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ABSTRACT

This paper presents a novel approach for implementing non-unitary basis transformations on
quantum computational platforms, extending beyond conventional unitary methods. By integrat-
ing Singular Value Decomposition (SVD), the method achieves operational depth O(n) with about
n ancilla qubits, enhancing the analysis of fermionic systems. The non-unitary transformation en-
ables mapping a wavefunction between different bases, allowing the calculation of overlaps of states
residing in distinct Hilbert subspaces. This capability supports the use of state-specific ansatzes
to compute multiple energy eigenstates under orbital-optimized settings, potentially improving ac-
curacy in variational quantum eigensolver (VQE) and related frameworks. Overall, the method
expands the range of accessible quantum states and phenomena, offering new opportunities for
applying quantum computing in physics and chemistry.

INTRODUCTION

Solving many-body Schrédinger equation is one of the
most promising applications on quantum computers, es-
pecially in the era of noisy intermediate-scale and early
fault-tolerant quantum computing. Quantum algorithms
that could be applied to solve the many-body Schrédinger
equation include but not limited to variational quan-
tum algorithms (VQAs) [IH4], quantum phase estima-
tion (QPE) [5HE], quantum simulation [9], etc. While
there exist multiple approaches for simulating quan-
tum chemistry on digital quantum computers—including
first-quantization schemes and more analog evolution
methods—here we focus on the approach in which the
many-body Schrédinger equation is discretized on a cho-
sen basis set, with the resulting operator and wavefunc-
tion represented as a quantum circuit and a quantum
state, respectively.

Throughout the computation, when a change of basis
set is performed, i.e., a linear transformation of the basis
set, we could either recalculate coefficients on classical
computer and restart the quantum algorithm, or carry
out the linear transformation via a quantum circuit. Im-
plementing quantum circuit for the linear transforma-
tion is mandatory under various scenarios, e.g., calculat-
ing the inner product between two many-body wavefunc-
tions discretized by different basis sets. When two basis
sets are unitary linear transformations of each other, the
corresponding linear transformation is unitary and the
quantum circuit has been studied in [I0HI2]. When two
basis sets are not unitary linear transformations of each
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other, the corresponding linear transformation is non-
unitary, for which the quantum circuit implementation
is proposed by this paper.

Unitary linear transformation of basis set plays an im-
portant role in quantum physics and chemistry. Hartree-
Fock method [I3H19] looks for the optimal unitary linear
transformation of basis set such that the single Slater de-
terminant minimizes the energy of the many-body Hamil-
tonian operator. Unitary linear transformations of basis
set are also used widely in basis set optimization meth-
ods, e.g., natural orbital rotation [I5HI9], complete ac-
tive space self-consistent field method (CASSCF) [20-
34], optimal orbital full configuration interaction (Op-
tOrbFCI) [35], etc. Such unitary linear transformations
of basis sets are combined with quantum algorithms for
ground state calculation [36H39] to boost the power of
quantum computer and pursuing the infinite basis set
limit. The unitary linear basis transformation can also
be adopted in quantum algorithms for excited states cal-
culation [37), [38] [40] as long as they use the same basis
set to represent both ground state and low-lying excited
states of the system.

Several prior works studied the quantum circuit imple-
mentation of the unitary linear transformation of basis
set. The unitary coupled cluster (UCC) method [4IH45],
particularly with single excitation operators, is widely
used as parameterized ansatz circuits for wavefunctions.
UCC is achieved by employing an operator e, where T is
anti-Hermitian and represented as » -, ;; (ajaj —a}ai).
Trotter splitting is then adopted to approximate the op-
erator by a quantum circuit [46H49]. While this UCC
quantum circuit is not designed for unitary basis trans-
formation, it could be used as a unitary transformation
of the basis set, which is mathematically guaranteed by
Thouless theorem [50]. Some other methods are pro-
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posed when they consider preparing the Slater determi-
nant state by rotating the basis set. Wecker et al. [10]
describe a procedure in which they use a quantum circuit
to take unitary transformation of a basis set and prepare
arbitrary Slater determinant state. Their circuit has no
more than n? gates with arbitrary connectivity for n be-
ing the size of the basis set. Babbush et al. [I2] suggest
employing the fermionic fast Fourier transform to prepare
a Slater determinant state in a plane wave basis. This
approach involves rotating the system from a plane wave
dual basis, achieving a depth of O(n) while adhering to
the planar lattice connectivity constraints found in some
existing superconducting quantum platforms [12]. The
plane wave dual basis serves as a smooth approximation
to a grid structure, which has been explored to enhance
the efficiency of density functional calculations [51], 52].
In [I1], an efficient strategy is proposed to conduct the
unitary linear transformation on a quantum computer
with linearly connected qubits, and achieves a gate depth
5, where the gate depth is counted as the number of se-
quential Givens rotations. The strategy is a variant of the
QR decomposition based method of constructing single-
particle unitary transformations [10] (3] 54]. Kivlichan
et al. [11] organize the Givens rotations in QR decompo-
sition in a particular ordering to benefit from the paral-
lelization on linearly connected quantum computer and
eliminates redundant rotations based on the symmetry
of the Hamiltonian. Some of these unitary linear trans-
formation methods [11l [12] target the quantum circuit
implementations of initial state preparations.

Non-unitary linear transformations of basis sets also
play an important role in quantum physics and chemistry
for both ground state and excited state computations. In
ground state computations, for example, Jiménez-Hoyos
et al. [55] use the non-unitary Thouless theorem [50]
to rotate a orthogonal basis Hartree-Fock state to a
non-orthogonal basis Hartree-Fock state. Jiménez-Hoyos
et al. [55] derive the formulas of the Hamiltonian matrix
elements of this non-orthogonal Hartree-Fock state. In
the excited state computation, if different basis sets (ei-
ther different basis sets or different transformations of
a basis set) are adopted for the ground state and low-
lying excited states, calculating the overlap between dif-
ferent states involves a non-unitary linear transformation
of basis set. Such a state-specific rotation method for
excited state computation could be viewed as a multi-
reference (MR) method [56l [57]. Several studies have
shown that the integration of state-specific methods with
CASSCEF can yield higher accuracy, even with a reduced
active space [58-61]. Such an approach is referred to as
the state-specific CASSCF (SS-CASSCF). SS-CASSCF
employs different reference states to generate configu-
ration interaction (CI) functions and incorporates an
appropriate orthogonal penalty into the objective func-
tion. The computation of this orthogonal penalty re-
quires computing the inner product between two states
under different bases. Computing such inner products for
certain special cases, e.g. Hartree-Fock states or sparse

states, has been explored and performed efficiently on
classical computers [56], 57 62H66]. However, in general,
if the states exhibit dense configurations, the calculation
of such inner products scales exponentially with respect
to the basis set size on classical computers.

