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Demystifying Inferential Models and
Confidence Curves: A Fiducial Perspective
Yifan Cui and Jan Hannig

Abstract. Inferential models have recently gained in popularity for valid
uncertainty quantification. In this paper, we investigate inferential models by
exploring relationships between inferential models, fiducial inference, and
confidence curves. In short, we argue that from a certain point of view, infer-
ential models can be viewed as fiducial distribution based confidence curves.
We show that all probabilistic uncertainty quantification of inferential models
is based on a collection of sets we name principle sets and principle asser-
tions.
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1. INTRODUCTION

Inferential models (IMs) [45] are one of the original
statistical innovations of the 2010s. IMs brought a thor-
oughly novel idea into the foundations of statistics by for-
malizing a way to assign epistemic probabilities to events
that have guaranteed frequentist interpretation, called va-
lidity [39, 42–45]. When studying IMs one cannot but no-
tice that IMs share many similarities with mathematical
mechanics of fiducial inference.

R.A. Fisher introduced the idea of fiducial probability
[20] as a potential replacement of the Bayesian posterior
distribution. Although he discussed fiducial inference in
several subsequent papers, there appears to be no rigor-
ous universally accepted definition of a fiducial distribu-
tion for a vector parameter. The basic idea of the fiducial
argument is switching the role of data and parameters to
introduce influentially meaningful distribution on the pa-
rameter space that summarizes our knowledge about the
unknown parameter without introducing any prior infor-
mation.

There are various related formalization of this idea such
as Dempster–Shafer (DS) theory [14, 17, 51], and gener-
alized fiducial inference (GFI) [10, 28, 29] that has been
applied to many modern statistical problems [8, 10–12,
29, 30, 36, 37, 46, 55–57]. Even objective Bayesian in-
ference, which aims at finding nonsubjective model based
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priors can be seen as addressing the same basic question.
Examples of recent breakthroughs related to reference
prior and model selection are [2–4]. There are many more
references that interested readers can find in the review
article [29]. Some comments on relationship between IM
and fiducial inference can be also found in [32].

Another important idea in statistical foundations that
received considerable interest in the past decade is confi-
dence distribution (CD), that some viewed as “the Neyma-
nian interpretation of Fisher’s fiducial distributions” [50].
CD refers to a data-dependent distribution function that
can represent confidence intervals (regions) of all levels
for a parameter of interest [50, 58]. The initial idea can
be traced back to early 20th century [9, 47], but CDs have
not received much attentions until the recent surge of in-
terest in the research of CD and its applications [13, 18,
31, 34, 35, 38, 48–50, 52–54, 58–60]. Heuristically speak-
ing CD is a function of both the parameter and the sam-
ple which satisfies two conditions. The first condition ba-
sically states that for any fixed sample, a CD must be a
distribution function on the parameter space. The second
condition essentially places a restriction to this sample-
dependent distribution function such that the correspond-
ing inference has desired frequentist properties.

A confidence curve (CC) was introduced by [5]. It was
originally viewed as a useful graphical tool for visualizing
CDs by converting the distribution function Hy(θ) to the

(1) ccy(θ) = 2
∣∣Hn(θ) − 0.5

∣∣.
On a plot of a CC defined in (1), a line across the y-axis
of the significance level α, for any 0 < α < 1, intersects
with the confidence curve at two points, that correspond
to end points of the α level, equal tailed, two-sided confi-
dence interval for θ . In addition, the minimum of a confi-
dence curve is the median of the CD which can serve as
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a point estimator. This idea has been further generalized
beyond the equal-tailed univariate confidence intervals by
[50]. They require that all {θ : ccy(θ) ≤ α} form α confi-
dence set, but these sets do not have to be intervals. The
main advantage that CC has over CD is that it indicates
the shape of the confidence set for each possible data y.

The rest of the paper is organized as follows. In Sec-
tion 2, we explain mathematical definition of IMs, present
a simple example, and discuss some basic properties of
IMs. In Section 3, we explore relationships between GFI
and IM. In particular, we investigate sets for which fidu-
cial probability and IM belief coincide. The concept of
CCs does not necessarily tell us how to obtain them. In
Section 4, we show that IMs can be viewed as a tool for
obtaining CCs. However they are not the only such tool,
for example, higher order likelihood inference [22–27].
Section 5 concludes by discussing our takes from the the-
orems proved in this paper. In particular, we claim that
IMs can be, in some sense, viewed as fiducial distribution
based confidence curves.

