Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Probing Asymmetry in Spatial-temporal Correlations
in Quantum Causal Inference

Yu Meng
University of Science and Technology of China

Zheng-Hao Liu
University of Science and Technology of China https://orcid.org/0000-0001-8067-1477

Zhikuan Zhao
Department of Computer Science, ETH Z\"urich

Peng Yin
University of Science and Technology of China
Yi-Tao Wang
University of Science and Technology of China
Wei Liu
University of Science and Technology of China
Zhi-Peng Li
CAS Key Laboratory of Quantum Information, University of Science and Technology of China
Yuan-Ze Yang
University of Science and Technology of China

Zhao-An Wang
University of Science and Technology of China

Jin-Shi Xu
University of Science and Technology of China https://orcid.org/0000-0003-0528-1000

Shang Yu
University of Science and Technology of China https://orcid.org/0000-0002-6463-952X

Jian-Shun Tang
University of Science and Technology of China

Chuan-Feng Li (&%= cfli@ustc.edu.cn)
University of Science and Technology of China https://orcid.org/0000-0001-6815-8929

Guangcan Guo
University of Science and Technology of China

Letter

Keywords: quantum correlations, quantum physics, quantum mechanics, optics


https://doi.org/10.21203/rs.3.rs-311195/v1
https://orcid.org/0000-0001-8067-1477
https://orcid.org/0000-0003-0528-1000
https://orcid.org/0000-0002-6463-952X
mailto:cfli@ustc.edu.cn
https://orcid.org/0000-0001-6815-8929

Posted Date: March 15th, 2021
DOI: https://doi.org/10.21203/rs.3.rs-311195/v1

License: © ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License


https://doi.org/10.21203/rs.3.rs-311195/v1
https://creativecommons.org/licenses/by/4.0/

Probing Asymmetry in Spatial-temporal Correlations in Quantum Causal Inference

Yu Meng,!»2 Zheng-Hao Liu,"? Zhikuan Zhao,>

Peng Yin,''? Yi-Tao Wang,! 2

Wei Liu,"2 Zhi-Peng Li,'»2? Yuan-Ze Yang,"? Zhao-An Wang,"? Jin-Shi Xu,! 2

Shang Yu,1%% " Jian-Shun Tang,?:

Chuan-Feng Li,1'2%

and Guang-Can Guo'>?2

LCAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei, Anhui 230026, China.
2CAS Center for Excellence in Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei 230026, People’s Republic of China
3 Department of Computer Science, ETH Ziirich, Universititstrasse 6, 8092 Ziirich, Switzerland
4 Research Center for Quantum Sensing, Zhejiang Lab, Hangzhou, 310000, People’s Republic China
(Dated: March 2, 2021)

Quantum correlations in space-time encapsu-
late the most defining aspects of quantum physics.
The dual of the spatial and temporal perspec-
tives are bind with a one-to-one correspondence
between bipartite quantum states and quantum
channels. Consequently, causal relations between
quantum events can sometimes be inferred sole-
ly from correlation statistics, apparently con-
tradicting the classical credo, ‘correlation does
not imply causation’ [1-6]. However, since the
spatial-temporal duality does not imply a full
symmetry of measurement statistics between the
two domains [7], the extent to which correlation
alone identifies quantum causality ponders in-
quiry vital for both fundamental and practical
interests. Here, demonstrating a unified geo-
metrical representation of spatial-temporal quan-
tum correlation, we show that certain non-unital
channels create temporal correlation without s-
patial analogue and break the spatial-temporal
symmetry. By implementing such channels in a
photonic architecture, we observe this asymmetry
and classify quantum correlations using a distance
criterion, thus bringing empirical insight into
causal inference in quantum mechanics.

