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Abstract

As a powerful technique in generative modeling, Flow Matching (FM) aims to learn velocity fields
from noise to data, which is often explained and implemented as solving Optimal Transport (OT)
problems. In this study, we bridge FM and the recent theory of Optimal Acceleration Transport
(OAT), developing an improved FM method called OAT-FM and exploring its benefits in both theory
and practice. In particular, we demonstrate that the straightening objective hidden in existing OT-
based FM methods is mathematically equivalent to minimizing the physical action associated with
acceleration defined by OAT. Accordingly, instead of enforcing constant velocity, OAT-FM optimizes
the acceleration transport in the product space of sample and velocity, whose objective corresponds to
a necessary and sufficient condition of flow straightness. An efficient algorithm is designed to achieve
OAT-FM with low complexity. OAT-FM motivates a new two-phase FM paradigm: Given a generative
model trained by an arbitrary FM method, whose velocity information has been relatively reliable,
we can fine-tune and improve it via OAT-FM. This paradigm eliminates the risk of data distribution
drift and the need to generate a large number of noise data pairs, which consistently improves model
performance in various generative tasks. Code: https://github.com/AngxiaoYue/OAT-FM.
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(a) A two-phase FM paradigm driven by OAT-FM (b) Representative generation results

Figure 1. (a) The principle of OAT-FM and the corresponding two-phase FM paradigm. (b) We train SiT-XL (Ma et al.,
2024) by our two-phase FM paradigm on the ImageNet 256 x256 dataset (Deng et al., 2009).
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1 Introduction

As a promising generative modeling strategy, Flow Matching (FM) (Song et al., 2021a; Ho et al., 2020;
Lipman et al., 2023) aims to learn a (deterministic or stochastic) velocity field capturing the transport of
probability mass from a prior noise distribution to a complex data distribution. In general, the learned velocity
field corresponds to a neural solver of a specific ordinary or stochastic differential equation. Therefore, in the
inference phase, we can simulate the differential equation with discrete sampling steps, resulting in the flows
from noise to data. Nowadays, flow matching has achieved competitive performance in various challenging
generative tasks, e.g., image generation (Lipman et al., 2023; Esser et al., 2024), audio generation (Liu et al.,
2024; Wang et al., 2024), protein design (Bose et al., 2024; Yue et al., 2025), and so on.

Currently, some two-phase FM paradigms are proposed to achieve high-quality generation efficiently.
Typically, given a well-trained flow/diffusion model, Rectified Flow (ReFlow) (Liu et al., 2023) and its
variants (Lee et al., 2024; Hu et al., 2025) iteratively refit each learned flow trajectory to its linear or piecewise
linear approximation. Such a so-called rectification phase straightens the flow progressively and thus allows a
large sampling step size (and thus requires few steps) during inference. In addition, self-distillation methods,
like Consistency Distillation (CD) (Song et al., 2023; Yang et al., 2024), treat the given model as a teacher
and learn an efficient student model to fit the flow trajectories created by the teacher. Essentially, both these
two-phase FM paradigms utilize the velocity field of the given model in their phase-2 training, enhancing
model efficiency while preventing severe performance degradation.

In this study, we propose a novel improved FM method, called OAT-FM, based on the recent theory of
Optimal Acceleration Transport (OAT) (Chen et al., 2018; Brigati et al., 2025), which provides a new way
to leverage velocity information and leads to a new two-phase FM paradigm. As illustrated in Figure 1(a),
OAT-FM minimizes the acceleration transport between the noise distribution and the data one defined in the
product space of samples and their velocities. The implementation of OAT-FM corresponds to a bi-level
optimization problem. In the lower-level, we solve an OAT problem, leveraging the endpoint velocity of
flow to compute the Optimal Transport (OT) plan (or called coupling (Villani, 2021)) defined in the product
space. In the context of FM, we can decompose the coupling and solve the OAT problem efficiently, whose
complexity is the same with that of the classic OT problem (Peyré and Cuturi, 2019). Accordingly, we can
sample noise-data pairs based on the OT plan during training. In the upper-level, we minimize an upper bound
for the optimal acceleration transport from noise to data, which straightens flow trajectories with a theoretical
guarantee. As shown in Figure 1(a), given an arbitrary flow/diffusion model, whose velocity information has
been relatively reliable, we can continually refine it via our OAT-FM method and improve its performance.

Different from existing OT-based FM methods (e.g., OT-CFM (Tong et al., 2024; Pooladian et al., 2023),
OFM (Kornilov et al., 2024), and ReFlow (Liu, 2022; Hertrich et al., 2025)) and recent acceleration-driven FM
methods (Chen et al., 2025a,b; Cao et al., 2025; Gong et al., 2025), OAT-FM applies a physically grounded
objective tied directly to acceleration control and transport, whose straightening objective is mathematically
equivalent to minimizing the physical action associated with acceleration defined by OAT. Compared with
existing two-phase FM paradigms, such as ReFlow and CD, the paradigm based on OAT-FM neither requires
generating a large number of paired training data nor relies on dense intermediate interpolation results, which
eliminates the risk of data distribution drift. To our knowledge, OAT-FM makes the first attempt to explore
the usefulness of acceleration-driven FM in high-dimensional generative tasks. As shown in Figure 1(b), the
phase-2 training achieved by OAT-FM leads to promising high-resolution image generation results.

2 Proposed Method

2.1 Optimal Transport-based Flow Matching

Most existing FM methods fall into a generalized Conditional Flow Matching (CFM) framework (Tong
et al., 2024). Denote P(X') as the set of probability measures defined in a sample space X'. Suppose that



we have a data distribution p; € P(&X') and a noise one py € P(X), respectively. Typically, we set pg as a
normal distribution A/(0, 1). CFM models the evolutionary sample distribution from pg to p; conditioned
on an auxiliary variable z, called conditional path and denoted as p;(x|z) (with ¢ € [0, 1]). It learns a neural
network, denoted as vy, to fit the velocity field v¢(x|z) corresponding to p:(z|z), i.e.,
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where 7 denotes the distribution of z. Once trained, the model generates new data from random noise by
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integrating parametrized velocities over time, i.e., 1 = gg(xo) = zo + fo vg(z¢, t)dt, where 29 ~ pg. In
practice, this generation process can be implemented by discrete Euler steps: Given the current x;, we set a
step size At, obtain x4 Ar = x4 + At - vg(x4,t) and update the timestamp by ¢ < ¢ + At. Repeating the
above step till £ = 1 leads to the generation result.

In the CFM framework, the distribution 7 and the conditional path p;(x|z) play a central role, and different
implementations result in various FM methods (Lim et al., 2024; Tong et al., 2024). For example, the early
FM method in (Lipman et al., 2023) sets 7 = p; and p;(z|2) as a Gaussian distribution A (tz, (to — ¢t + 1)?).
The independent coupling CFM (I-CEM) sets m = pg X p1, i.e., 2 = (xg, 1) With g ~ pg and 21 ~ p;
independently. Recently, some attempts have been made to interpret FM through the lens of optimal
transport (Villani, 2021), leading to a series of optimal transport-based FM methods, e.g., OT-CFM (Tong
et al., 2024; Pooladian et al., 2023) OFM (Kornilov et al., 2024), and kinetic FM (Shaul et al., 2023, 2025).

Optimal Transport-based CFM (OT-CFM): Denote the Wasserstein-2 distance between pg and p; as
Wa(po, p1)- The dynamic (Benamou—Brenier) formulation of optimal transport (Benamou and Brenier, 2000)
seeks a unique least-kinetic—energy flow v corresponding to W3(po, p1), i.e.,

1
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subject to the continuity equation 0;p+ V- (v,o) = 0 with boundary conditions p(-,0) = pp and p(+, 1) = p;.
Accordingly, OT-CFM implements CFM by setting the distribution 7 in (1) as the OT plan corresponding to
W2(po, p1), leading to the following bi-level optimization problem:

Upper-level: Lcrm Lower-level: W2 (po,p1)
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where I1(po, p1) denotes the set of couplings whose marginal distributions are py and p;, respectively Note
that we can set the conditional path as the deterministic linear interpolation between g and x4, i.e., given
z = (zo, 1), pe(x|2) = 0y, wWith zy = (1 —t) - 29 + ¢t - Z1. Accordingly, the velocity v¢(x|z) becomes
1 — Xo.

In theory, the objective function in (3) regresses vg(x¢,t) to the constant velocity x1 — xo. This con-
stant velocity equals the characteristic velocity on the Wasserstein geodesic when (g, z1) are coupled
optimally (McCann, 1997; Dong et al., 2024). In other words, training with 7* aligns vg(x,t) with the
least—kinetic—energy flow in (2), yielding straighter and more efficient flow trajectories. However, constant
velocity is sufficient but not necessary for straightening flows.

Proposition 1. The trajectory is straight if and only if the velocity direction is time invariant and the
acceleration is everywhere parallel to the velocity. The classical (first-order) dynamical optimal transport is
recovered as the special case with zero acceleration.