While we are using GFI terminology in this paper,
the same mathematical results can be formulated using
the DS theory. In particular, the statements using fiducial
probability can be replaced with the DS belief function,
which is different from the IM belief function.

2. INFERENTIAL MODELS REVISITED

There are several definitions of IMs that differ in de-
tails. In this section, we present what we consider to be the
most common version in the IM literature. The definition
uses three steps: association, prediction and combination.

Association-step: In this step, one associates data, pa-
rameters and auxiliary random variables using a determin-
istic equation

(2) a(Y, θ,U) = 0.

More precisely, this means that for all θ ∈ Θ there exist
random variables U , Y defined on the same probability
space satisfying (2), where the auxiliary variable U has
a known distribution fU free of unknown parameters, for
example U(0,1), and Y has density f (y|θ) with respect
to some dominating measure. The function a(y, θ, u) is
assumed measurable. One of the consequences of the as-
sociation is that for any observed y there is at least one
uy,θ satisfying a(y, θ, uy,θ ) = 0.

A well-known example of association is the pivotal
equation: T (Y, θ) = U , where if Y follows f (y|θ) then
the random variable U has distribution free of unknown
parameters. Another is the data generating equation
(DGE) Y = G(U, θ). See Figure 1 for a visualization
of relationships between association, data generating and
pivotal equations. We remark that if one used the mini-
mal sufficient statistic T (Y ) instead of Y in (2), then the
resulting inference would satisfy Sufficiency Principle [6]

FIG. 1. A visualization of relationships between association, data
generating and pivotal equations for a statistical model.

for the model chosen. The use of minimal sufficient statis-
tics in fiducial inference has long tradition and has been
advocated by Fisher [21].

The association is then used to obtain a collection of
sets Θy(u) of candidate parameter values, where Θy(u) ≡
{θ : a(y, θ, u) = 0}.

Prediction-step: Denote by θ0 the true parameter used
in generating the observed data y. Denote by uy,θ0 a value
of u that is associated by (2) with the observed data y and
true parameter θ0. The goal of this step is to predict the
value of uy,θ0 . This is done using a predictive random set
S : Ω → 2R(U), where R(U) is the range of U . For exam-
ple, if U is U(0,1), then R(U) = [0,1] and one possible
random set is S = [0,U�], where U� is another U(0,1)

random variable.
A good choice of S is crucial to the interpretation and

properties of the IM. The following assumption is typi-
cally made on γ (u) = P(u ∈ S) [33]:

(3) P
(
γ

(
U�) ≤ α

) ≤ α for all α ∈ (0,1),

where U� follows the same distribution as U in (2). No-
tice that γ (u) is the probability that the random set S cov-
ers a fixed value u. The assumption (3) then states that
when we plug random variable U� into γ , the resulting
γ (U�) behaves like a p-value.1

Combination-step: IM inference is based on a random
set Θy(S) = ⋃

u∈S Θy(u). Notice that Θy(S) is obtained
using a process that is similar to de-pivoting in classical
statistics [7]. Evidence in favor and against any assertion
A is based on a relationship between the assertion A and
the random set Θy(S).

There are a number of relevant summaries of the dis-
tribution of Θy(S). In particular, the lower probability
known as belief function is defined as

(4) bely(A) ≡ P
(
Θy(S) ⊂ A|Θy(S) �= ∅

);

1Comment on notation: Throughout this paper we will denote by U�

a random variable that has the same distribution as the random variable
used in the association step, often N(0,1) or U(0,1). On the other
hand we will use U� to exclusively denote U(0,1) random variable.
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the upper probability known as plausibility function is de-
fined as:

ply(A) ≡ 1 − bely
(
A∁)

= P
(
Θy(S) ∩ A �=∅|Θy(S) �=∅

)
.

If the set {Θy(S) ⊂ A} in (4) is not measurable, regular
outer measure is used.

