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Abstract—Graph-based multi-view clustering encodes multi-view data
into sample affinities to find consensus representation, effectively over-
coming heterogeneity across different views. However, traditional affinity
measures tend to collapse as the feature dimension expands, posing
challenges in estimating a unified alignment that reveals both cross-
view and inner relationships. To tackle this challenge, we propose to
achieve multi-view uniform clustering via consensus representation co-
regularization. First, the sample affinities are encoded by both popu-
lar dyadic affinity and recent high-order affinities to comprehensively
characterize spatial distributions of the HDLSS data. Second, a fused
consensus representation is learned through aligning the multi-view low-
dimensional representation by co-regularization. The learning of the
fused representation is modeled by a high-order eigenvalue problem
within manifold space to preserve the intrinsic connections and comple-
mentary correlations of original data. A numerical scheme via manifold
minimization is designed to solve the high-order eigenvalue problem
efficaciously. Experiments on eight HDLSS datasets demonstrate the
effectiveness of our proposed method in comparison with the recent
thirteen benchmark methods.

Index Terms—High-order affinity, Clustering, Fusing affinity, Manifold
optimization, Tensor, Spectral graph.

1 INTRODUCTION

LUSTERING is one of the crucial topics in unsupervised

learning [1], [2], [3]. The goal of clustering is to par-
tition unlabeled data into different subgroups. Traditional
clustering methods have been extensively studied and have
found wide applications in bioinformatics, computer vision,
and other fields [4]. In real-world scenarios, the universal
adoption of multi-view data is driven by the acquisition
of data from different sources or multiple feature extrac-
tors [5], [6]. Consequently, the seamless integration of het-
erogeneous data has become a paramount focus in the realm
of multi-view clustering [7], [8].
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Recent studies have proposed different strategies to inte-
grate complementary correlations from different views, with
the aim of improving clustering performance [9], [10]. An
intuitive approach begins by directly concatenating the data
from different views as vectors. Subsequently, the conven-
tional single-view methods are applied to the concatenated
data [11]. However, this manner ignores the heterogeneity
and difference of scale among multi-view data. Graph-based
multi-view clustering methods are proposed to align the
affinity graphs for the uniform representation [12]. Intu-
itively, the harmonization of heterogeneous multi-view data
can be accomplished by employing affinities with same
scale, thus reducing the disparities between different views.
To achieve multi-view clustering, a joint analysis of the
graphs across multiple views is required to extract consen-
sus and complementary correlations. Accordingly, various
approaches have been proposed to refine a consensus repre-
sentation from multiple graphs [13]. For example, Kumar et
al. [14] proposed to refine the affinity matrix via performing
co-training of spectral results. However, there is a critical
prerequisite in aforementioned methods: the data relation-
ship can be accurately described by pairwise affinity. This
can be challenging in real applications, especially for high-
dimension m yet low-sample-size n (HDLSS) data when
n < m [15], [16]. The clustering performance of HDLSS
data is hindered by the concentration effects, also known
as the “curse of dimensionality” [17]. The collapse of pair-
wise distances in high-dimensional feature spaces presents
a formidable challenge for clustering algorithms reliant on
pairwise affinity, impeding accurate clustering [18]].

For relieving the curse of dimensionality caused by
HDLSS data, recent works have proposed to utilize high-
order affinity to describe the spatial distribution of multiple
samples. Employing high-order affinities is anticipated to
mitigate the concentration effects on dyadic affinity and
unveil crucial relationships within the data. Along this line,
Mei et al. [19] leverage first and second-order affinities to
mine the local structure of pairwise points, incorporate
third-order similarity with a low-rank constraints for en-
hanced clustering performance and consensus correlations.
Also, Ghoshdastidar [20] demonstrated a relationship be-
tween the relaxation of hypergraph clustering and the mul-
tilinear singular value decomposition with consideration of
multiply affinities. Furthermore, IPS2 [21] validated that the
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Fig. 1. Description of the CRMATS method. CRMATS demonstrates proficienc
on the manifold space. Specifically, given a multi-view dataset X (1) ...

n accurately acquiring latent representations from multiple views

i
,X(N¥, the corresponding pairwise affinities, third-order and fourth-order

(N)

affinities are computed. Next, the local structure of the intrinsic subspace is encoded and low-dimensional representations V1(1>, .,V are
obtained by employing the manifold constraint. To align the representations of each view, we incorporate co-regularized learning, resulting in a

consensus representation W. Additionally, a self-weighting fusion module is adopted to compute the corresponding weights A1), - .

-, A during

the alignment process. Finally, we use spectral clustering on the consensus representation to obtain results.

higher-order affinities can be a complementary description
of pairwise relations to enhance clustering performance.
Following this vein, our previous work [22] unifies differ-
ent order affinities to overcome the concentration effects,
leading to remarkable estimating the spatial distribution of
HDLSS data. The aforementioned methodology exhibits a
deficiency to integrate multi-view data, thereby impeding
the extraction of heterogeneous correlations.

To solve the key problems of extracting consensus cor-
relations and accurately revealing relationships from multi-
view data, especially for HDLSS data, we propose the Co-
Regularized multi-view clustering via Manifold Alignment
on Tensor Spectral embedding (CRMATS) method. Our
method presents a unified multi-view clustering framework,
which is based on the accurate description of intra-view
sample relationships through the introduction of multi-
order affinities. The low-dimensional representations from
each view are co-regularized on the manifold space, aim-
ing to minimize the geodesic distance and achieve align-
ment. This alignment process enhances the quality of the
consensus representation, ultimately leading to improved
partitioning performance as feedback. To accelerate the so-
lution of the unified model, an efficient iterative strategy is
designed to solve this model efficaciously. Extensive exper-
iments on both synthetic and real-world datasets validate
nice performance of our method. The framework of CR-
MATS is shown in Fig. |1} and the main contributions of this

paper are summarized as follows:

o To precisely uncover the intra-view spatial correla-
tions of HDLSS data, the incorporation of high-order
affinities is employed, facilitating the capture of intri-
cate sample interactions and effectively eliminating
the concentration effects within each view.

e For effective integration multi-view data with het-
erogeneous correlations, co-regularized learning and
manifold constraint are employed to align the re-
spective low-dimensional representations, effectively
leveraging cross-view spatial complementarity of
HDLSS data.

o To improve computational efficiency, a singular
value decomposition-based method is utilized to
solve the quadratic problem on the manifold space.

The remainder of this paper is organized as follows.
Section [2] introduces the background on multi-view and
tensor spectral clustering. Section [3] presents the proposed
method and its optimization algorithm. In Section [} we
report the experimental results on the comparative datasets
and methods. Finally, Section 5| concludes the paper.