Motivated by Proposition 1, we can move beyond first-order dynamics and minimize acceleration instead,
which corresponds to the optimal acceleration transport problem in (Chen et al., 2018; Brigati et al., 2025)
and leads to the proposed OAT-FM method accordingly.



2.2 Flow Matching Based on Optimal Acceleration Transport

Given two distributions defined in the product space of sample and velocity, i.e., g, 11 € P(X x V), the
optimal acceleration transport problem evolves a probability measure from p to p; under deterministic
second-order dynamics while minimizing total squared acceleration.

Definition 1 (Dynamic Formulation of Optimal Acceleration Transport (OAT) (Benamou et al., 2019)).
Let X C R? be the sample space and V C R® the velocity space (by default V = R?). For jig, ju1 € P(X x V),
the optimal acceleration transport between them is defined as
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subject to the Vlasov equation (Vlasov, 1968) Oy + v - Vyp + V- (a ,u) = 0, with boundary conditions
p(-,-,0) = po and pu(-, -, 1) = py. Here, a: X x V x [0,1] = RY is the acceleration field, and the Vlasov
equation expresses conservation of mass in the product space.

Similar to the first-order optimal transport problem, OAT admits a static coupling problem on the product
space in the Kantorovich format.

Definition 2 (Kantorovich formulation of OAT (Chen et al., 2018; Benamou et al., 2019; Brigati et al.,
2025)). Given zy = (x9,v9) ~ po and z1 = (x1,v1) ~ w1, the OAT problem is equivalent to solving an
optimal coupling w.r.t. squared acceleration cost, i.e.,
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where T' > 0 denotes the time horizon defined between 1 and (1, which is 1 in our case.

The OAT problem in (4) admits a minimizer (u, a), while the OAT problem in (5) leads to an optimal
coupling 7 € TI(pg, p1). Let @ : (X x V)2 x [0,1] = X x V be an evaluation map associated with a. For
20,21 ~ 7", we have ®;(z0, z1) := (z¢,v;). Then, for every time ¢ € [0, 1], the distribution at time ¢ can be
determined by the push-forward of 7* through @, i.e., py = ®y#7*.

In the OAT problem, the optimal coupling is chosen by matching samples and velocities jointly in the
product space, so sample alignment and velocity alignment are treated on the same footing. This means
that points with similar velocity are more likely to be paired, and such alignments reduce the need for
transverse corrections. Once velocities are aligned, minimizing the integrated acceleration emerges as the
natural straightness objective. The following theorem indicates that OAT provides a second-order tool for
straightening flow.

Theorem 2 (Straightening Flow via OAT). Given two boundary distributions i, 11 € P(X x V), OAT
admits an optimal coupling 7 € (g, 1) for the static problem in (5). For every (xo,vq), (x1,v1) ~ 7
the corresponding trajectory is straight iff vg and v are collinear with x1 — xg. Otherwise, it bends exactly
to match the endpoints’ orthogonal components.

By adopting the OAT formulation, we shift from enforcing constant velocity to enforcing velocity alignment
and acceleration minimization, which leads to the proposed OAT-FM method. Essentially, OAT-FM is
motivated by a desideratum: For a pre-trained flow model, whose velocity information is relatively
reliable, refining it by solving an OAT problem can benefit its performance. Suppose that we have

'Obviously, the sample distribution p; is a marginal of pi, i.e., ps(x fv iz, v)do.
’To our knowledge, the Kantorovich formulation of OAT is first proposed and discussed by (Chen et al., 2018, Eq.10), and see
also (Benamou et al., 2019, Eq.4.14) and (Brigati et al., 2025, Eq.8).



derive a flow trajectory in [0, 1] based on a model vy, whose endpoints are zg = (xo,v) and z; = (x1,v1),
respectively. Given the model state at time ¢, denoted as z;(0) = (z, vg(z¢,t)), where z; = (1 —t)-zo+1t-x1
and ¢ € [0, 1], we define a cost function as follows
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Obviously, this cost is based on the squared acceleration cost in (5), and we introduce a hyperparameter
a € [0,1] to balance the term of velocity alignment and that of acceleration penalty. In practice, we can
implement #*¢ and #—;* equivalently by x1 — zo.

Given noise distribution (o and data distribution (1, we can fine-tune the flow model by minimizing the
expectation of £ 4(zo, z1,t; 0) over all ¢t € [0,1], zo ~ po, and 21 ~ 1, which corresponds to the following
OAT-FM problem:
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The learning problem in (7) considers an OAT-based flow-matching objective. In particular, the parameter «
balances directional alignment with a proxy for small total acceleration, and the expectation over ¢ averages
these effects along the path.

Remark. The connection between the OAT problem in (5) and our OAT-FM method is analogous to that
between the OT problem and OT-CFM. In particular, it has been well known that OT-CFM learns a flow
to achieve an optimal transport in the sample space, straightening flow trajectories by pursuing constant
velocity (Tong et al., 2024). Our OAT-FM learns a flow to achieve optimal acceleration transport in the
product space of sample and velocity, straightening flow trajectories by minimizing acceleration (i.e., a
smooth velocity field).

The objective of OAT-FM provides a tight bound on the true OAT second-order discrepancy, ensuring effective
minimization of the acceleration.

Theorem 3 (OAT Bound of OAT-FM). The OAT-FM objective Loar(iio, 11; ) is lower-bounded by a
scaled version of the true OAT second-order discrepancy, i.e.,

2
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with o = 2/3, and the equality held if and only if v = vy for 7*-almost every pair.
The proofs of all theorems can be found in Appendix A.

2.3 Efficient Implementation

Similar to OT-CFM, the OAT-FM problem in (7) is a bi-level optimization problem as well. The lower-level
problem determines a coupling 7*. The upper-level problem updates 6 given 7*. In practice, we solve them
via alternating optimization. Following the existing methods in (Pooladian et al., 2023; Tong et al., 2024), we
solve the lower-level problem via min-batch approximation.

It should be noted that, although the coupling of OAT problem has a four-dimensional coupling, i.e.,
7(20, 21) = m(xo, x1, V9, v1), it has a decomposable structure in the context of FM. In particular, given an



arbitrary sample = and a time stamp ¢, we can determine its velocity as vy (x,t), which is conditionally inde-
pendent of other samples or velocities. Therefore, we have 7 (xq, z1, v, v1) = 7z (20, 1) (vo, v1|T0, 1) =
7z (0, 1) 7y (Vo |20 ) Ty (V1 |21), Where 7, is the marginal coupling associated with sample pairs and 7, (-|z¢) =
Ove(z,t)- As aresult, we simplify the lower-level OAT problem in (7) as

argmin E(,, x| 4 (20, 1) | = argmin By, o), [12001 =20 = Tayurs [P+ 800 3], 9)
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where pg, p1 € P(X) denote the noise and data distributions, ¥, ., = 3 (vg(0,0) + vg(z1,1)), and
Vgo,zn = Vo(x1,1) — vg(x0,0). The reformulated problem in (9) becomes a classic OT problem (Peyré and
Cuturi, 2019). As a result, the complexity of OAT-FM is the same as OT-CFM (Tong et al., 2024). The
detailed derivation of (9) and the scheme of our learning algorithm are provided in Appendix B.

3 Comparisons with Related Work

Different from existing OT-based flow matching methods (Tong et al., 2024; Pooladian et al., 2023; Kornilov
et al., 2024), OAT-FM considers the coupling in the “sample-velocity” product space that minimizes the
expected acceleration of flow, which fully leverages the endpoint velocity of flow to compute the OT plan and
sampling noise-data pairs. Alongside OAT-FM, several works have extended diffusion/flow models based on
second-order dynamics. Let p; € P(X). For 29 ~ pg and x1 ~ p1, the rectified interpolation (Gong et al.,
2025, Definition 3.12) between themz including the trajector){, the velocity, and the acc_eleratipn, can be written
as ry = auxo + frx1, v = Gy + Prx, and ap = duxo + Bexrr, where {ov, By, &u, B, G, By} are predefined
time—dependent coefficients. When p; satisfies the continuity equation d;py () + Vg - (ve(2), pe(2)) =0,
differentiating it once more in time yields a second—order continuity law (Gong et al., 2025, Lemma 5.1):

Ot pr + Vi - (0o + arpy) = 0, (10)

which couples density acceleration to both the velocity and acceleration fields.

