs achieve bounds of the stability radii that are up to two orders of magnitude
larger than those of the models learned with traditional operator inference. This is in agreement with our
previous numerical experiments, where traditional operator inference leads to numerically unstable models
when noise is added and data are scarce.
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Figure 12: Surface quasi-geostrophic dynamics (Section 4.3): In this example, increasing the roll-out length improves
the prediction accuracy of the learned model.

5. Conclusions

Operator inference with roll outs combines the interpretability, scalability, and structure preservation of
traditional operator inference with the stability and robustness of dynamic training given by the roll outs of
Neural ODEs. The roll outs are especially helpful to obtain stable and robust models when data are noisy
and scarce. Because we insist on the polynomial structure of the models, the learned models are amenable
for analysis and interpretation. In particular, the stability bias imposed by the roll outs can be observed in
increased bounds of the stability radii of the domain of attraction of the learned models. Furthermore, linear
dynamics can be interpolated in a structure preserving way to make predictions at new, previously unseen
physical inputs. Finally, the polynomial structure is also in agreement with wide engineering practice, where
non-linear behavior is often approximated via polynomials corresponding to truncated Taylor expansions.
While the training is more involved, operator inference with roll outs is straightforward to implement with
automatic differentiation and tractable in large settings due to advances in stochastic gradient descent
methods. The numerical experiments with shallow water wave and surface quasi-geostrophic dynamics
demonstrate the increased robustness and stability of the models learned with roll outs.

Acknowledgements

The first and third author acknowledge partially supported by US Department of Energy, Office of Ad-
vanced Scientific Computing Research, Applied Mathematics Program (Program Manager Dr. Steven Lee),
DOE Award DESC0019334. The third author also acknowledges funding from the National Science Foun-
dation under Grant No. 1901091. This work was supported in part through the NYU IT High Performance
Computing resources, services, and staff expertise.

References

[1] B. Peherstorfer, K. Willcox, Data-driven operator inference for nonintrusive projection-based model
reduction, Computer Methods in Applied Mechanics and Engineering 306 (2016) 196-215.

[2] R. T. Q. Chen, Y. Rubanova, J. Bettencourt, D. K. Duvenaud, Neural ordinary differential equations,
in: S. Bengio, H. Wallach, H. Larochelle, K. Grauman, N. Cesa-Bianchi, R. Garnett (Eds.), Advances
in Neural Information Processing Systems, Vol. 31, Curran Associates, Inc., 2018, pp. 1-13.

20



500

505

510

515

bound of stability radius

le-04 . . le-04 : .
¢ OplInf + roll out m=m ¢ Oplnf + roll out m=m
OpInf = 2 OplInf mm
1e-05 5 le-05
2
=
le-06 = le-06
B
=
1e-07 2 1e-07
S
=
le-08 2 1e-08
S
el
1e-09 le-09
4 8 12 4 8 12
number of training trajectories number of training trajectories
(a) sampling period £ =5 (b) sampling period £ = 10

Figure 13: Surface quasi-geostrophic dynamics (Section 4.3): If data are scarce, e.g., the number of training trajecto-
ries is four, then roll outs help operator inference to achieve an orders of magnitude larger bound of stability radius
in this example. As more training data are used, e.g., by increasing the number of training trajectories, operator
inference without roll outs achieves comparable bounds of stability radii.

3]

P. J. Schmid, Dynamic mode decomposition of numerical and experimental data, Journal of Fluid
Mechanics 656 (2010) 5-28.

C. Rowley, 1. Mezi¢, S. Bagheri, P. Schlatter, D. Henningson, Spectral analysis of nonlinear flows,
Journal of Fluid Mechanics 641 (2009) 115-127.

J.H. Tu, C. W. Rowley, D. M. Luchtenburg, S. L. Brunton, J. N. Kutz, On dynamic mode decomposition:
Theory and applications, Journal of Computational Dynamics 1 (2) (2014) 391-421.

J. N. Kutz, S. L. Brunton, B. W. Brunton, J. L. Proctor, Dynamic mode decomposition: Data-driven
modeling of complex systems, STAM, 2016.