2 BACKGROUND ON MULTIVIEW TENSOR SPEC-
TRAL CLUSTERING

Notations. In this paper, we use bold calligraphy, uppercase
letter, and lowercase letter to represent a tensor, matrix,
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and a vector, ie., (X, X, x), respectively. For a matrix
X € R™ ", the j-th column is denoted as X. ;, the trace
of X is represented as Tr(X), and I represents the identity
matrix. The square of the Frobenius norm of X is denoted
as || X||%. The Khatri-Rao and Kronecker products are de-
noted by * and ®, respectively. For a third-order tensor
X € R™"%!l we denote the v-th frontal slices of X as
X ) c RX7,

2.1 Tensor Based Approaches for Multiview Clustering

Tensor-based clustering techniques harness the high-order
representation of multi-view data through tensors, thereby
elucidating the intricate inter-view relationships prior to
performing cluster analysis [23]. In this process, most of
the early works relied on tensor decomposition techniques.
For example, Yu et al. [24] stacked the original data into
a tensor and applied tensor-based factorization to obtain
factor matrices that capture high-order relationships. Sim-
ilarly, Nie et al. [13] proposed a co-clustering method via
tensor factorization to learn a low-rank approximation for
discovering high-order relationships. Following this ap-
proach, Guo et al. [25] utilized tensor logarithmic Schatten-p
norm to obtain a more compact low-rank structure, which
explores complementary information and characterizes the
high-order correlations among multiple views. Meanwhile,
Ji et al. [26] employed tensor decomposition to generate
consistent and complementary tensors, while refining a
tighter approximation of the tensor rank to explore the high-
order consistency in consistent tensor. Similarly, Li et al. [27]
stacked pairwise affinities into a tensor and employed a
hypergraph-induced regularization for tensor factorization,
enabling them to learn a consistent representation that pre-
served high-order correlations and improved performance.
The aforementioned methods require the assurance that
data relationships can be accurately described by pairwise
affinities, which is difficult to hold in HDLSS data. Addi-
tionally, the utilization of tensors to represent high-order
information between views does not leverage the high-order
relationships between samples.

2.2 Revisiting Classical Spectral Clustering

Spectral clustering is a classical method that employs dyadic
affinity to learn an optimal low-dimensional embedding
from raw data for clustering purposes. Given a data matrix
X € R™™, where n is the number of samples and m
is the feature dimension, the objective of spectral clus-
tering is to divide these n samples into ¢ subgroups by
reformulating the clustering problem as a minimum cost
problem of graph-cut. The crucial step of this method is
to construct a similarity graph by calculating the dyadic
affinity matrix A € R™*™. Specifically, the (4, j)-th element
of A is calculated as A;; = d(x;,x;), where d(-,-) is a
pairwise metric. The ¢-th diagonal element of the degree
matrix D € R™*" is denoted as D;; = 2?21 A;j. The
Laplacian matrix is then defined as L = I — D :AD :.
The spectral clustering seeks a low-dimensional embedding
by minimizing the following objective model:

min Tr(V'LV) st. VIV =I )

Eq. (1) can be equivalently solved by seeking the dom-
inant eigenvector of the Laplacian matrix, and thus degen-
erates to a standard eigenvalue problem. Moreover, this
equation can be seen as a formulation that addresses the
maximum partition problem in graph-cut, as described
in [28]. Alternatively, one can define a normalized dyadic
affinity matrix L = D 2AD 2, other that the early ones
to impose a strong positive definite Laplacian graph. The
spectral clustering can also be popularly expressed as a
maximization problem :

max Tr(VTLV) st VIV =TI )
Then, one can perform a clustering task like k-means on
the obtained embedding.

2.3 Tensor Spectral Clustering

The core of model (2) is to maximize the intra-cluster affinity,
thereby preserving the volume of each subgraph after graph
cut. In our previous work [22], we introduced a normalized
affinity entropy measurement, which effectively evaluates
the volume of affinity using any number of samples.

Definition 1. The total normalized similarity: Let C be
a group of samples belonging to the dataset X, and S €
R™M X" XN he an order-r similarity tensor . The total normal-
ized similarity of the samples in C' is defined as follows:

Sim(C) = Z

T Tig,see T, €C

Lmq‘,l s Lig e iy (3)

where L represents the normalized order-r affinity tensor. Let
the samples X partitioned by k sets, i.e., C1,Cs,...,C}, the
normalized associativity (N assoc) of the resulting clustering is
defined:

k

Sim/(C;
NASSOC(C17C27..-7C]<:) = ZC"(VC) (4)
i=1 i
where |C;| denotes the cardinality of cluster C;.

Definition 2. mode-k product The mode-k product between an
order-m tensor T € R™MXN2X"XNm qnd q matrix V € RP*X"k,
denoted by T ®j U € R™M XX hm1 XPX o1 X XTm ity

(T Ok V)i1 Bk —1JTk41-Tm

ng
= E Til...ik_likik+1...im‘/}ik~

=1

©)

Let H = [hy,ha,...,h;] € R"™* denote the latent
representation, where H;;, = |Ci|™! if z; € Cj, and
zero otherwise. To obtain an optimal sample assignment
C4,...,C), the maximization of the normalized associa-
tivity in Eq. (@) is pursued. This can be achieved through
algebraic manipulation, which allows us to reformulate the
problem as follows:

k
max (‘C’ r hj Qr—1 hj R h’]) (6)
C1,,Cr €
Jj=1
Due to the NP-hardness of the maximum normalized
associativity problem, it is necessary to use relaxation tech-
niques to make the problem more tractable. One such tech-

nique involves relaxing the binary assignment matrix to an
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orthonormal matrix V. € R"*¥, where V'V = I. This
relaxation reduces the strict binary assignment requirement
and simplifies the problem as:

k

LRV Rp_1V; D1 V5 7
VTV:I; r Uy ¥r—-17Yj 1Y (7)

where v; represents the j-th column of V.

2.4 Co-Regularized Multiview Clustering

In multi-view clustering, learning a consensus represen-
tation is the common approach to capture the local
view-specific structure [29]. Based on this hypothesis, co-
regularized learning is applied to align the low-dimensional
representation of different views, reducing the impact of
noise or errors and enhancing the quality of the consensus
representation [30]. Given multi-view data X € R®*™mx!
with n samples, m features, and ! views, one can construct
the corresponding affinities L(Y € R™ ™ of each view
and project into the low-dimensional space to obtain rep-
resentations V() € R"**. The corresponding strategy is to
align diverse low-dimensional representations and obtain
a consensus representation W € R"**. This alignment
essentially establishes a consensus representation by min-
imizing the geodesic distance on the manifold [31]], and the
measurement of geodesic distance can be:

l
dist?,,;({VOY_, W) =Y dist?,,, (VD W)
i=1
l _ .
=> k=Tr(VvOVEO wwT)] ®)
i=1

l
=kl =S Tr(VOVO WwT)

i=1

where V() is obtained through Eq. to learn the low-
dimensional representations within a single subspace, and
the optimization of Eq. (8) aims to minimize geodesic dis-
tances and promote inter-subspace proximity [32]. Building
upon these principles, the co-regularized learning process
can be as:

l
max > Tr(VO LV L vOyO wwT)
vDerm,, i &)
woad)

StWIW =1

where f);z) € R™*™ is the pairwise affinity of the i-th view.
However, noise or errors of different views can adversely
affect multi-view performance [33]. In order to tackle this
challenge, A(¥) is introduced to control the influence of the
deteriorating views, and the final co-regularized model with
the manifold constraints can be as:

l
Tr(VO ESVO 4 AOYyOyO T wwT)

max
viem,, *

w A (@) =1

stW'W =1
‘ (10)
where A\(*) is used to measure the weight of the i-th view.