Building on this perspective, recent second—order flow matching methods incorporate acceleration into their
training losses. NRFlow (Chen et al., 2025b) augments the standard OT-CFM objectives by regressing a
neural velocity predictor vy, (x, t) to the rectified velocity v;, and simultaneously regressing an acceleration
predictor ag, (v, x, t) to the rectified acceleration a;. The resulting loss is

Lxrriow = gy a,)r, totmitio, 1] [[[0e — va, (21, 1)[[5 + llar — ag, (ve, (w1, 1), x4, 1) |3 (11)

HOMO (Chen et al., 2025a) extends NRFlow by adding a self-consistency penalty, ensuring that the
instantaneous velocity matches the average of the velocity and its one-step update x4, 4, i.€.,

Luomo = LxrFow + B2y 01)~rm, t~Unif[0,1] [llve, (z4,t) — Q_JtH%]a (12)

with the target velocity defined as o, = 3 (vp, (24, t) + Vg, (T4+a,t + d)). Inspired by MeanFlow (Geng et al.,
2025), SOM (Cao et al., 2025) replaces pointwise supervision with interval averages and aligns the model to
averaged quantities over [r, t], whose training loss is

Lsom = Ezg e, ), rtmit(o,1], ewtnitly, 1] [V, (26, 8) = 0 (20) |13 + llag, (21,8) — ar(@) 3] (13)

where @(z,7,t) = = [Tv(zr,7)dr and @(z,7,t) = 7 ['a(z-,7)dr. Unfortunately, till now, the
performance of these second-order FM methods in high-dimensional data generation tasks (e.g., high-

resolution image generation) has not been verified.

Different from the above methods, OAT-FM introduces a physically grounded objective tied directly to
acceleration control and second-order transport. As shown in Table 1, the key distinction lies in the underlying
dynamics. OAT-FM evolves distributions in the joint space of sample and velocity according to Vlasov



Table 1. A comparison of various FM methods based on first- and second-order dynamics

Method Dynamics Parameterization Training Loss Space
OT-CFM 8tp + Vz (Up) =0 Vo (l‘, t) ‘CCFM in (3) X
NRFlow / HOMO / SOM 8t2p+Vz~(v3tp+ap) =0 wg,(x,t), ag,(x,t) (11)/(12)/(13) X
OAT-FM O + Vo (vp) + Vy(ap) =0 vg(z,t) Loar in (7) X xV

equation Opu(z,v) + Vy - (vp) + Vy - (ap) = 0. This law enforces at the population level the intimate
coupling between the density of states and the acceleration field that drives them. In contrast, NRFlow,
HOMO, and SOM abide the classical continuity law and its time derivative (10), and train by regressing
point-wise velocity and acceleration signals along a prescribed rectified path. Such formulations provide
local supervision but do not impose a closed second-order transport constraint on the distribution as a whole.
By casting training in the Vlasov flow rationale, OAT-FM thus 7) encodes second-order conservation directly
during training, ii) regularizes acceleration rather than learning additional acceleration models, and i)
avoids dependence on a specific time parametrization or rectification rule for supervision.

4 Experiments

We evaluate the efficacy of OAT-FM in various tasks, from low-dimensional optimal transport to high-
dimensional image generation. This section shows representative experimental results. More experimental
results and implementation details are included in Appendix C.

4.1 Testing on the Low-dimensional OT Benchmark

We first validate OAT-FM on the low-dimensional OT benchmark (Tong et al., 2024), which includes five
2D point cloud transport tasks. After applying FM (Lipman et al., 2023), I/SB/OT-CFM (Tong et al., 2024),
and VP-CFM (Albergo et al., 2023), respectively, to train an MLP-based generator by 20,000 batches, we
leverage OAT-FM to continually refine the model with the same number of batches. For fairness, we compare
the models achieved by the two-phase FM paradigm with those trained by the baseline methods (i.e., FM,
I/SB/OT-CFM, and VP-CFM) with 40,000 batches on two metrics: i) the 2-Wasserstein distance W22 (p1,p1)
between the distribution of generated samples p; and that of target data p;, and ii) the Normalized Path
Energy (NPE) defined in terms of the 2-Wasserstein distance as

PE(vg) — W3 !
NPE(ug) = P28 = Wa (00, Il - (opere PR () = E%NPO/ l[vg (¢, ]| dt. (14)
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Here, we generate all samples using the RK45 ODE solver (Dormand and Prince, 1980) with 101 integration
steps from ¢ = 0 to t = 1 and compute PE accordingly. This metric evaluates the transport cost of the learned
flow relative to the dynamic optimal transport.

The quantitative results are presented in Table 2. We can find that with the help of OAT-FM, our phase-2 FM
paradigm leads to better results in most situations. In particular, for those non-OT methods, e.g., FM, I-CFM,
and VP-CFM, applying OAT-FM to achieve a second-phase training makes their flows fit dynamic optimal
transport better, reducing the Wasserstein distance and NPE of each transport task significantly. For SB-CFM
and OT-CFM, whose flows have been learned to fit dynamic optimal transports, applying OAT-FM can still
make their models fit data distributions with lower Wasserstein distances while maintaining comparable NPE
in general. Figure 2 visualizes the progressive straightening of I-CFM’s transport trajectories on the eight
Gaussian distributions (denoted as “8gs”) to the Moons dataset during the OAT-FM refining process.
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Figure 2 . An illustration of refining the flow of I-CFM via OAT-FM on the eight Gaussians to the Moons dataset. We
conduct this experiment based on the code base provided in (Tong et al., 2024).

Table 2 . A comparison of various methods in terms of data fitting (2-Wasserstein) and optimal transport approximation
(normalized path energy). We run each task in five trials and record the average performance and standard deviation.

Task N —8gs 8gs—moons N —moons N —sscurve moons—8gs
Method W2, NPE, W2, NPE, WZ| NPE, W2, NPEL WZ?| NPE|
FM 0.58+0.16 0.241001 5.80+006 0.054002 0.154+007 0.27+005 0.811030 0.081004 7.39+045 0.961005

+OAT-FM 0.314009 0.024001 0.081003 0.011001 0.081003 0.031001 0901015 0.031002 0.281010 0.041002

I-CFM 0.4510.18 0.304001 0.184005 1.404005 0.114003 0.524006 1.164047 0.034003 0.744012 1.19+0.06

VP-CFM 0434014 0.241001 0.154002 1.244005 0.104003 0.314007 1.051041 0.224004 1.394035 1.224005
+OAT-FM 0.314012 0.03:001 0.0941001 0.021001 0.071002 0.041001 1.104034 0.031002 0.324010 0.10400>

SB-CFM  0.514¢.10 0.01:‘:0,01 0.13410904 0.03001 0.08:‘:0,03 0.04:|:0.()3 0.79:‘:0,29 0.04902 0.3610.14 0.03:|:(),02
+OAT-FM 0-34:|:0408 0.0310.01 0.07:|:0.01 0.01:|:()_01 0.0940.04 0.104004 0.804013 0.02:|:().02 0.25:|:()_03 0.03:|:().02

OT-CFM  0.351009 0.011001 0.071002 0.011001 0.074002 0.041002 0.871033 0.031003 0311010 0.021002
+OAT-FM 0.321010 0.0441001 0.071901 0.011p0; 0.06400; 0.04:001 0.831034 0.041002 0.291009 0.104002

4.2 Unconditional Image Generation

Beyond the above low-dimensional OT benchmark, we further evaluate OAT-FM on generating CIFAR-10
images (Krizhevsky, 2009). We initialize our training from the pre-trained FM (Lipman et al., 2023), I-
CFM (Tong et al., 2024), OT-CFM (Tong et al., 2024) and EDM (Karras et al., 2022) models, which serve
as a starting point by providing good estimates for the boundary velocities. For FM, I-CFM, and OT-CFM,
we follow the settings in (Tong et al., 2024). For EDM, same as (Lee et al., 2024), we adapt it into a flow
matching model by adjusting its time and scaling factors, which allows a seamless transition to our phase-2
training (see Appendix C.1). All models are trained with a per-GPU batch size of 128 and an EMA decay
rate of 0.9999. In the inference phase, we follow the standard setting, employing the Dopri5 solver for FM
and I[/OT-CFM and the Heun solver for EDM, respectively. For each model, we evaluate image quality using
the Fréchet Inception Distance (FID) (Heusel et al., 2017) and record its number of training batches and that
of inference steps (denoted as NFE) as well.

As shown in Table 3, OAT-FM consistently enhances the generation quality across all pre-trained models.
Notably, for FM, I-CFM, and OT-CFM, our method achieves superior FID scores while requiring only
1K additional training batches, a substantial reduction from the 400K batches used by the original models.
Furthermore, OAT-FM also improves upon the strong EDM baseline, lowering the FID from 1.96 to 1.93
with only 12K additional training batches. This result is also better than other competitive generative
modeling methods, including the strong two-phase FM method 2-ReFlow++ (Lee et al., 2024). These results



underscore that OAT-FM serves as an effective and computationally efficient plug-in module for refining
existing unconditional generative models, thereby boosting their performance with minimal training overhead.

Table 3 . Comparisons of various methods in unconditional ~Table 4 . Ablation studies of OAT-FM on the
CIFAR-10 image generation. In the column “#Batch”, the num- CIFAR-10 dataset. The FID scores of the models
ber of training batches of each baseline method is in black, while  trained under different settings are provided.

that of OAT-FM is in purple. The unit “K” means 1,000 batches.

