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5. On a Stochastic Integral Equation,

By Kiyosi ITd.
Mathematical Institute, Nagoya Imperial University.
(Comm. by S. KAKEYA, M.1A., Feb. 12, 1946.)

In his note “Stochastic Integral ”? the author has discussed an integral
of the type /; ‘f(r, w)d: g(r, w), where w is a variable taking values in a pro-

bability field (2; P) and g(¢, w) is a normalized brownian motion on (2, P).
This note is devoted to the investigation of a stochastic integral equation :
M) xto)=c+ fo ‘e, 2(c, w)) dr + ﬁ 'b(z, 1(c, @) de g (1, ),
which is closely related to the researches of Markoff process by many
authors, especially by S. Bernstein,2 A. Kolmogoroff,® and W. Feller.4
Theorem. Let a (i, x) and b (1, x) be continuous in (1, x) and satisfy
@ la@tn—aty|=Alx—yl, @) [6(t,x)—b({t,y)|=<Blx—y|, where
0=<t=<land — o< x y< . Then the integral equation (1) has one and
only one continuous (in t with P-measure 1) solution.
Proof. Firstly we shall find a solution by the method of successive
approximation. We define x:(f, w) for £ = 0,1, 2, ... as follows,
@ x@Go=c
®  wto) =+ [ a0 ma o) dr + [ b6 mo1( ) de g 0);
the possibility of these definitions can be verified recursively if we make use
of the properties of the stochastic integral shown in S.I..
By (5) we have, for k=0,1,2, ...

6) matow)—mnlto)= j;t(a (7, % (7, ©)) — a(z, 2-1(7, W) dr
+ /; ‘(b (7, % (1, w)) — b(z, 2 -1 (1, W) d: g (7, ).

Since a (¢, x)-and b (¢, x) are continuous, [a(f,¢)| and | b (2 ¢)| are bounded
in 0 =t< 1 by a finite upper bound, say M. Then we have

1) These proceedings Vol. XX. No. 8. p. 519. This paper will be cited as S.I. in the
following.

2) S. Bernstein: Equations différrentielles stochastiques, Actuarités Scientifiques
738.

3) A. Kolmogoroff : Uber die analytischen Methoden in der Wahrscheinlichkeitsre-
chnung, Math. Ann. 104, p. 415.

4) W. Feller: Zur Theorie der stochastischen Prozesse. (Existenz und Eindeutig-
keitss4tze.), Math, Ann. 113, p. 113!
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@ Eostior-aorsl(o( flacon) P4(a( f3comateo)

_ {?ﬂta(r,c)df! + (‘/;2‘/:17(1',c)zd'z'P(da)))Ji}2

=(Mt+ Mtr<aM2t.
In general we can show the following inequalities by mathematical induction
for k=1,23,.

® f |a(z, 2 (z,))— a(z,xx-1(7, ) |dr <4A2 (A + Be®-pp2
) B[ 6 n o) — b w1 00 deg (s 0))
<4B(A+BpE-D sz,ﬁk%,

lk+

(10) E(xp(t, w)— x-1¢, 0)2 < 4(A +B32*%-1 M2 |—"

By Bxenayme s inequality we can deduce from (8)

any pP )w ;./; | a(z, 2 (z, ©)) — a (7, 2p-1(x, @) | dr > —27};1*>

2k+1

(k41 E+1°

Since the series whose k-th term in the above right side is evidently con-
vergent, we can conclude by Borel-Cantelli’s theorem with P-measure 1 that

/:I a(t, x(r, ) —a(c, x-1(r, 0) | dr < 'E%T’

a fortiori

a2 0 g% 1‘ ﬂ’(a (@, 2 (7, @) — (a7, 26-1 (7, W))) dr ng—klﬁ

<4 A2(A + BR®-D M2

but for finite exceptional values of k.
By a property of stochastic integral we obtain from (9)

1) P{ wi ft(b(:, 2 (5, @) = b (7, 21 (7, @) s g (7, )| > 7-7}

2k+1
S4B (A+BYk-D M2

and so we can see, by making use of Borel-Cantelli’s theorem again, with
P-measure 1, that

a8 s [ 660G 0) = 0651 ) e 0)| S iy

0S¢t
but for finite except10nal values of k.
From (6), (12) and (14) we see, with P-measure 1, that

(15) ngpél}xk (¢, W) — xp-1 (¢, (u)jg 2’}+1 + '2k1+_1 = _T21.k_

but for finite exceptional values of &. Thus the sequence x¢ (¢, w) is unitormly
(in 0 ¢t=<1) convergent with P-measure 1. We shall denote the limit by
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x (¢, w), which will be shown to be a solution of (1) in the following.
Integrating both sides of (10) from ¢ = 0 to ¢ = 1, we obtain