3  MuLTI-VIEW TENSOR SPECTRAL CLUSTERING
VIA CO-REGULARIZATION

Existing multi-view methods primarily rely on linear spaces,
rendering them inadequate for analyzing multi-dimensional
data characterized by intrinsic complex structures. For-
tunately, manifolds can be conceptualized as the low-
dimensional smooth surfaces embedded within higher-
dimensional Euclidean spaces, providing a framework that
enables the effective capture and comprehension of the in-
tricate structures in high-dimensional data [34], [35]. Follow
this vein, Khan et al. [36] introduce manifold-based methods
that effectively capture complex structures, leading to signif-
icant improvements in clustering performance. These tech-
niques enable the representation of spatial structures, mak-
ing them particularly advantageous for analyzing HDLSS
data. Inspired by these manifold-based work, a unified
tensor clustering model can be developed by combining
high-order affinities, mitigating the concentration effects
in HDLSS data. To enhance the discriminative power of
the low-dimensional representation for HDLSS tasks, we
impose a constraint that restricts the embedding to the
manifold space. In this paper, to demo the effectiveness of
our framework in handling both odd-order and even-order
affinities, we introduce the third and fourth-order affinities.
Thus, a model that incorporates high-order affinities and
manifold constraints is proposed:

k

min Z —L, @ v; @1 v; — L3 Q305 Q2 V; @1 V;
j=1

vemM, — (11)

— L4 ®4v; 3V ®2 V; ®1

where M, = {V € R™FVTV = I} is the Stiefel
manifold, £3 and L4 are triadic and tetradic affinity tensors
for quantifying similarities among triplets and quadruplets
data.

3.1 Co-Regularized Multi-View Clustering via Manifold
Alignment on Tensor Spectral Embedding

Eq. achieves the low-dimensional representation on the
manifold space by integrating multi-order affinities. Build-
ing upon this, a co-regularized learning step with the mani-
fold constraints is introduced for handling the concentration
effects and extracting heterogeneous correlations in multi-
view HDLSS clustering. The goal of the proposed method
is to effectively leverage cross-view correlations in HDLSS
data by combining Eq. (TT) and Eq. (I0). Consequently, a Co-
Regularized multi-view clustering via Manifold Alignment
on Tensor Spectral embedding (CRMATS) method is pro-
posed as follows:

!
min — E
videmi, o

N . . . g .
T7,(‘/'1(1) L(21)‘/1(1) + (‘/1(1) % ‘G(l))TLgZ)‘/l(Z)

w (@)
. . n s . . . . T
+ (‘/1(1) * ‘G(’))TLfll)(‘/l(l) % ‘/1(1)) + )\(Z)(V*l(l)‘/l(l) WWT))
st. WIW =1

R . (12)
where L3 and L4 are the normalized unfold form of tensor
affinities, calculated by:

~ ALl A1 A A L A A1
Ly=D,*T3D;? L,=D,*T\D,*? (13)

2
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where D3, and D3, are the diagonal matrices with diagonal
elements obtained by taking the square root of the Khatri-
Rao product of the column-wise sums and the column-wise
sums of T 3, respectively. Dy is a diagonal matrix in which
the elements on the diagonal are computed as the reciprocal
square root of the sum of each row of 7 4. The matrices Ty
and T4 are the unfold form of third and fourth order affinity
tensors. Tensor affinities T3 and T 4 can be defined as:

<(x; —xj),(xp — x;) >
Ts. =1-— J2 J 14
E dyyd, (14)
dij +dy
| — — 15
47,_7kl el‘p( Jdik +djl +€) ( )

for 4,7,k,l € n, where d;; denotes the distance between
samples x; and x;, and o is an scaling constant. However,
the computation in Eq. involves high-order polyno-
mial function that may lead to numerical difficulties. To
circumvent this, one can introduce a slack variable VQ(l) to
approximate the term Vl(l) * Vl(Z) in Eq. . Furthermore,
we introduce 71,2 to trade off the affinities term and co-
regularization term. The final model can be:

min —— Z T’I“ 1i L(Z ‘/1(1) + ‘/é(l)T_tgl)‘/l(l)
Vl('l)EMla
VO WA

l
— 2 AT VOV W)
=1

VO =1

+ VQ(”TIAJEJ)VQ(Z))
st VD« v = N WIw=1I
(16)
Eq. aims to fuse multiple affinities to produce a
consistent representation that is robust against noise and
concentration effects. The clustering task is then accom-
plished by applying spectral clustering, leading to the final
group assignments.

3.2 Numerical Scheme to Solve CRMATS

An efficient alternating direction minimization strategy is
employed to solve CRMATS. Using the Augmented La-
grange formulation methodology, the corresponding func-
tion of Eq. (16), defined as L, is obtained by:

LV, Vi ¥, WA, Z, 1) o)
l
=-nTr Z(Vflfi

i=1

Oy © |y O Oy

l
— 3 Y AT VOV wwT)
i= 1

Y0 i
+‘/v2() Lz(l)‘/g())

< ZWTW - I>+Z”1 VO« v @ — v )2,
i=1

!
+3 <Y Vv v s B wTw - 1)
i=1
' (17)
where Y; and Z are Lagrange multipliers, ,ugl) and py > 0
are penalty parameters. Our goal is to minimize L by
dividing it into several subproblems. We accomplish this

by considering the following variables alternatively and
solving each variable while keeping the others fixed.

Step 1): Solvmg the subproblem with respect to the
variable V

When keepmg the related items, Eq. can be:

(L) + VW ww ) v,

min v » Tr(V,
Vi eMy, ;
)
N7 Lz i i iy, Y
—2v GEY V) + v e v - v 4 s

L8

In Eq. ., we encounter a quadrahc term —(i}g) +

= )\(Z WWT) and a first-order term 1L(7) V(z) By incor-

poratmg the manifold constraint, Eq. (18) can be simplified

as a quadratic optimization problem w1th1r1 each view. To

solve this problem, we introduce a universal Stiefel mani-

fold M, = {V € Rk VTV = I}. The quadratic and
first-order terms for each view are denoted as A and B.

Algorithm 1 Generalized power iteration method (GPI)

Input: The matrix A € R"*", matrix B € R"*¥ and «

Output: The orthonormal base V' of Stiefel manifold M, =

{VeR™F| VTV =T1}.

Initialize a random orthonormal base of Stiefel manifold,

definite matrix A = oI — A via .

while Not Converged do
Compute the gradient, M € R"™** + 2AV + 2B.
Calculate M = FX R via the compact SVD of M.
Update V € R"™** «— FRT.

end while

return The orthonormal base V.