The results of the methods labeled by “x” are from Lee et al. Lower Upper| Phase-1
(2024). Prob. Prob. | FM EDM
W/O Phase-2 [3.71 1.96
Method #Batch NFE| FID| W2 Lom |375 877
FM (Lipman et al., 2023) 400K 147 3.71 W3  Loar |3.55 8.68
FM + OAT-FM +1K 135 3.54 A2 Lcpm |3.81 1.95
2
I-CFM (Tong et al., 2024) 400K 149 3.67 A3 Loar |3.54 1.93
I-CEM + OAT-FM +1K 138 3.48
OT-CFM (Tong et al., 2024) 400K 132 3.64 2| o o B [y
OT-CEM + OAT-FM +1K 126 3.46 10
DDPM* 1,000 3.17 2 * g
Score SDE* 2,000 2.38 6 ’
LSGM* 147 2.10 s
2-ReFlow++* 35 230 .
EDM 35 1 96 ! :(7?FG Scalz ¢ ! 2CFG Scalz !
EDM + OAT-FM +12K 35 1.93

Figure 3 . The comparison of SiT-XL and SiT-XL +
OAT-FM on FID and sFID.

Ablation Studies. As shown in Table 4, we conduct ablation studies on CIFAR-10 to validate the design of
OAT-FM. In particular, given the models trained by FM (Lipman et al., 2023) and EDM (Karras et al., 2022),
respectively, we continually train them by OAT-FM under different settings, dissecting the contributions of
its key components, i.e., OAT-based coupling computation in its lower-level problem and the OAT-based
objective used in its upper-level problem. To adapt EDM for flow matching, we reparameterize its denoising as
a velocity field predictor. This allows us to initialize our model with a strong, pre-trained diffusion backbone,
facilitating a seamless transition to the second-phase OAT-FM training paradigm. The implementation details
are in Appendix C.1.

When deriving the coupling by computing the Wasserstein distance in (3), the FM-based model maintains its
low FID score on CIFAR-10 while EDM suffers severe performance degradation no matter what upper-level
objective is. For the upper-level objective, we can find that Loar works better than Lcpy consistently for
both FM- and EDM-based models. These results demonstrate that each component of OAT-FM plays an
indispensable role in effectively refining flows and enhancing model performance.

Remark. Our OAT-based coupling improves EDM performance, whereas the classic OT-based coupling
results in catastrophic performance degradation. This phenomenon reveals the essential difference between
OT and OAT in the velocity smoothness. In particular, EDM learns a score function under the assumption that
the noise at time ¢ is independent and isotropic Gaussian noise. When reformulating EDM as an FM model
(See Appendix C.1), this assumption means that the velocity field is smoothed (Song et al., 2021b). The
OT-based coupling, however, achieves static, non-Markovian transport between noise and data in the sample
space, without any smoothness constraint on the velocity. In contrast, the OAT-based coupling matches the
“sample-velocity” tuples at ¢ = 0 with those at ¢ = 1 in the product space X x V), solving the acceleration
minimization problem in (4) equivalently. The objective of (4) reveals the isotropic Gaussian prior of the
acceleration, which leads to smoothed velocity (Benamou et al., 2019). Consequently, our OAT-based
coupling follows the smoothness assumption and is suitable for refining EDM.



) 4

(a) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

(c) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right) (d) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

Figure 4 . The visual comparison for Si7-XL and SiT-XL + OAT-FM when CFG is 4.0.

4.3 Large-scale Conditional Image Generation

To verify the feasibility of OAT-FM as a phase-2 training method in practice, given the state-of-the-art image
generator SiT-XL. (Ma et al., 2024) trained on the ImageNet 256 x256 benchmark (Deng et al., 2009), we
apply OAT-FM to continually refine the model on the dataset and test it in conditional image generation tasks.
We compare the model refined by OAT-FM with the original SiT-XL and other image generators on different
metrics, including FID, spatial FID (sFID), Inception Score (IS) (Salimans et al., 2016), and the precision
and recall measuring how well the real and generated data manifolds are overlapped with each other. In the
inference phase, we apply an ODE sampler and a SDE one, respectively, to generate images with different
Classifier-Free Guidance (CFG) scales.

As detailed in Table 5, for the original SiT-XL model derived by 1,400 training epochs, refining it by OAT-FM
with merely five more training epochs (48K batches) leads to consistent improvements in FID, sFID, and IS.
The precision and recall remain stable. In Figure 3, we plot the performance of SiT-XL with and without
OAT-FM while varying the CFG scale from 1.0 (no guidance) to 4.0. The results confirm that OAT-FM
delivers consistent improvements across the entire range of scales. Note that, setting a large CFG scale
helps generate high-quality images in general (Ma et al., 2024; Peebles and Xie, 2023) (although leading to
relatively high FID/sFID scores). Based on this fact, the superiority of OAT-FM is significant when CFG is
large (e.g., CFG is 4.0), which further demonstrates the effectiveness of OAT-FM in practice.

Interestingly, when starting from the same noise, in some cases (e.g., the “Bottle” and “Parrot” shown in
Figure 4), applying OAT-FM improves image details, maintains the main semantic and spatial content created
by SiT-XL, and suppresses hallucination. However, in the other cases (e.g., “Lion” and “Car” shown in
Figure 4), applying OAT-FM results in the model producing images that are entirely different from those
generated by SiT-XL. This phenomenon indicates that the coupling associated with OAT-FM differs from
that in the original model. For flow trajectories whose endpoints obey the data distribution well, OAT-FM
straightens them with almost the same endpoints. For flow trajectories whose endpoints are undesired (e.g.,
in the “Lion” generated by SiT-XL), OAT-FM significantly changes their directions, leading to new endpoints
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Table 5. A comparison on class-conditional image generation. In the column “#Epochs”, the number of training epochs
of each baseline method is in black, while that of OAT-FM is in purple.

Method #Epochs FID| sFID| ISt Pt Rt
BigGAN-deep (Brock et al., 2019) 695 736 1714 0.87 0.28
StyleGAN-XL (Sauer et al., 2022) 230 4.02 2651 0.78 0.53
Mask-GIT (Chang et al., 2022) 6.18 - 182.1 - -

ADM-G/U (Dhariwal and Nichol, 2021) 394 6.14 2158 0.83 0.53
CDM (Ho et al., 2022) 4.88 - 158.7 - -

RIN (Jabri et al., 2023) 3.42 - 182.0 - -

Simple Diffusiony.yit, . (Hoogeboom et al., 2023) 2.77 - 211.8 - -

VDM++ (Kingma and Gao, 2023) 2.12 - 267.7 - -

DiT-XLcgg=15 (Peebles and Xie, 2023) 227 460 2782 0.83 0.57
SiT—XLCFG:lj, Sampler=ODE (Ma et ‘d]., 2024) 1,400 2.11 4.62 256.0 0.81 0.61
SiT-XLcEG=1.5, Sampler=oDE + OAT-FM +5 2.05 4.62 2594 0.80 0.61
SiT-XLcFG=2.5, Sampler=ODE 1,400 6.91 6.42 3915 0.89 0.47
SiT—XLCF(;:zi Sampler=ODE T OAT-FM +5 6.57 5.98 3948 0.89 0.49
SiT-XLcEG=1.5, Sampler=SDE 1,400 2.05 450 269.6 0.82 0.59
SiT‘XLCFG=1.5, Sampler=SDE + OAT-FM +5  2.00 4.43 2751 0.82 0.59
SiT-XLcFG=2.5, Sampler=SDE 1,400 7.75 6.64 4050 0.90 045
SiT—XLCFG:Z.S, Sampler=SDE OAT-FM +5 7.44 5.77 4099 0.90 0.46

that may better fit the data distribution. More visual results are in Appendix C.4.2.

5 Conclusion

This work reconsiders flow matching through second-order transport, namely, optimal acceleration transport
(OAT). OAT lifts the dynamics from continuity on the sample space to the Vlasov conservation law on the
product space of position and velocity. The resulting product-space coupling aligns endpoints’ directions and
speeds, then suppresses total bending, which implies the necessary and sufficient condition for straightness.
A new two-phase FM paradigm is developed, which first obtains reliable velocities using any standard
flow matching/diffusion procedure and then fine-tune the model by OAT-FM. Experiments demonstrate that
OAT-FM helps improve various FM models consistently, which leads to promising image generation results.

