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ABSTRACT

Adaptive optimization methods such as AdaGrad and Adam are widely used in
modern neural-network training, but their adaptive scaling is primarily designed
for vector-valued parameters and does not explicitly exploit matrix structure. Re-
cent matrix-aware optimizers demonstrate the benefits of structured optimization,
yet a general theoretical framework for deriving matrix-aware adaptivity compara-
ble to that of AdaGrad remains lacking. In this work, we develop a general Online
Mirror Descent framework with adaptive proximal functions for matrix-valued
parameters, providing a principled approach to deriving matrix-aware adaptive
optimization through online regret minimization. By introducing row-wise and
column-wise matrix proximal functions and analyzing the resulting regret trade-
off, we derive Row-wise Matrix AdaGrad (Row-AdaGrad) and Column-wise Ma-
trix AdaGrad (Column-AdaGrad), with adaptive scaling determined by the accu-
mulated row-wise or column-wise gradient norms. We establish regret guaran-
tees and show that these matrix-aware bounds can be strictly tighter than those of
entry-wise AdaGrad under structured gradients. Experiments on matrix factoriza-
tion and deep neural-network training further demonstrate the benefits of aligning
adaptive scaling with matrix structure, including improved optimization stability
and trainability at larger learning rates and greater network depths.

1 INTRODUCTION

Adaptive optimization methods have emerged as a cornerstone of modern machine learning, play-
ing a pivotal role in training large-scale deep neural networks. Unlike classical stochastic gradient
descent (SGD), which applies a uniform learning rate to all parameters, adaptive optimizers dy-
namically adjust parameter-wise learning rates based on statistics of past gradients. By capturing
heterogeneous optimization dynamics across parameters, these methods facilitate more efficient and
stable training in high-dimensional parameter spaces. Among various adaptive optimization algo-
rithms, Adam (Kingma & Bal [2015)) and its decoupled weight decay variant, AdamW (Loshchilov
& Hutter} [2019), have become the de facto standard for training contemporary deep learning models,
including large language models (LLMs) (Touvron et al., 2023} |Kimi Team et al.,|2025; |DeepSeek-
Al et al., 2026)), diffusion models (Peebles & Xie, 2023} |Arriola et al., [2025), recommendation
models (Zhai et al.| [2024])), and beyond.

Underlying the empirical success of adaptive optimizers is a rich theoretical lineage rooted in Ada-
Grad (Duchi et al.l 2011), which established a principled interpretation of adaptivity through on-
line convex optimization (OCO). Specifically, AdaGrad is derived within the online mirror descent
(OMD) framework (Orabona, 2019), where proximal functions characterize the optimization ge-
ometry and regulate the gradient steps. The key insight is that gradients observed in earlier iter-
ations provide valuable information about the underlying geometry of the optimization problem,
and incorporating such knowledge into the proximal function enables more informative gradient-


https://arxiv.org/abs/2609.21815v1

Preprint

based learning. Rather than relying on a fixed proximal function, AdaGrad dynamically modifies
the proximal function based on progressively accumulated gradient information. At each iteration,
AdaGrad constructs the proximal function by minimizing the regret bound up to that point, yielding
a sequence of data-dependent proximal functions whose regret guarantee is competitive with that of
the best proximal function chosen in hindsight. In essence, AdaGrad frames adaptivity as the dy-
namic construction of optimization geometry from gradient history, providing a rigorous theoretical
foundation for adaptive optimization.

Despite this theoretical rigor, classical adaptive optimizers, including AdaGrad, Adam, and AdamW,
are designed primarily for vector-valued parameters, whereas most parameters in neural networks
are inherently matrices. When applied to these matrix-valued parameters, such methods typically
disregard their intrinsic matrix geometry, effectively treating them as flattened vectors of indepen-
dent scalar entries. This limitation has motivated a growing body of research on matrix-aware opti-
mization, which instead seeks to preserve and exploit the intrinsic geometry of matrix-valued param-
eters. Within this paradigm, methods such as Shampoo (Gupta et al., | 2018)) and Muon (Jordan et al.},
2024) have demonstrated the practical benefits of leveraging matrix structure in large-scale model
training. In particular, Muon has emerged as a compelling alternative to AdamW and has been
widely adopted for training frontier open-source LLMs (Kimi Team et al.l 2025; | GLM-4.5 Team
et all 2025} [DeepSeek-Al et al.l 2026). Furthermore, beyond exploiting matrix structure, recent
research has increasingly explored various forms of adaptivity tailored to matrix-valued parameters.
Examples include block-wise adaptation (Zhang et al.; 2025)), row-wise adaptation (Li et al.,|2025)),
and one-sided Shampoo preconditioners (Xie et al.,|2025; |An et al.,|2026). However, these designs
remain largely heuristic, often motivated by approximations to existing adaptive preconditioners
rather than derived from first principles. Consequently, they lack a principled theoretical foundation
comparable to that of AdaGrad, where the form of adaptivity emerges naturally from online regret
minimization and the dynamic construction of proximal geometry.

In this work, we fill this theoretical gap by developing a general online mirror descent framework
with adaptive proximal functions for matrix-valued parameters, within which matrix-aware adaptiv-
ity can be derived via online regret minimization in a principled manner. The first step in establish-
ing this framework is to define appropriate proximal functions, which determine the underlying opti-
mization geometry. A straightforward approach is to directly apply vector-valued proximal functions
to the vectorized matrix parameters. However, this approach fails to preserve the intrinsic geome-
try of matrix-valued parameters and incurs prohibitive computational and memory costs. To avoid
these limitations, we define proximal functions directly in the matrix space. Specifically, we intro-
duce row-wise and column-wise matrix proximal functions defined as squared matrix Mahalanobis
norms over the rows or columns of a matrix, respectively. By treating each row or column as a coher-
ent, structurally coupled unit rather than merely a collection of independent entries, these proximal
functions capture both the scaling of individual rows or columns and the coupling between them.
Computationally, the metric matrix inducing the Mahalanobis geometry is applied to the matrix vari-
able within the Frobenius inner product via left multiplication for the row-wise geometry and right
multiplication for the column-wise geometry. Next, we formalize the online mirror descent frame-
work for matrix-valued decision variables, with an extended Bregman Matrix Divergence serving as
the proximal regularizer in the OMD update rule. We then equip this OMD framework with adaptive
matrix proximal functions that are allowed to evolve over iterations and establish a generic regret
bound that provides the analytical foundation for deriving specific matrix-aware adaptive schemes.

To proceed, we first instantiate the matrix proximal function with a positive definite diagonal metric
matrix, following the practical and computationally efficient choice commonly adopted in Ada-
Grad (Duchi et al., |2011). This choice also facilitates clean and intuitive analysis while avoiding
excessive technical complexity. We next analyze the structure of the regret bound in detail, focusing
on its three constituent terms and the role of each. The first term depends solely on initialization,
while the remaining two terms depend explicitly on 7" and thus govern the asymptotic behavior of
the regret bound. The third term is given by the accumulated squared dual norms of the gradients,
reflecting the cumulative cost of the observed gradients under the proximal geometry. The second
term captures the differences between successive Bregman Matrix Divergences that arise from the
temporal adaptation of the proximal function. In particular, if the proximal function is fixed, this
term vanishes. Intuitively, allowing the proximal geometry to adapt dynamically to the observed
gradients can reduce the dual-norm term, but such adaptation comes at a cost—specifically, it incurs
an additional penalty quantified by the Bregman Matrix Divergence differences.
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Through further analysis, focusing first on the row-wise setting, we show that the three terms in
the regret bound can ultimately be reduced to two terms with opposing dependence on the adaptive
scaling factors, revealing the fundamental trade-off that governs the evolution of the matrix proximal
geometry. Specifically, one term grows linearly with the scaling factors, while the other decreases
inversely with them. This opposing dependence indicates the existence of a retrospectively optimal
proximal geometry that balances these two terms. Crucially, under the diagonal parameterization,
the regret bound further decomposes into a fully row-wise separable form, allowing the optimal
proximal scaling to be determined independently for each row. The associated per-row regret bound
admits a simple two-term trade-off between its scaling factor and the corresponding reciprocal. Min-
imizing this bound via the arithmetic—geometric mean inequality, with equality attained when the
two terms are balanced, yields the optimal scaling proportional to the square root of the accumu-
lated squared /5-norms of the corresponding row-wise gradients. This optimal scaling provides a
concrete form for the adaptive scaling matrix, and consequently, a practical rule for evolving the
matrix proximal geometry, leading to the Row-wise Matrix AdaGrad (Row-AdaGrad) algorithm.
We then derive the final regret bound for Row-AdaGrad and provide an illustrative example show-
ing that this bound is strictly tighter than that of standard AdaGrad when the gradient matrices are
row-sparse. The column-wise counterpart follows analogously by applying the row-wise formula-
tion to the transposed problem and then transposing back. We show that the column-wise proximal
function is exactly the row-wise proximal function applied to the transposed variable, establishing a
one-to-one correspondence that preserves the problem structure. The Column-wise Matrix AdaGrad
(Column-AdaGrad) algorithm and its regret bound are thus obtained directly from the row-wise re-
sults, without requiring a separate derivation.