A fully unified treatment of space-time has been one
of the cornerstones of modern physics ever since the
epoch-making discovery of special relativity [8]; however,
in non-relativistic quantum theory, the role of time,
because of the particular structure of its underlying
antiunitary, exhibits some pronounced differences from
other physical observables [9]. Thus, both the similarities
and discrepancies between temporal and spatial quantum
correlations (TQC and SQC, respectively) [10, 11] have
been continuous subjects of experimental interest[12,
13]. Particularly, as there is no strict analogue to the
monogamy of entanglement [14] governing TQC [15, 16],
three-point TQC exhibits a richer behavioural scope than
SQC [17-19], which has rendered TQC indispensable for
the interpretation of specific observed statistics [20].

Compared with the three-point quantum correlation,
the two-point correlation has a simpler algebraic struc-
ture and is intimately related to causal inference [5, 6];

notably, Ried et al.[1] considered causal inference for
quantum variables and illustrated the potentially advan-
tageous rooting in quantum coherence and entanglement.
More specifically, the parity of Pauli correlation functions
was used as a proxy for identifying causal structures: an
odd parity signifies that the underlying correlation orig-
inate from a maximally entangled bipartite state (quan-
tum common cause), whereas an even parity guarantees
that the correlation is induced by a quantum cause-effect
relation which can be described by a quantum channel.
This parity signature is consistent with intuition based
on the Choi-Jamiotkowski isomorphism [21], which sets
a one-to-one correspondence between an arbitrary quan-
tum channel described by a completely positive trace-
preserving (CPTP) map ep)4 [22, 23] and a bipartite
quantum state:

oS enia) = (Ta e 22) Y lii)Gilas, (1)
ij

where 74 denotes the identity super-operator acting on
the subsystem A. Since the evolution of a quantum
system between two time instances can be fully de-
scribed by the form of ep|4, one may postulate that
the logic of quantum causal inference can be generalized
straightforwardly to any observed non-separable two-
point correlation statistics and that common cause and
cause-effect can always be distinguished.

In this letter, in contrast with the above intuition, we
empirically disclose an asymmetry between the sets of
two-point TQCs and SQCs, affirmatively validating a
prior theoretical prediction [7]. This reveals a geomet-
rical characteristic shared by TQC and SQC [7, 24-26],
providing us with a novel viewpoint for investigating the
relationship between them. We experimentally demon-
strate that the concurrence of a non-maximally mixed
initial state and a non-unital quantum channel facilitates
the onset of asymmetry, which in turn augments the set
of possible two-point TQCs. We use a metric based
on Euclidean distance to classify quantum correlations
and to explore their utility as a causal witness, thereby
further elucidating non-trivial structures inferred to have
quantum common causal and direct cause-effect relations
in more general cases than in existing knowledge [1, 5, 6].
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Fig. 1. Inferring causal structure from quantum

correlations in space-time. a: The two-point TQC. A
single qubit po is measured at two instances in time, t4 and
tg, by two Pauli measurements, Mgi and ng, with a CPTP
map e€pja between them. The measurements collapse the
qubit according to Liider’s rule [27]. The results are stored
in two reservoirs R4 and Rp and retrieved later to extract
the correlation. b: The two-point SQC. The two-qubit state
paB are successively measureAd at timq instances t4 and tg
by two Pauli measurements M,, and M, respectively. The
evolutions of the two subsystems after preparation occur inde-
pendently of one another. Identifying whether the statistical
correlation from the quantum comb (shown in c¢) is TQC or
SQC can be interpreted as a quantum-causal inference.

We aim to distinguish between TQC and SQC based
only on the observed statistics under a scenario best
illustrated by the quantum comb representation [28]. As
shown in Figs. la and 1b, the two-point TQC and SQC
are obtained by measuring the Pauli operators azA and
ajB with 4,7 € {1,2,3} and by extracting the statistics
restored at the reservoirs R4 and Rp. The former reser-
voir describes the temporal correlation of a single-qubit
state po before and after a CPTP channel |4, whereas
the latter describes the spatial correlation between two
subsystems connected by a two-qubit state pap. Al-
though the measurement of 0;4 temporally precedes that
of o*f , the nature of the correlation between the two
events is not a priori known, and the task of determining,
based on the two-point correlations <Jf‘af>, whether
the correlation is inherently temporal or spatial can be
reasonably construed as quantum-causal inference (as
shown in Fig. I¢). We focus upon the subset of two-point
Pauli correlations, {<a{‘crlB> , <U§4023> , <a§40§3>}, which
geometrically form a set of coordinators in Euclidean
space. As shown in the Supplementary Information [29]
and Ref. [7], these correlations in the temporal domain
can be evaluated as