In this work, we propose a quantum circuit that per-
forms the exact non-unitary linear transformation of a
basis set. The gate complexity of the proposed quan-
tum circuit scales polynomially in the basis set size, more
specifically scales quadratically in the basis set size, i.e.,
O(n?) for n being the basis set size. The circuit depth
scales linearly in the basis set size. Combined with regu-
lar inner product quantum circuit, we could evaluate the
inner product of two states under different basis sets with
O(n?) gates and O(n) depth on a quantum computer.
Our major contributions are summarized as follows.

1. We rewrite the unitary linear transformation of ba-
sis set using wedge exterior notation, which can
then be easily extended to the non-unitary case.

2. A quantum circuit is proposed for non-unitary lin-
ear transformations of basis sets. The 1 and 0 sin-
gular values of the overlapping matrix between two
basis sets are further compressed to reduce the gate
complexity.

3. Quantum circuits are proposed to evaluate the in-
ner product of two states in different basis sets.

The remainder of the paper is organized as follows. In
the Results section, we present our main findings, includ-
ing the quantum circuit for non-unitary linear transfor-
mations of basis sets and the quantum circuit for com-
puting the inner product of two states under different
basis sets, as described in |[Section Il A| and [Section 11 B|
respectively. The Discussion section concludes the pa-
per and outlines potential directions for future work. In
the Methods section, we provide detailed derivations and
analyses of the proposed quantum circuits. In particular,
we review the quantum circuit for unitary linear transfor-
mations [I1] and reformulate the derivation of the unitary
transformation operator in the framework of exterior al-
gebra in [Section IV Al [Section IV B|introduces our novel
quantum circuit for non-unitary linear transformations of
basis sets, along with analyses of the corresponding gate
complexity and circuit depth. Building on this construc-
tion, we propose quantum circuits with depth O(n) for
evaluating the inner product of two states under different

basis sets in [Section TV Cl

RESULTS

A. Non-Unitary Linear Transformation of Basis
Sets

Through mathematical derivation, we show that the
linear transformation of basis sets is equivalent to Au



in exterior algebra. Furthermore, we propose a quan-
tum circuit to realize non-unitary linear transformations
of basis sets under the setting of Jordan-Wigner trans-
formation [§]. The quantum circuit for the Au can be
approximately implemented as follows.

1. Calculate the SVD of u, i.e., uj; = > r_; 0k LixRij,
with singular values o;s in non-increasing ordering.

2. Round up large singular values of v and truncate
small singular values of u, i.e.,

1 O'Z‘Zl—é‘
0i=40;, e<o;<1—¢.
0 0'7;§€

Let the number of 6; = 1 be s and the rank after
truncation be r.

3. Prepare r — s + 1 ancilla qubits to state |0), denote
them as @s41,@s41,-- -5 Qrg1.

4. Apply the unitary operator Jd,U(R;w)JJl to the
n working qubits following the circuit construction
in [Section TV Al

5. Apply controlled-RY gates controlling from ¢; tar-
geting a; fori=s+1,...,7.

6. Apply an X gate to flip ancilla qubit a,41 and then
apply a multi-open-controlled Toffoli gate control-
ling from ¢,11, ..., q, targeting a,,1.

7. Apply the unitary operator J,U(L; ’(l))JJl to the n
working qubits following the circuit construction in

Section TV'Al

8. Project all ancilla qubits to |0) state via measure-
ment and post-selection.

The error of the above approximation can be controlled
by the threshold . The total depth of the quantum cir-
cuit is O(n) and the total number of qubits is n+r—s+1.
All details of the derivations and analysis such as the er-
ror bound, gate complexity, and circuit depth as well as
the success probability of the post-selection are provided
in [Section 1V Al and [Section IV Bl

Remark. If we remove step 8 and stop at step 7, we ac-
tually obtain the quantum circuit corresponding to the
block encoding of Aw. Block-encoding is a standard
framework used to embed non-unitary matrices into uni-
tary matrices, allowing them to be implemented as quan-
tum circuits along with some measurements [67]. We will
use the block-encoding we provided here in the context
of calculating inner products.

In we provide the quantum circuit for a non-
unitary matrix v of dimension 8. After the rounding-
up and truncating, the approximated non-unitary matrix
has 2 singular values equal to 1 and of rank 5.

B. Quantum Circuit for Inner Product of Two
States under Different Basis Sets

We propose a quantum circuit for evaluating the inner
product of two states under different basis sets. The
quantum circuit is constructed based on the non-unitary
linear transformation proposed in

For two states |®) and |¥) defined with respect to two
basis sets {|¢;) }7_; and {|#;)}7, and their correspond-
ing qubit representations |®), and [¥) , we denote by
=(v, ¢) the non-unitary linear transformation Au, where
wi; = (Yilp;). Let Z(1b, ¢) denote the block-encoding of
E(1, ¢). Under these notations, the inner product (®|¥)
can be evaluated by the following quantum circuits.

shows the swap test based quantum circuits for
evaluating the inner product. This circuit is little differ-
ent from the original swap test, as we reduce the number
of ancilla qubits but increase the number of qubits to be
measured. shows the Hadamard test based quan-
tum circuit for evaluating the inner product. All details

of the derivations are provided in

DISCUSSION

In this work, we have proposed a quantum circuit
framework for implementing non-unitary basis transfor-
mations, which extends beyond the conventional unitary
approaches widely used in quantum algorithms. By lever-
aging the SVD structure of the transformation, our de-
sign achieves linear circuit depth with a modest number
of ancilla qubits, while maintaining controlled approxi-
mation errors. This efficiency makes it feasible to apply
basis optimization strategies directly within variational
algorithms, such as VQE, and thus to evaluate overlaps
of many-body states prepared in different orbital bases.
Importantly, this capability enables state-specific treat-
ments, including orbital-optimized excited-state meth-
ods such as CASSCF or OptOrbFCI, on quantum plat-
forms. Compared with existing unitary-only schemes,
the present framework significantly broadens the scope
of quantum simulations by accommodating transforma-
tions that are not naturally unitary, thereby opening a
path toward more accurate and flexible quantum chemi-
cal calculations.