[y

min Tr(V'AV —2V'B)

VEM, (19)

where A € R™*" is a symmetric matrix. In order to solve
the problem in Eq. (19), it can be relaxed into:

max Tr(V' AV +2V'B)

VeM, 20)

where A = ol — A € R The parameter « is an
arbitrary constant such that A is a positive definite matrix.
A closed-form solution to Eq. can be achieved through
the corresponding partial derivative M [37]. Suppose that
M + FXR' represents the details of the singular value
decomposition, in which F' € R"*", 3 € Rk R € RFXK,
Thus, Eq. can be solved equally:

max Tr(V' M) (21)
VeM,
Then we have the following equations:
Tr(VIM)=Tr(V'FER") =Tr(ER'V'F)

a (22)

= Z 032

i=1
where Z = RTV T F € R¥*", Apparently, we conduct that
zii < lsince ZZ" = I. In this way, Tr(V " M) reaches
maximum when the matrix Z = [I,0] € Rk*"_ Thus, the
optimal solution of V' can be:

V=FZ'R" =F[I,0|R" (23)
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Algorithm [I| provides a concise description of the
quadratic optimization algorithm on the manifold. For a
comprehensive analysis of its convergence, we refer readers
to Section A of the supplementary materials. Once we have
derived the objective function for the subproblem, we can
utilize Algorithm [1| to obtain the solution for V(). As we
are imposing the orthogonal constraint of manifold, the
gradient of a differentiable function f : Vj,,, — R can be
givenas Vx f = fx — XfTX with fx = a—f [38]. Thus,

the gradient of Vl( D in Eq. (18) is:
oL

8‘/'1(i)
1

= 7 (—2(L5 + EA(")WWT)V}“)
71

AT : . NT A (s .
_L:(;) ‘/2(1)+‘/1(1)‘/2(Z) Lg’)‘/l(l))

k
+u’ Ve 1+ 10 V)T
Jj=1
V= -
k
+ VOV  vO - vy T
j=1
Vo I+IevhnY)

(24)

Vi) + Y, i)

where Vl(l) can be updated iteratively through Eq. and
Algorithm [T

Step 2): Solv1ng the subproblem with respect to the
variable V

Discarding the items irrelevant to Vz( ) the augmented
Lagrange function can be simplified as:

mln - Z Tr V( i)’ L(Z)‘/l(l) + ‘/2(1)Ti14(12)‘/2(1))

V (z 1 (25)
i Y;
+%HV1“*V v gl
The gradient of the objective functlon is:
oL < ()5 (i £ (i) ¢ (i
Y 2V
R
iV VO v 2
H1

By setting the gradient to zero, I:ff) is symmetric and
its diagonal elements are not yet zero, one can obtain the

implicit solution as:
=(ul OF 2711:(2'))—1
( (1)‘/1( i) * V( i) +71L(1)‘/1(1) + YZ)

Step 3): Solving the subproblem with respect to the
latent representation W.

When the terms associated with W are kept, the follow-
ing subproblem is obtained:

Vv
2 7)

l
. i i T
mV%X’YQTT(WT(; AWV YW st WTW =T
(28)

Algorithm 2 Co-Regularized multi-view clustering via
Manifold Alignment on Tensor Spectral embedding
(CRMATS)

Input: Multi-view dataset X € R™»*mx*l Cluster number c.

Output: The consensus matrix W.

1: Construct the affinity IA)(;) € R™*", IA)i(;Z) € ]R"X”Q,IA/S) €
R SetY; = OW = 0,Z = 0, p\?) = pp =
107, ™o =105, p = 1.1 and e = 1075,

: Initialize V1 V(z).

: while Not Converged do

fori=1,---,ldo
Update V1 (0 v1a Eq. 4) as well as Algorlthrnl
Computer V2 (y 1!

Update Y; and A by Eq. (31) and Eq. .

ny = mm(pﬂgl)7 pmer).

end for

p2 = min(ppz, ™).

Update Z and W via Eq. as well as Eq. (28).
Check the convergence conditions.

: end while

: return Consensus representation W.

: Perform spectral clustering on W to have sample as-
signment Y),.cq.

D N AN L i

_ =
= O

where Eq. (28) is actually a standard k-means problems with
a specific kernel Zi:l )\(Z)Vl( )Vl( 7" We can obtain W via
eigenvalue decomposition on this specific matrix.

Step 4): Solving the subproblem with respect to @

OyO wwT)

max fygTr(Z ADy (29)

A® i=1
By defining TT(Vl(i)V(i)TWWT) = d%, and combin-
ing the Cauchy-Schwarz inequality [39], the optimal solu-
tion for A()) can be obtained as:
d®)

Ve aor

Step 5): Updating the multipliers Y; and Z, their
formulations are follows:

PRI (30)

Y(t""l) _

Z YO 1000,y 00 _y@n)y @)

Zz+) — z(O) 4 ‘LLQ(WT(t)W(t) -1 (32)
where t is current number of iterations.

The five steps are iteratively updated until convergence
or( ;1(n)til a stc()I:; in1 crlte(rﬁor)l is me’E (m%v(HV((‘))((tHl))

i)t O (t+ i)t t+ t+
“;l(i)(t+|f§<|” HVﬁY(z‘)(tH) YQ )(tgH ”VZ(t+1) _®Z‘(j)|| ) <

2 Q) 1 00 [e§]

Algorithm 2] presents a comprehensive outline of the solving
process in CRMATS, serving as a valuable reference for a
detailed understanding of the methodology. The conver-
gence proof of CRMATS is elaborated in Section A of the
supplementary materials.
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4 EXPERIMENTS

In this section, a comprehensive experimental study is con-
ducted on eight HDLSS datasets to showcase the effective-
ness of CRMATS. All of the experiments are implemented
in Matlab 2020a on 64-bit Windows OS PC with an Intel

2.30-GHz CPU.
TABLE 1

Statistics on tested datasets

Dataset InstancesViews Features Classes Types
Syndatal 120 3 2352,5097,9998 2 Synthetic
Syndata2 90 4 2341,3988,7236,16996 3 Synthetic

Coil-20 100 3 1024, 3304, 6750 5 Image

Yale 165 3 4096, 3304, 6750 15  Image
MSRC_vl 90 5 24,576,512,256,254 2 Image
BBCSport 78 2 3183, 3203 3 Text
3Sources 169 3 3560, 3631, 3068 6 Text

Reuters 120 5 21526,24892,34121,15487,11539 6 Text
4.1 Comparative Datasets and Methods

A total of eight datasets are utilized to validate the effective-
ness of our method in the experiment, comprising six real
datasets and two HDLSS synthetic datasets: Syndatal and
Syndata2. Syndatal consists of 120 samples divided into
two categories, with each category containing 60 samples.
Each sample is described from three views. To verify the
robustness of our methods on HDLSS data, we extend
the dimensions and the number of views, and reduce the
sample size on Syndatal to obtain Syndata2. Specifically,
Syndata2 comprises 90 samples divided into 3 categories,
with each sample being described from four views. Each
subcategory of synthetic data is generated from indepen-
dent and identically distributed normal distributions with
the mean values of 2 and the standard deviations of 0.5.
In addition, we evaluate the effectiveness of CRMATS
in six public benchmark datasets, including Coil-20 [40],
MSRC_v1 [41], Yale [42], BBCSport [43], 3Sources [44] and
Reuters [44]]. To demonstrate the effectiveness of our method
on HDLSS datasets, we randomly select samples from these
datasets for experiments. More details about the datasets
are provided in TABLE [l} and our method is compared
with other multi-view clustering methods. The details of the
comparative methods are shown as follows:

I. Scalable Multi-view Subspace Clustering (SMSC)
[45] constructs latent graph after anchor learning.
II. Pure graph-guided multi-view subspace clustering
(PGSCQ) [46] learns consensus graph by leveraging
the sparsity and connectivity of each affinity graph.
Robust Multi-View Spectral Clustering (RMSC)
[12] considers low rankness and sparsity of matrix
to learn a common graph after decomposition.
Low-rank Tensor Based Proximity Learning
(LTBPL) [42] performs probability affinity to recover
the low rankness and high-order correlations.
Multiview Subspace Clustering via Low-Rank
Symmetric Affinity Graph (LSGMC) [44] pursues
a consistent low-rank structure across views.
Measuring Diversity in Graph Learning: A Unified
Framework for Structured Multi-View Clustering
(CDMGQCQ) [47] leverages the multi-view consis-
tency and the diversity in a unified framework.