In summary, our work extends beyond the specific algorithms of Row-AdaGrad and Column-
AdaGrad; it establishes a general framework for understanding and deriving matrix-aware adaptivity
through the evolution of matrix proximal geometry. Our analysis explicitly reveals a fundamental
trade-off underlying adaptive optimization: dynamically adapting the geometry can reduce the cu-
mulative dual-norm cost of the gradients, but the resulting temporal variation of the proximal geom-
etry incurs an additional penalty. The specific form of adaptivity is governed by the regret trade-off
between the benefit and cost of tailoring the proximal geometry. Under the diagonal parameteriza-
tion, this trade-off admits an explicit and simple separable form that is readily amenable to analysis,
making transparent how the resulting adaptive scaling is derived from the regret bound. In contrast,
standard AdaGrad typically characterizes its adaptive scaling through a constrained hindsight opti-
mization problem, motivated primarily by reducing the contribution of the dual-norm term (Duchi
et al., |2011). This characterization provides less direct and intuitive insight into the fundamental
mechanism underlying adaptivity. Our framework therefore provides a rigorous yet intuitive theo-
retical foundation for the design and analysis of matrix-aware adaptive optimizers, paving the way
for more principled research in this area.

2 ROW-WISE AND COLUMN-WISE MATRIX PROXIMAL FUNCTIONS

In this section, we introduce matrix proximal functions for defining the optimization geometry of
matrix-valued parameters. Specifically, we propose row-wise and column-wise matrix proximal
functions. The row-wise proximal function induces a geometry over rows by weighting row inner
products, whereas the column-wise counterpart operates analogously over columns. For compari-
son, we also review the standard proximal function for vector-valued parameters and its extension
to vectorized matrix parameters, illustrating the limitations of direct vectorization in computational
efficiency and in capturing intrinsic matrix structure.

2.1 VECTORIZED PROXIMAL FUNCTION

For any vector x € R?, the vector proximal function associated with a positive definite metric (or
scaling) matrix A € R¥*? (A » 0) is defined as

1 1
Yal@) = 3ol = 5 (. Az),
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where (-, -) denotes the standard Euclidean inner product, and ||z|| 4 = \/{x, Az) is the Mahalanobis
norm induced by A. Expanding the quadratic form in terms of individual coordinates gives

1
Ya(z) = ) Z Z Aijziz;,
i=1 j=1
where the diagonal entries of A scale individual coordinates, while the off-diagonal entries encode
pairwise interactions among them. This equips 14 (x) with Mahalanobis geometry, generalizing the
isotropic Euclidean metric to a problem-specific anisotropic metric that better captures the underly-
ing data geometry and enables more effective optimization.

To define a proximal function for matrix parameters, a straightforward approach is to vectorize the
matrix X € R™*" into a vector in R™" and then directly apply the vector proximal function.
Note that matrix vectorization can be performed in multiple ways. Using the standard convention of
column-stacking yields the following vectorized proximal function

35°(X) = gllvee( )} = 3 (vee(X), Brec(X)),

where B € R™"*"™" ig a positive definite metric matrix that induces the Mahalanobis norm on the
vectorized space R™".

However, while vectorization provides a straightforward extension from vectors to matrices, it has
several drawbacks. First, it treats the matrix as an unstructured one-dimensional vector, thereby
obscuring its natural two-dimensional structure and the distinct roles of rows and columns, and
making natural matrix operations—such as multiplication, trace, and spectral norms—difficult to
express and exploit. Second, the vectorized representation can incur prohibitive computational and
memory costs. Constructing and storing a full metric matrix B € R™"*™" ig impractical. Even
when B is restricted to a diagonal form, it still requires mn parameters, leading to substantial com-
putational and memory overhead for large matrices. To address these drawbacks, it is preferable
to define proximal functions directly on the matrix space, preserving the inherent matrix structure
while allowing for more efficient computation.

2.2 ROW-WISE PROXIMAL FUNCTION

We introduce the row-wise proximal function, which applies a Mahalanobis-type scaling directly
to the rows of a matrix. This proximal function retains the matrix’s row-level structure by treating
each row as a holistic unit, rather than as a mere collection of independent scalar entries. Unlike
vectorized proximal functions, which flatten the matrix and obscure its inherent organization, the
row-wise formulation instead induces a clear and interpretable row-wise geometry that explicitly
captures both individual row scaling and inter-row interactions.

Formally, given a positive definite metric matrix C' € R™*"™ i.e., C' > 0, for a matrix X € R™*",
the row-wise proximal function is defined as

1 1
be(X) = SIXIE = 5(X,CX)r,

where (-, -)  denotes the Frobenius inner product, defined as (X,Y)r = 37" 330 ) X;;Yi;, and

IXlc = v/(X,CX)F is a Mahalanobis-type norm induced by C'. This norm naturally extends the
Mahalanobis norm from vectors to matrices, inducing a Mahalanobis-type geometry over the rows
of X. To illustrate the row-wise structure of ¥ (X) more explicitly, we first rewrite the Frobenius

inner product in terms of rows as
m

(X,Y)p = Z<X(i)7y(i)>’
i=1
where X (i),Y(i) € R™ denote the i-th rows of X and Y, respectively, and (-, -) is the standard
Euclidean inner product on R™. Leveraging this representation, the proximal function can be further
expressed as a weighted sum of row inner product

1 1 o , ,
Ye(X) = §||XHQC = §ZZCZ-J-<X(’>,X(J)>.

i=1 j=1

'A complete derivation of this explicit row-wise form is provided in Appendix for reference.
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This form makes it explicit that the diagonal entries of C scale the squared norms of the individual
rows, while the off-diagonal entries weight the inner products between distinct rows. When C' = I,,,
the m x m identity matrix, ¢)c(X) reduces to the standard squared Frobenius norm (/X %, and
when C = Diag(c). with ¢ € R, wq(X ) scales each row independently by its corresponding
diagonal entry c;, without capturing any inter-row interactions.

2.3 COLUMN-WISE PROXIMAL FUNCTION

Analogous to the row-wise proximal function, the column-wise proximal function applies a
Mahalanobis-type scaling directly to the columns of a matrix, treating each column as a holistic unit
and thereby preserving the column-level structure. While the row-wise proximal function captures
the structural relationships among rows, its column-wise counterpart captures the corresponding
relationships among columns, thereby inducing a complementary geometry.

Given a positive definite metric matrix D € R"*™, i.e., D > 0, for a matrix X € R"™*"™, the
column-wise proximal function is defined as

1 1
Yp(X) = §||XH?3 = §<X7XD>F,

where | X||p = /(X,XD)r is the Mahalanobis-type norm induced by D, which induces a
Mahalanobis-type geometry over the columns of X. We remark that the metric matrix C' in the
row-wise proximal function multiplies X from the left, whereas the metric matrix D in the column-
wise proximal function multiplies X from the right. Analogous to the derivation in the row-wise
case, expressing the proximal function explicitly in terms of the columns, we haV

1 n n
¢Yp(X) = 3 ZZDMX@),X(]-)),

i=1 j=1

where X(;), X(;) € R™ denote the i-th and j-th columns of X, respectively, and (-, -) denotes the
standard Euclidean inner product on R™. The diagonal entries of D scale the squared norms of indi-
vidual columns, while the off-diagonal entries weight the inner products between distinct columns.
When D = I,,, ¢p(X) reduces to the standard squared Frobenius norm %|/X||%.. More generally,
when D = Diag(d) with d € R’} , the proximal function reduces to independently weighting the
squared norm of each column by the corresponding diagonal entry d;, without introducing interac-
tions between different columns.

3  ONLINE MIRROR DESCENT FOR MATRICES WITH ADAPTIVE MATRIX
PROXIMAL FUNCTIONS

In this section, we formalize the online learning framework upon which our theoretical analysis and
algorithmic design are built.

3.1 ONLINE MIRROR DESCENT WITH MATRIX DECISION VARIABLES

Online Convex Optimization with Matrix Decision Variables We work within the framework
of Online Convex Optimization (OCO) (Zinkevich} 2003} [Hazan et al., 2016 |Orabona, 2019), spe-
cialized to matrix-valued decision variables. OCO can be viewed as a structured repeated game in
which a learner and an adversary interact sequentially over T rounds. Ateachround ¢ € {1,...,T},
the learner selects a decision matrix X; € & from a convex compact set X C R"**". The adversary
then reveals a convex loss function f; : X — R, and the learner suffers the loss f;(X3). The learner’s
goal is to minimize the regret, defined as the difference between the cumulative loss incurred by the
learner and that of the best fixed matrix in hindsight:

T T
R(T) = th(Xt) - XH}ieI}Vth(X*)-

%A complete derivation of this explicit column-wise form is provided in Appendix for reference.
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A meaningful regret is typically required to be sublinear, i.e., limy_, oo R(T)/T = 0, which implies
that, for a sufficiently large number of rounds, the learner’s performance approaches that of the
optimal fixed decision chosen in hindsight with full knowledge of all rounds.

Online Mirror Descent for Matrices We now introduce Online Mirror Descent (OMD) with ma-
trix decision variables, which serves as the foundation for designing our adaptive optimization al-
gorithms. OMD is an online learning algorithmic template that generalizes standard gradient-based
updates by incorporating a geometry-aware proximal term or regularizer defined through a strictly
convex function, which encodes the intrinsic geometry of the decision space and guides the updates
to respect the underlying problem structure. In the matrix setting, the proximal term is naturally
expressed through the Bregman matrix divergence, a generalization of the vanilla (vector) Bregman
divergence.

Definition 1 (Bregman Matrix Divergence). Let X C R"™*™ be a compact convex set with
nonempty interior, and let ¢ : X — R be a strictly convex and differentiable function on the interior
int X. The Bregman Matrix Divergence with respect to v, denoted By, : X x int X — is
defined as

By(X;Y) = ¢(X) = 9(Y) = (Ve(Y), X = Y)p,
for X € X and Y € int X, where Vi(Y') € R™*" is the gradient of ¢ at Y.

By, quantifies the deviation between two matrices X and Y under the geometry induced by ¢. Simi-
lar to the vector case, B, is non-negative due to the strict convexity of 1), and generally asymmetric,
as it depends on the reference point Y.

