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ABSTRACT

On-demand delivery platforms pay riders through incentive activities whose tiers
are set from recent completions of riders with a similar history, so that a little extra
effort earns a clearly stated reward. Operators request such plans for changing
periods, rider populations, payment rules and budgets, days ahead and within
minutes, often for holidays or bad weather where randomized trials are scarce and
take months to collect. We present a request-driven framework that composes four
stages—conditional prediction, population reduction, trajectory integration and
budget allocation—through seven replaceable modules that exchange conditional
trajectory laws, whose award probabilities and award-marked moments give pay-
ment and uplift for any activity rule. To shorten a long randomized campaign, a
response-correction step reweights trajectories from abundant no-offer history to
match the moments of a short pilot. We prove that, on a fixed plan menu and given
the stage errors, the end-to-end value loss is bounded by the sum of four stage
terms—synthetic data, moment matching, integration and decision—with constants
that cannot be improved from the final tables, and that for every stage there are
instances on which omitting it leaves an error floor the others cannot remove. On
3,000 riders over 45 weekly origins, re-drawing trajectories and solving exactly for
every request takes 117.8 s per week-long request against 3.07 s for the framework;
including the one-off sampling pass, all 127 windows of a week are answered
11.04 x faster with identical scenarios and at most 0.92% value lost by the alloca-
tion on the audited week-long tables, a gain that comes entirely from reuse, while a
point forecast, independent days or an equal budget split each lose accuracy. Cities
held out of training keep their plan-cost error within a pre-set margin (change
+0.003 [—0.018, +0.020]). On 24 new controlled response laws, with the plan, the
optimum and validity all judged within 20% of the budget, the response correction
with a one-week pilot lowers regret by 51.2% relative to a trial with the same
nominal randomized rider-weeks (53.6% in the stricter pre-specified 10% band),
and on these week-long requests with exact summation a four-week pilot, with
4.5 times fewer randomized rider-weeks, comes within +0.007 [—0.012, +0.027]
of an 18-week trial. In the registered primary conditions of two studies where
windows, populations, rules and binding budgets change from request to request,
the framework’s regret is below that of a trial with the same nominal rider-weeks
and below that of dose interpolation of the same pilot data at every pilot length, and
reusing its one-off preparation answers 60 requests 14.1x and 2.70x faster than
re-running the pipeline for each, with identical answers. When the paid window or
a selected subpopulation changes behaviour, a window-aware correction lowers
one-week regret by 0.195 against direct reuse. Against a nine-offer trial fitted with
the framework’s own dose curve, one-week regret is 0.055 lower; 73.5% of the gain
over per-offer fits of that trial comes from sharing the tilt across offers. Public retail
data and three payment rules confirm the transfer with identical exact outputs.
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1 INTRODUCTION

On-demand meal delivery depends on the people who carry each order from a restaurant to a customer.
Large platforms obtain much of this capacity from crowdsourced couriers, usually called riders, who
decide for themselves when to log in and how many orders to accept (Savelsbergh & Ulmer, 2022;
2024). Demand, by contrast, peaks at meal times, in bad weather and on holidays. When too few
riders are active, orders go unaccepted and are cancelled; one large platform reports several hundred
thousand such cancellations a day (Wu et al., 2022). Platforms therefore add budgeted incentive
activities to per-order pay. A typical activity reads “complete 40 deliveries this week for an extra
reward; complete 55 for more”, possibly with a per-completion rate that steps up at each tier or a
condition on the number of active days. The tiers are set from recent completions (here, quantiles of
the weekly volume of the rider’s layer), and this is what can make the activity effective. Threshold
incentives change behaviour only while the threshold is still ahead (Liu et al., 2023), and effort is
shaped by income targets (Chen et al., 2022; Allon et al., 2023): a tier the rider would reach anyway
pays for no extra work, and a tier far out of reach is ignored. A well-placed tier sits just above the
rider’s usual volume, so that a little extra effort, freely chosen, earns a clearly stated reward, with the
aim of serving customers faster when service is scarce. The planning task is to place every tier at that
point, for thousands of riders, within a fixed budget.

Operators express this task as a request. They name a rider population, an activity window (any subset
of the coming days), an activity rule and a budget band, and they need a plan days before the window
opens, within minutes. A week of n days has 2" windows, so one model per window is impossible
and forecasts must be composable; payments are step functions of completions, attendance and
thresholds, and rules differ between activities; and the campaigns that matter most fall on holidays
and days of severe weather, where history is thinnest. Placing tiers also requires the response of
completions to each candidate offer, and the clean way to measure it, a randomized controlled trial
(RCT), is slow. An offer’s effect is observed only after its window has closed and settled, and each
group—offer cell needs many rider-weeks: nine offers for five rider groups, with 1,024 randomized
observations per cell at 512 riders per group and week, occupy 18 weeks, longer than the campaign
the trial should inform. Experimental data are scarce while no-offer history is abundant, a tension
well known in causal inference (Kallus et al., 2018; Athey et al., 2020; 2025).

We present a request-driven framework built from four stages and seven replaceable modules (Fig-
ure 1). Prediction (M1-M3) turns pre-offer histories into per-rider, per-day completion laws from
which any window is composed. Reduction (M4) groups riders into a few activity layers, each
receiving one plan, which reduces a portfolio search over individuals to a small multiple-choice
problem. Integration (M5-M6) corrects the no-offer law for the offered incentive and compiles joint
trajectories into award probabilities: every rule, however complex, reduces to probabilities of nested
award events and marked moments, from which expected payment and uplift follow (Section 3).
Allocation (MT7) selects one plan per layer inside the budget band and returns executable rewards.
Every element of the request is a hyperparameter of a downstream stage, so a new period, population,
rule or budget reuses every upstream output whose inputs are unchanged. The correction in M5
is designed to shorten the long trial: abundant no-offer history supplies the shape of each group’s
trajectory law, a pilot of one to four weeks at three offers supplies a few offer-specific moments, and
history reweighted to match those moments stands in for every offer.

Contributions. (i) A general framework whose four stages exchange fixed intermediates—per
rider-day laws, activity layers, award probabilities and per-layer plan menus—so that a new period,
population, activity rule or budget is answered by changing hyperparameters while the response
law it relies on stays valid, and each stage can be replaced and priced on its own (Sections 2-3).
(i1) A history-anchored response correction from a short pilot, tested on controlled laws against a
trial with the same nominal randomized rider-weeks and an 18-week trial, and in two registered
studies in which windows, populations, rules and binding budgets change from request to request, one
with a new rider-level generator whose response depends on the rule, and against stronger controls,
including the trial fitted with the framework’s own dose curve, and behaviour-changing windows and
subpopulations (Section 5). (iii) A four-term loss decomposition—synthetic data, moment matching,
integration and decision—with a conditional end-to-end perturbation bound on a fixed plan menu,
constants that cannot be improved from the final tables, lower bounds attained by the statistical
chain itself, and, for each stage, instances on which omitting it leaves an error floor that the other
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Figure 1: Request-driven framework: four stages and seven modules. Dashed chips are inputs
(request fields, candidate plans, activity rule, budget band, short pilot); arrows show data flow
between modules. Predict (M1-M3) gives every eligible rider a conditional completion law; Reduce
(M4) merges riders into activity layers with plan menus; Integrate (M5-M6) tilts the no-offer law to
short-pilot moments and scores every plan by a weighted sum over stored samples of the corrected
law, an exact sum when the trajectory types can be enumerated; Allocate (M7) chooses one plan per
layer inside the two-sided budget band and returns the rewards that attain it. The bar names the four
terms of the end-to-end bound (Proposition 1); the table marks what a new request recomputes.

stages cannot remove; with the ablations, this shows that every stage of the combination is needed
(Section 3). (iv) An evaluation against the practices a platform would run instead, reporting the
accuracy given up, the time saved and the accuracy on cities left out of training (Sections 4-6).

2 REQUESTS AND THE FOUR-STAGE FRAMEWORK

Request. At issue time g a request = (Z, W, z, I', B) names an eligible population Z, an activity
window W (a subset of the forecast days), context = (meal periods, weather, supply and demand), an
activity rule I' and a budget set 3. A partition G = {G1, ..., G} of Z assigns plan a; € A, to group
l; a plan specifies ordered thresholds, rewards or rates, eligible orders and attendance conditions. Let
Z;(a) be rider #’s activity trajectory in W under plan a, ¢g;(Z;(a), a) the payment defined by the rule,
and V;(a) an outcome such as completed deliveries. With Hy, the pre-offer history,

ala) =Y Elgi(Zi(a),a) | Hy,zl,  wla) =Y E[Vi(a) = Vi(0) | Hy,a], (1)

i€Gy i€Gy

where plan 0 is the no-offer baseline. The planner solves the multiple-choice problem

max Zﬁl(al) subject to Z@(al) € B, )
1

a €A, .

with v; = w; for pure uplift, or v; adding a monetary score for the probability that group spend stays
within £20% of its prediction. The band is part of the request: operations tolerate B = [0.8B,1.2B],
a stricter [0.9B, 1.1B] keeps spend closer to the budget, and an upper cap B = [0, B] is a special
case.

Why four stages. Each stage removes one source of hardness. Per rider-day laws remove the 2™
windows: one forecast composes any window. Layers remove the individual search: L layers with
| A1| plans each leave [, |.A;| portfolios instead of one plan per rider. Award probabilities remove the
dependence on the rule: every rule is integrated from the same trajectories. Budget allocation removes
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the coupling between layers: a single program over the band replaces a search over portfolios. The
price of each removal is an approximation error. Section 3 shows that the errors of the estimation and
allocation stages add at the allocation interface on a fixed menu; the price of reduction, restricting
riders to layer menus, is measured rather than bounded.

Four stages, seven modules. The framework maps a request through fixed intermediates (Algo-
rithm 1 in Appendix I lists the steps),
M4 M5-M6

(Hipor) 225 By G A{A} 22 (G(a),ti(a)}) 5 @ 3)
Prediction. M1 ranks riders by expected response, M2 selects the eligible roster and M3 forecasts a
completion distribution for every rider and day. Day-level laws are coupled across days by reordering
each rider’s forecast days according to the ranks observed in the rider’s own history, so that any
window W is composed from one forecast pass. Reduction. M4 orders riders by recent activity,
merges them into contiguous activity layers and shrinks each menu only in ways that cannot remove
a feasible optimum: under a sole cap it drops a plan when another costs no more and is worth no less;
under a band with a floor only when another plan of the same cost is worth no less, since a cheaper
plan may fall below the floor (Lemma 1). Integration. M5 turns the no-offer law of each layer into an
offer-conditioned trajectory law (below), and M6 integrates the rule over it as a weighted sum over
stored trajectories, which is the exact sum when the trajectory types can be enumerated,

(@(a),01(a) = Y wa(a1(Z” (), 0), (2 (a),0), @, 20, Y wo=1, (4

with wg the law’s probability of type s, or the normalized law weight of stored joint sample s when
types cannot be enumerated. Allocation. M7 solves Eq. (2) by exact enumeration or by a dynamic
program over a budget grid, a multiple-choice knapsack (Sinha & Zoltners, 1979); along affine reward
paths the program runs over piecewise-affine score segments and returns the same objective and
reward backpointers as dense exact allocation (Appendix I.1). Every returned plan carries rewards
that attain its reported payment.

Synthetic trajectories from a short pilot. Let p?(z) be the no-offer law of layer [ over trajectory
types z, estimated from history, and ¢(z) low-dimensional trajectory features (normalized completions
and active days). For each piloted offer a the correction is the minimum relative-entropy law that
reproduces the pilot moments ¢; 4,

@a(2) o p(2)exp(Nad(2),  Eq,[8] = dra, )
an exponential tilt solved by Newton’s method on the convex dual (Csiszar, 1975). Offers between
pilot points interpolate \ piecewise linearly in the reward increment, with A = 0 at the no-offer plan.
Integration then sums the rule over g; o, by Eq. (4), with no redraw; redrawing .S trajectories from ¢; ,
only adds Monte Carlo error and is an ablation. History fixes the shape of the law and the pilot fixes
how the offer moves it, so a pilot of one to four weeks at three offers is meant to stand in for a trial
over every offer (Section 5 measures how far it does).

Generality. A new window selects other day coordinates of the same forecast; a new population
re-runs M2-M4 on stored laws; a new budget re-runs M7 only; a new rule changes the payment
function in M6 and, when it changes behaviour, the pilot moments in M5. Reusing stored laws is
exact for computation; reusing a response correction assumes the response is unchanged, so a new
city, season or rule that may change behaviour calls for its own pilot. Any activity whose payment is
a function of the trajectory enters through Eq. (4), so fixed prizes, per-completion rates, attendance
awards and their combinations share one pipeline. Group-additive allocation assumes no response
interference between groups; joint chance constraints would need an additional state in M7.

3 AWARD PROBABILITIES AND THE FOUR-TERM LOSS DECOMPOSITION

One intermediate for every rule. For one rider and plan, let £y O --- O E; be nested award
events, including attendance and eligibility conditions, with award probabilities p; = Pr(E; |
a, Hy,,x) and py+q1 = 0. If only the highest achieved fixed prize R; is paid,

J
Elgl = R;(p; — pjs1); 6)
j=1

4
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if the activity pays rate p; on every eligible completion at the highest achieved tier,

J
Elg] =Y (p; —pi-)ENY{E;},  po=0, )

Jj=1

with Y the eligible completions. Award probabilities and award-marked moments therefore carry
everything a rule needs; the rule itself selects which of them are integrated. Expected spend is additive
over riders without any independence assumption, whereas its variance and the probability of staying
in a band depend on the joint law, which is why M6 integrates joint trajectories rather than marginals:
rules with equal expected payment and award probability can differ in budget risk (Appendix I).

Four-term loss decomposition. For every layer [ and plan a the framework passes through a chain
of trajectory laws: the true offer law P; the best synthetic law P%Y", which applies Eq. (5) to the true
no-offer law with population moments at the piloted offers and the framework’s own interpolation of
A elsewhere, so that the interpolation bias at unpiloted offers belongs to this term and does not shrink
with the pilot; the moment-matched law P™™, which uses the estimated no-offer law and the pilot
moments; and the integrated law P™, which is P™™ under exact summation and a finite-sample
law otherwise (weighted stored samples, or S redrawn trajectories in the sampled ablation). Law k
induces tables (cl(k)7 vl(k)), and allocation finally works with tables (c°°, v4¢) on its budget grid,
which equal (c¢™*, v'"*) under exact enumeration. For k € {syn, mm, int, dec} with predecessor
k™ in this chain, let e} = ), max,c 4, \cl(k) (a) — cl(k )(a) , define €} in the same way, and put
E.=%,¢cfand E, = ), €}. With Bs = [b+ 6,b — 0], let V*(9) be the best true value among
portfolios whose true expected spend lies in Bs, and w(d) = V*(0) — V* () the value carried by the
outer margin ¢ of the band.

Proposition 1 (Four-term decomposition on a fixed menu). Suppose some portfolio has true expected
spend in Bap,, and the planner returns @ with ¢3°°(a) € Bg, and v4°(@) > max{vi®(a) :
cd*(a) € Bg,} — n. (i) Upper bound. The true expected spend of a lies in B, and

V*0) —v(@) < w(2E.) 4 2(elyn + Etum + Etne + Edlec) T 11- ®)

On a finite menu V'* is a step function, so the relevant control is a discrete margin: w(2E.) = 0 when
an optimal portfolio has true spend in Bag,, and if w(0) < k0 on [0, 2E,] the right side is at most
>k 2(kes, +€}) + n. (ii) Lower bound for tables. For any nonnegative stage errors there are table
instances on a fixed menu with exactly these errors on which Eq. (8) holds with equality and on which
every deterministic planner that sees the final tables and keeps the true spend in B for all truths
consistent with them loses at least w(2E.) + 2E,. Without the tightening, the true spend can leave B
by E.. (iii) Error floors of omitted stages. There are instances on which, with the other stages exact,
omitting one stage leaves an error that their accuracy cannot reduce: without the pilot correction
the entire uplift is invisible; two matched moments without the history shape leave the probability of
reaching a threshold t standard deviations above the mean undetermined within 1/(1 + t2); plug-in
means instead of trajectory integration misprice a threshold prize by half; and an equal budget split
can forfeit the entire value.

The proposition is a conditional perturbation bound on true expected spend, given the stage errors and
the tightened band. It is relative to the layer menus: the value given up by restricting individuals to
layer menus enters only through V*, and on rider records alternative layerings are compared directly
(Table 2). Part (ii) shows that no planner seeing only the final tables can improve the constants. For
the chain of laws itself, the I-projection attains the constant of the synthetic term exactly, and the pilot
and sampling terms are attained in order but not in constant (Proposition 3).