III.

IV.

VL

VII. Co-regularized kernel k-means for multi-view
clustering (Co-reg) [39] combines similarities of dif-
ferent view and latent representation for clustering.
Multiview Clustering via Co-Training Robust
Representation (CoMSC) [48] finds a consensus
matrix and complementary information.

Efficient Multi-view Graph Clustering (EMGC)
[49] finds a consistent cluster indicator matrix with
a Super Nodes Similarity Minimization module.

X.  Multi-View Clustering on Topological Manifold
(MVCT) [50] integrates multiple affinity graphs into
a consensus one with the topological relevance.

A Tensor Approach for Uncoupled Multiview
Clustering (T-UMC) [51] couples the representation
matrix to explore high-order relationship.
Multiview Subspace Clustering by an Enhanced
Tensor Nuclear Norm (WTSNM) [52]] studies the
Schatten p-norm to solve the minimization problem.
High-order Complementarity Multi-View Cluster-
ing with Enhanced Tensor Rank (HCETR) [26]
adopts Tensor Rank to find high-order consistency.

VIIL

IX.

XL
XIL

XIII.

4.2 Clustering Performance

The clustering performance is evaluated using several com-
monly employed metrics, including Accuracy (ACC), Nor-
malized Mutual Information (NMI), Purity, and Fscore [53].
A larger value denotes superior performance. Consequently,
the best results are highlighted in bold. Considering that the
clustering problem does not include the number of groups
present in the data, we further use the Calinski Harabasz
index (CHI) to further assess the quality of the clustering
results. CHI measures the compactness and separation of
clustering outcomes by evaluating the ratio of inter-class
variance to intra-class variance [54]. A higher CHI value
indicates better clustering results. In our evaluation, a com-
prehensive assessment is provided using five metrics, with
each metric representing a specific property of the clustering
outcomes. The clustering performance of our method and
comparison methods on eight benchmark datasets is pre-
sented in Table and Moreover, we report the CHI values
between the ground truth labels and the features for each
dataset. To ensure the robustness, each algorithm is repeated
20 times to obtain the mean value. We then use Student’s ¢-
test to test the statistical significance of the results, with the
p-value represented in parentheses.

4.2.1 Experiments on Synthetic Datasets

Experiments are conducted to assess the stability of our
method on Syndatal and Syndata2. The results are sum-
marized in TABLE [2] and [3] Notably, our method demon-
strates substantial improvements in terms of NMI compared
to other methods on Syndatal. Specifically, we observe
improvements of 37.95%, 41.34%, 58.90%, 67.53%, 23.37%,
42.26%, 47.04% and 21.67% when compared to Co-reg,
CoMSC, LTBPL, LSGMC, MVCT, T-UMC, WTSNM, and
HCETR, respectively. In relation to TABLE [3} the results of
CRMATS align with the ground truth labels, exhibiting a
consistent value of 2.13. Regarding Syndata2, our method
outperforms Co-reg, CoMSC, LTBPL, LSGMC, MVCT, T-
UMC, WTSNM, and HCETR by 73.42%, 66.89%, 22.23%,
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TABLE 2
Comparison results (%): the mean and p value measured by different clustering methods on all the corresponding datasets and the best scores
are highlighted in bold.

Dataset | Method ACC NMI Purity Fscore | Dataset | ACC NMI Purity Fscore
SMSC  83.30(0.00) 4691(000) 83.320.00) 73-32(0.00) 56.720.00) 30-610.00) 62.21(0.00) 5221(0.00)
RMSC  51.72(g00) 10.91(0.00) 51.74(000) 49.51(0 01 56.1100.0s) 17:91(0.00) 55.60(0.00) 43390 00)
PGSC  50.82(000) 0-8l(0.00) 59-17(0.01) 65.90(0.00) 231001  230(0.00) 67-8L(0.00) 48.61(0.00)
LTBPL  3.330.00) 41.100000) 53.12(0.00) 4111001 5219002y 73300.01) 5437(0.00) 49-21(0.00)
LSGMC  70.00(000) 3247(0.00) 68:88(0.00) 53-52(0.00) 5333000y 32.280.00) 5444(000) 49490 00)
CDMGC 51.67(9.00) 61.69(0.00) 51.670.00) 65.57(0.00) 40.0000.00) 4.2500.00) 4112(0.00)  37.73(0.00)

Syndatal | Co-reg  58.31(g.00) 62.05(0.00) 58.28(0.01) 50.60(0.00) |Syndata2| 38.91(0.00) 22.11(0.00) 38.94(0.00) 31.17(0.00)
CoMSC  74.44(900) 58.66(p.00) T444(001) 58.66(0. 00) 76.67(0.00) 28:640.00) T6.67(0.00) 28:64(0.00)
EMGC2F 55.1000.00) 0.-7l0.00) 55.03(0.00) 49.47(0.00) 60.01(0.00) 25:21(0.01) 60.03(0.00) 45.91(.00)
MVCT 517100y 76.63(0.03 91.720.04 62.53(0.03) 35.63(0.01) 76.900.01) 65.61(0.00) 38.61(0.00)
T-UMC  53.830.00) 57.74(0.00) 53-83(0.00) 52.51(0.01) 773300020 61.990.00) 77-33(0.00) 67-19(0.00)
WTSNM 60.00(0'0()) 52.96(0'00) 60.00(0'00) 51.62(0'0@ 56.67(0_00) 43.44(0'0()) 56.67(0'00) 51.81(0400)
HCETR  78.33(0.01) 64.9300.00) 78:33(0.01) 65.65(0.00) 80.00(0.00) 59-34(0.00) 80-00(0.00) 69.72(0.00)
CRMATS 100.00(0.00) 100.000.95) 100.00.60) 100.00(0.00) 98.92(0.01) 95-53(0.05) 97-71(0.02) 98-91(0.01)
SMSC— 94.01(9.00) 8910002 94040.00) 5841 (0.00) 50.9T(0.00) 5573000 5271(0.00) 3641 (0.00)
RMSC  48.01(000) 69.4200.00) 60.03(0.00) 5522001 73250000 86.540.01) 7391(0.00) 50-11(0.00)
PGSC  42.000.00) 4-15(0.00) 86.000.00) 41.53(0.00) T90.00) 1021000y 61.51000) 12:11(0.00)
LTBPL 6851(021> 6753(000) 7851(000) 7393(000) 6004(000) 6292(000) 6002(000) 3641(000)
LSGMC 84.00(0'0()) 75.38(0'00) 84.12(0'00) 74.86(0'00) 64.85(0.00) 68.16(0'0()) 62.23(0'00) 45.84(0400)
CDMGC SO.OO(OAOO) 77.52(0_00) 80.00(0‘00) 75.41(000) 66.67(0'00) 69.46(000) 67‘27(000) 48.63(0‘00)

