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Abstract

This thesis focuses on developing efficient algorithmic tools for processing large datasets. In
many modern data analysis tasks, the sheer volume of available datasets far outstrips our
abilities to process them. This scenario commonly arises in tasks including parameter tuning
of machine learning models - e.g., Google Vizier (Golovin et al., 2017) and training neural
networks (Goel et al., 2017). These tasks often require solving numerical linear algebraic
problems on large matrices, making the classical primitives prohibitively expensive. Hence,
there is a crucial need to develop efficient algorithms that can compress the available datasets,
while preserving their essential structure. In other important settings, even collecting the
input dataset is extremely expensive, making it vital to design optimal data sampling strategies.
This is common in applications such as MRI acquisition (Lustig et al., 2007), and spectrum
sensing in cognitive radio networks (Ghasemi and Sousa, 2008). The fundamental questions
above are often dual to each other, and hence can be addressed using the same set of core
techniques. Indeed, exploiting structured Fourier sparsity is a recurring source of efficiency in
this thesis, leading to both fast methods for numerical linear algebra and sample efficient data
acquisition schemes.

One of the main results that we present in this thesis is the first Sublinear-time Model-based
Sparse Fourier Transform algorithm. Our algorithm achieves a nearly optimal sample com-
plexity for recovery of every signal whose Fourier transform is well approximated by a small
number of blocks (e.g., such structure is common in spectrum sensing). Our method matches
in sublinear time the result of Baraniuk et al. (2010a), which started the field of model-based
compressed sensing. Another highlight of this thesis includes the first Dimension-independent
Sparse FFT algorithm that, computes the Fourier transform of a sparse signal in sublinear
runtime in any dimension. This is the first algorithm that just like the FFT of Cooley and Tukey
is dimension independent and avoids the curse of dimensionality inherent to all previously
known techniques. Finally, we give a Universal Sampling Scheme for the reconstruction of
structured Fourier signals from continuous measurements. Our approach matches the classi-
cal results of (Slepian and Pollak, 1961; Landau and Pollak, 1961, 1962) on the reconstruction
of bandlimited signals via Prolate Spheroidal Wave Functions and extends these results to a
wide class of Fourier structure types.

Besides having classical applications in signal processing and data analysis, Fourier tech-
niques have been at the core of many machine learning primitives such as Kernel Matrix
Approximation. The second half of this thesis is dedicated to finding compressed and low-rank
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Abstract

representations to kernel matrices, which are the primary means of computation with large
kernel matrices for kernel methods in machine learning. We build on techniques in Fourier
analysis and achieve spectral approximation guarantees to the Gaussian kernel using an opti-
mal number of samples, significantly improving upon the classical Random Fourier Features of
Rahimi and Recht (2008). Finally, we present a nearly-optimal Oblivious Subspace Embedding
for high-degree Polynomial kernels which leads to nearly-optimal oblivious embeddings of
the high-dimensional Gaussian kernel. This is the first result that does not suffer from an
exponential loss in the degree of the polynomial kernel or the dimension of the input point set,
providing exponential improvements over the prior work, including the TensorSketch (Pham
and Pagh, 2013) and application of the celebrated Fast Multipole Method of Greengard and
Rokhlin (1986) to kernel approximation problem.

Keywords: Sparse Fourier Transform, Numerical Linear Algebra, Block Sparsity, Kernel Low-
Rank Approximation, Random Fourier Features, Sketching, Oblivious Subspace Embedding
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Zusammenfassung

Diese These konzentriert sich auf die Entwicklung effizienter Algorithmen zur Verarbeitung
groler Datenmengen. Bei vielen modernen Datenanalyse Aufgaben iibertrifft das breite Vo-
lumen der verfiigbaren Datensétze unsere Fahigkeit sie zu verarbeiten, bei weitem. Dieses
Szenario tritt hdufig bei Aufgaben auf, sowie beispielsweise bei der Parametereinstellung von
Modellen fiir maschinelles Lernen - e.g., Google Vizier (Golovin et al., 2017), Training neurona-
ler Netze (Goel et al., 2017). Diese Aufgaben erfordern haufig die Losung numerischer linearer
algebraischer Probleme, wodurch die klassischen Algorithmen unerschwinglich langsam wer-
den. Daher besteht ein entscheidender Bedarf an der Entwicklung effizienter Algorithmen,
mit denen die verfiigbaren breiten Datensitze komprimiert werden kénnen, wahrend der
Loésungsraum unserer Probleme anndhernd unverédndert bleibt. In anderen wichtigen Situa-
tionen ist sogar das Sammeln des Eingabedatensatzes extrem teuer, weshalb es wichtig ist,
optimale Datenstichprobenstrategien zu entwickeln. Dies ist hdufig der Fall bei Anwendungen
wie der MRT-Erfassung (Lustig et al., 2007), der “Spectrum Sensing” in kognitiven Funknetzen
(Ghasemi and Sousa, 2008). Tatsidchlich sind die oben genannten Herausforderungen bei
der optimalen Probensammlung und der optimalen Datenkomprimierung haufig doppelt
miteinander verbunden und kénnen daher mit denselben Techniken angegangen werden.
In der Tat ist die Nutzung der Fourier-Struktur eine wiederkehrende Quelle der Effizienz in
unseren Arbeiten, die sowohl zu schnellen Methoden fiir die numerische lineare Algebra als
auch zu effizienten Datenerfassungsschemata fiihrt.

Eines der Hauptergebnisse, das wir in dieser Arbeit prasentieren, ist der erste sublinea-
re Zeit modellbasierte Sparse-Fourier-Transformation. Unser Algorithmus erreicht eine na-
hezu optimale Abtastkomplexitét fiir die Wiederherstellung eines Signals, dessen Fourier-
Transformation durch eine kleine Anzahl von Blocken gut angendhert wird. Eine solche Struk-
tur ist beispielsweise bei der Spectrum Sensing in kognitiven Funknetzen iiblich. Unsere
Methode entspricht in sublinearer Zeit dem Ergebnis von Baraniuk et al. (2010a), mit dem das
Gebiet der modellbasierten komprimierten Abtastung begonnen wurde. Ein weiteres Highlight
dieser These ist der erste dimensionsunabhdngige Sparse-FFT-Algorithmus, der die Fourier-
Transformation eines Sparse-Signals in sublinearer Laufzeit in einer beliebigen Dimension be-
rechnet. Dies ist der erste sparliche FFT-Algorithmus, der genau wie der FFT-Algorithmus von
Cooley und Tukey dimensionsunabhéngig ist und den Fluch der Dimensionalitét vermeidet,
der in allen bisher bekannten Techniken innewohnt. Schliellich geben wir ein universelles Ab-
tastschema fiir die Rekonstruktion von Signalen mit strukturierten Fourier-Transformationen
aus kontinuierlichen Messungen. Unser Ansatz entspricht den klassischen Ergebnissen von
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(Slepian and Pollak, 1961; Landau and Pollak, 1961, 1962) zur Rekonstruktion bandbegrenzter
Signale iiber Prolate Spheroidal Wave Functions und erweitert diese Ergebnisse auf eine breite
Klasse von Fourier-Strukturtypen (wobei die klassische Einstellung bandbegrenzter Signale
ein Sonderfall ist).

Neben den klassischen Anwendungen der Fourier-Transformation in der Signalverarbeitung
und Datenanalyse standen Fourier-Techniken im Mittelpunkt vieler Methoden des maschi-
nellen Lernens wie der Kernel-Matrix-Approximation. Die zweite Hilfte dieser Arbeit befasst
sich mit der Suche nach komprimierter und niedrigrangiger Ndherung fiir Kernelmatrizen.
Solche komprimierten Darstellungen sind das primére Berechnungsmittel mit breiten Ker-
nelmatrizen fiir Kernelmethoden beim maschinellen Lernen. Wir bauen auf Techniken der
Fourier-Analyse auf und erzielen spektrale Approximationsgarantien fiir den Gau8schen Ker-
nel unter Verwendung einer optimalen Anzahl von Stichproben, wodurch die klassischen
Random-Fourier-Features (eine der beliebtesten Methoden fiir Kernel-Approximationen mit
niedrigem Rang) erheblich verbessert werden. Schlielich priasentieren wir eine nahezu op-
timale Oblivious-Subspace-Embedding fiir den hochgradigen Polynomkern, die zu nahezu
optimalen Einbettungen des hochdimensionalen Gauf3schen Kerns fiihrt. Dies ist das erste
Ergebnis, das nicht unter einem exponentiellen Verlust des Grads des Polynomkerns oder der
Dimension des Eingabepunktsatzes leidet und exponentielle Verbesserungen gegeniiber frii-
heren Arbeiten bietet, einschliellich TensorSketch (Pham and Pagh, 2013) und der Anwendung
der beriihmten Fast-Multipole-Methode von Greengard and Rokhlin (1986).

Schliisselworter: Sparse-Fourier-Transformation, Numerische lineare Algebra, Block Schwach-
besetztheit, Kernel niedrigrangiger Ndherung, Random-Fourier-Features, Sketching, Oblivious-
Subspace-Embedding
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Introduction

The design of efficient algorithms has always been at the core of computer science. The
unprecedented growth of scientific and Internet datasets over the past few decades necessi-
tates computational efficiency more than ever. Various notions of efficiency are of interest to
the computer science community, one of the most important of which is the computational
efficiency as time is a precious resource. Nonetheless, in general, efficiency can be measured
with respect to other metrics. In this thesis, we focus on developing “efficient” algorithmic
tools and techniques (in a broad sense) for solving large-scale problems in Signal Processing
and Machine Learning with provable, worst-case guarantees on their performance. In light of
this objective, we address the following two fundamental challenges in the field of big data
analysis, each targeting a different notion of efficiency:

Sample-efficient Estimation. In many modern data analysis tasks, collecting the input
dataset is extremely expensive, making it vital to design optimal data sampling strategies.
This is common in applications such as MRI acquisition (Lustig et al., 2007; Pruessmann
et al,, 1999), and spectrum sensing in cognitive radio networks (Ghasemi and Sousa, 2008;
Baraniuk et al., 2010a; Hassanieh et al., 2014; Lin et al., 2011) as well as hyperparameter tuning
of machine learning models, where every data sample requires running a computationally
expensive training process — e.g., (Golovin et al., 2017; Hazan et al., 2018). These problems
typically reduce to learning an unknown function given some prior belief about the structure
of the function using the optimal number of samples. By far one of the most common ways to
impose structure on a function is through restricting its Fourier transform. Therefore, in many
scenarios, there is a crucial need to devise optimal sampling schemes for learning Fourier
structured functions - e.g., Fourier sparsity is a commonly studied structure.

Time/Memory-efficient Estimation. In other important data analysis settings, the sheer
volume of the available datasets far outstrips our abilities to process them. This scenario
commonly arises in tasks including parameter tuning of machine learning models (e.g., Google
Vizier (Golovin et al., 2017), a popular Google internal service for performing black-box
optimization), training neural networks (Goel et al., 2017), and Bayesian optimization (where
one seeks to maximize cumulative reward by balancing exploration and exploitation (Sutton
and Barto, 2018; Robbins, 1952; Srinivas et al., 2010)). These tasks often require solving
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numerical linear algebraic problems on typically large matrices, making the classical primitives
prohibitively expensive. Hence, there is a crucial need for developing efficient algorithms that
can compress the unwieldy datasets available, while approximately preserving their essential
structure.

The optimal sample collection and optimal data compression challenges above are often dual
to each other, and hence can be addressed using the same set of core techniques. Indeed,
exploiting structured Fourier sparsity is a recurring source of efficiency in this thesis, leading to
both fast methods for numerical linear algebra and sample efficient data acquisition schemes.
Fourier analysis is a major technical tool in many areas of computer science: applications
in signal processing (e.g. compression schemes such as JPEG and MPEG) are motivated
by the fact that Fourier transform concentrates the energy of natural signals, making them
compressible, in numerical linear algebra (e.g., sketching) it is applied as a fast method of
achieving anti-concentration of energy, and in many other areas it is a tool of choice due
to the availability of fast algorithms (Fast Fourier Transform, or FFT). In machine learning,
the Random Fourier Features method (Rahimi and Recht, 2008, test of time award winner at
NeurIPS’17) has been the de facto standard method for designing low-rank approximations to
kernel matrices. In all the above-mentioned applications, one usually applies the Fourier trans-
form to Fourier-sparse signals that furthermore often satisfy additional structural assumptions.
This thesis focuses on principled ways of exploiting structured sparsity in the above settings.

Following this, we summarize the contributions of this thesis and give a general outline of the
remaining chapters. We present our results in separate self-contained chapters that can be
read independently.

Overview of our Contributions

In this section, we give an overview of our results and techniques. The central focus of this
thesis is Fourier Sampling. First, we define the Fourier transform in the discrete regime, and
then we formulate our main contributions using this definition.

Definition 1 (Discrete Fourier transform). For every positive integers n and d and any function
x:Z% — C the Fourier transform of x is defined as the function X : Z¢ — C given by,

.

~ def _ogil t d

Xf= Z x:e = forevery f e Z;,.
tezd

In any applications of the Discrete Fourier Transform, the input signal x often satisfies sparsity
or approximate sparsity constraints: the Fourier transform X of x has a small number of
coefficients k or is close to a signal with a small number of coefficients. To be precise, a
signal x is called k-sparse if its Fourier transform is supported on at most k frequencies, i.e.,
IXllp = k. In many applications, we often wish to reconstruct a sparse signal from a small
number of (inverse) Fourier samples. This is known as the sparse recovery problem, which

2
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aims at recovering a k-sparse signal x using a number of time domain samples that is nearly
linear in k. It was first shown in the celebrated work of Candes, Romberg, and Tao (Candes
et al., 2006a) that one can recover Fourier sparse signals seamlessly in any dimension with
high probability using optimal number of O(klog N) samples, where N = n¢ is the size of
signal x. Their method works by observing the values of signal x on O(klog N) i.i.d. uniform
samples from Z¢ and solving an 1 minimization program.

Underlying the analysis of Candeés et al. (2006a) for showing that their sample optimal exact
sparse recovery method works, is the so-called Uncertainty Principle which says that it is
impossible to localize a signal both in time and frequency domains at the same time. Many
different versions of this principle have been studied since it was introduced by Heisenberg
(1930). The classical discrete uncertainty principle (Donoho and Stark, 1989), which has found
deep applications in signal processing, says that for any signal x and its Fourier transform X
the following holds,
lxllo-IXllo = N.

Additionally, it was shown by the seminal series of works of (Candés and Tao, 2006, 2005;
Donoho, 2006; Candes et al., 2006b) that robust recovery of approximately sparse signals
is possible by solving the same ¢; optimization provided that the corresponding Fourier
measurement matrix satisfies a uniform notion of uncertainty principle known as the so-
called Restricted Isometry Property (RIP). In other words, if the Fourier matrix restricted to
the rows corresponding to the time domain samples satisfies the RIP of order 4k, then the
¢; minimization method stably recovers any approximately k-sparse signal with probability
one. A matrix A € C7*" is said to satisfy the restricted isometry property (RIP) of order k with
constant § for some 6 € (0, 1), if for every vector y € C" with | y|lo < k, it holds that

A=yl < IAyl5< A+l

By utilizing the results on RIP of Fourier matrices (Rudelson and Vershynin, 2008; Cheraghchi
et al., 2013; Bourgain, 2014; Haviv and Regev, 2017) it follows that picking O (klog2 klogN)
rows of the Fourier matrix independently and uniformly at random results in a matrix that
satisfies the RIP of order k. Hence, robust recovery of an (approximately) Fourier sparse signal
is possible by observing its values on a subset of O (klog2 klog N) random points.

The ¢; optimization and, in general, every currently known method that works based on
unstructured random samples has a slow superlinear, Q(N), runtime. On the other hand,
an exciting line of work on the Sparse Fourier Transform problem (Sparse FFT), developed
in the Theoretical Computer Science community, has been focused on achieving sublinear,
i.e., o(N), runtime by using structured samples with limited independence. Very efficient
algorithms for the Sparse FFT problem have been developed in the literature. Initially, these
results were established for the purpose of demonstrating learnability of Boolean functions.
The first algorithms of this type were designed for the special case of Hadamard transform, i.e.,
the Fourier transform over the binary hypercube (Goldreich and Levin, 1989; Kushilevitz and
Mansour, 1993).
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Shortly thereafter, algorithms for the Sparse FFT in dimension one were proposed as well (Man-
sour, 1995; Gilbert et al., 2002; Akavia et al., 2003; Gilbert et al., 2005). All of those algorithms
are randomized and have a constant probability of success and the most efficient one (Gilbert
et al., 2005) computes the Sparse FFT in time k- (log N)OD) | Over the past few years, the topic
has been the subject of extensive research, resulting in many new developments including
the first deterministic algorithms (Iwen, 2010; Akavia, 2010), as well as the first practical al-
gorithm that outperforms the optimized software packages such as FFTW (Hassanieh et al.,
2012c). The fastest known algorithm for robust recovery of (approximately) k-sparse signals in
dimension one is due to Hassanieh et al. (2012b), and has a runtime of O (klog Nlog(N/k)).
The recent works of Indyk et al. (2014); Kapralov (2016) also show how to achieve the optimal
sample complexity of O(klogN), in linear time, or in time k- (log N)°V at the expense of
poly(loglog N) factors. More recently, Kapralov (2017) showed that it is possible to achieve
the optimal sample complexity of O(klog N) in time k- (log N)°) for robust recovery of one
dimensional signals. Moreover, recent works of Price and Song (2015); Chen et al. (2016) have
considered this problem in the continuous setting as well.

The main idea behind the aforementioned algorithms is designing Fourier measurements
of the signal x that can “hash” the dominant positions of X into a number of “buckets”. The
number of buckets is chosen to be a constant factor larger than the sparsity k to ensure that a
constant fraction of the large elements of X are isolated. The idea of hashing is implemented via
filtering: one designs a filter that approximates a bucket in the Fourier domain and additionally,
has a small support in time domain (the support size of the filter directly influences the
sample complexity, thus, it is critical to optimize this factor). The Aliasing Filter, whose time
domain representation is the Dirac comb, has optimal performance from the point of view
of uncertainty principle, i.e., the support size of an aliasing filter in time domain is exactly
equal to the number of buckets it implements in the Fourier domain. However, designing a
Sparse FFT algorithm based on aliasing filters is difficult because frequencies belonging to the
same multiplicative subgroup get hashed together if such filters are used (we will elaborate
more on this later), making it impossible to reason about isolation of individual frequencies.
Therefore, all prior works mentioned in the above paragraph use filters that ensure isolation of
frequencies, but at the expense of having suboptimal performance in terms of uncertainty
principle. For example, the filters constructed in Hassanieh et al. (2012b), have a time domain
support that is larger than k (the ideal support size) by a factor of ®(log N) in dimension one.
This effect is even more pronounced in higher dimensions, resulting in a logd N loss in sample
and time complexities, causing all prior techniques to suffer from the curse of dimensionality.
One of our contributions is resolving this curse of dimensionality.

On a technical level, the curse of dimensionality that appears in all prior Sparse FFT techniques
is connected to a similar phenomenon observed in the state-of-the-art methods for the kernel
approximation problem. In particular, the application of the celebrated Fast Multipole Method
of Greengard and Rokhlin (1986) to kernel approximation problem, while very efficient in low
dimensions, suffers from an exponential loss in the dimensionality of the input datasets. A
notable contribution of this thesis is the first kernel approximation method that lifts the curse
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of dimensionality for the Polynomial and Gaussian kernels.

In what follows we outline our main contributions.

Sample-optimal Model-based Fourier Transform in Sublinear-time. In Chapter 1 we present
the first algorithm that achieves a nearly optimal sample complexity for recovery of signals

whose Fourier transforms are well approximated by a small number of blocks (such structure

is common in, for example, DNA microarrays (Stojnic et al., 2009), as well as spectrum sensing

in cognitive radio networks (Ghasemi and Sousa, 2008; Lin et al., 2011)). The Block-sparse
model was introduced by the seminal work of Baraniuk et al. (2010a), which started the field

of model-based compressed sensing. Although the model-based framework of Baraniuk et al.
(2010a) achieves an optimal sample complexity with non-adaptive algorithms, their result

uses Gaussian measurements which are very slow to work with. Surprisingly, in stark contrast

to the extensive work on exploiting model-based sparsity with general linear measurements,
for over a decade, there has been no existing algorithm exploiting such structure using Fourier

measurements. In this thesis we present the first such algorithm that runs in sublinear time.
Moreover, we show, in Chapter 1, that adaptivity is essential for obtaining the sample complex-
ity gains due to exploiting structure beyond sparsity, answering the important open question

on Model-based Restricted Isometry Property of Fourier measurement matrices negatively.

To be precise, a signal y: Z, — C is called (ky, k1) -block sparse if its support is the union of
ko intervals of length k,. We give an algorithm that for any input signal x : Z,, — C outputs a
signal ¥ : Z,, — C such that,

X-xl,<Q+e min -y

” XHZ ( ) ¥ is (ko,k1)-block sparse | y”2

using O* (kok; + ko log ko log ) accesses to x and similar runtime up to logn factors, which
matches the result of Baraniuk et al. (2010a), in sublinear time.

The number of permitted sparsity patterns by the block-sparse model is far lower than the
number of arbitrary sparsity patterns, (;/; ). One might hope that this restriction would
translate into a considerably stronger uncertainty principle for such structured signals, hence,
leading to a reduction in the sample complexity of recovery algorithms. However, this view is
not correct ‘as is’ because, the energy of a block-sparse signal that contains one block of length
k1 in the Fourier domain is very far from being uniform in the time domain and, in fact, can
be fully concentrated on a kil fraction of the time domain. Note that the uncertainty principle
intuitively works because a k-sparse signal is a superposition of k (pairwise orthogonal) single
tone waves in the time domain where the energy distribution of each single tone is completely
flat over the time, hence, their superposition cannot be too concentrated. On the other hand,
a (ko, k1)-block sparse signal is a superposition of ky blocks, where the energy distribution
of each block in the time domain is very far from being flat, thus, one cannot hope that a
significantly stronger uncertainty principle would naively hold for block-sparse signals.
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The blocks of a block-sparse signal can behave very differently in time domain: the energy
of some blocks could be spread out over the time domain while the others are completely
concentrated in a specific region. So, by sampling the signal at any specific region of the time
domain, we can learn a nontrivial amount of information about a block only if a nontrivial
fraction of the energy of that block lies in that region. Consequently, in order to learn the
location of any specific block using optimal number of samples, our sampling distribution
must favor the time domain regions that contain a large fraction of the energy of that block. In
order to recover the signal, we need to distribute our samples such that for almost every block
we have enough number of samples from the regions that contain a nontrivial fraction of its
energy, and we have to do so without even knowing the energy distribution of the blocks in time
domain. We tackle this challenge by designing a novel energy-based importance sampling
scheme.

Dimension-independent Sparse Fourier Transform. Another highlight of this thesis, pre-
sented in Chapter 2, includes the first Dimension-independent Sparse FFT algorithm that
computes the Fourier transform of a sparse signal in sublinear runtime in any dimension. The
state-of-the-art in high dimensional sparse Fourier transform poses an interesting conundrum:
algorithms with optimal runtime are known for one dimensional discrete Fourier transform,
see (Hassanieh et al., 2012b), but in the multi-dimensional setting, the runtime scales ex-
ponentially in the dimension. Given that FFT itself is dimension-insensitive, this strongly
suggests that exciting new algorithmic techniques can be developed for the high-dimensional
version of the problem. In this thesis, we design the first approach to high dimensional Sparse
FFT that does not suffer from the curse of dimensionality.

More precisely, for any signal x : Z¢ — C whose Fourier transform is k-sparse, i.e., | Zllo < k, our
algorithm computes % using k> - poly (log N) runtime and samples in any dimension d. This is
the first Sparse FFT algorithm that just like the FFT of Cooley and Tukey is dimension inde-
pendent, and avoids the curse of dimensionality inherent to all previously known techniques.
Recall that prior works on Sparse FFT have primarily focused on efficiently implementing
hashing-based ideas using Fourier measurements. The filters used for emulating the hashing
of the Fourier spectrum are, however, significantly suboptimal in high dimension causing the
prior techniques to suffer from the curse of dimensionality.

The main technical innovation that allows us to avoid exponential dependence on the dimen-
sion is a new family of filters for isolating a subset of frequencies in the Fourier domain for a
sparse signal X using few samples in time domain. We refer to the family of filters as “adaptive
aliasing filters”. The aliasing filters have optimal performance in any dimension from the point
of view of the uncertainty principle. However, the presence of multiplicative subgroups in
749 has been a hurdle in designing algorithms using these filters in the past because frequen-
cies that belong to the same subgroup get hashed together if such filters are used. This is
precisely the reason we needed to design an adaptive approach to find frequencies that can be
isolated cheaply using aliasing filters, leading to the first dimension-independent Sparse FFT
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algorithm.

Near-optimal Recovery of Signals with Simple Fourier Transforms. We set forth in Chap-
ter 3, a Universal Sampling Scheme for the reconstruction of structured signals from continu-
ous Fourier measurements. Classically, the most standard example of such Fourier structured
signals is the class of Bandlimited signals, meaning that the Fourier transform of the signal of
interest is only non-zero on frequencies contained in a bounded interval around the origin.
The seminal line of work by Slepian and Pollak (1961); Landau and Pollak (1961, 1962), who
presented a set of explicit basis functions known as the prolate spheroidal wave functions,
can be used to optimally interpolate bandlimited functions over a finite interval in time do-
main. It follows from the properties of these basis functions that the energy of a bandlimited
function is more concentrated towards the endpoints of an interval in the time domain than
the middle of the interval. Therefore, to efficiently interpolate a bandlimited function on an
interval, one needs to employ non-uniform sampling schemes that sample near the edges of
the interval more densely than the middle. Recall that this is in sharp contrast with the discrete
setting, where a uniform sampling distribution works optimally for recovering Fourier sparse
signals. Rokhlin et al. (2001) combines the prolate spheroidal wave functions with numerical
quadrature methods to obtain a very efficient method for bandlimited reconstruction.

While the aforementioned line of work is beautiful and powerful, in today’s world, we are
interested in far more general Fourier structures than bandlimited functions. For example,
there is a widespread interest in Fourier-sparse or Multiband (Block-sparse) signals. More
generally, in statistical signal processing, a prior distribution which is specified by some
probability measure is assumed on the frequency content of the signals of interest. However,
despite its clear importance, the problem of fitting continuous signals under the most common
Fourier transform priors is not theoretically well understood, even 50 years after the ground-
breaking work of Slepian, Landau, and Pollak on the bandlimited problem.

In this thesis, we address this problem far more generally. Formally, our algorithm solves the
following function fitting problem.

Problem 1 (Recovery of signals with constrained Fourier transforms). Given a known prob-

ability measure p on R, define the inverse Fourier transform of a function g(¢) with respect
to p as [9; g] (1) d=eff|Rg((f) g2mist du(¢) for any t € [0, T]. Suppose we can observe y(¢) + n(t),

where n(t) is some fixed noise function and y = 97;

x(&). Then, for error parameter €, our goal is to recover an approximation j by observing
y(#) + n(t) on a small number of points 11, t3,- - 4 € [0, T] satisfying,

x for some frequency domain function

=12 2 2
Iy =77 <elxly +Clinl7,

def def T ~ .
where || x[|% = [ |x(©)1* dp(@) and 1zII5. = 7 fy |2(0)[?dt, so that ||y - 715 is our mean squared
error and || nIIZT is the mean squared noise level. C = 1 is a fixed positive constant.
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Surprisingly, we show that a universal non-uniform sampling strategy can be used to solve
the above problem using a number of samples proportional to the statistical dimension of the
allowed power spectrum p. We prove that, in nearly all settings, this natural measure tightly
characterizes the sample complexity of signal reconstruction. Our approach matches the clas-
sical results of (Slepian and Pollak, 1961; Landau and Pollak, 1961, 1962) on the reconstruction
of bandlimited signals, and extends these results to a wide class of Fourier structure types
(with the classical setting of bandlimited signals being a special case).

Our main technical tool is an extension of a powerful result from the randomized numerical
linear algebra literature to continuous Fourier operators: every matrix contains a small subset
of columns that span a near-optimal low-rank approximation to that matrix. By extending this
result to continuous linear operators, we prove that the smoothness of a signal whose Fourier
transform has | xllft bounded is tightly captured by the smoothness of an O(sy, ¢)-Fourier sparse
function, where s, . is the statistical dimension of class of functions that are constrained by
prior u. This lets us reduce every Fourier prior to Fourier sparsity, thus, Problem 1 reduces to
recovery of Fourier sparse signals using a small number of continuous measurements in the
time domain. Now, a continuous version of the uncertainty principle plays a central role. By
this principle, a function that is O(sy,¢)-sparse in the Fourier domain cannot be too spiky in
the time domain, therefore, O (sue) samples is sufficient for interpolating such functions to
high precision, hence, this recovery problem can be solved using O (su,e) samples.

Near-optimal Random Fourier Features. Besides classical applications of the Fourier trans-
form in signal processing and data analysis, Fourier techniques have been at the core of many
machine learning primitives such as Kernel Matrix Approximation. The Random Fourier
Features method (Rahimi and Recht, 2008, test of time award winner at NeurIPS’17) has been
the de facto standard method for solving the kernel matrix approximation problem via Fourier
sampling. The second half of this thesis (Chapters 4 and 5) is mainly focused on finding
compressed and low-rank representations to kernel matrices, which are the most fundamental
and widely used structured objects in kernel-based learning.

More precisely, given a kernel matrix K € R"*", defined as K;, j d:Efk(xi,x ;) for an arbitrary
dataset x1,Xp,-- Xy € R and kernel function k : R x R? — R, we aim at finding a low-rank
matrix Z € R"™*" with small m that spectrally approximates the regularized kernel K+ A1 - that
is!,

(1-€e)(K+AD=<Z'Z+AI<(1+€)(K+AD), fore,A=>0. o))
Such compressed representations are the primary means of computation with large kernel
matrices for kernel methods. In Chapter 4, we build on techniques in Fourier analysis and
achieve spectral approximation guarantees to the Gaussian kernel using a (near) optimal
number of samples, m, which is nearly linear in the statistical dimension of the kernel matrix

_i.e, m=0(s;logsy), where s, © tr (K (K +AD™'), in any constant dimension, significantly

1For any two Hermitian matrices of order n, A and B we say that A < B if B— A is positive semi-definite
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improving upon the classical random Fourier features of Rahimi and Recht.

The Fourier features method is essentially a consequence of the Bochner’s theorem: for any
shift invariant kernel function k(-), the kernel matrix can be decomposed as K = & *~.% where

F R L, (Rd) is the d-dimensional Fourier transform operator restricted to columns cor-

. . def _omi )
responding to the dataset x1,Xy,...X,, that is, [F a] (§) =yn aj-e 2mi8x) for every a € R"

j=1
and & € RY, and X : L, (RY) — L, (R%) is a diagonal operatc])r whose diagonal is a probabil-
ity distribution corresponding to the Fourier transform of the kernel function k(:), that
is, [Zg] (&) EE3) - g(&) for every g € L (R?) and & € R?. The classical Fourier features
method (Rahimi and Recht, 2008) approximates the kernel matrix K = % * X% by sampling
frequencies (diagonal entries of the operator %) according to the probability distribution 75(6).
However, we prove that this sampling distribution is significantly suboptimal for achieving the

spectral approximation guarantee of (1).

It is a well-known fact in randomized numerical linear algebra that sampling the columns
of a discrete matrix according to the ridge leverage scores distribution works near-optimally
for achieving bounds of type (1) (with a number of samples that is nearly proportional to the
statistical dimension of the matrix). First, we extend the ridge leverage scores sampling results
to continuous operators. Then, we propose a simple distribution that tightly upper bounds the
ridge leverage scores of the operator /2%, and sample the Fourier features from it. Intuitively,
the leverage score of a frequency &, measures how much the energy of a function that is in
the column span of the restricted Fourier operator /2% can be concentrated on frequency
&. Our main technical contribution is to reformulate the leverage score as the solution of
two dual optimization problems. Then, by carefully constructing suitable test functions that
have (nearly) optimal performance from the uncertainty principle viewpoint, we are able to
give tight upper and lower bounds on the ridge leverage scores, and correspondingly on the
sampling performance of classical and our modified Fourier features sampling.

Oblivious Sketching of High-degree Polynomial Kernels. Finally, another highlight of this
thesis is a nearly-optimal Oblivious Subspace Embedding for the high-degree Polynomial
kernel. The state-of-the-art method on sketching the Polynomial kernel is the TensorSketch
(Pham and Pagh, 2013; Avron et al., 2014), whose runtime and sketching dimension scale
exponentially in the degree of the kernel. In Chapter 5, we circumvent this exponential loss
by proposing the first oblivious sketching solution for the Polynomial kernel that satisfies the
spectral approximation guarantee of (1), with a target dimension that is linear in the statistical
dimension of the kernel matrix and polynomial in the degree of the kernel. We prove that
our sketch leads to the first nearly-optimal oblivious embedding of the high-dimensional
Gaussian kernel with a target dimension that is linear in the statistical dimension of the
kernel matrix. This is the first result that does not suffer from an exponential loss in the
degree of the polynomial kernel or the dimension of the input point set, providing exponential
improvements over the prior work, including the application of the celebrated Fast Multipole
Method of Greengard and Rokhlin (1986) to kernel approximation problem.
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Organization. The remaining chapters of this thesis contain our full results on the above-
mentioned problems. Each chapter has its own introduction that is the basis for the corre-
sponding problem of interest and covers the prior works and approaches that were previously
used in the literature to tackle it. For completeness, we also include an appendix for each
chapter, if need be, to present the basic tools that we borrowed from the literature to design

and analyze our algorithms.
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1] Sample-optimal Model-based Fourier
Transform in Sublinear-time

This chapter is based on a joint work with Volkan Cevher, Michael Kapralov, and Jonathan
Scarlett . It has been accepted to the 49th Annual ACM SIGACT Symposium on Theory of
Computing (Cevher et al., 2017, STOC).

1.1 Introduction

The discrete Fourier transform (DFT) is one of the most important tools in modern signal
processing, finding applications in audio and video compression, radar, geophysics, medical
imaging, communications, and many more. The best known algorithm for computing the
DEFT of a general signal of length 7 is the Fast Fourier Transform (FFT), taking O(nlogn) time,
which matches the trivial Q(rn) lower bound up to a logarithmic factor.

In recent years, significant attention has been paid to exploiting sparsity in the signal’s Fourier
spectrum, which is naturally the case for numerous of the above applications. By sparse, we
mean that the signal can be well-approximated by a small number of Fourier coefficients.
Given this assumption, the computational lower bound of QA(n) no longer applies. Indeed, the
DFT can be computed in sublinear time, while using a sublinear number of samples in the
time domain (Gilbert et al., 2014, 2008).

The problem of computing the DFT of signals that are approximately sparse in Fourier domain
has received significant attention in several communities. The seminal works of (Candes
and Tao, 2006; Rudelson and Vershynin, 2008) in compressive sensing first showed that only
klog®Y n samples in time domain suffice to recover a length 7 signal with at most k nonzero
Fourier coefficients. A different line of research on the Sparse Fourier Transform (sparse FFT),
with origins in computational complexity and learning theory, has resulted in algorithms that

use klogo(l) om

n samples and klog n runtime (i.e., the runtime is sublinear in the length of
the input signal). Many such algorithms have been proposed in the literature (Goldreich and
Levin, 1989; Kushilevitz and Mansour, 1993; Mansour, 1995; Gilbert et al., 2002; Akavia et al.,

2003; Gilbert et al., 2005; Iwen, 2010; Akavia, 2010; Hassanieh et al., 2012c¢,b,a; Lawlor et al.,

11
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2013; Pawar and Ramchandran, 2013; Heider et al., 2013; Indyk et al., 2014; Indyk and Kapralov,
2014; Boufounos et al., 2015; Kapralov, 2016; Price and Song, 2015; Chen et al., 2016; Kapralov,
2017; Nakos et al., 2019); we refer the reader to the recent surveys of Gilbert et al. (2014, 2008)
for a more complete overview.

The best known runtime for computing the k-sparse FFT is due to Hassanieh et al. (2012b),
and is given by O(klognlog(n/k)), asymptotically improving upon the FFT for all k = o(n).
The recent works of Indyk et al. (2014); Kapralov (2016) also show how to achieve the sample
complexity of O(klog n), which is essentially optimal, in linear time, or in time klog®® n at
the expense of poly(loglog n) factors. More recently, Kapralov (2017) showed that it is possible

to achieve the optimal sample complexity of O(klogn) in time klog®®V

n. Intriguingly, the
aforementioned algorithms are all non-adaptive. That is, these algorithms do not exploit
existing samples in guiding the selection of the new samples to improve approximation quality.
In the same setting, it is also known that adaptivity cannot improve the sample complexity by

more than an O(loglogn) factor (Hassanieh et al., 2012b).

Despite the significant gains permitted by sparsity, designing an algorithm for handling
arbitrary sparsity patterns may be overly generic; in practice, signals often exhibit more
specific sparsity structures. A common example is block sparsity, where significant coefficients
tend to cluster on known partitions, as opposed to being unrestricted in the signal spectrum.
Other common examples include tree-based sparsity, group sparsity, and dispersive sparsity
(Baraniuk et al., 2010a; Baldassarre et al., 2016; Bach, 2010).

Such structured sparsity models can be captured via the model-based framework of Baraniuk
et al. (2010a), where the number of sparsity patterns may be far lower than (}). For the
compressive sensing problem, this restriction has been shown to translate into a reduction in
the sample complexity, even with non-adaptive algorithms. Specifically, one can achieve a
sample complexity of O(k +1og|.#/|) with dense measurement matrices based on the Gaussian
distribution, where ./ is the set of permitted sparsity patterns. Reductions in the sample
complexity with other types of measurement matrices, e.g., sparse measurement matrices
based on expanders, are typically less significant (Indyk and Razenshteyn, 2013; Bah et al.,
2014). Other benefits of exploiting model-based sparsity include faster recovery and improved
noise robustness (Baraniuk et al., 2010a; Bah et al., 2014).

Surprisingly, in stark contrast to the extensive work on exploiting model-based sparsity with
general linear measurements, there are no existing sparse FFT algorithms exploiting such
structure. In this chapter we present the first such algorithm (Cevher et al., 2017), focusing on
the special case of block sparsity. Even for this relatively simple sparsity model, achieving the
desiderata turns out to be quite challenging, needing a whole host of new techniques, and
intriguingly, requiring adaptivity in the sampling scheme.

To clarify our contributions, we describe our model and the problem statement in more detail.
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Model and Basic Definitions: The Fourier transform of a signal X € C" is denoted by X, and
defined as

—~ 1 _
Xr=—Y X', fem,
N jeln
where w,, is the n-th root of unity. With this definition, Parseval’s theorem takes the form
I1X1% = nlX|2.

We are interested in computing the Fourier transform of signals that, in frequency domain, are
well-approximated by a block sparse signal with ky blocks of width k;, formalized as follows.

Definition 1.1.1 (Block sparsity). Given a sequence X € C" and an even block width k;, the
j-thintervalis defined as I; = ((j —1/2)k1, (j +1/2)k; | nZ for j € [kﬂl], and we refer to )A([]. as
the j-th block. We say that a signal is (ko, k1) -block sparse if it is non-zero within at most kp of
these intervals.

Block sparsity is of direct interest in several applications (Baraniuk et al., 2010a,b); we highlight
two examples here: (i) In spectrum sensing, cognitive radios seek to improve the utilization
efficiency in a sparsely used wideband spectrum. In this setting, the frequency bands being
detected are non-overlapping and predefined. (ii) Audio signals often contain blocks cor-
responding to different noises at different frequencies. Such blocks may be non-uniform,
and can be modeled by the (k, c) model in which k coefficients are arbitrarily spread across ¢
different clusters. It was argued in (Cevher et al., 2009) that any signal from the (k, ¢) model is
also (3¢, k/c)-block sparse in the uniform model.

Our goal is to output a list of frequencies and values estimating X, yielding an #,-distance to
X not much larger than that of the best (ko, k;)-block sparse approximation. Formally, we say
that an output signal X’ satisfies the ¢,/ ¢, block-sparse recovery guarantee if

IX-X'lo<(+¢)_ min IX-Y1,
Y is (ko,k;)-block sparse

for an input parameter € > 0.

The sample complexity and runtime of our algorithm are parameterized by the signal-to-noise
ratio (SNR) of the input signal, defined as follows.

Definition 1.1.2 (Tail noise and signal-to-noise ratio (SNR)). We define the fail noise level as

Err(X, ko, k1) := min > X, 15, (1.1)
Sl ] jerfns
ISI=ko = '

and its normalized version as y? := kioErr2 (X, ko, k1), representing the average noise level per
X112

block. The signal-to-noise ratio is defined as SNR := R

Throughout the paper, we assume that both n and k; are powers of two. For n, this is a
standard assumption in the sparse FFT literature. As for k;, the assumption comes without
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too much loss of generality, since one can always round the block size up to the nearest power
of two and then cover the original ko blocks with at most 2k, larger blocks, thus yielding a
near-identical recovery problem other than a possible increase in the SNR. We also assume
that kﬂl exceeds a large absolute constant; if this fails, our stated scaling laws can be obtained
using the standard FFT.

We use O* () notation to hide loglog SNR, loglog n, and log% factors. Moreover, to simplify the
notation in certain lemmas having free parameters that will be set in terms of €, we assume
1
throughout the chapter thate = Q(W
for convenience, and since the dependence on € is not our main focus; the precise expressions

), and hence log % = O(loglogn). This is done purely

with log% factors are easily inferred from the proofs. Similarly, since the low-SNR regime is
not our key focus, we assume that SNR = 2, and thus logSNR is positive.

Contributions: We proceed by informally stating our main result; a formal statement is given
in Section 1.5.2.

Theorem 1.1.1. (Upper bound - informal version) There exists an adaptive algorithm for ap-
proximating the Fourier transform with (ko, k1) -block sparsity that achieves the €,/ ¢» guarantee
for any constant €, with a sample complexity of O* ((kok + kolog(1 + ko) log n)logSNR), and a
runtime of O* (kok log® nlogSNR).

Note that while we state the result for € = (1) here, the dependence on this parameter is
explicitly shown in the formal version.

The sample complexity of our algorithm strictly improves upon the sample complexity of
O(kok;logn) (essentially optimal under the standard sparsity assumption) when log(1 +
ko)1logSNR « k; and logSNR « logn (e.g., SNR = O(1)).

Our algorithm that achieves the above upper bound crucially uses adaptivity. This is in stark
contrast with the standard sparse FFT, where we know how to achieve the optimal O(klogn)
bound using non-adaptive sampling (Indyk et al., 2014). While relying on adaptivity can be
viewed as a weakness, we provide a lower bound revealing that adaptivity is essential for
obtaining the above sample complexity gains. We again state an informal version of our lower
bound, which is formalized in Section 1.6.

Theorem 1.1.2. (Lower bound - informal version) Any non-adaptive sparse FFT algorithm that
achieves the ¢,/ sparse recovery guarantee with (ky, ki) -block sparsity must use Q (ko ki log ﬁ)
samples.

To the best of our knowledge, these two theorems provide the first results along several im-
portant directions, giving (a) the first sublinear-time algorithm for model-based compressed
sensing; (b) the first model-based result with provable sample complexity guarantees in the
Fourier setting; (c) the first proven gap between the power of adaptive and non-adaptive
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sparse FFT algorithms; and (d) the first proven gap between the power of structured (Fourier
basis) and unstructured (random Gaussian entries) measurement matrices for model-based
compressed sensing.

To see that (d) is true, note that the sample complexity O(kologn + kyk;) for block-sparse
recovery can be achieved non-adaptively using Gaussian measurements (Baraniuk et al.,
2010a), but we show that adaptivity is required in the Fourier setting.

Dependence of our results on SNR. The sample complexity and runtime of our upper bound
depend logarithmically on the SNR of the input signal. This dependence is common for
sparse FFT algorithms, and even for the case of standard sparsity, algorithms avoiding this
dependence in the runtime typically achieve a suboptimal sample complexity (Hassanieh
et al.,, 2012c,b). Moreover, all existing sparse FFT lower bounds consider the constant SNR
regime, e.g., (Ba et al., 2010; Price and Woodruff, 2011; Hassanieh et al., 2012b).

We also note that our main result, as stated above, assumes that upper bounds on the SNR
and the tail noise are known to within a constant factor (in fact, such tightness is not required,
but the resulting bound replaces the true values by the assumed values). These assumptions
can be avoided at the expense of a somewhat worse dependence on log SNR, but we present
the algorithm in the above form for clarity. The theoretical guarantees for noise-robust
compressive sensing algorithms often require similar assumptions (Foucart and Rauhut,
2013).

Our Techniques: At a high level, our techniques can be summarized as follows:

Upper bound. The high-level idea of our algorithm is to reduce the (ko, k;)-block sparse signal
of length 7 to a number of downsampled O(kp)-sparse signals of length kﬂl' and use standard
sparse FFT techniques to locate their dominant values, thereby identifying the dominant
blocks of the original signal. Once the blocks are located, their values can be estimated
using hashing techniques. Despite the high-level simplicity, this is a difficult task requiring a
variety of novel techniques, the most notable of which is an adaptive importance sampling
scheme for allocating sparsity budgets to the downsampled signals. Further details are given
in Section 1.2.

Lower bound. Our lower bound for non-adaptive algorithms follows the information-theoretic
framework of Price and Woodruff (2011), but uses a significantly different ensemble of struc-
tured approximately block-sparse signals occupying only a fraction O(ﬁ) of the time domain.
Hence, whereas the analysis of Price and Woodruff (2011) is based on the difficulty of identi-
fying one of (roughly) (Z) sparsity patterns, the difficulty in our setting is in non-adaptively
finding where the signal is non-zero — one must take enough samples to cover the various
possible time domain locations. The details are given in Section 1.6.

Interestingly, our upper bound uses adaptivity to circumvent the difficulty exploited in this
lower bounding technique, by first determining where the energy lies, and then concentrating
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the rest of its samples on the “right” parts of the signal.

Notation: For an even number 1, we define [n] := (- %, 5| nZ, where Z denotes the integers.
When we index signals having a given length m, all arithmetic should be interpreted as
returning values in [m] according to modulo-m arithmetic. For x, y € C and A € R, we write
y = x+Atodenote |y— x| < A. The support of a vector X is denoted by supp (X). For a number
a € R, we write |al, := max{0, a} to denote the positive part of a.

Organization: The paper is organized as follows. In Section 1.2, we provide an outline of our
algorithm and the main challenges involved. We formalize our energy-based importance sam-
pling scheme in Section 1.3, and provide the corresponding techniques for energy estimation
in Section 1.4. The block-sparse FFT algorithm and its theoretical guarantees are given in
Section 1.5, and the lower bound is presented and proved in Section 1.6. Several technical
proofs are relegated to the appendices.

1.2 Overview of the Algorithm

One of our key technical contributions consists of a reduction from the (ky, k;)-block sparse
recovery problem for signals of length n to O(ky)-sparse recovery on a set of carefully-defined
signals of reduced length n/k;, in sublinear time. We outline this reduction below.

A basic candidate reduction to O(ky)-sparse recovery consists of first convolving X with a filter
G whose support approximates the indicator function of the interval (—k; /2, k; /2], and then
considering a new signal whose Fourier transform consists of samples of X x G at multiples of
k1. The resulting signal Z of length n/k; (a) naturally represents X, as every frequency of this
sequence is a (weighted) sum of the frequencies in the corresponding block, and (b) can be
accessed in time domain using a small number of accesses to X (if G is compactly supported;
see below).

This is a natural approach, but its vanilla version does not work: Some blocks in X may entirely
cancel out, not contributing to Z at all, and other blocks may add up constructively and
contribute an overly large amount of energy to Z. To overcome this challenge, we consider
not one, but rather 2k; reductions: For each r € [2k;], we apply the above reduction to the
shiftof X by r- ﬁ in time domain, and call the corresponding vector Z". We show that all
shifts cumulatively capture the energy of X well, and the major contribution of this work is an
algorithm for locating the dominant blocks in X from a small number of accesses to the Z"’s
(via a novel importance sampling scheme).

Formal definitions: We formalize the above discussion in the following, starting with the
notion of a flat filter that approximates a rectangle.

Definition 1.2.1 (Flat filter). A sequence G € R” with Fourier transform G € R” symmetric
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F-1 f

about zero is called an (n, B, F)-flat filter if (i) G € [0,1] for all f € [n]; (i) Gy 21— (3) or

all f € [n] such that | f| < Z%; and (iii) G < (i)F_l(#fl)F_l forall f € [n] such that |f] = &.

The following lemma, proved in Appendix A.1.1, shows that it is possible to construct such a
filter having O(FB) support in time domain.

Lemma 1.2.1. (Compactly supported flat filter) Fix the power of two integer n, integer B < n,
and even integer F = 2. There exists an (n, B, F)-flat filter G € R", which (i) is supported on a
length-O(F B) window centered at zero in time domain, and (ii) has a total energy satisfying
L fein) |éf|2 = 3?”'

Throughout the paper, we make use of the filter construction from Lemma 1.2.1, except where
stated otherwise. To ease the analysis, we assume that G and G are pre-computed and can be
accessed in O(1) time. Without this pre-computation, evaluating G is non-trivial, but possible
using semi-equispaced Fourier transform techniques (cf., Section 1.4.2).

With the preceding definition, the set of 2k; downsampled signals is given as follows.

Definition 1.2.2 (Downsampling). Given integers (n, k;), a parameter 0 € (0, %), and a signal
X € C", we say that the set of signals {Z"}
if,

rezk, With Z'eChisa (k1,0)-downsampling of X

1 n
7= G-X"). . n., je|—
Tk iti%;l]( e [kl]
for an (n, k£1’ F)-ﬂat filter with F = IOlog% and support O (Fk—”]), where we define Xl.r =Xitaq,
with a, = 2”—kr1 Equivalently, in frequency domain, this can be written as,

5 ~ PN s a-f . [N
1= (X %), = 3 G Kpwn i ] (1.2
feln] 1
by the convolution theorem and the duality of subsampling and aliasing (see Appendix A.3).

By the choice of F, we immediately obtain the following lemma, showing that we do not
significantly increase the sample complexity by working with {Z"} ¢ (2¢,] as opposed to X itself.

Lemma 1.2.2. (Sampling the downsampling signals) Let {Z"},¢[2 k) be a (ky,0)-downsampling
of X € C" for some n,ky,6. Then for any i € [n/ki] and any r € [2ki], the entry Z] can be
computed in O(log }) time using O(log 1) samples of X.

This idea of using 2k; reductions fixes the above-mentioned problem of constructive and
destructive cancellations: The 2k reduced signals Z" (r € [2k;]) cumulatively capture all the
energy of X well. That is, while the energy |er |§ can vary significantly as a function of r, we

can tightly control the behavior of the sum ¥, ¢z, \Z ]r |§. This is formalized in the following.

1
' 20
and a (ky,6)-downsampling {Z"} ,c2x,) of X. The following conditions hold:

Lemma 1.2.3. (Downsampling properties) Fix n, k1, a parameter§ € (0, 55), a signal X € C",
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1. Forallje [kﬂl],

2rel2k] |Z;|2
2k,

. R , 1 X1, 15
=2 (1=-®IXp 5 -36-| 1Xpur 0, 15+6 ) 1j/ = jIFT
JEENM

Yrepi 12

~ r 2 o~
2. The total energy satisfies (1 —126) ||XII§ < o I2 < 6||X||§.

The proofis given in Appendix A.1.2.

Location via sparse FFT: We expect each Z" (r € [2k;]) to be approximately O(ky)-sparse, as
every block contributes primarily to one downsampled coefficient. At this point, a natural step
is to run O(ky)-sparse recovery on the signals Z" to recover the dominant blocks. However,
there are too many signals Z” to consider! Indeed, if we were to run O(kp)-sparse recovery on
every Z", we would recover the locations of the blocks, but at the cost of O(kyk; logn) samples.
This precludes any improvement on the vanilla sparse FFT.

It turns out, however, that it is possible to avoid running a ky-sparse FFT on all 2k; reduced
signals, and to instead allocate budgets to them, some of which are far smaller than ko, and
some of which may be zero. This will be key in reducing the sample complexity.

Before formally defining budget allocation, we present the following definition and lemma,
showing that we can use fewer samples to identify fewer of the dominant coefficients of a
signal, or more samples to identify more dominant coefficients.

Definition 1.2.3. (Covered frequency) Given an integer m, a frequency component j of a signal
~ ~ ~ 12
Z € C™ is called covered by budget s in the signal Z if | Z; = @

Lemma 1.2.4. (LOCATEREDUCEDSIGNAL guarantees — informal version) There exists an
algorithm such that if a signal X € C", a set of budgets {s"} ;¢ 2k,), and a confidence parameter p
are given to it as input, then it outputs a list that, with probability at least 1 — p, contains any
je [kﬁl] that is covered by budget s” in signal zr forsomer € [2k,], where Z "}rel2k,) denotes the
(k1,6)-downsampling of X. Moreover, the list size is O( X ;c(ak,1 S ), the number of samples that
the algorithm takes is O( ¥ ;e S logn), and the runtime is O( ¥ ;¢ (ox, 5" log® n).!

The formal statement and proof are given in Appendix A.8, and reveal that s” essentially
dictates how many buckets we hash Z into in order to locate the dominant frequencies (e.g.,
see (Hassanieh et al., 2012b; Indyk et al., 2014)).

Hence, the goal of budget allocation is to approximately solve the following covering problem:

e e . . S 2 Sx 2
Minimize sy, Z s" subject to Z 1X7;05=(1-a)- 1X*15,  (1.3)
re(2k] j is covered by s”
in 2" for some ref2k]

1 As stated in the formal version, additional terms in the runtime are needed when it comes to subtracting off a
current estimate to form a residual signal.
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ko

+Te 0000071111111 T [35 100 0]
06 00 0 0 111111 10100 3

ok 00 6 0 0 0 111111 1010 2 0
! 00 0 6 0 0 111111 0116 0 1
00 0 0 6 0 111111 0010 2 1
lloooooe6] [111111] [101021]
(a) Spiky energies (b) Flat energies (c) Mixed energies

Figure 1.1 — Three hypothetical examples of matrices with (r, j)-th entry given by |2]T 1, ie.,

each row corresponds to a single sequence Z", but only at the entries corresponding to the kg
blocks in X.

for a suitable constant « € (0, 1), where s” is the budget allocated to 7", and X* is the best
(ko.k1)-block sparse approximation of X. That is, we want to minimize the total budget while
accounting for a constant proportion of the signal energy.

Challenges in budget allocation: Allocating the budgets is a challenging task, as each block
in the spectrum of the signal may have very different energy concentration properties in
time domain, or equivalently, different variations in | Z ]r |2 as a function of r. To see this more
concretely, in Figure 1.1, we show three hypothetical examples of such variations, in the case
that kp = 2k; = 6 and all of the blocks have equal energy, leading to equal column sums in the

matrices.

In the first example, each block contributes to a different Z”, and thus the blocks could be
located by running 1-sparse recovery separately on the 2k; downsampling signals. In stark
contrast, in the second example, each block contributes equally to each Z”, so we would be
much better off running ky-sparse recovery on a single (arbitrary) Z". Finally, in the third
example, the best budget allocation scheme is completely unclear by inspection alone! We
need to design an allocation scheme to handle all of these cases, and to do so without even
knowing the structure of the matrix.

While the examples in Figure 1.1 may seem artificial, and are not necessarily feasible with
the exact values given, we argue in Appendix A.7 that situations exhibiting the same general
behavior are entirely feasible.

Importance sampling: Our solution is to sample r values with probability proportional to
an estimate of | Z" II§, and sample sparsity budgets from a carefully defined distribution (see
Section 1.3, Algorithm 1). We show that sufficiently accurate estimates of | Z" ||§ forall r € [2k1]
can be obtained using O(kpk;) samples of X via hashing techniques (cf., Section 1.4); hence,
what we are essentially doing is using these samples to determine where most of the energy of
the signal is located, and then favoring the parts of the signal that appear to have more energy.
This is exactly the step that makes our algorithm adaptive, and we prove that it produces a
total budget in (1.3) of the form O(kglog(1 + ko)), on average.

19



Chapter 1. Sample-optimal Model-based Fourier Transform in Sublinear-time

Ideally, one would hope to solve (1.3) using a total budget of O(ky), since there are only
ko blocks. However, the log(1 + kp) factor is not an artifact of our analysis: We argue in
Appendix A.7 that very different sampling techniques would be needed to remove it in general.
Specifically, we design a signal X for which the optimal solution to (1.3) indeed satisfies
Y rerzky $" = Q(kolog(1 + ko).

Iterative procedure and updating the residual: The techniques described above allow us to
recover a list of blocks that contribute a constant fraction (e.g., 0.9) of the signal energy. We use
O(logSNR) iterations of our main procedure to reduce the SNR to a constant, and then achieve
(1+ ¢)-recovery with an extra “clean-up” step. Most of the techniques involved in this part are
more standard, with a notable exception: Running a standard sparse FFT with budgets s” on
the reduced space (i.e., on the vectors Z") is not easy to implement in ko k; poly(logn) time
when Z" are the residual signals. The natural approach is to subtract the current estimate y
of X from our samples and essentially run on the residual, but subtraction in kok; poly(log n)
time is not easy to achieve. Our solution crucially relies on a novel block semi-equispaced FFT
(see Section 1.4.2), and the idea of letting the location primitives in the reduced space operate
using common randomness (see Appendix A.8).

1.3 Location via Importance Sampling

As outlined above, our approach locates blocks by applying standard sparse FFT techniques
to the downsampled signals arising from Definition 1.2.2. In this section, we present the
techniques for assigning the corresponding sparsity budgets (cf,, (1.3)).

We use a novel procedure called energy-based importance sampling, which approximately

samples r values with probability proportional to || Z” ||

. Since these energies are not known
exactly, we instead sample proportional to a general vector y = (y,...,7%%1), where we think
of y" as approximating || Z"|2. The techniques for obtaining these estimates are deferred to

Section 1.4.