In particular, bely(A) could be viewed as a measure of
evidence for assertion A while 1−ply(A) as a measure of
evidence against assertion A. The gap between bely(A)

and ply(A) is an important feature of IM. However, the
following proposition shows that this gap is often large.

PROPOSITION 2.1. If any two independent copies of
the random set S have nonempty intersections with prob-
ability 1, then bely(A) > 0 implies ply(A) = 1.

PROOF. Consider two independent copies of the ran-
dom set S1 and S2. Recall bely(A) = P(Θy(S1) ⊂
A) > 0. If ply(A) < 1, then P(Θy(S2) ⊂ A∁) > 0 which
is a contradiction with the assumption P(S1 ∩ S2 =
∅) = 0. □

The assumption of Proposition 2.1 is very mild and its
conclusion may be viewed as a typical behavior of IM. For
example, it is usually recommended to select a nested ran-
dom set S , that is, for any two realizations of the random
set one is included in the other. Consequently, the assump-
tion of Proposition 2.1 is trivially satisfied for any nested
random set. The preference for nested sets is related to fa-
voring confidence intervals at different confidence levels
to be nested within each other, and is also supported by
Lemma 2.2 below.

In order to understand the implications of this result re-
call, that if there is no information about A, this is ex-
pressed as bely(A) = 0 and ply(A) = 1. In other words,
ply(A) = 1 means that within the model used, the data
does not provide any evidence contradicting A, while
bely(A) = 0 means that there is no evidence directly sup-
porting A. Consequently, the implication of this proposi-
tion is that at most one of the probability bounds (bely(A),
ply(A)) provides any useful information. This is different
from many traditional DS models in which the gap be-
tween bely(A) and ply(A), sometimes called “probability
of don’t know”, vanishes for most A with increasing sam-
ple size. However, this gap may be necessary for IM to be
able to achieve its validity property described next.

One of the key proprieties of IMs is validity [45]. While
the following lemma is well known, we present its proof
because it showcases an important technique used repeat-
edly in this manuscript.

LEMMA 2.1. Assuming (3), then for any A,

(5) sup
θ /∈A

P̄θ

(
belY (A) ≥ 1 − α

) ≤ α,

where P̄θ is the regular outer measure associated with the
likelihood of Y .

PROOF. Fix θ /∈ A and because ∅ ⊂ A we have

bely(A) = P
(
Θy(S) ⊂ A|Θy(S) �= ∅

)

≤ P
(
Θy(S) ⊂ A

) ≤ 1 − γ (uy,θ ),

where uy,θ is the fixed u value associated with y and θ .
Consequently, using the associated random Y and U

P̄θ

(
belY (A) ≥ 1 − α

) ≤ P
(
1 − γ (U) ≥ 1 − α

)

= P
(
γ (U) ≤ α

) ≤ α.

The statement follows by taking supremum over A∁. □
EXAMPLE 2.1. We shall investigate IM inference for

the normal location model, that is, Y ∼ N(θ,1).
A-step: The association between Y , θ , and auxiliary

variable U can be expressed as Y = θ + Φ−1(U), where
Φ is a distribution function of standard normal distribu-
tion. From here Θy(u) = {y − Φ−1(u)}.

P -step: One could predict the unobserved u with a pre-
dictive random set S = SU� , where U� follows U(0,1),
and Sα is defined by 2

(6)
Sα = {

u ∈ (0,1) : |u − 0.5| < |α − 0.5|},
α ∈ (0,1).

It is easy to see that γ (U�) ∼ U(0,1) and (3) is satisfied.
C-step: Considering the choice of predictive random

set S in Equation (6), the random set Θy(S) is given by

Θy(S) = ⋃

u∈SU�

{
y − Φ−1(u)

}

= (
y − Φ−1(

0.5 + ∣∣U� − 0.5
∣∣),

y − Φ−1(
0.5 − ∣∣U� − 0.5

∣∣)).

The plausibility function is ply(θ) = 1 −|2Φ(y − θ)− 1|.
The CC based on the usual, two-sided confidence inter-
vals (1) satisfies ccy(θ) = 1 − ply(θ). Examples of ccy(θ)

for this problem can be found in the left two panels of
Figure 2.

We end this section by stating the following important
lemma.