Then, the update rule of OMD for matrices at each round ¢ is given by

. 1

X1 = argmin {(Gt, X)r + —By(X; Xt)},
Xex n

where 7 > 0 is the step size, and G; € 9f;(X;) denotes a subgradient of the convex loss function

f+ at X;. Here, the term By, (X; X;) acts as a proximity regularizer, which encourages X;; to stay

close to the previous iterate X; under the geometry induced by .

Instantiating different v yields distinct variants of OMD for matrices, each reflecting a particular
geometry associated with a corresponding proximity measure. While one could directly apply a vec-
torized proximal function to matrix variables, this approach disregards the intrinsic two-dimensional
structure and fails to fully exploit the geometric properties of matrices. A more natural alternative
is to leverage the row-wise and column-wise matrix proximal functions introduced in the previous
section, enabling OMD to better exploit the structured geometries of matrix variables.

3.2 ADAPTIVE MATRIX PROXIMAL FUNCTIONS

In the standard OMD framework, the proximal function 1) remains fixed throughout the entire learn-
ing process. While such a fixed geometry may capture certain structural properties of the problem, it
cannot accommodate the evolving gradient over time. Adaptive subgradient methods, such as Ada-
Grad (Duchi et al., 2011)), address this limitation by allowing the proximal function to vary across
rounds—replacing v with a sequence of data-dependent proximal functions ;. This time-varying
geometry enables the algorithm to adapt not only to the intrinsic structure of the problem, but also
to the gradient information accumulated over time, which is key to the success of adaptive methods.

Inspired by the derivation of AdaGrad from OMD, designing matrix adaptive methods similarly
requires an appropriate evolution mechanism for the matrix proximal function. At a high level, the
starting intuition is analogous to that in the vector case: the regret bound of OMD for matrices
depends on the choice of the proximal function v, and by appropriately designing the evolution
of 1, to better adapt to the revealed gradient information, we can obtain a tighter regret bound.
To translate this insight into algorithmic design, we begin by presenting a template regret bound
for OMD for matrices with a generic adaptive proximal function, which will guide the subsequent
derivation of specific adaptive schemes.

Corollary 1. Let {X; tlel C int X be the iterates of OMD for matrices with proximal functions
Wy, and let ) > 0 be the global step size. Let || - || be a norm on R™*™ and let || - || denote its dual

3Restricting Y € int X ensures that Vi (Y) is well-defined, as ¢ may not be differentiable on the boundary.
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norm. Suppose that, for each t, 1y is A-strongly convex with respect 1o || - || on X. Let Gy € 0f(X3)
be a subgradient of f; at Xy, and let X* € argminy ey 23;1 ft(X). Then, we have

T 1

By (X* X By (X5 X
wl( ; 1) wT( ; 741) + = Z (Ble(X Xiv1) — Bwt(X Xt+1))

T
n
O
t=1

Moreover, since By, (X*; Xr41) > 0, dropping the negative terminal term yields the following
slightly looser regret bound

R(T) <

By (X*1 X)) 1w N —
y 1 *
mwsﬂ7——52@wxxm>%axmwﬁzwm
P t=1
Note that in the above corollary we use || - || and || - ||« to denote the primal and dual norms, re-

spectively. In practice, they may vary with ¢ and be chosen according to the corresponding proximal
function 1);. The complete proof of this corollary is provided in Appendix B} In the following, we
will carefully analyze this regret bound and derive the specific form of matrix adaptivity by mini-
mizing it.

4 DERIVING ROW-WISE AND COLUMN-WISE MATRIX ADAGRAD

In this section, building on the results established in the preceding two sections, we present the
derivation of the proposed Row-wise and Column-wise Matrix AdaGrad algorithms.

To begin with, we specify concrete instantiations of the matrix proximal functions. In the vector
AdaGrad setting, the standard formulation employs a diagonal metric matrix to define the proximal
function, which is much more popular and practical than its full-matrix counterpart, as the latter
incurs substantially higher memory and computational costs (Duchi et al.|[2011;|Gupta et al.|[2018).
Accordingly, we restrict our derivation to the diagonal case, which enables efficient row- or column-
wise adaptive scaling while avoiding the high costs associated with full-matrix variants. In the
following, we take the row-wise formulation as the basis for our derivation, with the column-wise
case following analogously. Formally, for any X € R™*", the row-wise matrix proximal function at
iteration ¢ is given by 1t (X)) = 311X 1%, = 3(X, H X)p, where H, = Diag(s¢) = 0 € R™*™
is a positive definite diagonal matrix, and s; = (sm, ey st7m)T € R . is the corresponding
row-wise scaling vector. In analogy with the monotonicity of the scaling factors over iterations in
vector AdaGrad, we further assume that the metric sequence is non-decreasing, i.e., Hyy1 > Hy, or,
equivalently s; 1 ; > s;; for all .

4.1 REGRET ANALYSIS WITH ROW-WISE MATRIX PROXIMAL FUNCTIONS

Having established the explicit form of the proximal function, we now proceed to analyze the regret
bound in Corollary [1|in greater depth to derive further insights.

The regret bound consists of three main terms. The first term is a “constant” with respect to 7',
depending merely on the initialization—X; and ;. In contrast, the remaining two terms grow
with 7" and thus dominate the asymptotic behavior of the bound. Among them, the last term has
a relatively simple form, involving the accumulated squared dual norms of the subgradients, while
the middle term is more intricate, reflecting the cumulative effect of the varying proximal functions
through changes in the Bregman matrix divergence.

We proceed by examining the second term to uncover its underlying structure. The Bregman diver-
gence difference By, , (U; X¢41) — By, (U; Xy41) arises from the temporal adaptation of the prox-
imal function, transitioning from ; to 1;1—that is, the change of the diagonal matrix from H; to
Hy 4. If the proximal function were fixed, i.e., ;11 = vy, this difference would vanish. Hence,
it quantifies the additional penalty imposed by the adapted proximal function ;11 relative to ;.
To facilitate subsequent analysis, we introduce the trace notation: for a square matrix A4, Tr(A) =
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>-; A; i denotes the sum of its diagonal entries. The Frobenius inner product can thus be written
as (A, B)p = Tr(AT B), leading to /"t (X) = % Tr(XTHtX), whose gradient is Vi)'t (X) =
H.X. The Bregman matrix divergence induced by wt can then be expressed in trace form as
B,m (X;Y) = § Te(X "HX) — 3 Te(Y T H,Y) — Te(Y T Hy(X — Y')). This expression further
simpliﬁes to the compact form B, (X;Y) = 3| X = Yl[3;, = § Tr((X = Y)THy(X — Y))ﬂ
Since H, is diagonal, the trace expression simplifies to Btht (X;Y) = % S s 1 X — YaLlE,
which is a weighted sum over the squared row norms. Using the compact trace representation and
its row-wise form, the Bregman divergence difference can be written as

B Hep (X7 Xig1) = By (X755 X)) = STr((X* = Xeg1) " (Hepr — H)(X™ = Xi41))

m
= %Z St+1 i — Sty ||X - Xt+1,i,:||%~

i=1
Summing overt = 1,...,T — 1 and interchanging sums yields
T—1 m T—1
>, (BwaHl (X7 Xeg1) = By (X755 X 41) ) Z Z (se+1 = 500) [1X7, = X [13-

t=1

The squared deviation of each row 7 can be bounded by the largest squared deviation among all rows
in the matrix

*
HXi,:

5 < max || X5, — X505 = 1X* — Xe1 1% e

1<j<m

where || X||.2,c0 = max,;<,,||X; |2 is the row-wise mixed (2, c0) norm, with the {2 norm applied
along each row and the /., norm across rows, i.e., it measures the largest Euclidean norm among
the rows of X. Taking the maximum over all iterations u = 1,...,7, we obtain the uniform bound

2 2 2

17, = Xoracl3 < IX° = Xl < max [ X7 = X%
Since s;41,; — 5¢,; > 0, we can first factor out the global row-wise supremum and then, by applying
the telescoping sum, reduce the sum ZtT:_ll(sHl@ — S4,4) to s7; — S1,4, yielding

T-1 m T-1

*, 1 * 2
;(Bd)fffl(X Xt“rl)_Bth'It(X ,Xt+1)) < B TSII< | X XUH:Z,oo;; St41.i — 5t.0)
1 . m m
< 5 [ Hax [X* — Xu?z,m(;ST,i - ;31,i>~

The first divergence term can be also bounded using the global row-wise supremum, giving

B (X% X)) ZsUHX — X1,

1
2
< 5 max X" - X, ||2mzslz
Combining the two preceding bounds, and using the trace notation y ;- , s7.; = Tr(Hr), we obtain

1
R(T) < = max | X* — X,|% o Tr(Hr) + 5% Z G2

77 1<u<T

The current form of the regret bound does not yet rely heavily on the specific instantiation of the
matrix proximal function ﬂ)flt, apart from assuming that H; is diagonal and monotone. To make
the bound more concrete, several additional steps are required to ultimately determine the explicit
form of 1/){{ ¢ (or equivalently, H;). We proceed by analyzing the squared dual norm term. So
far, the regret bound has been expressed in terms of a generic norm || - || without specifying its
explicit form. To accurately reflect the geometry induced by the proximal function, we specify it
as the corresponding metric-induced matrix norm, whose squared form is || X |3, = Tr(X " H, X),