Limitations and future work. There are natural directions to refine the method. OAT-FM benefits from
reasonably accurate endpoint velocities, so Currently, training from scratch via OAT-FM can be fragile
due to its dependence on velocity information — early velocity estimates are noisy and can misguide the
product-space coupling. As a straightforward solution, warm starts using CFM or self-distillation in the spirit
of Shortcut (Frans et al., 2025) and consistency models (Kim et al., 2024) may offer simple remedies before
handing off to OAT-FM. However, whether the theory of OAT can be used to develop one-step FM method is
still an open problem. From a computational standpoint, mini-batch couplings scale quadratically in batch
size. In the future, we plan to explore the dual form of OAT problem and develop a more efficient OAT solver
to accelerate OAT-FM further.
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Appendix
A Detailed Proofs

Throughout this paper, we take absolutely continuous paths z : [0,1] — R? with v = # and a = . For
|lu(t)|| > 0, define the unit direction

v(t)
s(t) == (15)
lo@1I”
and decompose the acceleration into tangential (speed) and normal (bending) parts
ay(t) := (s(t) - a(t)) s(t), ay(t) :=a(t) —ay(t). (16)

These obe
y Dl =s0) - a@), @) = L0
dt ’ T

Thus a modulates speed, while a is the source of bending. In particular, a (t) = 0 iff s(t) is constant,
hence x(t) is straight. When needed, the instantaneous curvature magnitude is

amn

: llaL ()]
t)|| = . 18
A.1 Proof of Proposition 1

Assume first that the trajectory is straight. Then there exist a unit vector u and a scalar function s(t) such
that® such that
x(t) = xo + s(t) u, t €[0,1]. (19)

Differentiating gives
v(t) = s5(t) u, a(t) = 5(t) u. (20)

Wherever ||v(t)|| > 0, the unit direction of motion equals the fixed u, so s(t) = w is constant in time, and
a(t) is a scalar multiple of v(¢). At instants where v(t) = 0, the direction is immaterial and the collinearity
a(t) || v(t) is trivially satisfied. In the decomposition above this means a | (t) = 0 whenever ||v(t)|| > 0.

Conversely, suppose the velocity direction is time invariant and the acceleration is parallel to the velocity.
Then there exist a unit vector v and scalar functions a(t) and 3(t) such that

v(t) = a(t) u, a(t) = B(t) u, t € [0,1]. (21)

From v = a it follows that &(t) = S(t). Integrating v = & yields x(t) = xo + (fot (7)d7)u, which lies
on the fixed line xo + Ru. In the notation introduced before the proposition, $(t) = a_ (¢)/|lv(¢)]|, hence
a, (t) = 0 implies s(t) is constant wherever ||v(¢)|| > 0, which is the same conclusion.

Finally, when a = 0 we have © = 0 so v(t) = vy, and therefore
x(t) = xo + t o, (22)

which is straight motion at constant speed, as in the first-order Benamou—Brenier setting.

3Here u denotes the fixed direction of the line, and s(¢) is the scalar coordinate along that line: writing 2(¢) = 2o 4 s(t)u exactly
encodes that z(t) € xo + Ru. This is different from s(¢) = v(t)/||v(¢)||, which is the instantaneous direction of motion. In the
straight case one has v(t) = $(t) u, hence s(t) = v(t)/||v(¢)|| = sign(s(¢)) u wherever ||v(¢)|| > 0. Thus s(¢) = u when $(t) > 0
and s(t) = —u when $(¢) < 0; any sign change can occur only at instants where v(¢) = 0 (where s is undefined), which is why
direction constancy is stated on the set {¢ : ||v(¢)|| > 0}.
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A.2 Proof of Theorem 2

Before proving Theorem 2, we first consider straightening a single trajectory by solving an acceleration
minimization problem, which leads to the following theorem.

Theorem 4 (Straightening a single trajectory via acceleration minimization). Let (¢, vg) and (z1,v1)
be two points in a product space X x V, where X denotes a sample space and V denotes a velocity space.
Among all twice differentiable trajectories x(t) : [0, 1] — R? taking them as their endpoints, the acceleration
minimization problem, i.e.,

1 1 1 1 pt
min 5 / |a(t)]|? dt, 5.t vg + / a(t)dt = vy, and xo + / / a(s)dsdt = zq, (23)
@ 0 0 0o Jo

that admits a unique coordinate-wise cubic interpolation minimizer. Moreover,

1. Solving the problem leads to a straight trajectory with constant velocity (i.e., a = 0) is feasible if and
only if vg = v1 and they are collinear with x1 — x.

2. Solving the problem leads to a straight trajectory (i.e., s(t) is constant and a | (t) = 0) if and only if v
and vy are collinear with 1 — x.

3. Otherwise, it bends exactly to match the endpoints’ orthogonal components.
Proof. Existence and uniqueness follow from strict convexity on H2([0, 1]; R%) with the stated boundary
constraints.* The Euler—Lagrange equation is z(*)(t) = 0 in each coordinate with four boundary conditions,

hence the unique solution is a cubic polynomial in each coordinate, i.e., the cubic interpolation determined by
(z0,v0) and (z1, vy).

For straightness when feasible, let u := x; — z¢ # 0 and choose a unit vector e with v = ||ul|e. Suppose
vo = age and v; = aje. Decompose any admissible curve as

w(t) =zl(t) e+ 2t (t) with zt(t) Le. (24)
The boundary data enforce
zH0) =2 (1)=0 and #(0)=41(1)=0. (25)

The cost splits orthogonally,

1 1 1
/ ]2 dt = / )12 de + / (1) d. 26)
0 0 0

so - solves a homogeneous strictly convex problem with these boundary data. The Euler-Lagrange equation
(azl)(‘l) = 0 forces all cubic coefficients to vanish, hence z- = 0. The minimizer is therefore straight, of the
form x(t) = xo + s(t)e with v(t) = 5(t)e. Wherever ||&(t)|| > O the direction s(¢) = #(¢)/||Z(¢)|| equals e
and is constant, and with

a(t) = () - a®)s(t).  ar(t) = alt) - ay(0) @)
one has a (t) = 0.

For general endpoints, choose an orthonormal basis whose first axis is e = u/||u|| if v # 0 (otherwise
any orthonormal basis). In this, the functional and constraints separate across coordinates; each coordinate
solves the scalar cubic interpolation with its own boundary data. The perpendicular coordinates are uniquely
determined by the perpendicular parts of (xg, vg) and (21, v1) and vanish exactly in the straightness—feasible
case above. Thus, the minimizer bends only to the extent required by the endpoint data.

“H denote the Hilbert space.
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Finally, relate the acceleration objective to a straightening proxy. With w = 1 — xg and using v = ¢, a = v,

t 1
v(t) —u= /0 a(s)ds — /0 (1 —s)a(s)ds. (28)

Hence v — u is a bounded linear image of a on L?([0,1];RY). Poincaré—type estimates give constants
c1,co > 0, independent of the endpoints, such that for every admissible curve

1 1 1
q/mewduz/|ww—mﬁa+wﬂ—mW§c3/name. (29)
0 0 0

Thus, minimizing (23) controls and optimizes the straightening regression loss. 0

Essentially, Theorem 2 extends Theorem 4 to a distributional scenario. By the static—dynamic equivalence for
the acceleration cost at horizon T = 1, the dynamic OAT value equals

. 1
min *E(zo,zl)Nw[Ci(zmzl)},

T€M(po,p1) 2
hence there exists an optimal coupling 7 € II(ug, u11). For each endpoint pair (zq, 21) = (zo, vo; 1, v1) in
the support of 7, the single—path problem with boundary data (xo, vg) — (z1,v1) has a unique minimizer,
namely the coordinatewise cubic (Y. Chen interpolation). Let

Dy(z0,21) := (9520,21 (1), Vag, 2 (t)) for te[0,1].

Define yi; := ®; 47", we then have jig = ®ou7m* = pp and 1 = @1 47" = pq by the marginal constraints
on 7*, and by construction the family (Mt)te[o,u is obtained by transporting the coupling along characteristics
that solve £ = v and ¥ = a. This representation satisfies the kinetic continuity equation in the distributional
sense and attains the minimum action.

Finally, fix (2o, z1) in the support of 7* and consider its cubic characteristic ¢ — (z, ., (t), Vs, 2 (). By
Theorem 4, this trajectory is straight if and only if vg and v; are collinear with v := z; — x; in that case
s(t) = v(t)/||v(t)|| is constant wherever ||v(t)|| > 0 and a (t) = 0. Otherwise, the trajectory bends exactly
to match the endpoints’ orthogonal components. Since this holds for every (2o, z1) in the support of 7*, the
corollary follows.

A.3 Proof of Theorem 3

Fix ¢t € [0, 1] with endpoint pair zo = (zo,vo) and z; = (21, v1), and redefine the variables

U= T — Tg, 5= 2 _5 vl, w = vy — vy, vy := vg(x¢, t). (30)
The per—sample integrand of (7) is
v+ v 2 v + v
La(w0) 2= o |2 ]2 ) + (- @) (o ol or ) D)

We first rewrite the two pairs of squares by completing the square. Using the identity
1 1
|z +all* + 2+ 0" = 5122 + (a + O)II* + S lla = BII%,

with z = v, and (a,b) = (3v9 — u, 301 — u), we obtain

Hvo—i-vt

vt + U1 uH2
2

1 _ 1
S = 3 lve = Cu =) + 5 [l (32)
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and similarly, we have

e 1
lloe = wol|* + flvr — vel|* = 2 Jve — o* + 2 ol |?. (33)

Substituting these into L, yields to

o} 1 3
La() = 5 llor = 2u=0)[2+2(1 = a) e = 3l* + (5 = 5o ] (34)

Next, minimize over v;. For p,¢ > 0 and a, b € R?,

pq
—— fla—b|*.