METHODS

A. Unitary Linear Transformation under Exterior
Algebra

We review the quantum circuit for unitary linear trans-
formation proposed by Kivlichan et al. [I1] and rewrite
the derivation using exterior algebra in this section.

The unitary linear transformation of basis set discussed



o1=1,q1 —

g2 =1,q0 —

O<5‘3<1,Q3—

0<o4<1,q0 —

JpU(R; )
0<o5<1,qg5 —

JpU(L;y)J

P

56:07(16 I

&7:07Q7 I

s = 0,98 —

az = |O> RY(93)

a4 = |O> RY(94)

RY (05)

e el R R R A

x M x|

FIG. 1: An example for a nonunitary matrix u of dimension 8 with approximated singular values 61 = 62 = 1,
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which could be inferred from the probabilities of the
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n [T1] admits,
|¢p) = Z |1hq) Ugp (1)
q=1

where u is an n x n unitary matrix, {|¢;)};_, and
{|¢i)};—, are the original and rotated orthonormal ba-
sis (spin-orbitals) respectively, and n denotes the basis
set size. The associated creation and annihilation opera-
tors admit a similar transformation relationship,

a'(¢p) = Zaf(wq)qu and  a(¢p) = Za ) (ugp)™,
q=1 g=1

where a'(-) and a(-) are the creation and annihilation
operators associated with the given basis, and (u,,)" is
the complex conjugate of ug,.

Given the two one-body basis sets, {|;)}7, and
{|¢i)}*_;, we could generate two many-body basis sets
to represent the many-body states. For two one-body
basis sets that are related to each other by a unitary lin-
ear transformation, as in , their associated many-body
basis sets are also related to each other by a unitary lin-
ear transformation. The unitary linear transformation in
many-body space is characterized by the Thouless theo-
rem [50], which is equivalent to applying the operator,

U(u;9p) = exp( Z (log u)pan(z/)p)a(wq)> (2)

p,q=1

to the many-body states, where (logu),, denotes the
(p,q) element of the matrix logu. The notation 1 in
U(u;1) denotes that all creation and annihilation oper-
ators correspond to the basis set {|y;)}7

Now we give a definition of this U (u; %) in the language
of exterior algebra Given an n dimensional Hilbert space
V with {|¢;)}"_; being its orthonormal basis set, the k-
th exterior powers is denoted as AFV. A basis set of NEV
admits,

{|¢11> N

The bases in are orthonormal. For the electronic
many-body Schrodinger equation, the k-particle states
live in AFV. The exterior algebra of V is defined as, AV =
@®r>0 AF V. An orthonormal basis set of AV admits,
<ir <nandk>0}.

{lei) A
(4)

The space AV is also known as the Fock space in physics

and chemistry. In the following we extend

a linear map v : V — V to a linear map Au : AV — AV.

AW [1<i < <ig<n}.  (3)

AP [ 1< <

Definition 1. Let w : V' — V be a linear map. Define
Au : AV — AV as,

A([i )N [P )N A ) = w i )Aw [Py )A- - - A i )

for 1 <i; < - <ir <nand k > 0. The linear map Au
is called the wedged map of u.

When the linear map w is of form,

n

u = Z wij Vi) (5 (5)

i,j=1

the linear operator U(u;t) as in is consistent with
Au, i.e.,

U(u; ) = Au.

The detailed derivation are provided in the Supplemen-
tary Material. The derivation gives a proof of Thouless
theorem using the language of exterior algebra, which is
different from the BCH formula used in Kivlichan et al.
[I1]. We find that the extending linear map Au to non-
unitary transformation is straightforward, whereas ex-
tending the operator U(u; 1)) to non-unitary case is more
difficult. Hence, the linear map Aw in exterior algebra
will be used throughout the rest paper mainly for non-
unitary transformations.

An important property of U(u;1) is the operator com-
position property, which builds the foundation for [IT].
Precisely, for any two unitary matrices u! and u?, the
composition of U(u';1) and U(u?;1)) is the operator of
product of two matrices, i.e.,

U(us)U(u? ) = U(u'u?; ). (6)

gives an analog composition property for
wedged maps.

Lemma 1. Suppose u' and u? are two linear maps V —
V', then the composition property holds for wedged maps,

(Aut)(Au?) = A(utu?).

We emphasize that two linear maps u' and u? in
are not necessary unitary. holds for

non-unitary linear maps as well.
Specifically, we consider two unitary maps defined as,
n

ul = Z Usj |wl> <'(/)J Z ul] ‘wl wj

i,j=1 i,j=1

By the equivalence between U(u;t) and Aw, we have
U(ut;v) = Aub and U(u?;9) = Au?. Therefore, the
composition of two operators admits,

Uu'u? ) = Uu's9)U(u*s ) =

Such a composition property agrees with the composition

of maps u! and u?,

(Aub)(Au?) = A(ulu?).

1u2)ij [¥i) (sl s

where u'u? denotes the product of two matrices.
Next, we discuss the quantum circuit implementation
of U(u;v). For general unitary operator in exponent



form, e.g., , Trotterization is widely adopted in quan-
tum computing, especially in quantum simulation [} 68].
The Trotterization leads to many number of small time
steps and accumulation of truncation errors. For the par-
ticular unitary operator U (u; 1)) as in 7 Kivlichan et al.
[11] proposes a tailored quantum circuit based on Givens
QR factorization of w. In the original work [I1], real
orthogonal matrix u are considered in detail, and an ex-
pression for complex unitary v is provided without detail.
In this paper, we revisit and rederive the decomposition
for complex unitary matrix u directly. Notably, the final
expression is slightly different from that in [I1], which
should be due to typos therein.