(16) /; i/‘g{m (1,0) = 2114, ) P(do) dt S 4(A + BR&-D M2 5 L

Therefore xx (¢, w) is convergent in the norm of L, [0,1] x £) and so the
limit x (#, @) belongs to L,([0,1] x.2). Since x(Z, ®) belongs to G by the
definition and it is continuous (in #) as the uniform (in #) limit with P-mea-
sure 1, x (¢, w) belongs to S*.60 Consequently we have

a7 =z, w)e8D
Therefore we can apply Theorem 2.2 in S.I. to x (¢, w).
Now we have

(18) E( /;ta (z, x(z, w))dr —ﬂta (z, 2 (z, (u)))2 = t‘/;i/; A2 (x, (7, )

— 2 (t,0)2 P(dw)dr = Az‘/;lj;(x (z, 0) — 2 (7, )’ P (dw) dr

a9 E [ 361G o) dg o)~ [ o6 nGE D) g o)
=t [ B 60— n( ) Pdo)dr

=B j; ! ‘/L; (% (z, @) — 2 (7, @))? P(dw) dr,
Taking the L, ({0,1] x 2)-limits of both sides of (5) for 2 — o, we obtain
20) x(tw)=c+ ‘/;'a (7, 2(z, ) dr + ‘[;Ib (7, 2(7, @) d: g(7, )

with P-measure 1 for any assigned # But the above both sides are con-
tinuous in ¢ with P-measure 1. Therefore (20) holds for any ¢ with P-mea-
sure 1. Thus we have obtained a solution x (¢, @) of (1) which is continuous
in ¢ with P-measure 1.

Next we shall the uniqueness of the solution of (1). Let y (¢, w) and
z (f, ») be a continuous (in ¢ with P-measure 1) solution of (1):

@) y@to)=c+ [la@yEond + b6 ) dg 0,

(22) z2(t,w)y=c+ ‘/:a (z, 2(7, W) dr + ﬂ ‘b(z, 2 (z, w)) d: g(z, w).
In the case that |a (¢ x)| and |b(¢,x)| are bounded by an upper bound
G, we have

@ EGGo—z¢ors(E( [ ca)) + (& [lea)))

But we have

24) E(y(t,w)—2(t, o) =<(A + BY j; "Byt 0)— 2(t, )P de

5) Cf. SI 2.
6) Cf. SI 2.
7) Cf. SI. Foot Note 4).
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Therefore we have
k
(25) Ey{o)—z2(, 0)? <4G(A + BR* l‘—k.

Thus we obtain, as % tends to o, E(y (¢, w) — 2(¢, w))* = 0, and so y ({, w)
= z(t. w) with P-measure 1 for any ¢ By the continuity (in ¢) of ¥ (¢, ) and
2(t, w), ¥}, 0) = z(¢, ) holds for any ¢ with P-measure 1

In the general case we obtain, by the assumption,

@26) laitni=la@ol+lalt,y)—alt,0)l=M+Aly—c|
@) 160G+ 0N —bEGLAI=M+ Bly—cl.
Put
@28) 2= {(u;oéztt{slly(t, w)—c| < K} N\ {w;oss‘?éllz(t, w)— ¢| < K}

&y increases with K and tends to a set %* of P-measure 1 on account of
the continuity of y(#, w) and 2z (¢, w).
Now we have on 2
@9 la@y@Go)l, |b@GyG o), laGzto)|, 16¢zE )]
<M+ (A+ B)K.
Denote the right side by G and define ac (%, x) and b (¢, x) 'as follows.
B0) acx) =G, when a(,2)=G,
ac(t,x)=a(tx), when |a(tx)| <G,
ac(t,x) = —G, when a(t,x)=<—G,
bc(t,x) =G, when b(x)=G,
bc (¢t x) = o(t, %), when [b(4,2)] <G,
b (¢, x) = —G, when b(t,x)=—G.
By (29) we have on 2
) actytw)=altytw), actz®®) =a(tz(t o),
be Ly, w) =bly(E w), bc(tz@E w) =>b{ z{ w)).
and so on 2 both ¥ (¢, w) and z (¢, w) satisfy a stochastic integral equation:
(32 x(tow)=c+ j; 06 (t, 2 (z, w)) dr + /; ‘b6 (2, 2 (z, w)) d: g(t, ),
whicn has a unique continuous (in ¢ with P-measure 1) solution
by the argument in the above special case. Thus we have y (¢, w) = z{{, ®)
= xx (¢, w) for any ¢ and for any K and so y (¢, w) = z(¢, w) for any ¢ on 2%
QED.
Added .in proof: The author has published a detailed investigation of
the same subject in a more general case. Cf. On stochastic processes (II)—
A stochastic differential equation—fOrth-coming to the Japanese Journal of
Mathematics.