. 2 2
min z—al“+q|llx—0 =
p. {pH | qll | } ptq

Applying this withp = §,¢=2(1 —a),a=2u—0,b =10, and |la — b||* = 4|lu — v|%, yields

8a(l — «) 19 1 3 9
S =l + (5 = 5wl (35)

min La(v) = 28

For all « € [0, 1] one has %83‘19;&&) < 3 — 3o, and hence
S0 a4 (5= 20 o > 20 o ). 6
— || — U - — = w — u—"v w .
4 — 3« 2 8 — 12 4 -3«

Equality holds if and only if ||w|| = 0 (i.e., v1 = vp). Exact equality at the pair level occurs precisely when
v1 = g, and minimizing over v; yields to

2a 4 — b

vp = argmgcin {%Hx — (2u —9)|* +2(1 — )|z — z7||2} = 1_3a " to- 30" (37)
The single—pair OAT cost for unit horizon is ¢% (20, 21) = 12 ||u — 9||* + ||w||?. Therefore, we have
min Lo (v) > cla)c(zo, 21), (38)
Ut

“6(52), $—32a}, with ¢(a) attains its maximum at @ = % when v € [0, 1], with¢(3) = Z.
2

Hence, with « = 2, we have Loss(ve) > Z % (20,21), ¥ v;. Finally, average over ¢ ~ Unif[0, 1] and

with ¢(a) := min{

(20, z1) ~ m, then minimize over m € II(uo, p1) and over 6, to obtain Loar(uo, 1) > % A2(po, 1)

B Learning Algorithm

B.1 Derivation of (9)

In the context of FM, we have 7 (29, 21) = 7(x0, vo, 1, v1) = 7z (x0, 1) 7 (vo|zo) 7 (v1|21), Wwhere 7, (2o, x1) €
II(po, p1) is the marginal coupling corresponding to sample pairs and 7(-|z;) = d,, (z.,t) 18 the Dirac measure
determined by the flow model vg. Based on the decomposition that (20, 21) = 7z (20, 1) 8, (20,0) (V0) Sy (1,1) (V1)
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we can merely optimize 7, (2o, 21) and reformulate the lower-level problem in (7) as

min [E ~ {02 20 zl}
€I (po,p1) (z0,21)~ A< ’ )

Ul—i-v()

= min B 127
WSUTNTY ’

’ + [lvr — woll ]

T1— %o 9(331,1)-1-1)9(11307
2

Denoted as Vzg,aq

< min E(
TI'IEH(po,pl)

12” H2+ | vg(z1,1) — vg(w0,0) ”%}

Denoted as Uz,

500@1 Ty |:

(When considering the decomposition 7 (20, 21) = (0, 1) 0y, (20,0) (V0) g (1,1) (v1)>

= min ]E(xo,xl)'\ﬂrz |:12”‘T1 —T0 — Vzg,a, H% + Hﬁmoﬂﬂfl ”%] (Set T= 1)
72 € (po,p1)

The inequality in the above derivation is because we impose the decomposable structure on 7, which shrinks its

feasible domain from H(,uo, ,ul) to H/(/Lo, ,ul) = {71' ’ 7T(20, 21) = 7TJ;((L'0, xl)éve(%o) (vo)éve(zhl)(vl), Ty =

JJy, ™ and 7 € II}.

Suppose that we have a batch of samples with size B, i.e., {$1,i}f;1 ~ D, and a batch of noise with
the same size, i.e., {zo;}2,; ~ N(0,I). We can get their velocities, i.e., {vo; + vg(z0;,0)}2, and
{v1, + vg(w1,1)}2 ;. The above problem can be rewritten in a discrete format:

1 1
in(C, T), stTlg=—1p, T 1= =13z, 39
arg min( ), s B=gls B=g5ls (39)
where (-, ) denotes inner product, T is the coupling matrix, and C = [¢;;] € RP*? is the cost matrix, whose
element ¢;; = 12[|z1; — mgj — 245 |13 + ||v1,; — vg 3. Following the OT-CFM rationale, the problem

can be cast as a linear program w1th computational complexity O(B?log ||C||s). The optimizer can be
further approximated by adding an entropic regularizer of T weighted by ¢, i.e., (T, log T). This allows the
problem to be solved efficiently by Sinkhorn method, whose complexity is O(B? log B), and the exact OT
result can be recovered by taking e sufficiently small. We refer to Peyré and Cuturi (2019) for further details.

B.2 The Scheme of Learning Algorithm

Algorithm 1 provides the algorithmic scheme of OAT-FM. This algorithm works as the phase-2 training step
in our two-phase FM paradigm.

Algorithm 1 OAT-FM

Require: A phase-1 pre-trained model vg,, dataset D, EMA decay rate A, batch size B
Ensure: Refined velocity field vy

1: Initialize vy < vy,

2: while training do

3 Sample a batch with size B: {x1,;}2 | ~ D, {z¢ ~ N(0,1),and ¢t ~ U[0,1]

4: {vo; + vg(z0,4,0)}2 1, {v1, + vg(21, 1)};3;1, and {vZJ — v, + Ul,j}szl
5: Compute the optimal coupling matrix T* by solving (39).
6
7
8

Sampling K pairs (x1,xg) ~ T* and obtain the corresponding vy and v;.
xp (1 —t)xo + tay, vy  vg(w,t), and compute Loar accordingly.
: Update model: ¢’ < 60 — VyLoar
9: 6 <+ stopgrad(\0 + (1 — \)6")
10: end while
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Table 6 . Configurations of the flow/diffusion models used in our experiments.

Model Paradigm Objective Path / Coupling Architecture Space
EDM (Karras et al., 2022) Diffusion Score Matching  VP/VE Noise Schedule U-Net Pixel
FM (Lipman et al., 2023) Flow Flow Matching Gaussian-Data Path U-Net Pixel
I-CFM (Tong et al., 2024) Flow Conditional FM Linear Path (Independent) U-Net Pixel
VP-CFM (Albergo et al., 2023)  Flow Conditional FM Trigonometric Path U-Net Pixel

SB-CFM (Tong et al., 2024) Flow  Conditional FM  Brownian Bridge Path U-Net Pixel
OT-CFM (Tong et al., 2024) Flow Conditional FM Linear Path (OT Coupling)  U-Net Pixel
SiT-XLL (Ma et al., 2024) Flow Velocity Matching Linear / GVP Path DiT Latent

C Detailed Experiment Settings

C.1 Conversion from VP/VE Models to Flow Matching

Following the work in (Lee et al., 2024), our training process begins with a pre-trained diffusion model.
Specifically, we use models trained with the Elucidating the Design Space of Diffusion-Based Generative
Models (EDM) framework (Karras et al., 2022), which provides a unified perspective on score-based models
including Variance Preserving (VP) and Variance Exploding (VE) SDEs. To adapt this model for flow
matching, we re-parameterize its input and output to function as a velocity field predictor. This allows us to
initialize our model with a strong, pre-trained diffusion backbone, facilitating a seamless transition to the
second-phase OAT-FM training paradigm.

EDM Preconditioning. The EDM model takes a noise-corrupted input x, = x1 + oz (where z ~ N (0, I))
and a noise level o, is trained to denoise it. Here, the noise at time ¢ is assumed to be isotropic Gaussian and
independent of the data. Accordingly, the forward process of EDM is Markovian, implying a smooth score
function and a smooth velocity field (Song et al., 2021b). The denoised output Dy(z,, o) is an estimate of
the original data x; and is formulated using a preconditioning scheme:

D@(xoa U) = Cskip(a):vo + Cout(U)FO(Cin(U)xoa Cnoise(a))a (40)

where the scaling factors cgip, Cout; Cin, and the time embedding cyoise are functions of o designed to improve
network conditioning and training stability. Specifically, they are defined as

2
O data 00 data 1

1
Cskip(o') = m’ Cout(o-) = Y, cin(o') = s cnoise(g) = Z IOg(O'),
data \/ o? + agata \/ agata + o?

where oy, is the standard deviation of the training data.