The complex Givens rotation is composed of three
parts: two phase rotations and a regular real Givens ro-
tation. The phase rotation acting on the ¢-th row of
a matrix with rotation angle ¢ is denoted as p,(¢) =
Diag{1,...,1,e7*,1...,1}, i.e., the identity matrix ex-
cept the p-th 1 replaced by e~*®. The regular real Givens
rotation by an angle 6 between the p-th and g-th rows
of a matrix is denoted as rp,(6p). Contrast to the reg-
ular real Givens rotation, the complex Givens rotation
first multiplies the elements to be eliminated by complex
signs, i.e., phase rotations, to make them real, and then
performs the real Givens rotation. For example, let us
consider the case using u,; to eliminate uq;, where both
Up; and ug; are complex numbers. The phase rotations,
pp(¢,) and py(¢,), are chosen such that e~*%ru,,; = |uy;|
and e ~"Pau,; = |u,|, respectively. Then the real Givens
rotation, rpq(6pq), is constructed with,

|upil
Vupil? + [ugil®
By these constructions, after we multiply g,y =
Tpg(0pq)Pq(Dq)Pp(dp) to u, the (¢,7) entry is zeroed out.
Using the complex Givens rotation and regular Givens

QR factorization procedure, a unitary matrix u is de-
composed as,

0,4 = arccos

w= ][5 [] i), (7)
Pq 1=1

where

g;q = Pp(—p)Pg(—Pq)Tpg(—bpq), and
p; = pi(—di).

Notice that there are "(”271) complex Givens rotations in
the first product of , and the ordering of {pq} pairs is
not unique. Kivlichan et al. [I1] propose a specific order-
ing of {pg} to maximize the parallelizability in applying
these complex Givens rotations on quantum computer.

By the definition of U(u;), we could define the op-
eration of U(rpq; 1) and U(pp; ), and denote them, re-
spectively, as

The corresponding “complex Givens rotation” and its ad-
joint admit,

Gpq = U(gpg) = Rpg(0pg) Py(0g) Pp(¢p), and
G;q = U(g;q) = Py(=9p)Py(—¢q) Rpg(—0pq),

where we omit v, and some 8,4, ¢p, ¢4 for simplicity.
Under these notations, the operation U(u;) could be
decomposed into many operations of G, and P; for u

defined in ,

(10)

U(u; 1) =HG;qHPf(¢¢;¢)~ (11)

Next we demonstrate that the decomposition is suf-
ficiently simple and could be implemented using quan-
tum gates directly. By , the explicit expressions of
P, =U(py(¢);9¢) and Ry, = U(rpe(8);¢) could be writ-
ten as

P,(¢;¢) = exp(—1¢,n(1)p)), and (12)
Ry, (0; 1Y) = exp [epq(aT (wp)a(z/’q) - aT(z/’q)a(@[’p))L
(13)

where the detailed derivations could be found in the Sup-
plementary Material.

Now, we turn to the quantum circuit designs for
U(u;1). To make our discussion rigorous, we make a
strict distinction between the quantum state of the phys-
ical system being studied and the qubit state in the en-
coded space of a quantum computer. They are linked to
each other by encoded mappings. Here the mapping is
the Jordan—Wigner transformation as in [Definition 2

Definition 2. The Jordan-Wigner transformation of ba-
sis {|fi) | i =1,2,...,n} is denoted as J¢, such that:

Jr(1fir) Afi) Ao A fii)) = [nanang =),

where ningong -+ is a bit string of length equals to the
size of basis set n. And n; = 1 if ¢ € {i1,42,...,ik},
n; = 0 otherwise.

These basis vectors {|f;) | i =1,2,...,n} do not need
to be a physically meaningful basis, they can be arbi-
trary abstract basis of any abstract vector space, such
as | f;) is the i-th unit coordinate vector of C". By this
definition, the creation and annihilation operators under
Jordan—Wigner transformation are the same as the usual
definition, i.e.,

a:

= Jsal ()7
—Z21® - ®Zi1 @ (1) (0) ® [i41 ® - ® I, and
a; = Jra(fi)J;
=712 (0) (1)@ Li11 @ I,.
(14)

Both ket-bra operations, |1) (0| and |0) (1], are applied to
the index i qubit in the above definitions. There is no



basis notation in a;r and a; because they are operators on
qubit states. Basis information are kept in the encoding
mapping Jy. This viewpoint is helpful in the section
of inner-product of two states under different bases in

Section TV-Cl
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Now, we turn to the quantum circuit design for
U(u;1). To maximize parallelism on a quantum com-
puter with linearly connected qubits, Kivlichan et al.
[11] proposed a specific elimination order for the com-
plex Givens rotations. An example for n = 5 is shown in
In this elimination order, the lower-triangular
elements of a 5 X 5 unitary matrix are sequentially
removed using complex Givens rotations. FEach non-
asterisk entry indicates an off-diagonal element to be
eliminated, with the number specifying the step at which
its upper neighbor removes it. Entries with the same
number can be zeroed out in parallel. Asterisks (*) mark
entries on or above the main diagonal, which do not re-
quire explicit elimination. Once all elements below the
diagonal are removed, the matrix becomes diagonal auto-
matically. During this procedure, complex Givens rota-
tions are consistently applied to neighboring rows, ensur-
ing that the Z-strings introduced by the Jordan—Wigner
transformation cancel out. This elimination strategy en-
hances parallelizability, allowing, in the best case, O(n)
elements to be eliminated simultaneously. Consequently,
using this specific elimination order results in a quantum
circuit of depth O(n).

We provide an observation that further simplifies the
expression of U(u;1). After Givens QR upper triangu-
larization, the resulting diagonal matrix typically has all
elements equal to 1 except the last bottom-right element.
This is due to the phase rotations and unitarity of w.
Hence, the U(u; 1)) expression could be rephrased as

IT| II @

i qEStep;

Ulu; ) = P (fn; ). (16)

The upper index ¢ of the gate G o denotes the i-th step
of parallel complex Givens rotatlonb and the set Step; is
the row indices of the elements eliminated in parallel at
the i-th step. Comparing to , the product of phase
operators is simplified by a single phase operator acting
on the n-th row, and parallel sequence of the gates is also
indicated.