Why the combination is accurate and fast. Costs and pure-uplift values are expectations, hence
linear in the trajectory law, so errors of the four stages add at the allocation interface instead of
compounding: a value error costs at most twice its size and a cost error at most 2x times its size
under the growth control w(d) < kd (Eq. (8)). Each term is driven by a different resource and shrinks
independently: the synthetic term by the part of the response that the matched features do not explain,
the moment term as /2 in pilot size for a given base (an estimated base adds the term of Lemma 6),
the integration term as S~'/2 and to zero under exact summation, and the decision term by one grid
step per layer with upward rounding, half a step with nearest rounding (Appendix J). Corollary 1
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states the rates in expectation: they hold for entries with a fixed integrand, such as uplift and payment,
and, under the margin condition of Corollary 1(b), for a stability score centred at the estimated mean.
The stage errors belong to the compiled tables, not to a request, so every budget and weight answered
from the same tables inherits the same bound; this is why paying for the upstream stages once gives
large speed-ups at no additional loss. On a given instance errors may partly cancel, so the ablations
below measure what each stage buys in practice.

4 RIDER RECORDS: ACCURACY GIVEN UP AND TIME GAINED

Data and protocol. The rider panel holds daily completed deliveries of 3,000 riders over 595 days
in 2025-2026 across 17 separately modelled cities and one pooled node. We replay the framework at
45 weekly origins with three sampling seeds: models are refit at each origin on data before it, and
each seven-day window is planned before its outcomes are read. Plans combine three tier shapes,
six active-day requirements and six reward levels, 108 plans per layer, so five activity layers give
108° ~ 1.5 x 109 portfolios; budgets are upper caps at 3 = 0.5, 1.0 and 1.5 times the realized cost
of a reference plan, so they are set in hindsight. Because every plan is scored against the completions
riders actually recorded, the replay measures what a plan must get right before any behavioural
response: who attains which tier and what the plan costs. A plan’s value is the number of deliveries
completed by riders who reach an award, its cost the reward paid; plan-cost error is the median
absolute relative error between predicted and realized plan cost over plans with nonzero realized cost
(the 810 of 72,900 plans that pay nothing are excluded), and regret is measured against the exact
optimum on the realized records. Recorded completions do not respond to a plan, so value does not
depend on the reward level, and the budget binds in hindsight only in the Spring Festival week (3
of 135 units at 8 = 0.5). The replay therefore tests pricing and computation (M3: gradient-boosted
quantiles with rider shares, Appendix A); Section 5 tests the choice of reward level and allocation
under a binding budget. Intervals resample origins (Appendix A).

What the framework is compared with. We compare with the most accurate practices a platform
would otherwise run, each exact or unbiased for the step it replaces: re-drawing trajectories for the
requested window and solving exactly, request by request; one exact plan per rider; a mixed-integer
program per request (Sinha & Zoltners, 1979) solved to optimality (Huangfu & Hall, 2018); and a
trial long enough to observe every offer. Table 1 reports the accuracy given up and the time saved.

Near-lossless and much faster. Against re-drawing and solving exactly for every request, the
framework gives up nothing in the trajectories and almost nothing in the allocation, while a week-long
request takes 3.07 s instead of 117.8 s. The 3.07 s follow a one-off sampling pass of 114.2 s per origin,
the only cold-start cost. Charging that pass to the framework, eight windows are answered 1.81 x
faster and all 127 windows of a week take 12.2 instead of 131.1 minutes, 11.04x faster (Figure 2b;
9 timed origins, fixed before the run); solving one plan per rider is out of reach, which is what
population reduction buys. The gain is reuse of the sampling pass, and it follows from the interface:
the per-day laws are fixed before a request arrives, so one forecast serves every request (Table 5).

Every stage earns its place. Table 2 replaces one stage at a time by the cheaper practice it displaces.
Distributional prediction is the largest single gain: a point forecast raises plan-cost error from 0.215
to 0.660 and median award-rate error from 4.0 to 66.9 percentage points. Joint integration is next:
composing days independently raises plan-cost error by 1.51 %, and a simplified normal baseline
defined here (window totals normal, tiers priced without the truncated-moment term) by 2.46x;
its award rates for five- and six-day plans fall 10.31 points below those of the joint law, exactly
where attendance persists across days. Equal-width buckets change the layer menus and raise regret
against the same hindsight optimum from 0.37% to 0.78%, and splitting the budget equally across
layers gives up 15.7% of the value found by the budget program. On the realized five-layer records
the grid program equals the exact optimum in 134 of 135 main-grid instances (largest loss 0.69%;
Appendix L.1).

Cities left out of training. The replay refits every model weekly on all cities, as the framework
does in operation. A held-out condition fixed before the runs removes the evaluated cities from
training (Appendix A.1): cities removed in four folds (45 origins) and forecast from their riders’
own history keep plan-cost error at 0.343 against 0.340 for the reference that trains on them (paired
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Table 1: Accuracy given up and time gained against the most accurate way to answer the same
request without the framework, on the same inputs. Speed-up: median of paired ratios (mixed-integer
program: ratio of geometric-mean times); brackets: interquartile range or 95% interval over laws.

Alternative per request  Accuracy the framework gives up Time: alternative —  Speed-up
framework

Rider records: 3,000 riders, 45 weekly origins, five activity layers
Re-draw trajectories and none in the scenarios (1,431/1,431 117.8s — 3.07sper  38.6x [30.8, 43.0];

solve exactly requests identical); allocation loses ~ week-long request 11.0x over 127
value in 3/405 instances, at most requests with the
0.92% one-off pass

One plan per rider, exact not measurable: the exact plan did  unfinished — 4.05s  —
not finish within 3 hours and 190 GiB per table

of memory
Controlled response laws: 18 laws x 8 replicates, 33 budgets each (Section 5)
Randomized trial over  relative regret (planned and scored 9,216 — 2,048 4.5x fewer
all offers within 20% of budget) 0.113 — 0.121 nominal randomized

(4+0.007 [—0.012, +0.027]) witha  rider-weeks per group
4-week pilot; a trial with the pilot’s (18 — 4 weeks)
rider-weeks: 0.421 with 1 week

(framework 0.205) and 0.225 with 4

Public retail (M5) and three payment rules (Section 6)

Re-draw and solve none: identical scenarios, value lost  84.8s — 4.36's per 20.0x [18.9, 21.2];
exactly (M5, 3,000 in 0/405 tables request 7.11x over 127 with
series) preparation

Mixed-integer program  none: the budget program is exact on paired on conditions 1, 9, 33 requests:
per request, model kept  65,340/65,340 requests; the MIP on  both solve exactly 1.08, 7.6, 20.9x
between requests (396 65,315 (raw) and 65,335 (envelope) (envelope 1.06, 2.5,
conditions) 5.5%)

Table 2: Rider records, 45 weekly origins x 3 seeds, five activity layers. Each row replaces one stage
of the full framework by a cheaper alternative. Ratios are of origin means with 95% intervals over
origins. Regret at budget fraction 0.5. *45 origins x 3 budget fractions.

Stage Full framework Cheaper alternative Accuracy change

Prediction per rider-day distribution point forecast plan-cost error x3.08 [2.48, 3.81]

Reduction activity layers equal-width buckets regret 0.37% — 0.78%

Integration joint law across days independent days plan-cost error x1.51 [1.33, 1.74]
simplified normal x2.46 [2.02, 3.01]; 5-6-day award -10.31 pp
plug-in mean x1.85[1.58, 2.19]

Allocation budget-grid program equal budget split value —15.7% [13.8, 17.4]

exact solver (reference) loss 0 in 134/135™; max 0.69%

change +0.003 [—0.018, +0.020]), within the pre-set margin of 0.045. On these riders every stage
replacement again loses accuracy (Table 8).

5 SYNTHETIC TRAJECTORIES AND A SHORT PILOT VERSUS A LONG TRIAL

Design. Behavioural response cannot be read from logged completions, so we test the response-
correction step M5 on controlled response laws where the truth is known; every other stage is fixed.
We draw 24 new laws in four families of six (saturating, threshold and hump responses combined;
saturating only; threshold only; none), each with five rider groups under three payment rules, nine
offers per group and 32 weekly trajectory types; allocation enumerates all 9° portfolios for 33 budgets,
and every request covers the whole week and all five groups. Every replicate (eight per law) gives each
method its own data: 4,096 no-offer weeks per group; a long RCT of 1,024 randomized observations
per group and offer, which at 512 riders per group and week takes 18 weeks; a same-calendar RCT
that spreads the rider-weeks of a pilot evenly over all nine offers; and the framework, which runs
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Table 3: Relative regret (lower is better), 18 response laws x 8 replicates x 33 budgets, pilot of 1/2/4
weeks; planning, optimum and scoring within 20% of the budget or 10% (pre-specified). Indented
rows change one stage (others: Table 9). Validity (%): issued plans with true expected spend in the
10% band, all 24 laws.

Within 20% of budget ~ Within 10% (pre-specified)

Method 1wk 2wk 4wk 1 wk 2 wk 4 wk
Long RCT, 18 weeks (business alternative) 0.113 0.130
Same-calendar RCT 0.421 0.313 0.225 0.542 0.383 0.264
Framework (tilt, exact sum) 0.205 0.159 0.121 0.252 0.186 0.136
sampled integration (S = 2,048) 0.245 0.197 0.163 0.286 0.223 0.189
without history (pilot frequencies) 0.603 0.560 0.527 0.658 0.611 0.569
Validity (framework / same-calendar) 80.3/53.2 83.5/69.0 87.5/76.5

Table 4: Two registered studies with changing requests and binding budgets (registered primary
condition, 36 response laws each; relative regret within 20% of the budget). A: fresh laws from the
generator of Table 3; B: a new rider-level generator with a rule-dependent response. Speed-up: 60
requests, one-off preparation charged, against re-running the pipeline per request.

A: integrated study B: new generator

Pilot 1wk 2wk 4wk 1wk 2wk 4wk
Same-calendar RCT 0.391 0.296 0.216 0477 0.326 0.240
Framework 0.220 0.172 0.148 0.188 0.150 0.116
Dose interpolation (same information) 0.227 0.177 0.154 0.210 0.171 0.131
Independent days (least costly replacement) 0.311 0.292 0.296 0.198 0.158 0.124
Budgets that bind (%, all 48 laws) 72.3 75.0

Speed-up, 60 requests 14.1x 142x 143x 2.70x 2.72x 2.78x

the pilot at three offers for one, two or four weeks, corrects history by Eq. (5) and, since the 32
types can be enumerated, sums the rule exactly over the corrected law, which removes the integration
term (Lemma 7); drawing S = 2,048 trajectories instead is an ablation. Samples are independent
across indices, each with one weekly shock shared by all cells; weeks convert nominal rider-weeks at
512 riders per group. The endpoint is relative regret of pure uplift against the true optimum in the
request’s band; an abstention scores zero, and so does a plan whose true expected spend leaves the
band. We report the operating band [0.8 B, 1.2B], in which every method plans and is scored and the
optimum is taken (chosen after the runs), and the pre-specified, stricter [0.9B, 1.1 B] alongside, which
the appendix tables of this design use. Laws are the unit of inference (18 laws with a response; the 6
null laws check validity only), with 95% intervals by bootstrap over laws. Arms were specified before
the runs, after one disclosed development run whose exclusion changes no conclusion (Appendix B).

Results. Table 3 gives three findings; the pre-specified 10% band is in parentheses and is the one
plotted in Figure 2a (Appendix B). First, for the same nominal randomized rider-weeks the framework
is far better than randomizing the pilot over all offers: regret falls by 0.215 [—0.261, —0.173] with
a one-week pilot, 51.2% lower (53.6%), by 0.155 [—0.198, —0.115] with two weeks and by 0.105
[—0.140, —0.071] with four (at 10%, intervals also below zero). Second, with exact summation
on these week-long requests, a four-week pilot, with 4.5 times fewer randomized rider-weeks,
comes within +0.007 [—0.012, +-0.027] of the 18-week trial (+0.006 [—0.013, +0.024]); sampled
integration, the pre-specified arm: Table 22. Third, each stage is needed against the replacement tested
for it (10% scoring): dropping history, moment matching or joint integration raises one-week regret by
+0.406, +0.404 and +0.331, and an equal budget split on the exact tables raises it by +0.610, each
interval excluding zero; drawing 2,048 trajectories instead of summing exactly raises it by +0.039
[+0.017, 40.064] (+0.035 [+0.010, +0.061]). With the truth known, only the moment-matching
term of Eq. (8) shrinks with the pilot, at the /2 rate per doubling of Corollary 1(a) (Table 10).

Changing requests, binding budgets and a new generator. The design above fixes the request.
Two further registered studies let behavioural response, changing requests and binding budgets occur
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together (Table 4; Appendices C and D). Each replicate issues 60 requests with a random window
among the 127 subsets of the week, a random population and rule, and budgets at 0.3, 0.5 and 0.7
times the cost of the request’s unconstrained optimum; the framework prepares its laws once per
origin, and the preparation is charged. Study A draws 48 fresh laws from the generator above. Study
B uses a rider-level generator unrelated to it: six groups of 16 latent rider types with day-of-week
activity, a response that depends on the rule shown, and weeks that cannot be enumerated, so every
request is integrated as a weighted sum over 4,096 stored weeks per group. In the registered primary
condition of both studies, both registered hypotheses hold (Table 22): regret is below the same-
calendar trial’s at every pilot length (by —0.171 [—0.201, —0.140] and —0.289 [-0.311, —0.267]
with one week), and reusing the prepared laws for 60 requests is faster than re-running the pipeline
for each, with identical answers. Every stage replacement loses accuracy, and dose interpolation of
the same history and pilot data, a same-information control, has higher regret at every pilot length
(+0.007 [+0.004, +0.010] and +-0.022 [4+-0.018, +0.027] with one week). In three more registered
studies all hypotheses hold (Appendix E): at matched cache the framework beats a history-anchored
tilt of the trial fitted per offer and a normal law with exact truncated moments, it beats the trial
under shared calendar-week shocks, and request-aware reuse beats direct reuse when windows or
subpopulations change behaviour. The third fits the trial jointly with the framework’s own dose curve
(Table 17): at the same parameterization the framework’s regret is lower by 0.055 [0.051, 0.059]
at one week (0.052 and 0.060 at two and four), and of its one-week advantage over the per-offer
tilt, sharing the tilt across offers accounts for 73.5% [72.1, 74.8] and placing the pilot at three offers
for 26.5% (68.3% at four weeks). In a fourth, five history layers retain 94.6% [94.4, 94.8] of an
individual-level optimum, against 82.5% for one plan per group.

6 TRANSFER ACROSS DOMAINS AND RULES

The same modules serve other domains and rules by changing inputs and hyperparameters only; both
sides of every comparison get the same laws, menus and budget bands, and every output is checked
against exact allocation (Appendix G). M5 sales (Makridakis et al., 2022a;b) follow the same rule
as a supplier’s tiered rebate to a store. Designed on riders and run unchanged on 3,000 item—store
series, law reuse cuts the median request from 84.8 s to 4.36 s (paired 20.0x) with identical scenarios
and identical exact values on all 405 tables; charging the 80.63 s preparation to the framework, it is
1.66x,3.92x and 7.11 x faster for 8, 32 and 127 requests per origin. An active-day rule reuses the
same laws through joint histograms, with all 14,580 answers identical to direct settlement. Across
fixed prizes, per-completion rates and attendance awards (396 conditions), the budget program reuses
its value curve and resolves all 65,340 requests exactly, whereas a mixed-integer program per request
leaves 25 (raw) and 5 (envelope) unresolved and is 20.9 x and 5.5x slower at 33 requests (Table 1).

7 RELATED WORK

Response or uplift models feed budgeted allocation in marketing, sometimes trained with the decision
or summarized by budget—value curves (Zhao et al., 2019; Albert & Goldenberg, 2022; Ai et al., 2022;
Zhou et al., 2024; Sun et al., 2024; Zhang et al., 2025; Yang et al., 2026; Cong et al., 2025); delivery
bonuses, driver subsidies and rider incentives are allocated in the same spirit (Wu et al., 2022; Chen
et al., 2024; Yang et al., 2025; Chen et al., 2026; 2025). Here the decision unit is a multi-day threshold
activity whose payment depends on the whole trajectory, and every request may change window,
population, rule and budget. Our allocation stage extends multiple-choice knapsacks and graphical
Bellman algorithms (Sinha & Zoltners, 1979; Kameshwaran & Narahari, 2009; Gafarov et al., 2014)
to two-sided budget bands and reward traceback. Where small experiments are combined with
observational data to estimate effects (Kallus et al., 2018; Athey et al., 2020; 2025), our pilot corrects
history for planning by entropy balancing (Hainmueller, 2012) on offer-conditioned trajectories
coupled across days by rank (Clark et al., 2004; Schefzik et al., 2013), and its error is priced as its
own term of an end-to-end bound.