Flow Matching Objective. In the flow matching formulation, we aim to learn a velocity field vy (z, t) that
models the linear trajectory between a data sample x1 and a noise sample xo ~ N (0, I). The path is defined
as ¢y = (1 — t)xo + txy for t € [0, 1]. The ground truth velocity is simply v(x¢,t) = 1 — xo. The model is
trained by minimizing the following L2 loss:

Lost = Byy oy [l0a(@e, ) — (21 — 20)|I2] - (41)

Conversion to Velocity Field. To convert the pre-trained denoiser Dy into a velocity predictor vg, we use
an adapter that maps the flow matching inputs (x, t) to the diffusion model’s expected inputs (z,, o). This
mapping is defined by:

1—-t x 1—1t)xg +tx 1—-t
:7t , xJ:tt:( )to 1:.T1+ ; xlle—i—a(t)a:o. 42)

o(t)
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This transformation effectively converts the point x; on the linear interpolation path into a correctly scaled
noisy sample x, that the EDM model can process. We then feed z, and o(t) into the pre-trained EDM
denoiser to obtain an estimate of the clean data, 1 = Dy(z,,0(t)).

Finally, we construct the velocity prediction vg(x¢,t) from this estimate Z1. Based on the definition of z;, we

have z; — x9 = (x1 — x¢)/(1 — t). By substituting our estimate 2 for the true x;, we obtain our velocity

field parameterization:

i1 —ar Do, —ay
1—t 1- '

vz, t) = (43)

C.2 Low-Dimensional OT Benchmark

Dataset. Following the prior work in (Tong et al., 2024), we evaluate performance on five two-dimensional
distribution mapping tasks. These benchmarks test the ability of a model to learn a transport map from a
source distribution to the target distribution. The specific pairs are: i) a standard Gaussian to a mixture of
8 Gaussians (N — 8gs), i) a standard Gaussian to two interleaved moons (N' — moons), i) a standard
Gaussian to an S-shaped curve (N — scurve), iv) moons to 8 Gaussians (moons — 8gs), and v) 8 Gaussians
to moons (8gs — moons).

Training. For all experiments, the vector field vy is parameterized by a standard Multi-Layer Perceptron
(MLP) that accepts concatenated position and time vectors as input. The MLP consists of 3 hidden layers, each
with a width of 64 neurons, followed by a SELU activation function. The final layer maps the representation
back to a 2-dimensional vector, representing the velocity at the given point in space-time. First, we train the
baseline models, i.e., FM (Lipman et al., 2023), I/SB/OT-CFM (Tong et al., 2024), and VP-CFM (Albergo
et al., 2023), for 20,000 batches (each batch contains 256 data points). Subsequently, each of these pre-trained
models is refined using our OAT-FM for an additional 20,000 batches. During the OAT-FM training, we
employ a slowly-updating strategy. The OAT-FM is updated with a hard copy of the online model’s weights
every 500 batches. For the OAT-FM objective, we set the balancing hyperparameter « to 0.70.

Evaluation. We assess model performance using two key metrics. First, to measure the quality of the learned
terminal distribution, we compute the 2-Wasserstein distance (V) between the generated samples and the
true target samples. Second, to evaluate the efficiency of the learned transport path, we use the Normalized
Path Energy (NPE) defined in (14). An NPE value near zero indicates that the learned path is close to
the dynamic optimal transport plan. For both metrics, we use a test set of 1,024 samples. Trajectories are
generated by integrating the learned vector field from ¢ = 0 to ¢ = 1 using a 4th-order Runge-Kutta (RK4)
solver (Dormand and Prince, 1980) with 101 discretization steps and absolute and relative error tolerances of
107, The path energy integral is numerically approximated using the trapezoidal rule over the computed
trajectory points.

Comparisons in one-step generation. Table 7 presents our experiments in the one-step generation setting.
We include OFM (Kornilov et al., 2024) as an additional baseline. Here, we only compare different methods
on data fitting (2-Wasserstein) because all the methods apply one-step generation. It is worth noting that OFM
requires an ICNN architecture, whereas our method and the other baselines utilize the same MLP backbone.
The results demonstrate the effectiveness of our method.

C.3 CIFAR-10 32x32

C.3.1 Basic Settings

Dataset. We evaluate our model on the CIFAR-10 dataset (Krizhevsky, 2009), a widely-used benchmark for
image generation. The dataset consists of 60,000 color images with size 32x32 in 10 classes, partitioned into
50,000 training images and 10,000 test images.

Training. We refine publicly available FM, I-CFM, and OT-CFM models from https://github.com/
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Table 7. A comparative analysis of one-step generation performance, evaluating data fitting (2-Wasserstein) and optimal
transport approximation (normalized path energy). We run each task in five trials and record the average performance
and standard deviation.

Task N —8gs 8gs—moons N' —moons N —scurve moons—8gs
Method ~ W2  W2J W2 | W2 | W2 |
OFM 0712027 0221000 022:000 1994005 046401
FM 21.504007 4.05+001  8.08400s 79.014115 13481015

+OAT-FM 0431005 01410020 0121000 1411023  0.321007

I-CFM 234641015 4.47 1008 7.8640.03 79314141 14.551028
+OAT-FM 0.42 19 0.17 10,02 0.121 141106 0.514013

VP-CFM 12-17:t0.29 8.46:‘:0‘25 3-70:|:0.05 47-73:t1.94 7-51:|:0.21
+OAT-FM 0.451¢1; 0.20-10 03 0.12 901 1.354 023 0.36-0 07

SB-CFM  0.631000 0.194006 0204004 1911035  0.351005
+OATEM 0421050 0134001 0104001 1220026  0.332007

OT-CFM 0484007 0.194005 0.124001  1.64102  0.35400s

atong0l/conditional-flow-matching/tree/main/examples/images/cifarl0 that were
pre-trained for 400K iterations. The neural network is a U-Net architecture (Ho et al., 2020) with an
implementation adapted from the guided-diffusion repository in https://github.com/openai/
guided-diffusion. The U-Net has a base of 128 channels, channel multipliers of [1,2,2,2], two
residual blocks per resolution, and applies four-head self-attention at the 16x 16 resolution. The boundary
velocity fields required for the OAT-FM loss are estimated using a target network, which is an exponential
moving average (EMA) of the online model’s weights with a decay of 0.9999 (See Algorithm 1). For the OAT-
FM objective, we set the balancing hyperparameter o to 0.75. We use the Adam optimizer with a learning rate
of 2 x 10™*, and apply gradient clipping with a maximum norm of 1.0. We use OAT-FM to train these three
models with an additional 1K iterations. For EDM, we downloaded the checkpoints from https://drive.
google.com/drive/folders/18dWE-L1i0odXdCGORDNegySzRnyRdcwamW. This model utilizes
the DDPM++ architecture (SongUNet) from the work in (Song et al., 2021a), which is a U-Net composed of
residual blocks, self-attention, and positional timestep embeddings. Following the methodology in (Lee et al.,
2024) to convert a pre-trained score model into a flow model (as described in Appendix C.1), the network is
wrapped in a velocity-prediction head. This wrapper adapts the model’s output to predict a velocity field,
making it directly compatible with our flow matching objective. Using OAT-FM, it is trained for an additional
12K iterations in EMA strategy, with a learning rate warmup over the first 1K iterations from 3e-5 to 3e-4.

Evaluation. In the inference phase, We employ the adaptive Dopri5 solver for FM, I-CFM, and OT-CFM, and
the Heun solver with 35 steps for EDM. For each model, we report image quality measured by the Fréchet
Inception Distance (FID) (Heusel et al., 2017), along with the number of training iterations (#Iter.) and the
number of function evaluations (NFE) during inference.

C.3.2 More Experiment Results

Additional Results wth Euler Solvers. In addition, we also present the results of FM, I-CFM, and OT-CFM
using the Euler solver with 100 steps in Table 8.

Stability Analysis. To investigate the stability of our method and verify that the OAT-FM refinement
does not lead to deterioration of the transport map or distribution drift over time, we conducted a fine-
grained quantitative analysis on the CIFAR-10 dataset. We initialize our training from the pre-trained FM
model (Lipman et al., 2023) and fine-tune it with OAT-FM on an additional 1K training samples, recording
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Table 8 . Comparisons of various methods in unconditional CIFAR-10 image generation. In the column “#Batch”, the
number of training batches of each baseline method is in black, while that of OAT-FM is in purple. The unit “K” means
1,000 batches (each batch contains 128 samples). All results are obtained using the Euler solver.

Method #Batch NFE| FID|
FM (Lipman et al., 2023) 400K 100 (Euler) 4.600
FM + OAT-FM +1K 100 (Euler) 3.917
I-CFM (Tong et al., 2024) 400K 100 (Euler) 4.404
I-CFM + OAT-FM +1K 100 (Euler) 3.784
OT-CFM (Tong et al., 2024) 400K 100 (Euler) 4.492
OT-CFM + OAT-FM +1K 100 (Euler) 3.734
FID-10 Results FID-100 Results Straightness
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Figure 5 . Stability analysis of OAT-FM fine-tuning on CIFAR-10. Starting from a pre-trained FM model (400K
batches), we refine the model using OAT-FM for an additional 1K training samples, recording metrics every 0.1K
samples. We track generation quality (FID with 10 and 100 Euler steps) and flow straightness.

performance metrics per 0.1K samples. As shown in Figure 5, we track three key metrics: generation quality
using an Euler solver with 10 steps (FID-10) and 100 steps (FID-100), and the flow straightness score (Liu,
2022; Lee et al., 2024).° We observe a consistent, monotonic improvement across all three metrics as the
number of OAT-FM training samples increases. This validates the stability of the proposed two-phase training
paradigm.