<UiAaZB>t =Tr {EB‘A (0i)0; + <0’i>p0 eB)a (00) O’l} , (2)

where o is the identity matrix. Equation (2) is to be
compared with the two-point correlation function in the
spatial domain, (0{*0P) = Tr[(cf* ® oP)pas]. Note
that in equation (2), if the channel is non-unital (i.e.,
if it alters the maximally mixed state epj4(1) # 1),
then the choice of the initial state will have a non-trivial
augmentation effect upon the set of possible TQCs.
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Fig. 2. Experimental setup. In the preparation stage,
heralded, horizontally-polarized single photons are generated
by pumping a periodically poled potassium titanyl phosphate
(ppKTP) crystal. The basis of the first measurement is
selected by quarter-wave and half-wave plates (QWP1 and
HWP1), whereas the spatial light modulators (SLM1) encodes
the measurement outcomes in the spatial profiles of the pho-
tons. After HWP2 and QWP2 revert the initial polarization
of the photon, it enters the non-unital channel implemented
by an unbalanced Mach—Zehnder interferometer. Then, the
photon is measured again by QWP3, HWP3, and polarization
beam splitter (PBS). SLM2 and SLM3 transform different
spatial modes into different propagating directions of the
signal photon. Finally, the photon is detected by single-
photon avalanche detectors (SPADs) at the four exit angles.

Geometrically, let Q; denote the set of possible two-
point TQCs: {<01A013>t , <a§4023>t , <0’§40'3B>t}7 induced
by all possible CPTP maps and initial states. The
four extremal points of Q, are given by the even-
parity coordinates, {(—=1)™,(=1)",(=1)""™}, m,n €
{0,1}, which are also the vertices of the tetrahedron
T: enclosing the set of TQCs induced by only unital
channels or by arbitrary channels but with an initial
state restricted to being maximally mixed. Conversely,
the geometrical set of all two-qubit SQCs is known to be
inscribed by the tetrahedron 7T, with odd-parity vertices
{(=1)™, (=1)", (=1)**F™*+"} [30, 31]. Note that the
Choi—Jamiotkowski isomorphism (Equation (1)) implies a
symmetry about the <U§4023> = 0 plane between 7; and
Ts; every TQC with a maximally mixed input induced
by a given channel is bijectively mapped into SQC in
the corresponding Choi state. This spatial-temporal
symmetry is broken in the presence of certain non-
unital channels acting upon the non-maximally mixed
input states. The relatively uncomplicated form of these
non-unital channels allows us to experimentally observe
such spatial-temporal asymmetry with readily attainable
photonic techniques.

To implement a photonic non-unital channel evolution
and illustrate the bounding set of Q;, we employ the ex-
perimental setup shown in Fig. 2; the detailed description
of the setup goes to the Methods section.

The asymmetry in the geometrical relationship be-
tween TQC and SQC that is demonstrated by our