8 CONCLUSION

Four stages exchanging conditional trajectory laws answer changing requests while the response law
stays reusable; a window-aware correction covers behaviour-changing windows and subpopulations.
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The four-term decomposition prices every stage, every cheaper replacement loses accuracy, and reuse
answers all windows of a week 11.04 x faster at almost no loss. In registered controlled studies the
framework beats equal-effort trials, same-information controls and the trial fitted with its own dose
curve. Rider records support pricing and computation; response evidence comes from controlled
studies.
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A RIDER REPLAY: PROTOCOL AND TIMING

Panel and calendar. The panel holds daily completed deliveries of 3,000 riders from 2025-01-01
to 2026-08-18 (595 days), recorded per rider, city and day; a missing rider-day means no recorded
completion. Seventeen cities with enough riders are modelled as separate nodes and the rest are
pooled. No feature uses information from after the origin. Forecast origins are 45 consecutive weeks;
every model is refit at each origin on data up to the origin, and a request window is any subset of the
seven days that follow.

Stages as run. The replay instance of M3 combines quantile gradient-boosted forecasts of node
totals with per-rider share and concentration models into per rider-day completion distributions
(Table 21 lists a recurrent network as another instance of M3); R joint samples per origin and seed
are coupled across days by reordering each rider’s forecast days according to the ranks observed in
the rider’s own 182-day history. Reduction forms five activity layers (or three coarser ones) from
participation in the preceding 28 days. Integration averages each plan’s payment and value over the
R joint samples. Allocation solves the multiple-choice problem on a 400-point budget grid with costs
rounded up, so every portfolio it finds respects the cap; the exact reference enumerates each layer’s
menu after cost—value dominance, which is exact here because every budget is a sole cap (Lemma 1).
The main-grid instances in which the grid program loses value fall in the Spring Festival week.

Plans, value and budget. A layer’s plan is a ladder of three rungs, an active-day requirement
d € {0,2,3,4,5,6} and a reward level p € {0.25,0.5,0.75,1,1.5,2} (108 plans; a coarse grid
keeps 18 and a day-requirement grid keeps d € {5,6}). The rungs are the 50/70/85%, 60/80/92%
or 40/65/85% quantiles of the layer’s seven-day totals over the 182 days before the origin. With Y;
the rider’s window completions, D; its active days and J; the highest rung reached when D; > d
(J; = 0 otherwise), the plan pays pm ,Y; with m = (0,1, 1.6,2.4). The value is the award-covered
volume ). 1{J; > 1}Y;. It is a pricing target, not the uplift of Eq. (1): with recorded completions
held fixed, p changes only the cost. No stability weight enters the objective. The budget is a cap
B = j times the realized cost of a reference portfolio (middle ladder, d = 3, p = 1 in every layer);
because this cost is read from the evaluated week, the budget is retrospective, whereas operationally a
request fixes B in advance.

Endpoints and uncertainty. Plan-cost error is [¢ — ¢|/c for predicted and realized plan cost,
summarized by its median over the plans of a unit; the 810 plans (1.1% of 72,900) with ¢ = 0 are
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excluded and counted, all in the dormant layer. Award-rate error is the predicted minus realized share
of riders with J; > 1, over all plans. Regretis (V* — V(a))/V*, with V(@) the realized value of
the portfolio chosen on the predicted table and V* the exact optimum of the realized table of the
full framework’s layering at the same budget; VV* > 0 in every unit. Because every replacement is
graded against this one optimum, regret can be negative: a portfolio that overspends can exceed V'*,
and a replacement with other layers has other menus. The framework’s regret is nonzero only in
the two weeks around the Spring Festival (0.37% on average at 8 = 0.5). Equal split gives every
layer B/ L and takes, per layer, the plan of largest predicted value whose predicted cost fits the share.
The replacements are: a point forecast (rounded per rider-day mean); equal-width buckets of the
28-day active-day count; independent days (the same per-day draws without coupling); a two-moment
normal shortcut (per-rider normal window total; each tier’s payment and covered volume priced as the
mean times the normal tier probability, without the truncated-mean correction; the day requirement
judged on mean active days); and a plug-in mean. Each origin is first averaged over its three seeds;
95% intervals use an origin-block bootstrap (blocks of one and two origins, 20,000 draws, the wider
interval reported). Every origin, including the four Spring Festival weeks, is kept.

Timing. All timings use one CPU core at 45 origins, seed 1 (Table 5). A framework request reduces
the stored per-day draws to the requested days, integrates the rule over the 540 plans and allocates.
The alternative re-draws the per-day samples of the requested days with the same random streams,
re-couples them and runs the same integration and exact allocation; the re-drawn samples equal the
stored ones bit for bit at every request, so the comparison is of time only. Model fitting is needed by
both sides once per origin and is shown separately. The first request takes 2.97 s against 3.07 s for
later ones, so the only cold-start cost is the 114.2 s sampling pass. K = 8 uses all 45 origins; K = 32
and 127 use origins 0, 5, 10, 15, 20, 25, 30, 35, 40, fixed before the run. The complete per-request
alternative of Table 1 (117.8 s) also recomputes the rank template; re-drawing alone takes 114.5s.
By window length, the framework and the alternative take 2.39 and 18.5 s for one day and 5.63 and
101.1 s for six days.

Table 5: Where the time of rider requests goes (seconds; medians over origins, one CPU core). Top:
one week-long request, by step. Bottom: K requests per origin in the fixed order (whole week, seven
single days, remaining subsets); the framework total includes its once-per-origin sampling pass;
speed-ups are medians of per-origin ratios. “Gradient-boosted node quantiles (29.8 s) plus share and
concentration models (189.1 s), needed equally by both approaches. *Speed-up when model fitting is
charged once to both sides.

Step Framework Re-draw per request
Model fitting (once per origin)® 221.3 once 221.3 once
Per-day draws, 7 days 108.7 once 108.7
Cross-day rank template 3.5 once reused
Cross-day coupling 1.6 once 1.8
Window reduction 0.54 0.54
Integration, 540 plans 2.52 2.52
Allocation 0.44 ms (grid) 0.50 ms (exact)
Per request, once-per-origin steps excluded 3.07 114.5
Same, first request 2.97 —

K Origins First Total Perreq. Re-draw Ratio +Fitting®

8 45 117.8 136.1 17.01 2450 1.81 1.31
32 9 117.7 2404 7.51 1410.7 5.87 3.58
127 9 117.7 7345 578 78642 11.04 8.82

Time saved by cheaper shortcuts. Table 6 adds, for the shortcuts of Table 2, the time each would
save. Drawing and coupling trajectories run once per origin; window reduction, integration (2.52 of
the 3.07 s of a week-long request) and allocation run for every request.
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Table 6: Cheaper shortcuts the framework declines, on rider records (five layers, main plan grid).
Accuracy: plan-cost error of the shortcut over the framework’s, or value lost (95% intervals over
origins). Time: the framework’s stage time over the shortcut’s.

Stage Shortcut Accuracy cost of the shortcut Time the shortcut saves
Prediction  point forecast plan-cost error x3.08 [2.48, 3.81] not timed separately
Integration  independent days plan-cost error x1.51 [1.33, 1.74] 1.4% of sampling;
integration x 1.001
Integration  simplified normal plan-cost error x2.46 [2.02, 3.01]; integration 85.8x (3.86s
5—-6-day plans x3.29 per table)
Allocation  equal budget split value —15.7% [13.8, 17.4] 0.51 = 0.01 ms

A.1 CITIES LEFT OUT OF TRAINING

The reference refits the forecasting models at every weekly origin on all cities. For the held-out
condition the 17 separately modelled city nodes are ranked by median daily participation and assigned
to four folds (5/4/4/4 nodes); the pooled node of small cities always stays in training. For each fold
and each of the 45 origins, all training rows of the fold’s cities, and the all-city aggregate rows, are
removed, together with the fold’s contexts in the share and concentration models, and the fold’s riders
are forecast from their own history only. All later stages, menus and budgets are unchanged, and the
seed is that of the reference, so both use the same random streams. At each origin the held-out result is
paired with the reference on the same riders and outcomes; intervals resample origins (B = 20,000),
averaging folds within an origin. The pre-set rule calls a loss immaterial if the upper 95% bound
of the paired increase in plan-cost error at budget fraction 1 is at most 0.045 (the half-width of the
reference’s own interval) and that of selection regret at most 0.01. All 180 runs finished; nothing is
dropped, and a control run that reuses the reference models at one origin reproduces the reference
window exactly. Table 7 gives the result, and Table 8 the stage replacements on the held-out riders.
The design fixed before the runs also contained a condition with models fitted once and left unrefit;
every pre-specified rule and its outcome is listed in Table 22.

Table 7: Cities left out of training, rider records (five-band system, budget fraction 1). Plan-cost error
is the median absolute relative error of predicted plan cost; change = held-out minus reference on the
same riders and outcomes, 95% interval over origins. Pre-set margin: upper bound < 0.045.

Origins / Riders Plan-cost error Within
Condition runs perrun Held-out Reference Change margin

Unseen cities (four folds) 45/ 180 311 0.343 0.340 +0.003 [—0.018, +0.020] yes

Table 8: Stage replacements on held-out riders: replacement minus full framework, budget fraction 1,
95% interval over origins. Prediction and integration are scored by plan-cost error, reduction and
allocation by selection regret. Unseen cities: the condition of Table 7; fit once: models fitted at the
origin of 2026-04-21 and used for the next 16 weekly origins.

Replacement Endpoint Fit once Unseen cities

Point forecast plan-cost error +0.416 [+0.359, +0.472] +0.380 [+0.292, +0.467]
Plug-in integration plan-cost error ~ +0.317 [+0.235, 40.382] +0.123 [40.097, +0.148]
Two-moment normal plan-cost error +0.459 [+0.382, +0.523] +0.205 [+0.167, +0.240]
Independent days plan-cost error +0.202 [4+0.142, 4+0.250] +0.058 [4+0.035, 4+0.080]
Equal-width buckets regret +0.0017 [+0.0006, +0.0028] +0.0046 [+0.0024, +0.0070]
Equal budget split regret +0.048 [+0.021, +0.080] 40.122 [+0.099, +0.145]

B SYNTHETIC TRAJECTORIES AND A SHORT PILOT: DESIGN AND FURTHER
RESULTS

Laws. The 24 laws use the support, offers, payment rules and budgets of Appendix H (five groups,
32 weekly trajectory types, nine offers per group whose reward-rate increments form a 3 x 3 grid,
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Figure 2: (a) Relative regret against pilot length, 18 response laws, 10% scoring; bands: 95% intervals
over laws. (b) Total time to answer K windows per origin on rider records, one-off sampling pass
charged; labels: median paired speed-ups.

group rules fixed award, per-completion, attendance, fixed award, per-completion) with their own
response generator and a fresh seed. With dose x = 2b + t of offer a = 3b + ¢, completions C,
and active days Dy, of type k, base weights wg, € {1,...,17} and a weekly shock z € {0,1}
(probability %, drawn independently for every sample index and shared by all groups and offers at
that index), the no-offer law is proportional to wgySgx () With

Sgk(2) = 64 + ug[2Ck + (1 — 2)(Cmax — Ci)),
and the law under dose z to
WykSqk(2) [256 + agmin(x, 74)Cy + by(x — Tg)ka
+ ¢4 (6 — 2)(Crmax — Ck)],

with integers ay € {1,...,4},b, € {1,...,6},¢4 €{0,...,3}, 79 € {1,...,4}and u, € {1,2,3}.
The combined family keeps all three response terms; the saturating family sets b, = ¢4 = 0, the
threshold family a4 = ¢, = 0 and the null family a4, = b, = ¢4 = 0. The response form is unknown
to every method.

Methods. All methods share exact enumeration over 9° portfolios, the same 33 budgets B €
{0,5,...,160} and the band [0.98, 1.1B]. The long RCT uses offer-conditional frequencies from
1,024 observations per group and offer. The same-calendar RCT uses the pilot’s rider-weeks spread
uniformly over the nine offers. Budgets are nominal: with integer division over offers, the nominal
512, 1,024 and 2,048 rider-weeks per group give 510, 1,023 and 2,046 pilot observations and 504,
1,017 and 2,043 same-calendar observations. The framework pilots offers with increments 0.2, 0.6
and 1.0, solves Eq. (5) exactly for two moments (normalized completions and active days) at each
piloted offer, interpolates the tilt linearly in the increment through zero at the no-offer plan, and sums
payment and value exactly over the 32 types. Ablations change one stage each: sampled integration
averages 2,048 draws per group and offer from the same corrected law; without history uses the pilot
frequencies directly (unpiloted offers take the nearest piloted offer; called “without synthesis” in
the pre-specified rules); without moment matching uses the history law for every offer; without joint
integration evaluates payment and value on the mean trajectory; without allocation splits the budget
equally and lets each group choose its best offer within its share; the pre-specified version ran on the
sampled tables (Table 22), and Section 5 and Table 9 apply it to the exact-sum tables, a re-analysis of
the stored laws without new draws (within 20% of the budget it raises one-week regret by +0.455
[+0.344, +0.571]).

Endpoint. For one replicate and pilot length, relative regret is > . (U} — U,)/ > Ux over the
budgets r whose true optimum is feasible, with U* the optimal true uplift and U, the true uplift of
the issued plan, set to zero for an abstention or a plan whose true expected spend leaves the band.
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Budgets without a feasible portfolio enter only the validity count; a replicate whose optimal uplifts
sum to zero, as in the null laws, has no regret. Replicates are averaged within a law.

Pre-specified design. Design, endpoints, arms, unit of inference and decision rules were fixed
before the runs, with one exception. After a single development run on one law (one replicate,
one-week pilot), the operator was changed from a single tilt with a linear dose to one tilt per piloted
offer at three offers; that law remains in the analysis. The pre-specified primary arm integrated 2,048
sampled trajectories; the exact sum over the 32 types was pre-specified as the finite-pilot arm of the
stage decomposition, and we use it as the default because it removes the integration term (Lemma 7);
the pre-specified rules and their outcomes for the sampled arm are listed in Table 22. Excluding the
development law (17 response laws) leaves every conclusion unchanged: the framework minus the
same-calendar RCT is —0.296 [—0.345, —0.248], —0.198 [—0.243, —0.157] and —0.135 [—-0.169,
—0.101] at one, two and four weeks; the gap to the long RCT at four weeks is +0.004 [—0.015,
+0.023]; and the ablations raise one-week regret by +0.386, +0.391, +0.328 and, for sampling,
+0.034 [4-0.008, +0.061].

The decomposition, measured. Because the truth is known, each term of Eq. (8) can be computed,
Table 10 does so for the sampled variant, which carries the synthetic, moment-matching and integra-
tion terms; allocation enumerates exactly, so the decision term is zero, and exact summation also sets
the integration term to zero. As a separate allocation diagnostic, the budget-grid program is within
0.0015 relative regret of exact enumeration. Lengthening the pilot shrinks only the moment-matching
term: each doubling divides it by 1.40 and 1.41, the /2 ~ 1.41 rate of Corollary 1(a) for uplift; the
synthetic term, which includes the interpolation bias, does not depend on the pilot and is the fixed
price of shortening experimentation. As a heuristic, the decomposition suggests lengthening a pilot
until the moment term is comparable to the synthetic term, which happens at two weeks here; realized
regret keeps falling with a longer pilot (Table 3). Proposition 1 needs the true cost error, so it is an
after-the-fact error analysis; on the 26, 140 and 499 requests (one-, two- and four-week pilots) whose
comparator fits in the band tightened by twice that error it holds without exception.

Table 9: Further stage replacements of the framework (penalized relative regret, pre-specified 10%
scoring, 18 response laws; the first two arms were not rescored at 20%, and the equal split on the
exact tables is also given at 20% in the description of the methods above). Their differences from the
framework are in Section 5.

Replacement 1wk 2wk 4wk
Without moment matching (history only) 0.656 0.656 0.656
Without joint integration (plug-in mean) 0.583 0.599 0.616

Without budget allocation (equal split, exact tables) 0.861 0.860  0.855

B.1 EMPIRICAL CHECK OF THE DECOMPOSITION

In panel A each stage term is measured against the preceding law, exactly as in the proposition, and
the direct error is below the sum of stage terms, as the triangle inequality allows. The synthetic
and integration terms do not change with the pilot, while the moment term falls by factors 1.40 and
1.41 per doubling of the pilot (cost: 1.44 and 1.44), close to the v/2 ~ 1.41 of Corollary 1(a). Part
(1) held on every request where its comparator exists. The check tightens by the direct error E.,
which needs the truth, so it is an after-the-fact error analysis. Among the 4,968 requests whose band
holds a portfolio of true cost, the tightened band still holds one in 26, 140 and 499 (0.5%, 2.8%
and 10.0% at one, two and four weeks), and the bound is below the comparator value, the trivial
bound, in 16, 62 and 290 (0.3%, 1.2% and 5.8%); a rule held to the tightened band would abstain
on the other 4,942, 4,828 and 4,469; realized regrets are reported in Section 5. The grid program
is indistinguishable from enumeration. In panel B the signs follow the mechanisms of Appendix J:
composing days independently understates the 5—6-day requirements and overstates lower ones, the
crossing expected under shared daily shocks; the normal law with attendance evaluated at its mean
fails where attendance binds, the plug-in floor of part (iii); and dropping distributional prediction or
joint allocation costs most. Panel B concerns quantities that can be replayed under the offered plans;
it involves no behavioural response.
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Table 10: Empirical check of Proposition 1. A: controlled response laws with known truth (24
laws x 8 replicates, 33 budgets each), sampled variant (S = 2,048), which carries the synthetic,
moment-matching and integration terms; under exact summation the integration term is zero and the
other terms are unchanged; allocation enumerates exactly, so 4o = 0, and the last two rows of A are
an allocation diagnostic comparing the budget-grid program with enumeration; value errors are uplift
in completions and cost errors are currency units, both summed over five layers (the median optimal
uplift of a request is 14.1). B: rider records, 45 weekly origins x 3 seeds, five activity layers; each
row replaces one stage of the framework and is compared with the framework on the realized records;
intervals resample origins.