The quantum circuit for U(u;%) can be obtained by
composing some basic quantum gates. If we denote the
first line as the qubit ¢ — 1 and the second as the qubit

q, we have

D
N\
D
A\

JpRy-1,4(0;0) ;" = . (17
RY (—26)

where Jy is the Jordan-Wigner transformation defined
S Similarly, for the phase operator, it is
just a single qubit gate acting on the p-th qubit as in

below.
1 0
JoE o

All the details of the derivations of these two quantum
circuits are given in the Supplementary Material.

Then combining the rotation quantum circuit as in
together with that of the phase gate in , we obtain
the quantum circuit for complex Givens rotations applied

JuPy(¢3) ], =

to adjacent rows, which is denoted as GEQL - The overall

quantum circuit for Jy U (u; ) J, ~1 corresponding to a 5 x
5 unitary map w is give The parallel steps are

consistent with that in

q1
4
G
q2 i i
5 3
G} G
g3 ——— 88 H H H H
6 4 2
G} Gy G5}
q4 H H H H H H
7 5 3 1
G Gy G Gy

FIG. 4: Quantum circuit for Jy,U (u; 1/1)(]1;1. All gates
are their complex conjugates.

Remark. Comparing to the original work [I1], we ex-
tend the discussion to complex unitary matrix in detail
and provide the corresponding quantum circuit. At the
same time, we rewrite some expressions using the exte-
rior algebra notations, which serves as an introduction of
notations for our later sections.

B. Non-Unitary Linear Transformation by SVD

We naturally raise a question: when wu is non-unitary,
can we extend the linear transformation in [Section TV Al
The answer is yes, but the derivation is more compli-
cated and the resulting quantum circuit is about twice
the depth of the unitary one. There are at least two
potential applications for the non-unitary linear trans-
formation: a) calculating the overlap between two states



under different bases, which is detailed in the next sec-
tion; b) change of basis to a non-orthogonal one.

As we mentioned earlier, the Thouless theorem in
form is too difficult to be extended to non-unitary case,
which is mainly due to the logarithm of a non-unitary
matrix. Hence, we stick to exterior algebra representa-
tion of Thouless theorem and all later derivations are in
the language of exterior algebra. We recall the notation
we use, i.e., U(u; 1) and Au. When u is a unitary matrix,
two operatorb are equal U(u ¥) = Au, for U(u;v), Au
and u being defined in m and . respec-
tively. When u is non—umtary, we use Au for the linear
map and avoid using U (u; ).

In order to reduce the overall circuit depth for the non-
unitary linear transformation, our construction relies on
the singular value decomposition (SVD) of u and hence
its operator w. Without loss of generality, we assume that
the u is a square matrix. If not, we can always pad the
rectangular matrix with zeros to make it square. Thus
we will restrict our discussion to the square matrix case.
At the end of this section, we will briefly discuss how
to estimate the cost of resources for general rectangular
cases.

Let the SVD of a non-unitary matrix u be of form,

u=LDR,

where L and R are left and right singular vectors, D =
diag(o1, . ..,0,) is a diagonal matrix with singular values
in non-increasing ordering, i.e., 0y > --- > o,. We fur-
ther assume that u is a nonunitary matrix with 2-norm
bounded by one, i.e., 1 > 01 > -+ > op. Singular vectors
L and R are umtary matrices. Let {|®:)}*_, be the set
of underlying basis set. The operator u assoc1ated with
u also admits an operator SVD,

u=LDR, (19)

where L, D, and R are associated with matrices L, D,
and R respectively,

L= Lijl) (W],

4,5=1

D =) o0 |¢) (i, and

i=1

R= ) Rij|i) vyl

i,7=1

By we have Au = (AL)(AD)(AR). For uni-
tary matrices L and R, the operators AL = U(L;) and
AR = U(R; %) can be implemented by quantum circuits
as in[Section IV A] e.g., analog quantum circuits of
In the following, we focus on the quantum circuit con-
struction for the wedged diagonal operator AD.

We first rewrite AD as a composition of at most n
simple operators, which are simple to be implemented

by quantum gates. According to the action
of AD on an exterior algebra is defined as applying the
operator D to all one-body states, as,

(AD) [iy) A [hiy) A== A abiy)
=D [thi,) A D |thiy) A+ A D [ty,,) (20)
Oy, ‘wi1>/\|wi2>/\ A|¢1k>

It is worth noting that this expression is closely related
to the particle number operator. It acts like a weighted
number operator. More explicitly, if the many-body state
includes the state |¢;), the result of the operation will
give a factor o;. Thus, we define an operator

=0;,04, "

v(Y;) =1+ (05 — 1)n(y;),
which admits,
V(i) (|%0i ) A i) A Ay )
A |1/)7«k>)7 JE {i17i27 cee 7ik}

_ {ajuwm Als) A

|¢i1>/\\¢iz>/\ '/\|wik>’ j%{il,ig,...,ik}.

Here n(1;) = a'(1);)a(1;) is the number operator. Next,
we justify that the wedge operator AD is equivalent to
the composition of v(1;). For any basis |1;,) A+ - Alt;,)
in the exterior algebra (Fock space), the action of the
composition of v(v;) admits,

sza

Tig [Pir) A|Pin) Ao A i)

which equals . Hence, we conclude that the product
operator H?Zl v(1;) is another form of AD, i.e.,

W}u /\ sz2> A |wlk>

:o-ilo-iz

AD =[] v(¥).

Jj=1

Now we move on to the quantum circuit implemen-
tation of composed operator AD = [[_, v(¢;). Obvi-
ously, (1;) is not a unitary operator, and hence, cannot
be implemented by quantum circuits directly. We intro-
duce an ancilla qubit to encode the action of v(¢;). In
the context of the Jordan—-Wigner transformation, the
particle number operator admits,

00

"j_11®"'®fj1®<0 1

>®QH®W®Q.