experiment is shown in Fig.3a. The restricted set of
TQCs with a vanishing second term of Equation (2), Tz,
is represented by the red tetrahedrons, while its mirror
reflection with respect to the plane <a§4023> = 0, ie.,
the set of two-qubit SQCs, 7, is represented by the blue
tetrahedron. The set of all possible TQCs is depicted by
the red translucent ‘inflated tetrahedron’, Q;. Compared
with the 7; inside it, the inflated Q; inscribes a volume
that is approximately 85% larger, which manifests ad-
ditional allowable correlation statistics. Another legible
way to visualize this relationship is displayed in Fig. 3b,
where the upper red square describes the possible set
of two-qubit TQCs with different cases of the initial
state and the CPTP map (small red squares 1, 2, 3,
4), which together span Q; in Fig.3a. The lower blue
square describes the possible sets of two-point SQCs with
different cases of marginal states p4 = Trg[pap] and
pp = Tralpap] (small blue square 1, 2, 3, 4), which
are captured by the blue tetrahedron, 7, in Fig. 3a.
The tetrahedron 7; can specify two classes of TQC
scenarios: 1. an arbitrary single-qubit state py subjected
to a unital CPTP map (small red squares 2 + 3); IL.
a maximally mixed initial state py = 1/2 subjected to
an arbitrary choice of the quantum channel (small red
squares 1+ 2); however, it does not describe the TQC at
the concurrence of the non-maximally mixed input state
and the non-unital CPTP map (small red square 4), i.e.,
T © Q. Thus, the geometrical symmetry between T
and T; about the plane (c4'c4) = 0 (depicted using the
diagonal dashed lines) is broken because T represents all
SQCs. Moreover, the Choi-Jamiotkowski isomorphism
(Equation (1)) maps the CPTP channel to a bipartite
quantum state only when the input state is maximally
mixed. This is represented as mapping the small red
square 1 + 2 to the small blue squares 1 + 2 + 3 + 4; as
can be seen in Fig. 3a, Q; has some partial overlap with
Ts in addition to the octahedral region Oy = T, N Ty,
which physically represents the SQC that is generated
by the two-qubit separable states. To the best of our
knowledge, the causal structure when the correlations fall
into (Q; NTs) \ Os has been little investigated.

We track the trajectory of the correlation values by
scanning through the parametric space in the geometric
representation of Fig. 3. Here, we calculate two sets of
parameters and obtain two typical curves, as represented
by the orange and cyan theoretical curves on the surface
of Q; in Fig. 3a; the details are presented in the Methods.
After calculating the correlation function[1] of these
two exemplary curves, ie. C = H?Zl (ofal), we
find that the scalar C' shows an unprecedented domain
of [—%,1]. This outdoes the lower bound of all the
correlations induced by the quantum direct-cause effect
via the statistics C' and breaks the symmetry in statistics
of C between direct-cause effects (C € [—5,1]) and
common cause effects(C' € [—1, 5-]) [5]. Our experimen-

tal results, represented by the orange and cyan points,
confirm the theoretical predictions: after the evolution
in the non-unital channels, most of the points lie outside
T:;. The maximal distance of the data points from the
nearest surface of 7Ty is 0.250 £ 0.014, falling just slightly
short of the theoretical maximum of \/3/6 because of
experimental imperfections. The extremal point that
coordinates (—0.493,0.515,0.427) in our experimental
results yields C' = —0.108 which is very close to the
theoretical prediction. The standard deviation of the
distance measure is numerically estimated via Monte
Carlo simulation.

In the overlapping region (Q;N7;), it is known that one
cannot distinguish between TQC and SQC based only
on the correlation statistics of (c/*¢?) [5, 6]. In this
case, further tools are required to reveal the underlying
causal structure and the two-point quantum correlations.
We now define some useful quantities for further inquiry
into causal inference. For an arbitrary point in 7, the
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Fig. 3. Geometry of two-point quantum correlations.
a. The red tetrahedron 7; describes the two-point TQC con-
ditioned on a maximally mixed initial state or unital channel
evolution, whereas the blue tetrahedron 7 describes the two-
qubit SQC. T and T; are symmetric about the <0§4023> =0
plane. The overlaps of 7; and 7, forming the octahedron
Oy are denoted by the dashed line, which bounds the region
of quantum correlation induced by separable states [30, 31].
The red translucent ‘inflated tetrahedron’ Q: encircling T;
represents the set of TQCs resulting in a non-unital channel
between two single-qubit measurements. The orange- and
cyan-coloured points represents the experimental results of
the two typical parametric Kraus operators with v = 2u and
u € [0,7/2], and v = 27/3 and v € [0,27/3], respectively;
the two curves correspond to the theoretical predictions. The
30 error bars are too small to be displayed. b. Schematic
illustration of the duality between TQC and SQC. Upper:
dependence of TQC upon the mixedness of the initial state po
(X-axis) and the unitality of the CPTP map (Y-axis). Lower:
dependence of SQC upon the mixedness of the two marginal
states, pa = Trp[pap] and pp = Tra[pas]. The regions with
dashed diagonal line exhibit geometrical symmetry between
T: and Ts in Euclidean space.