*For completeness, the derivation is provided in Appendix
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with H, > 0 as defined above. The proximal function o/ (X) = 311X 1|3, is 1-strongly convex

with respect to || - || zr,, and hence satisfies the A-strong convexity assumption in Corollary |1} The
associated squared dual norm is then given by [|G,[;2 = [|Gil|%,—. = Tr(G[ H; 'G,). This

follows from the standard properties of matrix-induced norms and their duals; for completeness, a
detailed derivation is provided in Appendix |[D| Accordingly, the accumulated squared dual norms

of the subgradients in the regret bound are Zthl 1G5 = Zthl Tr(G] H; ' GYy). Since {H,},

evolves over time, directly analyzing the cumulative term ZtT:l Tr(G, H; ' G) can be technically
intricate. To simplify the analysis, we consider a surrogate in which each time-varying metric Hy
is replaced by the terminal metric Hr; that is, we analyze Zthl Tr(G] Hy 'G}). Specifically, we
assume the following bound holds

T T

> (G H'Gy) <a) Tr(G] Hp'Gy),

t=1 t=1
where a > 1 is an abstract constant. The bound is possible because, with an appropriate choice of
{H,}1_,, the cumulative effect of the time-varying metrics can be controlled by a scalar multiple
of the same sum evaluated with the terminal metric. This bounding treatment largely simplifies the
analysis, allowing us to maintain the main structure of the problem without delving into excessive
technical complexities. Later, we will justify this bound by showing that, once an appropriate con-
crete adaptive proximal function is specified, the provisional bound a can be replaced by a very
small constant multiplicative factor independent of 7". Now, by substituting the generic norm with
the induced matrix norm and incorporating the surrogate trace bound with the abstract factor a, the
regret bound can be expressed in the following form

1
R(T) < — max | X* — X,||%  Tr(Hr) + ZT (G H:'Gy).
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4.2 RETROSPECTIVELY OPTIMAL ROW-WISE PROXIMAL

Inspectmg the above regret bound, we observe two components w1th opposing dependence on Hrp:
one term increases with Hr, while the other decreases through H. !, This suggests a clear trade-off
in the choice of Hr and indicates the existence of a retrospectlvely optimal proximal function. In the
following, we make this trade-off more exphc1t by decomposmg the bound mto arow-wise separable
form. First, by definition of Hr, its inverse is given by H;' = Diag(sr)~! = Diag(1/sr), where
1/s7 = (1/sr1,...,1/s7.m)" € RT, . For each ¢, the trace term can be written in a row-wise
form as Tr(GtTH_th) =3 NG ||§/ST1 Summing over all ¢ and interchanging sums yields
Gy “

T ) S S A

t=1 t=1 i=1 Ty
By combining this expression with Tr(Hrp) = Zi:l 5T,is the regret bound can be written in a fully

row-wise separable form
-3 (S + B 0
STi T 2)\ STi ’

- <A% m
)—%;STl Z i=1

where Ap = max; < <7 || X" — Xy||:2,00, Vi = thl |G¢s..||3. Through this form, the trade-off
between the two terms in the regret bound becomes more explicit: increasing st ; enlarges the first
term while reducing the second, and vice versa. This opposing dependence on s7; allows us to
derive the hindsight-optimal proximal function by minimizing the regret bound. Since the bound is
fully separable across rows, we can optimize each row independently to achieve this. Specifically,
for the ¢-th row, we consider its row-wise regret function w.r.t. st ;

2

A na V;
R; i) = — iT oy )
i) = gy i anes

Since both terms are positive for s ; > 0, we can find the minimum by applying the arith-
metic—geometric mean inequality

AZ, na V; AZ naV;  Arpya
—= 87 + — > 24 = = vV Vi.
2n STi 2\ st 2n 2 VA v

ST, > 0.
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Algorithm 1 Row-wise Matrix AdaGrad (Row-AdaGrad)

1: Input: Convex set X, time horizon T, step size n > 0, stabilizer § > 0
2: Initialize: X; € X CR™*", sf =01 ¢ R™

3: fort=1,...,Tdo

4:  Predict X; and receive loss function f; : X — R

5 Compute subgradient G; € 9f;(X;) of f; at X,

6:  Update row-wise scaling vector

ZZ:l ||Gk7i71H§ + 6) 1= ]-7 e, m

~

Set row-wise matrix proximal 1t (X) = (X, H,X)p, with H, = Diag(s})
8:  Matrix Mirror Descent Update
X141 = argmin {n(Gt,X>F + BwHt (X; Xt)}
Xex t
9: end for

The minimum Ar+/a/A\/V; is attained when equality holds, i.e.,
A% na V;

T
- ST, = ﬁST,i = 5;‘,1' = AT\f\/ iy L.€. STz x Z”GMH%

2n
Here, o indicates that s7.; is proportional to the square root of the accumulated squared gradient
norms of the i-th row, hlghhghtmg the core row-wise scaling relatlonshlp by omitting constant
factors that are identical across all rows. Extending the same reasoning to all time steps, for each t =

L...,T, wesets;; o o /341 lIGr.i..||3, which represents the hindsight-optimal row-wise scaling

up to time ¢. To avoid numerical instabilities caused by extremely small values of s; ,—which may
arise in the initial stages of optimization when the i-th rows of past gradients G, . . Gt are zero or
nearly zero—we add a small positive stabilizer § > 0. This also ensures that the resultlng row-wise
scaling vector is positive definite. We now have a concrete instantiation of sy, i.e., Hy, which yields
a practical evolution scheme for the adaptive row-wise matrix proximal, thereby giving rise to the
Row-wise Matrix AdaGrad algorithm presented in Algorithm[I] By construction, the scaling factors
are non-decreasing in ¢, thus satisfying the monotonicity assumption imposed at the begmmng of our
derivation. Also note that upon introducing § into each s;, both Tr(Hr) and Tr(G,| Hy'G}) in the
preceding regret bound now contain terms involving 6. We will show that, with careful treatment,
we can obtain a clean regret bound that reflects only the contribution of the subgradients, completely
free of .

In the following, we first address Tr(G, H;' G;). Using the derived concrete form of {H,;}7_;, we

can now quantify the relationship between Zthl Tr(G) H; ' G;) and Zthl Tr(G, H;'G}) more
precisely, deriving a bound with a concrete constant rather than an abstract one, thereby justifying
the use of the abstract bound in the preceding analysis. Furthermore, we eliminate the dependence

on § in Hr by deriving a bound on 23;1 Tr(G/ H;'G,) that depends solely on the subgradients.
This result is formalized in the following corollary.

Corollary 2. Let {G;}I | and {H,}1_, (i.e, {si}]_,) be defined as in Algorlthml wzth St =

5+ /> |Gri.||? and H; = Diag(s}). Then the following bound holds

ZTr (G H;'Gy) <22Tr (G H

t=1 t=1

Proof. By definition s} ; = ¢ + \/ZZ=1 |Gr.i:||3, so that |Gy ;..||3 = (st — 5)? — (8} 14— 5)2.

Hence, the row-wise expansion of each trace can be expressed as

m

|G, ||2 (ng - 5)2 - (Sifl,i -
( Z St i - Z Sirt i

=1 )
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For each i, we claim the following termwise inequality

(si,i - 5)2 - (Si—l,i - 5)2 < 2((5§z - 5)2 (Sg—l,i - 5)2>

r r - r
St St.i St—1,

By applying the difference-of-squares decomposition to the left-hand side and using s;_; ; < s} ; to
replace s;_; , with s} ; in the second factor, we obtain

(st —si—1.4)(81; + 81, — 20) < 2(sy; — si_1,4)(st; —9)

r - T
St,i St

LHS =

Re-expressing the first factor as s; ; — s} ; = (s}, —0) — (s;_; ; — 0), we then have

LHS < 2(5{,1‘ - Sg—l,i)(si,z‘ —0) _ 2(5§z - 5)2 B Q(Sg—l,i - 5)(5§z - 5).

K2
=
St,i Sti St—1,i t—1,i

2(5§.,i - 5)2 _ 2({9;71,1‘ - 5)(S§z —4) <9 ((ng - 5)2 B (Sifl,i - 5)2>

r r
St St—1,i

. ) L0 .
Noting that 22 =1 — & > 2170 — 9 sr5 dueto sy ; > s;_; ;, it follows that

LHS <

St 5?1
proving the claimed termwise inequality. Summing over ¢ = 1, ..., T and telescoping, we obtain

ZTjLHs . 25: ((si,ir— 0% (s —5)2> L, ((sfm 62 (s~ 5)2) |
= = St 80,4
t=1 t=1 , ’

r r
St—1,i S

Since s ; = 0, the last term vanishes, leaving only the first term evaluated at ¢ = 7". Summing over
1 =1,...,m then yields the first inequality in the corollary.

Finally, by reordering sums and using s%.; = d + \/23:1 |Gti:)13 > \/Zle |Gt.i.:||3, we obtain

) m T
23 (] Gy = 2y |Gl

2§22
i

2 m
=1

Sh .
t=1 i=1 T,i

O

Next, we turn to handling Tr(Hr) = Y77 s, = md + >0, S, |Gy.i .|| The inclusion of
& suggests the appearance of an additional term max, ., <z || X* — X, [|% ,,md in the regret bound.
Recall that Tr(Hr) arises when bounding ZtT:jl (Bthff'l (X*; Xpq1) — ijfzt (X*;Xt+1)) +
B P (X*; X1) within the regret analysis. Upon closer inspection, we observe that the preced-

ing derivation employs a slightly relaxed version of the regret bound that omits the negative term
-B WHT (X*; Xr41) (see Corollary . In fact, this negative terminal term can naturally offset the
T
additional contribution introduced by the stabilizer d, provided that ¢ is chosen sufficiently small
to satisfy max, <, < || X* — X, ||% oo md < 2B,y (X*; X74+1). By reinstating this negative term
El )T

into the analysis, the contribution of the stabilizer can be fully absorbed without inflating the overall
regret bound. For completeness, a detailed derivation of a sufficient condition on § is provided in

Appendix [E]
Combining the above results and the inequality in Corollary 2] with the preceding regret bound, we
can now obtain the following theorem.