We define an operator acting on qubit state as v; admit-
ting,

v; = Jll,l/(’(/)j)Jq;l

1
:Il®"'®fj1®< 0

0 >®I+1® ®In7

where the operator norm is bounded by 1 and so is o;.



We divide the discussion of quantum circuit implemen-
tation of v; into three cases: 0; =1, 0 < 0; < 1, and
0; = 0. For simplicity, we drop the subscript j in the
following discussion.

When o = 1, the corresponding operator v is an iden-
tity operator, which does not require any quantum gates
and any ancilla qubit.

When 0 < o < 1, the corresponding operator v is
nonunitary. To incorporate this operation into a quan-
tum circuit, we adopt an extra ancilla qubit. The par-
ticular block encoding we use for the 2-by-2 matrix in v
admits,

1 0 0 0
P 0 o 0 —v1-o0?
0 0 1 0
0 Vli—-020 o
1 0 O 0
10 cosg 0 —sing
0O 0 1 0 ’
0 sin% 0 cosg

where the first qubit is the ancilla qubit and the sec-
ond one is the working qubit, and # = 2arccoso. This
encoded matrix  on 2-qubit is the controlled-RY gate,
denoted as CRY (6). This controlled-RY gate applies a
rotation around the Y-axis by an angle € to the ancilla
qubit and controlled by the working qubit. Denote P,
as the projection operator that project the ancilla qubit
to |0) state, which could be implemented via a measure-
ment, then the construction © satisfies

P |0) © o) = 10) @ v |a).

The quantum circuit for & is given in

a=|0) —| RY(6) }—

q—eo—

FIG. 5: Quantum circuit of embedded 2-qubit gate.
Ancilla qubit is denoted as a, which is initialized to |0)
state. The second qubit ¢ is the working qubit which v

is acted on.

The last case is that o = 0. The technique used for
0 < 0 < 1 case applies to the o = 0 case as well. Then
for each ©; with singular value o; = 0, we need an ancilla
qubit. Instead, we implement the quantum circuit for all
o = 0 together and use only one ancilla qubit to perform
the block encoding.

Let r = argmax;{o; > 0} be the rank of the nonuni-
tary matrix u. Then we have g; >0 fori=1,...,r and
o; =0for i =r+1,...,n. Noting that v; with o; =0
is the projection that projects qubit ¢; onto |0) state.

Thus, the composition of operators

n
I »

i=r+1

is the projection that projects qubits indexed from r + 1
ton to |0---0). It can be implemented as a X gate com-
bined with a multi-open-controlled Toffoli gate. More
specifically, given an ancilla qubit at state |0) and work-
ing qubits ¢y41,...,qn, we first flip the ancilla qubit to
state |1) via an X gate. Then targeting the ancilla qubit,
we apply a multi-open-controlled Toffoli gate controlled
from all working qubits ¢,41,...,¢,. Open-controlled
gate means that the gate is applied only if the control-
ling qubits are in state |0---0). After these two gates,
the quantum state will be linear combination of

0) 1

where the first qubit is ancilla, the rest are working qubits
Gr41,---,0n, and [0---0), is a state perpendicular to
|0---0). Hence, applying a measurement with selected
result, i.e., projecting the ancilla qubit to |0), will turn
all working qubits ¢,41, ..., ¢n to state |0). Thus, such a
quantum circuit is the block encoding as we need. This
scheme reduces the number of ancilla qubits down to one
for low-rank linear transformations u. However, the ac-
tual quantum circuit depth in implementing the multi-
open-controlled Toffoli gate depends on the underlying
quantum computer hardware, which is beyond the scope

of this paper. illustrates the detailed quantum
circuit for the case o = 0.

[0)]0---0) and [1)]0---

qr+1 I
Gr+2 {
qn o

FIG. 6: Block encoding for all v; with o; = 0. Here the
ancilla qubit a is initialized to |0) state. Other ¢; for
r < 7 < n are working qubits corresponding to zero
singular values of w.

As discussed above, both cases 0 = 1 and o = 0 lead to
more quantum resource efficient circuit implementation
than that of case 0 < ¢ < 1. Hence, naturally, we con-
sider rounding up some large singular values to one and
truncating some small singular values to zero. Although
both rounding up and truncating reduce the quantum re-
source cost, both of them would introduce approximation
errors. Denote the modification on the j-th singular val-
ues as ¢;. The approximation error introduced by both



the rounding-up and truncating could be bounded as,

. (1 0 . (10 ~
H®j:1 (0 7 +€j> G <0 Gj)H = Z;e],
J:

where the matrix 2-norm is used. Let u denote the
matrix that shares the same singular vectors as u, but
has rounded up or truncated singular values, i.e., @;; =
22:1 6kLikRkj = ZZ:l(Jk + Ek)LikRkjo In this con-
text, the error of approximated wedge operator can be
bounded more concisely as,

[Aw = Al <) e (21)

Jj=1

Therefore, the overall approximation error could be well-
controlled if all ¢;s are small.

Finally, we assemble all above techniques together
and propose the quantum circuit construction of a non-
unitary linear transformation Au. The overall quantum
circuit has been illustrated in [Section 1T Al

Now we briefly discuss success probability for block-
encoding. The success probability refers to the likelihood
that the block-encoding procedure will successfully pre-
pare the desired quantum state. For an input state |I),
the success probability is just the

(1)) = |rul D),

which also equals to the renormalization constant for the
transformation. This value mainly depends on the distri-
bution of singular values D. Let V' be the span of |1/)i>i111,
i.e., the domain of u. For any subspace W C V', we de-
note the restriction of u to W as u|w. Let Py be the
projector from V onto W, and Pay the projector from
AV onto AW defined as APy . Then, for any input state
|I) € AV, the success probability can be lower bounded
by

(1)) = A Culw) (Paw NI = | Paw DI TT o7 (AW),
€K

where o;(AW) are the singular values of u|w, and K is
the index set of the smallest k singular values, with k
being the particle number of |I). Intuitively, the success
probability is higher if the input state |I) has a large
overlap with the space generated by the intersection of
V and and transformation terminal space, and if the cor-
responding singular values ¢ are not too small.