Euclidean distance between it and the nearest point in
octahedron O, constitutes an entanglement measurement
[32]. Explicitly, we define the signed distance to the
nearest facet of 7, from the outside (denoted by SC)
as the value of the SQC. Thus SC > 0 signifies that
the correlation can be interpreted by SQC. We analo-
gously quantify the entanglement witness (EW). Here,
the signed distance is derived from the facets of the
octahedron, with the points inside the octahedron giving
positive values and EW < 0 signifying the existence of
an entanglement in accordance with common practice.
Finally, we quantify TQC as TC = ||Rag||tx — 1, where
R ap is the two-point pseudo-density matrix (PDM) [24]
and 7C > 0 indicates that the observed quantum
correlation can be described by TQC.

Fig.41 shows the experimental results for computing
TC, SC and EW. The green, blue and red curves
correspond to the theoretical TC, SC and EW values of
the states, respectively, using data points computed from
experimental observations. Using the PDM formalism,
we see that in both sets of states, 7C > 0 is satisfied
by all data points. In Fig.4a, where u > 0.90 rad,
SC > 0; this indicates that TQC and SQC are not
distinguishable solely through statistical analysis of the
(6 6P) correlations. Furthermore, EW can be as low
as —0.237+0.016, indicating that these TQCs generated
by our experimental non-unital channel can be used to
mimic the correlations of two-qubit entanglement states.
The same phenomenon can be observed in Fig. 4b, where
0.75 rad < v < 1.33 rad. It is clear from the geometrical
picture that the imitation of entangled-state statistics
cannot be achieved using only the unital channel.

To conclude, we have revealed the geometrical asym-
metry between the bounding sets of two-point TQCs
under certain non-unital CPTP channel and the two-
qubit SQCs and demonstrated that the former is ap-
proximately inscribes a volume 85% larger than the
latter one. Comparing with the unital cases, when
using parity C' as the criterion, our results augmented
the set of statistics that the temporal correlation can
manifest, from C € [—%,1] [1, 5] to C € [—%,1]. In
particular, these findings hold operational significance in
quantum causality. Our results elucidate the fine-print in
the task of identifying causal structures from two-point
correlation statistics, and our criterion based on the Eu-
clidean distance consumes less resource of measurements
comparing with the method of causal tomography [1, 24].
Our work proves necessary for understanding (and hence
benefiting from) the utility of causal inference in the
quantum setting. A natural future research avenue is to
generalize our inquiries on two-point correlations to the
cases of multi-point correlations or higher-dimensional
systems.

From the experimental perspective, the versatile pho-
tonic non-unital channel devised and implemented in
this work can be extended to construct generic quantum
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Fig. 4. Quantified results for the correlations and the
entanglement witness. The subplots a and b corresponds
to the orange and cyan points in Fig. 3, respectively, and each
data point corresponds to an experimental PDM R acquired
from the measurements of a qubit at two time instances. The
horizontal coordinates denote the parameters of the corre-
sponding channel. The blue lines represent the theoretical
SQC values, SC, of the states. There are two SC functions
in (b) because the points in this circumstance need to be
bounded by two functions. The green points are the TQC
values of the states, and the red points are the experimental
EWs, calculated only for those states satisfying SC > 0.
The data points of each colour represent the corresponding
experimental values, and the error bars represent the 3¢
standard deviation.