M. O. Williams, I. G. Kevrekidis, C. W. Rowley, A data—driven approximation of the Koopman operator:
Extending dynamic mode decomposition, Journal of Nonlinear Science 25 (6) (2015) 1307-1346.

D. Burov, D. Giannakis, K. Manohar, A. Stuart, Kernel analog forecasting: Multiscale test problems,
Multiscale Modeling & Simulation 19 (2) (2021) 1011-1040.

S. L. Brunton, J. L. Proctor, J. N. Kutz, Discovering governing equations from data by sparse iden-
tification of nonlinear dynamical systems, Proceedings of the National Academy of Sciences 113 (15)
(2016) 3932-3937.

H. Schaeffer, R. Caflisch, C. D. Hauck, S. Osher, Sparse dynamics for partial differential equations,
Proceedings of the National Academy of Sciences 110 (17) (2013) 6634—6639.

H. Schaeffer, G. Tran, R. Ward, Extracting sparse high-dimensional dynamics from limited data, STAM
Journal on Applied Mathematics 78 (6) (2018) 3279-3295.

S. H. Rudy, S. L. Brunton, J. L. Proctor, J. N. Kutz, Data-driven discovery of partial differential
equations, Science Advances 3 (4) (2017).

X. Xie, M. Mohebujjaman, L. G. Rebholz, T. Iliescu, Data-driven filtered reduced order modeling of
fluid flows, SIAM Journal on Scientific Computing 40 (3) (2018) B834-B857.

21



0.0 0.0 0.0 0.0
%05 %05 % ) :
(a) ground truth, ptest (b) projection, ptest (c) Oplnf + roll outs, pfest
0.0 0.0 0.0
%05 %05 —0.5
—1.0 —1.0 —-1.0
(e) ground truth, pbest (f) projection, pbest (g) Oplnf + roll outs, pt** (k) traditional Oplnf, piest
0.0 0.0 0.0 0.0
%05 %05 6 ) )
—1.0 —-1.0 —1.0 —-1.0
(i) ground truth, pfest (j) projection, p5est (k) OpInf + roll outs, p5es* (1) traditional Oplnf, p4°st
0.0 0.0 0.0 0.0
—0.5 —0.5 —0.5 —0.5
—1.0 —-1.0 —1.0 —-1.0
(m) ground truth, pfst (n) projection, piest (o) Oplnf + roll outs, p**  (p) traditional Oplnf, piest

Figure 14: Surface quasi-geostrophic dynamics (Section 4.3): Operator inference with roll outs (Mirain = 12, R =
200, & = 5) trained on data with p = 10% noise, leads to models that accurately predict the surface buoyancy at the
test parameters. In contrast, traditional operator inference without roll outs fails to make meaningful predictions
across various test parameter values.
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Figure 15: Surface quasi-geostrophic dynamics (Section 4.3): Operator inference with roll outs leads to models that
are predictive even when the training data are polluted by 25% noise. The accuracy achieved by operator inference
with roll outs is close to the projection error of the ground-truth data on the reduced space. In contrast, traditional
operator inference mostly learns unstable models that cannot make meaningful predictions at test inputs.

- f)rojéctidn . f)rojéctioh
e 1e+00 | Oplnf + roll out -~ < 1e+00 | Oplnf + roll out -©-
£ Oplnf — 5 OpInf —
©o @ @ sS=s<:C-"""TrTTT 7 7 = [}
5 Z
= =
i 2
T T
& le-01 o le-01 ¢
= =
g © © 7
£ i
le02 b le02 b
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
roll-out length roll-out length
(a) sampling period £ =5 (b) sampling period &€ = 10

Figure 16: Surface quasi-geostrophic dynamics (Section 4.3): When training data are both scarce and noisy, increasing
the roll length leads to more accurate models because the objective function accounts for the model misfit at multiple
times for larger roll-out lengths. Thus, operator inference with roll outs prevents overfitting to the noise and achieves
a prediction error that is close to the projection error.
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Figure 17: Surface quasi-geostrophic dynamics (Section 4.3): Models learned with roll outs achieve larger bounds of
the stability radii than the models obtained via traditional operator inference in this example.
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