LEMMA 2.2. Consider a random set S and corre-
sponding γ (u). The random set S ′ = SU� , where U� is
U(0,1) and Sα = {u : γ (u) > 1 − α}, shares the same
γ (u). Moreover, if P(Θy(S ′) �= ∅) = 1, then bely(A) ≤
bel′y(A) for all A, where bel′y is the belief function asso-
ciated with S ′.

PROOF. For any fixed u compute

γ ′(u) = P
(
u ∈ S ′) = P

(
1 − U� ≤ γ (u)

) = γ (u).

2There are other reasonable choices of Sα that lead to very different
bely(A) values, for example, Sα = (0.5α,0.5+0.5α), Sα = [0, α], and
Sα = [α,1].
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FIG. 2. Confidence curves for μx , μy , μx/μy where X ∼ N(μx,1), Y ∼ N(μy,1) given that we observe x = 2, y = 1. The dotted lines indicate
95% confidence sets.

To prove the second part of the lemma, define Wy(A) =
{u : Θy(u) ⊂ A}. We have

bely(A) ≤ P
(
S ⊂Wy(A)

)

≤ 1 − sup
{
γ (u) : u ∈ Wy(A)∁

}

= P
(
S ′ ⊂ Wy(A)

) = bel′y(A),

where the last equality follows because of P(Θy(S ′) �=
∅) = 1. □

The assumption P(Θy(S ′) �= ∅) = 1 is satisfied by
many IM models [45]. The meaning of this lemma is that
in most situations only nested random sets S ′ defined in
Lemma 2.2 should be used. This is because among ran-
dom sets that share a given γ (u), S ′ provides the strongest
evidence for any given A and is therefore the most effi-
cient, that is, makes the gap between bely(A) and ply(A)

the smallest possible.

3. GENERALIZED FIDUCIAL DISTRIBUTION AND
INFERENTIAL MODELS

Let us first quickly review the definition of generalized
fiducial distribution (GFD). Interested readers can find
more details in [29]. Given association (2), we define first
the pseudo-solution of the association equation using the
optimization problem:

(7) Qy(u) = arg min
θ�

∥∥a
(
y, θ�, u

)∥∥.

Typically, ‖ · ‖ is either 	2 or 	∞ norm. If there is more
than one solution to (7), one minimizer is selected based
on some possibly random rule. Thus, when there are mul-
tiple minimizers, there are multiple versions of fiducial
distribution based on which one is selected.

Next, for each small ε > 0, define the random variable
θ�
ε = Qy(U

�
ε ), where U�

ε has the distribution of U trun-
cated to the set

(8)
My,ε = {

U�
ε : ∥∥a

(
y,U�

ε , θ�
ε

)∥∥

= ∥∥a
(
y,U�

ε ,Qy

(
U�

ε

))∥∥ ≤ ε
}
,

that is, having the density fU(u�)IMy,ε (u
�)/

(
∫
My,ε

fU (u) du), where fU is the density of U . Then

assuming that the random variable θ�
ε converges in dis-

tribution as ε → 0, the GFD is defined as the limiting
distribution of θ� = limε→0 θ�

ε . The fiducial probability is
then fidy(A) = P(θ� ∈ A), where the probability is based
on the distribution of θ� with the observed data y taken as
fixed. Clearly, if P(U� ∈ My,0) > 0 then θ� = θ�

0 , and

fidy(A) = P
(
Qy

(
U�) ∈ A|U� ∈My,0

)
,

where again U� has the same distribution as U in (2).
Notice that in the GFD literature, the association is

usually assumed to be based on a DGE. While any as-
sociation equation can be used to conduct statistical in-
ferences, DGE has some advantages. If DGE is used to
model the whole data or a sufficient statistic, the likeli-
hood implied by the DGE will be the same as the orig-
inal likelihood of the data or its constant multiple. On
the other hand, if there are multiple y for each θ and u

solving the association equation, and the likelihood im-
plied by this association may be different from the orig-
inal likelihood, which is analogous to using likelihood
computed from the distribution of statistics that are not
sufficient.

The following theorems provide connections between
IMs and GFI. They are established in terms of belief
though similar statements can be derived for plausibil-
ity.