Coil-20 Co-reg 87.10(000) 87.71(0'02) 87.02(0‘00) 80.72(0_00) Yale 67.91(0'00) 72.13(0‘00) 6793(000) 53.92(0‘00)
CoMSC  36.330.00) 33-54(0.00) 44.33(0.00) 36-67(0.00) 76.07(0.00) 48:650.00) T76.07(0.00) 5617(0.00)
EMGC2F 24.21(()‘00) 56.73(000) 31.03(000) 31.62(000) 66.69(0‘00) 70.81(()‘00) 67.32(000) 50.21(000)
MVCT  25.03(.00) 14.01(0.00) 26.01(0.00) 30-43(0.00) 54.53(0.00) 59-520.00) 6541(0.01) 35.71(0.00)
T-UMC  65.51(0.00) 71-09(0.00) 65.51(0.00) 70-03(0.00) 74.62(0.01) 75.890.00) T467(0.00) 64.84(0.00)
WTSNM 43.51(0'0()) 37.89(0'00) 50.00(0'00) 39.72(0'00) 81.52(0'00) 85.82(0'0()) 82.73(0'00) 80.88(0‘00)
HCETR  70.00(0.00) 57-060.00) 70-00(0.00)  59-05(0.00) 59.39(0.00) 6801(0.00) 63.03(0.00) 51.27(0.00)
CRMATS 97.02(0.13) 96-65(0.11) 98-64(0.03) 97-13(0.21) 91.12(0.01) 88.12(0.01) 91-12(0.01) 83-33(0.00)
SMSC— 78.90(0.00)  47-3(0.02)  7890(0.00) 66-11(0.00) 86:67(0.00) 56:51(0.15) 66-67(0.00) 6622(0.00)
RMSC  54.41(000) 5543(0.00) 66.70(0.00) 62.93(0.00) 8851000y 69.41(000) 8854(001) 79100 00)
PGSC 33440000y 23l(0.00) 67-8200.00) 48.56(0.00) 64.64(0.00) 260(0.00) 6744(0.00) 48.36(0.00)
LTBPL 6781(000) 6483(006) 6779(000) 7161(007) 7434(000) 5271(000) 7444(000) 6062(000)
LSGMC 95.55(0'0()) 83.59(0'00) 92.22(0'00) 91.10(0'00) 35.90(0'00) 4.74(0'00) 36.96(0'00) 11.76(0‘00)
CDMGC 71.11(g.00) 50-88(0.00) 71.11(0.00) 66.73(0.00) 51.28(0.00) 23-600.00) 53-85(0.00) 50-88(0.00)

MSRC_v1| Coreg 94.43(0.00) 81.21(0.02) 94.390.00) 89-21(0.01) |BBCSport| 73.32(0.00y 57-32(0.00) 74.44(0.00) 66.51(0.00)
CoMSC 4481(000) 925(000) 4519(000) 1026(000> 5855(000) 2076(000) 5983(000) 2120(000)
EMGC2F 99.44(0.05) 95.91(0.06) 99.43(0.03) 96.89(0.07) 9101000y 81.81(0.00) 91.32(0.00) 84.23(0.00)
MVCT  40.00(0.00)  7-77(0.00)  56-73(0.00)  39-29(0.00) 51.81(0.00) 29-81(0.00) 79-54(0.01) 50-810.00)
T-UMC 781100y 67.73(0.00) 78-11(0.00) 68-16(0.00) 94.62(0.00) 82.81(0.00) 94.62001) 90.13(0.00)
WTSNM 79.05(0'00) 66.31(0'00) 79.05(0‘00) 64.07(0'00> 74.36(0'00) 68.99(0'0()) 74.36(0'00) 60.64(0‘00)
HCETR  84.290.00) 74.01(0.00) 84.2900.00) 72.61(0.00) 8205000y 57.7200.00) 82.05(0.00) 70-20(0 00)
CRMATS 98.13(g.03) 93.90(0.01) 96-280.01) 9512(0.02) 100.009.00) 100005 66, 100.009 00y 100.00(0.00)
SMSC— 26.04(9.00)  788(0.15)  43-21(0.00) 2177 (0.00) 5350(0.00) 4376000 53-50(0.00) 50-83(0.00)
RMSC  47.34(0.00) 38.65(0.00) 6154(0.00) 40.17(0.00) 51.50(0.00) 51.06(0.00) 51.50(0.00) 64.88(0.00)
PGSC 3491000y 313000 7744000 37-46(0.00) 51.050.00) 50-1500.00) 71-05(0.00) 66.23(0.00)
LTBPL  63.31(0.00) 53-46(0.00) 6886(0.00) 55.12(0.00) 51000000y 55-17(0.00) 51.000.00) 66.06(0 00)
LSGMC  75.10(000) 65.17(0.00) 76.16(0.00) 69.96(0 00) 66.73(0.01) 61.090000) 66.73(0.01) 74120 00)
CDMGC 69.11(000) 56417(000) 68.26(000) 60.95(000) 64.63(0'00) 59.93(000) 64.63(000) 77.12(0‘00)

3Sources | Co-reg  43.200.00y 43.52(0.00) 64.54(0.00) 38.64(0.00) | Reuters | 52.00(0.00y 58.49(0.00) 52.00(0.00)  56.48(0.00)
CoMSC  76.100.00) 60.17(0.00) 79-83(0.00) 62:20(0.00) T1110.00) 6566000 71.11(0.00) 77-13(0.00)
EMGC2F 63.31(0'0()) 63.12(0'00) 76.92(0'00) 59.35(0'0@ 70.31(0_01) 65.99(0'0()) 70.31(0'01) 73.42(0_00)
MVCT 60.36(000) 54.28(0_00) 83‘43(0‘00) 56.63(000) 51.00(0'00) 61.73(()‘00) 51.15(000) 69.93(0‘00)
T-UMC 7691(000) 7128(000) 8361(000) 7235(000) 7567(000) 6435(000) 7567(000) 6673(000)
WTSNM  68.46(0.00) 57-12(0.00) 63.8500.00) 70.75(0.00) 60.61(0.00) 61.360.00) 62.17(0.00) 75:35(0.00)
HCETR  66.86(0.00) 48.50(0.00) 66.86(0.00) 50.50(0.00) 85.00(0.00) 64.22(0.00) 85.00(0.00) T4.75(0.00)
CRMATS 95.19(0.00) 87-46(0.00) 93.95(0.00) 89.64(0.00) 87.68(0.00) 77-38(0.00) 87-68(0.00) 79-95(0.00)

63.25% , 18.63%, 33.54%, 52.09% and 36.19%. At this point,
the evaluation result in TABLE E| is 1.86, surpassing the
results of the other comparative methods.

To assess the discriminative power of the consensus
representation, we utilize ¢-SNE for visualizing the differ-
ences by projecting the latent representation onto a two-
dimensional space. Syndata2, which has the highest dimen-

sionality, is specifically selected to represent the synthetic
scenarios. When visualizing the raw data from their re-
spective views using t-SNE (Fig. IZ| (a)-(d)), it is evident
that most of the samples in Syndata2 appear intermingled
and lack clear separation. In contrast, the consensus rep-
resentation achieved by our method successfully separates
subcategories without any overlap (Fig. IZ| (e)). For the

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Pattern Analysis and Machine Intelligence. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TPAMI.2024.3386828

RESUBMITTED TO IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE 9

TABLE 3
CHl results: the mean and p value measured by different clustering methods on benchmark datasets and the best scores are highlighted in bold.