The details are shown in Algorithm 1, where we repeatedly sample from the distribution
wg, corresponding to independently sampling r proportional to y", and g from a truncated
geometric distribution. The resulting sparsity level to apply to Z” is selected to be s" = 10-29.

—~ 7r2
According to Definition 1.2.3, s" = 10-29 covers any given frequency j for which |Z ]r ? > “152”;

The intuition behind sampling g proportional to 277 is that this gives a high probability

of producing small g values to cover the heaviest signal components, while having a small
probability of producing large g values to cover the smaller signal components. We only want
to do the latter rarely, since it costs significantly more samples.

We first bound the expected total sum of budgets returned by BUDGETALLOCATION.

Lemma 1.3.1. (BUDGETALLOCATION budget guarantees) For any integers kg and ki, any non-
negative vectory € [Rikl, and any parameters p € (0, %) and § € (0,1), if the procedure BUD-
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Algorithm 1 Procedure for allocating sparsity budgets to the downsampled signals

1: procedure BUDGETALLOCATION(Y, ko, k1,6, p)

2: S—¢

3: forie{l,...,%oko-ln%}do

2719 Y

Sample (r;, q;) € [2k;1] x {1,...,]og, uzsﬂ} with probability wy = T=57(0k) Tyl

4

5 S—Suf{(r, g}

6: for r € [2k;] do

7 q* —maxg,qnesiq’} > By convention, max® = —oo
8 s"—10-29

9 return s = {s"} 2k,

GETALLOCATION in Algorithm 1 is run with inputs (y, ko, k1,0, p), then the total sum of returned

budgets, {s"}c[ok,), satisfies ¥ eppp,) S < 400%10g2 %k“ln% with probability at least 1 — p.

100k . e O K 1
Moreover, max,epak,) S" < —5¢. The runtime of the procedure is O(g‘) log »t k).

Proof. Each time a new (r, q) pair is sampled, the sum of the s” values increases by at most
10-29, and hence the overall sum of budgets is upper bounded as follows,

%Ok()'ll’l%
Y sf=10- ) 29
rel2k;] i=1

where ¢g; forevery i € {1, 2, % ko-In %} are iid copies of a random variable g that takes values

in the set {1,2, ---log, %ko} according to the probability distribution Pr[g = ¢] = #_{oko)'
Since 29 are positive and bounded random variables with 29 < %k‘) we can apply Chernoff

10
5 or

1
inequality to bound the sum S:=% ’ " " 29 First note that,

10 1
7](70 In v

E[S)=E| ) 2%
i=1

1 1
= m e
6 p

_ %ko-ln% -logz%
 1-6/(10kp)

Because the number of iid copies in the summation S is larger than the maximum value of the
random variable 29 by an ln% factor, by Chernoff bound, the sum is no larger than 3 times its
expected value with probability at least 1 — p,

104 Ini
5k01np

z: 24i
i=1

Pr|S=3-E <p.
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Therefore, " c2k,) $" <30-E[S] < 400% log, %k" ln% with probability at least 1 — p.

Moreover, max;c2k,} S = max29 < m&Lk" due to the range of g from which we sample.

P
q

and the corresponding alphabet sizes are O(log %) and O(k,) respectively. The stated runtime

Runtime: Note that sampling from w], amounts to sampling g and r values independently,
follows since we take O(% log %) samples, and sampling from discrete distributions can be
done in time linear in the alphabet size and number of samples (Hagerup et al., 1993). The
second loop in Algorithm 1 need not be done explicitly, since the maximum g value can be
updated after taking each sample. O

As we discussed in Section 1.2, the log ky term in the number of samples would ideally be
avoided; however, in Appendix A.7.2, we argue that even the optimal solution to (1.3) can
contain such a factor.

We now turn to formalizing the fact that the budgets returned by BUDGETALLOCATION are such
that most of the dominant blocks are found. To do this, we introduce the following notion.

Definition 1.3.1 (Active frequencies). Given integers n, ko, k1, a signal X € C", a non-negative
vectory € Rikl, a parameter 6 € (0,1), and a (k1,0)-downsampling {Z"},¢[2¢,] of X, the set of
active frequencies S is defined as,

I _ ¥ e 127112
S={je|—|: |1Z7% —L > = 2 b (1.4)
{’ &) [;k]( J ||Zf||§) ko

. = . = re Zr 2 .
Observe that if y" = ||Zr||§, this reduces to ) ¢z, |ZJT|2 >0- %]0””2, thus essentially

stating that the sum of the energies over r € [2k;] for the given block index j is an Q(,%)
fraction of the total energy. Combined with Lemma 1.2.3, this roughly amounts to 1 X I; |I§
exceeding an Q(k%) fraction of ||)A(||§.

To formalize and generalize this intuition, the following lemma states that the frequencies
within § account for most of the energy in X, as long as each y" approximates || Z” |I§ sufficiently
well.

Lemma 1.3.2. (Properties of active frequencies) Fix integers n, ko, k1, a parameter d € (0, %),
a signal X € C", and a (ky,06)-downsampling {Z"}c;2x,) of X. Moreover, fix an arbitrary set
§* <[] of cardinality at most 10ko, and a vectory € R2K1 satisfying,

> [1Z13-y"| <408 ¥ 12713 *
reizk) + rel2k)

Fix the set of active frequencies S according to Definition 1.3.1, and define the signal X s to
equal X on all intervals {I;; j € S} (see Definition 1.1.1), and zero elsewhere. Then || Xg. gl <
100V51 X |12.
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The proof of Lemma 1.3.2 is given in Appendix A.2.

What remains is to show that if j is active, then j is covered by some s” in Z" with high constant
probability upon running Algorithm 1. This is formulated in the following.

Lemma 1.3.3. (BUDGETALLOCATION covering guarantees) Fix integers n, ko, k1, parameters
6€(0,1) andpe (0, %), a signal X € C", a (ky,8)-downsampling {Z"} ;¢ 2k, of X, and a non-
negative vectory € [Riikl satisfying,

lyli=10 Y 1Z"15. (1.5)
re(2k;]

Suppose that BUDGETALLOCATION in Algorithm 1 is run with inputs (y, ko, k1,6, p), and outputs
the budgets {s"} ;c(ox,1. Then for any active j (i.e., j € S as per Definition 1.3.1), the probability
that there exists some r € [2k,] such that j is covered by s" in Z" is at least 1 — p.

Proof. Recall from Definition 1.2.3 that if a pair (r, g) is sampled in the first loop of BUDGETAL-

~ Zry2
LOCATION, then j is covered provided that |Z]T > ngznqz . We therefore define
o2 12715
r— i : r 2 > —2
g rnln{qEZJr : |Z]| = 1024 }, (1.6)

and note that the event described in the lemma statement is equivalent to some pair (7, )

being sampled with qu. < g. Note that due to the range of g from which we sample (cf,

Algorithm 1), this can only occur if q]’. <log, %ko.

Taking a single sample: We first compute the probability of being covered for a single random

sample of (g, r), denoting the corresponding probability by Pr;[-]. Recalling from line 4 of
274 "

=27 ¥ .
= T=57010%;) TyT,» We obtain

Algorithm 1 that we sample each (¢, r) with probability wy,

Pr[j covered] = Z Z w;
re(2ky] 4<q=log, Y

r

1

. S —q Y
1-6/(10ko) )3 r 2

re2kil g7 <q<iog, %o Iyl

.
> > 2= Y
rei2ki]:q) <log, “%2 Iyl
r r
=y 24 L _ y 274 ¥ 1.7)

)
10ky ”'}’”1

re2k] ”YHI re[2k1]:qu>log27

where the third line follows since 6/(10kgy) < 1/10.

g 1012712
Bounding the first term in (1.7): Observe from (1.6) that 2™ % > 1 —" and recall the def-

=20z
inition of being active in (1.4). Combining these, we obtain the following when j is active:
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Zr2A,T
Y 27 Yy~ 10 |Z£|Y
reizky 1Yl 20yl Gz 127105
106 Xrezky] 4 ||§ )
> . >
2yl ko 2ko

where the last inequality follows from the assumption on |y|/; in the lemma statement.

Bounding the second term in (1.7): We have

<

oo I gy 10K Tyl 10K

2 2t L 6 v _ 90

re[2k] :qI’, >log,

Hence, we deduce from (1.7) that Pr; [j covered] = %.

Taking multiple independent samples: Since the sampling is done 15—0 ko-log % times indepen-
dently, the overall probability of an active block j being covered satisfies
26 ) & kology;

Pr[j covered] =1 — (1 -—

1
=>1- —4log—|=1-p,
5ko eXP( ng) p

where we have applied the inequality 1 —{ < e~ for { = 0. O

1.3.1 The Complete Location Algorithm

In Algorithm 2, we give the details of MULTIBLOCKLOCATE, which performs the above-described
energy-based importance sampling procedure, runs the sparse FFT location algorithm (see
Appendix A.8) with the resulting budgets, and returns a list L containing the block indices that
were identified.

MULTIBLOCKLOCATE calls two primitives that are defined later in the paper, but their precise
details are not needed in order to understand the location step:

* ESTIMATEENERGIES (see Section 1.4.4) computes a vector y providing a good approxi-
mation of each || Z"||?
1.3.3;

, in the sense of satisfying the preconditions of Lemmas 1.3.2 and

* LOCATEREDUCEDSIGNALS (see Appendix A.8) accepts the sparsity budgets {s"},¢[2x,]
and runs a standard s”-sparse FFT algorithm on each downsampled signal Z" in order
to locate the dominant frequencies.

Note that in addition to X, these procedures accept a second signal ¥; this becomes rele-
vant when we iteratively run the block sparse FFT (cf., Section 1.5), representing previously-
estimated components that are subtracted off to produce a residual.
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Algorithm 2 Multi-block sparse location

1: procedure MULTIBLOCKLOCATE(X, ¥, 1, ko, k1,6, p)
2: a, — 2”—k’1 for each r € [2k;]

32  fortef{l,..., 10log, %}do
4
5

Y — ESTIMATEENERGIES(X, ¥, 1, ko, k1,0) > See Section 1.4.4
s — BUDGETALLOCATION (y, ko, k1,6, %) >y=...,Y*")
6: § — max; s (element-wise with respectto r € [2k;])
L — LOCATEREDUCEDSIGNALS(X, ¥, 1, ko, k1,8,6, %6;9) > See Appendix A.8
return L

The required guarantees on LOCATEREDUCEDSIGNALS are given in Lemma 1.2.4 (and more
formally in Appendix A.7.2), and in order to prove our main result on MULTIBLOCKLOCATE, we
also need the following lemma ensuring that we can compute energy estimates satisfying the
preconditions of Lemmas 1.3.2 and 1.3.3; the procedure and proof are presented in Section
1.4.4.

Lemma 1.3.4. (ESTIMATEENERGIES guarantees) Given integers n, ko, k1, signals X,y € C" with
v~ Xl =

IX=7l2 = pof‘y(zn) , and parameterd € (%, 3), the procedure ESTIMATEENERGIES (X, ¥, 71, ko, k1,6)

returns a non-negative vectory € [R?ikl such that, for any given set S* of cardinality at most 10k,

we have the following with probability at least %

1Z& N5 —y"

L Y repk L= 406 Y reoiy 1 27155

2. Iyl S 10X pepi 1 2713

where{Z"} ¢ 2k, 1S the (k1,6) -downsampling of X — x (see Definition 1.2.2).

Moreover, if ¥ is (O(ky), k1) -block sparse, then the sample complexity is O ( kgfl log % log ﬁ), and

the runtime is O ( kg’fl log® %logz n)

Remark 1.3.1. The preceding lemma ensures thaty" s provide good approximations of | Z" |I§

in a “restricted” and “one-sided” sense, while not over-estimating the total energy by more than

a constant factor. Specifically, the first part concerns the energy of Z restricted to a fixed set of
size O(ky), and characterizes the extent to which the energies are under-estimated. It appears to
be infeasible to characterize over-estimation in the same way (e.g., replacing|-|+ by|-1), since
several of the samples could be overly large due to spiky noise.

Remark 1.3.2. Here and subsequently, the poly(n) lower bounds regarding (X, %) are purely
technical, resulting from extremely small errors when subtracting off ¥. See Section 1.4.2 for
further details.

We are now in a position to provide our guarantees on MULTIBLOCKLOCATE, namely, on the
behavior of the list size, and on the energy that the components in the list capture. Note that
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the output of MULTIBLOCKLOCATE is random, since the same is true of ESTIMATEENERGIES,
BUDGETALLOCATION, and LOCATEREDUCEDSIGNALS.

Lemma 1.3.5. (MULTIBLOCKLOCATE guarantees) Given integers n, ko, k1, parameters 0 €
(1,5) and p € (0,3), and signals X € C" and § € C" with X uniformly distributed over an arbi-
trarily length- pgfy”(‘n) interval, the output L of the function MULTIBLOCKLOCATE (X, ¥, k1, ko, 1,6, p)
satisfies the following properties for any set S* of cardinality at most 10ky, with probability at

least1 - p:

1 |Ll= (k"log log log® 5 )

2. Ljesi (X =11, 113 < 200V68]1 X - 7113

Moreover, if ¥ is (O(ko), k1)-block sparse, and we have § = Q( m),

L), and

1 -
poly(log n)) and p= Q(
then with probabilty at least 1 — 6p, the sample complexity is O* (ko log(1+ kop)logn+
the runtime is O* (k"k1 log? n+ 21 kl log® n).

Remark 1.3.3. MULTIBLOCKLOCATE is oblivious to the choice of S* in this lemma statement.

Proof. First claim: Note that in each iteration of the outer loop when we run BUDGETALLOCA-
TION(y, ko, k1,0, %6 p), Lemma 1.3.1 implies that for any ¢, the following holds true,

ki ki 1
(1) _ 0 0

E s;” =0|—log—log—
reizh r (6 ) 5p)

R
2log,(1/p)’

where s\” is the r-th entry of the budget allocation vector s’ at iteration . Therefore, by union
bound, we have,

1-56p. (1.8

ko 1 po
s, =0|—=1lo —10 lo >1-10lo _
re[;kl] - (5 85 g5 & )} 827, p 210g2(1/p)

We now apply Lemma 1.2.4, which is formalized in Appendix A.8. We set the target success
probability to 1 - %6 p, which guarantees that the size of the list returned by the function
LOCATEREDUCEDSIGNALS is O( X ¢ [2k,] Srl0g ﬁ). Therefore, by (1.8), we have,

=1-p,

Pr||Ll = O —log—log—log” —
r[ll (5 085 ngog 5p
yielding the first statement of the lemma.

Second claim: Let X' = X — y, and consider the set S* given in the lemma statement, and an
arbitrary iteration t. By Lemma 1.3.4 in Section 1.4.4 (also stated above), the approximate
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energy vector y in any given iteration of the outer loop satisfies,

> [1Z13-y"| <06 ¥ 12713
rE[2k1] r€[2k1]

lylp<10 Y 1Z"115 (1.9)
re(2k]

with probability at least % When this is the case, the vector y meets the requirements of
Lemmas 1.3.2 and 1.3.3. That means that the probability of having an energy estimate y that

1
meets these requirements in at least one iteration is lower bounded by 1 — (%) 10log5, > 1 - p/10.
Consider an arbitrary iteration in which the above conditions (1.9) on y are satisfied. We write,
v 12 ! 12 ! 12
Z ||X1j||2— Z ||X1j||2+ Z ||X1j||2- (1.10)
JeS*\L JES*NS\L jeS*\(SuL)
The second term is bounded by,
Y ||X}j||§s Y ||X}j||35100\/5||)?’||§ (1.11)

jeS*\(SuL) jes\§
by Lemma 1.3.2, which uses the first condition on y in (1.9).

We continue by calculating the expected value of the first term in (1.10) with respect to the
randomness of BUDGETALLOCATION and LOCATEREDUCEDSIGNALS:

E[ X IX,13|=E| X 1Xpl3-1ljeLl
je(S*nS\L jes*nS)

<y ||)?;j||§-Pr[jezL]. (1.12)
jes

We thus consider the probability Pr[j ¢ L] for an arbitrary j € S. If j € S, then by Lemma 1.3.3
and the choice of the failure probability parameter %5 p passed to BUDGETALLOCATION, there
is at least one r € [2k;] such that j is covered, with probability at least 1 — %5 p. We also know
from Lemma 1.2.4 that the failure probability of LOCATEREDUCEDSIGNALS for some covered j
is at most %5 p. A union bound on these two events gives

Pr[j¢ L] <ép, VjeS.

Hence, we deduce from (1.12) that,

E[ X IX,13]| <op- XI5,
je(S* NS\L
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and Markov'’s inequality gives,

12 12
Y. IXplz=108-1X'Il;
jeS* NH\L

with probability at least 1 — p/10. Combining this with (1.10)-(1.11), and using the assumption

o< % to write § < V8, we complete the proof.

Sample complexity and runtime: There are two operations that cost us samples. The first
is the call to ESTIMATEENERGIES, which costs O(kgf‘ log? %) by Lemma 1.3.4. The second is
the call to LOCATEREDUCEDSIGNALS; by Lemma 1.2.4 in Appendix A.8, with 6 p in place of p,

this costs O (Zre[Zkl] s; -log $ log % log n) samples (recall that ¥ is (O(kyp), k1)-block sparse by

assumption). Adding these contributions gives the desired result; the log% and log% factors

are hidden in the O*(-) notation, since we have assumed that § and p behave as Q( ;550 )-

The time complexity follows by a similar argument; The primitive ESTIMATEENERGIES has

time complexity O ( fal1 1og? Llog? n) by Lemma 1.3.4, and the primitive LOCATEREDUCEDSIG-

NALS requires O (Zre[zkl] s, -log ﬁ log % log? n + % log ﬁ log® n) operations by Lemma 1.2.4
in Appendix A.8. The complexity of ESTIMATEENERGIES dominates that and of calling BUD-
GETALLOCATION, which is O(k; + % log%) by Lemma 1.3.1.

The sample complexity and runtime directly follows by plugging in the bound on }_,¢2x,; 8¢
given in (1.8). O

1.4 Energy Estimation

In this section, we provide the energy estimation procedure used in MULTIBLOCKLOCATE
primitive in Algorithm 2, and prove its guarantees that were used in the proof of Lemma 1.3.5.
To do this, we introduce a variety of tools needed, including hashing and the semi-equispaced
FFT. While such techniques are well-established for the standard sparsity setting (Indyk et al.,
2014), applying the existing semi-equispaced FFT algorithms separately for each Z" in our
setting would lead to a runtime of kg kfpoly(log n). Our techniques allow us to compute the
required FFT values for all r in kyk;poly(log n) time, as we detail in Section 1.4.2.

1.4.1 Hashing Techniques

The notion of hashing plays a central role in our estimation primitives, and in turn makes use
of random permutations.

Definition 1.4.1 (Approximately pairwise-independent permutation). Fix integer n, and let
7 : [n] — [n] be arandom permutation. We say that 7 is approximately pairwise-independent
if, for any i, i’ € [n] and any integer ¢, we have Pr[|z(i) — 7 (i")| < t] < 4—;.

It is well known that such permutations exist in the form of a simple modulo-#z multiplication;
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1.4. Energy Estimation

we will specifically use the following lemma from (Indyk and Kapralov, 2014).

Lemma 1.4.1. (Choice of permutation (Indyk and Kapralov, 2014, Lemma 3.2)) Letn be a
power of two, and define n(i) = o - i, where o is chosen uniformly at random from the odd
numbers in [n]. Then & is an approximately pairwise-independent random permutation.

We now turn to the notion of hashing a signal into buckets. We do this by applying the random
permutation from Lemma 1.4.1 along with a random shift in time domain, and then applying
a suitable filter according to Definition 1.2.1.

Definition 1.4.2 (Hashing). Given integers n, B, parameters o, A € [n], and the signals X € C"

and G € C", we say that U € CB is an (n, B, G, 0, A) -hashing of X if

B .
Uj=— ) Xown+j+BGj+pi» Jje€IB). (1.13)

M ierz)

Moreover, we define the following quantities:

* n(j) =0 - j, representing the approximately pairwise random permutation;

* h(j) =round(j2), representing the bucket in [B] into which a frequency j hashes;

* 0;(j) =n(j") — h(n(}))- %, representing the offset associated with two frequencies (j, j").
With these definitions, we have the following lemma, proved in Appendix A.3. Note that here

we write the exact Fourier transform of U as U*, since later we will use U for its near-exact
counterpart to simplify notation.

Lemma 1.4.2. (Fourier transform of hashed signal) Fix integers n, B and the signals X € C"
and G € C" with the latter symmetric about zero. IfU is an (n, B, G,0,A)-hashing of X, then its
exact Fourier transform U* is given by

ﬁ;: Z Xfégf_b%ngf, bE[B].
felnl

We conclude this subsection by stating the following technical lemma regarding approximately
pairwise independent permutations and flat filters.

Lemma 1.4.3. (Additional filter property) Fix n, and let G be an (n, B, F)-flat filter. Let nt(-) be
an approximately pairwise-independent random permutation (cf., Definition 1.4.1), and for
[, f'€nl, defineor(f') = n(f") — Zround(n(f)£). Then for any x € C" and f € [n], we have

- ~ 10 -
21X PR (1Goy P = 2 IXI7. (1.14)
f'#f

The proofis given in Appendix A.1.1.
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Algorithm 3 Semi-equispaced inverse FFT for approximating the inverse Fourier transform,
with standard sparsity (top) and block sparsity (bottom)

1: procedure SEMIEQUIINVERSEFFT(X, n,k,()
2 G — FILTER (1, n/k,{) > See (Indyk et al., 2014, Sec. 12); same as proof of Lemma 1.4.5
3: 17, — (X * G\)% for each i € [2k]
2
4 Y — INVERSEFFT(Y)
5

return {Yj}|j|<5
-2

[e2]

: procedure SEMIEQUIINVERSEBLOCKFFT(}?, n, ko, k1, ¢)

7: G — FILTER (n,ky,n™ % > See proof of Lemma 1.4.5
8: for je [%] such that (X x G\)ﬁj may be non-zero (O(kglogn) in total) do
2
9: Yj —3 lell Xb+2kllG%1j—(b+2k1l) for each b€ [2k;]
10: (Yj""’Yj ) IFFT(Y].,...,Y]. )
11: for r e [2k;] do
12: ?rh(?’,...,?zrn/kl)
13: Y" — SEMIEQUIINVERSEFFT(Y”, & ko, n~(c+h)

14: return { Y/ .
eturn (Y5}, o, 1j1<

1.4.2 Semi-Equispaced FFT

One of the steps of our algorithm will be to take the inverse Fourier transform of our current
estimate of the spectrum, so that it can be subtracted off and we can work with the residual.
The semi-equispaced inverse FFT provides an efficient method for doing this, and is based on
the application of the standard inverse FFT to a filtered and downsampled signal.

We start by describing an existing technique of this type for standard sparsity; the details are
shown in the procedure SEMIEQUIINVERSEFFT in Algorithm 3, and the resulting guarantee
from (Indyk et al., 2014, Sec. 12) is stated as follows.?

Lemma 1.4.4. (SEMIEQUIINVERSEFFT guarantees (Indyk et al., 2014, Lemma 12.1, Cor. 12.2))
(i) Fix n and a parameter{ > 0. IfX € C" is k-sparse for some k, then SEMIEQUIINVERSEFFT X, n,k, ()
returns a set of values {Y})ji<k/2 in time O(klog ?), satisfying the following for every j,

1Yj = Xl = Cl Xl
(ii) Given two additional parameters o, € [n] with o odd, it is possible to compute a set of

values {Y} for all j equaling o j' + A for some j' with |j'| < k/2, with the same running time
and approximation guarantee.

For the block-sparse setting, we need to adapt the techniques of Indyk et al. (2014), making use
of a two-level scheme that calls SEMIEQUIINVERSEFFT. The resulting procedure, SEMIEQUIIN-

2Note that the roles of time and frequency are reversed here compared to (Indyk et al., 2014).
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1.4. Energy Estimation

VERSEBLOCKFFT, is described in Algorithm 3. The main result of the procedure is the following
analog of Lemma 1.4.4.

Lemma 1.4.5. (SEMIEQUIINVERSEBLOCKFFT guarantees) (i) Fix integers n, kg, k1, a (ko, k1) -

block sparse signal X € C", and a constant ¢ = 1. Define the shifted signals {X"} rel2k,] With

X/ = Xy o The procedure SEMIEQUIINVERSEBLOCKFET (X, n, ko, ki1, ¢) returns a set of values
1

Yj’ forallr € 2ki] and |j| < % in time O(c*kok, log? n), satisfying,

Ier—X;ISZrl_CllXHz. (1.15)

(ii) Given two additional parameters o,A € [kﬂl] with o odd, it is possible to compute a set of
values Yj’ forallr € [2ki] and j equaling o j' + A (modulo 1) for some | j'| < %, with the same
running time and approximation guarantee.

The proofis given in Appendix A.3.1.

Remark 1.4.1. In the preceding lemmas, the signal sparsity and the number of values we wish
to estimate will not always be identical. However, this can immediately be resolved by letting
the parameter ky therein equal the maximum of the two.

1.4.3 Combining the Tools

In Algorithm 4, we describe two procedures combining the above tools. The first, HASHTO-
BINS, accepts the signal X and its current estimate in the Fourier domain ¥, uses SEMIEQUI-
INVERSEFFT to approximate the relevant entries of y, and computes a hashing of X — y as
per Definition 1.4.2. The second, HASHTOBINSREDUCED, is analogous, but instead accepts
a (k1,6)-downsampling of X, and uses SEMIEQUIINVERSEBLOCKFFT. It will prove useful to
allow the function to hash into a different number of buckets for differing r values, and hence
accept {G"} e2k,] and {B"},¢[2k,] as inputs. For simplicity, Algorithm 4 states the procedures
without precisely giving the parameters passed to the semi-equispaced FFT, but the details are
given in the proof of the following lemma.

Lemma 1.4.6. (HASHTOBINS and HASHTOBINSREDUCED guarantees) (i) Fix integers n, k, B, F,
an (n, B, F)-flat filter G supported on an interval of length O(FB), a signal X € C", a k-sparse
signal 7. For any o, A, the procedure HASHTOBINS(X, ¥, G, 1, B, 0, A) returns a sequence U such
that,

1T =T lloo < n~°I17ll2,

where U* is the exact Fourier transform of the (n, B, G, 0, A)-hashing of X — y (see Definition
1.4.2), and ¢ = ¢’ + OQ1) for ¢ in Algorithm 4. Moreover, the sample complexity is O(FB), and
the runtime is O(cF (B + k)logn).

(ii) Fix integers n, ko, k1 and parameters {B"}c2k,}, F, 6. For each r € [2k1], fix an (kﬂl, B’,F) -flat
filter G supported on an interval of length O(FB"). Moreover, fix a signal X € C" and its (ky,0) -

31



Chapter 1. Sample-optimal Model-based Fourier Transform in Sublinear-time

Algorithm 4 Hash to bins functions for original signal (top) and reduced signals (bottom)

1: procedure HASHTOBINS(X, ¥, G, n, B,0,A)

2: Compute {y;} using SEMIEQUIINVERSEFFT with input (¥, n, O(FB), n‘C’)

3 > See Lemma 1.4.4; F equals the parameter of filter G, and ¢’ is a large constant
4: Ux — (n, B, G,0,A)-hashing of X > See Definition 1.4.2
5: Uy < (n, B,G,0,A)-hashing of y

6: U<~ FFTof Ux - U,

7 return U

8: procedure HASHTOBINSREDUCED({Z§} e 24,1, Xo (G re2ky)s 11 K1, {B '} re 2k, 0, A)

9 Bmax < maXye2k,] B’

10: ko — minimal value such that ¥ is (ko, k1)-block sparse

11: Compute {y;} using SEMIEQUIINVERSEBLOCKFFT; input (¥, 72, O(FmaxBmax + ko), k1, )
12: > See Lemma 1.4.5; Fyhax equals the max parameter of filters {G”}, and ¢’ is a large constant

13: {Z;}rE[gkl] — (k1,0)-downsampling of y > See Definition 1.2.2
14: for r e [2k;] do

15: U)r( — (kﬂl,Br, Gr,U,A)-hashing of Z)r( > See Definition 1.4.2
16: U; — (kﬂl,Br, G’,J,A) -hashing of Z;

17: U — FFTofU)’(—U;

18 return {U"}, ek,

downsampling {Z"} v 2x,) with 6 € (0, %), and a (ky, k1)-block sparse signal ¥. For any o, A,
the procedure HASHTOBINSREDUCED ({Z"} e ok )r ¥ (G} re2ky» 1 K1, {B Y re2k,» 0, A) returns a
set of sequences ({gr }rei2k,) Such that,

1T —T* oo < n IRz, 7€ 2K1],

where U*" is the exact Fourier transform of the (kil, B",G",0,A)-hashing for the (k1,6)-downsampling
of X—y, and c = ¢'+0(1) for ¢’ in Algorithm 4. Moreover, the sample complexity is O(F ¥ 2k, B" log %),
and the runtime is 0(02 (BmaxF + ko) k1 log2 n) with Bmax = MaX,cp2k,} B”.

The proofis given in Appendix A.3.2.

Remark 1.4.2. Throughout the chapter, we consider ¢ in Lemma 1.4.6 to be a large absolute
constant. Specifically, various results make assumptions such as | X — 72 = m Ixll2, and
the results hold true when c is sufficiently large compared to implied exponent in the poly(n)
notation. Essentially, the n™¢ error term is so small that it can be thought of as zero, but we
nevertheless handle it explicitly for completeness.

1.4.4 Estimating the Downsampled Signal Energies

We now come to the main task of this section, namely, approximating the energy of each Z".
To do this, we hash into B = % - ko buckets (cf., Definition 1.4.2), and form the estimate as the
energy of the hashed signal. The procedure is shown in Algorithm 5.
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Algorithm 5 Procedure for estimating energies of downsampled signals
1: procedure ESTIMATEENERGIES(X, ¥, 1, ko, k1,0)
2 B — g—g . ko
3 F—10log}
4 H~ (kﬁl,B,F)-ﬂat filter > See Definition 1.2.1
5: A — uniform random sample from [kﬂl]
6
7
8
9

0 — uniform random sample from odd numbers in [kﬂll
{Z"} re2k,) — (k1,0)-downsampling of X > See Definition 1.2.2
H-—(H,...,H)
: B— (B,...,B)
10: {ﬁr}re[Zkl] — HASHTOBINSREDUCED({Z"} ;¢ 24,1, X, H, 11, k1,B,0,A) > See Section 1.4.1
11: for r € [2k;] do
12: Y 10713

13: return y > Length-2k; vector of y" values

Before stating the guarantees of Algorithm 5, we provide the following lemma characterizing
the approximation quality for an exact hashing of a signal, as opposed to the approximation
returned by HASHTOBINSREDUCED. Intuitively, the first part states that we can accurately
estimate the top coefficients well without necessarily capturing the noise, and the second part
states that, in expectation, we do not over-estimate the total signal energy by more than a
small constant factor.

Lemma 1.4.7. (Properties of exact hashing) Fix the integers (m, B), the parameters § € (0, %)
and F' = IOIOg%, and the signal Y € C™ and (m, B, F")-flat filter H (cf., Definition 1.2.1). Let
U bean (m, B, H,0,A)-hashing of Y for uniformly random o, A € [m] with o odd, and let 7 ()
be defined as in Definition 1.4.2. Then, letting U* denote the exact Fourier transform of U, we
have the following:

1. ForanysetS c [m],

[EA,T[ [

7112 7y 12 |S] S| 21v2
n&hwubusbw§+m§+muww

where || Ys||3 denotes Yjesl Yil2.

2. WehaveEa,[I1U*13] <31 YI2.

The proofis given in Appendix A.3.3.

We now present the following lemma, showing that the procedure ESTIMATEENERGIES provides
us with an estimator satisfying the preconditions of Lemmas 1.3.2 and 1.3.3.

Lemma 1.3.4 (ESTIMATEENERGIES guarantees — restated from Section 1.3.1). Given integers

n, ko, k1, signals X € C" and y € C" with IIX—X\II% > mllfllg, and parameter § € (%, %), the
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procedure ESTIMATEENERGIES(X, ¥, n, ko, k1,0) returns a non-negative vectory € [R{ik‘ such that,

for any given set S* of cardinality at most 10ky, we have the following with probability at least
1.

R

> 2
1Zg- 5 =y"

L Y e LS 408 Y re ok, 1271155

2. 1yl S10L repop 127135

where {Z"} c2k,) is the (k1,06) -downsampling of X — x (see Definition 1.2.2).

Moreover; if ¥ is (O(ky), k1) -block sparse, then the sample complexity is O ( kgfl log2 %), and the

runtime is O (% log® % log® n)

Proof. Analysis for the exact hashing sequence: We start by considering the case that the call
to HASHTOBINSREDUCED is replaced by an evaluation of the exact hashing sequence U*", i.e.,
Definition 1.4.2 applied to Z" resulting from the (k;, §)-downsampling of X — y. In this case, by
applying Lemma 1.4.7 with Y=2Z"B= é—(z) ko and S = S* (and hence |S| < 10ky), the right-hand
side of the first claim therein becomes (56 + (% +2)6H)1Z7 12 < 66| 27|12, since & < %. By
applying the lemma separately for each r € [2k;] with Y = Z7, and summing the correspond-
ing expectations in the two claims therein over r, we obtain ¥ ¢ 2, E [| 1Z5 15— 11T 113] .
60 rei2ky) 1Z" II§ and ¥ ¢ px, E[ U* |I§] <3Y ref2k] |1 Z" |I§. We apply Markov’s inequality with
a factor of 6 in the former and 3 in the latter, to conclude that the quantities y*" = | U*" [
satisfy,

=

> 125 13-yr| <368 X 12713 (1.16)
rei2k + reizk
Iy <9 Y. 1Z"13, (1.17)
ref(2k]

with probability at least 1/2.

Incorporating # error from use of semi-equispaced FFT in HASHTOBINSREDUCED: Since
U" is computed using HASHTOBINSREDUCED, the energy vector v is different from the exact
one v*, and we write

4 2 4 2
Y ize-v] s ¥ nzes-y
re[2k;] re(2k]

r_ £ A
=T (1.18)

By substituting y" = || g’ ||§ andy*" = || 0*r ”%, and using the identity | ||a||§ —| b||§| <2la=Dbl>-
b2 + lla — bl|2, we can write

Y -yl X (2007 -0 100 1+ 10 - T 13). (1.19)
re[2k] re[2k]

Upper bounding the ¢, norm by the /., norm times the vector length, we have || O -0, <
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VIO =U* |loo < n=¢T12|| 7112, where the second inequality follows from Lemma 1.4.6. More-
over, from the definition of U*" resulting from Definition 1.4.2 applied to Z’, along with
the filter property [ Gl in Definition 1.2.1, it follows that |T*"[l2 < |Glleo | Z" 11 < VBRI Z" |I,.
Combining these into (1.19) gives

Y I -rl= X 2RI 2 e+ 2 )
ref2k;] ref2k;]

<2n~ [N RIE- Y 1ZT1E+ n T K lIRNS
r€[2k1] rE[2k1]

=203l [ X NZTI3+ 2705, (1.20)
ref2k]

where the second line is by Cauchy-Schwarz, and the third by k; < n.

By the second part of Lemma 1.2.3 and the assumption § < %, we have Y ¢z, ||2r||§ =

iII)A( —-7l2 = 4;6, 7113, where the second equality holds for some ¢’ > 0 by the assumption

I X ~ %13 = 551y5m I ll2- Hence, (1.20) gives

Y -y =l ) Y 20, a2
r€[2k1] r€[2k1]

Since we have chosen 6 > 1/n, the coefficient to the summation is upper bounded by 46 when
c is sufficiently large, thus yielding the first part of the lemma upon combining with (1.16).

To prove the second part, note that by the triangle inequality,

Iyl =<ty + [yl =y 1|

<9 Y IZ3+ ¥ [y -7,
re2ky] re(2k]

(1.22)

where we have applied (1.17). Again applying (1.21) and noting that the coefficient to the
summation is less than one for sufficiently large c, the second claim of the lemma follows.

Sample complexity and runtime: The only step that uses samples is the call to HASHTOBIN-
SREDUCED. By Lemma 1.4.6 and the choices B = 33 ko and F = 10log 3, this uses O (k; FBlog 3) =

0] ( kgf 1 log? %) samples per call. The time complexity follows by the same argument along the

assumption that 7 is (O(ky), k1)-block sparse, with an additional log? n factor following from
Lemma 1.4.6. Note that the call to HASHTOBINSREDUCED dominates the computation of y”,
which is O(k; B), O

1.5 The Block-Sparse Fourier Transform

In this section, we combine the tools from the previous sections to obtain the full sublinear-
time block sparse FFT algorithm, and provide its guarantees.
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1.5.1 Additional Estimation Procedures

Before stating the final algorithm, we note the main procedures that it relies on: MULTIBLOCK-
LOCATE, PRUNELOCATION, and ESTIMATEVALUES. We presented the first of these in Section 1.3.
The latter two are somewhat more standard, and hence we relegate them to the appendices.
However, for the sake of readability, we provide some intuition behind them here, and state
their guarantees.

We begin with PRUNELOCATION. The procedure MULTIBLOCKLOCATE gives us a list of block
indices containing the dominant signal blocks with high probability, with a list size L =
O*(kologko). Estimating the values of all of these blocks in every iteration would not only
cost O* (koki log ko) samples, but would also destroy the sparsity of the input signal: Most of
the blocks correspond to noise, and thus the estimation error may dominate the values being
estimated. The PRUNELOCATION primitive is designed to alleviate these issues, pruning L to
a list that contains mostly “signal” blocks, i.e., blocks that contain a large amount of energy.
Some false positives and false negatives occur, but are controlled by Lemma 1.5.1 below. The
procedure is given in Algorithm 16 in Appendix A.4.

The following lemma shows that with high probability, the pruning algorithm retains most of
the energy in the head elements, while removing most tail elements.

Lemma 1.5.1. (PRUNELOCATION guarantees) Given integers n, ko, k1, a list of block indices
Lc k%]' parameters0 >0, 6 € (%, %) and p € (0,1), and signals X € C* and 7 € C"* with | X —
Tll2 = mllfllg, the output L' of PRUNELOCATION(X, ¥, L, 1, ko, k1,8, p,0) has the following
properties:

a. Let Sty denote the tail elements in signal X- X, defined as,
Stail = {j € [kﬂ] X =Dl < VO~ kﬁﬂ)?—)?llz},
1 0
where 1 is defined in Definition 1.1.1. Then, we have,
[E[|L' N Stail'] <6p-1LN Spil.
b. Let Sheaq denote the head elements in signal X- X, defined as,
Shead = {je =] 1&-Dy 12 \/§+ﬁn2—ynz}
1 0
Then, we have,

E Y IX-nl3

JE€(LNShead)\L'

<ép Y IX-Dyl3

jeLmShead
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1.5. The Block-Sparse Fourier Transform

Moreover, provided that || ¥llo = O(kok1), the sample complexity is O (% log$ log%), and the

runtime is O (% logﬁlog%logn +k;-|L|log #),

The proofis given in Appendix A.4.

We are left with the procedure ESTIMATEVALUES, which is a standard procedure for estimating
the signal values at the frequencies within the blocks after they have been located. The details
are given in Algorithm 17 in Appendix A.5.

Lemma 1.5.2. (ESTIMATEVALUES guarantees) For any integers n, ko, k1, any list of block in-
dices L < [kﬂl], parameters 6 € (%, ) and p € (0,1/2), and signals X € C" and ¥ € C" with
I1X - 7l = m Il x|l2, with probability at least 1 — p, the output W of the function ESTIMATE-
VALUES (X, %, L, n, ko, k1,0, p) (Algorithm 17) has the following property:

o o 2esllio o0

Y IWp—(X-Dylf < 5§||X—)(II2,

feUjer I 0

where I is the j-th block. Moreover, provided that | ¥llo = O(kok,), the sample complexity is

0 ( k%kl log%log%), and the runtime is O (%log%log%logn +ky - |L] log%).

The proofis given in Appendix A.5.

1.5.2 Statement of the Algorithm and Main Result

Our overall block-sparse Fourier transform algorithm is given in Algorithm 6. It first calls
REDUCESNR, which performs an iterative procedure that picks up high energy components of
the signal, subtracts them from the original signal, and then recurses on the residual signal
X® = X — ¥, Once this is done, the procedure RECOVERATCONSTSNR performs a final
“clean-up” step to obtain the (1 +€)-approximation guarantee.

With these definitions in place, we can now state our final result, which formalizes Theorem
1.1.1.

Theorem 1.1.1 (Upper bound - formal version). Given integers n, ko, k1, parameter € € (%, %),

and the signal X € C", if X, SNR/, u?, and v? satisfy the following for (u?, SNR) given in Defini-
tion 1.1.2:

1. pz < vz;

2. | X% < (kov?) - SNR';

3. SNR’ = O(poly(n));

2 X132,
4. H Zpoly(n)’
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Chapter 1. Sample-optimal Model-based Fourier Transform in Sublinear-time

Algorithm 6 Block-sparse Fourier transform.

1: procedure BLOCKSPARSEFT (X, n, ko, k1, SNR’,v2, €)

2: > X € C" is approximately (ky, k;)-block sparse
3 > (SNR’,v?) are upper bounds on (SNR, uz) from Definition 1.1.2
4 > € is the parameter for (1 + O(e))-approximate recovery
5: ¥ — REDUCESNR(X, n, kg, k1, SNR’,v?).

6 7 — RECOVERATCONSTSNR(X, ¥, 11, ko, k1,Vv?,€).

7
8
9

return y

. procedure REDUCESNR(X, 1, ko, k1, SNR’, v?) > Iteratively locate/estimate to reduce SNR

. T —logSNR’
10: 0 — small absolute constant
11: p— m > Failure probability for subroutines
122 7190 > 79 is our current estimate of X
13: forte{l,...,T}do
14: L — MULTIBLOCKLOCATE(X, Y=V, n, k1, ko, 8, p)
15: 0 —10-27"-v2SNR’ > Threshold for pruning
16: L' — PRUNELOCATION(X, 7"V, L, n, ko, k1,8, p, 0)
17: 7 — 7=V 4 ESTIMATEVALUES(X, 7"V, L/, n, ko, k1,8, p)
18:  return 77
19: procedure RECOVERATCONSTSNR(X, ¥, 1, ko, k1,€) > A final “clean-up” step
20: 1 < small absolute constant
21: p— 10;726 % > Upper bound on failure probability for subroutines

22 L — MULTIBLOCKLOCATE(X, ¥, 11, k1, ko, €2, p)
23 6 <—200ev?

24: L' — PRUNELOCATION(X, ¥, L, n, ko, k1,€, p,0)
25: W — ESTIMATEVALUES(X, ¥, L', n,3ko/€, k1, €, p)
26 ¥ —W+3y

27:  returny’

then with probability at least 0.8, the procedure BLOCKSPARSEFT (X, n, ko, k1, SNR’, v2 €) satis-
fies the following: (i) The output ¥ satisfies,

I1X - 7115 < ko (1* + O(ev?)).

et

(ii) The sample complexity is O* ((ko log(1 + ko) logn + ko k1) log SNR' + %log(l + ko)logn + M),
and the runtime is O* ((ko log(1 + ko) + kok logn) logSNR'log? n + (% logn + M) log? n)

P

The assumptions of the theorem are essentially that we know upper bounds on the tail noise
u? and SNR. Moreover, in order to get the (1 + €)-approximation guarantee, the former upper
bound should be tight to within a constant factor.

In the remainder of the section, we provide the proof of Theorem 1.1.1, deferring the technical
details to the appendices.
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1.5. The Block-Sparse Fourier Transform

Guarantees for REDUCESNR and RECOVERATCONSTSNR.

The following theorem proves the success of the function REDUCESNR. We again recall the
definitions of Err?, y?, and SNR in Definition 1.1.2.

Lemma 1.5.3. (REDUCESNR guarantees) Given integers n, ko, k1, parameters v,SNR’, and a
signal X € C", if X, SNR', and v? satisfy the following for (4%, SNR) given in Definition 1.1.2:

1 w? <v%;

2. |IX112 < (kov?) - SNR/;

3. SNR’ = O(poly(n));

Y2
2o _IXI3 .
4. v = Soly(m’

then the procedure REDUCESNR(X, n, ko, k1, SNR/, v2) satisfies the following guarantees with
probability at least 0.9 when the constant 8 therein is sufficiently small: (i) The output 7"
satisfies,
)Z(T) is (3ky, k1)-block sparse
1X=2D]5 < 100kev2.

(ii) The number of samples is O* (kolog(1 + ko) logSNR'log 1 + ko k1 logSNR'), and the runtime
is 0* (kolog(1 + ko) log SNR'log? nn + ko k1 log SNR' log® n).

The proofis given in Appendix A.6.1.

The following theorem proves the success of the function RECOVERATCONSTSNR.

Lemma 1.5.4. (RECOVERATCONSTSNR guarantees) Given integers n, kg, k1, parameters V2 >
I1X113 11
poly(n) n’ 20

ande € (+, 55), and signals X € C" and ¥ € C" satisfying,

1. Err®(X — 7,10k, k1) < kov?;
2. | X - 72 <100kov?;

the procedure RECOVERATCONSTSNR(X, ¥, i, ko, k1, €) satisfies the following guarantees with
probability at least 0.9 when the constantn therein is sufficiently small: (i) The output §' satisfies,

IX - 715 < Err®(X — 7, 10ko, k1) + O(e) - k2. (1.23)

ko ky )
64

(i) If ¥ is (O(ky), k1) -block sparse, then its sample complexity is O* (% log(1 + ko) logn +

and its runtime is O* k"—fl log? n + k"—fl log®n|.
€ €

The proofis given in Appendix A.6.2.
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Chapter 1. Sample-optimal Model-based Fourier Transform in Sublinear-time

Proof of Theorem 1.1.1.We are now in a position to prove Theorem 1.1.1 via a simple combi-
nation of Lemmas 1.5.3 and 1.5.4.

Success event associated with REDUCESNR: Define a successful run of REDUCESNR(X, n, ko, k1, SNR, v?)

to mean the following conditions on its output 7'*:

I1X - 7P115 < 100kv?
Err®(X — 77, 10ko, k1) < kop?.

By Lemma 1.5.3, it follows that the probability of having a successful run of REDUCESNR
is atleast 0.9. Note that the second condition is not explicitly stated in Lemma 1.5.3, but it
follows by using 3k blocks to cover the parts where 77 is non-zero, and kg blocks to cover the
dominant blocks of X, in accordance with Definition 1.1.2.

Success event associated with RECOVERATCONSTSNR: Define a successful run of RECOVER-
ATCONSTSNR(X, ¥, ko, k1, 1, €) to mean the following conditions on its output }”:

IX - 2'll5 < Err*(X — %, 10ko, k1) + (4 - 10°)ekov?.

Conditioning on the event of having a successful run of REDUCESNR, by Lemma 1.5.4, it
follows that the probability of having a successful run of RECOVERATCONSTSNR is at least 0.9.

By a union bound, the aforementioned events occur simultaneously with probability at least
0.8, as desired. Moreover, the sample complexity and runtime are a direct consequence of
summing the contributions from Lemmas 1.5.3 and 1.5.4.

1.6 Lower Bound

Our upper bound in Theorem 1.1.1, in several scaling regimes, provides a strict improvement
over standard sparse FFT algorithms in terms of sample complexity. The corresponding
algorithm is inherently adaptive, which raises the important question of whether adaptivity is
necessary in order to achieve these improvements. In this section, we show that the answer is
affirmative, by proving the following formalization of Theorem 1.1.2.

Theorem 1.1.2 (Lower bound - formal version). Fix integers n, ko, k1 and constant C >0, and
suppose that there exists a non-adaptive algorithm that, when given a signal Y with Fourier
transform Y, outputs a signal Y' satisfying the following ¢/ ¢, -guarantee with probability at
least %:
IY-Y'I53=C min 1Y -Y*|3. (1.24)
Y* is (ko,k;)—block sparse

Then the number of samples taken by the algorithm must behave as Q(koki log ﬁ)
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1.6. Lower Bound

Hence, for instance, if kg = O(1) and SNR = O(1) then our adaptive algorithm uses O(k; +logn)
samples, whereas any non-adaptive algorithm must use Q(k; log kﬂl) samples.

The remainder of this section is devoted to the proof of Theorem 1.1.2. Throughout the section,
we let k = kok; denote the total sparsity.

High-level overview: Our analysis follows the information-theoretic framework of Price and
Woodruff (2011). However, whereas Price and Woodruff (2011) considers a signal with k
arbitrary dominant frequency locations and uniform noise, we consider signals where the
k = kok, dominant frequencies are (nearly) contiguous, and both the noise and signal are
concentrated on an O(7) fraction of the time domain.

As a result, while the difficulty in Price and Woodruff (2011) arises from the fact that the
algorithm needs to recover roughly log # bits per frequency location for k such locations, our
source of difficulty is different. In our signal, there are only roughly log ¢ bits to be learned
about the location of all the blocks in frequency domain, but the signal is tightly concentrated
on an O(%) fraction of the input space. As a consequence, any non-adaptive algorithm is
bound to waste most of its samples on regions of the input space where the signal is zero,
and only an O(%) fraction of its samples can be used to determine the single frequency that
conveys the location of the blocks. In the presence of noise, this results in a lower bound on
sample complexity of Q(klog%).

Information-theoretic preliminaries: We will make use of standard results from information
theory, stated below. Here and subsequently, we use the notations H(X), H(Y|X), I(X;Y) and
I(X; Y|U) for the (conditional) Shannon entropy and (conditional) mutual information (e.g.,
see Cover and Thomas (2012)).

We first state Fano'’s inequality, a commonly-used tool for proving lower bounds by relating a
conditional entropy to an error probability.

Lemma 1.6.1. (Fano’s Inequality (Cover and Thomas, 2012, Lemma 7.9.1)) Fix the random
variables (X,Y) with X being discrete, let X' be an estimator of X such that X — Y — X'
forms a Markov chain (i.e., X and X' are conditionally independent given Y ), and define
P.:=Pr[X' # X]. Then

H(X|Y) <1+ Pclog, |¥|,

where & = supp (X). Consequently, if X is uniformly distributed, then

I(X;Y)=z-14+(1-Pe)log, I ZI.

The next result gives the formula for the capacity of a complex-valued additive white Gaussian
noise channel, often referred to as the Shannon-Hartley theorem. Here and subsequently,
CN(y, 02) denotes the complex normal distribution.

Lemma 1.6.2. (Complex Gaussian Channel Capacity (Cover and Thomas, 2012, Thm. 2.8.1))
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For Z ~ CN(0,02) and any complex random variable X with E[|X|?] = 02, we have

o3
I(X;X+Z) <log, 1+; ,

¥4

with equality if X ~ CN(0,02).

The following lemma states the data processing inequality, which formalizes the statement
that processing a channel output cannot increase the amount of information revealed about
the input.

Lemma 1.6.3. (Data Processing Inequality (Cover and Thomas, 2012, Thm. 2.8.1)) For any
random variables (X, Y, Z) such that X — Y — Z forms a Markov chain, we have I(X; Z) <
I(X;Y).

Finally, the following lemma bounds the mutual information between two vectors in terms of
the individual mutual information terms between components of those vectors.

Lemma 1.6.4. (Mutual Information for Vectors (Cover and Thomas, 2012, Lemma 7.9.2)) For
any random vectorsX = (X,..., Xp) and¥Y = (Y1,..., Yy), ifY; is conditionally independent of
everything givenX; forevery j =1,2,---n, then IXY) < X1 | I(X;; V7).

A communication game: We consider a communication game consisting of channel coding
with a state known at both the encoder (Alice) and decoder (Bob), where block-sparse recovery
is performed at the decoder. Recalling that we are in the non-adaptive setting, by Yao’s minimax
principle, we can assume that the samples are deterministic and require probability-% recovery
over a random ensemble of signals, as opposed to randomizing the samples and requiring
constant-probability recovery for any given signal in the ensemble. Hence, we denote the fixed
sampling locations by <.

We now describe our hard input distribution. Each signal in the ensemble is indexed by two
parameters (u, f*), and is given by
ol te {u,...,u+C—,;”—1}

X; = (1.25)
0 otherwise,

where C' > 0 is a constant that will be chosen later, and where all indices are modulo-#. Hence,
each signal is non-zero only in a window of length C—,;", and within that window, the signal
oscillates at a rate dictated by f*. Specifically, u specifies where the signal is non-zero in time
domain, and f* specifies where the energy is concentrated in frequency domain. We restrict
the values of u and f* to the following sets:

= {22 (L) e

k' k c k
9:{k,2k,...,(%—1)k,n.
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The communication game is as follows:

1. Nature selects a state U and a message F uniformly from % and %, respectively.
2. An encoder maps (U, F) to the signal X according to (1.25).

3. A state-dependent channel adds independent CN(0, &) noise to X; foreach t € {u,..., u+

% — 1}, while keeping the other entries noiseless. This is written as Y; = X; + W}, where

CNO,a) {u,...,u+S2—1}
W, ~ k (1.26)
0 otherwise.

The channel output is given by Y = {Y;}es for the sampling locations .

4. A decoder receives U and Y, applies (ky, k1)-block sparse recovery to Y to obtain a signal
Y', and then selects F’ to be the frequency f' € % such that the energy in Y’ within the
length-k window centered at f’ is maximized:

F' = argmaxpcgz | V) 3, (1.27)

where Ii.(f) ={f'+A: A€ [k]}.

We observe that if adaptivity were allowed, then the knowledge of U at the decoder would
make the block-sparse recovery easy — one could let all of the samples lie within the window
given in (1.25). The problem is that we are in the non-adaptive setting, and hence we must
take enough samples to account for all of the possible choices of U.

We denote the subset of &/ falling into {u, R % - } by <, its cardinality by m,, and the
total number of measurements by m = |«/| = }_, m,,. Moreover, we let X4, and Y, denote

the sub-vectors of X and Y indexed by «,,.

Information-theoretic analysis: We first state the following lemma.

Lemma 1.6.5. (Mutual information bound) In the setting described above, the conditional
mutual information I(F; Y|U) satisfies I(F;Y|U) < CIT’” log(1+ é), where « is variance of the
additive Gaussian noise within sf,,.
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Proof. We have

!

I(F;YIU) = %ZI(F;YIU: u)

C/
?ZI(F; Y \U=u)
u

Cl
< IZI(X%; Yo, I\U = u)
u

C/
< —

Y Y X5 YU =u)

U tegol,

< %Xu:mulogz (1 + é)

2y

!

km log, (1+ i) (1.28)

where:

* Line 1 follows since U is uniform on a set of cardinality g;

* Line 2 follows since given U = u, only the entries of Y indexed by <7, are dependent on
F (cf, (1.25));

* Line 3 follows by noting that given U = u we have the Markov chain F — X, — Y ,
and applying the data processing inequality (Lemma 1.6.3);

¢ Line 4 follows from Lemma 1.6.4 and (1.26), where the conditional independence as-
sumption holds because we have assumed the random variables W; are independent;

¢ Line 5 follows from the Shannon-Hartley Theorem (Lemma 1.6.2); in our case, the signal
power is exactly one by (1.25), and the average noise energy is a by construction.

Next, defining 6§, := Pr[F’' # F| U = u], Fano’s inequality (Lemma 1.6.1) gives
n
IF;YIU=u)=z-1+(1 —5u)10g2E,
and averaging both sides over U gives
n
I(F;YIU)z-1+(1-6)log, iz
where 6 :=E[6y] = Pr[F' # F].
Hence, and by Lemma 1.6.5, if we can show that our ¢,/ ¢,-error guarantee (1.24) gives F' = F
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with constant probability, then we can conclude that,

— n_
_ k((1-6)log, £ 1)
C'log, (1+ 1)

= Q(klog%).

We therefore conclude the proof of Theorem 1.1.2 by proving the following lemma.

Lemma 1.6.6. (Probability of error characterization) Fix integers n, ko, k1 and C > 0. If the
(ko, k1) -block sparse recovery algorithm used in the above communication game satisfies (1.24)
with probability at least %, then there exist choices of C' and a such that the decoder’s estimate
of F' according to (1.27) satisfies F' = F with probability at least .

Proof. By the choice of estimator in (1.27), it suffices to show that Y’ , the output of the block-
sparse Fourier transform algorithm, has more than half of its energy within the length-k
window I (f*) centered of f*. We show this in three steps.

Characterizing the energy of X within I t(f*): The Fourier transform of X in (1.25) is a
shifted sinc function of “width” % centered at f* when the time window is centered at zero,
and more generally, has the same magnitude as this sinc function. Hence, by letting C’ be
suitably large, we can ensure that an arbitrarily high fraction of the energy of X falls within the
length-k window centered at f* € . Formally, we have

1 X715 2 A —mIXII3 (1.29)

for n € (0,1) that we can make arbitrarily small by choosing C’ large.

Characterizing the energy of Y within I;.(f*): We now show that, when the noise level a in
(1.26) it sufficiently small, the energy in ¥ within I;.(f*) is also large with high probability:

Y 1Yz a-2mlX|3. (1.30)
fel(f*)

To prove this, we first note that IlA’fI2 =X rt Wflz for all f € [n], from which it follows that

YO Y IR

fel(f*) fen(f*)

< Y WelP+2 Y 1Xpl Wyl
fele(f*) fele(f*)

Upper bounding the summation over IWf |? by the total noise energy, and upper bounding the
summation over | X 1l IWfI using the Cauchy-Schwarz inequality, we obtain

<IWI3+21Xll2- W], (1.31)

>V - Y X

fel(f*) fele(f*)

We therefore continue by bounding the fotal noise energy | W|/3; the precise distribution of
the noise across different frequencies is not important for our purposes.
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Recall that every non-zero entry of X has magnitude one, and every non-zero time-domain
entry of W is independently distributed as CN(0, @). Combining these observations gives
E[IWI3] = all X, or equivalently E[|W3] = al|X|2 by Parseval. Therefore, by Markov’s
inequality, we have || WII% <4a|X |I§ with probability at least %. When this occurs, (1.31) gives,

Y oA Y 1XP s 4@+ V)l XI5 (1.32)
fel(f*) fel(f*)

2 2
If we choose a = 1%' then we have 4(a + Va) = 3—5 + %7 < 7. In this case, by (1.29) and (1.32),

the length-k window I (f*) centered at f* satisfies (1.30).