THEOREM 3.1. Consider an association (2), assume
P(U� ∈ My,0) = 1, and that the predictive random set
satisfies (3). Then bely(A) ≤ fidy(A) ≤ ply(A) for any
measurable A.

PROOF. Define Uy(A) = {u ∈ My,0 : Θy(u) ⊂ A} =
Wy(A) ∩ My,0, which is measurable because A is mea-
surable. Next, define Uy(A) = Uy(A

∁)∁. Note that be-
cause P(U� ∈ My,0) = 1, there is no conditioning and

P
(
U� ∈ Uy(A)

) ≤ fidy(A) ≤ P
(
U� ∈ Uy(A)

)
.

Moreover, for any realization of S , we have Θy(S) ⊂ A

if and only if S ⊂ Uy(A) and therefore

bely(A) = P
(
S ⊂ Uy(A)

)

≤ 1 − sup
{
γ (u) : u ∈ Uy(A)∁

} ≡ 1 − β.
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Finally, Uy(A) ⊃ {u : γ (u) > β} and (3) imply

P
(
U� ∈ Uy(A)

) ≥ P
(
γ

(
U�) > β

) ≥ 1 − β.

The rest of the proof follows by the definition of ply(A).
□

THEOREM 3.2. Consider association (2) with U hav-
ing a nonatomic distribution. For any fixed measurable set
A and fixed data y, there exists a nested random set S sat-
isfying (3) and a version of fiducial distribution satisfying
bely(A) = fidy(A).

PROOF. We will be using the same notation as in the
proof of Theorem 3.1. If P(U� ∈ My,0) > 0, then

P
(
U� ∈ Uy(A)|U� ∈ My,0

)

≤ fidy(A) ≤ P
(
U� ∈ Uy(A)|U� ∈My,0

)
.

We can select the minimizer in (7) so that P(U� ∈
Uy(A)|U� ∈ My,0) = fidy(A). If P(U� ∈ My,0) = 0 we
can use any minimizer in (7).

Next select a collection of sets Sα,α ∈ [0,1] satisfying
all of the following: (a) Sα ∩ My,0 �= ∅; (b) Sα1 ⊂ Sα2

whenever α1 < α2; (c) P(U� ∈ Sα) = α; (d) Sfidy(A) ∩
My,0 = Uy(A); (e) Sα ∩ Uy(A)∁ �= ∅ whenever α >

fidy(A). Such a collection always exists but it is not
unique. The random set S = SU� , where U� follows
U(0,1), satisfies the statements of the theorem. □

The assumption P(U� ∈ My,0) = 1 in Theorem 3.1 is
valid for associations in which GFD does not require con-
ditioning. This usually happens when using minimal suf-
ficient complete statistics in the DGE. On the other hand,
the assumptions of Theorem 3.2 are almost always satis-
fied.

Theorems 3.1 and 3.2 show that fiducial probability is a
natural bound for IM beliefs and plausibility. This bound
can be achieved for any measurable set A using some ran-
dom set S . Thus, one could argue that IM is less efficient
than fiducial probability, in the sense that the beliefs are
too small and/or plausibilities too high as compared to
what is implied by fiducial/DS analysis of the data gener-
ating model. However, this widening of the gap between
beliefs and plausibilities allows IM to gain some favor-
able properties, such as avoiding false confidence [40] and
guaranteeing frequentist validity. As seen in Theorem 3.2,
IM can guarantee these good properties only if the ran-
dom set is selected before seeing the data. Therefore, just
as in other statistical inference paradigms, data snooping
should be avoided when selecting the various ingredients
used in IM.

Next, we show that there are many sets where belief and
fiducial probabilities agree. These sets will be important
in establishing a connection between IM and confidence
curves.

THEOREM 3.3. Assume that the random set S is
nested. For any data y and any α ∈ [0,1], there exists
a set Aα,y , so that bely(Aα,y) ≥ α, and Aα,y ⊂ A for all
A satisfying bely(A) ≥ α, and for any α1 < α2, we have
Aα1,y ⊂ Aα2,y .

If additionally P(U� ∈ My,0) = 1 and in (3) we have
γ (U�) ∼ U(0,1), then there is a version of fidy satisfying
bely(Aα,y) = fidy(Aα,y) = α for all α in the range of bely .