A Pilot length 1 week 2 weeks 4 weeks
Synthetic term €5y, / €5y, 592/5.53 5.92/5.53 5.92/5.53
Moment term ey, / €ram 8.82/7.67 6.29/5.31 4.48 /3.69
Integration term &{,,; / €5y (S = 2,048) 3.43/3.00 3.44/3.00 3.51/3.00
Sum of stage terms 18.16/16.20 15.65/13.83 13.90/12.22
Direct error £, / E.. (truth vs. final tables) 11.79/10.88 10.06/9.35 8.89/8.24
Requests with a comparator in By 5, 26/6336 140/6336 499/6336
share of the 4,968 feasible requests 0.5% 2.8% 10.0%
bound below the comparator value 16 62 290
Violations of part (i), tightening by £, 0 0 0
Grid program — enumeration, relative regret 0.0005 0.0015 0.0009
95% interval over laws [—0.0014,0.0028] [—0.0005,0.0038] [—0.0014,0.0033]
B Stage replaced by Mechanism Observed on rider records
Prediction: point forecast plug-in floor, part plan-cost error x3.08 [2.48, 3.81]; median
(ii1) award-rate error 4.0 — 66.9 pp
Integration: independent cross-day award rate —3.07 pp [—3.28, —2.87] on 5-6-day
days dependence plans, +3.32 pp [2.93, 3.69] on the others'; cost
error x1.51
Integration: per-rider normal, two moments; —10.31 pp [—10.97, —9.69] on 5-6-day plans,
attendance at its mean plug-in gate +0.23 pp [—0.19, 0.57] on the others'; cost error
x2.46
Integration: plug-in mean plug-in floor, part +10.17 pp [9.31, 11.03] on the others', —4.11 pp
(iii) on 5-6-day plans; cost error x1.85
Decision: budget grid vs. Lemma 8 zero loss in 134 of 135 five-layer main-grid
exact optimum instances (45 origins X 3 budgets), max 0.69%

(realized-record tables)
Decision: equal budget split allocation floor, part  value —15.7% [13.8, 17.4] at budget fraction 0.5
(iii)
TPlans requiring 0, 2, 3 or 4 active days, derived exactly from the all-plan and 5-6-day means. Award-rate
entries are differences from the framework’s joint law in percentage points.

C INTEGRATED STUDY: CHANGING REQUESTS AND BINDING BUDGETS

Design, endpoints and decision rules were registered, with the simulation code, before the run. One
pre-run check on the first six requests of one law and replicate is disclosed with the registration and
changed nothing. The analysis script was completed after the run and pooled all 48 laws for timing;
H2 is reported here, as registered, on the 36 response laws.

Laws and requests. The 48 laws are fresh draws of the generator of Appendix B, twelve per family
(36 with a response; the 12 null laws check validity and timing only). Behaviour responds to the
offer at the week level, and the request decides which days are paid and counted. Every replicate
issues its own stream of 60 requests. Each request draws, uniformly, an activity window among
the 127 non-empty subsets of the seven days, a population among the 26 subsets of at least two
of the five groups, and one rule for all its groups (fixed award, per-completion rate or attendance).
Tier thresholds scale with the window, max(1, round(¢ |W|/7)) for t € {14, 28,42} completions
or {2,4,6} active days; uplift is the change in completions inside the window. With ¢,¢ the true
expected cost of the cheapest portfolio that maximizes uplift without a budget, the request carries
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three budgets B = SBcpe, 5 € {0.3,0.5,0.7}, which gives 180 budgeted requests per replicate; the
budgets are set from the true law so that they bind, and every method receives the same ones. A
budget binds when its band optimum is below the unconstrained maximum; 72.3% of budgeted
requests bind (over all 48 laws).

Data and methods. Each of eight replicates per law draws 4,096 no-offer weeks per group, a pilot
of one, two or four weeks at 512 riders per group and week spread over offers 2, 5 and 8, and a
same-calendar RCT that spreads the same nominal rider-weeks over all nine offers (with integer
division per cell, 510, 1,023 and 2,046 pilot and 504, 1,017 and 2,043 same-calendar observations
per group for one, two and four weeks); in the registered primary condition reported here, every
sample index has its own weekly shock shared by all cells. The framework prepares its laws once per
origin, from history and pilot only: the history law, the moment-matched tilt of Eq. (5) at the piloted
offers interpolated in the reward increment, and the corrected law of every offer. Each request then
reuses these laws: its tables come from the exact sum over the 32 trajectory types for the request’s
window, population and rule, and its plan from exact enumeration over the 9/P°PU2onl portfolios
in the band. The same-calendar RCT uses its empirical offer laws with the same integration and
allocation. Stage replacements change one stage: the history law for every offer (without moment
matching); pilot frequencies at the nearest piloted offer (without history); payment at the mean
window completions and active days (plug-in integration); days composed independently from
per-day marginals (independent days); the band split equally over the population’s groups (equal
split). We also report the budget-grid program with 1,024 states in place of enumeration and, as
a same-information control, the history and pilot laws interpolated in the reward increment (dose
interpolation). For timing, every request is also answered by re-running the whole pipeline, including
the preparation, from the raw data; its answers must equal the framework’s.

Endpoints and decision rules. Relative regret is computed per replicate over the budgeted requests
whose band optimum exists, scoring an abstention or a plan whose true expected spend leaves the
band as zero; replicates are averaged within a law and 95% intervals come from 20,000 bootstrap
resamples of the 36 response laws. The primary band is [0.8 B, 1.2B], with [0.9B, 1.1B] alongside.
The confirmatory family (Table 22) is H1, the framework has lower regret than the same-calendar
RCT at each pilot length (upper bound below zero), and H2, answering all 60 requests of an origin by
reuse with the preparation charged is faster than re-running the pipeline per request (lower bound
of the law-mean log speed-up over the 36 response laws above zero, every timed answer identical).
The breakdowns of Table 12 are descriptive; a subgroup is summarized over the laws in which it
contains a request with a feasible band optimum (at 5 = 0.3, two laws have none), a correction of the
registered summary made after the run.

Table 11: Integrated study: relative regret (lower is better) on 36 response laws x 8 replicates x 180
budgeted requests, with each request’s window, population, rule and budget drawn afresh. Indented
rows change one stage of the framework; every difference from the framework has a 95% interval
above zero. Validity: share of the framework’s issued plans whose true expected spend lies in the
band, over all 48 laws.

Within 20% of budget Within 10%

Method 1wk 2wk 4wk 1wk 2wk 4wk
Same-calendar RCT 0.391 0.296 0.216 0.527 0.388 0.269
Framework 0.220 0.172 0.148 0.258 0.198 0.164
without moment matching 0.592 0.592 0.592 0.626 0.626 0.626
without history 0.471 0.433 0.404 0.561 0.509 0.470
plug-in integration 0.592 0.604 0.631 0.669 0.672 0.690
independent days 0311 0.292 0.296 0.368 0.340 0.339
equal split 0.699 0.692 0.684 0.902 0.898 0.892
Dose interpolation (same information) 0.227 0.177 0.154 0.265 0.205 0.169
Validity of the framework (%) 932 940 94.1 87.7 90.0 O9l1.1

Results. Framework minus same-calendar RCT is —0.171 [—0.201, —0.140], —0.124 [—0.160,
—0.089] and —0.069 [—0.104, —0.035] within 20% (43.8%, 42.0% and 31.8% lower), and —0.269
[—0.297, —0.240], —0.190 [—0.225, —0.156] and —0.105 [—0.139, —0.073] within 10%. With a
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one-week pilot, the stage replacements raise regret by +0.373 [+0.333, 4-0.412] (moment matching),
+0.251 [+0.191, 4-0.312] (history), +-0.372 [+0.328, 4+-0.417] (plug-in integration), +-0.091 [4+0.068,
+-0.116] (independent days) and +0.479 [+0.392, +0.570] (equal split). The budget-grid program’s
regret differs from that of enumeration by at most 0.001 in every cell, and dose interpolation has
higher regret by +0.007 [4-0.004, +0.010], 4+-0.005 [+0.003, 4-0.007] and 4-0.006 [+0.003, 4+-0.009]
at one, two and four weeks. Table 12 shows that the gain over the same-calendar RCT holds in every
rule, window length, population size and budget level, and Table 13 gives the preparation-charged
timing.

Table 12: Integrated study by request type (within 20% of budget, descriptive): framework regret
and framework minus same-calendar RCT with 95% intervals over the laws in which the subgroup is
defined.

1-week pilot 2-week pilot
Level Laws Framework minus same-calendar Framework minus same-calendar
Rule fixed award 36 0.225 —0.175 [—0.208, —0.142] 0.176 —0.127 [—0.166, —0.089]
per completion 36 0.229 —0.172 [—0.206, —0.138] 0.180 —0.125 [—0.165, —0.087]
attendance 36 0.205 —0.165 [—0.192, —0.139] 0.162 —0.120 [—0.151, —0.089]
Window days 1-2 36 0.221 —0.193 [—0.226, —0.159] 0.173 —0.146 [—0.184, —0.110]
3-5 36 0.219 —0.171 [—0.200, —0.141] 0.171 —0.123 [—0.159, —0.088]
6-7 36 0.226 —0.155[—0.194, —0.113] 0.172 —0.119 [—0.159, —0.082]
Groups 2 36 0.216 —0.214 [—0.238, —0.190] 0.171 —0.152 [—0.183, —0.123]
3 36 0.215 —0.160 [—0.193, —0.126] 0.169 —0.116 [—0.154, —0.076]
4 36 0.230 —0.153 [—0.190, —0.114] 0.183 —0.111 [—0.154, —0.067]
5 36 0.223 —0.148 [—0.187, —0.111] 0.186 —0.105 [—0.148, —0.063]
Budget 8 0.3 34 0.305 —0.290 [—0.346, —0.237] 0.255 —0.205 [—0.253, —0.160]
0.5 36 0.228 —0.197 [—0.258, —0.151] 0.180 —0.151 [—0.216, —0.101]
0.7 36 0.176 —0.149 [—0.181, —0.118] 0.131 —0.109 [—0.145, —0.075]

Table 13: Integrated study, preparation charged (milliseconds on one core; medians over replicates for
the one-off preparation and over requests otherwise). Speed-up: time to answer the first K requests of
a replicate by re-running the whole pipeline for each, over the preparation plus the reusing requests;
geometric mean over the 36 response laws (replicates averaged on the log scale) with 95% intervals.
Answers are identical on all 51,840 timed requests of these laws and on all 69,120 of all 48 laws.

Pilot Preparation Request (reuse) Request (re-run) K =8 K = 32 K =60

1 week 7.27 0.22 7.57 5.8% 11.9x  14.1x [13.8, 14.5]
2 weeks 7.40 0.22 7.57 5.8x 11.9x  14.2x [13.8, 14.5]
4 weeks 6.25 0.21 6.61 5.9% 12.0x  14.3x [14.0, 14.7]

D RESPONSE VALIDATION WITH A NEW GENERATOR

This study answers whether the results of Appendix C depend on the generator that produced its laws.
Its design, endpoints, decision rules, simulation code and analysis script were all registered before
the run. One disclosed pre-run check on four requests changed nothing.

Generator. None of it is shared with the 32-type construction of Appendix B. Each of 48 laws
(twelve per family) has six rider groups, and each group is a mixture of 16 latent rider types with
Dirichlet weights.

* Activity. A type is active on day d with probability logit ~* (cy + 74), where 74 is a day-of-
week effect of the group.

» Completions. An active day has 1 + Poisson(A; — 1) completions, truncated at 15, and a
weekly shock multiplies A by 1 £ 6.

* Response. The response depends on the rule shown. Under dose x of rule p, activity becomes
p+ (1 —p)min{0.9, Ay S f(x)} and intensity A(1 4 BjSZ f(x)). The sensitivities are
(84, SB) = (0.4,0.8) for a fixed award, (0.2, 1) for a per-completion rate and (1, 0.2) for
attendance.
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* Families. Both channels with a saturating f; intensity only; a threshold f in which only
types whose usual week lies between the first and third tier respond fully; no response.

Weeks take 167 daily patterns per rider, so the framework cannot enumerate them. The truth is exact:
a mixture over types and shocks of day-by-day convolutions of the law of window completions and
active days.

Requests, data and methods. Requests follow Appendix C, with populations of two to four of
the six groups; 75.0% of budgeted requests bind (over all 48 laws). Each of eight replicates per law
draws:

* 4,096 no-offer weeks per group;

* apilot of one, two or four weeks at 512 riders per group and week, spread over the three
rules times offers 2, 5 and 8;

 asame-calendar RCT that spreads the same nominal rider-weeks over the three rules times
all nine offers. With integer division per cell the actual observations per group are 504, 1,017
and 2,043 in the pilot and 486, 999 and 2,025 in the same-calendar RCT for one, two and
four weeks, so the trial has slightly fewer.

For every group and rule the framework tilts the stored weeks to the pilot moments by Eq. (5)
(interpolated in the reward increment). It does this once per origin; every request then reuses the
weights and integrates its window rule as a weighted sum over the stored weeks (Algorithm 1,
lines 5-6). The stage replacements are the same as in Appendix C: history weeks for every offer; pilot
weeks at the nearest piloted offer; payment at the weighted mean; days composed independently;
equal split. Dose interpolation mixes history and pilot weeks with interpolation weights in the reward
increment. For timing, each request re-fits the tilts it needs from the raw data. The endpoints, the unit
of inference (36 response laws) and H1-H2 are as in Appendix C.

Table 14: New generator: relative regret (lower is better) on 36 response laws x 8 replicates x 180
budgeted requests. Indented rows change one stage of the framework; every difference from the
framework, and that of dose interpolation, has a 95% interval above zero. Validity: share of the
framework’s issued plans whose true expected spend lies in the band, over all 48 laws.

Within 20% of budget Within 10%

Method 1wk 2wk 4wk 1wk 2wk 4wk
Same-calendar RCT 0477 0326 0.240 0.765 0.601 0.415
Framework 0.188 0.150 0.116 0.270 0.197 0.140
without moment matching 0.433 0.433 0433 0.781 0.781 0.781
without history 0415 0354 0.309 0.610 0.517 0.448
plug-in integration 0.447 0.479 0.510 0.576 0.577 0.591
independent days 0.198 0.158 0.124 0.314 0.222 0.162
equal split 0.498 0.477 0.466 0.793 0.775 0.760
Dose interpolation (same information) 0.210 0.171 0.131 0.305 0.223 0.159
Validity of the framework (%) 93.1 946 957 835 889 927

Results.

e Same-calendar RCT. Framework minus same-calendar RCT is —0.289 [—0.311, —0.267],
—0.176 [-0.192, —0.160] and —0.123 [—0.140, —0.108] within 20% (60.6%, 53.9% and
51.4% lower), and —0.495 [-0.516, —0.473], —0.404 [-0.426, —0.383] and —0.276
[—0.296, —0.257] within 10%. The gain holds in every rule, window length, population size
and budget level (Table 15).

* Stage replacements. With a one-week pilot they raise regret by:

— +0.245 [+0.214, +0.275] without moment matching;
— +0.228 [+0.206, +0.252] without history;
- +0.260 [+0.233, +0.287] with plug-in integration;
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— +0.011 [+0.009, +0.013] with independent days;
- +0.311 [+0.269, +0.355] with an equal split.

* Dose interpolation. Its regret is higher by 40.022 [+0.018, +0.027], +0.020 [4-0.016,
40.024] and +0.015 [4+0.010, +-0.019] at one, two and four weeks.

* Allocation. The budget-grid program’s regret is within 0.001 of that of enumeration.

» Timing. Here the per-request alternative re-fits only the tilts the request needs. With the
preparation charged, answering the first 8, 32 and 60 requests of an origin is 1.22x, 2.33 %
and 2.70x [2.67, 2.73] faster (one-week pilot; 2.72x and 2.78 x at two and four weeks).
Medians are 52.4 ms for the preparation, 4.1 ms per reusing request and 13.7 ms per re-fitting
request. Answers are identical on all 51,840 timed requests of the response laws.