Characterizing the energy of Y’ within I;.(f*): The final step is to prove that (1.30) and (1.24)
imply the following with constant probability for a suitable choice of n:

oo 1o
X VP>V, (1.33)
fel(f)

where Y’ is the output of the block-sparse recovery algorithm. This clearly implies that F = F’,
due to our choice of estimator in (1.27).

As a first step towards establishing (1.33), we rewrite (1.30) as

Yo AP =Y IR - -2nlXI3. (1.34)
feln\ I (f*)

We can interpret (1.34) as an error term || y-v* II§ for a signal v* coinciding with Y within
I (f*) and being zero elsewhere. Since I (f*) contains k contiguous elements, this signal is
(ko, k1)-block sparse, and hence if the guarantee in (1.24) holds, then combining with (1.34)
gives

17 -7 < (1713 - a-2mIXI3). (1.35)

We henceforth condition on both (1.24) and the above-mentioned event IIVV\H% <4a|X |I§.
Since the former occurs with probability at least % by assumption, and the latter occurs with
probability at least 3, their intersection occurs with probability at least i.

Next, we write the conditions in (1.30) and (1.35) in terms of || Y||2, rather than || X |I§. Since
X = Y - W, we can use the triangle inequality to write X2 =11¥]2— |W]|>, and combining
this with | W||2 < 4a| X2, we obtain 1X1, = Az Hence, we can weaken (1.30) and (1.35) to

1+2y/a’

> N o 502
P22 —1 191220997 (1.36)

fdkz(f*) = aseya?’ 2 2

PO 1-2n > &
Y-Y'i<cli- ——=L_|I|YI3<0.01|Y]53 1.37
I7 =715 = (1= oo JITIE <0017 (1.37)
172

where the second step in each equation holds for sufficiently small 77 due to the choice a = 13-
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It only remains to use (1.36)—(1.37) to bound the left-hand side of (1.33). To do this, we first
note that by interpreting both (1.36) and (1.37) as bounds on || Y||2, and using || ¥ — ?’II% >
I(Y = ¥")1,(p+ 113 in the latter, we have

Y 1Y -YiP<0.02 Y 1Y
FEl(f) el

% < 0.02. Taking the square root and applying the triangle inequality to the £,-norm

on the left-hand side, we obtain

since

Y. IViP=za-v002? Y IY” (1.38)
fele(f*) fen(f*)

Next, writing || Yy’ o =1l Y+ -1 2, and applying the triangle inequality followed by (1.37),
we have || ?’Ilg < 1.1 ?Ilg, and hence || 17||2 =>0.9] f”llg. Squaring and substituting into (1.36),
we obtain,

Y 1Yr2=081715. (1.39)
fel(f*)

Finally, combining (1.38) and (1.39) yields (1.33), and we have thus shown that (1.33) holds
(and hence F = F') with probability at least ;11. O
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¥4 Dimension-independent Sparse
Fourier Transform

This chapter is based on a joint work with Michael Kapralov and Ameya Velingker. It has been
accepted to the 30th Annual ACM-SIAM Symposium on Discrete Algorithms (Kapralov et al.,
2019, SODA).

2.1 Introduction

The Discrete Fourier Transform (DFT) is one of the most widely used computational primitives
in modern computing, with numerous applications in data analysis, signal processing, and
machine learning. The fastest algorithm for computing the DFT is the Fast Fourier Trans-
form (FFT) algorithm of Cooley and Tukey, which has been recognized as one of the 10 most
important algorithms of the 20th century (Cipra, 2000). The FFT algorithm is very efficient:
it computes the Discrete Fourier Transform of a length N complex-valued signal in time
O(NlogN). This applies to vectors in any dimension: FFT works in O(Nlog N) time irrespec-
tive of whether the DFT is on the line, on a v/N x VN grid, or is in fact the Hadamard transform
on {0, l}d, with d =log, N.

In any applications of the Discrete Fourier Transform, the input signal x € CV often satisfies
sparsity or approximate sparsity constraints: the Fourier transform X of x has a small number of
coefficients k or is close to a signal with a small number of coefficients (e.g., this phenomenon
is the motivation for compression schemes such as JPEG and MPEG). This has motivated a
rich line of work on the Sparse FFT problem: given access to a signal x € CV in time domain
that is sparse in Fourier domain, compute the k nonzero coefficients in sublinear (i.e., o(N))
time.

Very efficient algorithms for the Sparse FFT problem have been developed in the literature (Gol-
dreich and Levin, 1989; Kushilevitz and Mansour, 1993; Mansour, 1995; Gilbert et al., 2002;
Akavia et al., 2003; Gilbert et al., 2005; Iwen, 2010; Akavia, 2010; Hassanieh et al., 2012c,b;
Lawlor et al., 2013; Boufounos et al., 2015; Hassanieh et al., 2012a; Pawar and Ramchandran,
2013; Heider et al., 2013; Indyk et al., 2014; Indyk and Kapralov, 2014; Kapralov, 2016; Price
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and Song, 2015; Chen et al., 2016; Cevher et al., 2017; Kapralov, 2017; Nakos et al., 2019; Am-
rollahi et al., 2019). The state-of-the-art approach, due to Hassanieh et al. (2012b), yields
an O(klog N) runtime algorithm for the following exact k-sparse Fourier transform problem:
given access to an input signal of length N whose Fourier transform has at most k non-zeros,
output the non-zero coefficients and their values. This highly efficient algorithm comes with a
caveat, however: the runtime of O(klog N) only holds for the Fourier transform on the line,
namely, Z . The algorithm naturally extends to higher dimensions, namely, Z¢, where N = n¢,
but with an exponential loss in runtime; the runtime becomes O(klog® N) as opposed to
O(klog N). Interestingly, the other extreme of d =log, N, i.e., the Hadamard transform, has
been known to admit an O(klog N) algorithm since the seminal work of Goldreich and Levin
(1989). The recent work of Amrollahi et al. (2019) yields a sample optimal sparse Hadamard
transform in sublinear time. However, all intermediate values of d exhibit a curse of dimen-
sionality. This is in sharp contrast to FFT itself, which runs in time O(Nlog N), where N = n is
the length of the input signal, in any dimension d. The focus of our work is to design sublinear
time algorithms for Sparse FFT that avoid this curse of dimensionality. Our main point of
attention is the Sparse FFT problem:

Input: accessto x: (n —c,
integer k = 1 such that |supp X| < k 2.1)

Output: nonzero elements of X and their coefficients

Our main result is the first sublinear algorithm for exact Sparse FFT (2.1), as stated in the
following theorem.

Theorem 2.1.1 (Main result, informal version). For any integer n that is a power of two and any
positive integer d, there exists a deterministic algorithm that, given access to a signal x : [n)? — C
with | X|lo < k, recovers X in time poly(k,log N).

We remark that this is the first sublinear time Sparse FFT algorithm that avoids an exponential
dependence on the dimension d. One should note that the runtime still depends on d, since
log, N = dlog, n is lower bounded by d, but this dependence is polynomial as opposed to
exponential.

2.1.1 Significance of our results and related work

Significance of our results. The state of the art in high dimensional Sparse Fourier Trans-
forms presents an interesting conundrum: algorithms with runtime O(klog N) are known for
d =1 (Discrete Fourier Transform on the line, see (Hassanieh et al., 2012b)) and d =log, N
(the Hadamard transform, see (Goldreich and Levin, 1989; Amrollahi et al., 2019)), but for
all intermediate values of d the runtime scales exponentially in d. Given that FFT itself is
dimension-insensitive, this strongly suggests that exciting new algorithmic techniques can
be developed for the high-dimensional version of the problem. We design the first approach
to high dimensional Sparse FFT that does not suffer from the curse of dimensionality, and
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naturally leads to several exciting open problems that we hope will spur further progress in
this area.

In addition, we note that rather high-dimensional versions of the Fourier transform arise in
applications (e.g., 2D, 3D and 4D-NMR in medical imaging), and designing practical Sparse
FFT algorithms for this regime is an important problem. We hope that new techniques for
dimension-independent Sparse FFT will lead to progress in this direction as well.

Sample complexity of high-dimensional Sparse FFT. We note that, besides runtime, another
very important parameter of a Sparse FFT algorithm is sample complexity, i.e., the number of
samples that an algorithm needs to access in time domain in order to compute the dominant
coefficients of the Fourier transform. The sample complexity of Sparse FFT, unlike runtime,
does not suffer from a curse of dimensionality. Indeed, there exist several algorithms with
O(N) runtime that can recover the top k coefficients of X using only kpoly(log N) accesses
in time domain, irrespective of the dimensionality of the problem. This can be achieved, for
example, using either results on the restricted isometry property (RIP) (Candeés and Tao, 2006;
Rudelson and Vershynin, 2008; Bourgain, 2014; Cheraghchi et al., 2013; Haviv and Regev, 2017),
or using the filtering approach developed in the Sparse FFT literature, with O(N) decoding
time. Thus, the challenge is to achieve sublinear runtime without an exponential dependence
on the dimension.

We now outline existing approaches to Sparse FFT and explain why they fail to scale well in
high dimensions:

State-of-the-art approaches to Sparse FFT and their lack of scalability in high dimensions.
The main idea behind many recently developed algorithms for the Sparse FFT problem is
the “hashing” approach inherited from sparse recovery with arbitrary linear measurements.
Given access to a signal x: [n]? — C, one designs linear measurements of x that allow one to
“hash” the nonzero positions of ¥ into a number of “buckets.” The number of buckets B = b?
is chosen to be a constant factor larger than the sparsity k to ensure that a large constant
fraction of the nonzero positions of X are isolated in their buckets. Every isolated element can
be recovered and subtracted from x for future iterations of the same hashing scheme, thereby
ensuring convergence. The idea of hashing is implemented via filtering: one designs a filter
G:[n]? — C such that G approximates a “bucket,” i.e., G is close to 1 on an f, ball of side
length = (N/ B)Y4 = p/b in dimension d. The content of the Jj-th ‘bucket’, for j e [b]4, is then

e ~ T ~
(x._a-G)j.n,bszdxer”f U Gntp-f- 2.2)
e(n]

Since G is essentially 1 on the £+, ball around the center j- /b of the ‘bucket’ and essentially

zero outside, (2.2) gives the algorithm time domain access to the restriction of X to the “bucket,
i.e., the essential support of G, where a € [n]9 is the location in time domain at which the
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signal is being accessed. A pseudorandom permutation of the frequency space ensures that
such a bucket is likely to contain just a single element of the support, which enables the
algorithm to recover at least a constant fraction of elements in a single round and perform
iterative recovery. Furthermore, if the (essential) support of G in time domain is small, one
obtains an efficient algorithm.

The difficulty that arises in using (2.2) in high dimensions is the fact that it is not known
how to ensure that G is close to 1 in an appropriately defined “bucket” while simultaneously
ensuring that [supp G| is small. For example, the filters constructed in Hassanieh et al. (2012b)
ensure that G is polynomially close to 1 in Fourier domain, but this comes at the expense
of [supp G| being larger than k (the ideal support size) by a factor of ©(logn), and this effect
is even more pronounced in higher dimensions, resulting in a log? n loss in runtime. The
other extreme would be to choose G to be equal to 1 on an ¢, ball with k points around the
origin, but in that case, its Fourier transform G is the sinc function, which is only a constant
factor approximation to the indicator of the corresponding ¢, box in Fourier domain (i.e., the
ideal “bucket”). In dimension d, the approximation degrades to ¢ for some constant c € (0,1),
leading to exponential loss in runtime. Indeed, suppose that all elements of X have roughly the
same value. Then for a given element f € supp X, the expected contribution of other elements
to the noise in the “bucket” that f is hashed to is ||%]|5/B, but the contribution of X to its
own bucket is (most of the time) only ¢ of its value, and, hence, only an exponentially small
fraction of coefficients can be recovered in a given round of hashing. !

Related work. In (Cheraghchi and Indyk, 2017), the authors presented a deterministic Sparse
Fourier transform algorithm for the Hadamard transform, i.e., d =log, N, that runs in nearly
linear time in the sparsity parameter k, but it is not known how this extends to lower dimen-
sions. In (Iwen, 2010, 2013) the author gives a O(k?) time deterministic algorithm for the
Sparse Fourier Transform, but the algorithm only applies to a related but distinctly easier
problem. Specifically, the problem considers a continuous function on [0, 27r) whose Fourier
transform is bandlimited and sparse. The presented algorithm requires sampling the signal
at arbitrary locations in [0,27). A natural approach is to emulate sampling off-grid (i.e., at
arbitrary points in [0,27)) given discrete samples that we have access to, which is achieved
in (Merhi et al., 2019) giving an O(k?) time deterministic algorithm for one dimensional sparse
FFT. But this is a challenging task in multi-dimensional setting for several reasons. First, we
are operating under the sparsity assumption alone, and no powerful general interpolation
techniques that work under the sparsity assumption alone are available, to the best of our
knowledge. Furthermore, even if the function were bandlimited, a natural approach to inter-
polation would involve some form of Taylor expansion or semi-equispaced Fourier Transform,
however, both approaches incur a logd N loss in dimension d. Indeed, similar exponential

1n addition, the discussion above assumes the presence of an approximate pairwise hashing lemma for high
dimensions that does not lose an exponential factor in the dimension (it is known that such a lemma holds with at
most about a factor of 29 loss (Indyk and Kapralov, 2014), but no dimension-independent version is available in
the literature).
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dependence on the dimensionality of the problem manifests itself in Fast Multipole Methods
of Greengard and Rokhlin (1986) and the Sparse FFT algorithms mentioned above. Finally, one
should also note that whereas the problem of computing the Fourier transform on a p x g grid
with p mutually prime with g is equivalent to a one-dimensional Fourier transform on Z 4,
the standard case of side lengths that are powers of two (for which we have the most efficient
FFT algorithms) does not admit such a reduction. Furthermore, such a reduction appears to
be quite challenging in high dimensions for reasons outlined above, and even more so for
highly oscillatory functions that Sparse FFT algorithms need to handle.

2.2 Overview of Our Results and Techniques

Prior works on Sparse FFT have primarily focused on efficiently implementing hashing-based
ideas developed in the extensive literature on sparse recovery using general linear measure-
ments, e.g., (Ghazi et al., 2013), which meets with several difficulties. In particular, the presence
of multiplicative subgroups in Z¢ has been a hurdle in analyzing Sparse FFT algorithms: while
aliasing filters have optimal performance from the point of view of the uncertainty principle,
their applications have been limited due to the fact that frequencies that belong to the same
subgroup get hashed together if such filters are used, making it impossible to reason about
isolation of individual frequencies. At the same time, FFT itself owes much of its efficiency to
the very same multiplicative subgroups of Z¢, and a natural question is whether one can de-
sign a Sparse FFT algorithm that operates on similar principles. This is precisely the approach
that we take.

Adaptive Aliasing Filters. The main technical innovation that allows us to avoid exponential
dependence on the dimension and obtain Theorem 2.1.1 is a new family of filters for isolating
a subset of frequencies in the Fourier domain for a sparse signal X using few samples in time
domain. We refer to the family of filters as adaptive aliasing filters.

Definition 2.2.1 ((f, S)-isolating filter, informal version of Definition 2.4.4, see Section 2.4).
Suppose 7 is a power of two integer and S < [n]¢ for a positive integer d. Then, for any
frequency f € S, afilter G: [n% — Cis called (f,S)-isolating if @f =1and (A}fr = 0 for every
feS\{f}.

We explain the intuition behind the construction of the filter in Section 2.2.1 below and provide
the details later in Section 2.4.

The reason why an (f, S)-isolating filter G is useful lies in the fact that for every signal x :
[n]? — C with supp X < S we have, for all £ € [n]¢,
. . — _i =.. . Znij—Tt_lA 27mi—
Z x]Gt_]—(x*G)t_N Z x]~G]~e n —Nxfe n,
jelnd jelnid

Thus, the filter G enables access to the time domain representation of the restriction of X to f
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using a running time proportional to |supp G|. Of course, this is only useful if the support of G
is small. The main technical lemma of our paper shows that for every support set S = supp X,
there exists an f € S that can be isolated efficiently:

Lemma 2.2.1 (Informal version of Corollary 2.4.2 in Section 2.4). For every power of twon =1,
positive integer d, and set S < [n)?, there exists an f € S and an (f, S)-isolating filter G such
that |supp G| < |S]|.

The proof of the lemma uses Kraft—-McMillan inequality and is given in Section 2.4.

Accessing the residual signal. Lemma 2.2.1 suggests a natural approach to the estimation
problem with Fourier measurements in high dimensions: iteratively construct an (f, S)-
isolating filter G, estimate f, remove f from S, and proceed. The hope is that we can essentially
assume that we are given access to &' {Xs\(f)} once we have estimated f. In general, if we
have been able to estimate the values of X¢ for all f € C with some C c §, then we would like
to obtain access to,
Xe— ) J?f-eszTt.
feC

Note that we would need x; for £ in the support of G at the next iteration, and this support is
generally a rather complicated set of size Q(k), from which we need to subtract the inverse
Fourier transform of the signal estimated so far. This problem is the non-uniform Fourier trans-
form problem, and no subquadratic methods for subtraction are known even in dimension
d = 1 when the set in time domain that we want to compute the inverse Fourier transform on is
arbitrary. Even if the target set is an ¢,-box, the best known algorithms for this problem run in
time Q(klogd(ll €)), where € > 0 is the precision parameter of the computation—this reduces
to quadratic time even when d = Q(log k/loglog k) and inverse polynomial in k precision is de-
sired. Thus, subtracting from time domain would result in at least cubic runtime in k. Instead,
we subtract the influence of the residual in frequency domain, which requires O(k) evaluations
of G (as we show, G can be evaluated at a cost of just O(log N)). Note that it is crucial here
that we peel off one coefficient at at time. Any improvements to this process, if they were to
achieve k=) runtime overall, would likely also imply improvements in the computation of
approximate non-uniform Fourier transform: given a k-sparse signal X and a set T < [n]? with
|T| < k, output y: [n]% — C such that ||(x — y)ﬂl% < ellxllg. However, it seems plausible that
quadratic runtime in k is essentially optimal for the non-uniform Fourier transform problem:
specifically, that under natural complexity theoretic assumptions there exists no algorithm
for the e-approximate non-uniform Fourier transform problem with runtime k>~ when
d = Q(logk) and € < 1/k° for sufficiently large constant C. We note that current techniques do
not provide a subquadratic algorithm even for simple sets T such as the ¢, box with k points
in dimension d = Q(logk/loglogk) (due to the klog®(1/¢) dependence mentioned above; a
similar exponential dependence on the dimension is present in Fast Multipole Methods of
Greengard and Rokhlin (1986)). For an arbitrary set T no subquadratic algorithm is known
even when d = 1.
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Putting it together: estimation with Fourier measurements. Combining the aforemen-
tioned ideas, we are able to develop a deterministic algorithm for the estimation problem with
Fourier measurements in high dimensions:

Input: accessto x: [n]d —C,
subset S < [n]¢ such that suppxc S (2.3)
Output: Xs

For the estimation problem (2.3) we obtain the following result.

Theorem 2.2.1 (Estimation guarantee). Suppose n is a power of two integer, d is a positive
integer, and S < (nl®. Then, for any signal x : [n]* — C with supp X < S, the procedure
ESTIMATE(x, S, n,d) (see Algorithm 9) recovers X. Moreover, the sample complexity of this
procedure is O(|S|?) and its runtime is O(|S|? -log N). Furthermore, ESTIMATE is deterministic.

In the rest of this section, we give an overview of our techniques. Throughout the section,
we present our results for the one-dimensional setting, as this makes notation simpler. All
our results translate to the high-dimensional setting without any loss—see Section 2.4.2 for
details.

2.2.1 Recovery via adaptive aliasing filters

Our main theorem is the following, which proves the existence of an efficient algorithm for
problem (2.1) for worst-case signals.

Theorem 2.1.1 (Sparse FFT for worst-case signals, formal version). For any power of two
integer n and any positive integer d and any signal x : [n]* — C with | X|lo = k, the procedure
SPARSEFFT(x,n,d, k) in Algorithm 11 recovers X. Moreover, the sample complexity of this
procedure is O(k%log? klog? N) and its runtime is O(k®log? klog? N), where N = n<.

The major difference between estimation and recovery (i.e., problem (2.3) vs. (2.1)) is the fact
that in the latter problem, the set S of frequencies is unknown to us: the algorithm is only
given access to x and an upper bound on the sparsity of X. Since our (f, S)-isolating filter is
adaptive, i.e., depends on S, this appears to present a challenge. However, we circumvent this
challenge by constructing a sequence of successive approximations to the set S. In dimension
1, these approximations amount to reducing S modulo 2/ for all j = 1,...,log, n, and adaptively
probing to learn which of the residue classes are nonzero. As before, our approach extends
seamlessly to high dimensions by simply concatenating the d coordinates into a single vector.
Note that this is in sharp contrast to all previously known approaches, which are more efficient
in low dimensions, but incur an exponential loss overall. We would like to note that at a high
level one can view our filtering approach as a way to prune the FFT computation graph in a
way that suffices for recovery of a k-Fourier sparse vector.
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(@) Tg “!! \yith binary labelling. (b) A splitting tree of depth 3 with three leaves.
Set of leaves S = {2,4,5}.

Figure 2.1 — An example of T ,{ “l and a splitting tree with n = 8 and binary labelling.

We outline the main ideas in one-dimensional setting here to simplify the presentation (see
Section 2.4.2 for the high-dimensional version of the argument). Let N = n be the length of
the signal and d = 1 be the dimension for n a power of two. We define T,flull to be a full binary
tree of height log, n and define a labelling scheme on the vertices as follows.

Definition 2.2.2. Suppose 7 is a power of two integer. Let T!! be a full binary tree of height
log, n, where for every j € {0,1,...,log, n}, the nodes at level j (i.e., at distance j from the root)
are labeled with integers in Z,;. For anode v € T™!!, we let £, be its label. The label of the root
is froor = 0. The labelling of T; ,]: “Il satisfies the condition that for every j € [log, n] and every v
atlevel j, the right and left children of v have labels f, and f, + 2/, respectively. Note that the
root of T is at level 0, while the leaves are at level log, 7.

The tree captures the computation graph of FFT algorithm, where leaves correspond to
frequencies in Z, (given by the label), and for any j € {0,1,...,log, n}, the nodes atlevel j (i.e.,
at distance j from the root) correspond to congruence classes of frequencies modulo 2/, as
specified by the labelling (see Figure 2.1a).

Note that the full FFT algorithm starts from the root of Tfluu and computes the congruence
classes of the Fourier transform of signal x at each level of this tree iteratively. Because it can
reuse the computations from each level for computing the next levels, the total runtime of
FFT is O(nlog, n).

In order to speed up the computation for sparse signals, we introduce the notion of a splitting
tree, which is nothing but the subtree of 7!l that contains the nonzero locations of % together
with paths connecting them to the root. Given a set S < [n] (the support of X in the Fourier
domain), we define the splitting tree of set S as follows:

Definition 2.2.3 (Splitting tree). Let n be an integer power of two. For every S < [n], the
splitting tree T = Tree(S, n) of a set S is a binary tree that is the subtree of T,Suu that contains,
for every j € [log, n, all nodes v € T at level j such that {f € S: f = f, (mod 2/)} # @.
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Partially recovered splitting tree

Frequency cone of v

\ u Frequency cone of u
/

Figure 2.2 — A partially recovered splitting tree (shown in bold). Frequency cones of u and
v correspond to the subtrees rooted at nodes u and v, respectively, which have not been
discovered yet.

An illustration of such a tree is given in Figure 2.1b. In order to recover the identities of
the elements in S, our algorithm performs an exploration of this tree. At every point, the
algorithm constructs a filter G that isolates frequencies in a given subtree and tests whether
that subtree contains a nonzero signal. In order to make this work, we need a construction of
filters that isolates the entire subtree as opposed to only one element, as Definition 2.2.1 does.
Fortunately, the actual (f, S)-isolating filters G constructed in Lemma 2.2.1 satisfy precisely
this property. The stronger isolation properties are captured by the following definition:

Definition 2.2.4 (Frequency cone of a leaf of T). For every power of two n, subtree T of T,flu",
and vertex v € T which is at level /7 (v) from the root, the frequency cone of v with respect to T
is defined as,

FrequencyCone(v) := {f €lnl:f=f, (mod ZZT(”))}.

Intuitively, the frequency cone of a node v in T captures all potential nonzeros of X that belong
to the subtree of v in T (see Figure 2.2). Our adaptive filter construction lets us obtain time
domain access to the corresponding part of the frequency space:

Definition 2.2.5 ((v, T)-isolating filter). For every integer n, subtree T of T,fluu, andleaf v of T,
a filter G € C" is called (v, T) -isolating if the following conditions hold:

* For all f € FrequencyCone(v), we have G =1

* Forevery f' € Uy leaf of T FrequencyCone (1), we have G =0,
u#v

Note that for every signal x € C" with supp X S Uy jeaf of 7 FrequencyCone(u) and all ¢ € [n],

1 . ft
. R = 27'[17
> %G = p > xpe m.
jeln] f €FrequencyCone(v)
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Figure 2.3 — An instance of a splitting tree (on the left) and a (v, T)-isolating filter G (right),
where the weight of leaf v is h and hence the filter G satisfies |supp G| = 27" = 2",

Iterative tree exploration process leading to an algorithm with O(k®) runtime. Now that
we have defined the framework for our algorithm, we need to specify the order in which
the algorithm will be accessing the leaves of the tree in order to minimize runtime. This is
governed by the cost of constructing and using a (v, T)-isolating filter for various nodes v in T.
To quantify cost, we introduce the notion of a weight of a leaf in the tree.

Definition 2.2.6 (Weight of a leaf). Suppose 7 is a power of two. Let T be a subtree of Tu!l,
Then for any leaf v € T, we define its weight wr(v) with respect to T to be the number of
ancestors of v in tree T with two children.

It turns out that the techniques from Lemma 2.2.1 also yield the following.

Lemma 2.2.2 (Informal version of Lemma 2.4.1 in Section 2.4). Suppose n is a power of two.
Let T be a subtree of T™. Then for any leaf v € T, there exists a (v, T)-isolating filter G with
Isupp G| < 2% such that G and G can be evaluated at O(log N) cost per point.

Before describing the algorithm we give an example illustrating filter support in time domain.
Consider a complete binary tree T of height i « log, n. Suppose that v, is some vertex at
level hg < h of this tree. Now we take the subtree rooted at vy and move it away from the
root by adding an appendage of length log, n — h to vy. The appendage is a path oflog, n—h
nodes each of which has a single child. This does not change the weight of any of the leafs
of the original tree because every node in the appendage has exactly one child. One can see
an example of such tree in Figure 2.3. Suppose that the leaf v is a leaf of the subtree rooted at
vg, which was moved down by the appendage. In order to isolate v from the elements that
are not in the subtree of vy we need a filter which is (1n/2")-periodic in time domain and
in order to isolate from the rest of the elements in subtree of v, the filter needs to sample
the signal at a fine grid of length 2"~ Hence, the support of a (v, T)-isolating filter G is
supp G = {i +(n/2M). j; j e [20],i € [2"~M0]}. In Fig. 2.3 we exhibit a (v, T)-isolating filter G
which is constructed based on Lemma 2.4.1, where v and T correspond to this instance of
splitting tree that is described above.
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Given Lemma 2.2.2, our algorithm is natural. We find the vertex v* = argmin . w7 (v), which,
by Kraft's inequality, satisfies wy(v*) < log, k. We then define an auxiliary tree T’ by appending
a left a and a right child b to v. Then for each of the children a, b, we, in turn, construct a filter
G that isolates them from the rest of T (i.e., from the frequency cones of other nodes in T) and
check whether the corresponding restricted signals are nonzero. The latter is unfortunately a
nontrivial task, since the sparsity of these signals can be as high as k, and detecting whether a
k-sparse signal is nonzero requires Q (k) samples. However, a fixed set of klog® N locations
that satisfies the restricted isometry property (RIP) can be selected, and accessing the signal
on those values suffices to test whether it is nonzero. The overall runtime becomes O(k%): the
isolating filter has support at most 2k, while the number of samples needed to test whether the
two subtrees of v are nonempty is O(k), so peeling off < k elements takes O(k®) time overall.
This results in Theorem 2.1.1 (the procedure is presented in Algorithm 11).

O(k?) runtime under random phase assumption. We note that the runtime can be easily
reduced to O(k?) if assumptions are made on the signal that ensure that its energy is evenly
spread across the time domain, making O(1) samples sufficient to detect whether the signal
is zero or not. This occurs, for instance, if a signal’s Fourier spectrum satisfy distributional
assumptions (e.g., the values have random phases). We present such a result in Section 2.7. It
seems that even under this assumption on the values of the signal, since the support of the
signal in the Fourier domain is worst-case, reducing the runtime below k? likely requires a
major advance in techniques for non-uniform Fourier transform computation.

More formally, we introduce the notion of a worst-case signal with random phase as follows:

Definition 2.2.7 (Worst-case signal with random phase). For any positive integer d and power
of two n, we define x to be a worst-case signal with random phase having values {f f} Feinyd if,

Xp=pre’™ for uniformly random 6 € [0,27),

independently for every f € [n]%. Furthermore, if k of the values { B f} 4 are nonzero, then

felnl
x is said to be a worst-case k-sparse signal with random phase and is guaranteed to have

sparsity || Xllo = k.

Note that “worst-case” in the above definition signifies the fact that the support of the signal is
arbitrary (having no distributional assumptions), subject to a potential sparsity constraint. We
then present the following theorem:

Theorem 2.2.2 (Sparse FFT for worst-case signals with random phase). For any power of two
integer n, positive integer d, and worst-case k-sparse signal with random phase x : [n]* — C, the
procedure SPARSEFFT-RANDOMPHASE(x, 1, d, k) in Algorithm 12 recovers X with probability
1- # Moreover, the sample complexity and runtime of this procedure are both O (k* log* N ).
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Impossibility of reducing the number of iterations (rounds of adaptivity): signals with low
Hamming weight support. We note that our algorithm differs from all prior works in that it
uses many rounds of adaptivity. Indeed, the samples that our algorithm takes are guided by
values of the signal that have been read in previously queried locations, which is in contrast to
most prior Sparse Fourier Transform algorithms. The notable exception in recent literature is
our adaptive block Sparse FFT algorithms (Cevher et al., 2017).

Our algorithm uses k rounds of adaptivity, peeling off one element at a time. It would be
desirable to reduce the number of rounds of adaptivity by perhaps peeling off many elements
in one batch as opposed to one at a time. For example, if the locations of the nonzeros of X
are uniformly random in [n]¢, then the splitting tree of x is likely to be rather balanced, so
perhaps one can find a filter G that has small support and can be efficiently used to isolate
many coefficients at once? Indeed, this intuition turns out to be correct for signals with
uniformly random supports—we show in (Kapralov et al., 2019) that this idea yields a O(k)
time algorithm. However, rather surprisingly, adversarial instances exist that force the peeling
process to use k'~°) rounds of adaptivity in the worst case, making our analysis essentially
tight. We now present this adversarial instance.

Definition 2.2.8 (Hamming ball). For any power of two integer n any integer 0 < ¢ <log, n,
we define H/! to be the closed Hamming ball of radius c centered at 0:

H!'={felnl:w(f)<c},

where w(f) is the Hamming weight of the binary representation of f, i.e., w(f) is the number
of ones in the binary representation of f.

1
=0 ("5")

Definition 2.2.9 (Class of signals with low Hamming support). For any power of two integer
n and any integer c, Let Z/* denote the class of signals in C" with support H as in Defini-
tion 2.2.8,

By basic countings, |H}}| =

Z'={xeC":supp xc H'}.

c (log2 n
i=0\ i

constant € > 0, the signals in the class 2" are @((logg ”))-sparse.

Note that for any x € " we have that || x|lo = ), so for any ¢ < (3 —€)log, n for any

Definition 2.2.10 (Low Hamming weight splitting trees). For any n a power of two integer, we
define a low Hamming weight splitting tree T inductively for c=0,1,...,log, n:

1. Ty is the unique tree of depth log, n that has a single leaf and satisfies the property that
each non-leaf node has a single right child only. Thus, T’ has log, (1) + 1 nodes.

2. Forany ¢ >0, T/ is constructed as follows: Take T’ and label the nodes in order from
the root to the leaf as 0,1,...,log, n. Then, for each node 0 < j <log, n, take a copy of
Tff f”l and append its root as the left child of node j. The resulting tree defines T/.
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Splitting tree with
Hamming weight 2
11
101 110
1001 1010
1100
10001 ¢ 1 10010 ¢ 10

10100 100 11000 1000 10000 O

Figure 2.4 - The splitting tree corresponding to a family of signals with Hamming weight 2, T7'.
For simplicity, we truncated terminal rightward paths from leaves to the bottom level of the tree.
The corresponding support set of this tree is S = {0, 1,2,3,4,5,6,8,9,10,12,16,17,18,20, 24}.

Note that all leaves of T/ are at level log, n.

Itis not hard to see that T/ is in fact the splitting tree of the set H' and, hence, the number of
its leaves is X¢_; ('°%"). An illustration of the tree T} for ¢ = 2 and n = 32 is shown in Figure 2.4.

We prove the following theorem in Section 2.6 (see Theorem 2.6.1):

Theorem 2.2.3 (Informal version of Theorem 2.6.1). A peeling process with threshold T <
log, k+ O(1) (i.e. any threshold that allows isolation of an element at cost bounded by O(k))
must take k'~°%) iterations to terminate.

To add to the result above, we note that the lower bound on the number of rounds of adaptivity
is not the only cause for quadratic runtime in our algorithm. The other cause is the necessity to
update the residual signal as more and more elements are recovered, i.e. perform non-uniform
Fourier transform computations. Since no subquadratic approach to this problem are known
in high dimensions, it seems plausible that a k>~ runtime algorithm for high-dimensional
FFT would also shed light on the complexity of this intriguing problem.

Organization. In Section 2.3, we introduce basic definitions and notation that will be used
throughout the chapter. Section 2.4 introduces our main technical tool of adaptive aliasing
filter, which are used in the various algorithms found in this chapter. Section 2.5 shows how to
use the adaptive aliasing filters to solve the problem of estimation for Fourier measurements
for worst-case signals, i.e., problem (2.3), thereby proving Theorem 2.2.1. Section 2.6 then
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Chapter 2. Dimension-independent Sparse Fourier Transform

shows that the inherent tree pruning process used to subtract off recovered frequencies and
access residual signals in the estimation algorithm is essentially optimal.

Section 2.7 proves our main theorem, Theorem 2.1.1, for problem (2.1) on worst-case signals.
Additionally, it shows how to improve on the runtime under the assumption that the signal is
a worst-case signal with random phase, thereby proving Theorem 2.2.2.

2.3 Preliminaries and Notations

In this section, we introduce notation and basic definitions that we will use in this chapter.
For any positive integer n, we use the notation [n] to denote the set of integer numbers
{0,1,...,n—1}. We are interested in computing the Fourier transform of discrete signals of size
N in dimension d, where N = n? for some n = 2. Such a signal will be a function [n]¢ — C.
However, we will often identify [n]? — C with c" for convenience (and often use the two
interchangably depending on the context). This correspondence is formally defined later in
Definition 2.4.2. We first need the notion of an inner product.

Definition 2.3.1 (Inner product). Let ¢ and f be two vectors in dimension d. We denote the
inner product of tand f by ft = Z‘;zl fqtq-

Let us define the Fourier transform of a multidimensional signal.

Definition 2.3.2 (Multidimensional Fourier transform). For any positive integers d and n,

the Fourier transform of a signal x € ¢ is denoted by %, where for any f € [n]¢, we define
T

= —omil !
Xf=2teind Xee no.

Note that in the case of n = 2, the Fourier transform reduces to the Hadamard transform of
size N =24,

Claim 2.3.1 (Parseval’s theorem). For any positive integers n and d, any signal x € c satisfies
I%15 = n? - l1x1I3.

Definition 2.3.3 (Unit impulse). For any positive integers n and d, the unit impulse function
5 €™ is defined as the function given by 6(¢) =1 for t =0and 6(¢) =0 for £ # 0.

Claim 2.3.2. For any positive integers d, n, and any a € (n)?, the inverse Fourier transform of

.uT
x:m?-cC given by Xy = ezmTf isx;=0(t+a).

Claim 2.3.3 (Convolution theorem). Suppose d and n are positive integers. Then, for any
signals x,y € c, (x* y) = X- 7, where x * y is the convolution of x and y which itself is a signal
inc™ defined as, (X * ¥)¢ = . ye[pjd XrYt—7 forallt e (n4.

We will require the notion of a tensor product of signals. Given d signals Gi, Go,...,Gg4: [n] — C,
the tensor product constructs a signal in ¢ that s defined as follows.
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Definition 2.3.4 (Tensor product). Suppose d and n are positive integers. For any set of
functions G1, Gy, ...,Gq : [n] — C, we define the tensor product (G, x Go x --- x Gg) : (n4 —C
as (G1 x Gy x -+ x Gg) () = G1(j1) - Ga(ji2) - - G4 (jg) for all j = (ju, jo, ..., ja) € [n]“.

Note that the tensor product is essentially a generalization of the usual outer product on two
vectors to d vectors.

Claim 2.3.4 (Fourier transform of a tensor product). For any integers n,d and Gy, Go,...,Gg €
C", let G : [n]% — C denote the tensor product G = Gy x Gp x --- x G4. Then, the d-dimensional
Fourier transform G of G is the tensor product of G,Gy, - ,Gg, i.e, G= Gy x Gy x --- x Gg.

Definition 2.3.5. For any positive d, n, and k, a signal x : [n]¢ — C is called Fourier k-sparse if
IXllo = k.

Definition 2.3.6 (Restricted Isometry Property). We say that a matrix A € C9*" satisfies the
restricted isometry property (RIP) of order k if for every k-sparse vector x € C", i.e., || xllo < k, it
holds that || x[I3 < [ AxIl3 < 3 [l x]3.

We will use the following theorem from Haviv and Regev (2017).

Theorem 2.3.1. (Restricted Isometry Property (Haviv and Regev, 2017, Theorem 3.7)) For
sufficiently large N and k, a unitary matrix M € CN*N satisfying | M| oo = O (ﬁ), and some q =
0] (klog2 klogN), if Ae C1 N is a matrix whose q rows are chosen uniformly and independently
from the rows of M, multiplied by \/g, then, with probability 1 — -

N the matrix A satisfies the
restricted isometry property of order k, as per Definition 2.3.6.

2.4 Adaptive Aliasing Filters

In this section, we introduce a new class of filters that forms the basis of our algorithm for esti-
mation of worst-case Fourier sparse signals. For simplicity, we begin by introducing the filters
in one-dimensional setting and then show how they naturally extend to the multidimensional
setting (via tensoring). Throughout the section, we assume that the input is a signal x € C"
with supp X = S for some S < [n].

2.4.1 One-dimensional Fourier transform

We restate the following definition for T,flull and the corresponding labels of its vertices:

Definition 2.2.2. Suppose n is a power of two integer. Let T™"!! be a full binary tree of height
log, n, where for every j € {0,1,...,log, n}, the nodes at level j (i.e., at distance j from the root)
are labeled with integers in Z,;. For a node v € T™!!, we let f, be its label. The label of the root
is froor = 0. The labelling of T,j: “ satisfies the condition that for every j € [log, n] and every v
atlevel j, the right and left children of v have labels f, and f, + 2/, respectively. Note that the
root of TH! s at level 0, while the leaves are at level log, .
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Algorithm 7 Splitting tree construction in time O(|S|logn)

1: procedure TREE(S, n)

2 6o — (1, S)}

3 Let T be a tree with one node, labeled f, =0

4: for j=1tolog,n do

5 Cj— @

6 for all (v,S,) € €;-1 do > €1 : set of every node at level j —1 and set of all
frequencies in the subtree of each node

7: R—{geS,:g=f, (mod 2/)}

8: L—{geS,:g=f,+2/7! (mod 2/)}

9: if R # @ then

10: Add aright child, u, to node v of T with label f,, — f,
11: € — €; Uiy, R)}

12: if L # ¢ then

13: Add aleft child, w, to node u of T with label f,, — f, +2/7!
14: €j— €juilw, L)}

15: return T

16: procedure TREE.REMOVE(T, v)

17: r—rootof T, l — I7(v)

18: vo, U1,..., V] — path from r to vin T, where vp =r and v; = v

19: q < largest j € {0,1,--- I} such that v; has two children
20: Remove vg+1, ..., v; and their connecting edges from T
21: return T

Next, we recall the definition of the splitting tree of a set.

Definition 2.2.3 (Splitting tree). Let n be an integer power of two. For every S < [n], the
splitting tree T = Tree(S, n) of a set S is a binary tree that is the subtree of T,flull that contains,
for every j € [log, n], allnodes v € Tl at Jevel j such that {feS:f=f, (mod 2j)} £ Q.

For every node v € T, the level of v, denoted by I7(v), is the distance from v to the root. The
splitting tree T = Tree(S, n) can be constructed easily in O(|S|log n) time, given S. We provide
a simple pseudocode for this in Algorithm 7. The following basic claim will be useful and
follows immediately from the definition of T = Tree(S, n).

Claim 2.4.1. For every integer power of two n, if T is a subtree of T ,1;““, then for every node
v e T, the labels of nodes that belong to the subtree T, of T rooted at v are congruent to f,
modulo 2'7Y) . Furthermore, every node u € T at level I7(v) or higher which satisfies f, = f,
(mod 27y belongs to T,.

Now let us recall the definition of the weight of a leaf. We need this definition to define our
notion of isolating filters.

Definition 2.2.6 (Weight of a leaf). Suppose n is a power of two. Let T be a subtree of T,‘;“H.
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2.4. Adaptive Aliasing Filters

Then for any leaf v € T, we define its weight wr(v) with respect to T to be the number of
ancestors of v in tree T with two children.

Definition 2.4.1 ((f, S)-isolating filter). For every power of two 1, set S < [n], and f € S, a filter
G e C"iscalled (f, S)-isolating if @f =1, and @f/ =0forall f' e S\{f}.

In particular, if G is (f, S)-isolating, then for every signal x € C" with supp X < S, we have

2 XjGij=(x*G),
Jjeln]

1 ~ L ft
==Y )’gf.Gf.ezmw

" femn
1»« Zniﬁ

= —Xre n
n f

for all ¢ € [n], by convolution theorem, see Claim 2.3.3.

While the definitions above suffice to state our estimation primitive, our Sparse FFT algorithm
requires a filter G that satisfies a more refined property due to the fact that throughout the
execution of the algorithm, the identity of supp ¥ is only partially known. We encode this
knowledge as a subtree T of T,flull whose leaves are not necessarily at level log, n. Hence, every
leaf v € T corresponds to a set of frequencies in the support of X whose full identities have not
been discovered yet. This is captured by the following definition:

Definition 2.2.4 (Frequency cone of a leaf of T). For every power of two n, subtree T of T,flu”,
and vertex v € T which is at level /7 (v) from the root, the frequency cone of v with respect to T
is defined as,

FrequencyCone(v) := {f €lnl:f=f, (mod ZZT(”))}.

Note that under this definition, the frequency cone of a vertex v of T corresponds to the
subtree rooted at v when T is embedded inside T,flull (see Figure 2.2).

Definition 2.2.5 ((v, T)-isolating filter). For every integer n, subtree T of T,flull, andleaf v of T,
afilter G € C" is called (v, T)-isolating if the following conditions hold:

* For all f € FrequencyCone(v), we have G r=1

* For every f’ € Uy leaf of 7 FrequencyCone (), we have G =0,
u#v

Note that in particular, for all signals x € C" with supp X < Uy: leaf of 7 FrequencyCone -(u) and
tenl,

1 o omill
2 xjGrj=— 2 xXpe .
Jjeln] feFrequencyCone(v)

Now we are in a position to present an efficient algorithm to compute a (v, T)-isolating filter
with compact support in the time domain and formally prove its theoretical guarantees.
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Algorithm 8 Filter construction

1: procedure FILTERPREPROCESS(T, v, n)

2 r—rootof T, | — I (v), f — fy

3: vy, U1,..., Uy — path from r to vin T, where vp =r and v; = v
4 g—{0)o8:"

5 for j=1to/do

6 if v;_; has two children in T then

—omiL

7: gj—e 2
8 returng

9: procedure FILTERTIME(g, 1)
10: G(t) —06(r) forall t € [n]
11: for/=1tolog,n do

12: if g; # 0 then
1

13: G(t)«—%ﬂgl-wforallte [n]
14: return G
15: procedure FILTERFREQUENCY(g, 7, ¢)
16:  Ge—1
172 forl=1tolog, ndo
18: if g; # 0 then

~ ~ P&
19: G§<—G§-(l+gl-ezmzl)/2

20:  return G;

Lemma 2.4.1 (Filter properties). For every integer power of two n, subtree T of T, and leaf
v e T, the procedure FILTERPREPROCESS(T, v, n) outputs a static data structure g € clog. jn
time O(log n) such that, given g, the following conditions hold:

1. The primitive FILTERTIME(g, n) outputs a filter G such that |supp G| =2*"") and G isa
(v, T)-isolating filter. Moreover, the procedure runs in time O (2 wr 4 Jog n).
2. Forevery{ € [n], the primitive FILTERFREQUENCY(g, 11, {) computes the Fourier transform
of G at frequency ¢, namely, G(f), in time O(logn).
Before proving Lemma 2.4.1, we establish a corollary, assuming that Lemma 2.4.1 holds.

Corollary 2.4.1. Suppose n is a power of two, S < [n], and f € S. Then, let T = Tree(S, n)
be the splitting tree of S. If v is the leaf of T with label f, = f, while g is the output of
FILTERPREPROCESS(T, v, n), and G is the filter computed by FILTERTIME(g, n), then the fol-
lowing conditions hold:

(1) Gisan(f,S)-isolating filter.

(2) |supp G| =2wr®,
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Proof. Indeed, given a subset S, if T = Tree(S, n), then all the leaves of T are at level log, n
and the set of labels of the leaves is exactly equal to S. Hence, for every leaf v of T, one
has FrequencyCone(v) = {f,}. By Lemma 2.4.1, G is a (v, T)-isolating filter. Therefore, by
Definition 2.2.5,

@=suppGn| |J FrequencyConer(u)|=suppGn| U {fu}|=suppGn(S\f,),
u:leafof T u:leafof T
U#v u#v
and G(f) = 1 for all f € FrequencyConey(v) = {f,}. This implies (1), see definition of (f,, S)-
isolating filters in 2.4.1. Property (2) follows directly from Lemma 2.4.1. O

Now, we prove Lemma 2.4.1.

Proof of Lemma 2.4.1: Let v be aleaf of T, [ = I7(v) denote the level of v (i.e., distance from
the root), r denote the root of T, and vy, v1,..., v; denote the path from root to v in T, where
vo=rand v; =v.

We first show how to efficiently construct a (v, T)-isolating filter in the Fourier domain, i.e.,
how to efficiently construct G. Then we derive the time domain representation of G. We
iteratively define a sequence of functions Gy, Gy, ..., G; (with Fourier transforms Go, Gy, ..., @l,
respectively) by traversing the path from the root to v in T, after which we let G be the final
filter constructed on this path, i.e., G:= G; (and G:= @l). We start with @0 (&)=1forall ¢ € [n].
Then, we iteratively define @q in terms of @q_l according to the following update rule for all
g=12,...,I:

S=fv
2q

~ 1+ ezm
G\q(é') — ?q—l({) 2
Gg-1(S) otherwise

if v4-1 has two children in T (2.4)

for every ¢ € [n].
In order to prove that G = G is a (v, T)-isolating filter, it is enough to show that G satisfies,

supp Gn U FrequencyConer(u) | = @, (2.5)
u:leafof T
U#v
and,
G(f)y=1forall fe FrequencyCone(v). (2.6)

We now prove (2.5). Consider a leaf u of T distinct from v. Recall that vy, v1,..., v; denotes the
root to v pathin T. Let j be the largest integer such that v; is a common ancestor of v and u.
By definition of tree T (Definition 2.2.2) and noting that v; is at level j, one has that the label
of the right child a of v; is f;;, and the label of the left child bis f,; + 2J. Furthermore, using
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this together with Claim 2.4.1, we get that the labels of all nodes in subtree T, of T subtended
at the right child a of v are congruent to f, = f,; modulo 2/+1 and labels in the subtree Tj,

rooted at the left child b of v; are all congruent to fj, = f,; + 2/ modulo 2/*1,

Suppose that v belongs to the right subtree of v}, and u belongs to the left subtree (the other
case is symmetric). We thus get that f, = f,,; (mod 27+ and f, = fo, + 2J (mod 2/*1). It now
suffices to note that by construction of G (see (2.4)), we have that for all ¢ € [n],
1+ ezni;—'ﬁ

2

G =G;O-

By Claim 2.4.1, for all f € FrequencyConey(u) one has that f = f, (mod 2/7®) and hence,
f = fu (mod 2/*1) because j + 1 < I7(u). Therefore, by substituting ¢ = f in the above, we get

i [—fv - fu—fv
14_(327{12].+1 R 1+62m IS
— =G ———=0,

Gin(H=G;(f)
implying that G i+1(f) = 0 and, hence, G;(f) =0, as required.

It remains to prove (2.6). Consider any f’ € FrequencyCone(v), and note that by Claim 2.4.1,
f'=f, (mod 20, Using this in (2.4), we get

Aol
G(f) = I1 — =1,
qeil,2,..,1
v4-1 has two children in T

since f'— f, =0 (mod 29) for every g =0,..., 1.

Next, note that the primitive FILTERPREPROCESS(T, v, n) preprocesses the tree T by traversing
the path from root to leaf v in time O(log, n). Given g, the primitive FILTERFREQUENCY (g, 1, ¢)
implements (2.4) for successive values of g, and the runtime of this algorithm is O(log, n)
because of the for loop passing through vector g.

Finally, it remains to show that the filter G in time domain can be computed efficiently and

il
f 1+ezm 24

has a small support. First note that by Claim 2.3.2, the inverse Fourier transform o 5

_opi LV
. B(n+e 20 6(1+ )
is 5 :

By duality of convolution in the time domain and multiplication in the Fourier domain (see
Claim 2.3.3), we can equivalently define G (see (2.4)) by letting Go(t) = 6 (¢) and setting,

6(t)+e72"i2%6(t+2%) ) ) .
Gy = Gg-1(1) * 5 if v4-1 has two children in T 2.7)

Gg-1(1) otherwise

for every g = 1,...,1. Thus, G = G; is the time domain representation of the filter G defined

68



2.4. Adaptive Aliasing Filters

in (2.4). We now note that convolving any function with a function supported on two points,
e.g., % (6(t)+e™ " Hol2% 5 (¢ + 2%)), at most doubles the support. Since the number of times the
convolution is performed in obtaining G; from Gy (as per (2.7)) is wr(v), the support size of G
is at most 2%7(") | Given g, the primitive FILTERTIME (g, n) implements the above algorithm for
construction of G and, therefore, runs in time Q2% + log, n). O

2.4.2 d-dimensional Fourier transform

In this section, we show that our construction of adaptive aliasing filters from the previous
section naturally extends to higher dimensions without any loss (by tensoring).

Definition 2.4.2 (Flattening of (n]? to [n?]. Unflattening of (n?] to [m]%). For every integer
power of two n, positive integer d, and f = (f,..., fa) € [n]9 we define the flattening of f as,

_d
f= Zlfr'”r_l-

Similarly, for a subset S < [n]% we let S:= {f f € S} denote the flattening of S.
For & € [n4], the unﬂatteningoffis uniquely defined as & = (¢1,...,&4) € [n]%, where

s (5 d i1
gq:'f G nr;l?l ) (mod n).

for every g = 1,...,d. Similarly, for a subset R < [n?], we let R := { € [n]? : £ € R} denote the
unflattening of R.
Definition 2.4.3 (Multidimensional splitting tree). Suppose d is a positive integer and n is a

power of two. For every S < [n]?, the flattened splitting tree of S is defined as T = Tree(S, n%)

where S is flattening of S.

The unflattened splitting tree of S is denoted by T and is obtained from the flattened splitting
tree T by unflattening the labels f~,, of allnodes ve T.

Definition 2.4.4 (Multidimensional (f, S)-isolating filter). Suppose n is a power of two integer
and S < [n]? for a positive integer d. Then, for any frequency f € S, a filter G : [n]¢ — C is
called (f, S)-isolating if Gf =1and Gf/ =0 for every f' € S\ {f}.

Definition 2.4.5 (Frequency cone of a leaf of T in high dimensions). Suppose d is a positive
integer, n is a power of two, and N = n¢. For every unflattened subtree T of Tlf\}‘u andveT,we
define the frequency cone of v as,

FrequencyCone;(v) := {f € [n]d : fz fl, (mod ZZT(”))},
where I7(v) denotes the level of vin T (i.e., the distance from the root).
We use the following straightforward claim about the properties of frequency cones.
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Claim 2.4.2. For every positive integer d, power of two integer n, and every subtree T of Trfl‘;u and
every leaf v € T of height I7(v) < dlog, n, if T' = T U{left child u of v} U {right child w of v},
then the following holds,

FrequencyCone(v) = FrequencyCone (1) U FrequencyCone (w)

Now we are ready to extend the definition of our isolating filters to high dimensions.

Definition 2.4.6 (Multidimensional (v, T)-isolating filter). Suppose d is a positive integer, n
is a power of two, and N = n?. For every subtree T of T If\‘,l“ and vertex ve T, afilter G e c
is called (v, T)-isolating if éf =1 for every f € FrequencyCone(v) and Gf, = 0 for every
el 12&2 l?f r FrequencyConer(u).
In particular, for every signal x € ¢ with supp X S Uy jeaf of 7 FrequencyCone(u) and for all
teln?,
ot
Z ijt—jz_ Z xerT[l LN

jeln4 feFrequencyCone(v)
Lemma 2.4.2 (Construction of a multidimensional isolating filter). Suppose n is a power of
two integer and d is a positive integer. Let N = n®. For every subtree T of Tl{lu” and every
leaf v € T, there exists a (v, T)-isolating filter G such that |supp G| = 2¥""). Such a filter G
can be constructed in time O (2" +log N). Moreover, for any frequency & € (n)4, the Fourier
transform of G at frequencyé&, i.e., G(&), can be computed in time O(log N).

Proof. The key idea is to choose g* to be the smallest positive integer such that Ir(v) <
q* -log, n. One then defines successive filters G¥, G, ..., G ") by letting G© =1 and

GP(f) =GV (f)-Gy(fy

forg=1,2,...,q%, where Gq is an isolating filter corresponding to the projection of the leaves
of tree T into coordinate g. The final filter G = G/ turns out to be (v, T)-isolating.

Let v be a leaf of T, let [ = I7(v) denote the level of v, let r denote the root of T, and let
Vo, V1, ..., Uy denote the path from root to v in T, where vy = r and v; = v. Let g* denote the
smallest positive integer such that [ < g* -log, n. Note that g* < d.

For every g €{0,1,...,d} let T4 be a subtree of T which denotes the result of truncating the
path vy, v1,...,v; of T to contain only the nodes that are at distance at most glog, n from the
root, i.e., removing the subtree rooted at vq1og, n+1. We construct the (v, T)-isolating filter G
iteratively by starting with G© = 1 and refining G4~V to G'? over g* steps. The filters G will
be (vgu0g, n» T9)-isolating for g =0,1,...,q* -1 and G will be (v;, T*")-isolating. Since
TW) = T and v; = v, the filter GY") will be (v, T)-isolating, as required.

Forevery ge{1,...,q*} let Tc’; be the subtree of T which is rooted at v(4-1).10g, » and is restricted
to contain only the nodes that are at distance at most log, n from v(4-1).10g, n- For every node
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ue T, the label of u is defined to be f, = (fu)4, i.e., the gth coordinate of f,, where f, is the
label of node u in tree T.

Iteratively define G@ for g = 1,...q*, assuming G := 1, as follows for f = (fi,... fa) € [n]¥,
GP(f)=G9V(f)-Gy(f. (2.8)

where @q isa (Vq~log2 n T{;’)-isolating filterforallg=1,...,q* —1 and Gq* isa (vl, T;*)-isolating
WT; (Vq»logz n)

filter. By lemma 2.4.1, for every g = 1,..., " there exists such G, with [supp G| =2

WTLI; (Vq-logz n

and can be constructed in time O (2 - log n) Such a filter can be computed in the

Fourier domain at any desired frequency in time O(log n). Note that G? is a tensor product
of g one-dimensional filters. We now show by induction on g that G@ is a (vq.log2 n T(q))—
isolating filter.

The base of the induction is provided by g = 0: since vy is the root of T'”, we have that
FrequencyCone ;o (1) = [n]% and G = 1 as required.

G(fq,) =0forevery f' € U,. jeaf of 7@ FrequencyCone . (u).
u# Vglogy n
Let ube aleaf of T4 distinct from Vglog, n- Let u' denote the leaf of T~V thatis is the ancestor

Inductive step (g—1 — g): We first show

of u (note that u’ could be the same node as u too). Consider the two possible cases.

Case 1: f’ ¢ FrequencyCone -y (V(g-1)log, n)- Suppose that &’ # v(g_1).10g, »- Note that I (1) <
(g —1)1og, n, and additionally, FrequencyCone 1« (1) < FrequencyCone ;-1 (/).
Thus for every f’ € FrequencyCone ) (u) it is true that f’ € FrequencyCone 41 (). By
the inductive hypothesis we have that G~V is (v(g-1)10g, n, T'91)-isolating, and hence
by the assumption of ' # vV(g—1).10g, n One has G~V (f") = 0 for every such f’, and thus
G (f") = GYV(f")- Gy(f}) = 0 as required.