channels with the arbitrary parameterization of Kraus
operators, which have possible applications in the investi-
gation of the non-Markovian dynamics in open quantum
systems [33-35]. Moreover, our parametric non-unital
quantum channel realizes on demand the photonic non-
Hermitian evolution, and thus may facilitate the inves-
tigation of the PT-symmetric theory [36-38], quantum
simulation based on adiabatic quantum computation [39],
and the enhancement of quantum sensing with non-
Hermitian dynamics [40].
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Methods

Experimental setup— As shown in Fig. 2, a periodi-
cally poled potassium titanyl phosphate (ppKTP) crystal
is pumped by an ultraviolet continuous-wave laser with a
central wavelength of 404 nm to generate heralded single
photons with a central wavelength of 808 nm through
type-II spontaneous parametric down-conversion. An
interference filter is inserted to remove the residual
pumping light. The single photon’s polarization degree
of freedom is used to register the qubit, with |H) (|[V))
denoting the horizontal (vertical) polarization state.

The photon initialized in |H) is the first subject

to a measurement of o'. Explicitly, the first group
of half-wave and quarter-wave plate (HWP and QWP,
respectively) rotate the polarization +1(—1) eigenstate
of of* to |H) (|V)). After the projection, the outcome of
the first measurement is registered in the orbital angular
momentum (OAM) degree of freedom using a spatial light
modulator (SLM). Since the SLM only modulates the
horizontally-polarized photons, after the first measure-
ment, the photons initially on the +1 eigenstate of o7
acquire an OAM charge of 2, and the polarization state
of the photon is reverted by another HWP and QWP.

Then, the photon enters the non-unital channel ep 4,
which can be procured by a family of channels con-
stituted of only two Kraus operators[22, 23]. The
exact form reads e(p) = K+ij_ + K_pK!, with
K, = [cos 5 COS %] oo + [Singsin %] o3, and K_ =
[Sin 3 cOS %] o1 —1 [cos 3 sin %] 09. This is realized by an
unbalanced Mach—Zehnder interferometer between the
two Pauli measurements. By adjusting the parameters
of the HWPs, polarizing density filters (PDs) [41] and
neutral density filters (NDs) in the two paths, we can
effectively adjust w,v. The PDs are used to induce a
decrease of the wavefunction amplitude corresponding
to the |V) polarized photons, and thus implement the
imaginary-time evolution. The detailed implementation
of this procedure is shown in the Supplementary Infor-
mation [29].

The second measurement of alB is achieved by a set
comprising a QWP, HWP and PBS, which splits the
eigenstates of o into two perpendicularly propagating
spatial modes. Finally, two SLMs further split the
photons with different OAM charges to retrieve the
result of the first measurement [42]. The photons are
collected by four single-photon avalanche detectors
(SPADs), and the coincidence counting with the trigger
photon is used to extract the outcomes of the two
measurements at time instances t4 and tp within
only one coincidental event. After the calculation[29],
we can obtain the two-point TQC of <U;40iB>, with
i.j€{1,2,3}.

The Pseudo-Density Matrix The PDM formal-
ism introduced in Ref. [24] is particularly useful for
more deeply investigating into the relationship between
TQC and SQC in the overlapping region. A two-point
PDM is determined by the expectation values of all
combinations of two-point Pauli measurements on the
qubit: Rap := %Zj’:o Zi:o <O’3»40'E>0340'1€B. To this
end, we experimentally measure all of the correlations
of the dark orange and cyan points in 3a and deduce the
PDM using quantum-state tomography, which allows for
computation of a scalar measure of causality based on
the trace norms of the PDM: 7C = ||Ragllt — 1, and
||RaB|tr represent the sums of the singular values of the
PDM.
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Figure 1

Inferring causal structure from quantum correlations in space-time. (see Manuscript file for full figure
legend)
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Figure 2

Experimental setup. (see Manuscript file for full figure legend)
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Figure 3

Geometry of two-point quantum correlations. (see Manuscript file for full figure legend)
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Figure 4

Quantified results for the correlations and the entanglement witness. (see Manuscript file for full figure
legend)
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