Table 15: New generator by request type (within 20% of budget, descriptive): framework regret and
framework minus same-calendar RCT with 95% intervals over laws.

1-week pilot 4-week pilot
Level Laws Framework minus same-calendar Framework minus same-calendar
Rule fixed award 36 0.179 —0.318 [—0.343, —0.293] 0.120 —0.127 [—0.143, —0.112]
per completion 36 0.196 —0.322 [—0.343, —0.300] 0.111 —0.127 [—0.144, —0.111]
attendance 36 0.202 —0.183 [—0.213, —0.155] 0.132 —0.114 [—0.137, —0.093]
Window days 1-2 36 0.186 —0.340 [—0.365, —0.315] 0.119 —0.154 [—0.175, —0.133]
3-5 36 0.188 —0.285 [—0.308, —0.263] 0.116 —0.121 [—0.138, —0.106]
6-7 36 0.189 —0.269 [—0.294, —0.242] 0.122 —0.111 [—0.130, —0.092]
Groups 2 36 0.211 —0.301 [—0.318, —0.285] 0.131 —0.154 [—0.168, —0.140]
3 36 0.188 —0.294 [—0.315, —0.273] 0.117 —0.121 [—0.139, —0.104]
4 36 0.176 —0.277 [—0.306, —0.248] 0.110 —0.111 [—0.131, —0.093]
Budget 8 0.3 36 0.261 —0.275 [—0.300, —0.252] 0.159 —0.182[—0.217, —0.150]
0.5 36 0.181 —0.288 [—0.312, —0.264] 0.114 —0.118 [—0.138, —0.100]
0.7 36 0.170 —0.301 [—0.326, —0.276] 0.106 —0.106 [—0.121, —0.093]

E STRONGER CONTROLS, WEIGHT DIAGNOSTICS, BEHAVIOUR-CHANGING
REQUESTS AND POPULATION REDUCTION

Four further studies were registered, with designs, decision rules, simulation code and analysis scripts
fixed before the runs. All use the rider-level generator of Appendix D with fresh seeds, 60 changing
requests per replicate, budgets at 0.3, 0.5 and 0.7 times the unconstrained optimum, and the law as the
unit of inference (95% intervals from a law bootstrap, Holm correction within each family); studies
C-E use eight replicates per law. Regret is relative regret of pure uplift within 20% of the budget, as
in Table 4.

Study C: stronger same-information controls at matched cache. It draws 384 laws (96 per
family; 288 with a response). The pilot and the same-calendar trial have the same number of
observations per group (486, 999 and 2,025 at one, two and four weeks). Every arm reads the same
cached 4,096 stored weeks per group and the same data, and every arm is solved by the same exact
enumeration.

* History-anchored tilt of the trial. The framework’s tilt is fitted at each of the eight non-zero
offers to that offer’s cell of the same-calendar trial. This is the strongest control that uses the
same history and the same number of randomized observations.

* Normal law with exact truncated moments. It keeps the framework’s weights and replaces
only the law of the paid statistic by a normal with the weighted mean and variance. Every
tier is priced by

E[X1{¢ < X < h}] = p{®(2¢) — ®(z1)} + o{p(ze) — ¢(zn)},

with z = (t — 0.5 — u) /o at every integer threshold ¢. This separates distribution shape
from the moment computation.
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* Calendar condition. A rider keeps its type through all observed weeks. One shock per group
and calendar week is shared by every rider observed in that week, and the pilot, the trial and
512 concurrent no-offer riders share the pilot weeks’ shocks. The framework then anchors
its moment targets to the concurrent riders (pilot mean minus concurrent mean plus history
mean), and the trial measures uplift against the same concurrent riders.

Table 16: Study C: relative regret within 20% of the budget, 288 response laws x 8 replicates x 60
requests x 3 budgets. Every arm uses the same stored weeks, data and exact enumeration. Calendar:
repeated riders with one shock per group and calendar week.

Condition Method 1wk 2wk 4wk

Independent Framework 0.196 0.154 0.126
Dose interpolation (same information)  0.219 0.171 0.138
Normal law, exact truncated moments 0.250 0.208 0.179

History-anchored tilt of the trial 0.405 0.291 0.211
Same-calendar RCT 0.480 0.340 0.241
Calendar Framework, concurrent anchor 0.223 0.215 0.207

Same-calendar RCT, concurrent control 0.490 0.429 0.386

Results of study C. All seven registered hypotheses hold (Table 22).

* History anchoring helps the trial as well: the tilted trial has lower regret than the raw trial by
0.075 [0.072, 0.078] at one week.

* The framework’s regret is below that of every same-information control at every pilot length
(Table 16). At one week it is below dose interpolation by 0.022 [0.021, 0.024], below the
normal law with exact truncated moments by 0.053 [0.051, 0.055], and below the tilted trial
by 0.209 [0.201, 0.217]. Study E below splits this last difference into its two sources. The
normal comparison isolates the distribution shape, since the weights and the tier-moment
formula are exact in both arms.

* Under calendar shocks shared by the riders of a week, the concurrently anchored framework
has lower regret than the concurrently controlled trial by 0.267 [0.259, 0.274] at one week
and 0.214 [0.206, 0.222] at two weeks.

* Reuse gives identical answers in all 184,320 comparisons per condition and pilot length.
Charging the one-off preparation, it answers the 60 requests of an origin 2.73x [2.71, 2.74]
faster than re-running the pipeline per request at one week (2.71x and 2.73 x at two and
four weeks).

Study E: placement of the observations versus sharing across offers. The tilted trial differs from
the framework in two ways: its randomized observations are spread over nine offers instead of three,
and its tilt is fitted separately at every offer instead of along one dose curve. Study E adds a joint
fit of the trial that keeps the trial’s data and removes the second difference. It uses the framework’s
own parameterization, A(s) piecewise linear in the reward increment s with A(0) = 0 and nodes
0 = (02,05, 6s) at the three piloted offers, and fits 6 to all eight non-zero trial cells by maximum
likelihood of the tilted-history model:

)

8
= A T
arg max az:lna{ 0(8a) Mg

N
—log Z exp{)\e(sa)—r@}} ?

where m, is the mean feature vector of the n,, trial observations at offer a and ¢; are the features
of the N stored weeks. The problem is concave, and when the data sit at the three nodes only it
separates into the framework’s per-node moment matching. The difference between the framework
and the tilted trial then splits into two contrasts,

Rrw — Riiie = (Rew — Rjoint) + (Rjoint — Reite),

placement sharing across offers
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the first at the same parameterization and the second on the same data. The study reuses the 384
laws of study C with fresh requests and data, the same observation counts, stored weeks, cache and
exact enumeration. In the first run, the registered check that the joint fit reproduces the framework’s
per-node fit on pilot data found a numerical fault in the joint-fit implementation; it was corrected
under an amendment registered before the re-run, the study was re-run in full with the same laws,
data streams and analysis script, and all results reported here come from the re-run.

Table 17: Study E: relative regret within 20% of the budget, 288 response laws x 8 replicates x 60
requests x 3 budgets; share of the difference to the tilted trial due to placing the observations at three
offers, with 95% law-bootstrap intervals.

Method 1 wk 2 wk 4 wk
Framework (pilot at three offers) 0.198 0.154 0.123
Joint fit of the trial, framework’s dose curve 0.253 0.206 0.183
History-anchored tilt of the trial, per offer 0.405 0.289 0.211
Same-calendar RCT 0.479 0.337 0.241
Placement share 0.265 [0.252, 0.279] 0.382 [0.361, 0.405] 0.683 [0.623, 0.745]

Results of study E. All five registered hypotheses hold (Table 22).

* Sharing the tilt across offers along the framework’s dose curve improves the trial by 0.152
[0.146, 0.158] at one week.

» At the same parameterization, the framework’s regret is below that of the joint fit by 0.055
[0.051, 0.059], 0.052 [0.048, 0.056] and 0.060 [0.053, 0.066] at one, two and four weeks,
and its cost tables are more accurate (relative cost-table error 0.076 against 0.090 at one
week; difference 0.014 [0.014, 0.015]).

* At one week, sharing across offers accounts for 73.5% [72.1, 74.8] of the framework’s
advantage over the tilted trial and placement for 26.5% [25.2, 27.9]. The placement share
grows with the pilot length (Table 17) as the per-offer fits improve.

* By risk component at one week (Table 18), the framework’s plans leave the band less often
than the joint fit’s, below (3.4% against 6.5% of requests) and above (4.1% against 4.4%),
and by less (3.5% against 4.6% of the budget), and its valid plans lose less value (13.6%
against 16.5%).

Table 18: Risk components at one week within 20% of the budget (study E, 288 response laws;
law means). Every arm issues a plan for more than 99.99% of the requests. Below/above: share
of requests whose plan has true expected spend below/above the band. Excursion: mean distance
outside the band, in units of the budget, over the plans that leave it. Valid-plan loss: value lost by the
plans inside the band relative to the band optimum.

Method Below Above Excursion Valid-plan loss
Framework 0.034 0.041 0.035 0.136
Joint fit of the trial 0.065 0.044 0.046 0.165
Dose interpolation (same information) 0.044  0.045 0.041 0.149
History-anchored tilt of the trial, per offer 0.179  0.010 0.070 0.266
Same-calendar RCT 0.272  0.010 0.082 0.288

Weight diagnostics. For every group, rule and piloted offer, the study records the effective sam-
ple size ESS = (3, w;)?/ >, w? of the tilt over the N = 4,096 stored weeks. It also records
N max; w;, whether the moment target lies in the coordinate-wise range (box) of the stored weeks’
features, a necessary condition for lying in their convex hull, whether the fit reaches its tolerance, and
the condition number of the feature covariance. Percentiles below are over all such cells at one week,
independent condition.

* ESS/N: median 0.951, 5th percentile 0.600, 1st percentile 0.422.
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* N max; w;: median 2.05, 95th percentile 12.6, 99th percentile 26.4, so even at the 99th
percentile no stored week carries more than 0.65% of the mass.

* The target lies outside the feature box in 0% of the cells, and no fit fails to reach its tolerance.

* The covariance condition number has median 7.8, 95th percentile 31.3 and 99th percentile
47.4.

Both registered diagnostic hypotheses hold. Within a law, the ESS deficit 1 — ESS/N is rank-
correlated with the cost-table error of the framework (Spearman 0.415 [0.400, 0.431]). Fitting the
tilt to exact pilot moments on 1,024 rather than 16,384 stored weeks raises the relative cost-table
error by 0.006 [0.006, 0.006]. These are heuristic stability diagnostics: fits converge, weights are not
concentrated, and the ESS deficit tracks the cost-table error. They do not check the interior-hull and
eigenvalue conditions of Lemma 6 along the parameter path (a condition number is not an eigenvalue
bound), which remain sufficient conditions of the analysis.

Study D: requests that change behaviour. It draws 360 laws: 216 window-dependent laws (three
families), 72 laws whose response does not depend on the window, and 72 null laws. In the window-
dependent families, a short paid window concentrates effort on its days, riders shift some activity
away from unpaid days, and less active riders respond more. A request may also target the riders
above or below the group’s median of the previous no-offer week, whose response differs from the
group’s.

* Direct reuse keeps the full-week, group-level calibration of Appendix D for every request.

* Request-aware reuse runs the pilot with a random paid window per rider. It then fits a
window-relative tilt on four features (completions and active days inside and outside the
paid window), pooled over the pilot riders’ windows. Stored weeks and pilot riders are
conditioned on the request’s selection. The tilt is fitted once per origin for every group, rule,
selection and piloted offer, and reused by every request.

The objective is the uplift in weekly completions, and the payment follows the request’s window and
rule. The truth is exact.

Table 19: Study D: relative regret within 20% of the budget on the 216 window-dependent laws (8
replicates x 60 requests x 3 budgets). Selected: requests that target a subpopulation chosen on the
previous week.

Method 1wk 2wk 4wk Selected, 1 wk
Request-aware reuse 0.380 0.329 0.297 0.395
Direct reuse of the full-week calibration 0.576 0.584 0.596 0.742

Results of study D. All five registered hypotheses hold (Table 22).

* When the window changes behaviour, request-aware reuse lowers regret against direct reuse
by 0.195 [0.189, 0.202], 0.255 [0.249, 0.261] and 0.300 [0.293, 0.306] at one, two and four
weeks. For requests that target a selected subpopulation the reduction is 0.347 [0.338, 0.356]
at one week.

* On all 288 response laws, request-aware reuse has lower regret than the same-calendar trial
by 0.129 [0.123, 0.136] at one week.

* The reused tilt returns the same answers as a tilt re-fitted for every request in all 18,432
comparisons at each pilot length. With preparation charged it is 3.13x [3.09, 3.16] faster
over 60 requests at one week (3.07x and 3.09x at two and four weeks).

The study makes the reuse rule explicit. A cached calibration is valid for the windows and populations
on which the response law was measured. When the paid window or the selection changes behaviour,
the cache is keyed by window-relative features and by the selection, and the pilot must randomize
windows. Its cost is the pilot’s calendar weeks, which are charged above.
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Study F: value retained by population reduction. Study F prices the reduction stage against a
common individual-level optimum. It draws 3,072 laws from the rider-level generator (1,024 in each
response family) and scores every method with the exact per-type tables, so estimation error is absent
and only the loss from giving one plan to a whole layer remains. Each request takes a window, one
rule and two of the six groups, with three budgets; every budget binds. A rider’s history statistic is its
total completions over the previous four no-offer weeks. The individual-level optimum lets every
rider receive its own offer; since riders of one latent type are exchangeable, it is a linear programme
over types, computed exactly as the sup-convolution of the types’ upper concave hulls, and every
layered plan is a feasible point of it. The framework’s reduction cuts each group into L equal-share
quantile layers of the history statistic with one offer per layer, and the layered optimum is found by
exact enumeration. The endpoint is the retained share: the value of a method summed over a law’s
requests, divided by the individual optimum summed over the same requests.

Table 20: Study F: share of the individual-level optimum retained by L history-quantile layers per
group, within 20% of the budget; 3,072 laws, 60 requests x 3 budgets each; 95% law-bootstrap
intervals. By family: saturating response on both channels, intensity only, threshold response near
the goal.

Layers per group All laws Both channels Intensity Threshold

1 (group-level plan) 0.825 [0.820, 0.831] 0.938 0.944 0.594

2 0.900 [0.897, 0.904] 0.966 0.971 0.764

3 0.926 [0.923, 0.928] 0.974 0.978 0.825

4 0.938 [0.936, 0.940] 0.977 0.982 0.856

5 0.946 [0.944, 0.948] 0.979 0.984 0.875
Results of study F.

* Five history layers retain 94.6% [94.4, 94.8] of the individual-level optimum, against 82.5%
[82.0, 83.1] for one group-level plan: 0.120 [0.116, 0.125] more, which recovers 68.9%
[68.8, 69.0] of the group-level loss (Table 20).

» Every added layer raises the retained share: five layers retain 0.046 [0.044, 0.047] more than
two, and the fourth and fifth layers add 0.013 [0.012, 0.013] and 0.008 [0.007, 0.008].

 Retention is highest when the response is smooth (97.9% and 98.4% with five layers) and
lowest under a threshold response near the goal (87.5%), where the plan that pays depends
most on a rider’s distance to the tier.

* No layered plan abstains in this band and every budget binds, so the loss measured here is
the structural cost of reduction; estimation error, which studies A-E price, comes on top of
it.

F PUBLIC RETAIL DATA

MS. M5 (Makridakis et al., 2022a) provides 3,000 series (300 per store) from an 873-day panel,
45 weekly origins and seven-day targets; eligibility uses the preceding 182 days and five groups use
positive-sales days in the preceding 28 days. Each forecast is trained on 13 earlier weekly origins,
and 2,048 aligned scenarios keep cross-day ranks. Scale tests use all 30,490 series at three origins.
Sales carry no incentive response, so M5 tests computation and settlement transfer only.

G COMPUTATION AND APPROXIMATION BOUNDARIES

Complete time runs from loading the inputs to returning every requested plan and includes all
preparation; model fitting is reported separately. All methods in a comparison receive the same laws,
menus, budget bands and the same permission to reuse inputs.

Reuse across requests. On 3,000 M5 series and 45 origins, reusing a valid law instead of regener-
ating it for each request lowers the median request time from 84.78 to 4.36 seconds (paired 20.00x)
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with identical scenarios and identical exact values on all 405 tables; charging the 80.63-second
preparation to the framework, 8, 32 and 127 requests per origin are 1.66x, 3.92x and 7.11x faster.
On all 30,490 series the times are 82.62 and 1,146.49 seconds (13.88x), and all nine optima agree.
With the 1,063.87-second preparation charged, eight requests are 1.59x faster (median over the three
origins).