Theorem 1. Let the sequences {X;}1_, and {G}L_, be generated by Algorithm |I| Then the
following regret bound holds

T

m T
DoNGAZ+ 0y | D G-
=1 t=1

t=1

1
< * 2
R(T) —= 277 lrgnuag(THX XU||2,OO

m

i=1
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Then let D3 oo = supx yex | X — Y200 denote the diameter of X under the row-wise mixed
(2, 00) norm and set n = D;gm/\/i we have

T

> G l3-
t=1

Remark 1. Our analytical framework and the proposed matrix-aware algorithms constitute a natural
extension of standard AdaGrad. Specifically, when the parameter matrix reduces to a single column,
effectively degenerating into a vector, the accumulated squared ¢2-norms of the row-wise gradients
reduce to the accumulated squared coordinate-wise gradients. Consequently, the row-wise adaptive
scaling in Row-AdaGrad reduces to the standard coordinate-wise scaling, thereby recovering the
entry-wise AdaGrad update rule. Consistent with the algorithmic reduction, our derived regret bound
reduces to that of entry-wise AdaGrad (see Corollary 1 and Corollary 6 in (Duchi et al.,[2011)), with
the row-wise mixed (2, o0) norm reducing to the ¢, norm. This establishes our formulation as a
unified framework for matrix-valued optimization that encompasses standard entry-wise AdaGrad
as a special case.

m

R(T) S ﬁD:Q,ooZ

4.3 ROW-ADAGRAD OUTPERFORMS ENTRY-WISE ADAGRAD: A MOTIVATING EXAMPLE

We expect Row-AdaGrad to outperform entry-wise AdaGrad when the gradient matrices are concen-
trated on a few rows (row-wise sparsity), or when the entries within each row are strongly correlated
(intra-row dependency). We provide empirical evidence demonstrating the improved performance
of Row-AdaGrad in Section[5] Here we present an abstract example showing that when the gradient
matrices are row-sparse, the regret bound of Row-AdaGrad is strictly smaller than that of entry-wise
AdaGradf]

Recall that when applied to matrices, entry-wise AdaGrad treats an m X n matrix as a vector in R™"
and applies independent per-coordinate step sizes. Its regret bound takes the form

T

2
2 g
t=1

where Do, = supx ycx [|[X — Y| is the diameter of X" under the entry-wise £, norm.

m n

Ruee(T) € V2Das )

i=1 j=1

We construct a scenario in which the data matrices are row-wise sparse, which leads to row-sparse
gradients. We fix an integer K > 0 and set the horizon T = Km. For eachrow i € {1,...,m},
define the row-activated matrix D(9 = eil,—lr , where e; is the ¢-th standard basis vector in R™ and
1,, is the all-ones vector in R", so that D@ has ones in its i-th row and zeros elsewhere. At each
roundt = 1,...,T, asingle row is activated cyclically: i; = ((t — 1) mod m) + 1 and D, = D),
We consider the hinge loss

ft(X) = max {07 1-— yt<X, Dt>F}7

where y; = (—1)! is the label. We take the decision set to be the Frobenius norm ball ¥ = {X €
R™>™ . || X||p < B} with radius B < 1/y/n. Since ||D;||r = +/n, this choice ensures that the
margin is violated at every round, regardless of the player’s action: for all ¢ and all X; € X,

y(Xe, Di)p < |(Xe, De)p| < | Xe|lpllDellp < Bvn < 1.
Consequently, the subgradient of f; at X, is Gy = —y, Dy = (—1)”1D(if), so that only the ¢;-th

row of Gy is nonzero, with all entries equal to +1. By construction, each row i is activated exactly
K times, and a direct computation yields

T n
ZZG%JJ =mVnK.

t=1 j=1

m

m T
Z Gg,i,j = mnVK, Z Z 1G5 = Z
t=1 =1 t=1

i=1

Moreover, the two diameter measures are Do = supx yex [|[X — Voo = 2B and Dp o =
supx yex [|[X — Y200 = 2B. Both suprema are attained, for example, by taking X = BEj;

>The benefits of exploiting intra-row dependency are more clearly illustrated empirically in Section
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and Y = —BE;, where Eq; denotes the matrix whose only nonzero entry is 1 at position (1,1).
Substituting the above quantities into the respective regret bounds gives

Ryee(T) < 2V2B - mnVK, Riow(T) < 2V2B-mVnK.

The ratio of these two regret upper bounds is y/n, showing that Row-AdaGrad performs better in
this row-sparse setting by improving the regret bound by a factor of \/n compared to the entry-wise
counterpart.

A closer examination of this construction reveals the mechanism underlying the regret-bound im-
provement. Entry-wise AdaGrad assigns an independent step size to each coordinate and conse-
quently treats the entries within each row separately. In contrast, Row-AdaGrad aggregates the gra-
dient information across the entries of each row, thereby adapting to the row-wise structure of the
gradients. In the above construction, this reduces the per-row contribution to the cumulative gradient
term from nvK to v/nkK, resulting in a \/n improvement in the final regret bound. Remarkably,
Row-AdaGrad achieves this strictly tighter bound while using significantly fewer adaptive scaling
factors (m instead of mn). This highlights the key insight: when optimizing over matrices, aligning
the adaptivity with the inherent structural geometry of the gradients (here, row-wise sparsity) is more
effective and more parameter-efficient than fine-grained but structurally blind entry-wise adaptation.
Finally, note that for n = 1 the two algorithms coincide, consistent with the degeneracy discussed
in Remark [T}

4.4 DERIVING COLUMN-WISE MATRIX ADAGRAD VIA MATRIX TRANSPOSITION

To derive the column-wise matrix AdaGrad and its regret bound, we do not need to re-derive all the
results from scratch. Instead, we can leverage the intrinsic relationship between the row-wise and
column-wise formulations. To this end, we first establish a one-to-one correspondence between the
row-wise and column-wise matrix proximal functions via matrix transposition.

Recall that, for a positive definite diagonal matrix ¢ € R™ "™ and any matrix X € R™*", the
column-wise matrix proximal function is given by ’(/JCOI( ) = %(X , X Q). By the definition of
the Frobenius inner product, for any two matrices A, B € R™*", we have (A, B)r = (AT, B")p
Applying this property to wc"l( ) and using the symmetry of @, we obtain

U () = ST (XQ) Ty = (X QXT>F

Noting that (X ", QX ")p = ¢~ (X T), it follows that ¢&! (X G (XT). This equality
shows that the column-wise proximal function evaluated at ?X is exactly the row-wise proximal
function evaluated at the transposed matrix X T, thus establishing a one-to-one correspondence be-
tween wCOI( ) and Yo (X T) via matrix transposition. This correspondence reflects the intrinsic
symmetry of the proximal geometry under transposition: transposing the decision matrix swaps its
rows and columns, thereby converting row-wise geometry into column-wise geometry, or vice versa.
Consequently, the column-wise matrix AdaGrad algorithm and its associated regret bound can be
obtained directly from their row-wise counterparts through this transpositional equivalence.

To more precisely formalize this transpositional equivalence, we denote X’ = X T € R™*™ and,
for any convex loss function f : R™*™ — R, define its transposed counterpart f/ : R™*™ — R
by f(X') = f(X'T) = f(X). By construction, f’ is convex with respect to X', and its sub-
gradients are related to those of f as follows: if G € 9f(X), then G’ = GT € 9f'(X’), and
conversely, if G’ € 9f'(X’), then G = (G')" € 9f(X). Recall that we have established the
equality ¢C°1( ) = g™ (X'). Moreover, since both proximal functions are differentiable, their
gradients satisfy V™ (X') = (ng’l(X )) ' These facts imply that the associated Bregman ma-
trix divergences satisfy ngﬂ (X3Y) = Bygw(X";Y’). Hence, the column-wise mirror descent
update X;41 = argminy ¢y {7(G, X)r + Byeor (X X¢)} is equivalent, up to transposition, to the
row-wise update on the transposed variable X, = argminy. ¢, {n(G’, X')r+ Byow (X'; X7) },
where X' = {X' | X’ = X, X € X}; that is, performing the row-wise update on X’ and then
transposing the result back yields exactly the same iterate as the column-wise update on X.

The correspondences established above allow us to derive the column-wise matrix AdaGrad and its
regret bound by applying the row-wise counterparts to the transposed variable and then transposing

13
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Algorithm 2 Column-wise Matrix AdaGrad (Column-AdaGrad)
1: Input: Convex set X, time horizon T, step size n > 0, stabilizer § > 0
2: Initialize: X; € X CR™*", s§ =01 ¢ R"
3: fort=1,...,Tdo
4:  Predict X; and receive loss function f; : X — R
5 Compute subgradient G; € 9f;(X;) of f; at X,
6:  Update column-wise scaling vector

s =\ |Gk l3+0, G =1,....n

Set column-wise matrix proximal ¢;"* (X) = (X, XQ;)r, with Q; = Diag(s)
8:  Matrix Mirror Descent Update

Xty1 = argmin {77<Gt, X)F + B o (X; Xt)}
Xex t

~

9: end for

back. Central to this derivation is the design of the adaptive column-wise matrix proximal update
rule. Specifically, when applying Row-AdaGrad to X’ = XT € R™*™ (with G} = G]), the
row-wise scaling vector and matrix are updated as

BV N 1G ;13406 j=1,...,n, H,=Diag(s;>") € R™".