PROOF. Recall that the random set S is nested. De-
note the range of the random set by R(S) and define

(9) Sα = ⋃

β<α

⋂

S∈R(S)

P (S⊂S)≥β

S.

Notice that S is a random set, while Sα is a nonrandom set
that functions as a quantile of S . Because the random set
is nested and by continuity of measure, P(S ⊂ Sα) ≥ α.
By definition, for any α1 < α2 we have Sα1 ⊂ Sα2 .

Define Aα,y = Θy(Sα). Clearly, bely(Aα,y) ≥ α and the
sets Aα,y are nested. If bely(A) ≥ α, then by definition
Aα,y ⊂ A. Moreover, if bely(A) = α then bely(Aα,y) = α.

Under the additional assumptions and following the
proof of Theorem 3.1 we have fidy(Aα,y) = P(U� ∈
Sα) = P(γ (U�) > 1 − α) = α. Here we remark that the
chosen version of fidy selects one of the minimizers in (7)
that belongs to A∁

α′,y with the largest possible α′. □
Notice that Theorem 3.3 implies bely(A) = sup{α :

Aα,y ⊂ A}. Therefore, we will call the collection of Aα,y

the principle assertions of IM as they carry all the infor-
mation available in the IM. In the next section, we will see
that principle assertions provide an important link to con-
fidence curves. Similarly we will call Sα in (9) the princi-
ple nested sets.

4. INFERENTIAL MODELS AND
CONFIDENCE CURVES

Confidence curves could be viewed as functions whose
level sets provide a collection of valid confidence intervals
at all levels of confidence. The formal definition is given
below:

DEFINITION 4.1. A function ccy(θ) : Y ×Θ → [0,1]
is a CC if for all α ∈ (0,1), Pθ(ccY (θ) < α) = α. Simi-
larly ccy(θ) is a conservative CC if Pθ(ccY (θ) < α) ≥ α,
for all α ∈ (0,1).

In other words, the random confidence curve ccY (θ)

is uniformly distributed when θ is the true parameter.
Confidence curve generalizes the idea of confidence dis-
tribution [58] to higher-dimensional parameters, where
its contours provide a nested family of confidence re-
gions indexed by degree of confidence [50], that is, each
{θ : ccy(θ) ≤ α} is an α · 100% confidence set.
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EXAMPLE 4.1. We continue Example 2.1. Suppose
that in addition to Y ∼ N(μy,1) we also have X ∼
N(μx,1). We plot confidence curves for μx in the left
panel, μy in the middle panel, and μx/μy in the right
panel of Figure 2. The confidence curve for μx/μy is
based on Fieller’s confidence set [19]. Notice that the
shape of the CC indicates that based on α the confidence
set for μx/μy might be an interval, two disjoint intervals,
or the whole real line.

We shall investigate the relationship of CCs to IMs next.
Let us first show that CC can be used to define valid belief
and plausibility functions without reference to any IM.
We remark that in what follows infA and supA are the in-
fimum and supremum of the set A ⊂ R, respectively. This
result is similar to Theorem 3 in a recent preprint [41].

LEMMA 4.1. Let ccy(θ) be a conservative CC. The
function cc-bely(A) = sup{α : {θ : ccy(θ) ≤ α} ⊂ A} is a
valid belief function.

PROOF. When cc-bely(A) ≥ 1 − α then ccy(θ) ≥ 1 −
α for all θ /∈ A. Thus,

Pθ

(
cc-belY (A) ≥ 1 − α

) ≤ Pθ

(
ccY (θ) ≥ 1 − α

)

= 1 − Pθ

(
ccY (θ) < α

) ≤ α

for any θ /∈ A. □

Notice that cc-ply(A) = 1 − cc-bely(A∁) = inf{ccy(θ) :
θ ∈ A}. Therefore ccy(θ) is a possibility contour in the
sense of [1, 15, 16, 61]. Further connections between IM
and possibility theory have been explored in [33].

The previous lemma is not surprising in light of the next
theorem which shows that any CC can be formally viewed
as an instance of a valid IM.

THEOREM 4.1. Given a confidence curve, there exists
an IM satisfying (3) which provides inference equivalent
to this confidence curve.