We should emphasize that this success probability does
not pose any restriction for our protocol in
since we do not need to perform further operations con-
ditioned on the post-selected “success” state, we only
require application of the whole block-encoding as the
Iig. 2| and [Fig. 3| illustrate. Further details are provided
in [Section TV.Cl

Finally, we present an estimate of the cost of this
method. To implement this non-unitary basis transfor-
mation, the cost arises from two sources. The first is the
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classical computational cost, which involves performing
an SVD on the non-unitary matrix and Givens QR de-
compositions of the left and right singular vectors. For a
general dense nxm or mxn matrix u with n > m padded
to n xn, one set of singular vectors takes a block-diagonal
form, where one block is the usual m x m singular vec-
tors and the other is an (n —m) x (n — m) identity ma-
trix. Additionally, the singular values are padded with
n —m zeros. The computational cost is thus equivalent
to performing a full (non-reduced) SVD on the original
rectangular matrix.

The second is the cost of quantum resources. The
quantum circuit depth and the number of gates can also
be estimated based on the matrix dimension m and n,
approximated number of ones s and approximated rank
r. The dimension of L and R are both n, with one of
them is in the block-diagonal form as mentioned above.
And the numbers of gates, as in for the
unitary case, are bounded by "2‘% + O(n + m) rota-
tion gates and n? + m? + O(n + m) phase gates.
When qubits are assumed to be linearly connected, the
circuit depths for L and R are bounded by O(n) or O(m)
times the rotation gate depth. The number of gates for
the [[,_, vx part depends on the gate counting of the
multi-open-controlled Toffoli gate. The quantum circuit
for the singular value part costs r —s+2 simple gates and
one multi-open-controlled Toffoli gate. The circuit depth
is bounded by that of the multi-open-controlled Toffoli
gate. Applying the standard decomposition as in [§], an
additional ancilla qubit is used, and the quantum circuit
depth is O((n — r)?) for n — r being the number of con-
trolling qubits. Overall, the total quantum circuit depth
is bounded by O((n —r)* + n +m).

C. Inner Product between States under Different
Basis Sets

We consider two sets of one-body bases, {|i;)}
and {|¢;)}7_;. The inner products between all pairs of
bases [¢;) and |¢;) are available and denoted as u;;, i.e.,
u;; = (Ys|¢;), for 1 < i,j < n. For the sake of nota-
tion, we assume two bases are of the same dimension n.
Our proposed algorithm could be easily extended to two
bases of different dimensions. Two many-body states are
denoted as |¥) and |®), i.e.,

[TEEDS

1<i1 <2< <ip<n

@) = >

1<i1<ig<-<ip<n

Civig...i, [ Vir) N |Wig) N Ny, )

Chrigoin |Pin) N Din) A Ny -

We consider the scenario such that both many-body
states are already encoded and prepared in quantum
computer, where these states might be generated from
ansatz circuits used in VQE framework, from quantum
simulations, or initial state preparation methods. The



encoded many-body states on quantum computer are de-
noted as,

on_1 on_1

[w) = > drlD), > dilD,
I=0 I=0

where |I) is a bit string representing states on quantum
computer. States |¥) and |P?) are connected via a quan-
tum encoding or transformation Q,;,, where the subscript
1 indicates that the encoding is related to basis {|1;)}7
Similarly, states |®) and [®) are connected via Q ;. More
precisely, the connections admit,

Q1/) ‘\I’> = |\Ilq> )

When Jordan-Wigner encoding is adopted, @, is the
same as Jy. Here, we use Q,, as the encoding map to
include other encodings, e.g., parity encoding, Bravyi-
Kitaev encoding, etc.

When two basis sets are the same and the encoding
is also the same and unitary, the inner product between
two states |¥) and |®) is the same as that of two states
on quantum computer, i.e.,

and |®9) =

and Q, |®) = |®7).

(B[W) = (D9[W1).

Then, we could use many standard quantum circuits to
evaluate it or its modulus. A commonly used one is the
swap test as in[Fig. 7] Other choices are also widely used
in excited state calculations [40} [69]. However, when two
states |¥) and |®) are under different basis sets, none of
the aforementioned quantum circuits for (®9|¥?) can be
used directly, due to the fact that (®|U) #£ (99| V).

W)
|©7)

FIG. 7: Swap test circuit to calculate the modulus of
the inner-product [(®7|¥?)|. The modulus square
|(®7]W4)|? equals to the probability of the measurement
result being |0).

Notice that the inner product of two states is of a bi-
linear form. Without loss of generality, we analyze the
case that both many-body states are many-body stan-
dard basis states, i.e.,

|\II> - |1/)11> A |1/%2> ASERRA W}Zk> )
) = [50) Aldsa) Ae- N dyp) -
Further, we introduce an auxiliary basis {|w;)}; to fa-

cilitate the calculations. Note that the auxiliary basis
will not affect the results and its choice is arbitrary. We
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could choose it to be any orthonormal basis in C™. The
auxiliary space spanned by {|w;)}?_; is denoted as Q. A
linear map w :  —  is defined as

Z (Yilds) lws) {wjl - (22)

Using the linear map w, the inner product of |¥) and |®)
admits,

(W) = ([vhi) A Alvbi) s |90) A e Aldii)
wll |¢j1 T </(/)11 |¢jk>
= det ] :
¢Zk |¢J1 e <d)’ik |¢jk>
w11|'u’|wh <Wi1|u|wjk>
= det :
w'Lk | u |wJ1 <wik | u |ij>
|wl1> /\|ka u|wj1> /\"'/\u|wjk>)
(|w11> /\|wlk> Au |wj1>/\"'/\|wjk>)'
(23)

Recall that @y, Q¢, and Q. are the same quantum en-
coding technique applied to different basis sets. Hence,
for two many-body bases constructed by the same se-
lection of one-body bases, their quantum encoding map
to the same state representation on quantum computer,
i.e., the same bit string representation. More precisely,
for two many-body bases, [t;,) A |[tiy) A+ A Jb;,) and
lwi, ) AJwiy) A -+ A |ws, ), which are constructed by one-
body bases of the same indices i1, 2, ..., i, their quan-
tum encoded states are the same, i.e.,

Qy ([i)A[Yis) A -Alpi)) = Qs

Using such a relationship of quantum encoding, we con-

tinue deriving as,

(|wi1>/\‘wi2>/\' ' /\|wlk>)

<(I)|\Il> (|w11> '/\|wik>ﬂ/\u|wh>/\"'/\|wjk>)
=(Q5'Qu [wir) A+ Alwiy)
(A)QL Q. |wj) A+ Alwy))
(@5 Qu ) A A1) 2y
(/\ )Q Q¢> |¢J1> /\|¢ch>)
=(Q.1 W), (M)Q |9)).