Sensitivity to Phase 1 pre-trained model. As presented in Table 9, we evaluated the efficacy of OAT-FM
when applied to pre-trained models at different stages of convergence. Specifically, we utilized checkpoints
from FM, I-CFM, and OT-CFM trained for 100K, 200K, 300K, and 400K batches on CIFAR-10. OAT-FM
(applied for only 1K batches) consistently improves the generation quality (FID) and reduces the Number of
Function Evaluations (NFE) across all initialization points. Notably, even for less-converged models (e.g., FM
at 100K batches), OAT-FM successfully reduces the FID from 6.11 to 5.60, demonstrating that our method
does not require a near-perfect velocity field to yield benefits. This indicates that OAT-FM is robust to the
quality of the initial velocity estimates and avoids catastrophic performance degradation even when the Phase
1 pre-trained model is suboptimal. Furthermore, our method demonstrates significant training efficiency. For
instance, the FM model trained for 300K batches with OAT-FM refinement matches the performance of the
stronger OT-CFM baseline trained for the whole 400K batches (FID 3.63 vs. 3.64), and the I-CFM model at
300K with refinement (FID 3.44) outperforms the fully converged OT-CFM baseline (FID 3.44 vs. 3.64).

SThe straightness score is computed with 100 integration steps by measuring the mean squared error between the actual velocities
along the ODE trajectory and the constant velocity from the initial to the final state, with lower values indicating straighter flows.
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Table 9 . Sensitivity analysis of OAT-FM to Phase 1 model quality on CIFAR-10. We evaluate the efficacy of OAT-FM
fine-tuning (for only 1K batches) applied to FM, I-CFM, and OT-CFM checkpoints trained for varying durations (100K
to 400K batches).

100K Batches 200K Batches 300K Batches 400K Batches

Method NFE| FID|, NFE| FID| NFE| FID| NFE| FID]
FM 140 611 140 426 143 388 147 371
+OAT-FM (1K) 135 560 132 396 134 363 135 3.54
I-CFM 140 597 140 413 140 381 149  3.67
+OAT-FM (1K) 131 560 137 395 134 344 138 348
OT-CFM 138 623 133 440 134 393 132  3.64

+ OAT-FM (1K) 128 6.02 126  4.18 128 3.71 126 346

C.4 ImageNet 256x256
C.4.1 Basic Settings

Dataset. We extend our evaluation to class-conditional generation on the ImageNet 256x256 bench-
mark (Deng et al., 2009). This dataset, a standard for large-scale image generation, consists of approximately
1.28 million training images, categorized into 1,000 classes.

Training. Our generative model for ImageNet is a Scalable Interpolant Transformer (SiT) (Ma et al., 2024),
which utilizes the Diffusion Transformer (DiT) (Peebles and Xie, 2023) backbone. We downloaded the
checkpoint from https://github.com/willisma/SiT. The model operates in the latent space of
a pre-trained variational autoencoder (VAE) (Kingma and Welling, 2013). The network architecture is
the XL/2 version of SiT. The interpolant framework allows for flexible choices of path-type and model
prediction targets, with linear path and velocity prediction being the default configuration. We use the
AdamW optimizer with a learning rate of 1 x 10~ and no weight decay. The target network is updated via
an EMA strategy of the online model’s weights with a decay of 0.9999. For the OAT-FM objective, we set the
balancing hyperparameter « to 0.80. When applying Algorithm 1, to prevent cross-class interference within
mini-batches, our sampling strategy assigns a unique class to each GPU for every training iteration. This
ensures that each local batch consists solely of images from a single class. To incorporate Classifier-Free
Guidance (CFG), we follow the training protocol of SiT-XL and randomly drop class labels with a probability
of 0.1. This procedure partitions each mini-batch into two subsets: a conditional (labeled) group and an
unconditional (unlabeled) group. Our method computes the OAT plan and performs the corresponding sample
pairing independently within each subset. Finally, the paired samples from both groups are combined to
compute the training loss. The pre-trained SiT-XL is trained by OAT-FM with additional 48K iterations or 5
epochs. Training performance metrics (including memory and training time) are detailed in Table 10.

Evaluations. We employ both ODE and SDE samplers for evaluations. For ODE-based sampling, we utilize
the adaptive step-size Dopri5 solver (Dormand and Prince, 1980), configured with an absolute tolerance of
1 x 1075 and a relative tolerance of 1 x 10~3. For SDE-based sampling, we use a fixed-step Euler-Maruyama
solver with 250 steps. In both settings, we leverage classifier-free guidance to improve sample quality.

C.4.2 More Experiment Results

The results achieved under different CFG scales are shown in Table 11. In addition, we generate images of
different classes by the original SiT-XL and that refined by OAT-FM, respectively. For each example, we
start from the same noise point to generate images by the two models. Following existing methods (Ma et al.,
2024; Peebles and Xie, 2023), we set the CFG scale to be 4.0 for good visual effects. Some typical results
are shown in Figures 6 and 8, demonstrating that the refinement achieved by OAT-FM indeed leads to better
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Table 10 . Training efficiency and resource consumption of SiT-XL with and without OAT-FM across different GPU
configurations.

Peak Allocated / Wall-clock Training Time

Model GPU Batchsize

Reserved Memory Speed 5 epochs
SiT-XL A6000 x 8 128 x 8  35.57GB/44.61 GB 276 samples/s ~6.1 hours
+ OAT-FM  A6000 x 8 128 x8  35.61 GB/44.62 GB 225 samples/s ~7.5 hours
SiT-XL A100 x 8 128 x 8  35.57GB/44.49 GB 584 samples/s ~2.9 hours
+ OAT-FM  A100 x 8 128 x 8  35.61 GB/44.49 GB 440 samples/s ~3.8 hours
SiT-XL A100 x 8 256 x 8  55.67GB/72.61 GB 614 samples/s ~2.7 hours

+ OAT-FM  A100 x 8 256 x 8 5591 GB/72.83 GB 452 samples/s ~3.7 hours

Table 11 . Comparisons of SiT-XL with and without OAT-FM across different CFG scales. In the column “#Epochs”,
the number of training epochs of each baseline method is in black, while that of OAT-FM is in purple.

Method #Epochs FID| sFID] ISt P Rt
SiT-XLcFG=1.0, Sampler=ODE 1,400 940 6.39 1252 0.67 0.67
SiT-XLcEG-=1.0, Sampler=oDE + OAT-FM +5 918 642 1285 0.67 0.67
SiT-XLcFG=1.5, Sampler=ODE 1,400 2.11 4.62 256.0 0.81 0.61
SiT—XLCFG:l,S, Sampler=ODE t OAT-FM +5  2.05 4.62 2594 0.80 0.61
SiT-XLcFG=2.0, Sampler=ODE 1,400 3.89 5.02 3425 0.87 0.54
SiT-XLcEG=2.0, Sampler=oDE + OAT-FM +5 374 484 346.6 0.86 0.54
SiT-XLcFG=2.5, Sampler=ODE 1,400 691 642 3915 0.89 047
SiT—XLCFGzz'S, Sampler=ODE t OAT-FM +5  6.57 5.98 3948 0.89 0.49
SiT-XLcFG=3.0, Sampler=ODE 1,400 931 8.10 4192 090 041
SiT—XLCF(‘,:_g_O’ Sampler=ODE + OAT-FM +5 8.87 7.41 4219 090 0.44
SiT-XLcFG=3.5, Sampler=ODE 1,400 11.14 9.80 4358 091 0.37
SiT—XLCFC,:&S, Sampler=ODE OAT-FM +5 10.55 8.84 437.5 090 0.39
SiT-XLcFG=4.0, Sampler=ODE 1,400 1250 11.30 4448 091 0.35
SiT—XLCFG=4_0’ Sampler=ODE + OAT-FM +5 11.72 10.07 449.1 0.90 0.37

image quality.
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(a) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right) (b) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)
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(g) SiIT-XL (Left) v.s. SiT-XL + OAT-FM (Right) (h) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)
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(i) SIT-XL (Left) v.s. SiT-XL + OAT-FM (Right) (i) SIT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

Figure 6 . Some generation residfis achieved by the two methods.



(d) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)
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(f) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

(2) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

(i) SIT-XL (Left) v.s. SiT-XL + OAT-FM (Right) (i) SIT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

Figure 7 . Some generation resilts achieved by the two methods.



(b) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)
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(f) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

(h) SiT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

(i) SIT-XL (Left) v.s. SiT-XL + OAT-FM (Right)

Figure 8 . Some generation resdBs achieved by the two methods.
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