Case 2: f' € FrequencyCone (- (v(q_l)logz n) Suppose that v(;-1).10g, » is ancestor of u. There-
fore, by definition of T, one can see that u is a leaf in 7. Hence, by definition
of T, for every f ' € FrequencyCone ) (1), it is true that fz’; € FrequencyConeTqy(u).
Recall that @q is a (Vgog, n» Tc’; )-isolating filter and therefore, Gq ( fc’;) = 0, and thus
G (f") = GYV(f") - Gy(f}) = 0 as required.

Now we show that @}q) =1 for all f € FrequencyCone (l)q-logzn). Note that vg.og,, is @
leafin T} Hence, for every f € FrequencyCone ) (vg.10g, n), fq € FrequencyCone (vg-108, n)-

Since Gq isa (vq.10g2 . Tji’ )—isolating filter, Gq (f¢) = 1. Because FrequencyCone 7 (vq.log2 n) c
FrequencyCone 1y (V(g-1)log, n), for every f € FrequencyConer) (Vg.og,n) it is true that
[ € FrequencyCone -1 (V(g-1)10g,n)- By the inductive hypothesis we have that G~V is
(v(g-1)10g, n» T™V)-isolating, and hence G~ (f) = 1, and thus G (f) = G~V (f)- G4(fy) =

1 as required.
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It remains to note that wr(v) = ZZ

), so [supp G| = 2%, as required (note that the support size

;1 wry (Vglog,n)- By Lemma 2.4.1, for every g € {1,...,g"}

wrp Waogy n

one has [supp G4| =2
of the tensor product of two filters is equal to the product of support sizes of each filter).

The total runtime for constructing this filter has two parts; First part is the computation time
of G,’s for all g € {1,..., ¢*} which takes ZZ;I 6} (szf?(U"‘l"gz”) + logn) =0(2%r™) + dlog, n) by
Lemma 2.4.1. Second part is the time needed for computing the tensor product of all G;’s
which is O ([|Gillo ... 1G4+ llo) = O2%7™"). Therefore the total runtime is O (2“7 + dlogn).
Moreover, the total time for computing G(£) is the sum of the times needed for computing all
Gq(g‘q)’s forg=1,---,g", which is O(dlogn) = O(log N) by Lemma 2.4.1. O

2.4.3 Puttingit together

Now we are ready to prove that for any splitting tree there exists a leaf that can be isolated via
our filters using small runtime.

Claim 2.4.3. For any binary tree T let L be the set of leaves of T. There exists a leaf v € L such
that wr(v) <log, |L|.

Proof. Let T' be the tree obtained by “collapsing” T, i.e., removing all nodes (and incident
edges) of T that have exactly one child. Then, observe that the leaves of T are still preserved in
T', except that they are at possibly varying levels. In particular, a leaf v in T’ will be at level
wr(v). Thus, by applying Kraft’s inequality to T’ (which is an equality because every node in
T' is either a leaf or has two children), we see that,

Y 2mwrW =,

velL

Therefore, there exists a v € L such that 2~ %7(®) > L implying wr(v) <log, |L|, as desired. O

This gives us the main result of this section, and the main technical lemma of the paper:

Corollary 2.4.2. For every integer n = 1 a power of two and every positive integer d, every
S < [nl4, there exists an f € S and an (f, S)-isolating filter G (as defined in Definition 2.4.4)
such that |supp G| < |S|.

Proof. Follows by combining Lemma 2.4.2 with Claim 2.4.3. O

2.5 Estimation of Sparse High-dimensional Signals in Quadratic Time

In this section, we use the filters that we have constructed in Section 2.4 in order to show the
first result of the paper, a deterministic algorithm for estimation of Fourier-sparse signals in
time which is quadratic in the sparsity.
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Algorithm 9 d-dimensional Estimation for Sparse FFT with sample and time complexity k?

1: procedure ESTIMATE(x, S, 1, d)
2. T —TRrEE(S, n?) > S: flattening of S > T flattened splitting tree of S
3 T — the unflattening of T
I e (U
5: while T # @ do
6 v —argmin,. jearor Wt (W), f— fo > f is the label of node v
7 Vo, V1,.-+, Vdlog, n — Path from r to v in T, where vy = r and vg.jog, n = V
8 forg=1 to d do
9 T, < subtree of T rooted at v(4-1y.1og, n
10: Remove all nodes of T "7’ which are at distance more than log, n from v(4-1).10g, n
11: Label every node u € T as fu = (fu)q
12: g— FILTERPREPROCESS(T;;, Vglog, n» 1)
13: Gq — FILTERTIME(gq, n)
14: G4(&4) = FILTERFREQUENCY(gg4, 1,$ )
15: G<—G1XG2X...><Gd
16: hf‘—Z£€[n]d (X{szléq(éq))
17: )Zf<—)?f+(nd-2je[n]dxj'G_j)—hf
18: T — Tree.REMOVE(T, v)
19:  returny

Theorem 2.2.1 (Estimation guarantee). Suppose n is a power of two integer and d is a pos-
itive integer and S < (n]®. Then, for any signal x € ¢ with supp X < S, the procedure
ESTIMATE(x, S, n, d) (see Algorithm 9) returns X. Moreover, the sample complexity of this proce-

dure is O(|S|?) and its runtime is O(|S|? - dlog, n). Furthermore, ESTIMATE is deterministic.

Proof. The proof is by induction on the iteration number ¢t = 0, 1,2, ... of the while loop in
Algorithm 9. One can see that since at each iteration the tree T looses one of its leaves, the
algorithm terminates after |S| iterations, since initially the number of leaves of T is |S|. Let )?(”
and T denote the signal 7 and the tree T after finishing up iteration ¢, respectively, and let S”
denote the set of frequencies corresponding to leaves of T'7, i.e., SV = { f,, : u is aleaf of T("}.

In particular, 7% = 0 and T is the unflattened spltting tree of S and S© = §.

We claim that for each £ =0, 1,...,|S|, the following holds,

supp (x-7")cS® and |S?| =S| - ¢ (2.9)
Base case of induction: We have S = S and 7% = 0, which immediately implies (2.9) for
t=0.

Inductive step: For the inductive hypothesis, let r = 1 and assume that (2.9) holds for t = r—1.
The main loop of the algorithm finds v = argmin,,. .t of 70-v Wre- (1). By Claim 2.4.3 along
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with inductive hypothesis, we-—n (v) <log, |S"~V| <log, |S|. Note that the main loop of the
algorithm constructs an (f,, S"~V)-isolating filter G, along with G. In order to do so, the
algorithm constructs trees T, for all g € {1, ..., d} which in total takes time O(|S|dlogn). Given
T}, the algorithm constructs filter G and G intime O (2% + dlogn) = O(|S| + dlogn),
by Lemma 2.4.2. Moreover, the filter G has support size 2%rv-0(*) < |S| by Lemma 2.4.2.

By Lemma 2.4.2 computing the quantity hf = 3 s¢(,)a )?(zr ~D.G(&) in line 16 of Algorithm 9
can be done in time O (|x"~V|lo- dlogn) = O(|S|- dlogn). By convolution theorem 2.3.3, the
quantity iipis by = n?- (y"~Y « G), and thus

—hp=n®-((x-x""")xG),

(I’ld- Z Xj-G-j

jeln)é

= %5, — A5
where the last transition is due to the fact that G is ( f,,, S"~)-isolating along with the inductive
hypothesis of supp (55_ Y(r—l)) c §ir-1,

We thus get that 77 () — 3" V() + (- )Z”‘D)fy -8 7, (). Moreover, it updates the tree T —
Tree.REMOVE(T D, v). Also note that the set S gets updated to S~V \{f,} accordingly. This
establishes (2.9) for ¢ = r, thereby completing the inductive step.

Runtime: The number of steps is exactly |S|, as follows from the inductive claim. Thus, the
total runtime is O (|S|? - dlogn). O

2.6 A Lower Bound of k!~°)) Rounds of Tree Pruning

One apparent disadvantage of our algorithm presented in the previous section is the fact that
it only estimates elements of the Fourier spectrum one at a time, thereby taking k rounds to
estimate all elements in the spectrum. Since the isolation of one element takes up to k time
due to the support size of G, the resulting bound on the runtime is quadratic in k. A natural
conjecture is that our analysis is not tight, and one can achieve better runtime by removing
several nodes of weight at most log, k + O(1) at once. If one could argue that the filters G that
isolate the nodes removed in one round have nontrivial overlap, runtime improvements could
be achieved. In this section we present a class of signals on which k'~°!) rounds of pruning
the tree are required, showing that our analysis is essentially optimal.

Tree pruning process. Suppose n is a power of two integer and 7 is a positive integer. Let T be
a subtree of T, The tree pruning process, (T, 1, n), is an iterative algorithm that performs
the following operations on T successively until T is empty:

1. Find S; = {leaves v of T : wr(v) < 1}, i.e., set of vertices of weight no more than 7.
2. For each v € S; (in an arbitrary order) remove v from T (i.e., T.remove(v); Algorithm 7).
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We show that for every k and sufficiently large integer n there exists a tree T with k leaves such
that 2 (T, 1, n) with T = log, k + O(1) requires k! ~°Y rounds to terminate. This in particular
shows that our k? runtime analysis from section 2.5 cannot be improved by reusing work
done in a single iteration, and hence our analysis is essentially optimal. Our construction is
one-dimensional, although higher dimensional extensions can be readily obtained.

Theorem 2.6.1. For any integer constant ¢ = 1, sufficiently large power of two integer n there
exists an integer k = ©(log® n) and a subtree T of T,flull with k leaves such that if T =log, k+ O(1),
then the tree pruning process 2 (T, 1, n) requires k'~°1) iterations to terminate.

The following simple lemma is crucial to our analysis

Lemma 2.6.1 (Monotonicity of tree pruning process). Suppose n is a power of two integer, T' a
subtree of T,fl”“, and T a subtree of T'. Then for every integer T the number of rounds that it takes
P(T,t,n) to collapse T is at most the number of rounds that it takes (T',, n) to collapse T'.

Proof. For j=0,1,2,...,let T (respectively T"/)) denote the tree obtained by performing j
rounds of the tree pruning process (with threshold 1) to T (respectively T’).

We claim that TV is a subtree of T'"/) for all j = 0,1,..., which will obviously imply the desired
conclusion. We use induction on j. Note that the base of induction is trivial for j = 0 since
T® = T and T"® = T'. Now, we prove the inductive step. Suppose j > 0. By the inductive
hypothesis, we have that TV~ is a subtree of 7'V =V, Thus, for any leaf v that appears in both
TU=D and 7V~Y, we have wy-n (V) < wy-n (v) (this is because any node in 7'U~V along
the path from the root to v that has exactly one child will also have exactly one child in 7U=1).
Hence, if v is removed from 7'U~Y in the j-th iteration of the process, then it is also removed
from TU-Y during the j-th iteration. Hence, T'/ is a subtree of 7', which completes the
inductive step and, therefore, proves the claim. O

We recall a few definitions.

Definition 2.2.8 (Hamming ball). For any power of two integer » any integer 0 < ¢ < log, n,
we define H/' to be the closed Hamming ball of radius c centered at 0:

H!'={felnl:w() <c},

where w(f) is the Hamming weight of the binary representation of f, i.e., w(f) is the number
of ones in the binary representation of f.

Note that | H'| = X5_, (IO%? ").

Definition 2.2.9 (Class of signals with low Hamming support). For any power of two integer
n and any integer c, Let Z/! denote the class of signals in C” with support H as in Defini-
tion 2.2.8,

Xl'={xeC":suppxc H'}.
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c

Note that for any x € Z" we have that [ xllp = X7_, (logl? "), so for any ¢ < (3 —€)log, n, the

signals in the class 2" are G)((logc2 ”))-sparse.

Definition 2.2.10 (Low Hamming weight splitting trees). For any n a power of two integer, we
define a low Hamming weight splitting tree T' inductively for c =0,1,...,log, n:

1. T is the unique tree of depth log, n that has a single leaf and satisfies the property that
each non-leaf node has a single right child only. Thus, T’ has log, (n) + 1 nodes.

2. Forany ¢ >0, T/ is constructed as follows: Take T’ and label the nodes in order from
the root to the leafas 0,1,...,1og, n. Then, for each node 0 < j <log, n, take a copy of
TC”_’ f’“ and append its root as the left child of node j. The resulting tree defines 7.

Note that all leaves of T/ are at level log, n.

It is not hard to see that T/ is in fact the splitting tree for the set H/ and, hence, the number of
its leaves is ¥¢_ (°%").

Now, we are ready to prove Theorem 2.6.1.

Proof of Theorem 2.6.1: Let us choose the tree T to be T/ for some positive integer c. We will
set parameter c at the end of proof. Let D(n, ¢, T) denote the number of iterations required to
collapse T/ with threshold 7. We prove that,

logs n

D(n,c,1) =
cl-t¢

) (2.10)

for any power of two integer 7, any integer 0 < ¢ < log, n, and any positive integer 7. We use
induction on c.

Base: Note that for ¢ = 0, the tree T/ has one leaf, which gets removed in the first iteration of
the tree pruning process. Thus, D(n,0,7) =1 for any n and 7 = 1, and so, (2.10) holds for ¢ = 0.

Inductive step: Suppose ¢ > 0. For any T/, we label the nodes along the path from the root to
the rightmost leaf (i.e., the path formed by starting at the root and repeatedly following the
right child) in order as 0, 1,...,log, n.

Note that if n < 27, then
logsn ¢
08T
cl-t¢  cl-1¢

Thus, (2.10) does indeed hold for n < 2°.

Now, suppose 7 > 27, Recall that a copy of TC"_/ fjﬂ is embedded at the left child of node j of T/
forall j=0,1,...,7— 1. We divide the pruning process on T/ into two phases. The first phase
consists of the process up until the point at which the left subtree of node j in T/ completely
collapses for some j € {0,1,...,7—1}, while the second phases consists of the process thereafter.
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Thus, the number of rounds in the first phase is just the number of rounds till at least one of
the top 7 left subtrees collapses.

Note that during the first phase, the behavior of the collapsing process on the left subtree of
node j corresponds to running a collapsing process with threshold 7 — j — 1 on TC"_/ f”l. Thus,
the number of rounds in the first phase is,

R = min {D(n/Zj“,c—l,T—j—l)}.

0=j<7

By the inductive hypothesis (on c), we have that for j =0,1,...,7 -1

. 1 log,n—j—1\!
D(n/zf“,c—l,r—j—l)z ( Efi=J ) :
(c=1! T—j—-1
hich implies that R > —L log, n-1)¢"1 . dr<l
which implies that R = ;- T) since we assumed 7 < log, n.

Now, let T’ be the tree obtained after performing R rounds of the collapsing process on
T'. Moreover, let T" be the tree obtained by further removing any left subtrees of nodes
0,1,...,7—1. By Lemma 2.6.1, we have that the number of rounds needed to collapse T’ is
at least the number of rounds needed to collapse T"”. Moreover, observe that the number
of rounds needed to collapse T” is precisely D(n/2%, c, 1), thus, the number of rounds in the
second phase is at least D (n/2%, ¢, 1), and so,

D(n,c,1)=R+D(n/2%,¢c,1)

S 1 ‘(logzn—l
(c—1! T-1

c—1
+D(n/2%,¢,1).

Note that a similar argument gives,

c—1
) +D(n/29V7 ¢ 1)

D(n/2%,c,7) = 1 .(logzn—ar—l

(c=1! 7-1

foreverya=0,1,...,|(og, n—1)/7] -1 (this condition ensures that 7 < log, (n/24"), as required
by our argument above). Hence, it follows that,

log, n—ar -1

D(n,c,1)=

Llog, n-1)/7]-1 1
( 7-1

c-1
( 1! ’ ) +D(n/21~t(log2 n—l)/ﬂ’c’ T)
a=0 c—1)

1 L(og, n—l)/rJ—l( c-1

+1

log, n
> &1 _,
T

-1 A

logo n

1 T
(=D h

1 l((logzn)c_
(-1 ¢ T

> udu+1

logén
f1s 282
cl-1¢
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which establishes (2.10) for n > 2. This completes the inductive step.

Recall that k = @((logc2 n)), so for any constant ¢ one has k = © ((logcz n)) - lo%%n- Setting T =
log, k+ O(1), we get
logsn
D(n,c,7) 2 £ — = 0O(k/(log, 16 = koW,
cl-T

asrequired. O

2.7 Sparse FFT for Worst-case Sparse Signals and Worst-case Sig-
nals with Random Phase

In this section we prove the main result of the paper, namely,

Theorem 2.1.1 (Sparse FFT for worst-case signals, formal version). For any power of two
integer n and any positive integer d and any signal x € ™ with IXllo = k, the procedure
SPARSEFFT (x, n,d, k) in Algorithm 11 recovers X. Moreover, the sample complexity of this
procedure is ok® log2 klog2 N) and its runtime is O(k3 log2 klog2 N), where N = n®.

We also present improved recovery algorithms for Fourier sparse signals x whose nonzero
frequencies are distributed arbitrarily (worst-case) and values at the nonzero frequencies are
independently chosen to have a uniformly random phase. Recall Definition 2.2.7:

Definition 2.2.7 (Worst-case signal with random phase). For any positive integer d and power

of two n, we define x to be a worst-case signal with random phase having values {f f} felnyd if,

Xr=p fe2” " for uniformly random 6 € [0,27),

independently for every f € [n]?. Furthermore, if k of the values {f} feima are nonzero, then
x is said to be a worst-case k-sparse signal with random phase and is guaranteed to have
sparsity [ Xlo = k.

For this model we prove the stronger result:

Theorem 2.2.2 (Sparse FFT for worst-case signals with random phase). For any power of two
integer n, positive integer d, and worst-case k-sparse signal with random phase x : [n]* — C, the
procedure SPARSEFFT-RANDOMPHASE(x, 1, d, k) in Algorithm 12 recovers X with probability
1- # Moreover, the sample complexity and runtime of this procedure are both O (k* log* N ).

The main property that allows us to obtain the stronger result is that a small number of time
domain samples from such a signal suffice to approximate its energy with high confidence
(whereas Q(k) samples are required in general for a worst-case k-sparse signal). This is
reflected by the following lemma.
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Lemma 2.7.1. For any power of two integr n, any positive integer d, and any worst-case signal
with random phase x,

1B 18 3 1BI2 1
r—'Bz—Z —'6221——,
2 s: n2d n4d

where s = Cd® logg n for some absolute constant C > 0 and ty,t,...,t; ~ Unif([n]4) are i.i.d.
random variables. The probability is over the randomness in choosing the variables t; as well
the randomness in the choice of the phase for each frequency of X.

Proof. This sort of guarantee for signals with random phase is well-known and follows from
standard application of Bernstein’s inequality. See for example (Kapralov et al., 2019). O

2.7.1 Proofs of Theorems 2.1.1 and 2.2.2

Given the construction of our adaptive aliasing filter from the previous section, our sparse
recovery algorithms follow by a reduction to the estimation problem. Our algorithm starts by
first finding the vertex v* = argmin . wr(v), which, by Kraft’s inequality, satisfies wr(v*) <
log, k. We then define an auxiliary tree 7’ by appending a left a and a right child b to v. Then
for each of the children a, b, we, in turn, construct a filter G that isolates them from the rest of
T (i.e., from the frequency cones of other nodes in T) and check whether the corresponding
restricted signals are nonzero. The latter is unfortunately a nontrivial task, since the sparsity of
these signals can be as high as k, and detecting whether a k-sparse signal is nonzero requires
Q(k) samples. However, a fixed set of O (Iclog3 N ) locations that satisfies the restricted isometry
property (RIP) can be selected, and accessing the signal on those values suffices to test whether
it is nonzero. If the signal is further assumed to be a worst-case random phase signal, then a
polylogarithmic number of samples suffices. The following lemma (Lemma 2.7.2) makes the
latter claim formal.

Lemma 2.7.2 (ZEROTEST guarantee). Suppose d is a positive integer and n is a power of two.
Assume that signals x, ¥ € c satisfy supp (X — ¥) € Uu: leafof  FrequencyCone (1) for some
T that is a subtree of T’g‘jlu. For every leaf v of T if A is a multiset of elements from [n]% which
satisfies the following:

3 IIyII2
2 n2d | AI AEZrA lya 2d ’
where y = (X — )?)FrequencchneT(y) is the signal obtained by restricting X — ¥ to frequencies in
FrequencyCone (v) and zeroing it out everywhere else, then the following conditions hold:
* ZEROTEST(x, ¥, T, v, n,d, A) outputs true if supp (X — ¥) N FrequencyCone(v) # @; oth-
erwise, it outputs false.

e The sample complexity of this procedure is O (27") - |A|), where wr (v) is the weight of
leafv in T (see Definition 2.2.6).
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e The runtime of the ZEROTEST procedure is O (| Xllo- 1Al +|T|- dlogn+ 2% . |A[), where
|T| denotes the number of leaves of T.

Proof. Consider lines 13-14 of Algorithm 10. By Claim 2.3.3, we have,

where G € C"" is the filter constructed in lines 5-12 of Algorithm 10. Thus,

Hjéz( Z GA_]“)C]')—h;Ac

jelnd

= 2 Gaj-(x=pj

jeln4

Note that, by Lemma 2.4.2, the filter G in Algorithm 10 is a (v, T)-isolating filter. Therefore,
by the assumption supp (X — ¥) € Uy: leaf of 7 FrequencyCone (1) and the definition of a (v, T)-
isolating filter (see Definition 2.4.6), we have,

H= Y Ga G-y

jeln)d

1 o
:_d Z (5(:\_}’(\)6627”%'

n ¢eFrequencyConey (V)

Therefore, HJ% is the inverse Fourier transform of (X — ¥)FrequencyCone,(y) at time A, where
(X — X)FrequencyCone,(v) denotes the signal obtained by restricting X — ¥ to frequencies ¢ €
FrequencyCone(v) and zeroing out the signal on all other frequencies. By the assumption of
lemma the following holds:

< 3 || (55 - Y)FrequencyConeT(v) ”%
2 n2d TIAl & 2 n2d '

1 Ix- f)FrequencyConeT(v) ”% 1 A2
> |Hpl” s

Therefore, the test performed in line 15 of Algorithm 10 correctly identifies if the restricted
signal (X — ¥)FrequencyCone,(v) iS Zero or not, hence, the first claim of the lemma holds.

Note that in order to construct a (v, T)-isolating filter G, along with (A}, the algorithm constructs
trees Tc’,’ for all g € {1,...,d}, which has a total time complexity O (I T|dlog n) Given T},’ s, the
algorithm constructs filter G and G in time O (2 wr(®) 4 dlog n), by Lemma 2.4.2. Moreover, the
filter G has support size 2%7("), by Lemma 2.4.2.

By Lemma 2.4.2, computing the quantities h? = L Yeema " i -2¢Gg forall A€ Ainline 13
of Algorithm 10 can be done in time O (/| ¥llo - (Al + dlogn)) = O(lxllo - 1Al). Given the values of
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Algorithm 10 Procedure for testing zero hypothesis

1: procedure ZEROTEST(x, ¥, T, v, n,d,A) > A: multiset of elements from [7]¢

!

2 f<=ful<Ir), q* — [@—I

3: Vo, V1,..., V) — path from r to vin T, where vy =r and v; = v

4: (uly Uz,---, uq*—l, uq*) - (Vlogz n» y210g2 n V(q*—l)-logz n» l/l)

50 forg=1 to g* do

6: TL’; — subtree of T rooted at u,_;

7: Remove all nodes of T,/ which are at distance more than log, n from u4-,

8: Label every node w € T as fu = (fw)q

9: 8y — FILTERPREPROCESS(T}, ug, 1)

10: G4 — FILTERTIME(gy, 1)

11: G4(&4) = FILTERFREQUENCY(8g4, 1, )

12: G—G1xGyx...x Gy

&fa

& =R *
13 By ok Yeema (7 Re T, Gg(§ ) forall Ae A
14 Hp —(Zjena G(A-j)-xj)—hpforallAe A

f
e 1
15: lfmZAeAlHﬁF:Othen
16: return false
17: else
18: return true

h forall A € A, computing {| H¢, [°}, inline 14 takes time O (2" |A|) because [supp G| =

2wrW) Therefore, the total runtime of this procedure is,
O(ITI-dlogn+2"T™ . |A|+7llo-1Al),

as desired.

Because support size of G is 2*7("), computing all { IH?* |2} Aca I line 14 of the algorithm

requires O (2%7(") - |A|) samples from x which proves the second claim of the lemma.

Now we are in a position to prove our main result:

Proof of Theorems 2.1.1 and 2.2.2: Note that Algorithms 11 and 12 are identical except in line
2. We first analyze the common code of the algorithms (after line 2) under the assumption that
the set A are replaced with a more powerful set which satisfies the precondition of Lemma 2.7.2
in all calls to ZEROTEST, hence, ZEROTEST correctly tests the zero hypothesis on its input signal
with probability 1. We then establish a coupling between this idealized execution and the
actual execution for both Algorithms 11 and 12, leading to our result.

Let m denote the size of the set m = |A|. By induction, we prove that the following properties
are maintained throughout the execution of SPARSEFFT (Algorithm 11) and SPARSEFFT-
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Algorithm 11 Sparse FFT for worst-case sparse signals
1: procedure SPARSEFFT(x, n, d, k)
2: A — Multiset of [n]% corresponding to Fourier measurements satisfying RIP of order k
> |A| = O(klog? k- dlogn), see Theorem 2.3.1

33 T—1{r},fr—0
4: while T # ¢ do
5: v —argmin,,. jo.ro rWr (W), f — fyand I — Ir(v)
6: if / = dlog, n then > All bits of v have been discovered
7 Vo, V1, ..+, Vdlog,n < Path from r to v in T, where vp = r and vg.10g,n = v
8: forg=1 to d do
9: T,/ < subtree of T rooted at v(4-1).1og, n
10: Remove all nodes of T,;’ at distance more than log, n from v(4-1).10g, n
11: Label every node u € T as fu, = (fu)q
12: g8, — FILTERPREPROCESS(T,, Vg.10g, n, 1)
13: G4 — FILTERTIME(g,, 1)
14: @q ({4) = FILTERFREQUENCY(g4, 11,¢ )
15: G<—G1><G2><...><Gd
16: hy = Egerma (g T1G=1 Gq(€q))
17: )?f<—)ff+(nd-zj€[n]dxj-G_j)—hf
18: T — Tree.REMOVE(T, v)
19: else
20: T’ — T u {left child u of v} U {right child w of v}
21: if ZEROTEST(x, ¥, T', w, n,d, A) then
22 Add w as the right child of node v to tree T
23: fw—TFf > Frequency corresponding to node w
24: if ZEROTEST(x, ¥, T', u, n,d,A) then
25: Add u as the left child of node v to tree T
26: fu—f+2h > Frequency corresponding to node u
27: return y;

RANDOMPHASE (Algorithm 12):

1) supp x- X\) < Uu: leafof T FrequencyconeT(u);
(2) For every leaf u of tree T one has supp (X — ) N FrequencyCone(u) # @;

(3) If ¥ is a worst-case signal with random phase, then X — ¥ is a worst-case signal with random
phase;

(4) The quantity ¢ = (dlog, n+ 1)IIX - ¥llo — X u: 1eaf of 7 [T (1) decreases by at least 1 in every
iteration of Algorithms 11 and 12;

(5) Always [|X—7¥llo < k;

The base of induction is provided by the first iteration, at which point T is a single vertex

82
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Algorithm 12 Sparse FFT for worst-case sparse signals with random phase

1: procedure SPARSEFFT-RANDOMPHASE(x, 1, d, k)
22 A —Multiset{A;: A; ~ Unif([n]9),¥i € [Cd®logi n]} > C: constant; see Lemma 2.7.1
33 T—{r,f <0
4 while T # ¢ do
5: v —argmin,. gt o Wt (W), f— fyand I — I7(v)
6 if / = dlog, n then > All bits of v have been discovered
7 Vo, V1, -+, Vdlog,n < Path from r to v in T, where vy = r and vg.10g, n = v
8 forg=1 to d do
9 TL’; < subtree of T rooted at v(g-1).10g, n
10: Remove all nodes of T}/ at distance more than log,n from v(g-1).10g, n
11: Label every node u € T as fu, = (fu)q
12: 8q — FILTERPREPROCESS (T, Vg.10g, n, 1)
13: G4 — FILTERTIME(gq, 1)
14: Gq (¢4) = FILTERFREQUENCY(g4, 11, 4)
15: G—G1xGrx..xGy
16: hy — Egepa (e Tg=1 Gq € )
17: Xf — X5+ (n?Ljepmaxj-G-j) - hy
18: T «— Tree.REMOVE(T, v)
19: else
20: T’ — T u {left child u of v} U {right child w of v}
21: if ZEROTEST(x, ¥, T', w, n,d, A) then
22: Add w as the right child of node v to tree T
23: fw—TFf > Frequency corresponding to node w
24: if ZEROTEST(x, ¥, T', u, n,d,A) then
25: Add u as the left child of node v to tree T
26: fu—f+2% > Frequency corresponding to node u

27: return y;

T = {r} where r is the root with f, = 0 and ¥ = 0. The conditions (1) and (2) and (3) and (5)
are satisfied since FrequencyCone(r) = [n]? and supp (X—Y)=suppX#@gandxXx—-y=Xisa
worst-case signal with random phase if X is a worst-case signal with random phase.

We now prove the inductive step by assuming that conditions (1) and (2) and (3) and (5) of
the inductive hypothesis are satisfied at the beginning of a certain iteration and arguing that
conditions (1) and (2) and (3) and (5) are maintained at the end of iteration. We also show that
the value of the quantity ¢ defined in (4), decreases by at least one at every iteration. Let ve T
be the smallest weight leaf chosen by the algorithms in line 5. We now consider two cases.

Case 1: [7(v) = dlog, n. Since the filter G constructed in Algorithms 11 and 12 is a (v, T)-
isolating filter, we have by Definition 2.2.5 that for every signal z € ¢ with Fourier support
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supp Z S Uy leafin T FrequencyCone - (u) and for all ¢ € (n)4,

1 . 9 T
> 2jGrj=— > Zpe . (2.11)

jelnd n f'eFrequencyConey (v)

By condition (1) of the inductive hypothesis one has supp (X—%) S Uy leaf of T FrequencyCone (1),
and thus we can apply (2.11) with z=x— y and # =0, obtaining,

1 _
> (x_)()jG—j:W Y X=X g (2.12)
j(—:[n]d f'eFrequencyCone; (v)
Note that by Claim 2.3.3,

d A
n Y xjG-j= ) XfGr=hy,
jeln)d feln]

where hy is the quantity computed in line 16. We thus get that,

nd Z xj-G_j—hfz Z mfr
jeln)d f'eFrequencyCone (v)
=x=Xy,

because FrequencyConer(v) = {f,} due to the assumption I7(v) = dlog, n. Therefore, the
operation in line 17 is in fact 7(-) — 7(-) + (x— ) £,07,() and hence, at the end of the loop
we have (x— )y, = 0 which means that f, will no longer be in supp (x—-y). And also v
gets removed from tree T implying that {f,} = FrequencyCone(v) will be excluded from
Uu: 1eaf of T FrequencyCone(u). Note that this also implies that W will remain a worst-
case signal with random phase. Therefore, condition (1) and (2) and (3) hold.

Additionally, note that || (7—\)() llp will decrease by exactly 1 because f;, is no longer in supp (7—\)()
and the rest of the support is unchanged. This shows that condition (5) holds. Moreover,
> leafof T LT (1) decreases by exactly dlog, n because the level of v was I7(v) = dlog, n and v
gets removed from T. So ¢ will decrease by one as required in condition (4).

Case 2: Suppose that I7(v) < dlog, n. We first verify that the preconditions of Lemma 2.7.2
are satisfied. We need to ensure that for the residual signal X — ¥ it holds that,

supp(X-p)c |J FrequencyConey (u),
u: leaf of T’

where T’ is the tree obtained from T by adding two children of v (line 20). This follows, since
by the inductive hypothesis,

supp (X—-7y) < U FrequencyCone(u),
u:leafof T
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and by claim 2.4.2 we have,
FrequencyCone(v) = FrequencyCone (1) U FrequencyCone (w).

We thus get that the preconditions of Lemma 2.7.2 are satisfied, therefore, the output of ZE-
ROTEST(x, Y, T', w, n, d, A) is true if (X ¥) FrequencyCone,, (w) # 0 and false otherwise. A similar ar-
gument shows that the algorithm correctly tests the zero hypothesis on (X — ¥)frequencyCone ()-
Thus, by letting T5,.,, denote the tree T at the end of the while loop, we have that,

supp (X—7%) < U FrequencyConeTnew (w),

u: leaf of Ty

and for every v € Ty, one has supp (¥ - }) N FrequencyCone; (v) # @. Hence, because
(7—\7() remains unchanged, conditions (1) and (2) and (3) hold at the end of the iteration.

Now, we show that ¢ has decreased by at least one. By inductive hypothesis we have that
supp (X —¥) nFrequencyCone(v) # ¢ and at least one of w or u will be added to T be-
cause FrequencyCone(v) = FrequencyCone (1) U FrequencyCone (v). Since 7, (w) =
Ir,, W =1r(W) +1, Lyteatof T 1,0, (W) = X teator T I7(1) + 1. Because ||X — ¥llp remains
unchanged, the value of ¢ decreases by at least one hence conditions (4) and (5) hold.

We have established by induction that conditions (1), (2), (3), (4), and (5) hold throughout the
execution of SPARSEFFT (Algorithm 11) and SPARSEFFT-RANDOMPHASE (Algorithm 12). Now
we show that these conditions are sufficient to prove the correctness and convergence of our
algorithms.

Because Ir(u) < dlog, n for every leaf u € T, it follows from condition (2) that the quantity
¢ = (dlog, n+ 11X = ¥llo — X u:1eafof 7 [7(1) is non-negative. At the first iteration, ¥ = 0 and
T = {r} where r is the root with I7(f) = 0. Hence, ¢ = [|Xllo- (1 + dlog, n) at the start of
our algorithms. Because ¢ is decreasing by at least 1 at each iteration, the algorithm must
terminate after O (|| Xllo - dlog n) iterations. By Lemma 2.7.2 along with Claim 2.4.3 and noting
that || ¥llo = O(k) by condition (5), the runtime as well as the sample complexityof each iteration
of our algorithms are O(km), therefore, the total runtime and sample complexity will both be
O(k*m-dlogn).

Finally, observe that throughout this analysis we have assumed that the set A satisfies the
precondition of Lemma 2.7.2 for all the invocations of ZEROTEST by our algorithm. In reality,
there are two cases.

The first case is for worst-case signals (Algorithm 11, Theorem 2.1.1). In this case, the algorithm
chooses A to be a multiset of Fourier measurements that satisfies the RIP of order k. Let F ;,1
be the d dimensional inverse Fourier transform’s matrix with N = n¢ points. By Theorem 2.3.1

85



Chapter 2. Dimension-independent Sparse Fourier Transform

there exists a multiset A of size m = O (klog2 k- dlogn) such that, for every signal y € '

1 Iyl13 1
S s —-Y Il
2 n |A| AEeA

[\CR S

Iyl

n2d

N W

As we have shown in condition (5) of the induction, |X — ¥llo < k. Therefore, for every leaf v of
the tree T, || (X — X)FrequencyCone, (v) lo < k, and so, the precondition of lemma 2.7.2 is satisfied.

The second case is for worst-case signals with random phase (Algorithm 12, Theorem 2.2.2).
We have shown in condition (3) of the induction that x — y is a worst-case signal with random
phase in every iteration of the algorithm. Therefore for every leaf v of the tree it is true
that (X — ¥)FrequencyCone,(v) iS @ worst-case signal with random phase. In this case, therefore,
Lemma 2.7.1 implies that for every fixed leaf v of tree T, the multiset A defined in line 2 of
Algorithm 12 satisfies the following with probability at least 1 —1/n%¢,

where y= (x- X)FrequencyConeT(v)-

This shows that in the second case which corresponds to theorem 2.2.2, the failure probability
of procedure ZEROTEST is at most ﬁ Moreover, the above analysis shows that SPARSEFFT-
RANDOMPHASE makes at most O (kdlogn) calls to ZEROTEST. Therefore, by a union bound,
the overall failure probability of the calls to ZEROTEST is O ((kd logn) #) < n~?“, Hence, we
obtain the desired result.

O
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8] Near-optimal Recovery of Signals with
Simple Fourier Transforms

This chapter is based on a joint work with Haim Avron, Michael Kapralov, Cameron Musco,
Christopher Musco, and Ameya Velingker. It has been accepted to the 51st Annual ACM
SIGACT Symposium on Theory of Computing (Avron et al., 2019, STOC).

3.1 Introduction

Consider the following fundamental function fitting problem, pictured in Figure 3.1. We can
access a continuous signal y(t) at any time ¢ € [0, T]. We wish to select a finite set of sample
times 11, ..., fg such that, by observing the signal values y(#1),..., y(f4) at those samples, we
are able to find a good approximation j to y over the entire range [0, T]. We also study the
problem in a noisy setting, where for each sample t;, we only observe y(t;) + n(¢;) for some
fixed noise function n.

t I t
(a) Observed signal y sampled at times #1,...,%;.  (b) Reconstructed signal j based on samples.

Figure 3.1 — Our basic function fitting problem requires reconstructing a contin-
uous signal based on a small number of (possibly noisy) discrete samples.

We seek to understand:

1. How many samples g are required to approximately reconstruct y and how should we
select these samples?
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2. After sampling, how can we find and represent j in a computationally efficient way?

Answering these questions requires assumptions about the underlying signal y. In particular,
for the information at our samples 71, ..., f to be useful in reconstructing y on the entirety of
[0, T, the signal must be smooth, structured, or otherwise “simple” in some way.

Across science and engineering, by far one of the most common ways in which structure arises
is through various assumptions about j, the Fourier transform of y:

P& = f - y(re 2"l dr.

Our goal is to understand signal reconstruction under natural constraints on the complexity
of j.

3.1.1 Classical sampling theory and bandlimited signals

Classically, the most standard example of such a constraint is requiring y to be bandlimited,
meaning that jy is only non-zero for frequencies ¢ with |¢| < F for some bandlimit F. In
this case, we recall the famous sampling theory of Nyquist, Shannon, and others (Whitaker,
1915; Kotelnikov, 1933; Nyquist, 1928; Shannon, 1949). This theory shows that y can be
reconstructed exactly using sinc interpolation (i.e, Whittaker-Shannon interpolation) if 1/2F
uniformly spaced samples of y are taken per unit of time (the Nyquist rate).

Unfortunately, this theory is asymptotic: it requires infinite samples over the entire real line
to interpolate y, even at a single point. When a finite number of samples are taken over an
interval [0, T, sinc interpolation is not a good reconstruction method, either in theory or in
practice (Xiao, 2002).!

This well-known issue was resolved through a seminal line of work by Slepian and Pollak
(1961); Landau and Pollak (1961, 1962), who presented a set of explicit basis functions for
interpolating bandlimited functions when a finite number of samples are taken from a finite
interval. Their so-called “prolate spheroidal wave functions” can be combined with numerical
quadrature methods of Rokhlin et al. (2001) to obtain sample efficient (and computationally
efficient) methods for bandlimited reconstruction. Overall, this work shows that roughly
O(FT +1log(1/¢)) samples from [0, T] are required to interpolate a signal with bandlimit F to
accuracy € on that same interval.?

1 Approximation bounds can be obtained by truncating the Whittaker-Shannon method; however, they are
weak, depending polynomially, rather than logarithmically, on the desired error € (see Appendix A of Avron et al.
(2019) for an in depth overview of related work.

2We formalize our notion of accuracy in Section 3.2.
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3.1.2 More general Fourier structure

While the aforementioned line of work is beautiful and powerful, in today’s world, we are
interested in far more general constraints than bandlimits. For example, there is wide-spread
interest in Fourier-sparse signals (Donoho, 2006), where j is only non-zero for a small number
of frequencies, and multiband (Block-sparse) signals, where the Fourier transform is confined
to a small number of intervals. Methods for recovering signals in these classes have countless
applications in communication, imaging, statistics, and a wide variety of other disciplines
(Eldar, 2015).

More generally, in statistical signal processing, a prior distribution, specified by some probabil-
ity measure y, is often assumed on the frequency content of y (Eldar and Unser, 2006; Ramani
et al., 2005). For signals with bandlimit F, y would be the uniform probability measure on
[—F F1. Alternatively, instead of assuming a hard bandlimit, a zero-centered Gaussian prior on
¥ can encode knowledge that higher frequencies are less likely to contribute significantly to y,
although they may still be present. Such a prior naturally suits a Bayesian approach to signal
reconstruction (Handcock and Stein, 1993) and, in fact, is essentially equivalent to assuming y
is a stationary stochastic process with a certain covariance function (Avron et al., 2019). Under
various names, including “Gaussian process regression” and “kriging,” likelihood estimation
under a covariance prior is the dominant statistical approach to fitting continuous signals in
many scientific disciplines, from geostatistics to economics to medical imaging (Ripley, 2005;
Rasmussen, 2003).

3.1.3 Our contributions

Despite their clear importance, accurate methods for fitting continuous signals under most
common Fourier transform priors are not well understood, even 50 years after the ground-
breaking work of Slepian, Landau, and Pollak on the bandlimited problem. The only exception
is Fourier sparse signals: the noiseless interpolation problem can be solved using classical
methods (de Prony, 1795; Pisarenko, 1973; Bresler and Macovski, 1986), and recent work has
resolved the much more difficult noisy case (Chen et al., 2016; Chen and Price, 2019).

In this chapter, we address the problem far more generally. Our contributions are as follows:

1. We tightly characterize the information theoretic sample complexity of reconstructing y
under any Fourier transform prior, specified by probability measure u. In essentially all
settings, we can prove that this complexity scales nearly linearly with a natural statistical
dimension parameter associated with u. See Theorem 3.2.1.

2. We present a method for sampling from y that achieves the aforementioned statistical
dimension bound to within a polylogarithmic factor. Our approach is randomized
and universal: we prove that it is possible to draw #,..., f; from a fixed non-uniform
distribution over [0, T'] that is independent of 11, i.e., “spectrum-blind.” In other words,
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the same sampling scheme works for bandlimited, sparse, or more general priors. See
Theorem 3.2.2.

3. We show that y can be recovered from #y,..., f; using a simple, efficient, and completely
general interpolation method. In particular, we just need to solve a kernel ridge regres-
sion problem using y(f1),..., y(#4), with an appropriately chosen kernel function for u.
This method runs in O(g®) time and is already widely used for signal reconstruction in
practice, albeit with sub-optimal strategies for choosing 11, ..., t;. See Theorem 3.2.3.
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Figure 3.2 — Examples of Fourier transform “priors” induced by various measures u (we plot
the corresponding density). Our algorithm can reconstruct signals under any of these priors.

Overall, this approach gives the first finite sample, provable approximation bounds for all
common Fourier-constrained signal reconstruction problems beyond bandlimited and sparse
functions.

Our results are obtained by drawing on a rich set of tools from randomized numerical linear
algebra, including sampling methods for approximate regression and deterministic column-
based low-rank approximation methods (Batson et al., 2009; Cohen et al., 2016a). Many of
these methods view matrices as sums of rank-1 outer products and approximate them by
sampling or deterministically selecting a subset of these outer products. We adapt these tools
to the approximation of continuous operators, which can be written as the (weak) integral of
rank-1 operators. For example, our universal time domain sampling distribution is obtained
using the notion of statistical leverage (Spielman and Srivastava, 2008; Alaoui and Mahoney,
2015; Drineas and Mahoney, 2016), extended to a continuous Fourier transform operator
that arises in the signal reconstruction problem. We hope that, by extending many of the
fundamental contributions of randomized numerical linear algebra to build a toolkit for
‘randomized operator theory’, our work will offer a starting point for progress on many signal
processing problems using randomized methods.
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3.2 Formal Statement of Results

As suggested, we formally capture Fourier structure through any probability measure p over
the reals.> We often refer to u as a “prior”, although we will see that it can be understood beyond
the context of Bayesian inference. The simplicity of a set of constraints will be quantified by a
natural statistical dimension parameter for y, defined in Section 3.2.1.

For signals with bandlimit F, y is the uniform probability measure on [—F, F]. For multiband
signals, it is uniform on the union of k intervals, while for Fourier-sparse functions, p is
uniform on a union of k Dirac measures. More general priors are visualized in Figure 3.2.
Those based on Gaussian or Cauchy-Lorentz distributions are especially common in scientific
applications, and we will discuss examples shortly. For now, we begin with our main problem
formulation.

Problem 3.2.1. Given a known probability measure pon R, for any ¢ € [0, T], define the inverse
Fourier transform of a function g(¢) with respect to u as,

|7 8| d=effR g™ du(). (3.1)

Suppose our input y can be written as y = & x for some frequency domain function x(¢) and,
for any chosen ¢, we can observe y(t) + n(t) for some fixed noise function rn(¢). Then, for error
parameter €, our goal is to recover an approximation j satisfying,

ly— 715 <ellxlZ+ Clnl?, (3.2)
where IIxIIfl dgffR |x(&)[? d (&) is the energy of the function x with respect to y, while IIZIIZT et

%fOT |z(1)|2dt, so that ly— }7||2T is our mean squared error and || n||2T is the mean squared noise
level. C = 1 is a fixed positive constant.

Unlike the ||x||i term in (3.2), which we can control by adjusting ¢, we can never hope to
recover y to accuracy better than || nIIZT. Accordingly, we consider || nIIZT to be small and are
happy with any solution of Problem 3.2.1 that is within a constant factor of optimal - i.e.,
where C = O(1).

Problem 3.2.1 captures signal reconstruction under all standard Fourier transform constraints,
including bandlimited, multiband, and sparse signals.* The error in (3.2) naturally scales with
the average energy of the signal over the allowed frequencies. For more general priors, ||x||fl
will be larger when y contains a significant component of frequencies with low density in u.>

3Formally, we consider the measure space (R, 2, 1t) where 23 is the Borel o-algebra on R.

4For sparse or multiband signals, Problem 3.2.1 assumes frequency or band locations are known a priori. There
has been significant work on algorithms that can recover y when these locations are not known (Mishali and Eldar,
2009; Moitra, 2015; Price and Song, 2015; Chen et al., 2016). Understanding this more complicated problem in the
multiband case is an important future direction.

SInformally, decreasing d (&) by a factor of ¢ > 1 requires increasing x(¢) by a factor of c to give the same time
domain signal. This increases x(¢)2 by a factor of ¢ and so increases its contribution to | xllﬁ by a factor of ¢?/c = c.
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For a given number of samples, we would thus incur larger error in (3.2) in comparison to a
signal that uses more “likely” frequencies.

As an alternative to Problem 3.2.1, we can formulate signal fitting from a Bayesian perspective.
We assume that 7 is independent random noise, and y is a stationary stochastic process with
expected power spectral density p. This assumption on y’s power spectral density is equivalent
to assuming that y has covariance function (a.k.a. autocorrelation) fi(¢), which is the type of
prior used in kriging and Gaussian process regression.

Examples and applications

As discussed in Section 3.1.2, “hard constraint” versions of Problem 3.2.1, such as bandlimited,
sparse, and multiband signal reconstruction, have many applications in communications,
imaging, audio, and other areas of engineering. Generalizations of the multiband problem to
non-uniform measures (see Figure 3.2d) are also useful in various communication problems
(Mishali and Eldar, 2010).

On the other hand, “soft constraint” versions of the problem are widely applied in scientific
applications. In medical imaging, images are often denoised by setting u to a heavy-tailed
Cauchy-Lorentz measure on frequencies (Fuderer, 1989; Lettington and Hong, 1995). This
corresponds to assuming an exponential covariance function for spatial correlation. Exponen-
tial covariance and its generalization, Matérn covariance, are also common in the earth and
geosciences (Ripley, 1991, 2005), as well as in general image processing (Pesquet-Popescu and
Véhel, 2002).

A Gaussian prior u, which corresponds to Gaussian covariance, is also used to model both
spatial and temporal correlation in medical imaging (Friston et al., 1994; Worsley et al., 1996)
and is very common in machine learning. Other choices for y are practically unlimited. For
example, the popular ArcGIS kriging library also supports the following covariance functions:
circular, spherical, tetraspherical, pentaspherical, rational quadratic, hole effect, k-bessel, and
j-bessel, and stable (ESRI, 2001).

3.2.1 Sample complexity

With Problem 3.2.1 defined, our first goal is to characterize the number of samples required to
reconstruct y, as a function of the accuracy parameter e, the range T, and the measure 1. We
do so using what we refer to as the Fourier statistical dimension of u, which corresponds to the
standard notion of statistical or ‘effective dimension’ for regularized function fitting problems
(Hastie et al., 2009; Zhang, 2005).

Definition 3.2.2 (Fourier statistical dimension). For a probability measure y on R and time
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length T, define the kernel operator &), : L>(T) — La(T )8 as:
11 e
(K2l ()% f e?mitt [— f z(s)e S ds| du(&). (3.3)
EeR T Jsero,m

Note that %), is self-adjoint, positive semidefinite and trace-class.” The Fourier statistical
dimension for g, T, and error € is denoted by Spe and defined as:
def -1
Sye = tr (Au(Hy+eIr)7), (3.4)
where .7 is the identity operator on Ly(T). Letting A;(.%},) denote the i’ " largest eigenvalue
of %, we may also write,

& Ai(Hy)

Spe= Y LT 3.5)
g ;Ai(xu)+€

Note that £}, and s, ¢ as defined above, depend on T and thus could naturally be denoted
K, and s, ¢ 7. However, since T is fixed throughout our results, for conciseness we do not
use T in our notation for these and related notions.

It is not hard to see that s, increases as € decreases, meaning that we will require more
samples to obtain a more accurate solution to Problem 3.2.1. The operator %), corresponds
to taking the Fourier transform of a time domain input z(¢), scaling that transform by y, and
then taking the inverse Fourier transform. Readers familiar with the literature on bandlimited
signal reconstruction will recognize %), as the natural generalization of the frequency limiting
operator studied in the celebrated work of Slepian and Pollak (1961); Landau and Pollak (1961,
1962) on prolate spheroidal wave functions. In that work, it is established that a quantity
nearly identical to s, ¢ bounds the sample complexity of solving Problem 3.2.1 for bandlimited
functions.

Our first technical result is that this is actually true for any prior p.

Theorem 3.2.1 (Main result, sample complexity). For any probability measure y, Problem
3.2.1 can be solved using q = O (s, -log s#,e) noisy signal samples y(t)) + n(t1),..., y(tg) + n(ty).

What does Theorem 3.2.1 imply for common classes of functions with constrained Fourier
transforms? Table 3.1 includes a list of upper bounds on s, . for many standard priors.

A complexity of O(sy ¢ -log s, ¢) equates to O(k) samples for Fourier k-sparse functions and
O(FT +log1/e) for bandlimited functions. Up to log factors, these bounds are tight for these
well studied problems. In Section 3.6, we show that Theorem 3.2.1 is actually tight for all
common Fourier transform priors: Q(s, ¢) time points are required for solving Problem 3.2.1

GLg(T) denotes the complex-valued square integrable functions with respect to the uniform measure on [0, 7.
7See Section 3.3 for a formal explanation of these facts.
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Fourier prior, y Statistical dimension, s, Proof

k-sparse k Since %, has rank k.
bandlimited to [-F, F] O(FT +log(1/¢e)) Theorem B.3.1.
multiband, widths Fi,...,Fs  O(X; F; T + slog(1/¢)) Theorem B.4.1.8
Gaussian, variance F O(FT+/log(1/€) +log(1/e)) Theorem B.4.2.
Cauchy-Lorentz, scale F O(FTV1/e+V1/e) Theorem B.4.3.

Table 3.1 — Statistical dimension upper bounds for common Fourier interpolation problems.
Our result (Theorem 3.2.1) requires O(s;, ¢ -log s, ¢) samples.

as long as sy, ¢ grows slower than 1/¢? for some p < 1. This property holds for all Fourier priors
u listed in Table 3.1.

To compliment the sample complexity bound of Theorem 3.2.1, we introduce a universal
method for selecting samples f1, ..., f4 that nearly matches this complexity. Our method selects
samples at random, in a way that does not depend on the specific prior p.

Theorem 3.2.2 (Main result, sampling distribution). For any sample size q, there is a fixed
probability density p, over [0, T] such that, if q time points 1y,...,t, are selected indepen-
dently at random according to pg, and q = c- sy -log? Sue for some fixed constant c, then
it is possible to solve Problem 3.2.1 with probability 99/100 using the noisy signal samples
y(t) +n(n),..., y(tg) + niig) 2

Theorem 3.2.2 is our main technical contribution. By achieving near-optimal sample complex-
ity with a universal distribution, it shows that wide range of Fourier constrained interpolation
problems considered in the literature are more closely related than previously understood.

Moreover, p, (which is formally defined in Theorem 3.5.6) is very simple to describe and
sample from. As may be intuitive from results on polynomial interpolation, bandlimited
approximation, and other function fitting problems, it is more concentrated towards the
endpoints of [0, T'], so our sampling scheme selects more time points in these regions. The
density is shown in Figure 3.3.

3.2.2 Algorithmic complexity

While Theorem 3.2.2 immediately yields an approach for selecting samples 11,..., , it is
only useful if we can efficiently solve Problem 3.2.1 given the noisy measurements y(f;) +
n(t),...,y(ty) + n(ty). We show that this is possible for a broad class of constraint measures.

8Just as Theorem B.3.1 intuitively matches the Nyquist sampling rate, Theorem B.4.1 intuitively matches the
Landau rate for asymptotic recovery of multiband functions (Landau, 1967).
9In Section 3.5.4, we formally quantify the tradeoff between success probability and sample complexity.
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of
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y(t)
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o
min(¢,7—t)

0 T
t

(a) Density for selecting time points. (b) Example set of nodes sampled according to
Pq-
Figure 3.3 - A visualization of the universal sampling distribution, p4, which can be used for
reconstructing a signal under any Fourier prior u. To obtain p, for a given number of samples
g, choose a so that g = ©(alog? a). Set z4(1) equal to a/ min(z, T — t), except near 0 and T,
where the function is capped at z,(f) = a®. Construct pq by normalizing z, to integrate to 1.

Specifically, we only need to efficiently compute the positive-definite kernel function'©:
ku(t1, 12) =f e 2=t gy ), (3.6)
{eR

The above integral can be approximated via numerical quadrature, but for many of the afore-
mentioned applications, it has a closed-form. For example, when p is supported on just
k frequencies, it is a sum of these frequencies. When p is uniform on [-F F], k,(#1, t2) =
sinc(2nF(# — t2)). For multiband signals with s bands, k,(#1, £2) is a sum of s modulated sinc
functions. In fact, k,(#1, £2) has a closed-form for all u illustrated in Figure 3.2. Further details
are discussed in Appendix B.5. Assuming a subroutine for computing k(f1, f2), our main
algorithmic result is as follows:

Theorem 3.2.3. (Main result, algorithmic complexity) There is an algorithm that solves Prob-

lem 3.2.1 with probability 99/100 which uses O (sy,c - log? (Sue)) time domain samples (sampled

2,
e

ing the ability to compute k,(t1, 1) forany t1,t, €10, T] in Z timell The algorithm returns a

according to the distribution given by Theorem 3.2.2) and runs in O (Sﬁ,e +s Z) time, assum-

representation of y(t) that can be evaluated in O(sﬂ,e - Z) time for any t.

For bandlimited, Gaussian, or Cauchy-Lorentz priors u, Z = O(1). For s sparse signals or
multiband signals with s blocks, Z = O(s).

We note that, while Theorem 3.2.3 holds when O(s,,) samples are taken, s, may not be
known and thus it may be unclear how to set the sample size. In our full statement of the
Theorem in Section 3.5.4 we make it clear that any upper bound on s, . suffices to set the

10when y is real valued, it makes sense to consider symmetric p. In this case, k,l is also real valued. However, in
general it may be complex valued.

HEor conciseness, we use O(z) to denote O(zlog® z), where ¢ is some fixed constant (usually < 2). In formal
theorem statements we give ¢ explicitly. w < 2.373 is the current exponent of fast matrix multiplication (Williams,
2012).
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sample size. The sample complexity will depend on how tight this upper bound is. In Appendix
B.4 we give upper bounds on s, for a number of common y, which can be plugged into
Theorem 3.2.3.

3.2.3 Our approach

Theorems 3.2.1, 3.2.2, and 3.2.3 are achieved through a simple and practical algorithmic
framework. In Section 3.4, we show that Problem 3.2.1 can be modeled as a least squares re-
gression problem with 5 regularization. Aslong as we can compute k,(f1, f2), we can solve this
problem using kernel ridge regression, a popular function fitting technique in nonparametric
statistics (Shawe-Taylor et al., 2004).

Naively, the kernel regression problem is infinite dimensional: it needs to be solved over
the continuous time domain [0, T'] to solve our signal reconstruction problem. This is where
sampling comes in. We need to discretize the problem and establish that our solution over
a fixed set of time samples nearly matches the solution over the continuous interval. To
bound the error of discretization, we turn to a tool from randomized numerical linear algebra:
statistical leverage score sampling (Spielman and Srivastava, 2008; Drineas and Mahoney,
2016). We show how to randomly discretize Problem 3.2.1 by sampling time points with
probability proportional to an appropriately defined non-uniform leverage score distribution
on [0, T. The required number of samples is O(s;, ¢ 10g s, ), which proves Theorem 3.2.1.

Unfortunately, the leverage score distribution does not have a closed-form, varies depending
one, T, and yu, and likely cannot be sampled from exactly. To prove Theorem 3.2.2, we show
that for any y, for large enough g, the closed form distribution p, upper bounds the leverage
score distribution. This upper bound closely approximates the true leverage score distribution
and, therefore, can be used in its place during sampling, losing only a logs,, . factor in the
sample complexity.