Noting that each row of G corresponds to a column of Gy, i.e., GL g = = Gy, j, letting sCO1 = 52’]‘”,

@Q: = H;, and transposing back immediately yields the column-wise scalmg vector and matrix
update rule

$§9 /X ket IG5 + 6, j=1,...,n, Q= Diag(s{”") € R"*",

which computes the scaling by accumulating the squared column-wise gradient norms rather than
the row-wise ones. The resulting Column-wise Matrix AdaGrad (Column-AdaGrad) algorithm is
presented in Algorithm 2]

Next, we derive the regret bound for Column-AdaGrad. By definition, its corresponding regret
is given as R(T) = ZtT:1 fi(Xy) — minx«cx Zthl f:(X™). By the transpositional equivalence,
T T . T . T
we have >0, fe(Xe) = 35, fi(X]), minxeex Dy fil(X¥) = minxnear 3o, fI(X™).

Therefore, the regret of Column-AdaGrad can be equivalently written as

T T T
=D AilX)) = min 3 fi(X) = f(X]) — min th (X™).
t=1 t=1 t=1

In other words, the regret of Column-AdaGrad on the original problem is exactly the regret of Row-
AdaGrad on the transposed problem. Consequently, by applying the known Row-AdaGrad regret
bound to the transposed problem, we have

n

1
R(T) < 5 max | X" = X[|I5 00 Y

277 1<u<T

S

T
> 16 .03

t=1

Il
-

j=1

Noting that the row-wise mixed (2, 00) norm of X" is exactly the column-wise mixed (2, o0) norm
of X, and that the j-th row of G} corresponds to the j-th column of G, transposing back to column
notation immediately yields the regret bound for Column-AdaGrad.

Theorem 2. Let the sequences {X;}}_, and {G;}1_, be generated by Algorithm [Z] Then the
following regret bound holds

R(T )<%1r<na<xT||X — X2 OOZ ZHGt g||2+772 Z”Gt ll3-
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Figure 1: MovieLens 100K results with row-wise organization of user and item embeddings.
Row-AdaGrad significantly outperforms entry-wise AdaGrad, while Column-AdaGrad performs the
worst when its column-wise structure is misaligned with the parameter organization.

Then let Dy oo = supx yex | X — Y|l2: 0 denote the diameter of X under the column-wise mixed
(2, 00) norm and set = Dsa. o, / /2, we have

3.

n T
R(T) S \/§D2:,ooz Z ||Gt~,57j
j=1 t=1

Note that, similar to the Row-AdaGrad case, we can also construct an abstract example with sparse
column gradients, in which Column-AdaGrad improves the regret bound by a factor of \/m over
entry-wise AdaGrad, demonstrating the benefits of exploiting matrix structure. The result can be
obtained from the transpositional equivalence. However, a direct derivation in column notation is
very short and intuitive, so we provide it in Appendix [F] without invoking this equivalence.

5 EXPERIMENTS

To evaluate the benefits of exploiting matrix structure, we compare the proposed Row-AdaGrad
and Column-AdaGrad with standard entry-wise AdaGrad on several tasks involving matrix-valued
parameters. Note that, across all tasks, the proposed methods offer a clear advantage in memory effi-
ciency. Specifically, for an m X n parameter matrix, Row-AdaGrad and Column-AdaGrad maintain
only a scaling vector in R™ or R™, respectively, requiring O(m) or O(n) optimizer state. In con-
trast, entry-wise AdaGrad maintains independent scaling factors for all mn parameters, requiring
O(mn) optimizer state.

5.1 MATRIX FACTORIZATION

We first consider matrix factorization as a representative task involving matrix-valued parame-
ters. Specifically, we use the MovieLens 100K data set (Harper & Konstan, [2015), which con-
tains 100,000 ratings from 943 users for 1,682 movies. Each user and each movie is represented
by a learnable embedding vector. By stacking these embeddings, the user and item parameters
naturally form two matrices. Moreover, the embeddings within these matrices exhibit strong intra-
dependence: the entries of each embedding vector jointly represent the latent characteristics of a
user or an item. This structure provides a simple yet representative testbed for evaluating whether
exploiting row-wise or column-wise structure can improve optimization.

We consider the following regularized matrix-factorization objective

. 2 A A
min D (Ry—ulv) + S |UIE + S VI
(i,7)€Q

where (2 denotes the set of observed user-item pairs, U € R943xE and V' € R1682%% gre the user and
item embedding matrices, respectively, and u; and v; denote their corresponding embedding vectors.
We set the embedding dimension to k£ = 20 and the regularization coefficients to A\;y = Ay = 0.02.
For each optimizer, we perform a grid search over a predefined set of learning rates and select
the learning rate that achieves the best cross-validation performance. All methods use the same
initialization and are trained for 30 epochs.
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Figure 2: Training loss of Adam and Row-wise Momentum on stacked MLPs of different depths
with [r = 0.01. Entry-wise scaling becomes highly unstable at 15 layers and fails to train at 25
layers, while row-wise scaling remains trainable.

In this experiment, both the user and item embeddings are organized row-wise, so that each em-
bedding vector corresponds to one row of the respective embedding matrix. As shown in Figure|l]
Row-AdaGrad substantially outperforms standard entry-wise AdaGrad, demonstrating the benefit
of adapting the scaling at the level of entire embedding vectors rather than individual parameters.
In contrast, Column-AdaGrad performs the worst among the three methods, as its column-wise
geometry is misaligned with the row-wise parameter organization. The performance gap between
Row-AdaGrad and Column-AdaGrad highlights the importance of aligning the adaptive geometry
with the underlying parameter organization. Importantly, this advantage stems from the alignment
rather than the row-wise direction itself: if the same embeddings were organized column-wise, the
relative performance of Row-AdaGrad and Column-AdaGrad would simply be reversed.

5.2 VARIABLE-DEPTH STACKED MLP TRAINING

To further investigate the effect of row-wise adaptive scaling on training stability, we consider a
deliberately challenging setting that completely omits normalization and residual connections, i.e.,
without using common architectural techniques that can facilitate the optimization of deep neural
networks (Ba et al., 2016} He et al.l[2016). We simply stack MLP layers to increase the model depth,
while keeping the learning rate and momentum coefficients fixed across optimizers. In particular,
we use a relatively large learning rate, under which the choice of adaptive scaling becomes critical
for stable optimization. We compare Row-wise Momentum, built on Row-AdaGrad by replacing its
cumulative gradient statistics with an exponential moving average (EMA) and adding momentum,
against the entry-wise adaptive scaling used in Adam under otherwise identical settings. For both
optimizers, we set the learning rate to 0.01 and the momentum coefficients to 51 = [2 = 0.9.
The dataset consists of N = 640 synthetic samples, with both the input X € R649%20 and target
Y € R%49%5 independently sampled from standard Gaussian distributions, i.e., X;;, Y;; ~ A(0,1).
All hidden layers have width 20, and the network depth is varied to study the effect of depth on
training stability.

The results in Figure[2]show a substantial difference in trainability between the two scaling schemes.
Row-wise scaling remains trainable as the network depth increases, supporting training at 25 layers
despite increased loss fluctuations. In contrast, entry-wise scaling is highly unstable at 15 layers,
exhibiting pronounced oscillations in the training loss, and becomes completely untrainable at 25
layers (with training already failing at 22 layers). These results suggest that row-wise adaptive
scaling leads to fundamentally different optimization dynamics and trainability from entry-wise
scaling, rather than merely providing a different parameter-wise learning-rate schedule. In particular,
row-wise scaling enables stable optimization at larger learning rates and supports the training of
deeper networks, where entry-wise scaling becomes increasingly unstable and eventually fails to
train. We further tested Adam with a smaller learning rate of 0.001, but it still completely fails to
train at 25 layers, indicating that the observed failure is not simply due to an overly large learning
rate. More details of this experiment are provided in Appendix
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6 RELATED WORK

The idea of adapting learning rates based on observed gradients dates back to early work on adap-
tive and self-confident online learning (Auer et al., 2002), and was subsequently popularized by
AdaGrad (Duchi et al.l 2011). A central insight underlying AdaGrad is that adaptive scaling can
be derived from an online learning perspective through data-dependent regularization, or equiva-
lently, time-varying proximal functions in the framework of mirror descent. A comprehensive treat-
ment of adaptive online learning and its connections to data-dependent regularization is provided
by McMahan (McMahan, 2017). Subsequent methods, including Adam and AdamW (Kingma &
Bal[2015;|Loshchilov & Hutter, [2019), have further established adaptive gradient methods as a stan-
dard approach for modern neural-network optimization. Our work builds on this adaptive proximal
perspective and extends classical entry-wise AdaGrad to matrix-valued parameters. In particular,
we formulate Online Mirror Descent for matrix variables with new row-wise and column-wise ma-
trix proximal functions, and show that row-wise and column-wise adaptive scaling naturally arise
from the corresponding proximal geometries. This formulation provides a principled framework for
deriving and analyzing matrix-structured adaptive gradient methods.

Beyond entry-wise adaptation, existing work has explored structured adaptive statistics from two
related directions. One line focuses primarily on reducing optimizer-state memory by sharing adap-
tive statistics across parameters. Adafactor (Shazeer & Stern| |2018) uses row and column statis-
tics to construct a memory-efficient approximation to the entry-wise second-moment matrix, while
SM3 (Anil et al., [2019) shares adaptive statistics over a cover of tensor coordinates. Block-wise
methods similarly assign a common adaptive statistic to predefined parameter groups, including
BAG (Zheng & Kwokl 2019), which considers rows and columns of a weight matrix as possible
blocks, and Adam-mini (Zhang et al., |2025), which uses shared second-moment statistics within
parameter blocks.