Notice that the quantum encoding map @, preserves the
inner-product, i.e.,

(Qw ‘wi1> ARRRNA |W2A> va ‘wj1> AR
= (Jwi) A A wiy ) s |wgy) A

Alwji.))
A |wjk>)7
for any w, and iy, ...,g, and ji, ..., jk. Therefore, in the

last expression in , we could multiply both side by
Q,, and obtain the definition of operator Z(1), ¢),

(@[¥) = (Jv7),Q, @) = (W1 E(¢, 9) [@7),
(25)

(M)Qy"



where

2, ¢) = Q. (A )@,

In (25)), both |®7) and |¥?) are quantum encoded states,
which are constructed by their own quantum circuits.
The remaining task in evaluating the inner product (®|W)
is to construct =(1), ¢) as a quantum circuit. From now
on, we take @, here as the Jordan-Wigner mapping J,,
such that the quantum circuits in [Section IV Al and [Sec-|
could be reused directly. Then, the quantum
circuit for Z(¢, ¢) is exactly the same as that proposed
inwith u;; = (Yi|¢;) and {w;}7_; being the
underlying basis set. More precisely, incorporating the
quantum circuit for (¢, ¢) as illustrated in [Fig. 1] and
projecting all ancilla qubits to state |0), we could ob-
tain the quantum state Z(¢, ¢) |®?) on a quantum com-
puter. For a better understanding and comparison be-
tween different inner product quantum circuits, we de-
note Z(1, ¢) as the block encoding of Z(v, ¢). For exam-
ple, for Z(¢, ¢) in Z(1), ¢) is the quantum circuit
therein without projecting ancilla qubits to |0).
Combining the quantum circuit for Z(¢, ¢) and swap

test as in [Fig. 7| we obtain our first quantum circuit for
[(T|D)] as Notice that in the quantum
circuit is constructed using E(w, @), which is the block en-
coding instead of Z(v, ¢) itself. Hence, there is no need
for post-selection and all measurements are postponed to
the end and been measured simultaneously. This quan-
tum circuit only require one extra ancilla qubit for inner
product. Instead, we need to measure all ancilla qubits,
including those from Z(v, ¢) and the one from swap test.
The probability of a + 1 ancilla qubits in {0) leads to
the absolute value of the desired inner product, [(¥|®)|.
Slightly modified quantum circuits could be used to eval-
uate the real and imaginary part of (¥|®), and lead to
the value of the desired inner product.

The quantum circuit in evaluates the absolute
value of the inner product based on the following equa-
tion,

(U]@) = (T Z(1, 9) D7) = (U] (0a| (4, ¢) | D7) |0¢(1> 3
26
where |0,) denotes the ancilla qubits in the block encod-
ing of Z(¢, ¢). The last equality in holds due to the
design of our block encoding, i.e.,

S, 0) [99) |04) = E(1h, ¢) [87) ® |04) + | L),

where | L) is a state orthogonal to the subspace with an-
cilla qubits in |0,). Hence, evaluating the inner product
does not require any post-selection — we only need to
apply the full block-encoding circuit. In the in-
ner product with (0| is carried out by the measurement
projection and the inner product with (¥?| is carried out
by the swap test.

Another alternative quantum circuit for the inner
product is based on the Hadamard test. Here we con-
sider a slightly different setting. Suppose that we have
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quantum circuits Uy and Ug for preparing states |¥?)
and |®7), respectively, i.e.,

[P = Uy |0,,), and |®?) = Ug |0,,) .

Under the VQE framework, Uy and Ug are known from
parameterized ansatz quantum circuits. Then, the inner
product admits,

(@IW) = (W] (0a] (4, ¢) |©7) [0a)
= <0n+a| (U\J{/ & Ia)é(wa ¢)(U® ® Ia) |On+a> .

The quantum circuit to evaluate the real part of (®|¥)
is given in where the controlled—(U}, ® I,) and

controlled-(Ug ® I,,) are simplified by the controlled—UE,
and controlled-Ug respectively. A simple modification
leads to the quantum circuit for the imaginary part of
(¥|®). When the adjoint of the ansatz circuit is not
favored, inner product quantum circuits proposed in [69]
could be used as an alternative to the Hadamard test.
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FIGURE LEGENDS

Figure 1. An example for a nonunitary matrix u of di-
mension 8 with approximated singular values 61 = 62 =
1,1>63>64> 065 >0, and 66 = 67 = s = 0. This
quantum circuit is the approximated block encoding of
Auw.

Figure 2. Swap test circuit to calculate the inner-
product |[(®|¥)|. The absolute value square |(®|)|* is
the probability of all the measurement being |0).

Figure 3. Hadamard test circuit to calculate
Re (¥|®), which could be inferred from the probabilities
of the measurement result.

Figure 4. Quantum circuit for JwU(u;’l/})qul. All
gates are their complex conjugates.

Figure 5. Quantum circuit of embedded 2-qubit gate.
Ancilla qubit is denoted as a, which is initialized to |0)
state. The second qubit ¢ is the working qubit which v
is acted on.

Figure 6. Block encoding for all v; with o; = 0.
Here the ancilla qubit a is initialized to |0) state. Other
g; for r < j < m are working qubits corresponding to zero
singular values of w.

Figure 7. Swap test circuit to calculate the modu-
lus of the inner-product [(®?|¥?)|. The modulus square
|(®7W4)|* equals to the probability of the measurement
result being |0).
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