The leverage score distribution roughly measures, for each time point ¢, how large |y(#)|?
can be compared to || y||2T when y’s Fourier transform is constrained by u (i.e., when || x|
as defined in Problem 3.2.1 is bounded). To upper bound this measure we turn to another
powerful result from the randomized numerical linear algebra literature: every matrix contains
a small subset of columns that span a near-optimal low-rank approximation to that matrix
(Sarlos, 2006; Boutsidis et al., 2009; Deshpande and Rademacher, 2010). In other words,
every matrix admits a near-optimal low-rank approximation with sparse column support.
By extending this result to continuous linear operators, we prove that the smoothness of a
signal whose Fourier transform has || xlli bounded is tightly captured by the smoothness of an
O(sy,e)-sparse Fourier function. This lets us reduce every Fourier prior to Fourier sparsity and
apply recent results of (Chen et al., 2016; Chen and Price, 2019) that bound |y(#)|? in terms
of || y||2T for any Fourier sparse function y . Intuitively, our result shows that the simplicity of
sparse Fourier functions governs the simplicity of any class of Fourier constrained functions.
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The above argument yields Theorem 3.2.2. Since we can sample from p, in O(1) time, we can
efficiently sample the time domain to O (s, -log? Su,e) points and then solve Problem 3.2.1 by
applying kernel ridge regression to these points, which takes O (sﬁ6 + sﬁ’e .
the ability to compute ky(-,-) in Z time. This yields the algorithmic result of Theorem 3.2.3.

Z ) time, assuming

3.2.4 Roadmap

The rest of this chapter is structured as follows:

Section 3.3 We lay out basic notation that is used throughout the paper.

Section 3.4 We reduce Problem 3.2.1 to a kernel ridge regression problem and explain how
to randomly discretize and solve this problem via leverage score sampling, proving
Theorem 3.2.1.

Section 3.5 We give an upper bound on the leverage score distribution for general priors,
proving Theorems 3.2.2 and 3.2.3.

Section 3.6 We prove that, under a mild assumption, the statistical dimension tightly char-
acterizes the sample complexity of solving Problem 3.2.1, and thus that our results are
nearly optimal.

In Appendix B.1 we give operator theory preliminaries. In Appendix B.2 we prove our ex-
tensions of a number of randomized linear algebra primitives to continuous operators. In
Appendix B.3, we bound the statistical dimension for the important case of bandlimited func-
tions. We use this result in Appendix B.4 to prove statistical dimension bounds for multiband,
Gaussian, and Cauchy-Lorentz priors (shown in Table 3.1). In Appendix B.5, we show how to
compute the kernel function k, for these common priors.

3.3 Notation

Let p be a probability measure on (R, 98), where 28 is the Borel o-algebra on R. Let L, (1) denote
the space of complex-valued square integrable functions with respect to u. For a, b € Ly (u),
let {a, b), denote f&R a(&)*b(&) du(&) where for any x € C, x* is its complex conjugate. Let
I aIIIZI denote (a, a),. Let ., denote the identity operator on Ly (u). Note that for any u, Ly (u) is
a separable Hilbert space and thus has a countably infinite orthonormal basis (Hunter and
Nachtergaele, 2001).

We overload notation and use L, (T) to denote the space of complex-valued square integrable
functions with respect to the uniform probability measure on [0, T]. It will be clear from
context that T is not a measure. For a,b € L,(T), let {a, b) r denote % fOT a()*b(t)dt and let
I aIIZT denote (a, a) 7. Let #1 denote the identity operator on Ly(7).
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Define the Fourier transform operator &, : L>(T) — La(u) as:

1 (7 .
(Fuf1 &) == fo f(ne ™% dz. (3.7)

The adjoint of F, is the unique operator & : L(u) — Lo(T) such that for all f € L,(T),g €
Lo(w) we have (g, 7, f)u = (%, & f)r. 1tis not hard to see that #, is the inverse Fourier
transform operator with respect to u as defined in Section 3.2, equation (3.1):

* def i
[% g] (1= ng(é)eZ”l“du('S). (3.8)
Note that the kernel operator &), : L»(T) — L»(T) originally defined in (3.3) is equal to
A, is self-adjoint, positive semidefinite and trace-class and an integral operator with kernel
ky:

T
[lfuZ](t)=lf ku(s, t)z(s)ds,
T Jo

where k;, is as defined in (3.6). The trace of %), is equal to 1.!2 We will also make use of the

def . . . .. . .
Gram operator: 4, = 9“355, %, is also self-adjoint, positive semidefinite, and trace-class.

Remark: It may be useful for the reader to informally regard %, as an infinite matrix with rows
indexed by ¢ € R and columns indexed by ¢ € [0, T]. Following the definition of &, above, and
assuming that u has a density p, this infinite matrix has entries given by:

Fu, 0=/ %‘5) e I (3.9)

The results we apply on leverage score sampling can all be seen as extending results for finite
matrices from the randomized numerical linear algebra literature to this infinite matrix.

3.4 Function Fitting with Least Squares Regression

Least squares regression provides a natural approach to solving the interpolation task of
Problem 3.2.1. In particular, consider the following regularized minimization problem over

12gince the kernel is a Fourier transform of a probability measure, it is Hermitian positive definite (Bochner’s
Theorem). Then we can conclude that £, is trace-class from Mercer’s theorem, and calculate tr(%},) =

L ku(t,nde=1.
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functions g € Ly (u)'3:

. * 2 2
min 17, 8= (y+mlT+ellglly. (3.10)

The first term encourages us to find a function g whose inverse Fourier transform is close
to our measured signal y + n. The second term encourages us to find a low energy solution
— ultimately, we solve (3.10) based on only a small number of samples y(t1),..., y(t), and
smoother, lower energy solutions will better generalize to the entire interval [0, T]. We remark
that it is well known that least squares approximations benefit from regularization even in the
noiseless case (Cohen et al., 2013).

We first state a straightforward fact: if we minimize (3.10), even to a coarse approximation,
then we are able to solve Problem 3.2.1.

Claim 3.4.1. Lety = &, x, n € Lo(T) be an arbitrary noise function, and for any C = 1, let
g € Lo(u) be a function satisfying:

. 2 5112 i o 2 2
1F,8—(y+mlT+ellgll,<C (min, 17, 8= (y+mlT+elgly|-
Then

19, § - yIF < 2CellxIl + 2(C + DI nll7.

Proof. Since y = % ; x, minger, [||9;g— (y+ml5 +ellglls| < Inl% +elxll%. Thus, |F;§ -
(v +mI5 < Cell x5 + Cllnll%. The claim then follows via triangle inequality:

1F;&~ylr—lnlr<IF;g§-y+mnlr

17, &—ylr = \/C€IIXII,%+ Clinl%+lnlr

17, & - 7 < 2CellxIl, + 2(C + DI nl7.

Claim 3.4.1 shows that approximately solving the regression problem in (3.10), with regular-
ization parameter € gives a solution to Problem 3.2.1 with parameter 2Ce (decreasing the
regularization parameter to 5 will let us solve with parameter €). But how can we solve
the regression problem efficiently? Not only does the problem involve a possibly infinite
dimensional parameter vector g, but the objective function also involves the continuous time
interval [0, T7].

13The fact that the minimum is attainable is a simple consequence of the extreme value theorem, since the
search space can be restricted to ||g||!21 <ly+n IIZT/e.
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3.4.1 Random discretization via leverage function sampling

The first step is to deal with the latter challenge, i.e., that of a continuous time domain. We
show that it is possible to randomly discretize the time domain of (3.10), thereby reducing
our problem to a regression problem on a finite set of times #1,..., ;. In particular, we can
sample time points with probability proportional to the so-called ridge leverage function, a
specific non-uniform distribution that has been applied widely in randomized algorithms for
regression and other linear algebra problems on discrete matrices (Alaoui and Mahoney, 2015;
Cohen et al., 2017; Musco and Musco, 2017; Musco and Woodruff, 2017).

While we cannot compute the leverage function explicitly for our problem, an issue highlighted
by Bach (2017), our main result (Theorem 3.2.2) uses a simple, but very accurate, closed form
approximation in its place. We start with the definition of the ridge leverage function:

Definition 3.4.1 (Ridge leverage function). For a probability measure ¢ on R, time length
T >0, and € = 0, we define the e-ridge leverage function for ¢ € [0, T] as'*:

2

) |17, a1 (o)

Tpe(t)=—- max 3 . (3.11)
T tacLo(u:lal,>0) || 72k a7 + e el

Intuitively, the ridge leverage function at time ¢ is an upper bound of how much a function
can “blow up” at t when its Fourier transform is constrained by p. The denominator term
” T, a HZT is the average squared magnitude of the function F;; @, while the numerator term,
|[$:; al(t)|?, is the squared magnitude at ¢. The regularization terme || a ||f¢ reflects the fact that,
to solve (3.10), we only need to bound the smoothness for functions with bounded Fourier
energy under p. As observed in (Pauwels et al., 2018), the ridge leverage function can be
viewed as a type of Christoffel function, studied in the literature on orthogonal polynomials
and approximation theory (Pauwels et al., 2018; Totik, 2000; Borwein and Erdélyi, 1995).

The larger the leverage “score” 7,,¢(f), the higher the probability we will sample time ¢, to
ensure that our sample points well reflect any possibly significant components or ‘spikes’ of
the function y. Ultimately, the integral of the ridge leverage function fOT Tye(t)dt determines
how many samples we require to solve (3.10) to a given accuracy. Theorem 3.4.1 below states
the already known fact that the ridge leverage function integrates to the statistical dimension
(Avron et al., 2017c), which will ultimately allow us to achieve the O(sw) sample complexity
bound of Theorems 3.2.1 and 3.2.2. Theorem 3.4.1 also gives two alternative characterizations
of the leverage function that will prove useful. The theorem is proven in Appendix B.2, using
techniques for finite matrices, adapted to the operator setting.

14Formally L, (T) is a space of equivalence classes of functions that differ at a set of points with measure 0. For
notational simplicity, here and throughout we use & ; a to denote the specific representative of the equivalence
class F}lf a € Ly(T) given by (3.8). In this way, we can consider the pointwise value [gz;; a] (1), which we could

i f _ P&
alternatively express as (@, @), for () def —omir¢
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Theorem 3.4.1 (Leverage function properties). Let 7 ¢(t) be the ridge leverage function (Defi-
nition 3.4.1) and define ¢ € Ly(1) by ¢ (&) d:efe_?‘””‘(. We have:

* The ridge leverage function integrates to the statistical dimension:
T def i
f Tue(Ddt = sye = tr(Hy(Hy+eIr)7). (3.12)
0

e Inner Product characterization:

1
Tue(t) == (e, Gu+eI) Py (3.13)

e Minimization Characterization:

2
1 . ”gﬂﬁ_(pt”y 2
Tpe(l) = T i ————+ 187 (3.14)

In Theorem 3.4.2, we give our formal statement that the ridge leverage function can be used to
randomly sample time domain points to discretize the regression problem in (3.10) and solve it
approximately. While complex in appearance, readers familiar with randomized linear algebra
will recognize Theorem 3.4.2 as closely analogous to standard approximate regression results
for leverage score sampling from finite matrices (Clarkson and Woodruff, 2017). As discussed,
since we are typically unable to sample according to the true ridge leverage function, we give a
general result, showing that sampling with any upper bound function with a finite integral
suffices.

Theorem 3.4.2 (Approximate regression via leverage function sampling). Assume thate <
[ Al Op.15 Consider a measurable function ¥, () with Ty,e(t) = Ty (¢) forall t and let §,,c =
Jo Tue®dt. Lets=c- 3y, (logS,c + 1/6) for sufficiently large fixed constant c and let ty, ..., t;
bei.i.d. time points selected by drawing each randomly from [0, T] with probability proportional

toTue(t). Forjel,...,s, letw;= \/SLT . fi“fm. LetF:C° — Ly(u) be the operator defined by:

[Fel@ =Y w;-g(j)-e 2"
=1

andy,n € R® be the vectors withy(j) = w;j-y(t;) andn(j) = w;- n(t;). Let:

g = argming;, [IIF*g— (y+n)||§+e||g||i] (3.15)
With probability=1-0:
* s 2 5112 : L 2 2
1758 0+ wi+elglf <3 min (178~ (+ i+ elgl]. (3.16)

Bife> |2 op then (3.10) is solved to a constant approximation factor by the trivial solution g =0.
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A generalized version of this result is proven in Appendix B.2, which holds even when g is only
an approximate minimizer of (3.15).

Theorem 3.4.2 shows that g obtained from solving the discretized regression problem provides
an approximate solution to (3.10) and by Claim 3.4.1, y = 9; g solves Problem 3.2.1 with
parameter O(¢). If we have 7, ¢ () = 7 (#), Theorem 3.4.2 combined with Claim 3.4.1 shows
that Problem 3.2.1 with parameter ©(¢) can be solved with sample complexity O (sﬂye -log Su,e),
since by (3.12), fOT Tyue(t)dt = sy e. Note that, by simply decreasing the regularization parame-
ter in (3.10) by a constant factor, we can solve Problem 3.2.1 with parameter €. The asymptotic
complexity is identical since, by (3.14), forany c < 1, any t € [0, T, T ce(£) < %Tﬂ,g(t) and so:

1
S'lL,CG = ES‘u,g. (3.17)

This proves the sample complexity result of Theorem 3.2.1. However, since it is not clear
that sampling according to 7,¢(f) can be done efficiently (or at all), it does not yet give an
algorithm yielding this complexity.'® This issue will be addressed in Section 3.5, where we
prove Theorem 3.2.2.

We prove Theorem 3.4.2 in Appendix B.2. We show that leverage function sampling satisfies,
with good probability, an affine embedding guarantee: that |F*g — (y+n) ||§ +ell glli closely
approximates |, g — (y + n) ||2T + ellglli forall g € Ly(u). Thus, a (near) optimal solution to
the discretized problem, mingey, () [ IF*g—(y+n) ||§ +el glli] , gives a near optimal solution

to the original problem, mingey, () [Ilgﬂ’;g -(y+n) ||2T + ellglli]. Our proof of the affine em-
bedding property is analogous to existing proofs for finite dimensional matrices (Clarkson
and Woodruff, 2017; Avron et al., 2017b).

3.4.2 Efficient solution of the discretized problem

Given an upper bound on the ridge leverage function 7, ¢ () = 7, ¢(f), we can apply Theorem
3.4.2 to approximately solve the ridge regression problem of (3.10) and therefore Problem 3.2.1
by Claim 3.4.1. In Section 3.5 we show how to obtain such an upper bound for any p using a
universal distribution.

First, however, we demonstrate how to apply Theorem 3.4.2 algorithmically. Specifically,
we show how to solve the randomly discretized problem of (3.15) efficiently. Combined
with Theorem 3.4.2 and our bound on 7,() given in Section 3.5, this yields a randomized
algorithm (Algorithm 13) for Problem 3.2.1. The formal analysis of Algorithm 13 is given in
Theorem 3.4.3.

Theorem 3.4.3 (Efficient signal reconstruction given leverage function upper bounds). Assume

16yye conjecture that the existential sample complexity can in fact be upper bounded by O(sy,¢) by adapting
deterministic sampling methods for finite matrices to the operator setting (Cohen et al., 2016a), like we do in
Lemma B.2.3.
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Algorithm 13 Time Point Sampling and Signal Reconstruction

input: Probability measure u(¢), €,6 > 0, time bound 7, and function y: [0, T] — R. Ridge
leverage function upper bound 7, ¢ (1) = 7, () with §, ¢ = fOT Tue(ndr.

output: f1,...,1,€ [0, Tl and z€ C°.

1: Let s = ¢+ Sy - (log Sy + ) for a sufficiently large constant c.
2: Independently sample #1,..., t; € [0, T] with probability proportional to 7, ¢(¢) and set the

L, Sue

ST Tpe(t)

: Let Ke C*** be the matrix with K(i, j) = w; w; - k,(t;, t;).
: Let y € C° be the vector with (i) = w; - [y(¢;) + n(t;)].

: Compute z:= (K+el)_1§7.

: return f1,...,t;€ [0, T] and z € C* with z(i) = z(i) - w;.

weight w; :=

D s W

Algorithm 14 Evaluation of Reconstructed Signal
input: Probability measure u(¢), t1,..., t; € [0, T], z€ C*, and evaluation point ¢ € [0, T].
output: Reconstructed function value y(¢).

1: Forie{l,...,s}, compute ky(t;, ) = fée[R e =D gy (&),

2: return y(1) = Y7, (i) - ky (83, ).

thate < | &y ||0p.17 Algorithm 13 returns ti,..., t; € [0, T] andz € C* such that j(t) = ¥.3_, (i) -
k,(t;, 1) (as computed in Algorithm 14) satisfies with probability =1 —6:

|7-yI7 < 6ellxly+81n1%

Suppose we can sample t € [0, T| with probability proportional to T, ¢ (t) in time W and compute
the kernel function ky (11, 1) = [¢ep e """~ du(&) in time Z. Algorithm 13 queries y + n at s
points and runs in O (s- W + s*- Z + s°) time'® where s = O (5y,¢ - (log Sy, + 1/6)). Algorithm 14
evaluates j(t) in O(s- Z) time for any t.

Proof. In Step 2 of Algorithm 13, 7,..., t; are sampled according to 7,(#), which upper
bounds 7, (). We can thus apply Theorem 3.4.2. If the constant ¢ in Step 1 is set large enough,
with probability = 1 -9, letting F,y, and n be as defined in that theorem, (3.16) holds for

g=argming.;,, |IF'g - (y+mI3 +elglZ].
Therefore, letting j/d:dg ., § and applying Claim 3.4.1, with probability = 1 -6,
17 - |5 s6ellxl? +8lnl%. (3.18)

Furthermore, the minimizer g is indeed unique and can be written as (see Lemma B.2.1 in

17As discussed for Theorem 3.4.2, if € > || || op» Problem 3.2.1 is trivially solved by j = 0.

18Here w < 2.373 is the exponent of fast matrix multiplication. s is the theoretically fastest runtime required to
invert a dense s x s matrix. We note that the s term may be thought of as s3 in practice, and potentially could be
accelerated using a variety of techniques for fast (regularized) linear system solvers.
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Appendix B.2):
g=FK+eD) (y+n) =FK+eD)y

where K = F*Fis as defined in Step 3 of Algorithm 13 and y = y + n is formed in Step 4. If we let
z = (K+e€I)"'y and let z have z(i) = Z(i) - w; as in Steps 5 and 6, we can see that:

S
J=F;8=) z(i) w; ky(t;,1)
i=1
N

= Z(l.)'k#(ti, t)»
i=1

1=

giving the expression returned in Algorithm 14. Combined with (3.18), this completes the
accuracy bound of the theorem. The runtime and sample complexity bounds follow from
observing that:

s+ W time is required to sample 3,..., f; in Step 2.
e s2.Z time is required to form K in Step 3.
* squeries to y + n are required to form y in Step 4.

¢ O(s®) time is required to compute z:= (K+ €I)_1§I in Step 5. This runtime could poten-
tially be improved with a variety of fast system solvers. We take s” as a simple upper
bound.

¢ O(s- Z) time is required to compute k(ty, ?),..., k(s, t) to evaluate y(¢) in Algorithm 14.

This completes the proof of Theorem 3.4.3. O

Remark: As discussed, in Section 3.5 we will give a ridge leverage function upper bound that
can be sampled from in W = O(1) time and closely bounds the true leverage function for any
W, giving 8¢ = Oy, <108 sy,c). Using this upper bound to sample time domain points, our
sample complexity s is thus within a O(log s, ¢) factor of the best possible using Theorem 3.4.2,
which we would achieve if sampling using the true ridge leverage function.

In Appendix B.3 we prove a tighter leverage function bound than the one in Section 3.5 for
bandlimited signals, removing the logarithmic factor in this case. It is not hard to see that for
general u we can also achieve optimal sample complexity by further subsampling 1y,..., t;
using the ridge leverage scores of K'/2. These scores can be computed in O(s- 57 ;) time
using known techniques for finite kernel matrices (Musco and Musco, 2017). Subsampling
0} (S"‘IZ# time domain points according to these scores lets us approximately solve the
discretized problem of (3.15) to error (1 +A).

Applying the more general version of Theorem 3.4.2 stated in Appendix B.2, this yields an
approximate solution to (3.10) and thus to Problem 3.2.1. For constant , we need just
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O Sy, -10g sy,c) time samples to to solve the subsampled regression problem, matching the
best possible sample complexity of Theorem 3.4.2. By the lower bound given in Section 3.6,
Theorem 3.6.2, this complexity is within a O(log s, ¢) factor of optimal in nearly all settings.
We conjecture that one can in fact achieve within an O(1) factor of the optimal sample com-
plexity by applying deterministic selection methods to F (Cohen et al., 2016a), similar to the
techniques used to prove Lemma B.2.3.

3.5 A Near-optimal Spectrum Blind Sampling Distribution

In the previous section, we showed how to solve Problem 3.2.1 given the ability to sample time
points according to the ridge leverage function 7, ¢. In general, this function depends strongly
on T, u, and €, and it is not clear if it can be computed or sampled from directly.

Nevertheless, in this section we show that it is possible to efficiently obtain samples from a
function that very closely approximates the true leverage function for any constraint measure
u. In particular we describe a set of closed form functions 7, (¢), each parameterized by a > 0.
T upper bounds the leverage function 7, ¢ for any p and ¢, as long as the statistical dimension
Sy,e = O(a). Our upper bound satisfies

T
fo fa(t)dt:O(Suye'logsu,E)r

which means it can be used in place of the true ridge leverage function to give near optimal
sample complexity via Theorem 3.4.2 and 3.4.3. This result is proven formally in Theorem
3.5.6, which as a consequence immediately yields our main technical result, Theorem 3.2.2.
The majority of this section is devoted to building tools necessary for proving Theorem 3.5.6.

3.5.1 Uniform leverage bound via Fourier sparsification

We seek a simple closed form function that upper bounds the leverage function 7, . Ultimately,
we want this upper bound to be very tight, but a natural first question is whether it should
exists at all. Is it possible to prove any finite upper bound on 7, without using specific
knowledge of u?

We answer this first question by showing that 7, e can be upper bounded by a constant function.
Specifically, we show that for z € [0, T], 7, ¢ (#) < C for C = poly(sy,e). This upper bound depends
on the statistical dimension, but importantly, it does not depend on . Formally we show:

Theorem 3.5.1 (Uniform leverage function bound). Forallt€[0,T] ande < 119

2% (s,6)°log® (40sy.¢)
. .

Tpelt) =

Brfe>1= tr(A},), Problem 3.2.1 is trivially solved by returning y = 0.
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While Theorem 3.5.1 appears to give a relatively weak bound, proving this statement is a key
technical challenge. Ultimately, it is used in Section 3.5.3 as one of two main ingredients in
proving the much tighter leverage function bound that yields Theorem 3.5.6 and Theorem
3.2.2.

Towards a proof of Theorem 3.5.1, we consider the operator %, defined in Section 3.3. Since
F,, has statistical dimension sy ¢, £, = &, %, can have at most 2s,c eigenvalues = e:

s _ i A,z(ely) - AL(ZH) - |l . A,l(,],/#) = €| (3 19)
S M) e T g se MK e T 2 ' '

Thus, if we project %, onto the span of %),s top 25, eigenfunctions (when y is uniform on
an interval these are the prolate spherical wave functions of Slepian and Pollak (1961)) we will
approximate £}, up to its small eigenvalues. The total mass of these eigenvalues is bounded
by:

Y Ai(A) < 2e- —
A () <€ i e MKy te

Alternatively, instead of projecting onto the span of the eigenfunctions, we can approximate
£, nearly optimally by projecting %, onto the span of a subset of O(s;,¢) of its “rows" —i.e.
frequencies in the support of u. For finite linear operators, is well known that such a subset
exists: the problem of finding these subsets has been studied extensively in the literature on
randomized low-rank matrix approximation under the name column subset selection (Sarlos,
2006; Boutsidis et al., 2009; Deshpande and Rademacher, 2010). In Appendix B.2 we show that
an analogous result extends to the continuous operator &

Theorem 3.5.2 (Frequency subset selection). For some s < [36-s,,¢] there exists a set of distinct
frequencies &y, ..., & € R such that, if Cs: Ly(T) — C* andZ: L,(u) — C° are defined by:

1T ;
(Cs8)()) = f g(ne 2 dy Z= (€7 CF) D (3.20)
0
then
tr (A — C{ZZ"Cy) <4e- 5. (3.21)

Note that, if ¢ € Ly (1) is defined as ¢(¢) d:efe_zm't‘( and ¢; € C° is defined as ¢ () d:ef(p[(fj),
then we have:

* * 1 *
tr(#, —C{ZZ CS):TL[O,T] lp:—2Z (pt”idt.

20The fact that é1,...,¢s are distinct ensures that (C sC}‘)‘l exists.
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Leverage function bound proof sketch. With Theorem 3.5.2 in place, we explain how to use
this result to prove Theorem 3.5.1, i.e., to establish a universal bound on the leverage function
of #,,. For the sake of exposition, we use the term “row” of an operator .« : L(u) — L2(T) to
refer to the corresponding operator restricted to some time ¢. We use the term “column” of
an operator as the row of the adjoint operator o/ * : L,(T) — L(p), i.e., the adjoint operator
restricted to some frequency ¢.

By Theorem 3.5.2, C{Z : Ly (u) — Lo(T) (the projection of 9; onto the range of C;) closely
approximates the operator &, yet has columns spanned by just O(s¢) frequencies: ¢, ..., &s.
Thus, for any a € Ly(u), CiZa € Ly(T) is just a Fourier O(s,¢)-sparse function. Using the
maximization characterization of Definition 3.4.1, we can thus bound the time domain ridge
leverage function of C;Z by appealing to known smoothness bounds for Fourier sparse func-
tions (Chen et al., 2016; Chen and Price, 2019), even for € = 0. When € = 0, the ridge leverage
function is known as the standard leverage function in the randomized numerical linear
algebra literature, and we will refer to them as such.

We can use a similar argument to bound the row norms of the residual operator [9 e C;‘Z] .
The columns of this residual operator are each spanned by O(s,¢) frequencies, and so are
again Fourier sparse functions whose smoothness we can bound. This smoothness ensures
that no row can have norm significantly higher than average.

Finally, we note that the time domain ridge leverage function of % is approximated to within
a constant factor by the sum of the standard row leverage function of C;Z along with row
norms of 7 — C{Z. This gives us a bound on #’s ridge leverage function. We prove this
formally below:

Theorem 3.5.3 (Ridge leverage function approximation). Let C; and Z be the operators guar-
anteed to exist by Theorem 3.5.2. Let £(t) be the standard leverage function of t in C}Z:*!

1 lIC;Zal(P

oS m :
el @illal,>0 T || C¥Za| %

Let r(t) be the residual:
WL -z ¢
r - T Pt ‘Pt w’
where @, and ¢; are as defined in Theorem 3.5.2. Then for all t:

Tpe(D) sz-(z(m@)
€

Proof. For any a € L,(u) we can write [ffﬁ‘ al(t) = (¢, @)y and [C5Zal(t) = (P Za)cs =

21 Analogously to how [37; a](#) is used in Definition 3.4.1, while Ly (T) is formally a space of equivalence classes
of functions, here we use C; Za to denote the specific representative of the equivalence class C; Za € L (T) given

by [C;Za](t) = Z;:l [Zal(j) P = (¢1,Za)cs. In this way, we can consider the pointwise value [C} Za](1).
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2] .
(Z" ¢, a)y. By the maximization characterization of the ridge leverage function in Definition
34.1,

1 <(Pt»a’>i
Tpe() =7 max . |12 2
laeLo@ilal,>0) || Fr |, +ellal
2 TP’ (pi—Z Pr )
<Z. max 7 T 2
T {acL(w:lal,>0} ||9;a“T ellaly
2
) @ |oi-Z"¢i,
=—=- max 2
T tact@ilal,>0 | ||CiZal’ €

t
=2. ([(t) + Q)
€
where the second to last line follows from observing that due to Cauchy-Schwarz,

W2 prai<lall |~ ¢,

and that, letting 22, = C! (C,C}) ' Cy:

2
”?# a”T = (a,gug“ @y
> (o, FuPsF, Ay
= (@,Z"C,CiZa), = | CiZa)%.

In the above, the inequality is due to the fact that 2 is an orthogonal projection, so 2 < .4,,.
This completes the proof. O

With Theorem 3.5.3 in place, we now bound 7, ¢(#) = 2 (é(t) + %), which yields a uniform
bound on the true ridge leverage scores.

Lemma 3.5.1. Let ¢(t), r(t) be as defined in Theorem 3.5.3 and 7 , ¢ (1) d=ef2 . ([(t) + %) For all
tel0,T]:

15400(365,,c +2)° 10g> (365,,¢ +2)
. .

Tyelt) <

Combining Lemma 3.5.1 with Theorem 3.5.3 yields Theorem 3.5.1. We just simplify the

. X,
constants by noting that fore <1, s, > il > W % and so 36s;,¢ +2 <40s;..

Proof of Lemma 3.5.1. We separately bound the leverage score ¢(t) and residual r(¢) compo-
nents of 7, ¢(#) using a similar argument based on the smoothness of sparse Fourier functions
for both. Specifically, for both bounds we employ the following smoothness bound of (Chen
etal., 2016).
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Lemma 3.5.2 (Follows from Lemma 5.1 of Chen et al. (2016)). For any f(t) = Z;?:l vjermicit,

|f (012

4
xrer?(%] ||f||2T <1540 k*log’ k.

Proof. Lemma 5.1 of Chen et al. (2016), gives the bound without an explicit constant. It is not
hard to check that their proof gives the constant of 1540 stated above. O

Bounding the leverage scores ¢(¢) of C;Z.

For every a € Ly(u), C{Za is a Fourier s = O(sy¢)-sparse function. Specifically, we have
[CiZa] (1) = Yoo Zal()- e¥ ¢t for frequencies ¢1,...,¢s € R given by Theorem 3.5.2. We
can thus directly apply Lemma 3.5.2 giving for any ¢ € [0, T:

def 1 1[C5Zal(n)?

0(t) = max
tacLailal, >0l T || CiZal)?

1 [C*Za] (12
< max - omax ——e o
laeL(uilal,>0) | T rel0 ) | Crza|%

1540

=

-s*log®s (3.22)

Bounding the residuals r (7).

We start by some intuition. To bound the squared row norms of the residual #; — C{Z we
show that each “column” of this residual is an s + 1 = O(s,¢) sparse Fourier function. Thus,
applying Lemma 3.5.2, no entry’s squared value can significantly exceed the average squared
value in the column. This lets us show that no squared row norm r(¢) can significantly exceed
the average squared row norm, which is bounded by Theorem 3.5.2.

Concretely, define 9; € L (T) by J¢(1) def jor i and notice that given g € L,(T) the function
¢ — (¢, &) 7 is equal to &, g in the L(T) sense (i.e., isa member of the equivalence class %, g).
For { € R, let z € C° be given by z¢(j) = (9, C; (CSC;‘)_lgj)*T where e; is the jth standard basis
vector in C°. The function & — (z¢, ;) = ;:1 zg‘ (j)e~?7i¢it is equal in the Ly (u) sense to Z* ;.
Let us define:

. S .
I‘g(l‘) — e—anEt_ ZIZ:; (j)e—ZTHfjt'
j=

For a fixed t, consider the function ¢ — r:(¢). We have r¢(t) = ¢, —Z" ;. Thus, we can write

R ST R § 2
HU—HWtZ¢%;T£WMUNMML (3.23)

Further, for a fixed ¢, if we consider the function ¢ — r¢(#), which we denote by r¢(-), we notice
thatitis a s+1 = O(sy¢) sparse Fourier function, so applying Lemma 3.5.2 we have for any
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(eRand te[0,T]:

|re (1)
[

Combining (3.24) with (3.23) we can thus bound for any ¢ € [0, T]:

<1540(s+1)*log® (s + 1). (3.24)

r(#) < 1540(s + 1)*log* (s + 1) %f lre0)|)% du©
(eR
4 3 1 2
=1540(s+1)"log’ (s + 1)~—2f f [re (W)= du§) dw
T? Jwe(o,1) Jéer

1
=1540(s + 1)*log> (s + 1) -

* 2
T oo low=2"pul, dw. (3.25)

By Theorem 3.5.2 we have + [,,cj0 71 | 0w —Z*¢w||i dw < 4¢ - s,c. Plugging into (3.25) and
using that we can choose s <36-s,¢+1, forall t€[0,T]:

€-6160(365,,¢ +2)°1log®(365,,c +2)

N < 3.26
r (1) T (3.26)
Combining (3.22) and (3.26) completes the proof of Lemma 3.5.1:
1))  15400(36s,, +2)°log® (365, +2)
e () €2 (m) + ﬂ) < the 8 Pue ™2
€ T
O

Theorem 3.5.1 gives a universal uniform bound on the ridge leverage scores corresponding
to measure y in terms of s, . If we directly sample time points according to the uniform
distribution over [0, T], this theorem shows that poly(s,.) samples and poly(s) runtime
suffice to apply Theorem 3.4.3 and solve Problem 3.2.1 with good probability. This is already
a surprising result, showing that the simplest sampling scheme, uniform random sampling,
can give bounds in terms of the optimal complexity s, ¢ for any u. Existing methods with
similar complexity, such as those that interpolate bandlimited signals using prolate spheroidal
wave functions (Rokhlin et al., 2001) require nonuniform sampling. Methods that use uni-
form sampling, such as truncated Whittaker-Shannon, have sample complexity depending
polynomially rather than logarithmically on the desired error €.

3.5.2 Gap-based leverage score bound

Our final result gives a much tighter bound on the ridge leverage scores than the uniform
bound of Theorem 3.5.1. The key idea is to show that the bound is loose for t bounded away
from the edges of [0, T']. Specifically we have:
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Theorem 3.5.4 (Gap-Based Leverage Score Bound). Forallt,

Sue

T ) ——.
pe(l) min(z, T — )

Proof. Consider t € [0, T/2]. We will show that 7,,¢(f) < SL; A symmetric proof will hold for
t€[T/2,T], giving the theorem. We define an auxiliary operator: &, ; : L>(T) — Lz(u) which is
given by restricting the integration in %, to [0, f]. Specifically, for f € L,(T) we have:

1 (! .
[Fu:f] (€)=? fo f(s)e 2% ds. (3.27)

We can see that [F ,g](s) = Jr g(&)e?™is¢ du(&) for s € [0, ¢] and (7, :81(s) =0for se (1, T]. We
will use the leverage score of some s € [0, 7] in the restricted operator %, ; to upper bound
those of ¢ in &,. We start by defining these scores analogously to Definition 3.4.1 for &,.

Definition 3.5.1 (Restricted ridge leverage scores). For probability measure y on R, time
length T, t € [0, T] and € = 0, define the e-ridge leverage score of s € [0, f] in &, ; as:

1 I[Fy, 1] (5)]?
Tu,e,t(s) == Ll

T (acLy(o- ol 2 '
{ael(W:lal >0} * 2
gu'ta T+e||a||ﬂ

We have the following leverage score properties, analogous to those given for &, in Theorem
3.4.1:

Theorem 3.5.5 (Restricted leverage score properties). Let ¢ ((s) be as in Definition 3.5.1.
* The leverage scores integrate to the statistical dimension:

t
d f * * -
f e (8)ds = sy S tr (gz“,tg#'t(gu,,g@,,+eﬁ) 1). (3.28)
0

* Inner Product Characterization: Letting ¢ € Ly (1) have p(&) = e 2% forse [0, ],
1 * -1
Tue(9) = = <(ps, (Tt Ty +€50) (p5>u. (3.29)

e Minimization Characterization:

N A
Tyer(s) = —- min ————F

2
T peat - +[87- (3.30)

We first show that the restricted leverage scores of Definition 3.5.1 are not too large on average.
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Claim 3.5.1 (Restricted statistical dimension bound).

T
f Tpe,t(S)ds < spe. (3.31)
0

Proof. Via (3.28) we have fot Tpe,t(8) ds = sue, which we can write as:
Spe =1 (g;,t%,t(g;,t%,t + eyT)*l) —tr (%J,g‘;,t(%,tg;yt + ey,t)*l) .

By Claim B.1.10, 9;”9;,; =< 9’#9; =%,. Since gﬂ,t,?;,t(gﬂ,tgiﬁeﬂﬂ)‘l = Jﬂ—e(gy,tgizﬁ

€)' and 9, (G, +€9,) 7! = 9, —€e(9, +e.9,)"". Therefore, by Claim B.1.2 and since the trace
is monotone for trace-class operators,

Sye,r = tr (gu,tg;,t(gu,tg;,r + efu)_l) str (Y, (G, + efﬂ)_l) =Spue

which gives the claim. O

From Claim 3.5.1 we immediately have:

Claim 3.5.2. There exists s* € [0, t] with T ;¢ (s*) < SL;

Proof. Assume for the sake of contradiction that 7, /(s) > SL; for all s € [0, ¢]. Then by (3.28),

t S[J,E
Tuet(s)ds>1- = = Sue:
0

This contradicts Claim 3.5.1, giving the claim. O

We now show that the leverage score of s* in &, ; upper bounds the leverage score of ¢ in
Z,, completing the proof of Theorem 3.5.4. We apply the minimization characterization of
Theorem 3.5.5, equation (3.30), to prove that by simply shifting an optimal solution for s* we
can show the existence of a good solution for ¢, upper bound its leverage score by that of s*
and give 7¢ (1) < Tpe,(s*) < SL; by Claim 3.5.2.

Formally, by Claim 3.5.2 and (3.30), there is some * € L,(T) achieving:

B A
—_— +

sFL,e
T € |

1815 = Tpee(s™) < - (3.32)

We can assume without loss of generality that 5*(s) = 0 for s ¢ [0, #], since %, ;* is unchanged
if we set 5*(s) = 0 on this range and since doing this cannot increase || 5 ||2T Now, let € Ly(T)
be given by B(s) = * (s — (£ — s*)). That is, B is just f* shifted from the range [0, #] to the range
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[t —s*,2t— s*]. Note that since we are assuming t < T/2, [t — s*,2f—s*] < [0, T]. For any ¢:

T .
EMIGE L f B(s)e % s
T Jo

1 [2t-s* .
== B*(s—(t—s))e 2% ds
t—s*

_ :lrf[ﬂ*(s)e_zm(”“_s*))fds
0

= [Py, 1 BA1(E) - e 2518, (3.33)

Now,
91(§) = €72 = U= (),

Combined with (3.33) this gives:
_ i} N
”guﬁ_(l’t”i = /g; |[gu,6] ) —(Pt(f)|2 du€) = j; )([9Mﬁ*](5) — g (5)) Lo 2mi(t=s")¢ e
= ff |(F B*1E) — 95+ @] dp(@)
= |ub* -5, (3.34)

Finally, noting that || B || = || B* || ; and applying the minimization characterization of Theorem
3.4.1, the bound in (3.34) along with (3.32) gives:

N

€

- 2
1 ”‘%tﬁ“l’t“ _
Tpet) < L | =

N
et = e,

which completes the theorem.

3.5.3 Nearly tight leverage score bound

Combining Theorems 3.5.1 and 3.5.4 gives our tight, spectrum blind leverage score bound.

Theorem 3.5.6 (Spectrum Blind Leverage Score Bound). Forany a, T =0 let T,(t) be given by:

. ssemmaT—p Jort€ T/, T(1-1/a’)]
¢ < forte (0, T/a®|U[T(—-1/a%,TI.

For any probability measure i, T>20,0<e<1andt€[0,T], ifa =256-5,,:

a-loga

5 _def [T
Tpe(t) <Tq(t) and 3, :[ Ta(D)dt <
0

A visualization of 7, is given in Figure 3.3.
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Proof. The fact that 7, ¢ (f) < T4 () follows from Theorems 3.5.1 and 3.5.4:

e Forte([T/a® T(1-1/a°)], by Theorem 3.5.4 if a = 256 - 5, we have

a
To(t) = >7 ).
a(D) 256 -min(t, T — t) pe(?)

e Forte[0,T/a’]U[T(1~-1/a’), T], by Theorem 3.5.1 we can bound,

210 1og>(40s,,e) 2775 b
Tpe(t) < < <

a
T T T

for @ = 256 - 5, . Note that the second inequality uses that log®(40x) < 64x for any x.

The integral of the approximate scores §, is bounded as:

T T(1-1/a®) a T/a® ab
f fa(t)dtzf - dt+2/ —dt
0 T/ab 256-min(t, T — 1) 0 T

2 T/2

a
=— —dt+2a
256 /a5 t

= %8 - [log(T/2) —log(T/a®%)] +2a (3.35)
5aloga g < aloga.
128

=

where the last inequality follows since fore <1, s, = 1/2 and so log(a) = 9/2. O

3.5.4 Puttingit all together: generic signal reconstruction

Finally, we combine the leverage score bound of Theorem 3.5.6 with Theorem 3.4.3 to give our
main algorithmic result, Theorem 3.2.3 (and as a corollary, Theorem 3.2.2). We state the full
theorem below:

Theorem 3.2.3 (Main result, algorithmic complexity). Consider any measure , for which we
can compute the kernel ky (1, 1) = [reg ™"~ du(&) for any 1y, 1, € [0, T) in time Z.

Let 7 (1) be as defined in Theorem 3.5.6. For anye < | &), Hop andT >0, letTyc(1) = To(t) fora =
B-sy,e with = 256. Algorithm 13 applied with T, ¢ (t) and failure probability 6 returns ty, ..., ts €
[0, T] and z € C° such that y(t) = ¥.3_, z(i) -k, (;, t) solves Problem 3.2.1 with parameter 6¢ and
probability = 1 - 6. That is, with probability of at least 1 - 6:

- 2
|7 yl7 = 6elxl; +8lnl7.
The algorithm queries y + n at s points and runs in O (s* - Z + s*) time, where

_(B-Sue
s=0(B-Sueclog(B-sue) - [log(B- sue) +1/6]) = O('BT#)
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The output j(t) can be evaluated in O(s - Z) time at any t using Algorithm 14.

If we want to solve Problem 3.2.1 with parameter ¢, it suffices to apply Theorem 3.2.3 with
parameter ¢’ = €/6. The asymptotic complexity will be identical since, by (3.17), Sper6 < 65c.

Proof. The theorem follows directly from Theorem 3.4.3, along with Theorem 3.5.6 which
shows that, for & = - s, with =256 and 7, ¢ (1) = T4(f) we have:

1. Tye(t) =7ye(t) forall £ € [0, T1.

2. Spe=fy Tue®dt=0(Bsuclog(B-sue).

The runtime bound follows after noting that we can sample according to 7, in W = O(1) time
using inverse transform sampling since it is straightforward to derive an explicit expression
for the CDF and compute the inverse (see (3.35)).

3.6 Lower Bound

We conclude by showing that the statistical dimension s ¢ tightly characterizes the sample
complexity of solving Problem 3.2.1, under a very mild assumption on p that holds for all
natural constraints we discuss in this chapter. Thus, Theorem 3.2.1 is nearly tight.

We first define a quantity, n,, . that gives a natural lower bound on s, ¢. For any €, let

Ny d=efZ LA; (Ay) = €l. (3.36)

i=1
That is, n;, ¢ is the number of eigenvalues of £, that are larger than €. As shown in (3.19), we
always have ny ¢ <25, .. We first prove that solving Problem 3.2.1 requires Q(n,, ) samples. We
then show that, under a very mild constraint on p (which holds for all u we consider including
sparse, bandlimited, multiband, Gaussian, and Cauchy-Lorentz), nye = Q(sye). Thus, sy
gives a tight bound on the query complexity of solving Problem 3.2.1.

Theorem 3.6.1 (Lower bound in terms of eigenvalue count). Consider a measure (i, an error
parameter € > 0, and any algorithm that solves Problem 3.2.1 with probability = 2/3 for any
function y and makes at most r (possibly adaptive) queries on any input. Then r = ny, 75¢/20.

Proof. We describe a distribution on inputs y on which any deterministic algorithm that takes
r = o(ny,72¢) samples fails with probability > 1/3. The theorem then follows by Yao’s principle.

Notation: Let v,..., Unyme € Lo (1) be the eigenfunctions of ¢, corresponding to its top 1, 72¢
eigenvalues. Let Z : Ly(u) — C™7 be the operator with v; as its i’ row - i.e., [Zg](i) =
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(vi, &) u- Note that Z has orthonormal rows. Let D € R"¢* "¢ be a diagonal matrix with
D;; = \/Ai(A}). Let U = FJJZ*D_l. We can see that ZFJN?JZ* =79,1" = D? and hence,
U U= D‘IZ?#EQ‘Z*D‘1 = 1. While not needed for our proof, U : C"#2c — [,(T) is an operator
with columns corresponding to all eigenfunctions of %, with eigenvalue = 72¢.

Hard Input Distribution: Let ¢ € R"#7 be a random vector with each entry distributed inde-

pendently as a Gaussian: ¢(i) ~ A (0 #) Let¢ =D !¢, x = Z*¢, and the random input be

’ nu,72€

y=%;x. Thatis, y = Z*D~'c=Ucis a random linear combination of the top eigenfunc-
tions of #),. While, formally, 7, x € L,(T) is an equivalence class of functions, since our input
model requires that y admits pointwise evaluation, we will abuse notation, letting y denote

the member of this class with y(1) = (¢, Z*D !¢}, = (D™ Z¢,, ), where ¢(&) = e 2mits,

We prove that accurately reconstructing y drawn from the hard input distribution yields an
accurate reconstruction of the random vector c. Since c is n; 72 dimensional, this recon-
struction requires Q(ny 72¢) samples, giving us a lower bound for accurately reconstructing
¥-

L

Claim 3.6.1. For random x distributed as described above, with probability = 5/6, lx|I? < 175 -

Proof.
Ixl% = (Z*¢,Z*T), = (&, ZZ" ) = ||&ll5 .

2
We then bound ||¢||? < ||c||§ /A (A < % since A (A) = 72¢ by definition. Finally,
note that ||c||§ is a Chi-squared random variable, with E [ ||c||§] = 1. So loosely, by Markov’s

Ny, 72¢ Ny, 72¢

inequality, with probability = 5/6, lcll2 < 6, which gives the claim. O

From Claim 3.6.1 we have:

Claim 3.6.2. Givenrandom inputy = Z; x generated as described above, with probability = 5/6,

L
12*

to solve Problem 3.2.1, an algorithm must return a representation of j with || Y- J7||2T <
Proof. Solving Problem 3.2.1 requires finding a representation of y with || Y- }7||2T <e ||x||ft +
Cll nIIZT. By Claim 3.6.1 and the fact that for our input || n||2T = 0, with probability = 5/6 one has

that e[|x|12 + ClInll% < &

13- yielding the claim. O

We next show that finding a y satisfying the condition of Claim 3.6.2 is at least as hard as
finding an accurate approximation to c.

Claim 3.6.3. Forj with ||y— J7||2T < ﬁ, ¢ =U"j satisfies le—¢ll? < %

Proof. Recalling that y = Uc, for €¢ = U* j we have:
c=U"y+U*(7-»)=U0"Uc+U*(j- ).
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Recalling that U*U =1 we thus have:

le—el3 = [u* -l
- 2 1
< —_ < —.
- ”y y” T — 12
The second to last inequality follows since U*U =1and UU* are finite rank, so are compact
and share the same non-zero eigenvalues. Thus, UU* < .7 (Hunter and Nachtergaele, 2001,

Lemma 8.26). This completes the claim. O

Combining Claims 3.6.2 and 3.6.3 we have:

Claim 3.6.4. Ifa deterministic algorithm solves Problem 3.2.1 with probability = 2/3 over our
random input y = Uc, then with probability = 1/2, letting ¥ be the output of the algorithm,

¢ =U"7 satisfies |l c— c||2_12

Proof. If an algorithm solves Problem 3.2.1 probability = 2/3 then by Claim 3.6.2, it returns
7 with ||y - 7|% < & with probability = 2/3 —1/6 = 1/2. Thus, by Claim 3.6.3, € satisfies
lc—¢€2 < 112 with probability = 1/2. O

Finally, we complete the proof of Theorem 3.6.1 by arguing that if y is formed using o(r,72¢)
queries, then fore¢=U"7, |lc - c||2 w1th good probability. Thus the bound of Claim 3.6.4
cannot hold and so 7 cannot be a solutron to Problem 3.2.1 with good probability.

Assume for the sake of contradiction that there is a deterministic algorithm solving Problem
Ny,72¢
20

input (note that if there exists an algorithm that makes fewer queries on some inputs, we can

3.2.1 with probability = 2/3 over the random input Uc that makes r = queries on any

always modify it to make exactly = i =

queries and return the same output.)

As discussed, each query to y is a query to y(f) = (D™'Z¢;,c). Consider a deterministic
function Q, that is given input V € C**"»7¢ (for any positive integer i) and outputs Q(V) €
Cwrex 2 guch that Q(V) has orthonormal rows with the first i spanning the i rows of V.
For example, Q may run Gram-Schmidt orthogonalization on V fixing its first rank(V) < i
rows and then fill out the remaining r,, 7 — rank(V) rows using some canonical approach.
LettingD~'Ze,,,...,D"'Z¢, denote the queries made by our algorithm on random input c,
let Q' = Q([D_1Z<ptl,...,D‘lzq)ti]*). That is Q' is an orthonormal matrix whose first i rows
span our first i queries. Note that since our algorithm is deterministic, Q' is a deterministic
function of the random input c. We have the following claim:

Claim 3.6.5. Conditioned on the queries y(t1),...y(t), for j > r, each [Q" c](j) is distributed
independently as A (0 ( - 726)

Proof. We prove the claim via induction on the number of queries considered. For the base
case set i = 1. Q! is a deterministic matrix (since the choice of our first query is made de-
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terminstically before seeing any input) and so by the rotational invariance of the Gaussian
distribution, the entries of Q'c are distributed independently as .4’ (O,

nl ) (the same as

1, 72€

the entries of ¢). The first row of Q! spans our first query, and thus this row is just equal to
_IZ(ptl scaled to have unit norm. Thus y(#;) = D_IZ(ptlc is just a fixed scaling of Qlc] (1) So

conditioning on y(#;), we still have [Qlc] (j) for j > 1 distributed independently as A (0, - )

Now, consider i > 1. By the inductive assumption, conditioned on y(#),...y(tj_1), for j =i,
[Q'~c](}), are distributed independently as A’ (0, nulm ) We can see that both Q! and Q are

fixed conditioned on y(#,),...y(t;_1) (since the i’* query is chosen deterministically, possibly

adaptively as a function of the previously seen queries y(f;),... y(¢;—1)). Additionally, since
they share their first i — 1 rows, the remaining 7, 72¢ — i + 1 rows of Q! and Q! have the
same rowspans. Thus we can write Q' = [I;R]Q'~! where R € C"w72e =i+ 1*mun2e=i+1 jg some fixed
rotation with R*R = I. Thus, by the rotational invariance of the Gaussian, for all j = i, [Q’c](})
are distributed independently as A (O, nylm) (the same as [Q'~'c](}j)). Further conditioning

on y(t;), which is a deterministic function of [Q’c](i) and y(t1)...y(t;_1), we still have that for
j>1i,1Q

' 7 172 ) This completes the inductive step
1,72¢
and so the claim.

Armed with Claim 3.6.5 we can compute:

' ”c_é”%_I_IZ = Pr “Q - Qré”z—_ (Since Q' is orthonormal.)
Ny,72¢
Y [Qam - Qe <_
i=r+l1
Ny, 72¢ . ‘ o )
=Eyw)..ye [P X [QTel@) - QAG[ = 57 y(tl)-..,_V(tr)]]
i=r+1
Ny,72¢ o 1
=Byttt |Pr| 2 [IQTEID]" < 35|yt y(tr) (3.37)
i=r+1

where the last line follows since, conditioned on y(f;)..., y(t;), Q"€ is fixed and for i = r +1,
Q’c(i) are distributed independently as Gaussians centered around 0 (by Claim 3.6.5). So
the probability of the sum of differences being small is only smaller than if we replaced each
Q’¢(i) by 0.

Now, conditioned on y(f;)..., y(£;), Zn" Q"¢ (l)| is a Chi-squared random variable with

i=r+1
Ny, 72e
n —-r
u,72€
Y |Qr Y., y(t) | = ———.
i=r+l1 Ny,72¢

Ny, 72¢

L5 L lQcl DI y(ty).. ,y(tr)] > 20 We can loosely upper
bound the probability in (3.37), using the fact that for a Chi-squared random variable X with

Forr:
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k degrees of freedom, Pr[X < 6E[X]] < (5¢'%)""% < (5¢19)"'%. S0,

Pree 1 20 0 \12 47
Pri ) |[Q’c](i)|25—‘y(tl)...,y(t,)]s( 61_19-12) =0
i=k@©)+1 12 19-12 100
Plugging back into (3.37) gives:
2 1 ny,72€ ; 2 1
Priflc—¢cll5<=— | <E Pr cl()|" = —|y(t)..., y(t, < —.
le—@ll; =< — | <Ey,...y i;HI[Q 100)| S|V YD || < 105

However, we have assumed that our algorithm solves Problem 3.2.1 with probability = 2/3,
and hence, by Claim 3.6.4, Pr [ le—¢ll? < é] > % This is a contradiction, yielding the theorem.

O

3.6.1 Statistical Dimension Lower Bound

We now use Theorem 3.6.1 to prove that the statistical dimension tightly characterizes the
sample complexity of solving Problem 3.2.1 for any constraint measure p satisfying a simple
condition: we must have s, = O(1/€”) for some p < 1. Note that this assumption holds
for all 1 considered in this work (including bandlimited, multiband, sparse, Gaussian, and
Cauchy-Lorentz), where s, ¢ either grows as log(1/€) or 1/+/e. Also note that by (3.5) we can
always bound s, ¢ < tr(%},)/€ = 1/¢. So this assumption holds whenever we have a nontrivial
upper bound on s, .

Theorem 3.6.2 (Statistical Dimension Lower Bound). For any probability measure (i, suppose
that s, e = O(1/€P) for some constant p < 1. Consider any (possibly randomized) algorithm that
solves Problem 3.2.1 with probability = 2/3 for any function y and any € > 0 and makes at most
rue (possibly adaptive) queries on any input. Then ry, ¢ = Q(su,,g).22

Proof. We simply prove that for this class of measures, 7, 72¢ = Q(s,¢) and then apply Theorem
3.6.1. It suffices to show that n,e = Q(sy,ce) for any fixed constant ¢ = 1 since by (3.17),
Spce = SLCS Thus nye = Q(sy,ce) gives that ny 72 = Q(Sp,72¢¢) = Q(sy,e), giving the theorem.

_4
Let ¢y, =217 > 1. Assume for the sake of contradiction that n, ¢ = O(S,u,cpe)- By this assumption,
there is some fixed €, such that,

Sp,cpe

> (3.38)

Foralle <e€p,nye <

22Here we follow the Hardy-Littlewood definition (Hardy et al., 1914), using f(€) = Q(g(€)) to denote that
f©

limsup,_.o, 7 > 0. Thus the lower bound shows that, for some fixed constant ¢ > 0, there is at least some €’ such

that for every € < ¢/, the number of queries used by any algorithm solving Problem 3.2.1 with probability = 2/3 is at
least ¢- s,¢. In other words, the lower bound rules out the possibility that the number of queries is 0(sy,e).
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We can bound:

s _i Ai () S Oi Ai ()
Hoe ™ S A (A +epe — 1° i=netl  Cp€

and thus by (3.38) have for any € < ¢¢:

1 s Ai(xp)
= < . 3.39
2 S“'CPE i:%.{.l Cpe ( )
Now we also have:
o Ai(AX & Ai( A,
Z ) S Z (L)
S Ai( ) +e Toe 1 Ai () +€
x /1,(%“)
= Z 2€
i= +1
i=nue+l Cp€
Combined with (3.39) this gives that for any € < €q:
c
Spe = Zp “Sp,cpe- (3.40)

By (3.40) we in turn have that, for every € < ¢y,

- Cp Llogcp €ole]
Swe = Sweo (7 .

Using that Llogcp €olel = logcp €o/€ —1 and that ¢, = 27 > 16 we can then bound, for all € < €j:

Sue >(Cp)logcp€0—logcpe—1 ( p)logc €o—1 loﬁc,, 1/e (1)10&,, /e
>\ — = | — .C o=
Swe, V4 4 P 4
cyylog, €-1 1 1
2(_17) » ._.eTp
4 €
cor1log. €o—1
L[ L
o o

log,, €o—1 i .
Note that sy, (C—” g is a constant independent of €. Thus, the above contradicts the

assumption that s, = O(1/€P), giving the theorem. O

Remark We remark that a similar technique to Theorem 3.6.2 can be used to show that
Nye = Q(syc/eP) for any p >0, without any assumptions on sy ¢.
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Modified Random Fourier Features
for Kernel Ridge Regression

This chapter is based on a joint work with Haim Avron, Michael Kapralov, Cameron Musco,
Christopher Musco, and Ameya Velingker. It has been accepted to the 34th International
Conference on Machine Learning (Avron et al., 2017c, ICML).

4.1 Introduction

Kernel methods constitute a powerful paradigm for devising non-parametric modeling tech-
niques for a wide range of problems in machine learning. One of the most elementary is Kernel
Ridge Regression (KRR). Given training data (X1, y1), ..., Xn, Yn) € Z x %, where Z <R% is an in-
put domain and % < R is an output domain, a positive definite kernel function k: & x & — R,
and a regularization parameter A > 0, the response for a given input x is estimated as:

f®=) kxj,xa;

j=1
where a = (a1,---a,) " is the solution of the equation
K+ AL)a=y. 4.1)

In the above, K € R"*" is the kernel matrix or Gram matrix defined by K;; = k(x;,x;) and
y=(y1,---yn) " is the vector of responses. The KRR estimator can be derived by minimizing a
regularized square loss objective function over a hypothesis space defined by the reproducing
kernel Hilbert space associated with k(:,-); however, the details are not important for this
chapter.

While simple, KRR is a powerful technique that is well understood statistically and capable
of achieving impressive empirical results. Nevertheless, the method has a key weakness:
computing the KRR estimator can be prohibitively expensive for large datasets. Solving (4.1)
generally requires O(n3) time! and ©(n?) memory. Thus, the design of scalable methods for

1 The running time can be improved using fast matrix products.
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KRR (and other kernel based methods) has been the focus of intensive research in recent
years (Zhang et al., 2013; Alaoui and Mahoney, 2015; Musco and Musco, 2017; Avron et al.,
2017a; Kapralov et al., 2020).