A distinct line of work explicitly incorporates the matrix or tensor structure of model parameters
into adaptive optimization. Methods such as Shampoo (Gupta et al., [2018), AdaBlock (Yun et al.,
2022), and other matrix- and tensor-aware preconditioners (Yong et al., [2023 Xie et al.| 2025)) use
structured preconditioning to capture dependencies beyond individual parameters. NorMuon (L1
et al., [2025) further employs row- or column-wise adaptive scaling together with matrix orthogo-
nalization. While these methods demonstrate the practical value of exploiting matrix structure, their
formulations are developed from specific preconditioning or optimization constructions. In con-
trast, our work develops a unified matrix-valued OMD framework for understanding row-wise and
column-wise adaptivity. Within this framework, we identify the corresponding matrix proximal ge-
ometries, establish the equivalence between row-wise and column-wise formulations through matrix
transposition, and derive matrix-specific regret guarantees. We further provide motivating examples
showing that structured gradients can lead to strictly tighter regret bounds than entry-wise AdaGrad.

7 CONCLUSION

We presented Row-AdaGrad and Column-AdaGrad as explicit matrix-space specializations of
blockwise adaptive gradient methods. Their diagonal left- or right-sided metrics share one accumu-
lator along a selected matrix axis, require only O(m) or O(n) adaptive state, and yield mixed-norm
regret bounds that expose when axis-aligned gradient structure is advantageous. The four prelim-
inary experiments show that the preferred grouping is task-dependent: row sharing can help when
parameters naturally form vectors, but it need not dominate entry-wise adaptation. Larger multi-seed
studies are therefore the main empirical next step.
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APPENDIX

A DERIVATION OF THE EXPLICIT ROW-WISE FORM OF ¢¢(X) AND
COLUMN-WISE FORM OF ¢p(X)

A.1 DERIVATION OF THE EXPLICIT ROW-WISE FORM OF 9 (X)

Proof. By definition of the row-wise proximal function, we have

Yo(X) = 3| X3 = 32X, CX)p.
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Using the row-wise form of the Frobenius inner product,

m

(X,Y)p =3 (XD, 0),

i=1
where X (i), Y (@ ¢ R™ denote the i-th rows of X and Y, respectively, we can rewrite o (X) as
m
1
=3 (XW(cx)).
=1
Noting that the i-th row of C'X is given by (C' X)) =310 X (), it follows that

— %i<x(i)7icij)((j)>'

1= Jj=1

—

By linearity of the inner product, we obtain

= %ii@j(X(i)yX(j)).

=1 j=1

—

This completes the derivation, showing the equivalence of the Frobenius representation and the
explicit row-wise form of )¢ (X). O

A.2 DERIVATION OF THE EXPLICIT COLUMN-WISE FORM OF ¢ p(X)

Proof. By definition of the column-wise proximal function, we have
¥p(X) = 31 X[5 = 3(X,XD)p

Using the column-wise form of the Frobenius inner product,

n

(X, Y)F = (X4, Yy,
=1

where X (
as

), Y(j) € R™ denote the j-th columns of X and Y, respectively, we can rewrite ¢p (X)

Up(X) =3 (X)), (XD)g)-
j=1
Noting that the j-th column of X D is given by (X D) ;) = >, D;; X(;), it follows that
=13 (X(), Y. DisXep).
j=1 i=1

By linearity of the inner product, we obtain

> Dij (X, X(j))-
Jj=1

M:

#p (%) - 4

Il
A

7

This completes the derivation, showing the equivalence of the Frobenius representation and the
explicit column-wise form of ¢ p (X). O

B PROOF OF COROLLARY

In this section, we provide the complete proof of Corollary [T} We first establish the one-step regret
bound and then derive the final bound. The one-step bound relies on the three-point identity for
Bregman matrix divergence stated below.
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Lemma 1 (Three-point Identity for Bregman Matrix Divergence). Let By, be the Bregman matrix
divergence w.rt. ¢ : X — R, then for any three matrix points X, Y € int X and Z € X, the
following identity holds

By(Z;X) + By(X;Y) = By(Z;Y) = (Vi(Y) = Vi(X), Z — X)p.

Proof. By definition of B, we have

By(Z; X) + By(X;Y) = By(Z;Y) = [¥(2) — (X) — (VY(X), Z — X)F]

) =
(X) =(Y) = (Vi (Y), X = Y)F]
(2) = (V) = (Vo(Y),Z = Y)r].

The 9 terms cancel as ¢(Z) — (X)) + P(X) — Y(Y) — ¥(Z) + ¢(Y) = 0. The inner product
terms remain, so the left-hand side simplifies to

—(Vi(X),Z = X)p = (VO(Y), X =Y)r +(Vi(Y), Z = Y)p.
Combining terms yield
(V(X), X = Z)p +(VY(Y), Z = X)p = (VYY) = Vi(X), Z = X)p,

matching the right-hand side, proving this lemma. O

+€

(
[v
[v

Next, we establish the following one-step regret bound.

Lemma 2 (One-Step Regret Bound). Let {X,}; TH C int X be the iterates of OMD for matrices
with proximal functions ), and let n > 0 be the global step size. Suppose that, for each t, 1 is
A-strongly convex with respect to || - || on X, and let Gy € 0f(X:) be a subgradient of f; at X;.
Then, for all U € X, we have

2
N(fulXe) = Fi(U)) < By, (Ui X0) = By, (Us Xea) + |G,

where || - ||« denotes the dual norm of || - ||.

Proof. Since G is a subgradient of the convex function f; at X, it follows that
[it(U) = f1(Xy) + (G, U — Xi) .
Rearranging terms and multiplying both sides by 1, we obtain
n(fe(Xe) = fi(U)) < m(Ge, Xe = U)p.
Let J(X) = (G, X)r + %}Bwt (X; X¢). Then, the update X;; is the minimizer of J(X) over
X € X. The gradient of J(X) at X;41 is
1 1
VJ(Xt+1) - Gt + Ev’l/)t(Xt_A,_l) — EVth(Xt)
By the first-order optimality condition for X;,, we have

1 1
<Gt + 5v¢t(Xt+1) - ngt(Xt)v U—Xip1)p20,VU € X.

We now express 7{(G¢, X; — U) p using the three-point identity for Bregman matrix divergence. To
this end, we first introduce X, into the expression X; — U, which yields
(G, Xe —U)p = (G, Xy — Xey1)r +0(Gt, X1 — U)r.

Then, rewriting the second term by adding and subtracting the gradient difference Vi, (X;41) —
V1) (X;) and rearranging, we get

(G, Xt —U)r = (Ve (Xi1) — VOu(Xe), U — X 1) F
+ (Ve (Xy) — VU (Xi1) =G, U — X)) r + (NG, Xt — Xig1) Fe
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From the optimality condition for X} ; established earlier, the second term in the above equality is
non-positive, leading to

NGy, Xy —=U)p < (Vpe(Xe1) = Ve (Xe), U = Xe1)p + (nGe, Xo — Xe1) .
Applying the three-point identity for By, with X = X;;,Y = X; and Z = U, we obtain
(Vi (Xig1) = Voo (X), U = Xeya) p = By, (U; Xo) = By, (Us Xpg1) = By, (Xi41; Xo).
Substituting this identity, we obtain
Gy, Xi = U)r < By, (U; Xy) — By, (U; Xeg1) — By, (Xig13 Xe) + (0Ge, Xy — Xiq1) P

Applying Young’s inequality for matrices (Lemma [3), we obtain

2 A
(G X, = Xea)r < 5 |GH12 + S1Xe = X |
Then, since 1); is A-strongly convex w.r.t. || - ||, it follows that

A
By, (Xt41; Xt) > §||Xt — X%
Combining these inequalities, we get
n?
(MG, Xt — Xep1)p — By, (Xe115 X)) < aHGtHi
Thus, the bound for 7(G;, X; — U)  simplifies to

2
1(Gi, Xo = U)p < By, (Us X1) = By, (Us Xep) + 55 Gl

This completes the proof of the one-step bound. O
Lemma 3 (Young’s Inequality for Matrices). Let R™*™ be equipped with the Frobenius inner prod-
uct. Let || - || be a norm on R™*™ with its dual norm || - ||« defined by
Y= sup [(X,Y)p].
x]<1

Then for any A, B € R™*™ and scalar \ > 0,

<AaB>F < i

A
All?2 + Z||BJ2.
< o542+ Z1BI

Proof. By the definition of the dual norm, we have
(A, B)r < [|All. - IB]|-
To bound the product || A||,||B||, consider the non-negative quadratic

(VA - ”\Aﬂ') > 0.

Expanding the square yields

A7

AIBI® = 2 Al B]l + =

> 0.

Rearranging terms, we get

1 A
. < = 2 | A 2
AL IBI < S2IAI + S11B]

Next, building on the one-step regret bound, we derive the final regret bound.
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Proof. Dividing the one-step bound by 1 and summing over ¢t = 1,...,7T gives

3" (R0~ H0) 37 (BunlUiX0) = B, (Ui Xewn)) + 25 S G2
t=1

t=1 t=1
We first rearrange the sum of Bregman divergences as
T

> (By, (U; Xy) = By, (Us X411)) = By, (U; X1) — By, (Us X141)
t=1

T T-1
+ Z Bil’t(U; Xt) - Z Bi/Jt(U; XtJrl)'

t=2 t=1
Re-indexing the first sum on the right-hand side by ¢ — ¢ + 1, we obtain

T T-1 T-1
> BuUiXe) = 3 Bu (Ui Xi1) = 3 (Bure (Us Xewr) = By, (U Xo)).
t=2 t=1 t=1

Therefore,

T
_ By, (U; X1)  Byy (U; X141)
sz (fi(X0) - fu)) < =22 :

T-1

T
n
=37 (Buu U3 Xes1) = By, (Ui X)) + 55 S IGHl .
t=1

=

t=1

Since By, (U; Xr4+1) > 0, the negative term —By,,.(U; X741)/n can be dropped to obtain the
following regret bound

thXt (U)) <

By, (U; X1) }
7 i

T

n

oy 2 IGHE.
t=1

Since the above bound holds for every U € X, we take U = X* € argminyy Zthl fi(X),
which yields the stated regret bound in Corollary[I] This completes the proof. O

Z (me(U Xt+1) Bwt(U Xt+1))

C PROOF OF THE COMPACT FORM OF THE BREGMAN MATRIX DIVERGENCE

Proposition 1. Let i) (X) = 1 Tr(X T H X)) with H, € R™*™ symmetric and positive definite.
Then, for any two matrices X, Y € R™*™, the Bregman matrix divergence induced by 1/),{{ t admits
the compact form

1 1
B (X3Y) = SlIX = Y[, = 5 Te((X = V) TH(X = Y)).