Per-request mixed-integer programming. The multiple-choice piecewise-linear MIP uses binaries
ys and integers ¢, with

Zség Ys = ]-7 0 < ts < (Us - Ls)ys»
L= Zs(Lsys +1s), V= Zs[(asLs +bs)ys + asts]/ D,

solved to zero gap with a time limit per request; every answer is checked in exact arithmetic. Over
396 conditions (180 M5, 216 controlled) with 33 budget bands each, the dynamic program reuses
its value curve across requests and is 5.52 x faster than the envelope MIP at 33 requests (raw dense
allocation: 5.47x), with the same optimal value on every request the MIP resolves. Each condition’s
33 budgets were answered in five balanced method orders, a timing repetition, which gives 65,340
requests per method; the raw and envelope MIP formulations leave 25 and 5 unresolved, while all
dynamic-programming variants resolve every request. The gain over per-request MIP comes from
reusing the value curve.

New payment rule with the same laws. For volume tier J;; and active days D, the active-day
rule pays 7D;sp,. when D;s > d and J;s > 0. The histogram

Hy(k,j) =Y 1{Di, =k, Jis = j}
i€G

gives the exact coefficients
7

Agyi(d) =7 kH,(k, j)
k=d

for all eight attendance requirements. Over 45 origins, 2,048 scenarios, five groups and 270 reward
paths, all 14,580 answers equal direct settlement, and shared preparation cuts complete time at every
origin, by 70.98% on average (67.41-74.08%).

H CONTROLLED RESPONSE INSTANCE

Support, settlement and objective. Five groups share 32 weekly trajectory labels (29 distinct
trajectories) with daily completions

2(1k/8] + 1)+ ((d+ k) mod 3), d <k mod 8,
Ykd = .
0, otherwise,

and Cy, = >, Ykd» Di = >4 1{yra > 0}. Groups use fixed-prize, per-completion, attendance,
fixed-prize and per-completion rules. Each group has nine offers a = 3b + ¢, b,t € {0,1,2},
with rung rates (¢; + 40b 4 10t) /100, ¢ = (10, 15, 20). Fixed prizes and per-completion rates use
completion rungs (14,28, 42) and pay rung; 7; or Cr;; attendance pays 7Dyr; at rungs of (2, 4,6)
active days; below the first rung the payment is zero. With uplift U,, mean payment M, and stability
A, =Pr(0.8M, <Y, < 1.2M,), the composite objective is

J =Y [Uy+ MyAg)/104;
g
requests are B = 0,5, ..., 160 with band [0.9B, 1.1B] on expected total payment, over the 9° =
59,049 portfolios.
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Response laws.  With x = 2b + ¢, base weights wgy, € {1,...

, 17}, elasticity e, threshold 7, and

rule index j, offer-conditioned masses are proportional to wyy, fgr () with

prall —

=128 4 ¢4(j + 1) 55 Ch,

FP =128+ €4(j + 1)(x — 74)3 Ck,
20 = 956 + ¢, [(j + 1) 292 Dy, + 200 0y ].

The null and threshold families add a shared weekly shock z through the factor

32 + Ug [ZCk + (1 - Z)(Omax - Ck)}v

the no-offer law omits f.

I

SETTLEMENT INTERFACE AND EXACT ALLOCATION

Table 21 lists the seven modules of Figure 1 (the figure’s short names in parentheses), their inputs and
outputs, and the instance used on delivery data. Each module can be replaced by any estimator with
the same input and output; allocation exactness says nothing about the accuracy of Modules 1-5.

Algorithm 1 Answering a request r = (Z, W, z, T, B)

1:

Once per origin: fit M3 on pre-origin history; draw R joint per-day samples for every rider (cross-day
ranks from each rider’s history); store.

AN S S

types when they can be enumerated (M5).

A

Compute award probabilities and (¢;(a),

samples, the exact sum when types are enumerable; no redraw (M6).

7: end for

: Once per rule family: run a pilot of n rider-weeks at three offers; fit \; o by Eq. (5).

: Select roster Z (M1-M2) and form layers G with plan menus .4; from recent activity (M4).
: for each layer [ and plan a € A; do
Compose window W from stored samples; tilt to q; o by reweighting the stored samples, or the trajectory

v1(a)) for rule I" as the weighted sum of Eq. (4) over the stored

8: Reduce menus by the rule admissible for B (M4); solve Eq. (2) on 3 by exact enumeration or the budget-grid
program (M7).

9: return plans with attaining rewards, or report that no plan satisfies 3.

Table 21: Four stages and seven modules. The last column gives the instance used on the delivery
platform.
Stage Module Input — output Delivery instance
Predict 1. Response ranking  pre-decision context and past offers — ranking  doubly robust learner with a 5% no-offer
(Rank) by incremental activity group (Dudik et al., 2011)
2. Roster (Recall) ranking and eligibility — population fixed before  at least one delivery in the preceding 182
attendance, incl. zero-activity riders days
3. Baseline forecast  histories and context — no-offer outcome law  recurrent network, 60-day history, five-
(Forecast) for the requested window day zero-inflated Beta shares
Reduce 4. Grouping (Activity  baseline capacity — groups and non-dominated  ordered buckets merged to balance disper-
layers) plan menus sion and spending stability
Integrate 5. Response correc-  no-offer law and pilot or context-matched out-  exponential tilt, Eq. (5); residual matching
tion (Correct) comes — offer-conditioned joint trajectories on incentive, time and weather
6. Settlement (Score) trajectories, payment rule, attainable rewards — Eqgs. (6)—~(7)
cost, award probability, score and reward witness
Allocate 7. Budget allocation  group domains and both budget bounds — re-  two-sided Bellman recursion, Eq. (11)

(Allocate)

ward portfolio or infeasibility

Settlement identities.

prize pays

For nested award events £ D

9= Zle{Ej \ Eji1};

-2 Ejyand Ejy1 = &, a highest-rung

taking expectations gives Eq. (6) without independence across riders. A rate paid on every completion
satisfies, by telescoping,

9=> (pj

J

—pj-1)Y1{E;},
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which gives Eq. (7). For integrable quantile functions,

1
EY (a) ~ EY/(0) = / 1Qu(v) — Qo(v)] dv, ©)

so uplift is integrated once on the final response curve, which avoids counting overlapping rung
effects twice; the identity is an accounting statement, not causal identification. Mean payment and
award probability do not determine spending stability: if one or two completions are equally likely, a
fixed prize 3/2 and a unit rate 1 have the same mean payment and award probability, but they fall in
[1.2,1.8] with probability one and zero, respectively. This is why M6 integrates joint trajectories.

1.1 EXACT ALLOCATION OVER ATTAINING SCORE SEGMENTS

Fix a conditional trajectory law and uplift w;, on each group/path ([, ¢). On a straight reward path
r(t) =r~ +t(rT —r7),0 <t <1, with expected-payment endpoints p~ < pt,

u—p
Ss(p) = kJ r(t(p),

where k; is the payment coefficient vector of scenario s under the rule. Each closed event 0.8 <
Ss(p) < 1.2p is an interval, a point or empty, so its probability p;, (1) is piecewise constant and the
score

vig (1) = wiq/To + Mupig (1) /To

is piecewise affine (7p is a common normalizer). Gaps between paths are kept, never interpolated,
and a path is used only inside one response branch.

Same-spend reduction. For attainable sets I}, keep the envelope F(b) = max,.per,, vig(b) With
an attaining reward. With additive scores this preserves the optimum under any constraint that
depends only on the group amounts: each candidate can be replaced by a no-worse witness at the
same amount, and every witness was feasible. Lemma 1 states which menu reductions are admissible
for which budget.

Lemma 1 (Admissible menu reductions). Let each layer | choose one plan from a finite menu A; with
cost ¢;(a) > 0 and value vi(a), and let a portfolio be feasible when ), ¢i(a;) € B. (i) If B = [0, b]
(a sole cap), deleting a plan a for which some a' € A; has ¢;(a') < ¢;(a) and vi(a") > vi(a) (ties
broken by a fixed order) preserves feasibility and the optimal value. (ii) For any B, deleting a when
some &' has ¢;(a') = ¢;(a) and vi(a’) > vi(a) preserves feasibility and the optimal value; in both
cases the retained plan is an attaining witness. (iii) Rule (i) is not admissible once B has a positive

floor.

Proof. (i) Replacing a; by o’ in a feasible portfolio lowers total cost weakly, so it stays in [0, b],
and raises value weakly; repeating the replacement ends on retained plans, since the fixed tie order
excludes cycles. (ii) The replacement leaves total cost unchanged, so membership in any B is
unchanged. (iii) One layer with plans (c,v) = (1,2),(2,1) and B = [1.8,2.2]: rule (i) deletes the
second plan, which is the only feasible one. O

Which rule each experiment uses, and an independent check. Rider-record budgets are sole
caps, so M4 applies rule (i) and the exact reference enumerates the products of the rule-(i) menus.
The controlled study of Section 5 has two-sided bands and applies no reduction: it enumerates all
9° portfolios. The segment and envelope allocators below use only rule (ii). To rule out an error
that a reduction shared by solver and reference would hide, we re-solved every rider table small
enough for complete enumeration (at most 2 x 102 portfolios: 675 of the 810 realized and 12,150 of
the 14,580 predicted tables) by a separately written complete enumeration without any reduction:
feasibility and optimal value agree with the reference on every one of them (the returned plan can
differ among portfolios of equal value). The budget-grid program loses value on 3 of the 405 predicted
five-layer main-grid instances (largest 0.92%) and never exceeds the cap. In the controlled study,
10,800 enumeration calls covering 356,400 budget bands differ in 0, and rerunning the study with the
independent solver’s choices reproduces every stored result bitwise.
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Segment recursion. Letd = Ty/h, o, = min, Hig /8 and p; = 6(x; + o;) with integer x;. With R
equally weighted scenarios and stability count n, candidate ¢ of group [ attains score ax + (3, with

a = An/(Rh),
8= ulq/To + aoy,

at every integer spend index x € [L, U] of a segment. A physical band [B~, BT| becomes the integer

interval
|max{0,[B~/6 = i1}, [B*/3 - 5,01 |.
Each segment contributes
Dy(b) = max{ agb + s
! (1n
[Di-1(k) = agsh] }.

Minimum-cost options, closed endpoints, gaps and unreachable states are retained, and no no-offer
action is added.

max
kE[b—Uys, b—Lgs), 0<k<N

Proposition 2 (Segment and dense allocation coincide). For a fixed law, additive scores, group-wise
menus and exact rational arithmetic, the recursion (11) returns the same value curve and the same
canonical rewards as dense allocation on the same grid.

Proof. Step 1: the recursion. Set Dy(0) = 0 and all unreachable values to —co. On a segment,
substitute = b — k in D;_1 (b — ) + ax + (; the feasible predecessor interval gives Eq. (11), and
maximizing over segments keeps every action.

Step 2: ties. Ties within a segment keep the largest k£ (smallest current x); ties across segments keep
the smallest z, then the smallest candidate index. By induction the choices equal the dense ones.

Step 3: rewards. Backtracking from the smallest optimal feasible total through Eq. (10) returns
rewards with the same score and physical spend; an unreachable band is infeasible for both. O

A monotone queue evaluates each window maximum in O(N), so K segments, L groups and
N budget states need O(K N + LK + LN) operations against O(LN? + KN + LK) for dense
allocation; both store O(LN) choices. If each group’s candidate intervals are pairwise disjoint, the
envelope equals the raw menu and its construction can be skipped without changing the solution.
Compared with graphical dynamic programming for piecewise-linear investment under an upper cap
(Gafarov et al., 2014; 2016) and nonconvex piecewise-linear knapsacks (Kameshwaran & Narahari,
2009), the recursion handles reward domains with gaps, two-sided budgets, rule-dependent event
scores and a reward witness for every scored spend.

J  FOUR-TERM LOSS DECOMPOSITION: PROOFS AND STAGE BOUNDS

Setting. Layers! =1,..., L have finite plan menus .4;; a portfolio is a = (a1, . ..,ar) with

o(a) = Y ala),

l

v(a) = Zvl(al).

l

Tables without a superscript are the true ones; (c(k), v(k)) for k = syn, mm, int, dec are the succes-
sive tables of the framework and (¢, v) = (c9°, v4°°). Stage errors £¢, ¥ and their sums E., E, are
as in Section 3. The band and the value it carries are

B=[bb],
Bs = [b+5,i)—5],
V*(6) = max{v(a) : ¢(a) € Bs},
w(8) = V*(0) = V*(6) 2 0,
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with V*(§) = —oo if no portfolio qualifies. Cost and uplift entries are expectations of bounded
functions of the trajectory (payment, completions), or differences of two such expectations, so they
are linear in the law; the same holds for a stability indicator with a fixed band. Parts (i)—(ii) use only
table errors and therefore also cover the mean-centred stability score, which is not linear in the law.
In particular, if a layer law is the mixture of its members’ laws, n; times its expectation equals the
sum of the members’ expectations exactly; population reduction therefore adds no error to expected
tables and acts only through the menus, which enter V* and w.

J.1 PROOF OF PROPOSITION 1

(i) Upper bound. Step 1: table errors. For every portfolio, the triangle inequality along the chain
gives

(@) @) < Y max (@) ~ @i(a)
l

<30 D max|e? (@) - ¢ (@)
Uk
= E.,
and likewise |v(a) — U(a)| < E,.
Step 2: feasibility. Since ¢(a) € Bg,,
(@) € [2@) - E.. 2@) + E.] C B.

Step 3: value. Let a° attain V*(2E.). Then ¢(a®) € Bg_, so a° is admissible for the planner, the
admissible set is nonempty, and v(a) > ©(a®) — 7. Hence

0(@) > 5(@) - B, (Step 1)
>v(a®) —n—E, (n-optimality)
>wv(a®) —2E, —n (Step 1)

=V*(2E,) — 2E, —n.
Step 4: conclusion. Subtracting from V*(0) gives Eq. (8). If w(d) < kd on [0,2E,],
w(2E,) < 2kE, = Z 2kef.
k
If the comparator ranges over a finer reward domain than the planner’s menu, the difference between

the two optima at 2F, is added to 7). The proof uses only |c(a) —¢(a)| < E. and |v(a) —v(a)| < E,,
so (i) also holds with the direct errors

E, = Zmax|cl(a) —¢(a)| < E,
1

EUSE’U

in their place. O

(ii) Lower bound. Step I: the instance. Fix stage errors (€%, ey), with E, > 0 (the case E. = 0 is
treated in Step 5), any A > 0, and a band with b — b > 4F, and midpoint m. Order the stages as
syn, mm, int, dec and write si(g) =Y < €5 for the partial sums along this order. Layer 1 has plans

s and h with true (¢,v) = (m,0) and (b — E., A). Plan s is exact at every stage; plan h has exact
value and cost ~
C(k) (h’) =b—E.+ Sk(56)7

so that ¢(h) = b. Layer 2 has plans z,y of zero cost at every stage, true values 0 and 2F,,, and
v® () = si(eY),
v (y) = 2B, — si(e"),
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so that v(z) = ¥(y) = E,. Each stage error is exactly the prescribed one.

Step 2: the benchmark. In Ba g, plan h is excluded. For this truth

V*(0) = A +2E, (attained by (h,y) at spend b — E,. € B),
V*(2E.) = 2F, (via (s, 9)),
w(2E.) = A.

Step 3: equality for the planner of (i). With ) = 0 it cannot use h because ¢(h) = b ¢ B, ; breaking
the tie in layer 2 toward x it earns 0, so Eq. (8) holds with equality.

Step 4: every planner. Now take any deterministic planner that sees the final tables and the stage-error
magnitudes and keeps the true spend in B for every consistent truth. The truth with ¢(h) = b + E,
(the same final tables, reached by decreasing stage steps) makes every portfolio with h infeasible, so
the planner never selects h. In layer 2 its choice is a function of identical final tables, so the truth
that gives value 0 to the chosen plan and 2F, to the other is consistent; the planner earns 0 against
V*(0) = w(2E,) + 2F,. Abstaining also earns 0. A randomized planner loses at least w(2FE.) + E,
in expectation, by averaging over the two value truths. Without tightening, a planner that maximizes
v over ¢ € B selects (h, -) with estimated spend b, whose true spend is b + . under the second truth.
Adding a layer with two exact zero-cost plans of value 0 and 7, an n-optimal planner may choose the
first, so equality also holds for > 0.

Step 5: the case E. = 0. Then B, = B, plan h would stay admissible and w(0) = 0, so drop h:
layer 1 has only the exact plan s and layer 2 is as above. Now every cost is exact and V*(0) = 2E,,,
attained via (s, y) at spend m € B. The planner of (i) breaking the tie toward z earns 0, and by the
argument for layer 2 any deterministic planner earns 0 against one of the two value truths. Hence the
bound

w(0) 4+ 2F, = 2F,

is attained. U

(iii) Error floors of each omitted stage. All instances use exact tables for the stages that are kept.

Pilot correction. Take one layer with two offers whose payment functions coincide, true offer laws
P,, equal to the no-offer law and P,, with expected completions larger by U > 0, and a band
containing both costs. Without the correction both synthetic laws equal the no-offer law, the two
offers have identical tables and estimated uplift 0, and relabelling the offers makes any deterministic
planner choose a;: it loses the entire optimal uplift U.