One of the most popular approaches to scaling up kernel based methods is random Fourier
features sampling, originally proposed by Rahimi and Recht (2008). For shift-invariant kernels
(e.g. the Gaussian kernel), Rahimi and Recht (2008) presented a distribution D on functions
from & to C? (s is a parameter) such that for every x,z € R4,

k(x,2) =Ep~p [0 9(@)] .

The random features approach is then to sample a ¢ from D and use kx,z) = PX)*@(z) as a
surrogate kernel. The resulting approximate KRR estimator can be computed in O(ns?) time
and O(ns) memory (see Section 4.2.2), giving substantial computational savings if s <« .

This approach naturally raises the question: how large should s be to ensure a high quality
estimator? Or, using the exact KRR estimator as a natural baseline: how large should s be
for the random Fourier features estimator to be almost as good as the exact KRR estimator?
Answering this question can help us determine when random Fourier features can be useful,
whether the method needs to be improved, and how to go about improving it.

The original analysis of Rahimi and Recht (2008) bounds the point-wise distance between
k(-,-) and k(-,-) (for other approaches to analyzing random Fourier features, see Section 4.2.3).
However, the bounds do not naturally lead to an answer to the aforementioned question. In
contrast, spectral approximation bounds on the entire surrogate kernel matrix, i.e. of the form

(1-A)(K+AL) <K+ AL, < (1+A)K+AL,), 4.2)

naturally have statistical and algorithmic implications. Indeed, in Section 4.3 we show that
when (4.2) holds we can bound the excess risk introduced by the random Fourier features
estimator compared to the KRR estimator. We also show that K+ AI,, can be used as an effective
preconditioner for the solution of (4.1). This motivates the study of how large s should be as a
function of A for (4.2) to hold.

In this chapter we rigorously analyze the relation between the number of random Fourier
features and the spectral approximation bound (4.2). Our main results are the following:

* We give an upper bound on the number of random features needed to achieve (4.2)
(Theorem 4.4.1). This bound, in conjunction with the results in Section 4.3, positively
shows that random Fourier features can give guarantees for KRR under reasonable
assumptions.

* We give a lower bound showing that our upper bound is tight for the Gaussian kernel
(Theorem 4.5.1).

122



4.2. Preliminaries

* We show that the upper bound can be improved dramatically by modifying the sampling
distribution used in the classical random Fourier features (Section 4.4). Our sampling
distribution is based on an appropriately defined leverage function of the kernel, closely
related to so-called leverage scores frequently encountered in the analysis of sampling
based methods for linear regression. Unfortunately, it is unclear how to efficiently
sample using the leverage function.

* To address the lack of an efficient way to sample using the leverage function, we propose
a novel, easy-to-sample distribution for the Gaussian kernel which approximates the
true leverage function distribution and allows random Fourier features to achieve a
significantly improved upper bound (Theorem 4.6.1). The upper bound has an expo-
nential dependence on the data dimension, so it is only applicable to low dimensional
datasets. Nevertheless, our results demonstrate that the classic random Fourier sam-
pling distribution can be improved for spectral approximation and motivates further
study. As an application, our improved understanding of the leverage function yields a
novel asymptotic bound on the statistical dimension of Gaussian kernel matrices over
bounded datasets, which may be of independent interest (Corollary 4.7.1).

4.2 Preliminaries

4.2.1 Setup and Notation

The complex conjugate of x € C is denoted by x*. For a vector x or a matrix A, x* or A* denotes
the Hermitian transpose. The [ x [ identity matrix is denoted I;. We use the convention that
vectors are column-vectors.

A Hermitian matrix A is positive semidefinite (PSD) if x*Ax = 0 for every vector x. For any two
Hermitian matrices A and B of the same size, A < B means that B — A is PSD.

We use La(p) = Ly (R4, d p) to denote the space of complex-valued square-integrable functions
with respect to some measure p(-). Ly(p) is a Hilbert space equipped with the following inner
product:

(f,8) 1.0 =fRdf(n)g(n)*dp(n) =fwf(n)g(n)*vp(n)dn-
In the above, p, (-) is the probability density induced by p(-) (assuming one exists).

We denote the training set by (x1, y1),..., Xp, Yn) € X x ¥ < R x R. Note that n denotes the
number of training examples, and d their dimension. We denote the kernel, which is a function
from & x & to R, by k. We denote the kernel matrix by K, with K;; = k(x;,X;). The associated
reproducing kernel Hilbert space (RKHS) is denoted by %, and the associated inner product
by (). Some results are stated for the Gaussian kernel k(x,z) = exp(- [x—zl|5 /20?) for
some bandwidth parameter o.

We use A to denote the ridge regularization parameter. We remark that the choice of regular-
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ization parameter generally depends on n. Typically, A = w(1) and A = o(n). See Caponnetto
and De Vito (2007) and Bach (2013) for discussion on the asymptotic behavior of A, noting that
in our notation, A is scaled by an n factor as compared to those works. As the ratio between n
and A will be an important quantity in our bounds, we denote it as n) defn.

The statistical dimension or effective degrees of freedom given the regularization parameter A is
denoted by s, (K) <" tr (K + AL,)"'K).

4.2.2 Random Fourier features
Classical random Fourier features

Random Fourier features (Rahimi and Recht, 2008) is an approach to scaling up kernel methods
for shift-invariant kernels. A shift-invariant kernel is a kernel of the form k(x,z) = k(x— z)
where k(-) is a positive definite function (we abuse notation by using k to denote both the
kernel and the defining positive definite function).

The underlying observation behind random Fourier features is a simple consequence of
Bochner’s Theorem: for every shift-invariant kernel with k(0) = 1, there is a probability mea-
sure p(-) which induces a probability density function p(:), both on R4, such that

k(x,z) = [Rd e~ 2rin' (x-2) dur(m) = fRd e_Z”i"T(x_z)pk(n)dn . 4.3)

In other words, the Fourier transform of the kernel k(-) is a probability density function, p(-).
For simplicity we typically drop the k subscript, writing u(-) = ux(-) and p(-) = pg(-), with the
associated kernel function clear from context. We remark that while it is not always the case
that the probability measure i (-) has an associated density function pg(-), we assume the
existence of a density function for the kernels we consider.

. . *
If 171,...,m5 are drawn according to p(-), and we define ¢(x) def 1 (e—meTX,m ,e‘z””’sTx) ,

Vs
then:
k(x,2) =Ep [0 ()] .

The idea of random Fourier features method is then to define the substitute kernel:

S .
kx,z) = px)*¢(z) = % Y e 22 (4.4)
=1

To summarize, the random Fourier features method approximates k() by sampling s fre-
quencies ,..., s € R according to their weight in the density function p(-) which is just the
d-dimensional Fourier transform of the kernel k(-). Note that in order for p(:) to be a proper
probability density function (integrating to 1) we must have k(0) = 1. We assume this without
loss of generality, since any kernel can be scaled to satisfy this condition.

Now suppose that Z € C"** is the matrix whose j** row is ¢x;)*, and let K = ZZ*. Kis the
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kernel matrix corresponding to k(-,-). The resulting random Fourier features KRR estimator
is f(x) = 2?:1 k(x;,x)&; where & is the solution of (K+ Al,)@& =y. Typically, s < n and we can
represent f(-) more efficiently as:

f®=px"w,

where w = (Z*Z + M) "' Z*y (a simple consequence of the Woodbury formula). We can com-
pute w in O(ns?) time, making random Fourier features computationally attractive if s = o(n).

Modified random Fourier features

While it seems to be a natural choice, there is no fundamental reason that we must sample
the frequencies 11, ..., 175 using the Fourier transform density function p(-). In fact, we will see
that it is advantageous to use a different sampling distribution based on the kernel leverage
function (defined later).

Let g(-) be any probability density function whose support includes that of p(:). If we sample
11,...,Ms using g(-), and define

e )dff 1 P(m) _271”1 x . P(ﬂs) —2mn X
\/ qm) V qms)

we still have k(x,z) = E, [(p(x)*(p(z)]. We refer to this method as modified random Fourier
features and remark that it can be viewed as a form of importance sampling.

Additional Notations and Identities

With the definition of (modified) random Fourier features in hand, we can introduce additional
notation and identities. The (j, [) entry of Z from previous section is given by:

I omixT
Zji="re IR g ). (4.5)

Letz:R? — C" be defined by
_ —2mix!q
z(n)j =e it

Note that column [ of Z is exactly z(n7;)/ p(1;)/[s- g(n;)]. So we have:

pm))
5121 T I)Z(m)Z(n)

Finally, by (4.3),
K= f z(mz(n)*dun) = f z(mz(m)* pmdn.
R4 R4

Therefore, E[ZZ*] =K
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4.2.3 Related Work

The original analysis of random Fourier features (Rahimi and Recht, 2008) bounded the point-
wise distance between k(-,-) and k(-,-). In follow-up work, Rahimi and Recht (2009) give
learning rate bounds for a broad class of estimators using random Fourier features. However,
their results do not apply to classic KRR. Furthermore, their main bound becomes relevant
only when the number of sampled features is on the order of the training set size.

Rudi and Rosasco (2017) prove generalization properties for KRR with random features, under
somewhat difficult to verify technical assumptions, some of which can be seen as constraining
the leverage function distribution that we study. They leave open improving their bounds
via a more refined sampling approach. Bach (2017) analyzes random Fourier features from a
function approximation point of view. He defines a similar leverage function distribution to
the one that we consider, but leaves open establishing bounds on and effectively sampling
from this distribution, both of which we address in this work. Finally, Tropp et al. (2015)
analyzes the distance between the kernel matrix and its approximation in terms of the spectral
norm, || K- K” op’ which can be a significantly weaker error metric than (4.2).

Outside of work on random Fourier features, risk inflation bounds for approximate KRR and
leverage score sampling have been used to analyze and improve the Nystrém method for
kernel approximation (Bach, 2013; Alaoui and Mahoney, 2015; Rudi et al., 2015; Musco and
Musco, 2017). We apply a number of techniques from this line of work.

Spectral approximation bounds, such as (4.2), are quite popular in the sketching literature;
see Woodruff’s survey (Woodruff, 2014). Most closely related to our work is analysis of spectral
approximation bounds without regularization (i.e. A = 0) for the polynomial kernel (Avron
et al., 2014). Improved bounds with regularization (still for the polynomial kernel) were
recently proved by Avron et al. (2017a) and Ahle et al. (2020).

4.3 Spectral Bounds and Statistical Guarantees

Given a feature transformation, like random Fourier features, how do we analyze it and
relate its use to non-approximate methods? A common approach, taken for example in the
original paper on random Fourier features (Rahimi and Recht, 2008), is to bound the difference
between the true kernel k(-,-) and the approximate kernel k(-,-). However, it is unclear how
such bounds translate to downstream guarantees on statistical learning methods, such as KRR.
In this paper we advocate and focus on spectral approximation bounds on the regularized
kernel matrix, specifically, bounds of the form,

1-AK+AL) <ZZ* + A1, < (1+A)(K+ AL,) (4.6)
for some A < 1.

Definition 4.3.1. Matrix A is a A-spectral approximation of matrix B, if (1-A)B<A =< (1+A)B.
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Remark 4.3.1. When A =0, bound of (4.6) can be viewed as a low-distortion subspace em-
bedding. Indeed, when A = 0 it follows from (4.6) that Span (k(x1,),..., k(Xy,*)) € S can be
embedded with A-distortion in Span (@(x1),...,9(X,)) < R®.

The main mathematical question we seek to address is: when using random Fourier features,
how large should s be in order to guarantee that ZZ* + A1,, is a A-spectral approximation of
K+ AI,? To motivate this question, in the following two subsections we show that such bounds
can be used to derive risk inflation bounds for approximate kernel ridge regression. We also
show that they can be used to analyze the use of ZZ* + A1, as a preconditioner for K+ AI,,.

While this chapter focuses on KRR for conciseness, we remark that in the sketching literature,
spectral approximation bounds also form the basis for analyzing sketching based methods for
tasks like low-rank approximation, k-means and more. In the kernel setting, such applications
where analyzed, without regularization, for the polynomial kernel (Avron et al., 2014). Cohen
et al. (2017) recently showed that (4.6) along with a trace condition on ZZ* (which holds for all
sampling approaches we consider) yields a so called “projection-cost preservation” condition
for the kernel approximation. With A chosen appropriately, this condition ensures that ZZ*
can be used in place of K for approximately solving kernel k-means clustering and for certain
versions of kernel PCA and kernel CCA. See Musco and Musco (2017) for details, where this
analysis is carried out for the Nystrém method.

4.3.1 Risk Bounds

One way to analyze estimators is via risk bounds; several recent papers on approximate KRR
employ such an analysis (Bach, 2013; Alaoui and Mahoney, 2015; Musco and Musco, 2017).
In particular, these papers consider the fixed design setting and seek to bound the expected
in-sample predication error of the KRR estimator f, viewing it as an empirical estimate of the
statistical risk. More specifically, the underlying assumption is that y; satisfies

yi=f X)) +v; 4.7

for some f*: % — R. The {v;}’s are i.i.d noise terms, distributed as normal variables with
variance 0. The empirical risk of an estimator f, which can be viewed as a measure of the
quality of the estimator, is

1 n
) =By |~ Y |F) = )]
j=1

(note that f itself might be a function of {v;}).

Let f € R” be the vector whose j*" entry is f* (x ). Itis quite straightforward to show that for
the KRR estimator f we have (Bach, 2013; Alaoui and Mahoney, 2015):

R (f) = n AT (K+ ALy "2+ n~ ot tr (KE(K+ ALy ™2).
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Chapter 4. Modified Random Fourier Features for Kernel Ridge Regression

Since A*fT (K+ AL,) 2f < AT (K+ AL,) ~'fand tr (K*(K+ AI,) ) < tr (KK + AL,) 1) = 53 (K), we
define

Gox® % AT K+ AL) "+ n o2, (K)
and note that Z(f) < Zx(f). The first term in the above expressions for Z(f) and Zk(f) is
frequently referred to as the bias term, while the second is the variance term.

Lemma 4.3.1. Suppose that (4.7) holds, and letf € R" be the vector whose jth entryis f* (x;).
Let f be the KRR estimator, and let f be KRR estimator obtained using some other kernel 75(-, )
whose kernel matrix is K. IfK+ AL, is a A-spectral approximation to K+ AL, for some A <1,
and |Kllop = 1, then the following bound holds:

A rankK ,

Z(f)<Rz®)<(1-N"'% : : 4.8
N g®=( ) K(D+(1+A) v (4.8)

Proof. Note that A < B implies that B~ < A~! so for the bias term we have:
fTEK+AL) <1 -A) T K+A1,) 't (4.9)

We now consider the variance term. Denote s = rank K. We have:

J A
=S5— —_—
ALK+ A
<H1+A>1Zﬁ

/1 S
1 AK) +A 1+AZ (K)+}L

N
s- Z

n .
”‘Z A As

<
(K)+/1 1+A
K + A-s
=5
A 1+A
1Ayl 0+ 25
- A 1+A’

where we used the fact that A < B implies 1;(A) < A;(B) (a simple consequence of the Courant-
Fischer minimax theorem).

Combining the above variance bound with the bias bound in (4.9) yields:

A rankK

. R .
R () < (1-A) %K(ﬂ+(1+m — 0},
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4.4. Ridge Leverage Function Sampling and Random Fourier Features

In short, Lemma 4.3.1 bounds the risk of the approximate KRR estimator as a function of both
the risk upper bound Zx (f) and an additive term which is small if rankK and/or A is small.
In particular, it is instructive to compare the additive term (A/(1 + A))n~'0? - rankK to the
variance term n_loi -5 (K).

Remark 4.3.2. An approximation K is only useful computationally ifrankK < n soK gives a
significantly compressed approximation to the original kernel matrix. Ideally we should have
rankK/n — 0 as n — oo and so the additive term in (4.8) will also approach 0 and generally be
small when n is large.

4.3.2 Random Features Preconditioning

Suppose we choose to solve (K+ Al;) @ =y using an iterative method (e.g. CG). In this case, we
can apply ZZ* + AI,, as a preconditioner. Using standard analysis of Krylov-subspace iterative
methods it is immediate that if ZZ* + AI,, is a A-spectral approximation of K+ AI,, then the
number of iterations until convergence is O(v(1+A)/(1-A)). Thus, if ZZ* + Al is, say, a
1/2-spectral approximation of K+ AI,, then the number of iterations is bounded by a constant.
The preconditioner can be efficiently applied (after preprocessing) via the Woodbury formula,
giving cost per iteration (if s < n) of 0(n?). The overall cost of computing the KRR estimator is
therefore O(ns® + n?). Thus, as long as s = o(n) this approach gives an advantage over direct
methods which cost O(73). For small s it also beats non-preconditioned iterative methods
cost O(n?*v/x(K)). See Cutajar et al. (2016) and Avron et al. (2017a) for a detailed discussion.
The upshot though is that we reach again the question that was poised earlier: how big should
s be so that ZZ* + AI,, is a 1/2-spectral approximation of K+ AI,;?

4.4 Ridge Leverage Function Sampling and Random Fourier Fea-
tures

In this section we present upper bounds on the number of random Fourier features needed
to guarantee that ZZ* + AI,, is a A-spectral approximation to K+ AI,,. Our bounds apply to
any shift-invariant kernel and a wide range of feature sampling distributions (in particular,
classical random Fourier features).

Our analysis is based on relating the sampling density to an appropriately defined ridge lever-
age function. This function is a continuous generalization of the popular leverage scores (Ma-
honey and Drineas, 2009) and ridge leverage scores (Alaoui and Mahoney, 2015; Cohen et al.,
2017) used in the analysis of linear methods. Bach (2017) defined the leverage function of the
integral operator given by the kernel function and the data distribution. For our purposes, a
more appropriate definition is with respect to a fixed input dataset:

Definition 4.4.1. Forxy,...,X;, € R4 and shift-invariant kernel k(-, -), define the ridge leverage
function as

12 E papzm* K+ AL) ' z().
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Chapter 4. Modified Random Fourier Features for Kernel Ridge Regression

In the above, K is the kernel matrix and p(-) is the distribution given by the inverse Fourier
transform of k(:, ).

We begin with two simple propositions. Recall that we assume k(x,x) = k(0) = 1 for any x,
however our results apply to general shift invariant kernel after appropriate scaling.

Proposition 1. Foralln,

n
—) pm =1 = z-p(n).

Proof. Since k is positive definite and k(0) = 1, |k(x,2)| < 1 for all x and z. This implies that
the maximum eigenvalue of K is bounded by 7. The lower bound follows, after noting that
l|z(m) ||§ = n. The upper bound follows similarly, since all eigenvalues of K+ AI,, are lower
bounded by A. O

Proposition 2. [ 7)(n)dn = 53 (K).

Proof.

f TA(mdn f p(n)z(n)*(K+/IIn)_1z(n)d1;
R4 R4

fR tr(pan K+ AL z(mzip*) dn

tr((K+ /lln)‘lpr(n)z(n)z(n)*dn
tr (K+ AL,) 'K) = 53(K).

The second and third lines follow from the cyclic property and linearity of trace respectively.
O

Recall that we denote the ratio /A, which appears frequently in our analysis, by 1) = n/A. As
discussed, theoretical bounds generally set A = w(1) (as a function of n) so ny = o(n). However
we remark that in practice, it may sometimes be the case that A is very small and n, gn.

An immediate result of Propositions 1 and 2 (which can also be obtained algebraically from K)
is a generic bound on the statistical dimension of a kernel matrix:

Corollary 4.4.1. ForanyKeR"*",s;(K) < n;.

For any shift-invariant kernel with k(x,x) = 1 and k(x,z) — 0 as [|x — z||» — oo (e.g., the Gaussian
kernel) if we allow points to be arbitrarily spread out, the kernel matrix converges to the identity
matrix, and sy (I,) = n/(1 + A1) = Q(n,) so the above bound is tight. However, this requires
datasets of increasingly large diameter (as n grows). In contrast, the usual assumption in
statistical learning is that the data is sampled from a bounded domain &'. In Section 4.7.4 we
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4.4. Ridge Leverage Function Sampling and Random Fourier Features

show via a leverage function upper bound that for the important Gaussian kernel on bounded
datasets sy (K) = o(ny).

In Chapter 3 we proved that spectral approximation bounds similar to (4.6) can be constructed
by sampling columns relative to upper bounds on the leverage scores. In the following, we
formalize this for the case of sampling Fourier features from a continuous domain. First, we
need an auxiliary lemma which is a special case of Lemma B.1.1 in Appendix B.1.

Lemma 4.4.1. LetB be a fixed d x d matrix. Construct a d x d random matrix R that satisfies
E[RI=B and |[Rllop=<L.

LetM be semidefinite upper bounds for the expected squares, E[RR*] <M.
Form the matrix sampling estimator R, = % Y7¢_, Ry, where each Ry is an independent copy of

R. Then, forall t = \/IMllop /n+2L/3n,

B} 8tr (M) -nt?/2
Pr[”Rn—B” zt] < exp .
o Mo IMllop +2Lt/3

We prove a more general version of Lemma 4.4.1 in Appendix B.1 (see Lemma B.1.1).

Lemma 4.4.2. Let 7 : R% — R be a measurable function such that T(n) = t,(n) foralln e R4,
and furthermore assume that

SfEf T(mdn
R4

is finite. Denote pz(n) = T(n)/sz. Let A<1/2 and p € (0,1). Assume that |Kllop = A. Suppose we
take s = gA_ZSf In(16s, (K)/p) i.i.d. samples1,,...,n from the distribution associated with the
density pz(-) and then construct the matrix Z according to (4.5) with q = pz. ThenZZ* + A1, is
A-spectral approximation of K+ Al,, with probability at least 1 — p.

Proof. Let K+ AL, = V' 22V be an eigendecomposition of K + AI,,. Note that the A-spectral
approximation guarantee (4.2) is equivalent to

K-AK+ ALy <ZZ* <K+ AK+ AlL),

so by multiplying by £~'V on the left and VT 27! on the right we find that it suffices to show
that
|z7'vzz vz 2T IVKRV T ET| <A (4.10)

holds with probability of at least 1 — p. Let

Y, = pm))

> Wzm)zmn)*v =1,
p: () oz

Note that E[Y;] = Z7'VKV 2! and 1 ¥'3_| Y; = Z7'VZZ*VT 2!, Thus, we can use matrix
concentration result of Lemma 4.4.1 to prove (4.10).
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To apply this bound we need to bound the norm of Y; as well as the stable rank E [Y%] Since
Y; is always a rank one matrix,

p(n;) tr(
pz(n)
p(1n) z
pz()
- li(;l;)z(m)*(K+/11n)_1z(m)
se-Talm) _

T(m1)

IYillop = = Wzm)zn)*V'E!)

m)*V' == vz

since 7y (n;) = 7(n;) by assumption of the lemma. We also have:

PR 1 1) sy Ty—lg—1 sy T =1
Yl = 2Vz(n)z(n))'V XX "Vz(n)z(n;)) 'V Z

pi(m1)?

P(ﬂl)z -1 * -1 *y7 ] w—1
= 2= _37ly, K+ AL, \"AD>
o)) z(nz(n;) ( ) z(mz(n))

pmT(n) oy T 1
= ——37V vV z
pz(m)? zn)z0n:)
(1)) Y,
pz(n)
= SiT("l)Ylﬁ‘Sle.

T(my)

Let Ay =--- = A, be the eigenvalues of K. We have

sz 2 IVKV' 7!

S5 (In - /1272)

sf~diag(/11/(ﬂtl +/1),,/1n/(ﬂn+/1)) =D.

ElszY;]

So,

prl |1y v -z vk | =al s 8tr(D)ex( “sh%2 )

S 13 op ”D“Op ”D”op +2s:A/3

< 165, (K) ( —sA” )

= S ex T ———

ARV EXPL S (1 +2A73)

_ 2
<

SA
165, (K) exp( 3

T

<p

where the second inequality is due to the assumption that A; = [Kl|lop, = A and hence [|D||op =
sz/2. The last inequality is due to the bound on s. O

Lemma 4.4.2 shows that if we sample using the ridge leverage function, then O (s (K) log(s; (K)))
samples suffice for spectral approximation of K (for a fixed A and failure probability). While
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there is no straightforward way to perform this sampling, we can consider how well the classic
random Fourier features sampling distribution approximates the leverage function, obtaining
abound on its performance:

Theorem4.4.1. LetA <1/2andp € (0,1). Assumethat ||K||» = L. Ifwe use s = gA‘zn,l In (16#)
random Fourier features (i.e., sampled according to p(-)), then ZZ* + A1, is A-spectral approxi-
mation of K+ Al,, with probability of at least 1 — p.

Proof. Define T(n) = p(n) - ny and note that 7(1) = 7 () by Proposition 1 and that s; = n,.
Finally, note that pz(n) = p(n), the classic Fourier features sampling probability. O

Theorem 4.4.1 establishes that if A = w(log(n)) and A is fixed, o(n) random Fourier features
suffice for spectral approximation, and so the method can provably speed up KRR. Never-
theless, the bound depends on n) instead of s, (K), as is possible with true leverage function
sampling (see Lemma 4.4.2). This gap arises from our use of the simple, often loose, leverage
function upper bound given by Proposition 1.

Unfortunately, the bound in Theorem 4.4.1 cannot be improved. Even for the special case of a
one-dimensional Gaussian kernel, the classic random Fourier features sampling distribution
is far enough from the ridge leverage distribution that Q(n,) features may be needed even
when s3 (K) = o(n,). On the otherhand, a simple modified sampling approach does closely
approximate the true ridge leverage distribution and so yields significantly better bounds
for the Gaussian kernel. We present these results in Section 4.5 and Section 4.6 respectively.
We defer a discussion of their proofs to Section 4.7, where we develop our main technical
contribution: a sharper understanding of the ridge leverage function based on a formulation
as the solution to two dual optimization problems which give corresponding upper and lower
bounds on the distribution and, correspondingly, on sampling performance.

4.5 Lower Bound for Classic Random Fourier Features

Our lower bound shows that the upper bound of Theorem 4.4.1 on the number of samples
required by classic random Fourier features to obtain a spectral approximation to K+ Al is
essentially best possible. The full proof is given in Appendix C.5.

Theorem 4.5.1. Consider the d-dimensional Gaussian kernel with o = 2n)~! (so p(n) =
2
@m)~42e~Inl12) For any odd integer n = 8Inny, any A satisfying0 < A < 52, and every radius

R such that600In*?ny < R < 801—”(), there exists a dataset of n points {x; ;.’_1 < [-R,R)?
n(ny -

such that if s random Fourier features (i.e., sampled according to p(-)) are sampled for some s

satisfying s < %, then with probability at least 1/2, there exists a vector a € R" such that:

2
a K+ AL)a< gaT(ZZ"‘ + AL a. (4.11)

Furthermore, for the said dataset, s)(K) = O (R - polylogn, ).
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Theorem 4.5.1 shows that the number of samples s required for ZZ* + AI,, to be a 1/2-spectral
approximation to K+ AI,, for a bounded dataset of points must depend at least linearly on
ny. So, there is an asymptotic gap between what is achieved with classical random Fourier
features and what is achieved by modified random Fourier features using leverage function
sampling.

As we will see in Section 4.7, the key idea behind the proof of Theorem 4.5.1 is to show that for
a dataset contained in [-R, R]%, the ridge leverage function is large on a range of bandlimited
frequencies. In contrast, the classic random Fourier features distribution is very small at the
edges of this frequency band, and so significantly undersamples some frequencies and does
not achieve spectral approximation.

We remark that it would have been preferable if Theorem 4.5.1 applied to bounded datasets
(i.e. with R fixed), as the usual assumption in statistical learning theory is that data is sampled
from a bounded domain. However, our current techniques are unable to address this scenario.
Nevertheless, our analysis allows R to grow very slowly with n and we conjecture that the lower
bound is tight even for bounded domains.

4.6 Improved Sampling for the Gaussian Kernel

Contrasting with the lower bound of Theorem 4.5.1, we now propose a modified Fourier feature
sampling distribution that performs near-optimally for the Gaussian kernel on bounded input
sets. Furthermore, unlike the true ridge leverage function, this distribution is simple and
efficient to sample from. To reduce clutter, we state the result for a fixed bandwidth o = (27)~!.
This is without loss of generality since we can always rescale the points by (270)~!.

Our modified distribution essentially corrects the classic distribution by “capping” the proba-
bility of sampling low frequencies near the origin. This allows it to allocate more samples to
higher frequencies, which are undersampled by classical random Fourier features. See Figure
4.1 for a visual comparison of the two distributions.

Definition 4.6.1 (Improved Fourier feature distribution for the Gaussian kernel). Define the

function 4
(6.2R+1240In'° n))“ +1  I9lleo < 10/In(12)

Tr(n) = ‘
o { nw(n)ﬂj?:lmax(l,lnjl) otherwise

Let sz, = [p Tr(1)dn and define the probability density function pr(n) = Tr(1))/sz,.

Note that pr(n) is just the uniform distribution for low frequencies with |9, < 104/log(n,),
and a slightly modified classic Fourier features distribution, appropriately scaled, outside this
range. As we show in Section 4.7, Tg(n) upper bounds the true ridge leverage function 7, (1)
for all 7. Hence, simply applying Lemma 4.4.2:

Theorem 4.6.1. Consider the d-dimensional Gaussian kernel with o = 2m)~" (so p(n) =
@)~ 42e-113/2) gpd any dataset of n points {x]-}»;?:1 < R? contained in a ¢ -ball of radius
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R (i.e |x; —x;| < 2R forall i, j € [n]). For any A such that d <50In(ny) + O(1), if we sam-
ple s = gA‘st-R In(16s) (K)/p) Fourier features according to pr(-) and construct Z according
to (4.5), then with probability at least 1 — p, ZZ"* + A1, is A-spectral approximation of K+ AL,.
Furthermore, s;, = O((248R)dln””2 ny + (223In n,l)Zd) and pr(-) can be sampled from in O(d)
time.

Proof. The result follows from Lemma 4.4.2 and the fact that Tz () upper bounds the true ridge
leverage function, which follows from Theorem 4.7.1 of Section 4.7 along with Proposition 1.
The bound on sz, can be computed as follows. Let us denote g1 () = (27) 227 2 max(1,n1)
and g(m) =g1(M1):...- g1(ngq). We calculate

o0
AEf g1(m)dn = erf(1/v?2) + V2/er ~1.1663
—00

B—2foo md —\/En_SO
B 10 lnmgln n T A

‘We now have f”n”w>1omg(n)d1’ = A?— (A-B)?. The assumption d =< 50In(ny) + O(1)
ensures that,

Stp Zf Tr(mdn
Rd
d
= ((6.2R +1240In'° n,l)d + 1) (20 In nl) + ”/1'/ gmdn
I7ll0>104/In(1,)
- O((248R)dln(n1)d/2 +(223In nﬂ)”).

Sampling from 7(n) amounts to sampling from the mixture of a uniform distribution on
d
[—10\/ln ny,104/In n,l] and the tail of the distribution defined by Txr: with probability

d
S% (20 Inn ,1) . ((6.2R +1240In"% n ,l)d + 1) sample from the uniform distribution and with
TR

the remaining probability sample from the tail. Using the above expression for the total mass
of the tail, we can decide whether to sample from the uniform part or from the tail part by
generating a single sample with uniform distribution on [0, 1].

Sampling from the uniform part, clearly takes O(d) time. Sampling from the tail can be easily
done via rejection sampling at O(d) expected cost, as we show now. The density p; of the tail

gm-1 [Ilnlloo > 10\/1n_nﬂ]
‘f||ﬂ'|\mzlomg(ﬂ’)dn’

1S:

p:(m) =

We can write 1 [llnllOo =10+/Inn ,1] as a union of disjoint partitions as follows:

d
1 [Ilnlloo > 10\/1nn1] =Y 1 [|nj| > 10\/lnn,1] 1 [Inkl <10y/Inny Vkel,.,j-1
j=1

135



Chapter 4. Modified Random Fourier Features for Kernel Ridge Regression

Let R; denote the jth region in the above partition for every j € [d]:

Rj= {n eR? : ;1 =10v/Inny, Ingl < 10v/Inn, Ve {1, .., j— 1}}

Thus, the density p; can written as follows:

g(ﬂ)‘Z?ﬂ]l[neRj]
pe(m) = v
flln’lloozloy/lnm gmdn

Now because R;’s are disjoint sets we can sample from p; in the following fashion.

Jyer, 8mdn
1. First generate a sample j € [d] with probability T i

—- In order to execute
I leo=10y/Inr; 8 MM

this step, we first compute:
f gmdn=A%"1(A-B)/7!B.
nERj

Then given the probabilities we can sample j in O(d) time.
2. Next, generate a sample from the distribution:

g -1[n € R;]

= ;
P T en g dn
:gl(nj)'ﬂ[|77j|210\/lnnl].ﬁgl(nk)']l[|77k|<10\/lnnfl]. ﬁ g1

B P A-B A

k=j+1

We explain how to sample from this distribution in the subsequent paragraphs.

We now explain how to perform the second step of sampling. It can be seen in the above
expression that sampling from the distribution whose density is p; ; () amounts to sampling
each of d coordinates of 7 independently from their corresponding distributions. There
are three types of distributions that we need to sample from. Either we need to sample
proportional to g; (-) (coordinates j+1,j+2,---d) or we need to sample from the (rescaled)
head of g; (coordinates 1,2,... j — 1), or we sample from the tail of g; (-) (coordinate j).

We start with sampling proportional to g;. This distribution is a mixture of Gaussian on [-1,1]
and enlarged Gaussian outside. The total mass is A, and the relative mass of the Gaussian part
is erf(1/v/2)/ A. First, we sample a random variable U ~ Unif([0, 1]), which will decide which
part of the mixture we sample. If U is bigger than erf(1/v/2)/ A, then the sample comes from the
tail. In that case, we generate the sample by computing G~} (U) where G(¢) = A™! fi g1(mdn
(i.e., we use inverse transform sampling). Note that G has a simple invertible closed form for
values larger than 1, we have G(1) = erf(1/v/2)/ A. If U < erf(1/1/2)/ A, then the sample comes
from the Gaussian part. To generate the sample from the head, we sample a standard Gaussian
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Figure 4.1 — Plot of the true ridge leverage function vs. the classic random Fourier features
distribution and our modified distribution, for a dataset of n = 401 equispaced points on the
range [—5,5]. Our modified distribution closely matches the true leverage scores to within a
small multiplicative factor. In contrast, the classical distribution oversamples low frequencies,
at the expense of substantially undersampling higher frequencies.

X, and test whether X < 1. If it is, then we use the sample, otherwise we reject and repeat.
Obviously, the expected number of samples we need is O(1).

To sample proportional to the head of g;, we repeat the above procedure and test whether the
sample is smaller than 10+/In n;. If it is not, we reject the sample and repeat.

To sample proportional to the tail of g;, we sample a uniform random variable T on [0, B/ A],
and return G 1(1 - 1), using the closed from expression for G~ ! for values close to 1.

Thus, we can generate a sample in step 2 in O(d) expected time, and overall the sampling
procedure takes O(d). O

Theorem 4.6.1 represents a possibly exponential improvement over the bound obtainable by
classic random Fourier features. Consider d = 1 and R = log'*(n3). The bound on sz, shows
that our modified distribution requires O (R+/log(n;)) samples, as opposed to Q(n3) lower
bound given by Theorem 4.5.1.

4.7 Bounding the Ridge Leverage Function

We now bound the ridge leverage function of the Gaussian kernel, which leads to Theorems
4.5.1 and 4.6.1. The key idea is to reformulate the leverage function as the solution of two
dual optimization problems. By exhibiting suitable test functions for these optimization
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Chapter 4. Modified Random Fourier Features for Kernel Ridge Regression

problems, we are able to give tight upper and lower bounds on the ridge leverage function,
and correspondingly on the sampling performance of classic and modified Fourier features.

4,7.1 Primal-Dual Characterization

Before introducing our primal-dual characterization of the ridge leverage function, we present
a few definitions. Define the operator @ : L,(u) — C" by

®y¥fRdﬂznwadu@L 4.12)

We first prove that the operator ® is defined on all L, (1) and is a bounded linear operator.
Indeed, for y € Ly (p),

2
2

H¢Uﬂ§=”ﬁ;z@nwadu®)

SAJH&ﬂ&ﬁdm&

S GIREGTI
2

:”'”y“Lz(dy)-

Therefore, there is a unique adjoint operator ®* : C" — L, (u), such that (®y,x) = (y, ®*X), ()
for every y € L, (u) and x € C". One can verify that [®*x] (1) = z(7) *x. The following holds:

Proposition 3. For everyxe C":
®P*x = Kx.

Proof. ForeveryxeC",

S
S
><
I

fz@mwﬂwmma
Rd

j‘z@nmﬁxdma
Rd

([Rd 2(§)z(§)" du&) |x = Kx.

O

We can now equivalently define the ridge leverage function 7 (-) via the following optimization
problems. Similar characterization are known for the finite dimensional case. Here we extend
these results to an infinite dimensional case.

Lemma 4.7.1. The ridge leverage function (Definition 4.4.1) can alternatively be defined as:

_ . -1 . 2 2
= mie,t @y~ vemzml, + 171, (4.13)

138



4.7. Bounding the Ridge Leverage Function

Proof. The minimizer of the right-hand side of (4.13) can be obtained from the usual normal
equations, and simplified using the matrix inversion lemma for operators (Ogawa, 1988):

y* VP (@@ + Al ) ' @ ()
p()®* (®D* + AL,) 'z(n)

pm®* (K+ AL, 'z()

where we used Proposition 3. So, for y* (&) = /p(@)z(&)* (K + AL,)~'z(n) we have:

V1, = P f 1206)* (K+ ALY 2| duc®)
Rd

mmﬁ?mmﬂK+Mm*manaﬂK+Mm*ﬂmdma

pan” (4 217 [ 22 du@) 6+ ALzt

pmz(m)* K+ AL,) KK+ AL,) 'z(n)
pmzm)* K+ AL,) " 'z() — Ap(z)* K+ AL,) ~2z(n).

Additionally,

p() |@®* (K -+ AL) 'z(n) - z(m) 5

oy~ vomzm],
= pp | KEK+AL) ™ =1z
= p) |AK+AL) 'z
= Apzm)* K+ AL,) 2z(y),.

Plugging the above equations into (4.13) gives:

= pmz()* K+ ALy) "'z(n) — Apm)zm)* (K+ AL,) "*z()
+ Apmzm)* K+ AL,) " %z(n)

= p(mz()* K+ AL,) z(n)

=T1,(m).

* 112 -1
1YL, + 2

Recall that we define z(n); = e 2™ " So @ is just a d-dimensional Fourier transform of
the function y weighted by the probability measure p(€), and evaluated at the frequencies
given by the data points Xy, ...,X,. Thus, the optimization problem of Lemma 4.7.1 asks us
to produce a function y whose Fourier transform is close to the pure cosine wave on our
datapoints \/Wz(n). At the same time, to keep the second term of (4.13) small, y should
have bounded norm under the 1(§) measure. So, the trivial solution of setting y to be a Dirac
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Chapter 4. Modified Random Fourier Features for Kernel Ridge Regression

delta function at  (whose Fourier transform is a pure cosine with frequency ) fails. A more
carefully chosen function must be constructed whose Fourier transform looks like the cosine
at our datapoints but diverges elsewhere. Such a function certifies that, on our datapoints,
the cosine of frequency 5 can be approximately reconstructed with low energy using other
frequencies. Hence 7 is not a critical frequency for sampling, so 7 (1) is small.

Dual to the minimization objective of Lemma 4.7.1, which allows us to certify upper bounds
on the ridge leverage function, we can define a maximization objective allowing us to certify
lower bounds:

Lemma 4.7.2. The ridge leverage function can alternatively be defined as:

@) -lzm)* al?
7,(m) = max 1:712 N 5 (4.14)
ael" 0% ally, () + Allelly

Proof. The optimization problem (4.13) can equivalently be reformulated as,

72(n) = minimum ||y||i2(w + ||u||§
yeLyuw); wueC”
subjectto: ®@y+ Viu=y/ pmz(n).

First, we show that for any & € C", the argument of the minimization problem in (4.14) is no
larger than 7 (n7). That is because for the optimal solution to above optimization, namely a

@y +vVa=/pazm).

and y, we have:

Hence,
VP -lzm)* al = |a* (@7 + VA)|
<la*®j|+V21|a*q|
= (e, @)+ VAla* il
= (D" &, P, ] + VAl dl
<f@ a7l + VAl s,

where the last inequality follows from Cauchy-Schwarz. By another application of Cauchy-
Schwarz:

puiztn’” af* = (@ al7,, + Aal) (1717, + 1505).
Therefore, for every a € C”,

pm)|a*zmn)?
|®* + 1l

2 <717 g + 1605 = a0, @19
17, (w 15
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4.7. Bounding the Ridge Leverage Function

Now it is enough to show that for the optimal « the objective of the dual problem (4.14)
achieves the leverage score value 7, (1). First, note that for any a € C":

2

||(I)*a||L2(m +A IIallg = (0", ® ), + Ao’
= (0P a,a)+la*a
=a"K+,)a.

Now we show that for @ = \/p (1) (K+ AI,,)~'z(n) the objective of (4.14) matches leverage score
7, (7). By substituting & = /p(n) (K+ )LIn)_lz(n) we have:

pmlzm*al® p?1z(m)* K+ AL) " 'z(p)?
lo*alf ,+Alals  pEzim* K+ ALy) " K+ AL) (K + AL,) ~'z(n)

Ly (W)
= p(lz(m* K+ AL,) 'z
=T1,(1).

The optimization problem in (4.14) asks us to exhibit a set of coefficients & € C", such that
the Fourier domain representation of our point set weighted by these coefficients (i.e. ®* a) is

pm)-lz(m)* al?
I al,,

frequency for representing our point set and so 7, (n) must be large. The regularization term

concentrated at frequency 1 and hence is large. Such a certifies that 77 is a critical

Alla|l?, decreases the ridge leverage function when p() is very small, i.e. when 7 has small
weight in the Fourier transform of our kernel.

4.7.2 The Gaussian Kernel Leverage Function: Upper Bound

We start by applying Lemma 4.7.1 to prove a ridge leverage function upper bound for the
Gaussian kernel. Again, to reduce clutter, we state the result for a fixed bandwidth o = (27)!.

Theorem 4.7.1. Consider the d-dimensional Gaussian kernel with o = (2m)~'. For any integer
n,any0< A=< g such that d < 10n), and any radius R > 0, ifXy,...,.X, € R4 is contained in a
lo-ball of radius R (i.e ||xl~ —X;j ||Oo <2Rforalli,j € [n]), then for every Inloo < 10+/Inn,,

7A() < (6.2R +1240In"5 ) * + 1.

Combining the bound of Theorem 4.7.1 for n with |77lloc < 104/In n; and Proposition 1 for
outside this range immediately implies our improved sampling bound in Theorem 4.6.1.

Theorem 4.7.1 Proof Outline (Details and a full proof in Appendix C.2).

For simplicity we focus on the case of d = 1. Our proof for higher dimensions uses similar
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Figure 4.2 — To minimize |®y, -z()||5, we can choose a test function y, (&) whose (u()
weighted) Fourier transform @y, is the pure cosine e2"** multiplied by the box function on

[-R, R]. Specifically, y, (&) p(€) is a sinc function centered at 7). Unfortunately, || y, ||i2 () 18 10O
large to get a good leverage function bound from Lemma 4.7.1. However, this construction is
the starting point for our final test function, pictured in Figure 4.3.

ideas. To upper bound 7, () using Lemma 4.7.1 it suffices to exhibit any function y, € L, ()
(i.e. with bounded norm || n ||i2 ( /t)) such that, when reweighted by u($) = p($)d¢, yy’s Fourier
transform is close to the pure cosine target function z(n) on our datapoints. In general, the
test function depends on 7 and hence our subscript notation yj(-).

One simple attempt is y, () = %6 (n — &) where 6(:) is the Dirac delta function. This choice

zeros out the first term of (4.13). However §(-) is not square integrable, y; ¢ L>(u), so the
lemma cannot be used (the norm is unbounded). Another attempt is y; ({) = 0, which zeros
out the second term and recovers the trivial bound 7, () < A~ ||\/pmzn) ||§ = p(mn, of
Proposition 1.

We improve this bound by replacing the Dirac delta function at n with a ‘soft spike’ whose
Fourier transform still looks approximately like a cosine wave on [—R, R], and hence at our
data points, which are bounded on this range. The smaller R is, the more spread out this
function can be, and hence the smaller its norm || Y || i W’ and the better the leverage function

bound.

A natural idea is to consider the inverse Fourier transform of the cosine with frequency n
restricted to the range [-R, R] — i.e. multiplied by the box function on this range. It is well
known that this is a sinc function with width 5, centered at 7: g,(¢) = 2R -sinc(2R(& - 1)),

vadu)

where sincx = % (see Figure 4.2). If we set y,(S) = g,(S) - G the pu weighted Fourier
transform at x; € [~ R, R], [®@y,];, will be identical to the target z(n) ; and so again the first term
of (4.13) will be 0. Unfortunately, || I ||i2 W will still be too large. The reweighting function
ﬁ = V2met’ 2 grows exponentially, while sinc (2R (¢ — 1)) only falls off linearly, so y, will have
unbounded energy in the high frequencies.
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Figure 4.3 — In comparison to Figure 4.2, damping the sinc function with a Gaussian decreases
the energy |y, HZ( 4 but does not significantly affect the Fourier transform on [~ R, R]. @y is
a pure cosine with frequency n multiplied by a blurred box function and thus (®y,) ; = z(n)
for x; € [-R, R]. Accordingly, y;, is ideal for bounding the leverage function via Lemma 4.7.1.

To correct this issue, we dampen the sinc at higher frequencies by multiplying with a Gaussian,
which decreases || n || iz W’ but does not significantly affect the Fourier transform on [-R, R].

Specifically, for some parameters u, v set g,(¢) to be product of a Gaussian with standard
deviation 1/u with a sinc function with width 1/v, both centered at . The corresponding
Fourier transform g; (x) is the convolution of a Gaussian with standard deviation u with a box
of width v —i.e. a blurred box.

If we set v = © (R + uy/logn,) then the box, when centered at x € [-R, R] nearly covers the
full mass of the Gaussian. Specifically, we have 1 -1/ ni <|8,(x)| =1 for x € [-R, R] and some
large constant c. Since g, (<) is centered at 7, g,,(x) is multiplied by the cosine wave g 2mixn
and so we have (®y;); = \/Wgn (xj) = \/Wz(n)j. Thus, when applying Lemma 4.7.1 to
bound the leverage function, the first term of (4.13) will be negligible (see Figure 4.3).

Theorem 4.7.1 then follows from adjusting u to minimize || n - balancing increased

2
” Lr(w)
damping for large n with increased energy due to a more concentrated Gaussian. We eventually
choose u = O(logn,). Obtaining tight bounds and in particular achieving the right dependence

on log ny requires several modifications, but the general intuition described above works!

4.7.3 The Gaussian Kernel Leverage Function: Lower Bound

Using the dual leverage function characterization in Lemma 4.7.2, we can give a near matching
leverage function lower bound for the Gaussian kernel.

Theorem 4.7.2. Consider the d-dimensional Gaussian kernel with o = (2r)~'. For every odd

. P 2d
integer m = 8Inny, positive integer d < 8n,, where n = m? 1) 2

, every parameter 0 < A< (3) - &,
and every radius60In*? ny < R < = "11 , there existXy,Xs,...,X, € [ R, R1? such that for every
nny
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ne [—10@,10\/111;“]‘1,

1 (R p@)
= o8 (5) 2p(m) + @RI3)An; T

Theorem 4.7.2 Proof Outline (Details and a full proof in Appendix C.3). The main idea of
the proof is to use Lemma 4.7.2 to get a lower bound on 7, (7). Note that the expression
given under the maximum in (4.14) provides a lower bound for any choice of &. However, we
provide a judiciously chosen « that is related to the test function yy € Ly (u) used in the proof
of Theorem 4.7.1 which provides an upper bound on 7 (1). The choice of yy in the proof of the
upper bound is essentially a sinc function that is dampened by a Gaussian centered at 5. Due
to the duality of the corresponding minimization and maximization problems in Lemma 4.7.1
and Lemma 4.7.2, respectively, the optimal @ must essentially be a scalar multiple of ®y;,
which is a (weighted) Fourier transform of y; evaluated on the data points x,X, ..., X,. Hence,
we should intuitively choose a to be the samples of y; on the data points. Moreoever, to
provide the tightest possible lower bound, we wish to choose our data points x;,xy,...,X; to
be as spread apart as possible, as this corresponds to a higher statistical dimension (which
corresponds to higher leverage scores on average). Thus, we choose our points to be evenly
spaced points on a d-dimensional grid located inside an L, ball of radius R around the origin.

4.7.4 Bounding the Statistical Dimension of Gaussian Kernel Matrices

Theorems 4.7.1 and 4.7.2 together imply a tight bound on the statistical dimension of Gaussian
kernel matrices corresponding to bounded points sets (the proof appears in Appendix C.4):

Corollary 4.7.1. Consider the d-dimensional Gaussian kernel with o = (2m)~'. For any positive

501111’1)L ;) and anyR > O’ l:fxlr---lx}’l € [_R; R]d

. n o
integer n, parameter0 < A< 2, integer1 < d < oy

=5

s2(K)

IA

(20v/n nl)d ((62R+1240mM )" +1) /T(@r2+ 1) +1

)

r'di2+1)

248R)?In%'? ny + (2231n m)”)

2d
2,
there exists a set of pointsxy,...,X, € [-R, R1? such that:

Furthermore, ifn = m? for some odd integer m = 8In ny, and additionally A < (%) and

80y/Inny

radius 601n

(52 i)
3 (4R/3)4

rdi2+1)

53K =Q
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5] Oblivious Sketching of High-degree
Polynomial Kernels

This chapter is based on a joint work with Michael Kapralov, Rasmus Pagh, Ameya Velingker,
and David Woodruff. It has been accepted to the 31st Annual ACM-SIAM Symposium on
Discrete Algorithms (Ahle et al., 2020, SODA).

5.1 Introduction

Data dimensionality reduction, or sketching, is a common technique for quickly reducing
the size of a large-scale optimization problem while approximately preserving the solution
space, thus allowing one to instead solve a much smaller optimization problem, typically in
a smaller amount of time. This technique has led to near-optimal algorithms for a number
of fundamental problems in numerical linear algebra and machine learning, such as least
squares regression, low rank approximation, canonical correlation analysis, k-means, and
robust variants of these problems. In a typical instance of such a problem, one is given a large
matrix X € R?*" as input, and one wishes to choose a random map II from a certain family
of random maps and replace X with I1X. As I1 typically has many fewer rows than columns,
[1X compresses the original matrix X, which allows one to perform the original optimization
problem on the much smaller matrix I[1X. For a survey of such techniques, we refer the reader
to the survey by Woodruff (2014).

A key challenge in this area is to extend sketching techniques to kernel-variants of the above
linear algebra problems. Suppose each column of X corresponds to an example while each
row corresponds to a feature. Then the existing sketching algorithms require an explicit
representation of X to be made available to the algorithm. This is unsatisfactory in many
machine learning applications, since typically the actual learning is performed in a much
higher (possibly infinite) dimensional feature space, by first mapping each column of X to
a much higher dimensional space. Fortunately, due to the kernel trick, one need not ever
perform this mapping explicitly; indeed, if the optimization problem at hand only depends
on inner product information between the input points, then the kernel trick allows one to
quickly compute the inner products of the high dimensional transformations of the input
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points, without ever explicitly computing the transformation itself. However, evaluating kernel
matrices easily becomes a bottleneck in algorithms that rely on the kernel trick because
primitives such as kernel PCA or kernel ridge regression generally take prohibitively large
quadratic space and (at least) quadratic time, as kernel matrices are usually dense. There
are a number of recent works which try to improve the running times of kernel methods; we
refer the reader to the recent work of Musco and Musco (2017) and the references therein.
A natural question is whether it is possible to instead apply sketching techniques on the
high-dimensional feature space without ever computing the high-dimensional mapping.

For the important case of polynomial kernel, such sketching techniques are known to be
possible!. This was originally shown by Pham and Pagh (2013) in the context of kernel support
vector machines, using the TensorSketch technique for compressed matrix multiplication
due to Pagh (2013). This was later extended in (Avron et al., 2014) to a wide array of kernel
problems in linear algebra, including kernel low-rank approximation, principal component
analysis, principal component regression, and canonical correlation analysis.

The running times of the algorithms above, while nearly linear in the number of non-zero
entries of the input matrix X, depend exponentially on the degree g of the polynomial ker-
nel. For example, suppose one wishes to perform low-rank approximation on A, the matrix
obtained by replacing each column of X with its kernel-transformed version. One would
like to express A = UV, where U € R?"** and V € R**"*, Writing down U explicitly is prob-
lematic, since the columns belong to the much higher d”-dimensional space. Instead, one
can express UV implicitly via column subset selection, by expressingitasa AZZ ' and then
outputting Z. Here Z is an n x k matrix. In (Avron et al., 2014), an algorithm running in
nnz (X) + (n + d) poly (37, k,e™!) time was given for outputting such Z with the guarantee
that H A-AZZT ||?: s(1+e)|A- A II% with constant probability, where Ay is the best rank-k
approximation to A. Algorithms with similar runtimes were proposed for PCR and CCA. The
main message here is that all analyses of all existing sketches require the sketch II to have at
least 3” rows in order to guarantee their correctness. Moreover, the existing sketches work
with constant probability and no high probability result is known for the polynomial kernel.

The main drawback of previous works on sketching the polynomial kernel is the exponential
dependence on the kernel degree p in the sketching dimension and consequently in the
running time. Ideally, one would like a polynomial dependence. This is especially useful
for the application of approximating the Gaussian kernel by a sum of polynomial kernels of
various degrees, for which large values of p, e.g., p = polylogn are used (Cotter et al., 2011).
This raises the main question of our work:

Is it possible to desing a data oblivious sketch with a sketching dimension (and, hence, running
time) that is not exponential in p for the above applications in the context of the polynomial
kernel?

I The lifting function corresponding to the polynomial kernel of degree p maps x € RY to ¢(x) € RY” where
PX iy i,...,i,, = Xiy Xiy -+ Xi,, forevery in, ip,.., ip €{1,2,...,d}
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While we answer the above question, we also investigate it in a more general context, namely,
that of regularization. In many machine learning problems, it is crucial to regularize so as to
prevent overfitting or ill-posed problems. Sketching and related sampling-based techniques
have also been extensively applied in this setting. For a small sample of such work see
(Rahimi and Recht, 2008; Alaoui and Mahoney, 2015; Pilanci and Wainwright, 2015; Musco
and Musco, 2017; Avron et al., 2017b,a,c, 2019). As an example application, in ordinary least
squares regression one is given a d x n matrix A, and a d x 1 vector b, and one seeks to find a
y € R that minimizes || Ay — bll%. In ridge regression, we instead seek a y so as to minimize
Ay — bll% + Allyl2, for a parameter A > 0. Intuitively, if A is much larger than the operator
norm || Allop of A, then a good solution is obtained simply by setting y = {0}4. On the other
hand, if A = 0, the problem just becomes an ordinary least squares regression. In general,
the statistical dimension (or effective degrees of freedom), s, captures this tradeoff, defined
as sy d:efZ?ZI %, where A; (AT A)isthe i" eigenvalue of AT A. Note that the statistical
dimension is a{lways at most min(n, d), but in fact can be much smaller. A key example of its
power is that for ridge regression, it is known (Avron et al., 2017b) that if one chooses a random
Gaussian matrix IT with O(s /€) rows, and if y* is the minimizer to |ITAy —TIb||3 + Al y|3, then
IAy* = bl + Ally* 113 < (1 + ) miny (| Ay’ = bl + Ally'[13). Note that for ordinary regression
(A = 0) one would need that IT has Q(rank(A)/¢€) rows (Clarkson and Woodruff, 2009). Another
drawback of existing sketches for the polynomial kernel is that their running time and target
dimension depend at least quadratically on s; and no result is known with optimal linear
dependence on s3. We also ask if the exponential dependence on p is avoidable in the
regularized setting:

Is it possible to obtain sketching dimension bounds and running times that are not exponential
in p in the context of regularization? Moreover, is it possible to obtain a running time that
depends only linearly on s ?

5.1.1 Our contributions

In this chapter, we answer the above questions in the affirmative. In other words, for each of the
aforementioned applications, our algorithm depends only polynomially on p. We state these
applications as corollaries of our main results, which concern approximate matrix product and
subspace embeddings. In particular, we devise a new distribution on oblivious linear maps
ITe R™*4" (j.e., a randomized family of maps that does not depend on the dataset X), so that
for any fixed X € R%*", it satisfies the approximate matrix product and subspace embedding
properties. These are the key properties needed for kernel low-rank approximation. We remark
that our data oblivious sketching is greatly advantageous to data dependent methods because
it results in a one-round distributed protocol for kernel low-rank approximation (Kannan et al.,
2014). We show that our oblivious linear map IT € R”*4” has the following key properties:
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Oblivious Subspace Embeddings (OSEs). Given ¢ > 0 and an n-dimensional subspace E < R?,
we say that [T e R™*4 is an e-subspace embedding for E if (1 —¢) | x|l2 < [[T1x]l2 < (1 +¢€)] x|l for
all x € E. In this chapter we focus on Oblivious Subspace Embeddings (OSEs) in the regularized
setting. In order to define (regularized) OSEs, we first recall the notion of statistical dimension:

Definition 5.1.1 (Statistical Dimension). Given A = 0, for every positive semidefinite matrix
K e R™" we define the A-statistical dimension of K to be

s (K) Ehr (KK + ALy ™).