Proof. We start from the trace-based expression of the Bregman matrix divergence induced by @[Jf{ ¢
1 1
B, (X;Y) = 3 Tr(X "HX) — 3 Te(YTH,Y) —Tr (YT Hy(X - Y)).
Expanding the last term using linearity of the trace gives

~Tr (YT H(X -Y)) = -Te(Y " H:X) + Te(Y TH,Y).

Substituting back and combining terms into a single trace, we obtain
1 1
By (X;Y) = 5 Tr(X"H,X) — 3 Te(YTH,Y) - Te(Y H,X) + Tr(Y T H,Y)

1
=5 Te(X"H,X —2Y "H,X +Y " H,Y).
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Next, we separate the cross terms
X"HX -2V THX+Y HY=X"HX-Y " HX-Y "HX+YTHY.

Since H; is symmetric, i.e., H' = H;, we have (XTH,;Y)" = YT H,X, which implies that
Tr(XTH,Y) = Tr(Y T H;X). Using this, the expression can be rewritten as

X"HX-X"HY -Y HX+YTHY.
Recognizing this as the expansion of a quadratic form, we have
(X-Y)H((X-Y)=X"HX - X"HY -Y " HX+YTHY.

Hence,
X"HX-2Y " HX+Y HY =(X-Y) H(X -Y),

and the Bregman matrix divergence can be expressed in compact quadratic form as
1 1
B (X;Y) = 5 T(X = V) TH(X — ) = S|IX = V|3,

This completes the proof. O

D DERIVATION OF THE DUAL NORM OF THE H;-INDUCED MATRIX NORM

Proposition 2. Let H, € R™*™ be symmetric and positive definite. For any X € R"™*", the
Hy-induced matrix norm is | X || g, = /(X, H X)F , then for any G € R™*™, the corresponding
dual norm is given by

G, X _
161, = sup S E = 60 = \/1x(GTHG).

o [ XI[m

t

Equivalently, the squared dual norm is

IGII7, = IGI3, -+ = Te(GTH; ' G).

Proof. By definition, the dual norm with respect to the Frobenius inner product is
<G X)r

1G5, =
" o 1 Xl

To simplify the supremum, consider the matrix square root of H;, denoted H, 1/2 , which satisfies
H, = Htl/thl/2. Defining Y = / X, we can invert this relation as X = H, 1/2 Y, where
Ht_l/2 = (Htl/Q)’l. This is Well-deﬁned since Ht/ is invertible (H; > 0). Then

(G, X)p = (G, H, *Y)p = Tr (GTH, ?Y).

1/2 (H—1/2 T

Since H, /2 i symmetric (being the inverse of a symmetric matrix), i.e., H, ), we

can rewrite the trace as

T (GTH, YY) = Te (HY?6)TY) = (H, V*G, V)

Moreover, substituting X = H, ~1/2Y into the H;-induced norm gives

IX N1, = VX, HX) p = \/ Y H(H7 VYY) g

1/2 _ 1/2

Using H:H, (by the definition of the matrix square root), we have
(Y Y ) e = (1Y HY Y e = T (YY) (1Y),
Using the cyclic property of the trace, and the properties of H, 1/ %, we get

T (H, )T (HPY)) =T (YT (HPHP)Y) = Te(YTY) = (V.Y ) e = [V
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Thus, the H;-induced norm of X reduces exactly to the standard Frobenius norm of Y’
[ XNe, = YF

Hence, the dual norm becomes

(H,'*G,Y)p

G||3, = sup
H ||Ht Y0 HYHF

By the Cauchy—Schwarz inequality, the supremum is attained when Y is a scalar multiple of
H; "G, which gives

Gl = V26, B 26 p = 1 (17 26T (1726,

By the symmetry of H, 1/2 , we have
Tr ((H, Q)T (H,*G)) = T (GTH, V*H, '?q).

Since Ht1 /2 is the square root of H;, we have
H,=H"?H"? = H'=H"?H"?
Therefore,
Tr (H, '°a)T(H, '°@)) = Tr (GTH; 'G) = (G, H;'G)p
Hence, we obtain
IGNk, = Gl - = /T (GTH'G).

This completes the proof. Note that the derivation does not require H; to be diagonal. O

E A SUFFICIENT CONDITION FOR FULLY ABSORBING THE EFFECT OF THE
STABILIZER ¢

In this section, we derive a sufficient condition for fully offsetting the effect of the stabilizer .

To completely remove the effect of the stabilizer 4, it is sufficient to require
max || X* — X,[|% o mé < 2B e (X5 X74).
’ T

1<u<T

Note that B VT (X™*; Xpy1) still contains . Expressing it in row-wise form and substituting st ; =
T

o+ 23:1 ||Gt,i,; ||%, we have

B mr (X X141)
T

- XT+1 )iy ”2

7} ST,

1 m
=35> <5+ Z G, ||2>|| 5= X3
=1

Thus, it is sufficient to require

m T
max [ X* = Xl 0md < 0\ D 1GuialB I, = Xriwacl3:
i=1 \ t=1
Solving for § yields an explicit upper bound

m T
6 < 3\ DG 31X~ Xrsrail/ (m max X = Xl ).
=1 t=1

By choosing § sufficiently small to satisfy this inequality, the additional contribution introduced by
the stabilizer is fully absorbed by the negative terminal Bregman term, effectively eliminating its
impact on the final regret bound.
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F CoLUMN-ADAGRAD OUTPERFORMS ENTRY-WISE ADAGRAD: A
MOTIVATING EXAMPLE

Recall that when applied to matrices, entry-wise AdaGrad treats an m X n matrix as a vector in R™"
and applies independent per-coordinate step sizes. Its regret bound takes the form

m n

Ruee(T) S V2Doe D > 1[0

i=1 j=1

where Doo = supy y ey | X — Y| o is the diameter of A" under the entry-wise £, norm.

We construct a scenario in which the data matrices are column-wise sparse, which leads to column-
sparse gradients. We fix an integer K > 0 and set the horizon 7" = Kn. For each column j €
{1,...,n}, define the column-activated matrix D(j) = lmejT, where e; is the j-th standard basis
vector in R™ and 1,, is the all-ones vector in R™, so that D(;) has ones in its j-th column and
zeros elsewhere. At each round ¢t = 1,...,T, a single column is activated cyclically: j; = ((¢t —
1) mod n) 4+ 1 and Dy = D;,). We consider the hinge loss

ft(X) — Imax {O, 1-— yt<X7 Dt>F}7

where y; = (—1)! is the label. We take the decision set to be the Frobenius norm ball ¥ = {X €
R™>™ . || X||p < B} with radius B < 1/y/m. Since ||D;||r = +/m, this choice ensures that the
margin is violated at every round, regardless of the player’s action: for all ¢ and all X; € X,

(X0 D) e < (X Die| < IXdlelDille < Bvm < 1.

Consequently, the subgradient of f; at X; is Gy = —y; D, = (fl)t“D(jt), so that only the j;-th
column of G is nonzero, with all entries equal to +1. By construction, each column j is activated
exactly K times, and a direct computation yields

n T
G?,i.,j = mnVK, Z Z G513 =

n
t=1 j=1 \ t=1 j=

Moreover, the two diameter measures are Dy, = supy ycy [|[X — Yloo = 2B and Do, o, =
supy yex [|[X — Y|l2. 0o = 2B. Both suprema are attained, for example, by taking X = BEy;
and Y = —BEj;, where F1; denotes the matrix whose only nonzero entry is 1 at position (1, 1).
Substituting the above quantities into the two respective regret bounds gives

Ryee(T) < 2V2B -mnVK, Reoi(T) < 2V2B-nvVmK.

The ratio of these two regret upper bounds is v/m, showing that Column-AdaGrad achieves a v/m-
factor improvement in the regret bound over the entry-wise counterpart in this column-sparse setting.

G VARIABLE-DEPTH STACKED MLP TRAINING AT A SMALLER LEARNING
RATE

Under exactly the same experimental configuration, we additionally reduce the learning rate from
0.01 to 0.001 and evaluate both optimizers across different network depths. At 15 layers, both
methods exhibit substantially smaller loss fluctuations, while Row-wise Momentum still achieves a
lower training loss than Adam. At 25 layers, Row-wise Momentum remains able to train effectively,
whereas Adam still completely fails to train. These results further indicate that, in this setting, row-
wise scaling can support stable training at learning rates more than 10 x larger than those at which
entry-wise scaling fails. This highlights a key advantage of row-wise adaptive scaling: its ability to
maintain stable training at larger learning rates and greater network depths.
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Figure 3: Training loss of Adam and Row-wise Momentum on stacked MLPs of different depths
with {r = 0.001. Compared with [r = 0.01, both methods exhibit reduced loss fluctuations at 15
layers, while entry-wise scaling still fails to train at 25 layers.
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