Method | Dataset | CHI | Dataset | CHI | Dataset | CHI | Dataset | CHI
SMSC 1.380.00) 1.610.00) 335.85(0.00) 36.860.00)
PGSC 0.860.00) 1.12(0.00) 108.65(0.00) 13.87(0.00)
LTBPL 1.34(0.00) 0.41(.00) 224.46 9. 0) 44.74(0 00)

CGMGC 1.22(0.00) 1.13(0.00) 274.650 00 45.290.00)
Co-reg Syndatal 1.21(0.00) Syndata2 1.23(0.00) Coil-20 305.67(0.00) Yale 45.95(0.00)

CoMSC 1.67(0.00) 1.47(0.00) 83.890.00) 50.31(0.00)
MVCT 1.17(0.00) 1.13(0.00) 34.52(0.00) 38.80(0.00)
T-UMC 1.68(0.00) 1.24(¢ 0) 211.35(0.00) 49.54(0.00)

WTSNM 138(000) 126(000) 12818(000) 5323(000)

CRMATS 2.13(0.00) 1.86(0.00) 349.00(0.00) 58.37(0.00)
Truth 2.13 1.90 362.02 63.12
SMSC 12296 00) 5647 (0.00) 882(0.00) 127 5.00)
RMSC 11.57(0.00) 104620 0 9.04(0.00) 4.28(0.00)
PGSC 10.949.00) 51.990.00) 8.91(0.00) 4.27(0.00)
LTBPL 11.96(0.00) 73.380.00) 9.20(0.00) 4.27(0.00)

LSGMC 12.79(0.00) 11.39(0.00) 9.32(0.00) 4.32(0.00)

CGMGC 12.06.00) 22.53(0.00) 9.260.00) 4.31(9.00)
Co-reg MSRC_v1 12.769.00) BBCSport 71.13(0.00) 3Scources 8.99(0.00) Reuters 4.270.00)
CoMSC 11.28(0.00) 38.56(0.00) 9:33(0.00) 4.34(0.00)

EMGC2F 12.90,0.00) 110.14(0 00 9.20(0.00) 4.33(0.00)
MVCT 11.13(0.00) 22.59,0.00) 9.17(0.00) 4.27(0.00)
T-UMC 12.27(9.00) 118.10(0.00) 9.33(0.00) 4.35(0.00)

WTSNM 12.30(0.00) 73.42(0.00) 9.25(0.00) 4.30(0.00)
HCETR 12.45(0.00) 90.38(0.00) 9.25(0.00) 4.38(0.00)

CRMATS 12.87(0.00) 129.970.00) 9.52(0.00) 4.40(0.00)

Truth 12.93 129.97 9.58 4.64

B3 7T

(©

(® ®) (h) ) ()

Fig. 2. Visualizations of the consensus representation, raw data with ¢-SNE, and the heatmap on Syndata2 . Subfigure (a)-(d) depict the spatial
distribution of Syndata2 from different views using ¢-SNE. Subfigure (e) is the visualization of the obtained consensus representations W using
t-SNE. Subfigure (f)-(i) show the heatmap of Syndata2 from different views. The affinity heatmap on raw samples has blurred boundaries and no
apparent block structures. In contrast, Subfigure (j) shows the affinity from consensus representations has clear-cut boundaries.

purpose of further validating the effectiveness of CRMATS, affinity obtained from the low-dimensional embedding after
an analysis of the heatmaps of similarities is performed to applying CRMATS exhibits distinct boundaries, indicating
evaluate the distinctions between groups. In Fig.[2] (f)-(i), the ~ the method’s ability to mitigate potential biases. The results
affinity heatmap of the raw samples lacks clear boundaries indicate that the fusion of different order affinities outper-
and block structures. However, Fig. ] (j) shows that the forms the traditional pairwise affinity, low-rankness, and
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tensor-based methods in fully capturing the data structure
on synthetic data.

4.2.2 Experiments on Real Datasets

To further validate the efficacy of CRMATS in real-world
scenarios, we evaluate its performance on several bench-
mark datasets, including Coil-20, Yale, MSRC_v1, BBC-
Sport, 3Sources, and Reuters. Detailed information and
corresponding results can be found in TABLE [T} 2] and [B}
respectively. On Coil-20, CRMATS demonstrates superior
performance compared to LTBPL, LSGMC, MVCT, CoMSC,
Co-reg, T-UMC, WTSNM, and HCETR, with NMI clustering
results exceeding them by 29.12%, 21.27%, 82.64%, 63.11%,
8.94%, 25.56%, 58.76%, and 39.59%, respectively. Likewise,
on Yale, CRMATS outperforms Co-reg, CoMSC, LTBPL,
LSGMC, MVCT, T-UMC, WTSNM, and HCETR with per-
formance improvements of 15.99%, 39.47%, 22.20%, 19.96%,
28.60%, 12.23%, 2.30%, and 20.11%. Comparing against
alternative methods such as SMSC, RMSC, PGSC, CDMGC,
and EMGC2F, CRMATS achieves significantly higher perfor-
mance, surpassing them by 32.39%, 1.58%, 77.91%, 18.66%,
and 17.31%. Furthermore, CRMATS exhibits superior per-
formance on BBCSport, MSRC_v1, 3Sources , and Reuters.
Notably, the NMI result of CRMATS on MSRC_v1 reaches
93.90%, making it the second-best performer. Addition-
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Fig. 3. Visualization of the consensus representations and raw data.
Subfigure (a)-(c) depict the visualization of Coil-20 using ¢-SNE. Sub-
figure (d) is visualization of the consensus representations W.

ally, CRMATS achieves a perfect NMI result of 100.00%
on BBCSport, surpassing the second-best performance of
82.81% achieved by T-UMC. In the case of the 3Sources
dataset, CRMATS achieves an NMI result of 87.46%, which
is over 16.18% higher than the second-best method, T-UMC.
Similarly, on the Reuters dataset, CRMATS achieves an
NMI result of 77.38%, surpassing the second-best method,
EMGC2F, by 11.39%. TABLE El presents the CHI results of

achieves results that perfectly align with the ground truth
labels. Across the Coil-20, Yale, MSRC_v1, 3Sources, and
Reuters datasets, the respective CHI results are 349.00, 58.37,
12.87, 9.52, and 4.40. These findings provide compelling
evidence of the outstanding performance of CRMATS in the
remaining comparison datasets, further corroborating the
trends observed in TABLE[2

Fig. 4. Visualization of heatmap on Coil-20. Subfigure (a)-(c) are the
heatmap from different views. The affinity heatmap on raw samples has
blurred boundaries. In contrast, Subfigure (d) shows the affinity from
consensus representation has clear-cut boundaries.

To visually demonstrate the effectiveness of our method
on Coil-20, we present the spatial distributions of the raw
data and consensus representation obtained using t-SNE
in Fig. B| Additionally, Fig. ] showcases the correspond-
ing heatmaps and consensus representations learned by
our method. These visualizations provide compelling evi-
dence supporting the superiority of our approach. In the
pairwise affinity-based visualization (Fig. El (a)-(c)), most
samples appear mixed together, making it challenging to
accurately distinguish between different subgroups . How-
ever, our method generates a consensus representation that
exhibits improved separation and reduced overlap, leading
to enhanced clustering performance. The effectiveness of
our method is demonstrated through the comparison of
affinity heatmaps. In Coil-20, the affinity heatmaps of each
view on the raw samples (Fig. E (a)-(c)) exhibit blurred
boundaries and lack a clear block structure. However, after
applying our method and generating the affinity matrix
from the consensus representation, the boundaries become
well-defined. This is supported by the ¢-SNE visualization
of the consensus representation, where most samples are
clustered with their corresponding partners, and distinct
blocks are observed on the diagonal of the heatmap (Fig.