Now, we can define the notion of an oblivious subspace embedding (OSE):

Definition 5.1.2 (Oblivious Subspace Embedding (OSE)). Given ¢,6, ¢t > 0 and integers d, n =
1, an (g,0, u, d, n)-Oblivious Subspace Embedding (OSE) is a distribution &2 over m x d matri-
ces (for arbitrary m) such that for every 1 = 0, every A € R4*" with A-statistical dimension
sA(AT A) <y, the following holds,

Pri~g [(1-€) (AT A+ AL) < (MA) THA+ AL < (1 +€)(AT A+ AL)] = 1-6. (5.1)

The goal is to have the target dimension m small so that IT provides dimensionality reduction.
If we consider the non-oblivious setting where we allow the sketch matrix IT to depend on
A, then as we saw in Chapters 3 and 4, we can achieve a target dimension of m =~ 53 (A" A)
by leverage scores sampling, which is essentially optimal (see Theorem 3.6.2). But as we
discussed the importance of oblivious embeddings, the ultimate goal is to get an oblivious
subspace embedding with target dimension of m = 53 (AT A).

Approximate Matrix Product. We formally define this property in the following definition.

Definition 5.1.3 (Approximate Matrix Product). Given ¢,6 > 0, we say that a distribution 2
over m x d matrices has the (g,9)-Approximate Matrix Product property if for every C,D €
Rd xn

Pry-g [ICTII'TID - CTDllp <éllCllFIDIF] 21-6.

Now we present our main theorems, which provide the aforementioned guarantees. Our first
theorem optimizes the runtime’s dependence on the degree p of the kernel.?

Theorem 5.1.1. For every positive integers n, p, d, every €, sy > 0, there exists a distribution on
linear sketches 1P € R™* 4" such that: (1) If m = Q(psie™?), thenT1” is an (¢,1/10, 53, d”, n)-
oblivious subspace embedding as in Definition 5.1.2. (2) If m = Q (pe‘z), then TP has the
(€,1/10)-approximate matrix product property as in Definition 5.1.3.

Moreover, for any X € R4*", if A€ RY"*" is the matrix whose columns are obtained by the p-fold
self-tensoring of each column of X thenTIP A can be computed in time O (pnm+ pnnz(X)).

2Throughout this chapter, the notations O,, © suppress polylog(nd/e) factors.
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Our next theorem optimally achieves linear dependence on the statistical dimension s;.

Theorem 5.1.2. For every positive integers p,d, n, every ¢, sy > 0, there exists a distribution on
linear sketchesT1” € R™* " which is an (¢,1/polyn, sy, dP, n)-oblivious subspace embedding
as in Definition 5.1.2, provided that the integer m satisfies m = Q (p*sa/e?).

Moreover, for any X € R¥*", if A€ RY"*" is the matrix whose columns are obtained by the p-fold
self-tensoring of each column of X thenTIP A can be computed in time O (pnm+ p°e~?nnz(X)).

We can immediately apply these theorems to kernel ridge regression with respect to the
polynomial kernel of degree p. In this problem, we are given a regularization parameter
A =0, ad x n matrix X, and vector b € R"” and would like to find a y € R” so as to minimize
|| AT Ay - bH; + A Ayll%, where A € RY"*" is the matrix obtained by applying self tensoring of
degree p to each column of X. To solve this problem via sketching, we choose a random matrix
I1” according to the theorems above and compute IT” A. We then solve the sketched ridge
regression problem which seeks to minimize ||(IT? A) TI1” Ay — b||§ + AlIIP Ay|3 over y. By
the OSE property, we have || (TP A)TTIP Ay - b||§ +/1||H’7Ay||§ =(1xe) (“ATAJ/ - b||§ + /1||Ay||§)
simultaneously for all y € R”; thus, solving the sketched ridge regression problem gives a
(1 £ €)-approximation to the original problem. If we apply Theorem 5.1.1, then the number of
rows of I1” needed to ensure success with probability 9/10 is © (ps;e~2). The running time
to compute [1” Ais O (p? sie‘zn + pnnz(X)), after which a ridge regression problem can be
solved in O (nsj/ ¢*) time via an exact closed-form solution for linear ridge regression. An
alternative approach to obtaining a very high-accuracy approximation is to use the sketched
kernel as a preconditioner to solve the original ridge regression problem, which improves the
dependence on € to log(1/¢€) (Avron et al., 2017a). To obtain a high probability of success along
with a near-optimal target dimension that depends only linearly on the statistical dimension,
we can instead apply Theorem 5.1.2, which would allow us to compute the sketched matrix
P Ain O (p°sae~%n+ p°e ?nnz(X)) time. This is the first sketch to achieve the optimal de-
pendence on s, for the polynomial kernel. Importantly, both running times are polynomial in
p, whereas all previously known methods incurred running times that were exponential in p.

Although there has been much work on sketching methods for kernel approximation which
nearly achieve the optimal target dimension m = s), such as Nystrém sampling (Musco and
Musco, 2017), all known methods are data-dependent unless strong conditions are assumed
about the kernel matrix (small condition number or incoherence). Data oblivious methods
provide nice advantages, such as one-round distributed protocols and single-pass streaming
algorithms. However, for kernel methods they are poorly understood and previously had worse
theoretical guarantees than data-dependent methods. Furthermore, note that the Nystrém
method requires to sample at least m = Q(s3) landmarks to satisfy the subspace embedding
property even given an oracle access to the exact leverage scores distribution. This results in a
runtime of Q (s5 1+ sy nnz(X)). Whereas our method achieves a target dimension that nearly
matches the best dimension possible with data-dependent Nystrém method and with strictly
better running time of O(ns), + nnz(X)) (assuming p = polylog ). Therefore, for a large range
of parameters, our sketch runs in input sparsity time whereas the Nystrém methods are slower

149



Chapter 5. Oblivious Sketching of High-degree Polynomial Kernels

by an s, factor at best.

Application: Polynomial Kernel Rank-k Approximation. Approximate matrix product and
subspace emebedding are key properties that imply efficient algorithms for rank-k kernel
approximation. The following corollary of Theorem 5.1.1 immediately follows from (Avron
etal., 2014, Theorem 6).

Corollary 5.1.1 (Rank- k Approximation). For every positive integers k, n, p,d, every € >0, any
X e R¥" if Ae RY"*" s the matrix whose columns are obtained by the p-fold self-tensoring
of each column of X then there exists an algorithm that finds an n x k matrix V in time
O(pnnz(X)) + poly (k, p,e™1) such that with probability 9/10,

|a-AvVT | <(1+e) min
eR4’>n
rank(U)=k

2
IA=Ul%.

Note that this corollary improves the runtime of (Avron et al., 2014) by exponential factors in
the polynomial kernel’s degree p.

Additional Applications. Our results also imply improved bounds for each of the applications
in Avron et al. (2014), including canonical correlation analysis (CCA), and principal component
regression (PCR). Importantly, we obtain the first sketching-based solutions for these problems
with running time polynomial rather than exponential in p.

Oblivious Subspace Embedding for the Gaussian Kernel. One very important implication
of our result is an OSE of the Gaussian kernel. Most work in this area is related to the Random
Fourier Features method (Rahimi and Recht, 2008). As shown in Chapter 4, one requires Q(n)
samples of the classic Fourier features to obtain a subspace embedding for the Gaussian kernel,
while a modified distribution for sampling frequencies yields provably better performance.
Our proposed sketch for the Gaussian kernel improves upon Theorem 4.6.1, which has an
exponential dependence on the dimension d. We for the first time, embed the Gaussian kernel
with a target dimension that depends only linearly on the statistical dimension of the kernel
and is not exponential in the dimensionality of the data-point.

Theorem 5.1.3. For every r > 0, every positive integers n,d, and every X € R**" such that
lxillo < r foralli € [n], where x; is the i™ column of X, suppose G € R™" is the Gaussian
kernel matrix—1i.e., Gjk= e~ Ixj=xcl3/2 forall j, k € [n]. There exists an algorithm that computes
Sg(X) e R"™ " in time 9] (%2 nsy + g% *nnz(X)) such that for every e, 1 >0,

-
Prg, [(1_6)(G+M")5(Sg(x)) S(X)+ Ap = (1+6)(G+AL) 21_poly(n)'

where m =0 (q°sy/e?) and q = ©(r* +log %) and sy is A-statistical dimension of G.
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We remark that for datasets with radius r = polylog n even if one has oracle access to the exact
leverage scores for Fourier features of the Gaussian kernel, in order to get subspace embedding
guarantee one needs to use m = Q(s,) features which requires Q(sy nnz(X)) operations to
compute. Whereas our embedding in Theorem 5.1.3 runs in time é(ns;L +nnz(X)). Therefore,
for a large range of parameters, our Gaussian sketch runs in near input sparsity time while the
Fourier features method is, at best, slower by an s, factor.

5.1.2 Technical overview

Our goal is to design a sketching matrix I1” that satisfies the oblivious subspace embedding
property with an optimal embedding dimension and which can be efficiently applied to vectors
of the form x®” € R%"3, We start by describing some natural approaches to this problem (some
of which have been used before), and show why they incur an exponential loss in the degree
of the polynomial kernel. We then present our sketch and outline our proof of its correctness.

We first discuss two natural approaches to tensoring classical sketches, namely the Johnson-
Lindenstrauss transform and the CountSketch. We show that both lead to an exponential
dependence of the target dimension on p and then present our new approach.

Tensoring the Johnson-Lindenstrauss Transform. Perhaps the most natural approach to
designing a sketch IT” is the idea of tensoring p independent Johnson-Lindenstrauss matrices.
Specifically, let m be the target dimension. For every r = 1,..., p let M") denote an m x d
matrix with iid uniformly random +1 entries, and let the sketching matrix M € R"*4" be

_ 1w )

M_\/_WM o...e MV,
where e stands for the operation of tensoring the rows of matrices M M (see Definition 5.2.4).
This would be a very efficient matrix to apply, since for every j = 1,...,m the j-th entry of
Mx®P is exactly [T"_, [MTx] j» Which can be computed in time O(pnnz(x)), giving overall
evaluation time O(pmnnz(x)). One would hope that m = O(e~?log n) would suffice to ensure
that || Mx®P||5 = (1 £ €)[|x®7||5. However, this is not true: it is shown in (Ahle et al., 2020) that
one must have m = Q (¢723”logn/p + & (logn/ p)P) in order to preserve the norm with high
probability. Thus, the dependence on degree p of the polynomial kernel must be exponential.

Tensoring of COUNTSKETCH (TENSORSKETCH). Pham and Pagh (2013) introduced the follow-
ing tensorized version of CountSketch. Forevery i =1,..., plet h; : [d] — [m] denote a random
hash function, and o; : [d] — [m] a random sign function. Then let S: R — R™ be defined by

Sty (jrjp) =0 1) 0 (ip) LA (i) +... hp(ip) = 1]

3Tensor product of x with itself p times.
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for r =1,...,m. For every x € R? one can compute Sx®? in time O(pmlogm + pnnz(x)).
Since the time to apply the sketch only depends linearly on the dimension p (due to the
Fast Fourier Transform) one might hope that the dependence of the sketching dimension
on p is polynomial. However, this turns out to not be the case: the argument in Avron et al.
(2014) implies that m = O (3” 3/21) suffices to construct a subspace embedding for a matrix with
regularization A and statistical dimension s;, and the lower bound in (Ahle et al., 2020) shows
that exponential dependence on p is necessary.

Our Approach: Recursive Tensoring. The initial idea behind our sketch is as follows. To
apply our sketch I1” to x®P, for x € R4, we first compute the sketches Ty x, T»x,..., T, px for
independent sketching matrices T1,..., T) ~ Thase — see the leaves of the sketching tree in
Figure 5.1. Note that we choose these sketches as CountSketch (Charikar et al., 2002; Charikar,
2002) or OSNAP (Nelson and Nguyén, 2013) to ensure that the leaf sketches can be applied in
time proportional to the number of nonzeros of the input data (in the case of OSNAP this is
true up to polylogarithimic factors).

Each of these is a standard sketching matrix mapping d-dimensional vectors to m-dimensional
vectors for some common value of 1. We refer the reader to the survey by Woodruff (2014). The
nextidea is to choose new sketching matrices Sy, Sz, ..., Sp/2 ~ Spase, mapping m?-dimensional
vectors to m-dimensional vectors and apply S; to (T x) ® (T>x), as well as apply S, to (T3x) ®
(T4x), and so on, applying S;/2 to (T,-1x) ® (T, x). These sketches are denoted by Sp,se — see
internal nodes of the sketching tree in Figure 5.1. We note that in order to ensure efficiency
of our construction (in particular, running time that depends only linearly on the statistical
dimension sj) we must choose Sy,;e as a sketch that can be computed on tensored data
without explicitly constructing the actual tensored input, i.e., Sy 5. SUpports fast matrix vector
product on tensor product of vectors. We use either TensorSketch (for results that work with
constant probability) and a new variant of the Subsampled Randomized Hadamard Transform
SRHT (Ailon and Chazelle, 2006) which supports fast multiplication for the tensoring of two
vectors (for high probability bounds) — we call the last sketch TensorSRHT.

At this point we have reduced our number of input vectors from p to p/2, and the dimension
is m, which will turn out to be roughly s). We have made progress, as we now have fewer
vectors each in roughly the same dimension we started with. After log, p levels in the tree we
are left with a single output vector.

Intuitively, the reason that this construction avoids an exponential dependence on p is that
at every level in the tree we use target dimension m larger than the statistical dimension of
our matrix by a factor polynomial in p. This ensures that the accumulation of error is limited,
as the total number of nodes in the tree is O(p). This is in contrast to the direct approaches
discussed above, which use a rather direct tensoring of classical sketches, thereby incurring an
exponential dependence on p due to dependencies that arise.
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internal nodes:
“— TensorSketch or TensorSRHT

/
®

T\ 7

leaves: CountSketch or OSNAP

Figure 5.1 — Spase is chosen from the family of sketches which support fast matrix-vector
product for tensor inputs, e.g., TensorSketch and TensorSRHT. The Tjase is chosen from the
family of sketches which operate in input sparsity time, e.g., CountSketch and OSNAP.

Showing Our Sketch is a Subspace Embedding. In order to show that our recursive sketch is
a subspace embedding, we need to argue it preserves norms of arbitrary vectors in R, not
only vectors of the form x®7, i.e., p-fold self-tensoring of d-dimensional vectors*. Indeed,
all known methods for showing the subspace embedding property at the very least argue
that the norms of each of the columns of an orthonormal basis for the subspace in question
are preserved (Woodruff, 2014). While our subspace may be formed by the span of vectors
which are tensor products of p d-dimensional vectors, we are not guaranteed that there is an
orthonormal basis of this form. Thus, we first observe that our mapping is indeed linear over
de, making it well-defined on the elements of any basis for our subspace, and hence our task
essentially reduces to proving that our mapping preserves norms of arbitrary vectors in R%” .

We present two approaches to analyzing our construction. One is based on the idea of propa-
gating moment bounds through the sketching tree, and results in a nearly linear dependence
of the sketching dimension m on the degree p of the polynomial kernel, at the expense of
a quadratic dependence on the statistical dimension s;. This approach is presented in Sec-
tion 5.4. The other approach achieves the (optimal) linear dependence on s, albeit at the
expense of a worse polynomial dependence on p. This approach uses sketches that succeed
with high probability, and uses matrix concentration bounds.

Optimizing the dependence on the degree p. We analyze our recursively constructed sketch
by showing how second moment bounds can be propagated through the tree structure of the

4x®P denotes x® x--- ® x, the p-fold self-tensoring of x.

p terms
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sketch. This analysis is presented in Section 5.4, and results in the proof of Theorem 5.1.1. The
analysis obtained this way gives particularly sharp dependence on p. The idea is to consider
the sketch matrix IT € R”*4” that we have described it recursively above. This matrix could
in principle be applied to any vector x € R4 (though it would be slow to realise). We can
nevertheless show that this matrix has the (g, §, 2)-JL Moment Property, which is for parameters
£,0 €[0,1], and every x € R? the statement [E[|I|Hx||§ - 1|2] < (8||x||§)26.

It can be shown that IT is built from our various Spage and Ty ,se matrices using three different
operations: multiplication, direct sum, and row-wise tensoring. In other words, it is sufficient
to show that if Q and Q' both have the (¢,8,2)-JL. Moment Property, then so does QQ’ and
Q@ Q'. This turns out to hold for Q ® Q’, but QQ’ is more tricky. (Here & is the direct sum.
See Section 5.2 on notation.) For multiplication, a simple union bound allows us to show
that QVQ®@ ... Q) has the (pe, pd,2)-JL Moment Property. This would unfortunately mean a
factor of p? in the final dimension. The union bound is clearly suboptimal, since implicitly it
assumes that all the matrices conspire to either shrink or increase the norm of a vector, while
in reality with independent matrices, we should get a random walk on the real line. Using an
intricate decoupling argument, we show that this is indeed the case, and that QWQ®...Q»
has the (,/pe, 6, 2)-JL Moment Property, saving a factor of p in the output dimension.

Optimizing the dependence on s),. Our proof of Theorem 5.1.2 relies on instantiating our
framework with OSNAP at the leaves of the tree (Tj4s.) and a novel version of the SRHT that
we refer to as TensorSRHT at the internal nodes of the tree. We outline the analysis of why
our sketch preserves norm of an arbitrary vector y € R?". In the bottom level of the tree, we
can view our sketch as Ty x T, x --- x T, where x for denotes the tensor product of matrices
(see Definition 5.2.2). Then, we can reshape y to a d9~! x d matrix Y, such that the entries
of Ty x T x --- x Ty y are in bijective correspondence with those of Ty x Tp x -+ x Tp_lYT;.
By definition of T}, it preserves the Frobenius norm of Y, and consequently, we can replace
Y with YT;. We next look at (T x T x «-+ x Tp_2) Z(Iq % T;_l), where Z is the dP~2 x d?
matrix with entries in bijective correspondence with those of Y T; . Then we know that T},
preserves the Frobenius norm of Z. Iterating in this fashion, we can show the first layer of our
tree preserves the norm of y, by union bounding over p events —i.e., each sketch preserves
the norm of an intermediate matrix. The core of the analysis consists of applying spectral
concentration bounds based analysis to sketches that act on blocks of the input vector in a
correlated fashion. We give the details in Section 5.5.

Sketching the Gaussian kernel. Our techniques yield the first oblivious sketching method
for the Gaussian kernel with target dimension that does not depend exponentially on the
dimensionality of the input data points. The main idea is to Taylor expand the Gaussian
function and apply our sketch to the polynomial terms in the expansion. It is crucial here that
the target dimension of our sketch depends only polynomially on the degree of the polynomial
kernel, as otherwise we would not be able to truncate the Taylor expansion sufficiently far
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in the tail (the number of terms in the Taylor expansion depends logarithmically on the
dataset size). Overall, our subspace embedding for the Gaussian kernel has optimal target
dimension up to logarithmic factors in the dataset size and is the first to run in near input
sparsity time O(nnz(X)) for datasets with polylogarithmic radius. The result is summarized in
Theorem 5.1.3, and the analysis is presented in Section 5.6.

5.1.3 Related work

Work related to sketching of tensors and explicit kernel embeddings is found in fields ranging
from pure mathematics to physics and machine learning. Hence we only compare ourselves
with the most common types.

Johnson-Lindenstrauss Transform A cornerstone result in the field of subspace embeddings
is the Johnson-Lindenstrauss lemma (Johnson and Lindenstrauss, 1984). It has been shown
in (Clarkson and Woodruff, 2013; Cohen et al., 2016b) that the Johnson-Lindenstrauss Lemma
implies that for any r-dimensional subspace U < R there exists a subspace embedding with
m=0(e?r).

It is not enough to know that the subspace embedding exists, we also need to find the di-
mensionality reduction map, and we want the map to be applicable to the data quickly.
Achlioptas (2003) showed that if IT € R”*¢ is random matrix with i.i.d. entries where II; i=0
with probability 2/3, and otherwise I1; ; is uniform in {-1, 1}, and m = O(e2log(1/6)), then
ITIx]l, = (1 £ €)|lxll2 with probability 1 — 64 for any x € R4. This gives a running time of
O(mnnz(x)) to sketch a vector x € R%. Later, the Fast JL Transform (Ailon and Chazelle,
2006), which exploits the FFT algorithm, improved the running time for dense vectors to
O(dlogd + m?3). The related Subsampled Randomized Hadamard Transform has been exten-
sively studied (Sarlos, 2006; Drineas et al., 2006b, 2011; Tropp, 2011; Drineas et al., 2012; Lu
etal., 2013), which uses O(dlogd) time but obtains suboptimal dimension O (¢~2log(1/6)?),
hence it can not use the above argument to get subspace embedding, but it has been proven
in Tropp (2011) that if m = O (¢72(r +1log(1/8)?)), then one get a subspace embedding. This
improvement has a running time of O(dlogd), which can be worse than O(mnnz (x)) if x € R4
is very sparse. This inspired a line of work trying to obtain sparse Johnson Lindenstrauss
transforms (Dasgupta et al., 2010; Kane and Nelson, 2014; Nelson and Nguyén, 2013; Cohen,
2016). They obtain a running time of O (5_1 log(1/6)nnz (x)). In Nelson and Nguyén (2013)
they define the ONSAP transform and investigate the trade-off between sparsity and subspace
embedding dimension. This was further improved in (Cohen, 2016).

In the context of this paper all the above mentioned methods have the same shortcoming,
they do not exploit the extra structure of the tensors. The Subsampled Randomized Hadamard
Transform has a running time of Q(pd?log(p)) in the model considered in this paper, and
the sparse embeddings have a running time of Q(nnz(x)?). This is clearly unsatisfactory and
inspired the TensorSketch (Pham and Pagh, 2013; Avron et al., 2014), which has a running time
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of Q(pnnz(x)). Unfortunately, they need m = Q (3Pe™26 ‘1) and one of the main contributions
of this paper is get rid of the exponential dependence on p.

Approximate Kernel Expansions A classic result by Rahimi and Recht (2008) shows how to
compute an embedding for any shift-invariant kernel function in time O(dm). In (Le et al.,
2013) this is improved to time O((m + d) log d), however, the method does not handle kernel
functions that can’t be specified as a function of the inner product, and it doesn’t provide
subspace embeddings. See also (Avron et al., 2017¢) for more approaches along the same line.
Unfortunately, these methods are unable to operate in input sparsity time and their runtime,
at best, is off by an s, factor.

Tensor Sparsification There is a literature of tensor sparsification based on sampling (Nguyen
et al., 2015), however, unless the vectors tensored are very smooth (such as +1 vectors), the
sampling has to be weighted by the data. This means that these methods aren’t applicable in
general to the types of problems we consider, where the tensor usually isn't known when the
sketching function is sampled.

Hyper-plane rounding An alternative approach is to use hyper-plane rounding to get vectors
of the form +1 and after this we can simply sample from the tensor product. The sign-sketch
was first brought into the field of data-analysis by Charikar (2002) and Valiant (2012) was
the first to use it with tensoring. The main issue with this approach is that it isn’t a linear
sketch, which hinders the applications we consider in this paper, such as kernel low rank
approximation, CCA, PCR, and ridge regression. It takes O(d m) time to sketch a single vector
which is unsatisfactory.

5.1.4 Organization

In section 5.2 we introduce basic definitions and notations that will be used throughout
the paper. Section 5.3 introduces our recursive construction of the sketch which is our main
technical tool for sketching high degree tensor products. Section 5.4 analyzes how the moment
bounds propagate through our recursive construction thereby proving Theorem 5.1.1 which
has linear dependence on the degree p. Section 5.5 introduces a high probability Oblivious
Subspace Embedding with linear dependence on the statistical dimension thereby proving
Theorem 5.1.2. Finally, section 5.6 uses the tools that we build for sketching polynomial kernel
and proves that, for the first time, the curse of dimensionality csn be avoided when sketching
the Gaussian kernel.
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5.2 Preliminaries

In this section we introduce notation and present useful properties of tensor product of vectors
and matrices.

Definition 5.2.1 (Tensor product of vectors). Given a € R™ and b € R"” we define the twofold
tensor product a® b to be

aibr aby - aiby
abr  axb, - axby

a®b=| . i | er™,
amb1 ambz -+ amby

Although tensor products are multidimensional objects, it is often convenient to associate

them with single-dimensional vectors. In particular, we will often associate a ® b with

the single-dimensional column vector (a; by, az by, ..., amby, a1bs, az by, ..., ambs,..., ambn) "

Given vy € R%, vy € R% ... U € R%, we define the k-fold tensor product v1 ® v, ® Vi €

R4 dk - For shorthand, we use the notation v®F to denote v® v---® v, the k-fold self-
N

k terms
tensoring of v.
Tensor product can be naturally extended to matrices which is formally defined as follows,

Definition 5.2.2. Given A; € R™*"™ A, e R"2*"2 ... A; € R™*" we define Ay x Ay x+++x A
to be the matrix in R\ ">k whose element at row (iy, - -, ix) and column (j1, -+, j)
is Ay (i1, j1) -+ - Ar(ix, jr). As a consequence the following holds for any v; € R™, v, e R™2,--. Jvp €
R™: (A; x Ap X - x Ap) (11 ® 12 ® - ®@ V) = (A1) ® (Ap12) ® -+ ® (AR V).

The tensor product has the useful mixed product property, given in the following Claim,

Claim 5.2.1. For every matrices A, B, C, D with appropriate sizes, the following holds,

(A-B)x(C-D)=(AxC)-(Bx D).

We also define the column wise tensoring of matrices as follows,

Definition 5.2.3. Given A; € R™*" A, e R"™2*" ... A € R™*" we define A; ® Ay ®---® Ay,
to be the matrix in R”1/%"*" whose j column is A{ ® Aé ® - ® A{c for every j € [n], where

A{ is the j column of A; for every [ € [k].

Similarly the row wise tensoring of matrices are introduced in the following Definition,

Definition 5.2.4. Given Al € R™*™ A% ¢ RM*M2 ... AK ¢ RM*Mk e define Al e A%e--- AX to
be the matrix in R™*"™1"%2 "1 whose jth row is (A}. ® A? ®: - ® A;?)T for every j € [m], where A;.

is the j™ row of A’ as a column vector for every I € [k].
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Definition 5.2.5. Another related operation is the direct sum for vectors: x® y = [}] and for
matrices: A® B = [# %]. When the sizes match up, we have (A® B)(x® y) = Ax + By. Also
notice that if I} is the k x k identity matrix, then [ ® A= A®--- @ A.

—_——

k times

5.3 Construction of the Sketch

In this section, we present the basic construction for our new sketch. Suppose we are given
V1, V2,... Vg € R™. Our main task is to map the tensor product v; ® v, ® --- ® V4 to a vector
of size m using a linear sketch. Our sketch construction is recursive in nature. To illustrate
the general idea, let us first consider the case in which g = 2 is a power of two. Our sketch
involves first sketching each pair (v ® v2), (V3@ v4),-+, (Vg-1® V4) € R™ independently using
independent instances of some linear base sketch (e.g., TensorSketch, SRHT, CountSketch,
OSNAP). The number of vectors after this step is half of the number of vectors that we began
with. The natural idea is to recursively apply the same procedure on the sketched tensors and
half the number of instances of the base sketch in each successive step.

More precisely, we first choose a (randomized) base sketch Sy, : R™ — R™ that sketches
twofold tensor products of vectors in R (we will describe how to choose the base sketch later).
Then, for any power of two g = 2, we define Q7 :R"™ =R on v, ® 1, ®---® v4 recursively by,

Q1188 = Qi'? (Sf(vl ® ) ®Sg(l/3 ® vU4) ®---®SZ/2(vq_1 ® vq)),

2 . . .
where Sf,Sg,n- ,SZ/Z :R™ — R™ are independent instances of Spyse and Q' : R” — R™ is

simply the identity map on R™.

The above construction of Q7 has been defined in terms of its action on g-fold tensor products
of vectors in R”, but it extends naturally to a linear mapping from R”’ to R”. The formal
definition of Q9 is presented below.

Definition 5.3.1 (Sketch Q7). Let m = 2 be a positive integer and let Spge : R™ — R™ be a
linear map that specifies some base sketch. Then, for any integer power of two g = 2, we define
Q7 :R™ — R™ to be the linear map specified as follows:

Q1 defg2 gt...g9/2. g9,
where for each I € {21,22,---,q/2, q}, S' is a matrix in R™"*xm' defined as

def
S'E S xSy x- xSl (5.2)

where the matrices S{, e S; 12 € R™*™* are drawn independently from the base distribution

Sbase-

This sketch construction can be best visualized using a balanced binary tree with g leaves.
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\41 V2 V3 Vg

Figure 5.2 — Visual illustration of the recursive construction of Q7 for degree g = 4. The input
tensor is v, ® v» ® v3 ® v4 and the output is z = Q*(v; ® v» ® v3 ® v,). The intermediate nodes
sketch the tensors w; = S7(v1 ® v2) and wy = S5 (v3 ® v4).

Figure 5.2 illustrates the construction of a degree 4 sketch, Q*.

For every integer power of two ¢, by definition of S7 in (5.2) of Definition 5.3.1, and claim 5.2.1,

Sq:sfx...xszlzz(sfx...xszlz_lx[m).([m,,_z XSZ/Z),

By multiple applications of Claim 5.2.1 we have the following claim,

Claim 5.3.1. For every power of two integer q and any positive integer m, if S9 is defined as in
(5.2) of Definition 5.3.1, then 87 = My;sMg/2-1--- My, where Mj = I,,q-2; % 82/2—j+1 x I ,i-1 for
every j € [q/2].

Embedding R%’: So far we have constructed a sketch Q9 for sketching tensor product of
vectors in R”*. However, in general the data points can be in a space R of arbitrary dimension.
A natural idea is to reduce the dimension of the vectors by a linear mapping from R to R” and
then apply Q7 on the tensor product of reduced data points. The dimensionality reduction
defines a linear mapping from R4’ to R™" which is denoted by T4 and formally defined as:

Definition 5.3.2 (Sketch T9). Let m, d be positive integers and let Tyyge : R? — R™ be a linear
map that specifies some base sketch. Then for any integer g = 1 we define T to be the linear
map specified as follows,

qu:ele x Ty x - x Ty,

where the matrices T1,---, T, are drawn independently from T ,se.
Discussion: Similar to Claim 5.3.1, the transform T can be expressed as the product of g
matrices, T9 = MyM,_; --- My, where M; = 144-j x Tg—j+1 % I,j1 forevery j € [q].

Now we define the final sketch I17 : R4’ — R™ for arbitrary d as the composition of Q7 T9.
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Algorithm 15 Sketch for the Tensor x®”

input: Vector x € R%, degree p, base sketches Spase € R™M* and Thase € R7*4
output: Sketched vector z € R
1: Let g = 2M0g 7l
2: Let T,--- T, be independent instances of the base sketch Tp,se : R — R™
3: Forevery j€{1,2,---, p}, let Y;’ =Tj-x
4: Forevery je{p+1,---,q}, let YJQ = Tj-e;, where e, is the standard basis vector in R4 with
value 1 in the first coordinate and zero elsewhere
5: for [ =1tolog, g do

-1 -1
6: Let Si’/z oo ,Sggl be independent instances of the base sketch Spage : R™ — R™
, : ! 1_ a2 (i1 I-1
7. Forevery je{l,---,q/2"} let Y; _Sj (Yzj_1®Y2j )

I
8: return z = Ylng 9

Moreover, to extend the definition to arbitrary g which is not necessarily a power of two we
tensor the input vector with a standard basis vector a number of times to make the input size
compatible with the sketch matrices. The sketch IT” is formally defined below,

Definition 5.3.3 (Sketch I1P). Let m,d be positive integers and let Spage : R™ — R™ and
Thase : R — R™ be linear maps that specify some base sketches. Then, for any integer p = 2
we define IT” : R?” — R™ to be the linear map specified as follows:

1. If p is a power of two, then I1” is defined as II” dngp - TP, where QP € R™ ™ and
TP e R™"*4" are sketches as in Definitions 5.3.1 and 5.3.2 respectively.

2. If p is not a power of two, then let g = 2M1°8271 be the smallest power of two integer that
is greater than p. We define I1” as the linear map,

P () =1 (veey "),

for every v € IRidp, where e; € R4 is the standard basis vector with value 1 in the first
coordinate and zeros elsewhere, and 17 is defined as in the first part of this definition.

Algorithm 15 sketches x®” for any integer p and any input vector x € R using the sketch IT”
as in Definition 5.3.3, i.e., computes I1” (x®”). We show the correctness of Algorithm 15 in the
next lemma.

Lemma 5.3.1. For any positive integers d, m, and p, any distribution on matrices Spase : R™ —
R™ and Tpae : R — R™ which specify some base sketches, any vector x € R%, Algorithm 15
computes I1P (x®P) as in Definition 5.3.3.

Proof. Let Y?,---, Y0 be the vectors that are computed in lines 3 and 4 of Algorithm 15. Then,

as shown in Definition 5.2.2, Y10 ®---® Yl‘,) =Ty x--xTy- (x@”” ®ef’(q_p)). Let T9 be the sketch
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as in Definition 5.3.2. Then it follows that,

e oVl =T1(x"oel "), (5.3)

The algorithm computes Yll,---qu/ , in line 7 as, Yl Sq/2 (Yzl] 11 ® Yl 1) for every j €

{1,---,q/2!'} and every L € {1,---,log, q}. Therefore, by Clalm 5.2.1,

Y/®---eY

L= (Sq/Z x §72" 1) (Yll lg...@yll )

ql2! q/2!-1
By definition of the sketch S92 in (5.2) of Definition 5.3.1, for every [ € {1,---,log, q},

Ve eyl =51y le. oyl
Therefore, by recursive application of the above identity we get that,

v, 89 =5%.51...592.57. Y0 8. @ Y.
By Definition 5.3.1 (sketch Q) it follows that,
1,%7=07. V0o -a Y.

Substituting Y’ ®---® Y;) from (5.3) in the above gives, z = (Q7-T)- ( e e®(q p)) hence,

by Definition 5.3.3, z = 17 (x®P). O

Choices of the Base Sketches Sy, and Tj,,5e: We present formal definitions of various base
sketches that will be used in our sketch construction. We start by briefly recalling the CountS-
ketch (Charikar et al., 2002).

Definition 5.3.4 (CountSketch). Let h: [d] — [m] be a 3-wise independent hash function, also
let o : [d] — {—1, +1} be a 4-wise independent random sign function. Then, the CountSketch
transform, S : RY — R™, is defined as Sr'id=efa(i) -1[h(i) =r], forevery i € [d] and every r € [m].

Another base sketch that we consider is the degree-2 TensorSketch (Pagh, 2013) defined as:

Definition 5.3.5 (Degree-2 TensorSketch transform). Let hy, hy : [d] — [m] be 3-wise inde-
pendent hash functions, and also let 01,0, : [d] — {—1, +1} be 4-wise independent random
sign functions. Then, the degree-2 TensorSketch transform, S: RY x R? — R™, is defined as

Sri.j) d=8f01(i) -02(j) - L[ (i) + ha(j) = r (mod m)], for every i, j € [d] and every r € [ml],

Remark: S (x®2) can be computed in O(mlogm + nnz(x)) time using the FFT algorithm.

Now let us briefly recall the SRHT (Ailon and Chazelle, 2006).
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Definition 5.3.6 (SRHT). Let D be a d x d diagonal matrix with i.i.d. Rademacher diagonal
entries. Also, let P € {0,1}""*? be a uniform random sampling matrix, and let H be a d x d
def

Hadamard matrix. Then, the SRHT, S € R™*4  is defined as S = \/—EPH D.

We now define a new variant of the SRHT that is very efficient for sketching tensor product
vectors. We call this sketch the TensorSRHT.

Definition 5.3.7 (TensorSRHT). Let D; and D, be two independent d x d diagonal matrices,

each with i.i.d. Rademacher diagonal entries. Also let P € {0, 1}*4" be a uniform random

sampling matrix, and let H be a d x d Hadamard matrix. Then, the TensorSRHT is defined to
. . def

be alinear map S:R% x R? — R™ given by S = \/L%P-(HDl x HD,).

Remark: S(x®2) can be computed in time O(dlogd + m) using the FFT algorithm.

Another sketch which is particularly efficient for sketching sparse vectors with high probability
is the OSNAP transform (Nelson and Nguyén, 2013), defined as follows.

Definition 5.3.8 (OSNAP). For every sparsity parameter s, target dimension m, and positive
integer d, the OSNAP transform with sparsity parameter s is defined as, S, ; def \/g 6rj0rj
forall r € [m] and all j € [d], where 0, j € {1, +1} are independent and uniform Rademacher
random variables and 4, j are Bernoulli random variables satisfying,

1. Forevery i€ [d], ¥ c(m 0ri = s. Thatis, each column of S has exactly s non-zero entries.

2. Forallre[m]andallie€ [d], E[6,;] = s/m.

3. &y,i’s are negatively correlated: VT < [m] x [d), E[[1(,5e7 6r,i] < TonerE[67i] = ()T,

5.4 Linear Dependence on the Tensoring Degree p

There are various desirable properties that one would wish for a linear sketch to satisfy. One
such property that is central to our main results is the JL Moment Property. In this section
we prove Theorem 5.1.1 by propagating the JL. moment property through our recursive con-
struction from Section 5.3. The JL. moment property captures a bound on the moments of
the difference between the Euclidean norm of a vector and its Euclidean norm after applying
the sketch on it. This proves to be a powerful property which implies the Oblivious Subspace
Embedding as well as the Approximate Matrix Product for linear sketches.

In this section we choose Spase and Thase to be TensorSketch and CountSketch respectively.
Then we propagate the second JL. moment through the sketch construction IT1” and thereby
prove Theorem 5.1.1.

Throughout this section we use || X||; for the t™ moment of X, formally defined as:
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Definition 5.4.1 (Moments of a Random Variable). For every integer = 1 and any random
variable X € R, we define || X|l;: < (E[1X1!])""". Note that | X + Yl < I Xll + | Yl .+ for any
random variables X, Y by the Minkowski’s Inequality.

We now formally define the JL Moment Property of sketches.

Definition 5.4.2 (JL Moment Property). For every positive integer ¢ and every , € = 0, we say
a distribution over random matrices S € R"*% has the (¢,6 , t)-JL-moment property, when

1SxlI%—1]|,, <esY? and E[|ISx|?] =1
2 L 2

for all x € R? such that || x| = 1.

The following two lemmas together show that to prove that I1” is an OSE and that I[1” has the
Approximate Matrix Multiplication property, it suffices to prove that 19 has the JL. Moment
Property, for g which is the smallest power of two integer such that g = p, as in Definition 5.3.3.
This reduction will be the main component of the proof of Theorem 5.1.1.

Lemma 5.4.1. For every positive integers n,p,d, every €,0 € [0,1], and every u = 0. Let q =
218N and ler 1P € R™*” and 119 € R™*4 be defined as in Definition 5.3.3, for some base
sketches Spyge € R™ ™ qnd Thase € R4,

IfT19 is an (g,6, u, d9, n)-Oblivious Subspace Embedding then 1P is an (g,8, i, d”, n)-Oblivious
Subspace Embedding. Also if 119 has the (g, 6) -Approximate Matrix Multiplication Property
then 1P has the (g, 6) -Approximate Matrix Multiplication Property.

The proof of this lemma can be found in Appendix D.1.

Lemma 5.4.2. For anye,5 € [0,1], t = 1, if M € R"™*? s a random matrix with (e,8, t)-JL
Moment Property then M has the (g,0) -Approximate Matrix Multiplication Property.
Furthermore, for any 1> 0, if M € R™*4 is a random matrix with (¢/u,8,t)-JL Moment Property
then for every positive integer n, M is a (¢,0, u,d, n)-OSE.

This lemma is proved in Appendix D.1.
Our next important observation is that [17 can be written as the product of 2g — 1 independent
random matrices, which all have a special structure which makes them easy to analyse.

Lemma 5.4.3. For any integer power of two q, if 17 : R™" — R™ is defined as in Defini-
tion 5.3.3 for some base sketches Spyse R™ — R™ and Thase : R? — R™, then there exist matrices

(@) 1(J) ; 1! -1 7/ -1
{MO} o)AMYV} ¢y and integers {k;, k; < m¥ }ie[q—ll : {l], l;=df }je[q], such that,
n=m9V. . MY MD.

and MD = I, x SO x Iy, MV = 1, x T)

base base
instances of Spase and Thage, for everyi e [q—1], j € [q].

x Iy, where S?  ana 7Y
]

base base Gre independent
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Proof. We have that [17 = Q4T9 by Definition 5.3.3. By Definition 5.3.1, Q¥ = §2§*...59.
Claim 5.3.1 shows that for every [ € {2, 4, --- g} we can write,

L_ gl agl /
st=m M, ..M, (5.4)
where M]l. =1,,1-2j % Sf/z—j+l x I,,;-1 for every j € [1/2]. From the discussion in Definition 5.3.2
it follows that,
=M. MY, (5.5)

where M'0) = 1,4 x Tq-j+1 % Iyi1 for every j € [q]. Therefore by combining (5.4) and (5.5)
we get the result. O

We want to show that I x M x I} inherits the JL moment properties of M. The following
Lemma, which follows from the simple fact stated in Lemma D.1.2 in Appendix D.1, does that.

Lemma 5.4.4. Ifthe matrix S has the (¢,0, t)-JL Moment Property, then for any positive integers
k, k', the matrix M = I;. x S x I has the (¢,6, t)-JL Moment Property.

Similarly, if the matrix S has the Strong (g, 6)-JL Moment Property, then for any positive integers
k, k', the matrix M = I}, x S x I;. has the Strong (€,5)-JL Moment Property.

Consequently, if we can prove that the product of matrices with the JL. moment property
inherits the JL moment property, then Lemma 5.4.4 and Lemma 5.4.3 will imply that 19 has
the JL. moment property, which in turn implies that I1” is an OSE and has the Approximate
Matrix Multiplication property, by Lemma 5.4.2 and Lemma 5.4.1. This is exactly what we will
do: in Section 5.4.1 we prove that the product of k independent matrices with the (¢L2?’6 , 2) -JL
Moment Property results in a matrix with the (¢, 6,2)-JL Moment Property, thereby giving the
proof of Theorem 5.1.1.

5.4.1 Second moment of I17 (analysis for Tj),s. : CountSketch and Spage : TensorS-
ketch)

In this section we prove Theorem 5.1.1 by instantiating our recursive construction with CountS-
ketch at the leaves and TensorSketch at the internal nodes of the tree. The proof proceeds
by showing bounding the second moment of our recursive construction. More precisely, we
prove that our sketch I17 satisfies the (g, §,2)-JL. Moment Property as per Definition 5.4.2 as
long as the base sketches Spage, Thase are chosen from distributions which satisfy such moment
property. We show that this is the case for CountSketch and TensorSketch. Lemma 5.4.4 and
Lemma 5.4.3 show that I17 is the product of 2g — 1 independent random matrices, therefore,
understanding how matrices with the JL Moment Property compose is crucial. The following
lemma shows that composing independent random matrices which have the JL moment
property results in a matrix with the JL. moment property with a small loss in parameters.

Lemma 5.4.5 (Composition lemma for the second moment). Foranye,6 =0 and any integer
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kif MV e RE2xr ... M) ¢ Rk gre independent random matrices with (ﬁ,é,Z) -JL mo-

ment property then the product matrix M = M® ... MY satisfies (¢, 8, 2) -JL. moment property.

Proof. Let x € R be a fixed unit norm vector. We note that for any i € [k,

E ||M(i)~...~M(Dx”2 ' M(”,...,M“‘”] E ||M”‘U-...-M“)x“2. (5.6)
2 2
We proceed to prove by induction on i € [k] that,
(M) | e20)'
var | [M®@ - MO ] < 1+—) -1, (5.7)
2 2k

For i = 1 the result follows from the fact that MV has the (8/ V2k,0, 2) -JL moment property.

Now assume that (5.7) is true for i — 1. By the law of total variance we can write

Var ”M”)-...-M(”x“2 =E |Var HM(")-...~M‘“xH2’M(”,...,M”‘””
2 2
. 2 .
+Var [E[“M(’)-...-M(Dx“z ‘ M(”,...,M(’_”H (5.8)
Using (5.6) and the induction hypothesis we get that,
' y.|? ) i~1 -1 y.|?
var [E| [ M@ MOx| | M®,..., M )H:Var |MOD - MO
825 i-1

< 1+§ -1. (59)

Since M has the (8/ % 2k,6,2)-]L moment property, (5.6) and the induction hypothesis

together imply that,

Var M(U,...,M(i_UH

IYCBYON;
2

E

£ (i-1) |
<F —5HM M xH
2k 2

]

I
2

26 . 2
:—(Var HM(’_D~...M(Dx“ +E

2k 2

) g25)\ ! 25 e25) !
_E 1+§ —-1+1 :E 1+§ . (5.10)

Plugging (5.9) and (5.10) into (5.8) gives,

HfZ«f)"‘l_l_(Hfz&)"_l
2k B 2k )

€25 25\ !
<—|14+—
e (R

. 2
||M(” -...-M(”x”2

Var
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k
Hence, Var [ Mx[3] < (1 + 522—,?) — 1< ¢£%8. Moreover, it is easy to verify that E || Mx[3] =1, by
law of total expectation, which proves that M has the (g, §, 2)-JL. moment property. O

Equipped with the composition lemma for the second moment, we now establish the second
moment property for our recursive sketch I19:

Corollary 5.4.1 (Second moment property of I19). For any power of two integer q let 117 :
R™ — R™ be defined as in Definition 5.3.3, where both of the common distributions Spase :

2 . .
R™ — R™ and Tpase : R — R™, satisfy the ( m,&,z) -JL moment property. Then it follows

that 119 satisfies the (¢,0,2)-JL moment property.

Proof. This immediately follows from Lemma 5.4.3, Lemma 5.4.4, and Lemma 5.4.5. O

Now we are in a position to prove Theorem 5.1.1. Recall that k(x, y) = (x, )7 = (x®9, y®9) is
the polynomial kernel of degree g. Let x1, x, - - - x,, € R be an arbitrary dataset of n points in
R™. We represent the data points by matrix X € R”*" whose i column is the vector x;. Also,
let A€ R™"*" be the matrix whose i column is x?q for every i € [n].

Theorem 5.1.1. For every positive integers n, p, d, every €, s) > 0, there exists a distribution on
linear sketches 1P € R™ 4" such that: (1) If m = Q(psie™2), thenT1” is an (¢,1/10,53,d”, n)-
oblivious subspace embedding as in Definition 5.1.2. (2) If m = Q (ps‘z), then TIP has the
(g,1/10)-approximate matrix product property as in Definition 5.1.3.

Moreover, for any X € R4*", if A€ RY*" is the matrix whose columns are obtained by the p-fold
self-tensoring of each column of X then I1P A can be computed in time O (pnm+ pnnz(X)).

Proof. Throughout the proof, suppose 6 = % denotes the failure probability, g = 2119871,
and e; € R? is the column vector with a 1 in the first coordinate and zeros elsewhere. Let
11”7 € R4 be the sketch defined in Definition 5.3.3, where the base distributions Spase €
R™*M* and Thase € R™*4 are respectively the standard degree-2 TensorSketch (Definition 5.3.5)
and standard CountSketch (Definition 5.3.4). It is shown in (Avron et al., 2014; Clarkson and
Woodruff, 2017) that for these choices of base sketches, Sp,se and Ty ase are both unbiased and

satisfy the (;2, 0, 2) -JL moment property as long as m =Q (%) (see Definition 5.4.2).

N
2
Oblivious Subspace Embedding. Let m = Q (%) be a large enough integer. Then Spase and

Tpase have the (”":ﬁﬁ , 2) -JL Moment Property. Thus using Corollary 5.4.1 we conclude
that I19 has the (§,6,2)—IL Moment Property. Hence, Lemma 5.4.2 implies that I17 is an

(¢,68,53,d9, n)-Oblivious Subspace Embedding, which in turn, by Lemma 5.4.1, implies that
17 is an (¢,0, 53, d”, n)-Oblivious Subspace Embedding.
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Approximate Matrix Multiplication. Let m = Q (%) be a large enough integer. Then Spage

and Tpaee have the (ﬁ,é , 2)-IL Moment Property. Thus, using Corollary 5.4.1 we conclude
that 17 has the (¢,5,2)-JL Moment Property. Thus, Lemma 5.4.2 implies that 17 has the
(¢,0)-Approximate Matrix Multiplication Property, and by Lemma 5.4.1 we find that I1” has

the (g, §)-Approximate Matrix Multiplication Property.

Runtime of Algorithm 15 when the base sketch Sy, is degree-2 TensorSketch and T, is
CountSketch: We bound the time of running Algorithm 15 on a vector x. Computing Y]F) for
each j in lines 3 and 4 of algorithm requires applying a CountSketch on either x or e; which
requires O(nnz(x)) operations. Therefore computing all Yjp 's takes time O(qg -nnz(x)).

Computing each of le s for [ = 1 in line 7 of Algorithm 15 amounts to applying a degree-2
TensorSketch with input dimension m? and target dimension m on Yzlj‘_l1 ® Yzlj‘l. This takes
time O(mlogm). Therefore computing le forall , j = 1 takes time O(q - mlogm). Note that
g < 2p and hence the total running time of Algorithm 15 on a vector x is O(pmlog m+ pnnz(x)).
Sketching 7 columns of a matrix X € R%*" takes time O (pnmlogm+ pnnz(X)). O

5.5 Linear Dependence on the Statistical Dimension s,

In this section, we show that by choosing the internal nodes and the leaves of our recursive
construction in Section 5.3 to be TensorSRHT and OSNAP transforms respectively, then the
sketch I17 as in Definition 5.3.3 yields a high probability OSE with target dimension O (p*sa)-
Thus, we prove Theorem 5.1.2. This sketch is highly efficient to compute because the OSNAP
transform is computable in input sparsity time and the TensorSRHT supports fast matrix
vector multiplication for tensor inputs.

We start by defining the Spectral Property of a random matrix. We use the notation | - [|op to
denote the operator norm of matrices.

Definition 5.5.1 (Spectral Property). For any positive integers m, n,d and any €,0, ug, to =0
we say that a random matrix S € R"*4 satisfies the (1, 2, €,8, n)-Spectral Property if, for every
fixed matrix U € R**" with | Ul%, < up and | U113, < 2,

Prs [|UTSTSU-UTU|,, €| =1-5.

The spectral property is a central property of our sketch construction in Section 5.3 when

leaves are OSNAP and internal nodes are TensorSRHT. This is a powerful property which

implies that our sketch is an Oblivious Subspace Embedding. The SRHT, TensorSRHT, as well

as OSNAP sketches (Definitions 5.3.6, 5.3.7, 5.3.8 respectively) with target dimension m =

log %‘i
€

Q (% -polylog %d) and sparsity parameter s = Q( ), all satisfy the above-mentioned

spectral property (Sarlos, 2006; Tropp, 2011; Nelson and Nguyén, 2013).

We start by showing in section 5.5.1 that our recursive construction of IT” satisfies the Spectral
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Property as per Definition 5.5.1 as long as I ¢ X Tyase and I;;q X Spase have such property. There-
fore, we proceed by analyzing the Spectral Property of ;s x OSNAP and I,,,sx TensorSRHT
in section 5.5.2. Finally, we put everything together in section 5.5.3 and prove that when the
leaves are OSNAP and the internal nodes are TensorSRHT in our recursive construction of
I17, the resulting sketch satisfies the Spectral Property thereby proving Theorem 5.1.2.

5.5.1 Spectral property of the sketch I17

In this section we show that the sketch I17 presented in Definition 5.3.3 inherits the spectral
property (see Definition 5.5.1) from the base sketches Spase and Thage. We start by proving that
composing independent random matrices inherits the spectral property from the original
matrices a with small loss.

Lemma 5.5.1. Foranye,5, lir, o > 0 and every positive integers k, n, if MV € Re*4 ... () ¢
R >k gre independent random matrices satisfying (2;1 F+2,12+2, 37, ﬁsk, n) -spectral prop-

erty then the product matrix M = M® ... MWD has (up + 1, up + 1,€,8, n) -spectral property.

Proof. Consider a matrix U € R%*" which satisfies || Ulli. <pur+1land]| Ullf,p < 2 +1. We aim
to prove that for every such U,Pr [|| UTM'MU-U"U|,, = e] >1-6,where M = M® ... D,

For every j € [k], let us define the set & ; as follows,

L[ MO MO U |E < 1+ &) U2
g,j:: (M(l),...,MU)): ”[ i . ] 1”1:'"_ ( . Sk) . F . i
2'||U (MO MO T (M. MO U - U U” <4
op

First we prove that for every j e {1,---,k—1},

) . 0
M ... pU+D . | ORI . _9
Pr[(M e M )ngH (M M )eg,] 21- . (5.11)
We proceed to prove (5.11) in an inductive fashion. Suppose that (M(U, e ,M(j)) € &; for some

j=1.Letus denote [MY)..- MV] U by U’. The assumption (MW, ---, M) € &; implies that,

1012 < (1+ %)] IU1% and ” Uty - UTU“ < % and therefore by triangle inequality we
. Op

have || U’Ilgp <| Ullgp + % The assumptions || UII% <sur+land]| Ullf,,[J < U2 + 1 together with

j < k—1imply that |U"||2 < 2ur +2 and | U’IIgp < o + 2. Now note that by the assumption of

lemma, MU*Y satisfies (2;1 F+2,12+2, 57, &, n)-spectral property. Therefore,

(MDD e

€
op 3K
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Combining the above with || Ut -uUTU|, < % gives,

1)
=]1-——. (5.12)

Pr
4nk

T ) e
e ’(M e, MP) e g

‘(M(j“) U’)T MUY —uTy
op

Furthermore, the spectral property of M'* implies that for every column U’ " of matrix U’

=l

i

“M(j+1) Ul

with probability 1 — 4nk By a union bound over all i € [n], we have the following,
Pr[HM(f“)-U’. (1+—)| 2 (M, MP) e 8 -1-2
J 4k
Combining the above with || U’II% < (1 + ﬁ)] U2, we find that
2 LARSIPY ety 0 e 0. o
|| s(1+§) 1013 (M©,-, MP) e g z1-—.  613)
A union bound on (5.12) and (5.13) gives,
; ; o o o
... pmU+Dh ) o ... pmW ; - _ = _
Pr[ (MY, MUV ) e |(MD,- MD) e 6] 21 TR oS

We also show that Pr [M“) € 81| =1-6/2k. By the assumption of lemma we know that MY
satisfies the (Zup +2,u+2, ﬁ, 42_k’ n)-spectral property. Therefore,

0
p MO T MOu-uTy| <SS |=1--2 5.14
fa [”( ) op 3k 4nk (-14)
Additionally, for every column U’ of matrix U,
0], = (1= ) o]

with probability 1 — n k By a union bound over all i € [n], we find the following,

Pr[[ M- U< 1+ i) iz =1- 2 (5.15)
F 3k F ak’

A union bound on (5.14) and (5.15) gives,

5 6 5
@ _ — -
PriMYe& =1 TR yR
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By the chain rule we have,
pr[(Mﬂ),... ,M(k)) €(g>k] _ jlipr [ (M(D,---M(j)) Eéaj) (M(D,---M(f—”) Egj_l]

5 k
2(1—§) >1-6,

which completes the proof of the lemma.

Before stating the main result of this section, we need to first present a claim that follows fom
basic properties of tensor products and definition of the spectral property.

Claim 5.5.1. For everye,8 >0 and any sketch S € R™*% such that I;. x S satisfies (iF, lio,€,8, n)-

spectral property, the sketch S x I also satisfies the (Ur, Uz, €,0, n) -spectral property.

Proof. Suppose U € R?%*"_ Then, note that there exists U’ € R?**" formed by permuting the
rows of U such that (S x I})U and (I} x S)U’ are identical up to a permutation of the rows. (In
particular, the (d, k)-reshaping of any column U/ of U is the transpose of the (k, d)-reshaping
of the corresponding column U’/ of U’.) Then, observe that

U'U=U"U, and U'(SxI;)"(SxIU=UTUxS) I x HU'.
Therefore,

JUTSx 10T S x 10U =UTU o = |0 e x 8 e x U= UV

Op.

Moreover, since U and U’ are identical up to a permutation of the rows, we have || Ullop =
U lop and Ul = U’ || . The desired claim now follows easily. O

The following lemma shows that the sketch 17 presented in definition 5.3.3 inherits the
spectral property of Definition 5.5.1 from the base sketches. That is, if Spase and Thage are such
that I,,,9-2 X Spase and Izq-1 x Thase satisfy the spectral property, then the sketch I17 satisfies the
spectral property.

Lemma 5.5.2. For every positive integers n, d, m, any power of two integer q, any base sketches
Shase : R™ — R™ and Thase : RY — R™ such that both I,,q-2 x Spase and I g1 x Tyase Satisfy the
(Z,UF +2, 1 +2, é, %, n) -spectral property, then the sketch 117 as defined in Definition 5.3.3
satisfies the (up + 1, u2 + 1,€,68, n) -spectral property.

Proof. We wish to show that the sketch 117 = Q9T9 as per Definition 5.3.3, satisfies the
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(,up +1,u2+1,¢,6, n)-spectral property. By Lemma 5.4.3,
9 = p2a-0 ppCa ...M(l),

where M) are independent matrices that satisfy (2;1 F+2,12+2, & 7 82 7 )-spectral property.
That is by the assumption of the lemma about the spectral property of I,,s-2 x Spase and
Ijq-1 x Thage together with Claim 5.5.1. Therefore, the Lemma readily follows by invoking

Lemma 5.5.1 with k =2qg + 1. O

5.5.2 Spectral property of Identity x TensorSRHT and Identity x OSNAP

In this section, we show that tensoring an identity operator with our base sketches results in
a matrix that satisfies the spectral property (Definition 5.5.1). We show that using either of
TensorSRHT or OSNAP as the base sketch yields a transform that has the spectral property.
The following lemma proves that tensoring identity with TensorSRHT (Definition 5.3.7) results
in a transform that satisfies the spectral property with nearly optimal target dimension.

Lemma 5.5.3. Foranye,6, 2, iy >0 and any integers n, k>0, if m = Q(logalog (”dk) ””‘2)

and S € R"™*% js a TensorSRHT, then the sketch Iy x S satisfies (U, 12, €,6, n)-spectral property.

The above lemma is proved in Appendix D.2.1. In the next lemma, we show that tensoring
identity operator with OSNAP results in a sketch that satisfies the spectral property with
nearly optimal target dimension as well as nearly optimal application time. This sketch is
particularly efficient for sketching sparse vectors. We use a slightly different version than the
original OSNAP to simplify the analysis, defined as follows.