History shape. By Lemma 2 two laws with the same mean and variance can differ by 1/(1 + ¢2) in
the probability of reaching i + to, so any estimate computed from the two moments alone errs by
at least 1/(2(1 + ¢2)) on one of them, and a fixed prize R at that threshold is mispriced by at least
R/(2(1 +t%)).

Trajectory integration. Let Y € {0, 27} with probability % each, known exactly, and a prize R paid
when Y > 7. Evaluating the rule at the mean gives

R1{EY > 7} = R,
whereas
E[R1{Y > 7}] = R/2.
The probability that payment lies within £20% of its mean R/2 is 0, while the plug-in value is 1.
Joint allocation. Under the cap B = [0, B] with L > 2 layers, let layer 1 offer (0,0) and (B, U)

and all other layers offer only (0, 0). The joint optimum earns U’; splitting the budget equally gives
layer 1 at most B/L < B, so it earns 0.

Lemma 2 (Two moments do not fix a threshold probability). Fort¢ > 0,
sup|Pr(S > p+ to) — Pr(S" > p+to)| = T2

over pairs of laws with common mean i and variance o® > 0, and the supremum is attained. For
integer laws, {0:3,2:3} and {0:1,1:1,3:1} both have mean and variance 1 but Pr(S > 2) equal to
Lanad L
5 and 3.

31



Preprint

Proof. Upper bound. For u > 0,

E[(S —p+u)?]  o%+u?
—u > < =
Pri§—pzto) < (to + u)? (to +u)?’

which equals 1/(1 + #?) at u = o//t; both probabilities lie in [0,1/(1 + t2)].

Equality. S = p + to with probability 1/(1 + t?) and S = y — o/t otherwise has mean z and
variance 0%; S" on {y + o, p — 02 /a} with 0 < a < to and mass 02 /(a? + 02) at 1 + o has the
same moments and never reaches u + to. The integer example is checked directly.

J.2  BOUNDS ON THE FOUR STAGE TERMS

Lemma 3 (Award probabilities carry every threshold rule). Let Y € {0,..., M} count eligible
completions, D be a common attendance or eligibility event, E; = {Y > 7;} N D with integers
1<m <---<75,and Gp(k) = F(Y > k, D). For laws F, F' write A(k) = |Gp(k) — Gp:(E)|.
For fixed prizes 0 = Ry < Ry < --- < Ry paid at the highest rung reached,

[Erg —Ergl <Y (R; — Rj1)A(r) < Ry max A(7;).
J
Forrates 0 = pg < --- < py paid on all eligible completions at the highest rung reached,

[Erg —Erg| < Z( — Pj-1 { Z Ak }

k>T7;

< p]MmaxA( ).

k>11

Expected completions satisfy

M
[ErY —EpY| <Y |F(Y 2 k)= F'(Y > k)|

k=1
Proof. Nested events give
g= Z(Rj - R;_1)1{E;} (fixed prizes),
J
g= Z(Pj —pi—1)Y{E;} (rates).

J
With p(y) = F(Y =y, D), summation by parts gives
Er[Y1{E;}] = Y up(y

Y275

=7,Gp(m)+ Y _ Gp(k)
k7>Tj
and, in the same way,
ErY = ZF(Y > k).
k>1

Take differences; at most M — 7; terms follow 7;. O

Thus each table error of a threshold rule is controlled by errors in award probabilities G (k). When
D requires attendance on several days, G depends on the joint law of completions and attendance,
not on thelr separate marginals: over two days with D = {both days active} and 7; = 3, the laws

16(2,1) + 30(3,2) and the uniform law on {(2,1),(2,2),(3,1),(3,2)} of (completions, active days)

share both marglnals but give G(3) = 5 L and 1 . This is why integration uses joint trajectories.
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Lemma 4 (Synthetic term). On a finite trajectory space let py be the no-offer law, ¢ the matched
features, P a true offer law with P < pg, and Q) pOeATd’. If X* solves Eq,, ¢ = Ep@, then

KL(P||po) = KL(P[|@x+) + KL(@x+[Ipo),

and for every function f with range osc(f) = max f — min f,

Epf —Equ. f| < osc(f)y/ HKL(P[po) — KL(Qx-[lpo)}.

Proof. Step 1: the identity.

KL(P|lpo) — KL(P[|Qx+) = Eplog(Qx+/po)
=\"Epop —log Z,

and KL(Qx+[|[po) = N*TEq,. ¢ — log Z is the same number.

Step 2: the bound. Then [Ep f —Eq f| < osc(f) TV(P, Q) and Pinsker’s inequality TV < /KL/2
(Tsybakov, 2009, Lemma 2.5). O

The same identity applied to any @ with the matched moments shows KL(Q||po) > KL(Qx+||po):
the tilt is the least change of history that reproduces the experiment (Csiszar, 1975). Without the
correction the same argument gives only osc(f)+/KL(P||po)/2; matching removes KL(Q x«||po)
from the radicand, and the term vanishes when the response is a tilt in ¢. The bound covers piloted
offers. At an unpiloted offer, P*Y" uses the interpolated parameter

Af = (1 =t)A] +tA;

of its piloted neighbours j, k£ (Section 3), so the synthetic term also contains the interpolation bias
|Epf —Eq,. f|, which the lemma does not bound and which persists however large the pilot. For

example, with Y ~ Bernoulli(3) under no offer, ¢(Y') = Y and a true response P, (Y = 1) = o(a?)
inside the tilt family (o the logistic function), pilots at ¢ = 0.2 and 0.6 give A* = 0.04 and 0.36
exactly, but the interpolated A = 0.20 at ¢ = 0.4 differs from the true 0.16, leaving an error of
0(0.20) — ¢(0.16) ~ 0.0099 in EY” with exact moments and exact integration. More pilot offers, or

smoothness of \ in the offer, reduce this part.

Lemma 5 (Moment-matching term). Keep py fixed and let ¥ = Covg, (¢) satisfy kel < Ly <

Agl, kg > 0, on the segment between \* and the fitted \, whose moments m are the pilot means.
Then for every f,

Eq, f — Eq,. fI < Sose(f) A% X = 3*|l2
1/2

< Losc(f) =2— [|lm — m*|-.
< Jose() <= = m

If each of J, piloted offers per layer receives n independent trajectories and ¢ € |0, 1]4, then with
probability at least 1 — 6§, simultaneously for all layers and piloted offers,

2~ m*|l> < \/dlog(2dL.J, /5)/(2n).

Offers whose ) is interpolated linearly between piloted offers, or between \ = 0 at the no-offer plan
and a piloted offer, satisfy the first inequality (given the covariance bounds on their own segment)

with \* the interpolated synthetic parameter and ||\ — \*||2 at most the larger error of their two
neighbours; the comparison is with P%", not with the projection of the offer’s own population
moments.

Proof. Step 1: derivative along the segment. With u = X — \* and At = A + tu,
d
| S B, f] = ICova, (£,uT )]
< sd(f) (u' By,u)'/?

< Losc(f)AY|full.

1
2
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Step 2: from parameters to moments. Also

1
m—m* :/ Yy dtu
0

with
1
/ Xy, dt = kgl
0

so [|ull < [[m —m*||/k.
Step 3: the rate. Hoeffding’s inequality (Hoeffding, 1963) for each of the dL.J, coordinates with a
union bound gives the rate.

Step 4: interpolated offers. Interpolation weights are convex, so the interpolated error is a convex
combination of the neighbours’ errors. O

If the no-offer law is estimated from N history weeks, changing the base at fixed A moves every
expectation by at most

2 osc(f)es(’\)TV(]?)\O,100)7

where
s(A\) = max A" ¢(z) —min AT ¢(2),
since, for w = ' 9,

1Q = Q'lh <2 wipo — Pol /Ep,w;
4

and ETV(po,po) < %\ /|Z]/No. With abundant history (Ny >> n) this part is small; the measured
moment term includes it.

This bound holds at fixed A\. The method, however, re-fits the tilt on py so that it matches the pilot
moments again, and the change of A must be controlled as well.
Lemma 6 (Estimated base and re-fitted tilt). Ler Q = Qx[po] be the tilt of py with moments m, let

Q" = Qx[po] keep X on the estimated base, and let Q = Qs [Do] be re-fitted to the same moments
m. Assume support overlap, that is, m lies in the interior of the convex hull of ¢(supp po). Let the

feature covariance of the tilts of Dy satisfy KI < X < AL % > 0, on the segment between \ and \.
Put

R 1/2
T= 265()‘)T\/(p0,p0)7 D, = (Z OSC((bi)z) )

Then for every f,

AL/2
|E@f—EQf| < osc(f)r(l + %Daﬁ = )
Proof. Step 1: base change at fixed \. By the display above, TV(Q’, Q) < 7,hence |[Eq. f—Eq f| <
osc(f)T.

Step 2: moment shift. Let m’ be the moments of Q’. Each coordinate moves by at most osc(¢; )7, so
/
[lm’ — m|2 < Dgr.

Step 3: re-fit on the estimated base. ()’ and @ are tilts of the same base py with moments m’ and m.
Lemma 5, whose proof uses only a fixed base and the covariance bounds on the segment, gives

o~

Esf —E <1 LS
[Egf —Eq/f] < Sose(f) = llm — m'|l

AL/2
< Llosc(f) —= Dyr.

The triangle inequality concludes. O
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The three conditions are the quantities that the diagnostics of Appendix E measure: support overlap
(the target inside the range of the stored weeks), the weight range e*(»), which bounds N max; w;
on N equally weighted stored weeks, and the conditioning A /% of the feature covariance. If the

estimated base loses support on which the matched moments rely, & becomes small or ) fails to exist,
and the bound grows accordingly; stability is claimed only where these quantities are controlled. The
rates of Corollary 1 are stated for a given base; on the event that the conditions hold, the estimated
base adds this term. When the corrected law is the tilt of the empirical stored-week law, as in
Appendices D and E, the weighted sum over the stored weeks is exact for that law, and the finite
history enters through py in this lemma rather than through the integration term.

Experiment length. Lemma 5 needs the experiment to fix d moments at .J,, offers per layer, so
its error scales as y/d/n. A trial that estimates the complete law of every offer directly avoids the

synthetic term, but the analogous bound for empirical frequencies is %« /|Z|/nr per offer and must
hold at all |.4;] offers. Comparing these sufficient conditions, the trial needs roughly

Al 2]
Jpd
times as many rider-weeks for the same estimation error (48 in the controlled design with |Z| = 32,

|A| =9, J, =3, d = 2), up to logarithms and A;/ 2 /K. The price is the synthetic term, which does
not shrink with experiment length; this is a comparison of upper bounds, not a lower bound for trials.
Lemma 7 (Integration term). If integration averages S independent draws from the moment-matched
law for each of the N =, | Ai| layer—plan pairs, then with probability at least 1 — § every cost

and value entry is within osc;+/log(4N/0)/(2S) of its exact value, where osc; is the range of the
integrand for layer l; hence

6icnt? 8,iunt S Z Y] \% 10g(4N/5)/(23)
l

Summing exactly over a finite trajectory space gives €iny = 0.

Proof. Hoeffding’s inequality for each of the 2V entries and a union bound. Draws may be shared
across plans (common random numbers): the bound is per entry and needs no independence across
entries. O

Scope of the rates. Lemmas 4-7 concern fixed integrands; Appendix J.3 gives the rates in expecta-
tion, including the conditions under which they extend to the mean-centred stability score and an
example in which they fail. The controlled experiment uses pure uplift as its primary endpoint for
this reason.

Lemma 8 (Decision term). A budget-grid program with step h that rounds each layer cost to the
nearest grid point and optimizes exactly over the rounded tables is an exact planner (n = 0) on tables
with €4, < Lh/2 and €}, = 0. Rounding increments above each layer’s minimum upward gives
0 < cdee — ¢t < h per layer, so €qec < Lh; exact enumeration and the segment program on its
declared monetary grid have €4e. = 0.

Proof. Rounding moves each layer cost by at most /2 (respectively less than k) and leaves values
unchanged; the program maximizes exactly over the rounded problem. O

Cross-day dependence. Suppose a member’s day-activity indicators are conditionally independent
Bernoulli(p(€)) given a shared factor ¢ over H days, so A counts active days, and let A4 ~
Bin(H,Ep(£)) be the independent-day law with the same daily marginals. Then, by Jensen’s
inequality,
Pr(A=H) =Ep(&)" > (Ep(¢))" = Pr(A™ = H),
strictly unless p(&) is constant. Since
EA=EA™ = "Pr(A > d),
d>1

the two survival functions must cross: composing days independently understates the full-attendance
requirement and overstates some lower one.
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J.3 RATES OF THE MOMENT-MATCHING AND INTEGRATION TERMS

The rates quoted in Section 3 hold in expectation for every table entry with a fixed integrand. They
do not hold for a stability score whose band is centred at the law’s own mean payment: in the two
examples below such an entry keeps an error of constant size while the pilot moments converge. This
subsection states the rates with the conditions they need.

Setting. Fix a layer and a piloted offer. The trajectory space Z is finite, the base pg has full support,
and the features ¢ : Z — [0, 1] do not all lie in one hyperplane. Write

@ x poeAw,
2\ = Covg, (),
m(A\) = Eq, ¢.

The pilot mean m averages ¢ over n independent trajectories drawn from the true offer law P; when
riders of one week share a shock, n counts independent weeks or blocks, not rider-weeks. With
m* =Epg,

P = Qx(m+,
P™ = Qxm);

the base is held fixed, and its estimation adds the term stated after Lemma 5. The closed ball B(m*, p)
lies in the interior of conv ¢(Z), and &, is the smallest eigenvalue of X ,,,) over that ball. If m is
not interior, the fit is replaced by any law or by abstention, and the entry stays in its range.

The map A — m()) is a bijection from R¢ onto the interior of conv ¢(Z) with a smooth inverse, so
A(m) is well defined and , > 0. Indeed, u' Syu = Varg, (u' ¢) > 0 for u # 0. For interior m,
the strictly convex function

P(\) = log Zpo(z)eﬂ‘ﬁ(z) ~A'm

satisfies, for every unit vector w,
P(tu) > t{maxu' ¢(z) —u'm} + logminpy(z) — oo,
z z

so it has a unique minimizer, where m(\) = m. The inverse function theorem gives smoothness, and
continuity on the compact ball gives x, > 0.

Mean-centred stability. For a law ¢ and a payment y : Z — [0, 7] let

M(q) = Eqy,
S(q) ={z:aM(q) <y(z) < BM(q)}

with 0 < o < 1 < f (the paper uses 0.8 and 1.2). The monetary stability score is F'(q) =
M(q) q(S(q)), and its margin

7(q) = minmin{[y(z) — aM(q)l, [y(2) — BM(q)[}

is the distance from the band’s endpoints to the nearest payment value.

Corollary 1 (Rates of the moment-matching and integration terms). In the setting above let M* =
syn syn . 1/2 _
M(P¥™), v = v(P%") and r = min{p, wfp/ /(BY)}.

(a) Fixed integrand. For every f (payment, completions, uplift, an award indicator, or stability in a
band with a fixed centre),

EJE prm f — Epesn | < osc(f){Vd/(4/Fom) + 2de="/ 1},

and for S independent draws from P™™,

E[Epioc f — Epmn f| < osc(£)/(2V/5).
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Summed over the finite menu, Ee,,, = O(n_1/2) and Eeiny = 0(5_1/2)f0r these entries; exact
summation gives €iny = 0.

(b) Centred band with a margin. Ify > 0, then
E|[F(P™™) — F(PY™)| < g{Vd/(2/Rpn) + 2de>"" /1),
Given P™™ with margin v’ > 0,

E|F(P™) — F(P™)| < §{1/V/§ + 2¢257*/(50)° .

(c) No margin. If v = 0, Cov psyn (¢, y) # 0 and Cov p(¢) is nonsingular, then, as n — oo,
E|F(P™) — F(P¥)| - LM*(w_ +w,) > 0,
where w_ and w. are the PY™-masses of the trajectories that pay exactly a M™* and SM™*.

For an offer whose tilt is interpolated between piloted offers, (a) and (b) hold with the constants of
Lemma 9(c).

Under (b) the rate is n~1/2, but it sets in only once n > dB5%/(k,7?), so a small margin delays it.
Neither (b) nor (c) affects the upper bound of Proposition 1(i), which uses the measured table errors,
whatever their size. Centring the band at a quantity fixed before estimation, such as the requested
spend share or the mean issued with the plan, turns the score into a fixed-integrand entry covered by
(a).