PROOF. Denote by η(u) the inverse of the distribu-
tion function of ccY (θ). Because by definition of CC this
is sub-uniform, η(u) ≤ u. Thus, we can consider the as-
sociation:

a
(
y, {θ, η}, u) = ccy(θ) − η(u).

If the CC is exact, η(u) = u, otherwise η(u) ≤ u will be
viewed as an unknown parameter.

The random set is taken as S = [0,U�], where the ran-
dom variable U� follows U(0,1). Recall (9) and note that
Sα = [0, α), γ (u) = 1 − u, and (3) is trivially satisfied.

We will use the marginal IM with

Θy(S) = {
θ : a(

y, {θ, η}, u) = 0, for some u ∈ S and η
}
.

Thus ply({θ}) = P(θ ∈ Θy(S)) = P(ccy(θ) ≤ U�) =
1 − ccy(θ). Similarly, the principle assertions Aα,Y = {θ :
ccy(θ) ≤ α} are exactly the same as the confidence sets

implied by the CC. Consequently, cc-bely(A) = bely(A)

for all A. □
Finally, we show that any IM defines an associated CC.

It also shows that fiducial probability plays a special role
in this association.

THEOREM 4.2. Assume (3). The sets Aα,y defined in
Theorem 3.3 are α · 100% confidence sets, and ccy(θ) =
inf{α : θ ∈ Aα,y} is a conservative CC. Additionally, if
P(U� ∈ My,0) = 1, then the actual coverage of Aα,y

is given by fidy(Aα,y), where we use the version of fidy

introduced in the proof of Theorem 3.3. Consequently,
cc′

y(θ) = inf{fidy(Aα,y) : θ ∈ Aα,y} ≥ ccy(θ) is an ex-
act CC.

PROOF. We will be using the notation introduced in
Section 3. Let θ and U be the parameter and ancillary
random variable associated with data Y by (2). Then, just
as in the proof of Theorem 3.1,

(10)
Pθ(θ ∈ Aα,Y ) = P(U ∈ Sα)

≥ P
(
γ (U) > 1 − α

) ≥ α.

Additionally, if P(U� ∈ My,0) = 1 then fidy(Aα,y) =
P(U� ∈ Sα), which does not depend on y, and as seen
in the first equality in (10) is the coverage of Aα,y .

The statements about CCs follow by definition. □

5. DISCUSSION

The results in Section 4 show that the key concept of
validity is innate to CCs. In other words, IMs are valid
when they produce valid CCs. However, the property of
CC does not come with a recipe on how to produce it. The
big advantage of IMs is that its three-step recipe provides
a systematic way to produce CCs.

As seen in Theorem 4.2 principle assertions Aα,y pro-
vide the main link between IM and CC. It may be of in-
terest to point out that Aα,y is a confidence set that is ob-
tained by de-pivoting of the principle nested set Sα using
the association (2). Moreover, its coverage is given by the
fiducial probability fidy(A).

In other words, IM answers an old question, when are
(fiducial) credible intervals confidence intervals, that is,
what sets of fiducial probability α are α ·100% confidence
sets? The answer given in Theorem 3.2 is that technically
it could be any measurable set as long as for all the unob-
served data y′ we would use the corresponding principle
assertion Aα,y′ de-pivoted from the principle nested set Sα

from the proof of Theorem 3.2. This is of course unreal-
istic and only set Aα,y obtained by de-pivoting a sensible
Sα chosen prior to seeing the data will be a set of fiducial
probability α that is also α · 100% confidence sets.

While most of the results linking GFD and IM are
proved under the assumption P(U� ∈ My,0) = 1, the
same results remain true if conditioning on {U� ∈ My,0}
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is effectively conditioning on ancillary statistic [43], for
example, maximal invariant sigma algebra of a group
model. If the conditioning in GFD is not conditioning on
ancillary statistic, the relationship between IM and GFD
is complicated and needs to be studied further.

In conclusion, IM can be viewed as fiducial distribution
based confidence curves. They provide a powerful argu-
ment for anyone seeking fiducial or objective Bayes dis-
tributions on parameter space to consider making calcu-
lations on the auxiliary U and pay attention to how are
the credible sets linked across all potential unobserved
data y′.
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