CRMATS alongside those of the comparison methods in (d) and Fig. El (d)). Overall, CRMATS yields superior

the dataset. Notably, in the BBCSport dataset, CRMATS

clustering performance on all real-world datasets, as shown
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in TABLE 2| and [3| Furthermore, we conducted an analysis
on the randomness of views and resource consumption in
CRMATS, which can be found in Section B and Section C of
the supplementary materials.

Based on the experimental results, CRMATS demon-
strates several advantages in handling HDLSS data. First,
our method effectively utilizes high and low-order affini-
ties to comprehensively capture the spatial structure of
HDLSS data. Second, our co-regularization approach aligns
the different low-dimensional representations to seek a
consensus graph and incorporate cross-view correlations,
thereby avoiding suboptimal clustering results. Lastly, by
learning a consensus representation on the manifold space,
we consider the complex connections among samples of the
original data, leading to improved clustering performance.

4.3 Convergence Analysis

An alternate minimizing algorithm is developed to solve the
optimization problem. As for the convergence of CRMATS,
we have provided the corresponding theoretical proof in
section A of the supplementary materials. In this subsection,
we compare objective value of the benchmark datasets with
diverse backgrounds to eliminate randomness and then
illustrate clearly in Fig. [5| We show the objective value
with 50 epochs. The corresponding objective value of each
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Fig. 5. The convergence curve of the proposed CRMATS method, on (a)
Syndatat; (b) Coil-20; (c) Yale; (d) BBC. The objective value decreases
consistently with respect to the iteration number.

benchmark dataset decreases sharply in the first 5 iterations
and then stays steady with more iterations, implying that
CRMATS converges steadily after just a few iterations. The
fast convergence of CRMATS is due to the alternate mini-
mizing algorithm, which updates each variable separately.
Moreover, by integrating co-regularization techniques and
leveraging high-order affinities on the manifold space, our
proposed method adeptly captures the intrinsic structure
of the data. Consequently, our method exhibits rapid con-

vergence, highlighting its effectiveness as a solution for
optimizing the problem in multi-view HDLSS clustering.

4.4 Hyperparameter Sensitivity Analysis

The influence of hyperparameter sets on the clustering per-
formance in terms of NMI is investigated, and the results
are represented in Fig. [f] Notice that Eq. consists of
two parts, the affinities term and co-regularization term. We
set hyperparameters for each part, denoted as ~; and 7o,
respectively. We use a combination of hyperparameters [le-
6, le-5, le-4, 1e-3, 0.01, 0.1, 1, 10, 100] for both v; and s,
and evaluate the performance on four benchmark datasets.

(b) Coil-20
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Fig. 6. Hyperparameter tuning (y1 and ~2) in terms of NMI, on (a)
Syndatat; (b) Coil-20; (c) Yale; (d) BBC.

According to Fig. [6} the clustering performance is influ-
enced by 7; in certain instances. For example, the NMI of
Syndatal and Yale (Fig. |§| (a) and (c)) decreases with lower
v1. In addition, the NMI changes little while 7, increases.
Although the performance of CRMATS changes with dif-
ferent combinations of 7; and 72, as shown in Fig. |§| (b)
and (d), CRMATS still outperforms its comparative methods
on benchmark datasets, demonstrating the stability of our
model. Furthermore, the results depicted in Fig. |§| provide
empirical evidence of the robustness of CRMATS to the
selection of hyperparameters. Our method consistently out-
performs the comparative methods on multiple datasets un-
der different settings, indicating its insensitivity to specific
hyperparameter choices and its ability to achieve favorable
performance across a wide range of hyperparameter values.
The observed effectiveness and robustness of CRMATS in
multi-view clustering tasks, as demonstrated in the results
of Fig. [6| underscore the practicality and versatility of our
method.

4.5 Ablation Analysis

In this subsection, an ablation study of our proposed CR-
MATS method is conducted to investigate the roles played
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by different order of affinities and their combinations. In
order to assess the significance of multi-order affinities,
an ablation study is conducted as follows. First, the re-
moval of Ly and L, results in the method degrading into
the traditional Co-reg approach. This variant is referred
to as CRMATS-L2. Subsequently, each high-order affinity
is individually applied in isolation, yielding the methods
CRMATS-L3 and CRMATS-L4, respectively. In the multiple
affinities situation, we combine Ls, L3, and L4 in pairs.
For instance, CRMATS-L.23 is the combination of f/2 and
L3. The clustering performance of each ablation method is
evaluated using the same benchmark datasets and metrics
as employed in the previous experiments.

EECRMATS-L3 EICRMATS-L23 EEICRMATS-L34
T T _ T

Coil-20 Yale BBC

Syndatat

Syndata2

Fig. 7. Ablation analysis experiments of the CRMATS: 1) CRMATS-L2
which only uses the pairwise affinity matrix Lo; 2) CRMATS-L3, which
only uses the third-order affinity matrix L3; 3) CRMATS-L4, which only
uses the fourth-order affinity matrix L4; 4) CRMATS-L23, which com-
bines L2 and L3; 5) CRMATS-L24 combines L2 and Ly4; 6) CRMATS-
L34 combines L3 and L4; 7) CRMATS is our model.

The experimental results presented in Fig. [7] demon-
strate the importance and effectiveness of incorporating
multi-order affinities in multi-view clustering tasks. First,
our method achieves the best performance on the follow-
ing datasets, indicating its effectiveness in capturing the
underlying structure of the data in multi-view clustering
tasks. Second, singular affinity experiments demonstrate
that high-order affinities (CRMATS-L3, CRMATS-L4) sup-
plement the inherent information of traditional pairwise
affinity. For example, the performance of CRMATS-L3 is
better than CRMATS-L2 on Syndatal and BBC. Finally,
the fusion of the second, third, and fourth order affinities
exhibits superior performance in comparison to any two-
order fusion (e.g., CRMATS-L23, CRMATS-L24, CRMATS-
L34). This observation suggests that the inclusion of each
order of fusion contributes to the enhancement of internal
information, resulting in incremental improvements.

5 CONCLUSION

In this paper, we present a unified multi-view clustering
framework, which, based on the accurate description of
intra-view sample relationships through the introduction
of multi-order affinities, aligns the latent representations of
views on the manifold space. The efficiency of CRMATS
are improved by employing an alternating minimization
strategy and singular value decomposition. A novel set of
evaluation metrics is devised to comprehensively assess
the performance of CRMATS in capturing the underlying

structure of the data, followed by taking into account the
similarity within clusters and the dissimilarity between
clusters in clustering tasks. Experimental results on eight
HDLSS datasets have demonstrated the effectiveness of our
method compared to other popular approaches.

Although our method effectively addresses the con-
centration effects in high-dimensional data clustering and
outperforms several baseline methods on the benchmark
dataset, there are still potential directions for improvement.
First, our strategy of improving the HDLSS clustering re-
sults through high-order affinity requires more time and
memory costs for computation. Additionally, existing high-
order affinity methods have limitations when dealing with
the complex graph data. To address these limitations, we
consider incorporating deep graph neural network for high-
dimensional learning. The deep neural network can lever-
age GPU computing units to reduce memory costs within
each mini-batch. Furthermore, the graph neural network
enables us to extract more potential high-order correlations
from high-dimensional data.
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