Lemma 9 (Moment-matching term in expectation). Let gf(m) = EQ,m - (a) For m, m' €

B(m*, p),
lg7(m') — gs(m)| < Sosc(f) w, /?[[m" —ml|s,

(D) El|m — m*||2 < \/d/(4n), and Pr(||m — m*|2 > s) < 2de=2n"/4 for s > 0. (c) Let an offer’s
tilt be \y = (1 — t)\; + tAy, for piloted neighbours j, k (at the no-offer plan X\ = 0 is exact), and let
both pilot means lie in their balls, with k, the smaller of the two constants. Then

Vd -1 ~
[Fas, f = Equ, /1 < *fose(f) s, max |l —m >

Proof. (a) By the chain rule, Vgs(m) = X~ 'c with ¥ = ¥,y and ¢ = Cov@, (@, f). Since
¢ X~ cis the variance of the best linear predictor of f from ¢,
2712 < ﬁglcTE_lc
<k, 'Var(f)
< Ii;lOSC<f)2/4.
Integrate along the segment from m to m/, which stays in the ball.
(b) Since ¢ € [0, 1],
E|m —m*||3 = tr Covp(o)/n
< d/(4n).

For the tail apply Hoeffding’s inequality (Hoeffding, 1963) to each coordinate at level s/ \/d and take
a union bound.

(c) Step 1: covariance bound. For ¢ € [0, 1],
L (tr o) <45
Along A} + Tu with u = Xt — A7, the derivative of the expectation is Cov(f,u" ¢), and
|Cov(f,u’¢)| < Sosc(f)(u'Su)'/?
< gose(f) 4 ull
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Step 2: integrate along the segment. By convexity,
el < masx [ = X7l
Integrating d\/dm = ¥ =1 along the segment from m} to m; gives
1% = X511 < s — .
O

Lemma 10 (Stability of the centred band). Let q, ¢’ be laws on Z. (i) If B|M(¢") — M (q)| < v(q),
then S(q') = S(q) and

1F(q") = Fg)l < [M(q') — M(q)| + M(q) |¢'(S(2)) — a(S(a))-

(ii) Let q have full support and M (q) > 0, let Z_ and Z be the trajectories paying exactly aM (q)
and BM (q), and let wy = q(Z+). If qx — q with M (qx) > M(q) for all k, then

Flar) = M(a){a(5(q)) —w-};
if M(qr) < M(q) for all k, then F(qr) — M(q){q(5(q)) — wy}.
Proof. (i) Write M = M(q), M' = M(¢'), v = v(q¢) and A = |M' — M| < ~/B. A trajectory in
S(q)hasaM +~v <y <M —~, so

aM' < oM +aA < oM +v <y,

y < BM —~ < BM — BA < BM".

A trajectory outside S(q) has either
y<aM—~v<aM

" y > M+~ > M.
Hence S(¢’) = S(g) =: S and
F(q") = F(q) = (M'— M)q'(S) + M{q'(S) — a(5)}.

(i) A trajectory with y ¢ {aM, S M } keeps its membership once 3| M (qi) — M| is below its distance
to the endpoints, as in (i). If M (gx) > M, then M (g;) > y on Z_ and BM (q) > y on Z4, so
eventually S(gr) = S(¢) \ Z- and

Flar) = M(qr) gx(S(q) \ Z-) = M{q(S(q)) —w-}.

The other case is symmetric. O

Proof of Corollary 1. (a) On {|jm — m*|| < p}, Lemma 9(a,b) bounds the expected difference by
Losc(f )5;1/ *\/d/(4n). Off this event the difference is at most osc(f), and the event has probability

at most 2de~2"""/4 Given P™™, E pint f averages S independent values with variance at most
osc(f)?/4. The interpolated case uses Lemma 9(c) in the same way.

(b) Moment term. On G = {||m — m*|| < r}, Lemma 9(a) with f = y gives 8|M (P™™) — M*| <
7v/2 < . Lemma 10(i), with Lemma 9(a) for f = y and f = 1g(psyn), then gives

[F(P™™) — F(PY™)| < 5(5 + M*)r, 2| — m*||

< gk, M —m*.
Off G the difference is at most 7, since 0 < F' < 4.
Integration term. Hoeffding’s inequality gives
PI‘(B|M(Pint) _ M(Pmm)| Z 'Y/) S 26_25‘7/2/(:6@)2;

otherwise Lemma 10(i) applies, with E|AM| < 7/(2v/S) and E|Aq(S)| < 1/(2V/9).
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(c) Step 1: asymprotic normality. Almost surely m — m*, and /n(m — m*) is asymptotically
normal with covariance Covp(¢).

Step 2: delta method. The gradient of M with respect to the moments at m* is v =
Y 1Covpsyn(d,y) # 0, so /n{M(P™") — M*} is asymptotically normal with variance
v Covp(p)v > 0, and each sign has limiting probability %

Step 3: the limit. By Lemma 10(ii) and continuity of m + Q). With AM = M(P™™) — M*,
|F(P™™) — F(PYM)] — M*{w_1(AM > 0) + w1 1(AM < 0)} —» 0

in probability. The difference is bounded by , so its expectation converges to %M (w- +wy). O

Two examples. Both fall under (c).

First example. If Y € {1, 3} with equal probabilities, then M* = 2, the band is [1, 2], and both
payment values sit on its endpoints (w_ = w4 = %): shifting mass ¢ # 0 between them gives

F=G+5G+It)— 3,
whereas F' = % att = 0.

Second example. If a unit prize is won with probability p* = %, the prize sits on the upper

endpoint M™* = 1 (w4 = %), and the limit is % . % . % = % This example runs through Eq. (5)
with a nonsingular covariance: four trajectories (C, D) € {(1,1),(2,1),(3,2), (4,2)}, features

(C/4,D/2), a uniform base, a prize for C' > 3, and truth Q~ with A* = (0, 2log5).

J.4 'WHAT THE LOWER BOUNDS COVER

Proposition 1(ii) is a statement about tables. Its instances perturb the entries of a fixed menu directly,
and the truths consistent with the final tables range over all tables within the stage errors, not over
laws produced by an I-projection, a finite pilot and finite sampling. The next proposition asks what
the statistical chain itself attains.

Proposition 3 (Lower bounds attained by the statistical chain). Take one layer with two plans x,y
that pay nothing, so that every portfolio is feasible and w = 0, and a value integrand h.

(a) Synthetic stage, constant attained. Let po and ¢ be as in Appendix J.3, and let h : Z — [0, 1] not
be affine in ¢. There is € > 0 such that for every € € (0, €] there are offer laws Py, P, with the same
I-projection Q* and

Epwh—EQ*h =& = EQ*h —Epyh.

With population moments, exact summation and exact enumeration, sgyn = ¢ and the other terms
vanish, and every deterministic planner that uses the laws only through their ¢-moments has regret
2¢ under one of the two labellings. Thus Eq. (8) holds with equality for the actual I-projection.

(b) Moment-matching stage, order attained. Let Z = {0, 1}, ¢(z) = h(z) = z and any full-support
base, so that the tilt family contains every nondegenerate Bernoulli law and P™™ is the pilot frequency.
Let P,, P, be Bernoulli(% + &) with 6 = (3/(128n))'/2, and let each plan receive n independent
pilot trajectories. Every rule that picks a plan from the pilot data has expected regret at least

§/2 = (3/(512n))1/?

under one of the two labellings.

(c) Integration stage, order attained by sampling only. The construction of (b), with S inde-
pendent draws from P™™ in place of the pilot, gives the S-draw integrator expected regret at
least (3/(5125))'/? on some instance. Exact summation over a finite Z has no integration error
(Lemma 7).
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Proof. (a) Step 1: a direction invisible to the moments. Since h ¢ span{1, 1, ..., ¢4} in RZ, its
residual w after orthogonal projection onto that span is nonzero, with

Z w(z) =0,

(w, h) = Hw”27
rescale w so that {(w, h) = 1.
Step 2: the two laws. Let Q* = @ for any A and & = min,, ;)20 Q*(2)/|w(2)|. Then
P, =Q" + cw,
P, =Q" —cw
are laws with moments Eq+¢. By the identity of Lemma 4, for every g with these moments,

KL(ql[po) = KL(¢[|Q") + KL(Q"[po),
so * is the I-projection of both, and their values are Eg«h + €.
Step 3: the regret. All later tables of x and y coincide, so a deterministic planner’s choice depends

only on the labels, and the labelling under which it picks the plan with law P, has regret 2e. A
randomized planner has regret at least € averaged over the two labellings.

(b) Step 1: two-point reduction. Let P, P4 be the laws of the 2n pilot outcomes under the two
labellings. A rule ¢ has regrets 20 P1 (¢ = y) and 26 P2 (v = ), whose sum is at least

26{1 — TV(P1,P2)}.

Step 2: bounding the distance. For § < i,
1+26 < %n
—-20 — 3

KL(P1||P2) = 4nd log 62,

so Pinsker’s inequality gives

(c) This is (b) with the S draws as the data. ]

Part (a) shows that the I-projection itself attains the constant 2 of the synthetic term, and that this term
is the price of compressing the pilot to d moments: P, and P, have different trajectory histograms,
which a trial over every offer would observe. Parts (b) and (c) show that the n~/2 and S—'/2 orders
of Corollary 1 cannot be improved in general: the first by no use of the same pilot, the second only
by giving up sampling.

Scope of the decomposition. Four kinds of loss are distinct, and only some are bounded. (1)
Proposition 1(i) is a perturbation bound: it compares the planner with the best portfolio over the same
layer menus. The value lost by restricting individuals to layer menus,

Amenu = i;d - V*(O),

with V.* ; the best true value over individual plans, is not bounded here, and neither are the ranking
and roster choices of M1-M2; they are measured only against the layerings that were tested. (2) The
loss from tightening the budget, w(2E.), is bounded only under a margin or growth condition: on a
finite menu V* is a step function, so w(2E,) = 0 when an optimal portfolio’s true spend lies in Bag .,
and w(2E.) < 2kE, when w(d) < kd. The tightening itself needs E., which is unknown when a
plan is issued unless a certificate supplies it, and Algorithm 1 uses the untightened band. (3) Part (ii)
of the proposition holds at the level of tables; Proposition 3 is the statement for the chain of laws. (4)
Part (iii) and Proposition 3 assert that certain instances exist. They do not say that on a given instance
an accurate stage cannot partly offset another: errors can cancel, and the direct error in Table 10 is
below the sum of the stage errors. Nor do they say that realized regret grows whenever one stage term
grows. That a stage is needed in practice rests on the ablations and holds relative to the replacements
tested there.
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K REGISTERED TEST FAMILIES
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Table 22: Pre-specified decision rules and their outcomes (rules fixed before the runs, and except
for the integrated study also the analysis scripts). Rider held-out validation (Appendix A.1): paired
change, held-out minus reference, of plan-cost error and selection regret at budget fraction 1, 95%
intervals over origins; the rule requires upper bounds < 0.045 and < 0.01. Synthetic trajectories and
a short pilot (Section 5): the pre-specified primary arm is the framework with sampled integration
(S = 2,048); differences of penalized relative regret at 10% scoring on the 18 response laws, 95%
intervals over laws. Integrated study (Appendix C): the registered confirmatory family on 36 response
laws; H1 is the framework minus the same-calendar trial in relative regret (band within 20% of the
budget), H2 the geometric-mean speed-up of answering all 60 requests of an origin by reuse, one-off
preparation charged, over re-running the whole pipeline per request; 95% intervals over laws. Its
analysis script was completed after the run; H2 is computed on the registered 36 response laws. New
generator (Appendix D): the same family on its 36 response laws, with the rules and the analysis
script fixed before the run. Stronger controls, behaviour change, joint fit and population reduction
(Appendix E, studies C—F): registered families of seven, five, five and three one-sided tests, Holm
step-down at level 0.025 within each family; estimates with 95% law-bootstrap intervals, relative
regret within 20% of the budget (study F: retained share of the individual-level optimum). Study E:
full re-run after the correction described in Appendix E.

Held-out condition Change in plan-cost error Change in regret Met

Unseen period (fit once, 16 +0.051 [+0.002, 4+0.098] +0.000 [+0.000, +0.000] no

origins)

Unseen cities (four folds, 45  +0.003 [—0.018, +0.020] +0.000 [40.000, +0.000] yes

origins)

Pilot rule 1-week pilot 2-week pilot 4-week pilot

Near-lossless vs. 18-week
trial (upper < 0.05)

Beats same-calendar trial
(upper < 0)

Without history is worse
(lower > 0)

Without moment matching is
worse (lower > 0)

Without joint integration is
worse (lower > 0)

Without budget allocation is
worse (lower > 0)

+0.156 [+0.114, 4+0.201] (no)
—0.256 [—0.290, —0.222] (yes)
+0.371 [40.266, 4-0.488] (yes)
+0.369 [+0.235, +-0.499] (yes)
+0.296 [+0.226, 4-0.368] (yes)

+0.581 [4-0.516, +0.652] (yes)

40.093 [+0.061, 4+0.126] (no)
—0.160 [—0.186, —0.134] (yes)
40.388 [+0.261, 40.525] (yes)
40.433 [40.302, 40.561] (yes)
40.376 [+0.299, +0.458] (yes)

4-0.643 [4-0.568, 4-0.719] (yes)

+0.059 [+0.039, 4+0.077] (no)
—0.076 [—0.109, —0.043] (yes)
+0.380 [+0.258, 4-0.514] (yes)
+0.467 [+0.359, 4+0.574] (yes)
+0.428 [+0.374, 4+0.487] (yes)

40.676 [+0.612, +0.737] (yes)

Integrated-study rule

1-week pilot

2-week pilot

4-week pilot

HI: beats same-calendar trial
within 20% (upper < 0)

H2: 60 requests faster with
preparation (lower > 1, same
answers)

—0.171 [—0.201, —0.140] (yes)

14.1x [13.8, 14.5] (yes)

—0.124 [—0.160, —0.089] (yes)

14.2x [13.8, 14.5] (yes)

—0.069 [—0.104, —0.035] (yes)

14.3x [14.0, 14.7] (yes)

New-generator rule

1-week pilot

2-week pilot

4-week pilot

H1: beats same-calendar trial
within 20% (upper < 0)

H2: 60 requests faster with
preparation (lower > 1, same
answers)

—0.289 [—0.311, —0.267] (yes)

2.70x [2.67,2.73] (yes)

—0.176 [—0.192, —0.160] (yes)

2.72% [2.69, 2.75] (yes)

—0.123 [—0.140, —0.108] (yes)

2.78x [2.76,2.81] (yes)

Stronger-control rule

1-week pilot

2-week pilot

4-week pilot

H6.1: tilted trial minus trial
(<0)

H6.2: minus dose
interpolation (< 0)

H6.3: minus normal, exact
truncated moments (< 0)
H6.4: calendar shocks, minus
trial (< 0)

H6.5: ESS deficit vs. cost
error, Spearman (> 0)
H6.6: support 1,024 minus
16,384 weeks (> 0)

—0.075 [—0.078, —0.072] (yes)
—0.022 [—0.024, —0.021] (yes)
—0.053 [—0.055, —0.051] (yes)
—0.267 [—0.274, —0.259] (yes)
+0.415 [40.400, +-0.431] (yes)

+0.006 [+0.006, +0.006] (yes)

—0.214 [—0.222, —0.206] (yes)

Behaviour-change rule

1-week pilot

2-week pilot

4-week pilot

H7.1-H7.3: request-aware
minus direct reuse (< 0)
H7.4: same, selected
subpopulations (< 0)
H7.5: request-aware minus
trial, 288 laws (< 0)

—0.195 [—0.202, —0.189] (yes)
—0.347 [—0.356, —0.338] (yes)

—0.129 [—0.136, —0.123] (yes)

—0.255 [—0.261, —0.249] (yes)

—0.300 [—0.306, —0.293] (yes)

Joint-fit rule (study E)

1-week pilot

2-week pilot

4-week pilot

H9.1: framework minus joint
fit of the trial (< 0)

H9.2: joint fit minus per-offer
tilt of the trial (< 0)

HO 2 coct-tahle error

—0.055 [—0.059, —0.051] (yes) 420.052 [—0.056, —0.048] (yes)

—0.152 [—0.158, —0.146] (yes)

—0014T—0015 —0O 0141 (vec)

—0.060 [—0.066, —0.053] (yes)



	Introduction
	Requests and the four-stage framework
	Award probabilities and the four-term loss decomposition
	Rider records: accuracy given up and time gained
	Synthetic trajectories and a short pilot versus a long trial
	Transfer across domains and rules
	Related work
	Conclusion
	Rider replay: protocol and timing
	Cities left out of training

	Synthetic trajectories and a short pilot: design and further results
	Empirical check of the decomposition

	Integrated study: changing requests and binding budgets
	Response validation with a new generator
	Stronger controls, weight diagnostics, behaviour-changing requests and population reduction
	Public retail data
	Computation and approximation boundaries
	Controlled response instance
	Settlement interface and exact allocation
	Exact allocation over attaining score segments

	Four-term loss decomposition: proofs and stage bounds
	Proof of Proposition 1
	Bounds on the four stage terms
	Rates of the moment-matching and integration terms
	What the lower bounds cover

	Registered test families