Definition 5.5.2 (OSNAP transform). For every positive integers s, m, and d, the OSNAP
transform with sparsity parameter s and target dimension m is defined as,

for all r € [m] and all j € [d], where 0, ; € {—1,+1} are i.i.d. uniform Rademacher random
variables and §, ; are i.i.d. Bernoulli random variables satisfying, [E[6 r i] =s/m.

Now we state the spectral property result for OSNAP which is proved in Appendix D.2.2.

Lemma 5.5.4. Foreverye,d, iz, iir > 0 and positive integer n, if S € R™*% is an OSNAP sketch
with sparsity parameter s, then the sketch It x S satisfies the (ur, 2,€,0, n) -spectral property,
provided that s = (log (”dk)log 5 ) andm= Q(log("dk”F)log nd ”Z'UF).

5.5.3 High probability OSE with linear dependence on s,

We are ready to prove Theorem 5.1.2. We prove that if we instantiate I1” (Definition 5.3.3)
with Thase : OSNAP and Spase : TensorSRHT, it satisfies the Oblivious Subspace Embedding

171



Chapter 5. Oblivious Sketching of High-degree Polynomial Kernels

guarantee.

Theorem 5.1.2. For every positive integers p,d, n, every €, sy > 0, there exists a distribution on
linear sketches 1P € R™*%" which is an (¢,1/polyn, sy, dP, n)-oblivious subspace embedding
as in Definition 5.1.2, provided that the integer m satisfies m = Q ( p4s,1/ez).

Moreover, for any X € R4*", if A€ RY"*" is the matrix whose columns are obtained by the p-fold
self-tensoring of each column of X thenIIP A can be computed in time O (pnm+ pde? nnz(X)).

Proof. Letd = 5 Oly( 0
Let IT” € R™*™ be the sketch defined in Definition 5.3.3, Where Shase € R™* m* and Thase €
R™*4 are TensorSRHT and OSNAP with sparsity parameter s, respectively. Let g = 2/1°8(P1,
By Lemma 5.4.1, it is sufficient to show that I17 is an (6,6 ,S2,d1, n)-Oblivious Subspace Em-
bedding. Consider arbitrary A€ R**" and A >0 andlet U= A(AT A+ /II,,)_I/Z. Let us denote
the statistical dimension of A by s; = 53 (AT A). Therefore, |Ull> <1 and |U II% = 3. Since

denote the failure probability. Let m = p Alog® ( ) and s = 2 log (”d)

g < 2p, by Lemma 5.5.4, the transform ;51 x Tpage, Satisfies (2s,1 +2,2 2 ,n)—spectral

’ Gq’ 8nq
property. Moreover, by Lemma 5.5.3, I,,,4-2 X Spage Satisfies (Zs;t +2,2, £ 6q’ 8,‘2 7 n) -spectral prop-

erty. Therefore, by Lemma 5.5.2, T17 satisfies (sj + 1, 1,¢€,8, n)-spectral property. Hence,
Pr[| @) MU -UT U, <e] =1-5.

Since UTU = (ATA+AL,) Y2ATA(ATA+ ML) V2 and I9U =TT A(AT A+ AI,)~V/2 we find
thatPr[(1-€)(ATA+AI,) < (ITTA) TII7A+ AL, < (1 +€)(AT A+ AI,)] = 1-6, which proves that
117 is an (¢,8,s3,d7, n)-Oblivious Subspace Embedding.

Runtime: By Lemma 5.3.1, if A is the matrix whose columns are obtained by p-fold self-
tensoring of each column of X € R4*” then IT” A can be computed using Algorithm 15. We
bound the time of running Algorithm 15 on a vector x when Sp,ge is TensorSRHT and Ty),ge is
OSNAP. Computing YJQ s for each j in lines 3 and 4 of algorithm requires applying an OSNAP
sketch on either x or e; which takes time O(s-nnz(x)). Therefore computing Yjp for all j takes
time O(gs-nnz(x)). Computing each of le ’s in line 7 of algorithm amounts to applying a
TensorSRHT with input dimension m? and target dimension m on Yzl] 11 ® Yl 1. This takes
time O(mlog m). Therefore computing all Y].l 's takes time O(gmlogm). Note that g <2phence
the total time of running Algorithm 15 on a vector x is O(pmlogm + ps-nnz(x)). Therefore,
sketching n columns of a matrix X € R¥*" takes time O (pnmlogm+ ps-nnz(X)). O

5.6 Oblivious Embedding of the Gaussian Kernel

In this section we show how to sketch the Gaussian kernel matrix by polynomial expansion
and then applying our proposed sketch for the polynomial kernels.
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Data-points with bounded ¢, radius: Suppose that we are given a dataset of points x1,--- x5 €
R4 such that for all i € [n], || x;||2 < r for some positive value r. Consider the Gaussian kernel
matrix G € R"*" defined as G; ; el o= lxi= 1572 for a1l , j € [n]. We are interested in sketching
the data points matrix X using a sketch Sg : R? — R™ such that the following holds with
probability 1 -9,

(1=€)(G+AL,) = (Sg(X)) " Sg(X) + AL, < (1+€)(G+ AL).

Theorem 5.1.3. For every r > 0, every positive integers n,d, and every X € R%*" such that
Ixil2 < 7 for all i € [n], where x; is the i"* column of X, suppose G € R"™" is the Gaussian
kernel matrix—i.e., G; = e Vi=*I2/2 for all j, k € [n). There exists an algorithm that computes
S¢(X) € R™ ™ in time O (g% %nsy + q%¢~?nnz(X)) such that for everye, A >0,

1
poly (n)’

Prs, [(1 —e)(G+AL,) = (Sg(X)) | Sg(X)+ AL, = (1+€)(G+AL)|=1-

where m =0 (q°sy/e?) and q = ©(r* +log 2) and s, is A-statistical dimension of G.

Proof. Letd = m denote the failure probability. Note that G; ; = e 1312 X %) . g=llxjl3/2
.. . . . . . s 112
for every i, j € [n]. Let D be an n x n diagonal matrix with i’ diagonal entry e~*i12/2 and let

K € R"*" be defined as K; ; = e*i %, Note that DKD = G and K is a positive definite kernel

u)[quTXw

matrix. The Taylor series expansion of kernel K is K = }_ o0 i . Therefore, G can be

written as the following series,

.
_ = [x®'D] x®'D
Gz;)—l! .

Note that each term [X®! D] " x®!p = D(x®")TX®!D is a positive definite kernel matrixand
the statistical dimension of [ X ®l D] T X®!D for every [ = 0 is upper bounded by the statistical
dimension of G through the following claim.

Claim 5.6.1. For every u =0 and every integer 1, s, ([X@’ZD]T X®1D) < 5u(G).

Proof. Using the fact that a polynomial kernel of any degree is positive definite, we find that
[X®!D] "X®ID=<G. By Courant-Fischer’s min-max theorem we have,

!

X®'D

Tl _ a"[x®'D]" x*'Da
X°'D|= max min

UeR-7+1xn a0 lall
Ua=0
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Let U* be the maximizer of the expression above. Then we have,

a'Ga
Aj(G)= max >
UeR(—j+xn a;éO lall;

aTGa

> min 5

az0 lall5
a=0

o7 [X®'D] X®'Da

a#0 lall3
U*a=0 2

:Aj([X®lD]TX®lD).

>

for every j. Therefore, the claim follows from the definition of statistical dimension,

G) = !
su(@) j;/lj(c)ﬂl Z

1
=2 ([x=p]" X®1D)+p o

A.([X®1D]Tx®lD) (

TX®’D)

—yd xeHTxe! — 82 4In ; ' -
IfweletP=3%,_ % and g = 8r° +1In 7, then by the triangle inequality we have,

2l

SZnr

F I>q

[ ®l] X@l
<el/2.

IK=Plop<)_
I>q

Since P is a positive definite kernel matrix and all eigenvalues of D are bounded by 1, in order
to prove the theorem it is sufficient to satisfy the following with probability 1 -6,

(1-€/3)(DPD+ AL,) < (Sg(X)) " Sg(X) + AL, < (1 +€/3)(DPD + A1,).

Let IT! € R™*4" be the sketch defined as per Theorem 5.1.2 with m; = (14 log3 nd 5—%) where

sy is the A-statistical dimension of G. Therefore by Claim 5.6.1, with probability 1 - ﬁ

(1- g) ([X®ID]T x® D+ Mn) <[n'x*'p

XD 4 AL, < (1 + g)(

.
X®’D] X®'D+ Mn). (5.16)

Moreover, [T X®! D can be computed using O (lnml logm; + é—zlogg an -nnz(X)) runtime.
We let Sp be the linear mapping from Sp : REd — R™ defined as

def

Sp= —H°

o[

[

. . . . ®
Let Z be the matrix of size (¥, d') x n whose i column is z; = x®* & x*! ® x2--- x; 7, where

|7
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5.6. Oblivious Embedding of the Gaussian Kernel

x; is the i™ column of X. The following holds for [SpZ]T Sp Z,

q [HlX®l]THlX®l
SpZ)' SpZ = .
(SpZ)' SpZ ZZO I

This trivially implies that,

xelp]Tnixelp

g [t
[SpZD1'SpZD =" [

1=0 It

Therefore, by union bound, we find that (5.16) holds for all 0 < [ < g with probability 1 -6,
giving the following,

(1-€/3)(DPD+Al,) < [SpZD]" SpZD + AL, < (1 +€/3)(DPD + AlLp).

Now we define non-linear transformation Sg : RY — R™ as follows,

® [Lnl (x®h) 1 e (x®9)

A 2.
Vi ®[@“(” NG

We have that S¢ (X) = SpZD, therefore with probability 1 -, the following holds,

|

569 d:efe‘”x”glz([%“" ()

1-€e)(G+AI,) = (sg(X))T Sg(X)+ AL, = (1+€)(G+AlLy).

Note that the target dimension of Sg is m = mo+my +---+mg = g°log® an . z—é Also, by Theorem

6 6
5.1.2, time to compute Sg(X) is O (% log4 an Sy + Z—zlog3 an -nnz(X)).
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Conclusion

The research results mentioned in this thesis have shed light on—and sometimes fully re-
solved—a number of important questions in the theoretical foundations of data science while,
at the same time, opening several promising avenues for further progress. We outline these
directions below.

Sparse FFT: Theory vs Practice. In this thesis, we devised sparse FFT algorithms that achieve
theoretically optimal sample complexity in sublinear time by exploiting structure beyond
sparsity. Nonetheless, the theoretical guarantees ignore constant factors and in practice, the
compressive sensing algorithms typically outperform the sparse FFT algorithms in terms
of sample complexity at the expense of incurring a slow superlinear runtime. The practical
sample complexity of learning sparse functions is crucially important because in applica-
tions like hyperparameter tuning of massive neural networks (Hazan et al., 2018) every data
sample requires running a computationally expensive training process. On the other hand,
the compressive sensing methods are both theoretically and practically slow with (at least)
linear runtime which makes them intractable for the hyperparameter tuning applications
because their runtime scales exponentially in the number of hyperparameter of the neural
network. As of now, it is not known how to achieve the practically optimal sample complexity
of compressive sensing methods and fast runtime at the same time, so, a very interesting open
question is unifying theory and practice of sparse FFT algorithms.

Optimal Kernel Embeddings: a Unified Method. The results we presented in this thesis make
exciting progress in the problem of spectrally approximating kernel matrices, by giving near-
optimal oblivious sketching of the Polynomial kernel as well as near-optimal characterization
of the Gaussian kernel using Fourier sampling. However, these methods are tailored to the
specific choice of the kernel function and do not extend to for instance, non-smooth kernels
such as Laplacian kernel or kernels with slowly decaying tails such as Cauchy. As a result, there
is no overarching kernel approximation method that works optimally for a wide class of kernel
problems. So, a very interesting open problem is to design a unified kernel embedding tech-
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nique that works optimally for a wide range of kernel functions including Cauchy, Laplacian,
Gaussian, and Polynomial.
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.\ Supplementary Materials for Chap-
ter 1

A.1 Fourier Downsampling via Compactly Supported Flat Filters

A.1.1 Flat filters with compact support

Our filter construction is similar to (Indyk and Kapralov, 2014), but we prove and utilize
different properties, and hence provide the details for completeness.

Definition A.1.1 (Rectangular pulse). For an even integer B, let rectp denote the rectangular
pulse of width B’ -1, i.e.,
1, ifl<Z

0 otherwise.

rectp (f) = {

For an integer B’ > 0 a power of 2, define the length-7 signal,

W() = (% -rectBr) *---*( n - -rectBr), A1)

Bl

where the convolution is performed F times. As noted in (Indyk and Kapralov, 2014), we have
supp (W) < [-FB’, FB'], and the Fourier transform is given by,

F
W=|—— ¥ off =(Sin(”(3/_1)f/”))F (A.2)
! B=1 =y (B'—1)sin(xf/n)

for f#0,and Wy =1.

Lemma A.1.1. (Properties of W) For every even F = 2, the following hold for the signal W
defined in (A.1)—-(A.2):

1 Wf €[0,1] forall f € [n];
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2 There exists an absolute constant C = 0 such that for every A > 1,

Z Wfﬁ (C/A)F_1 Z /V\?f.
felnl,|f1z 22 Jeln]

28’

Proof. First note that the maximum of Wf is achieved at 0 and equals 1. Since F is even by
assumption, we have from (A.2) that Wf = 0 for all f. These two facts establish the first claim.

To prove the second claim, note that for all f € [n], we have

F F

1

= ‘ (B'-1)sin(z f/n)
F

— _|sin(@(B'-1)fIn)
r= (B'—=1)sin(z f/n)

(since |sin(mx)| < 1)

(since [sin(mx)| = 2|x| for |x| <1/2). (A.3)

< ‘;
(B' - 1)2[fl/n

We claim that this can be weakened to

— n F
Wy < (B’Ifl) : (A4)

For f € [-n/B’,n/B'] the right-hand side is at least one, and hence this claim follows directly
from the first claim above. On the other hand, if | f| = n/B’, we have

2(B'=DIfl/n=2B'|flIn-2|f|/n
>2B'|fl/n—1 (since|f|<n/2)
>B'|f|/n (since |f|=n/B'),

and hence (A.4) follows from (A.3).

Using (A.4), we have

— F n
Wy < ( ) =0+ I (A.5)

An An
|f|2ﬁ ‘f|2ﬁ

B'Ifl

At the same time, for any f € [—%, %], we have

. |sin@B' -1 fIn)|"

(B'=1)sin(r f/n)
2(B-1)fIn
(B'—1)sin(r f/n)
2B'-1fIn |F
(B'-1n(f/n)

F

v

(since |sin(;rx)| = 2|x| for |x| < 1/2)

v

(since |sin(zx)| < 7| x|)
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This means that

- — 2\ n
Y W= Y Wrz(=| = (A.6)
feln] fel-35,551 n

Putting (A.5) together with (A.6), we get

— _ n T\ F _

Z Wf=O(/1) F+1~—,S(—) o) F+1 Z Wf
An B 2

felnlIf1z55 felnl

for an absolute constant C’ > 0. The desired claim follows by setting C = C’(1/2). O

We now fix an integer B, and define G by

where Z =} re () Wf. By interpreting this as a convolution with a rectangle, we obtain that the
inverse Fourier transform G; is obtained via the multiplication of W; with a sinc pulse.

We proceed by showing that, upon identifying B’ = 8CB (where B’ was used in defining W,
and C is the implied constant in Lemma A.1.1), this filter satisfies the claims of Lemma 1.2.1.
We start with the three properties in Definition 1.2.1.

Proof of Lemma 1.2.1: (filter property 1) For every f, we have,

3n

~ 1 B 1 —
szz- Z Wf_ASE Z Wf_Azl.
A:_% A€[n]

Similarly, the non-negativity of G follows directly from that of W.

(filter property 2) For every f € [n] with |f] < %, we have,

3n

o~ 1 B _
Gr=—- 2. Wra

Z n
a3
1 —
=1-—= Y W
|A]>32

2 — n
>1- - Z Wy (since | fl=s 3B and W is symmetric)

>4
2 v o5
=] -— fil
zZ =
f>35 3
B\F-
>1- (2(7?) (by Lemma A.1.1)
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Since B'/B = 8C by our choice of B above, we get Gy = 1 - (1/4)F71, as required.

(filter property 3) For every f € [n] with | f| = g, we have,

n

B

N|~
' Ml

~

= Wf—A

3n

4

— n
. > Wp (bylfle).
frAfIzIfl=35

A=

I\

N~

Defining { = 1 such that | f| = (3 + C)é, this becomes,

1 —
GfSZ Z Wfl
fl:‘fllz%

1 _
== ) Wy
A 1 e11< (B n
[ 1z%g 55
<(2CB)F ' byl ALl
= (B/ y emma A. 1.

1 \F-1 ) ,
(4—() (since B' =8CB).

Rearranging the definition of {, we obtain { = % —3,and hence { = %ﬂ due to the fact that

|fl = %. Therefore, Gf_(4B”|f|)F Lo

Proof of Lemma 1.2.1:(additional property 1) We have already shown that W is supported on
awindow of length O(FB’) = O(FB) centered at zero. The same holds for G since it is obtained
via a pointwise multiplication of W with a sinc pulse.

(additional property 2) Since G rel0,1], the total energy across | f| < % is at most %". On the
other hand, we have from the third property in Definition 1.2.1 that

Y IGslP <2 Z (%)Z(F—l)(B_nf)Z(F_l)

Ifl=%

1 ? i F=2

< — >

_8 L(Bf) (since F =2)
—B
o0

Slﬁzi

8 B = f?

n

SE (s1nceZ—<8)

Combining this with the contribution from | f| < § concludes the proof. [

Proof of Lemma 1.4.3:
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For brevity, let ¥ = Zfr?gf I)A(frlz[En [IGof(f/) |2] denote the left-hand side of (1.14). Following
the approach of (Indyk and Kapralov, 2014, Lemma 3.3), we define the intervals %, = (n(f) —
225 n(f)+ 52" fort=1,...,log, b, and write

log, B
v< Y X0 Prin(f) € FN\F, 1] max 1Gy,(pm|?
f’;f d t; PeFAFial D& s, | Cortr
4 o log, B R )
<— | X 4|2+ 2t max 1Gy.cenl?], (A7)
B f,g‘f ! l; fraeg g, U

where the second line follows by (i) upper bounding Pr(z(f’) € #,\F,_1] < Pr(n(f’) € #;] and
applying the approximate pairwise independence property (cf., Definition 1.4.1); (ii) using the
fact that there are at most 3 -2*1 integers within %,, and applying |G rl < 1forthe case t = 1.

To handle the term containing |G, () 2, we use the triangle inequality to write

B
log(F)1 2 [m() = x(f")1 = |(f) - Zround(x() )|
(=2
zIm(f) =7 (Il =5

For any f” with n(f") ¢ #;_1, we have [n(f) -7 (f")| = #2'"!, and hence |of (f")| = £(2""1 - 1).
As aresult, for ¢ = 2, the third property in Definition 1.2.1 gives

. 1\F-1( 1 \F-1 _(1\F-1 1 \F-1 (1 F-1
Gu=3) =) =G =) =E)

and hence

log, B 0 1 \2F-1
>0 max o 1GymP=) (5]
=2 [iE(feFN\F i = \2
This sum is less than % for all F = 2, and hence substitution into (A.7) gives W < %0 |1 X ||§, as
desired. O

A.1.2 Optimal downsampling

We are interested in the behavior of }_ ¢ 21, \Z ; |2 for each j (first part), and summed over all
j (second part). We therefore begin with the following lemma, bounding this summation in
terms of the signal X and the filter G.

Lemma A.1.2. (Initial downsampling bound) For any integers (n, k), parameter § € (0, %),

signal X € C" and its corresponding (ky,8) -downsampling {Z r}r(—:[2 k,)» the following holds for
all je

n
ky
1

n n
—— 2 1Z[P =Y 1Gy 1P 1Xp P <38 ) Gy jl- 1K 1%
2k1 12k = f=1
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Proof. Directly evaluating the sum: Using the definition of the signals Z" in (1.2), we write,

n * n '
Z |Z]r|2 Z Z Gf_klefa)er) ( Z Gfr_klj'Xfr'(U?lrf)
=

rel2ki] rel2ki \ f=1
=Y Y Gppy XpGpoy Xy L o)
f=1f=1 re(2ki]

where ()* denotes the complex conjugate. Since a, = 5 k , the term Y. ¢ 2, wy SUREARN equal
to 2k if f — f’is a multiple of 2k; (including f = f’) and zero otherwise, yielding,

Z |2;|2:2k1 Z |Gf k1]| |Xf| + Z Gf kj® f*'éf—Zklj'—klj'}?f—Zklj’ (A.8)

re(2ki f=1 J E[zkl]
j'#0

Without loss of generality, we can assume that j = 0; otherwise, we can simply consider a
version of X shifted in frequency domain by k; j. Setting j = 0 in (A.8) and applying the triangle
inequality, we obtain,

n
<2ki- ) Z'G*- 7 Groanj Xpok |- (A9)
1j'1= 5ty F=1
J'#0

n
Y NZ§P =2k Y 1GFP 1 Xp 1P
re2k;] f=1

Bounding the right-hand side of (A.9): We write,

Z ‘Gf f Gf 2k j' " Xf 2k j'

1’ |—2(2k1)f1
j'£0
n
= Y Z(|Gf|”2~|Gf,2klj/|”2).|Gf|”2~|x;|~|Gf,2k1,-r|”2-|Xf72k1,-r|. (A.10)
/1< 555 f=1
Jj'#0

In Lemma A.1.3 below, we show that,

(3!
1/2 12 _
IGFIM%1G p—ok, = e
for all f € [n] and all |j'| < 537 with j’ # 0. Definition 1.2.2 ensures that (%) “ <6, and
substitution into (A.10) gives,

n
)IEDY ‘G* Xf-Gpoak - Xpak
/1= 558 f=1
j'#0
1 LPN 1/2 o= ~ 1/2 |\ v
W—_Mlemﬂ AXFIG ok 12 X ppg . (AD)

1’ |<2(2k)
j'#0
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Next, we apply Cauchy-Schwarz inequality to upper bound the inner summation over f above
for any fixed j' € [5¢-], yielding,

n

n n
S AGH2 ARG ok, 12 -1 X ok, 1 SJ Y |Gf|-|x;|2-J Y G p—oky jrl | X py 112
f=1 f=1

n
=) 1Gpl-1XF P2, (A.12)
f=1

where we used the fact that {|Gy_ax, j1| |1 X -2k, 1} 7., is a permutation of {|Gy|- I)?jﬁ Y

Wrapping up: Substituting (A.12) into (A.11) gives,

n

)Y ’G}'??} -Grooky jr- Xp-ak j

/1< 5557 f=1
Jj'#0
<6 ———l——— Grl-1X
<5 ) - 1)/2Z| £l f|
1’ |<22k1)
Jj'#0

n
<36 ) 1Gsl-1X, 1%,
f=1

where the last inequality follows from the fact that }, J1S 3 T

/#0
is upper bounded by 3 for F = 8, a condition guaranteed by Definition 1.2.2. We therefore

obtain the following bound from (A.9),

(F 1/2 —ZZ i'=1 |] |(F 1)/2’Wh1Ch

1
¥ B Z|Gf| ARl <352|Gf| IR/ 12.
2k ek =1

The lemma follows by recalling that the choice j = 0 was without loss of generality, with the
general case amounting to replacing Z by Z j and G r by G k- O

In the preceding proof, we made use of the following technical result bounding the product of
the filter G evaluated at two locations separated by some multiple of 2k;.

Lemma A.1.3. (Additional filter property) Given n,k, and a parameter F=2,ifGisan
( nE )ﬂatﬁlter then for all f € [n] and all j' € -] with |j'| < 555y and j' # 0, one has

1
)Fl

1/2, 1/2
|Gf| |Gf 2k1]| —|]|F 17F-D72 -

Proof. For clarity, let f; and f> denote the frequencies corresponding to f and f —2k;j’
respectively, defined in the range (—-n/2, n/2] according to modulo-n arithmetic. By definition,
fi— f>isequal to 2k; j' modulo-n, and since |j'| < 2(2k 500 We have [2k, j'I < £. This immediately
implies that the distance A = |fi — f| according to regular arithmetic is lower bounded by
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the distance according to modulo-n arithmetic: A = 2k;|j’|. Since fi and f; are at distance A
according to regular arithmetic, it must be the case that either |f;| = % or|fo| = %. Moreover,
since j' # 0, we have, from the above-established fact A = 2k;|j'|, that % > k1, and hence we
can apply the third filter property in Definition 1.2.1 to conclude that |Gy, | < (i)F_1 (%)F_l
for either v = 1 or v = 2. Substituting A > 2k;|j’|, upper bounding Gr, =1 (cf., Definition 1.2.1)
for the index v/ € {1,2} differing from v, and taking the square root, we obtain the desired

result. O

We are now in a position to prove Lemma 1.2.3

Proof of the first part of Lemma 1.2.3: Recall from Lemma A.1.2 that

1 >r 2 SRS 2 1.2 SRS ¥ .12
7 2 NZI = Y NGk 171X f 1P| <30 ) 1Gpgy 1+ 1 X1 (A.13)
ref2k| f=1 f=1

We proceed by lower bounding Z?zl |éf—k1j 2. I)A(]cl2 and upper bounding Z?‘:l |Gf—k1j| . |)A(f|2.
Starting with the former, recalling that I; = ((j — 1/2)k1, (j + 1/2)k1] n Z, we have,

n
Y AGroky 11X 1P = Y 1G gy P 1 X
le fEI]

>11 AR 2 S 2
o L b 1X5,[l; = -8y Xy, I3, (A.14)

where the second line is by the second filter property given in Definition 1.2.1, and the third
line is by the choice of F made in Definition 1.2.2. Next, we upper bound Z?zl IGf_kljl . I)A(flz.
We can write,

n
NGkl 1XpP = Y 1Gpk - IXf P+ Y Gk jl-1XfI% (A15)
f=1

feljuljVln felnl:|f—k jl= 351

By the third property in Definition 1.2.1, the filter decays as I@fl < (%)F_1 (Ilel)F_l for |f] = ki,

and therefore the second term in (A.15) is bounded by,

2
HXIJ" 2

_ o,
> Gty j1 1 X S(Z) :
s

L n = il — il —1F-1
felnl:lf~kij1=% jretgig-jize U =J1=D

2

-~

| X

Iy 2

(1)}7—1
=15 ’ i 1F-1
2 jretmny =1

|%,

-,_ . F_l,
jretEngy =1

2

2

<5 (A.16)
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where the second line follows from | j'— j|-1 = ”’Z;j', and the third line follows since the choice
of F in Definition 1.2.2 ensures that ()" < 8. We bound the term Y rerur ol 1Grok jl-
1X fI2 in (A.15) using the first filter property in Definition 1.2.1, namely, G <1,

~ S S 2
Z |Gf—k1j| ’ |Xf|2 = ”XIjUIj—lUIjH 2° (A.17)
f€IjUIj_1UIj+1
Hence, combining (A.15)-(A.17), we obtain,
2
o : %5,
2 NG 1 X < [ Xpor o [ +60 2 (A.18)
f=1

jecEn =l
The first claim of the lemma follows by combining (A.13), (A.14), and (A.18). O

Proof of the second part of Lemma 1.2.3: By following the same steps as those used to handle
(A.15), we obtain the following analog of (A.18) with |G fl2 in place of |G £l

“)A(If’ 2
D e ErE (A.19)
JElEIG)

2

n
f; [FRNTED RN D ORTARIAN W

Combining (A.13), (A.18), and (A.19), we obtain,

2

7712 X
YrezilZ;l Iz 2.5 “XIJ" 2
T = ” Liul; Ul ”2 +0- ) Z o '/|2(F—1)

1 jetEnGr
2

~

X

2 | "2

2+6 Z |j— '|F—1)'
yeEnp T

+36- ( ||XIjUIj,1UIj+1
Summing over all j € [n] gives,
2 2
,+B0%+8) )

il — j1F-1
jerEniy =11

5% 2
15,113

S - 1 X1, 15
o 2 127 = Y | 0+38) [ Xyury oy
2 1 re[2k] jelnl

=3(1+36)IXI5+B6*+8) Y

2z (A.20)
7 P
jetn jrerEngy ' = 1

The double summation is upper bounded by }_ jrc(p) ||)A(1j, ||§ 2¥ 30, ﬁ = 2||)A(||§ DIy ﬁ,

which in turn is upper bounded by 3|| X |I§ for F = 4, a condition guaranteed by Definition 1.2.2.
We can therefore upper bound (A.20) by ||)A(||§(3(1 +30) +3(362 + 6)), which is further upper
bounded by 6||)A(||§ foré < %, as is assumed in Definition 1.2.2.
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For the lower bound, we sum the bound in the first part of the lemma over all j, yielding,

o, Zrepk) 1 Z]1P N N 1%, 13
> IIZ’IIZET]2(1—6)IIXII§—36- 3IXI5+6 ) —— |
relzh] ! jeryjecEniy =1

We showed above that the double summation is upper bounded by 3 1 X |I§, yielding an lower

bound of (1 -8 —98 —362) ||)A(||§. This is further lower bounded by (1 —126) ||)A(||§ foro < %. O

A.2 Properties of Active Frequencies

Proof of Lemma 1.3.2: Note that for any j € [kil], solving the first part of Lemma 1.2.3 for
I1X, 113 gives

1 oo - ) I1Xr, 15
Z |Z] | +35 ||XI]'UI]',1UI]'+1”2+6 Z

IX 15— =— 5T
- il 7|1 F-1
J 1 5 2k1 rel2k,] ]'E[%]\{]} |]/ ]|

(A.21)

We will sum both sides over j € $*\S; we proceed by analyzing the resulting terms.
Second term in (A.21) summed over j € S*\S: We have

- ) I1Xr, 113
> S ||leu1j,1u1j+1||2+5. Y T =
jes\§ jetEng T

oo 1X1, 13
<96XI5+36% ). Y —
jesd jrelEngy 1 =1

<9581 X|3+1058%1X 13 < 1051 X113, (A.22)

where the last line follows by expanding the double summation to all j, j' € [ ] with j # j,
noting that 2Y°3 | t7= < 2.5 for F = 4 (a condition guaranteed by Definition 1.2.2), and then
applying the assumption § < 2—10.

First term in (A.21) summed over j € S*\S: We first rewrite the sum of squares in terms of a
weighted sum of fourth moments:

Y oo X AZPeo Y NZLgB= Y 12 17,512
Py il — 57 wallg = 2 T —=_
jes\§ 2k 3k ! 2k1 €7k, ST re(2k] 12712
F 4
1 ( . ||Z£*\§||2
<l = ||Zf||§)( 5 A—) (A.23)
Zkl\l rel2k,] rezk) 12715
~ Zr* 12
by Cauchy-Schwarz applied to the length-2k; vectors containing entries || Z" ||, and ! ” SZ,\EHZ .
2
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The second summation inside the square root is upper bounded as

4 7r 2
[ s*\s” 124, sl2
Z Z S* ”2 Fri2
re(2k] ”Z ”2 re[zkl] 1z ”2
>y 1t > [1z513 sl (A24)
< _ 4 _
S* 2 y .
re2ki] 1Z712 ez NZrE
where the first inequality follows since || Z” " S” < ”2§* |I§ and the second inequality uses
1ZE N5 <y + |1 Z5 13 -7"],.
Now observe that by definition of S (Definition 1.3.1), for every j ¢ S, we have
~ r Z 1z ||
rel2k,] ||Zr|| ko
and summing both sides over all j € $*\S§ gives
1Zg.\515  615"\§)
Yo s L 12713108 3 1Z"15,
re[2k:] 127113 0 rel2k) ref2k]

. . . . I1ZE, 12
since |S*| < 10k by assumption. Applying this to the first term in (A.24), as well as ||SZr\ﬁ2 2 <
for the second term, we obtain

1ZZ, oI5 .
Y —SSZ<105 Y 12713+ X [1ZE03-
r
rezky 12715 rel2k,] rel2k]
Zr 2
<506 ) IZ"3, (A.25)
T‘E[Zkl]
where we have applied the assumption (*) of the lemma.
Finally, substituting (A.25) into (A.23) yields
4
1 1 N I1Z. sl
Y oor Tozpsao| Tzl o —)
jeS*\§2k1 re(2ki) I 2k1 \ &k, repkg 12715
1 ~ ~
<— ( > ||Zf||§)(506 Y oz ||§) (by (A.25))
2k ref2k] re[2k;]
V500 ~ -
< Y 1Z7115 <43V61X13, (A.26)
2k1 ity

. . e Zr 2
where the last inequality uses the fact that %;CIHHZ <6/ X |13 by the second part of Lemma

1.2.3. The proof is concluded by substituting (A.22) and (A.26) into (A.21), and using the
assumption 6 < 5 to deduce that 15(43v/8 +106) < 100v5. O
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A.3 Hashing the Fourier Domain via Filtering and Subsampling

Proof of Lemma 1.4.2: The (exact) Fourier transform of U, denoted by U*, is given by

! ~bj
=— Y Y Xo+b+BinGp+B.ir0Wy
" pe(Bire(2)

1 —iin/B
==Y Xea+nGiw,'"", (A.27)

i€[n]

where we used the fact that w;) is periodic with period B, and then applied wg = w'B. We see
that (A.27) is the Fourier transform of the signal {X;+)Gi}ic[n evaluated at frequency jn/B,
and hence, since multiplication and convolution are dual under the Fourier transform, we
obtain

U7 =¥ xG)jurp, (A.28)

where Y; = X5 a+i)- Now, by standard Fourier transform properties, we have ?f = )A((rl fwﬁf ,
and substitution into (A.28) gives

felnl
= Y XpGopozjoi™,
feln]

where we have used the assumed symmetry of G about zero. [

A.3.1 ProofofLemmal.4.5

We use techniques resembling those used for a (k;,€)-downsampling in Section 1.2, but
with the notable difference of using a more rapidly-decaying filter with bounded support in
frequency domain.

Choice of filter: We let G € R” be the filter used in (Indyk et al., 2014) (as opposed to that used
in Definition 1.2.1), satisfying the following:

* There exists an ideal filter G’ satisfying G', € [0,1] for all f, and

f
1 < -

G}: 1= 35 (A.29)
0 Ifl=%,

such that |G- G|, = n™¢;
« G is supported on a window of length O(ck; log n) centered at zero;
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e Each entry of G can be computed in time O(1).

Intuition behind the proof. Before giving the details, we provide the intuition for the proof.
Recall that our goal is to compute X]T for |j| < ko/2, for all r € [2k;]. To do this, we first
note that X;’, for |j| < ko/2 (i.e., for only one value of r, namely 0), can be computed via a
reduction to standard semi-equispaced FFT (Lemma 1.4.4) on an input signal of length 2n/ k.
To achieve this, consider the signal X - G aliased to length 2n/k;, which is close to X on all
points j such that |j| < n/(2k;). In order to compute X}) for | j| < ko/2, it essentially suffices
(modulo boundary issues; see below) to calculate (X - G)j for | j| < ky/2. We show below that
this can be achieved using Lemma 1.4.4, because multiplication followed by aliasing are dual
to convolution and subsampling: the input (ko, k1)-block sparse signal of length n can be
naturally mapped to an O(kylogn)-sparse signal in a reduced space with = n/k; points, in
which standard techniques (Lemma 1.4.4) can be applied.

This intuition only shows how to compute the values of X]T for r =0 and |j| < ky/2, but we
need the values for all r € [2k;]. As we show below, the regular structure of the set of shifts
that we are interested in allows us use the standard FFT on a suitably defined set of length-
2k, signals, without increasing the runtime by a k; factor. It is interesting to note that our
runtime is O(logn) worse than the runtime of Lemma 1.4.4 due to the two-level nature of
our scheme; this is for reasons similar to the logd n scaling of runtime of high-dimensional
semi-equispaced FFT, e.g. (Ghazi et al., 2013; Kapralov, 2016).

We now give the formal proof of the lemma.

Computing a convolved signal: Here we show that we can efficiently compute the values
?jr - (X"x0) oy atall je [%] where it is non-zero, for all values of r € [2k;]. We will later
show that applying Lemma 1.4.4 to these signals (as a function of j) gives accurate estimates
of the desired values of X.

Note that in the definition of 17].’, each non-zero block is convolved with a filter of support
O(ck;logn), and so contributes to at most O(clog n) values of j. Since there are ky non-zero
blocks, there are O(ckylogn) values of j for which the result is non-zero.

The procedure is as follows:

1. For all j such that ?jr may be non-zero (O(ckylogn) in total), compute,

n
2k
oy kT
Yi=5 lz_lxb”kllG’%j—(mzkll)

for b € [2k,]. That is, alias the signal {)A( fé b } down to length 2k;, and normalize by
2

f
k% (for later convenience). Since G is supported on an interval of length O(ck; logn),

this can be done in worst-case time O(clogn) per entry, for a total of O(ck; logn) per j
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value, or O(c?kok; log® n) overall (note that this bound is loose and one can show that
the total time to compute 17].’ s is in fact O(ckpk; logn)).

2. Compute the length-2k; inverse FFT of ¥; = (17].1, e 17].2]“1) to obtain Y; € C2¥1. This can
be done in time O(k; log(1 + k;)) per j value, or O(ckyk;log(1 + k1) log n) overall.

We now show that 17].’ = % (X" *xG)xy i forr =1,...,2k;. By the definition of the inverse Fourier
2
transform, we have,

. 2k, ~b
Y] bz Y; kal
=1

’C 2k 2k1

rb
"2 quZle”k”GﬂJ (b+2k ) ©2k:

1l
Y Kol Y o N|§‘
M=
20
(D))
)
-
&N
=

n
Y ;Gﬁj_f (since X(; = X(.)+% by Definition 1.2.2),

where the second line is by the definition of Y?, the third by the periodicity of w, k,» and
the fifth since translation and phase shifting are dual under the Fourier transform. Hence,
-~ _ k -~ P

Yj' = TI(X' *G)%lj.

Applying the standard semi-equispaced FFT: For r € [2k,], define V" = (A’ Y, k ). We
have already established that the support of each Y is a subset of a set havmg size at most
k' = O(ckologn). We can therefore apply Lemma 1.4.4 with { = n~*D to conclude that we
can evaluate Yj’ for |j| < % satisfying,

Y] =Y 1= n VY, (A.30)

where Y*' is the exact inverse Fourier transform of Y. Moreover, this can be done in time
O(K'log ”/kan) O(c?kolog? n) per r value, or O(c?kok; log?® n) overall.

Proof of the first part of lemma: It remains to show that the above procedure produces
estimates of the desired X values of the form (1.15).

Recall that 17}.’ = % (X" %Gy i By the convolution theorem and the fact that subsampling
2

and aliasing are dual (e.g., see Appendix A.3), the inverse Fourier transform of Y satisfies the
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following when | j| < k ,

= GJ'Xr + Z (G'Xr)j+%"z

J
ie[], i#0
=G X} + kz (G"- X7 joan | £1G = Gl2 1 X1z
i€[4],i#0
=X;+n | Xl2, (A.31)

J

where the last line follows from the definition of G in (A.29) and the assumption |G — G'[l; <

n-°.

Combining (A.30) and (A.31) and using the triangle inequality, we obtain
Y] = X[ < n” VY2 + 7 X2

Since we have already shown that we can efficiently compute Y’ for |j| < w1th k' =
O(ckylogn), it only remains to show that [|Y"|, < n||X||>. To do thls, we use the first line
of (A.31) to write

|Y |— Z |G]+2" | |Xr 2n |

l
i€ 1]

<2 ) |X’

ie[&]

< \/Zkl > IX! P (A32)

.k k
ie[+] !

where the first line is the triangle inequality, the second line follows since the first filter
assumption above ensures that |G;| < 2 for all j, and the third line follows since the squared
¢1-norm is upper bounded by the squared ¢;-norm times the vector length.

Squaring both sides of (A.32) and summing over all j gives || Y ||2 < 2k; | X||> < n?| X||? (under
the trivial assumption n = 2), thus completing the proof.

Proof of the second part of lemma: In the proof of the first part, we applied Lemma 1.4.4 to
signals of length 2+ 21 1t follows directly from the arguments in (Indyk et al., 2014, Cor. 12.2) that

since we can approx1mate the entries of X "forall | j| < =2, we can do the same for all j equaling

oj'+b modulo-— for some |j'| < Loy Spemﬁcally, thlS follows since the multiplication by o
and shift by b smlply amounts to a phase shift and a linear change of variables f — o~ f in
frequency domain, both of which can be done in constant time.

However, the second part of the lemma regards indices modulo-k—, as opposed to modulo-—.
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To handle the former, we note that for any integer a, we either have a mod kﬂl = amod %c—? or
amod ¢+ = (a+ ¢-) mod i—’f Hence, we obtain the desired result by simply performing two
calls to the first part, one with a universal shift of kﬂl

A.3.2 ProofofLemma1.4.6

First Part: Since Uy is computed according to X itself in Algorithm 4, we only need to compute
the error in U,.

In the definition of hashing in Definition 1.4.2, since G has support O(FB), we see that the
values of X used correspond to a permutation of an interval having length k' = O(FB). We can
therefore apply the second part of Lemma 1.4.4 with sparsity k' and parameter { = n=¢ for
some ¢’ > 0, ensuring an ¢,-guarantee of n=c x|l for the signal y.

Since U is computed from these values using (2.2) followed by the FFT, we readily obtain via
the relation || V|le < lVll2 < vl V] (for v € C™) and Parseval’s theorem that U has an loo-

¢-01

guarantee of n ) | ¥ll2, which can be made to equal n~°| ¥ll2 by choosing ¢’ = ¢ + O(1).

Sample complexity and runtime: The only operation that consumes samples from the signal
X is the hashing operation applied to X. From Definition 1.4.2, and the fact that the filter G
has support O(FB), we find that the sample complexity is also O(FB).

The runtime is dominated by the application of the semi-equispaced FFT, which, by Lemma
1.4.4, uses O(cF(llxllo + B)log n) operations. In particular, this dominates the O(Blog B) time
to perform the FFT in Algorithm 4, and the hashing operation, whose time complexity is the
same as the sample complexity.

Second Part: Recall the definition of a (k1,6)-downsampling of a signal X from (1.2):

Zi= ¥ G XNppo je|p]rerhl

kl i€lk]
In order to compute the (kﬂl,Br,Gr,o,A)-hashing of Z" (cf,, Definition 1.4.2), we use the
samples of Z].’ at the locations j = o(j' +A) mod kﬂl for |j'| < FB'; this is because G" is
supported on [-FB",+FB’"]. Note that FB’ is further upper bounded by O(F Bpax)-

We claim that in the second part of Lemma 1.4.5, it suffices to set the sparsity level to O(F Bpyax+
ko). To see this, first note that ky is added in accordance with Remark 1.4.2 and the fact that ¥
is (ko, k1)-block sparse. Moreover, note that Z” has length kil, and one sample of Z]T can be

computed from X’ = X;+2i for |i| < F as per Definition 1.2.2 and the fact that the filter

+i
Ty

G is supported on [-F ﬂl, +F kil]. Therefore, all we need is X;,’ for each r’ € [2k;] and for all
j'=0(j+4) mod ¢ with | j| < FBmax.
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Applying the second part of Lemma 1.4.5 with sparsity O(F Bmax + ko) and parameter { = n=¢
for some ¢’ > 0, ensuring an £o,-guarantee of 21 || y|l» on the computed values of y. By an
analogous argument to the first case, this implies an ¢,-guarantee of n=¢|| x|l on the FFT or
of the hashing of Z, with ¢ = ¢’ + O(1).

Sample complexity and runtime: We take O(FB") samples of the r-th downsampled sig-
nal each time we do the hashing, separately for each r € [2k;]. By Lemma 1.2.2, access-
ing a single sample of Z§ costs us O(log%) samples of X. Hence, the sample complexity is
O(FX 2k, B"log 3).

We now turn to the runtime. By Lemma 1.4.5, the call to SEMIEQUIINVERSEBLOCKFFT with
O(F Bmax + ko) in place of kj takes time O(c2 (FBmax + ko) k1 log2 n). The hashing operation’s
runtime matches its sample complexity, and since we have assumed ¢ = %, its contribution is
dominated by the preceding term.

A.3.3 ProofofLemmal.4.7

First part of lemma: We start with the following upper bound on the expression inside the
expectation:
1T =10 13| < [I¥513 = 1T, 13
2 2 + 2 h(S\Scnll) 2 +

where h(S) = {h(j) : j € S} with h(j) = round (7 (}) %), denoting the bucket into which element
j hashes. We define S to be a subset of S containing the elements that collide with each
other, i.e., Scon = {j € S| h(j) N h(S\{j}) # @}, yielding

Y- Y 0P,

T 2 Fy* 2
17503~ 10° 13|, <

jES l’JEI’l(S\SCQH)
_ T2 S22
=| X wre X (15105,
7] EScoll 7] ES\Scoll
v 12 12 7Y% 2
< Y TP+ X 15R-105,P. (A.33)
]€Scoll ]€S

where the final line follows from the inequality [a + b]+ < |al + [D] .

Bounding the first term in (A.33): We start by evaluating the expected value of the term
corresponding to S over the random permutation 7:

= Z |17j|2 <k Z|?j|2']l[jescoll]]
jEScoll j€S
<YIT2 Y Prih() = k()]
jeS Jj'eS\{j}
~ -4 4]S] ~
=Y Y IYP—=—=Y 1¥% (A.34)
jeSj'eS B B jes

where the second line follows from the union bound, and the third line follows since 7 is
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approximately pairwise independent as per Definition 1.4.1.

!

Bounding the second term in (A.33): We apply Lemma 1.4.2 to obtain U Upijy = Zjretml Yj Ho,( o,

where oj(] ) =n(j’) - h(])%. We write this as U, .. = Y]Ho (])wm Aj +errj, where err; :=

h(j)
5 5 oA . L.
ere[m]\{j} erHoj(jr)wm , yielding,

T2 _(fir 2 V2 _ V.6 ogAj 2
Y 1T =15, |, = X192 =19 By +err;
J€S J€S
.12 % 2 2 V.0
sZ(||Yj| — 1Y Ho,(jy?| +lerr; |> + 2lerr;| - |Y; Hy ()| (A.35)
J€S

by [¢|+ < [¢] and the triangle inequality. We have by definition that |o;(j)| < 2 5> and hence

item 2 in Definition 1.2.1 yields H,(jy =1~ (Z)F/ , which in turn implies H> o) =1 2(% )F g

Combining this with H =1 from item 1 in Definition 1.2.1, we can weaken (A 35) to,

!

o, N 1\F-1
|Yj|2—|U;;(].)|2‘+sZS(2|errj|-|Yj|+|errj|2+2(1) 1312). (A.36)
JE

)3

Jj€S

We proceed by bounding the expected value of | err; . We first take the expectation over A,

using Parseval’s theorem to write,

2 U121 17 2
Eallerr; [’1= ) |1¥pl?1Hy(jnl*.
J'elmi\{j}

Taking the expectation over 7, we obtain

Ealler; Pl =Ex| ¥ 195218/

jelmi\{j}
= Y 1Y ExllHoyjnl?]
Jj'elmi\{j}
10 ~ 10 ~
<— Y |er|zs§||Y||§.
j'elmi\{j}

where the final line follows from Lemma 1.4.3. Substituting into (A.36), and using Jensen’s

inequality to write E[| err;|] <y /E[| err; |2], we obtain,
V12105, ] = 22\/—||Y||2 |Y,|+—Z||Y||2+2( ) DN

J€S J€eSs

. S .
510\/§|||Y||§+(10% +252)||Y||§, (A.37)

where the second line follows from the fact that | v|l; < vIS|lIvl, for any v € C!S! as well as

F-1
(%) <62 by the choice of F'. The claim follows by substituting (A.34) and (A.37) into (A.33).

[EAT[[Z

J€S
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Algorithm 16 Prune a location list via hashing and thresholding techniques.
1: procedure PRUNELOCATION(X, ¥, L, 1, ko, k1,0, p,0)
2. B—160%k

3 F—10logs

4 G < (n, B, F)-flat filter

5: T —10log $
6

7

8

9

forte{l,..., T}do
A — uniform random sample from [7]
o — uniform random sample from odd numbers in 7]
: U — HASHTOBINS(X, 7, G, 1, B, 0, A)
PR —oAf)2 . . .
10: W;t) — Zfelj |G0f1(f) Uh(f)wng f| forall je L > h(f),of(f) in Definition 1.4.2
11: W; < Median, {WJ@} forall jeL

12: L/<—{j€L:Wj29}
13: return L’

Second part of lemma: By the definition of U* (cf,, Definition 1.4.2), we have,

o~ = = Ajl2
1070 =Ba| ¥ | ¥ ¥iHagpopyoni] ]

be[B]' jelml

S 20 6 2

=Y > 1Yl | Hy(jy-pm |
be[B] je[m]

by Parseval. Taking the expectation with respect to 7, we obtain,

Ean|107IE] = ¥ Ex

S .12 6 2
Y 1Yl | Hy (jy-pm| }

be[B] jelm]
.12 a1 2
=y > 1Yl '[Eﬂ[|Hn(j)—b%| ]
be[B] je[m]
3 ~ ~
<) 3 Y 1YP =315,
be[B] ' jelm]

where the final line follows by noting that 7(j) — b% is uniformly distributed over [m], and
applying the second part of Lemma 1.2.1.

A.4 Pruning the Location List

The pruning procedure is given in Algorithm 16. Its goal is essentially to reduce the size of the
list returned by MULTIBLOCKLOCATE (cf., Algorithm 1) from O(kylog(1 + kp)) to O(kp). More
formally, the following lemma shows that with high probability, the pruning algorithm retains
most of the energy in the head elements, while removing most tail elements.

Lemma 1.5.1 (PRUNELOCATION guarantees — restated from Section 1.5.1). Given integers

n, ko, k1, a list of block indices L < [kﬂl] , parameters 0 >0, 6 € (%, %) and p € (0,1), and signals
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XeC"andy e C" with| X-7l2 =
has the following properties:

soiygn 1 X2, the output L' of PRUNELOCATION(X, %, L, 1, ko, k1,8, p, 6)

a. Let S denote the tail elements in signal X — 7, defined as,

n - 0 <
Staﬂ={je =k ||(X—x)1j||zsx/é—\/k—onx—xuz},

where 1; is defined in Definition 1.1.1. Then, we have,

[E[|L’mStaﬂ|] <6p-ILN Sgaill.

b. Let Sheaq denote the head elements in signal X- X, defined as,

Shead—{]e[ ] (X - 01 ||2>\/_+\/ |X )(||2}~

Then, we have,

E <ép Y IX-Dyl3

jeLmShead

Y IX-Dl3

j€ (Lﬂshead)\L’

Moreover, provided that || ¥llo = O(koky), the sample complexity is O( oky log = 3p log 5) and the

runtime is O (% log@ logg logn+kj - |L|logﬁ),

Proof. We begin by analyzing the properties of the random variables W; D used in the threshold
test. We define X' = X —y, let U be the output of HASHTOBINS, and let U* be its exact
counterpart as defined in Lemma 1.4.6. It follows that we can write the random variable W; )
(cf., Algorithm 16) as
(0) A-1 1 —oAf|?
w7 = 2 GopipUnipw ‘

—aAf

_ — * OAf
= Go " Unp@n G, GoripyOnepy = Up )y

= Xf + errf ) e ’ (A.38)

0 _ f'=h

~ A
where (i) erry’ = o (f) Zf'e[n]\{f} }/Gof(f’)wz
this follows dlrectly from Lemma 1.4.2, along with the definitions 7(f) = o f and o7 (f N =
n(f) = hip- @) exr’ = Gyl Onp = Uy )™/, a polynomially small error term (cf,
Lemma 1.4.6).

, with (o, A) implicitly depending on t;
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A.4. Pruning the Location List

Bounding err! ¥ D and ért! f : In Lemma A.4.1 below, we show that,

20 v/ 2
[EA,n = E”X ”2 (A.39)

2
err
f

|e~rr}”| <207 X' |12, (A.40)

where ¢ is used in HASHTOBINS, and ¢’ is a value such that || X — 1l = % Ixll2. For (A.40), we
upper bound the ¢, norm by the square root of the vector length times the ¢, norm, yielding

> |errm| < v/nmax

feln] felnl

err t)| <2n St R, (A.41)

We now calculate the probability of a given block j passing the threshold test, considering two
separate cases.

If j is in the tail: The probability for j to pass the threshold is closely related to Pr [Wf” > 9] =

Pr [\ / W([) > \/_] From (A.38), /W ) is the ¢>-norm of a sum of three signals, and
hence We can apply the triangle 1nequa11ty to obtain

Pr[W = 6] <Pr Z|err(”( >(Vo- | ¥ 1%y - 2n_c+”1/2||X||) :
fel; fel;

where we have applied (A.41). By definition, for any j € S, we have v — ||)A(}j o =
‘/,%IIJA(’ .. Hence, and recalling that § = %, if ¢ if sufficiently large so that ‘/k% —

2p~ctC*1/2 5 | [0 then Markov's inequality yields,

Pr[ij 29] SPr[ > |errm| IX ||2]
fel;

t
Ean [ X fer,lerry I2]
= 0.96 || 112
050 37)2

20k | @

5 IX3 _1
0.96 | ¥ -
2eIXz 6

IA

where the third inequality follows form (A.39) and |/ il= ky, and the final inequality

kg ki

follows from the choice B = 160=%+. Since W; is the median of T independent such

random variables, it can only exceed 0 if there exists a subset of ¢ values of size % with

W;” > 6. Hence,
Pr[W;20] < (sz)(l)r/z - (g)r/z <6p,
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T

where we applied (;,,) < 27, followed by T = 10log $ (cf,, Algorithm 16).

Ifjis in the head: We proceed similarly to the tail case, but instead use the triangle inequality
in the form of a lower bound (i.e., [a+ bll2 = llall2 — || bll2), yielding

2 ~ / -~ 2
Pr[wi<0| <Pr| ¥ len?"=( [ ¥ IX)2 - VO -207 121 %),
fEIj fEIj

By definition, for any j € Speaq, we have IIJA(}j o — Vo = ‘/k% ||X/||2. Hence, if c if suffi-

ciently large so that 4/ kﬁ —op el 5 O;Ci‘s, then analogously to the tail case above,
0 0
we have,

1

=-,
6

Pr[w;” <6] <Pr

0.96
err®|” > = 1X"113
f;,»‘ f’ ko 2

and consequently Pr[W; < 0] <6p.
First claim of the lemma: Since L' c L, we have,

[E[|L/mstaﬂ|] = jEL;St .lPr[j el]= jEL;st -lpr[Wj >0)|.

Since we established that Pr[W; = 6] is at most 6 p, we obtain,

E|[1nSaal| = Y 6p=6p-I1L0Sail.
jELﬂSlai]

Second claim of the lemma: In order to upper bound }_ j(zn 5,02 | X 3 IIE, we first calculate
J
its expected value as follows:

- Y X3 =E| X IXpI3-1[jeL]
j€(LﬁShead)\L’ jELﬂShead
= Y AR BeEjer]
JELNShead
= > IXpI3-Pr[w;<0].
. J
]ELnShead

The probability Pr[Wj < 9] for j € LN Sheaq is at most 0 p, and hence,

E

v 2
)R

Jje(LNShead)\L'

<ép Y IXp 3.

JELNShead

Sample complexity and runtime For the sample complexity, note that the algorithm only

uses samples via its call to HASHTOBINS. By part (i) of Lemma 1.4.6 and the choices B = 160%
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and F = 10log %, the sample complexity is O(FB) = O(% log %) per hashing operation. Since
Okl

we run the hashing in a loop 10log ﬁ times, the sample complexity is O(kT log% log %).

The runtime depends on three operations. The first is calling HASHTOBINS, for which an
analogous argument as that for the sample complexity holds, with the extra logn factor arising
from Lemma 1.4.6. The second operation is the computation of W]m, which takes || = O(k;)
time for each j € L. Hence, the total contribution from the loop is O(k; - |L|log #). Finally,
since the median can be computed in linear time, computing the medians for every j € L costs
O(|L|log #) time, which is dominated by the computation of W;”. O

In the preceding proof, we made use of the following lemma.

Lemma A.4.1. Fix integers n, ko, k1, B, signals X € C" and y¥ € C" with I1X - 1l = # 1%ll2, and
uniformly random parameters o,A € [n] with o odd, and let U be the output of HASHTO-
BInS (X,%,G, n,B,0,A) and U* its exact counterpart. Then, defining,

A- o A A1) e _Al (% -0A
erry =G, (s X Goyprwy ', and &ty =G, iy~ Ujp)o™

)
freln\f}

(for h and afin Definition 1.4.2), we have,

20 ~
Eax [Ierrflz] < EIIX’H% (A.42)
|6t fl <20 | X' (A.43)

for c used in HASHTOBINS.

Proof. We take the expectation of |err 12, first over A:

Eallerr 2] =1Go,pl 2 ¥ IXpRIGo 0l
fleln\{f}

by Parseval. By Definition 1.2.1 and the definition of o7 (-), we can upper bound 1G, ) |72 <2.
Continuing, we take the expectation with respect to the random permutation 7:

2 Y 1%} PIGo ]

[EA,,,[Ierrflz] <k,
freln\{f}

_ _ 20 -
=2 ¥ |X},|2[En[|Gof(f,)|2]SEHX’H%. (A.44)
fleln\{f}

by Lemma 1.4.3.

We now turn to eft r. We know from Lemma 1.4.6 that )ﬁh(f) - U;(f)| <1T=U*lloo < 0117l

Hence, and again using |G, ") |72 < 2, we find that,
lettfl < 2n 7Nz <20~ | X I, (A.45)
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Algorithm 17 Estimation procedure for individual frequencies

1: procedure ESTIMATEVALUES(X, ¥, L, i, ko, k1,0, p)

2 B — % ko k1

3 F— IOIOg%

4 G < (n, B, F)-flat filter > See Definition 1.2.1
5 F— {f €ln]: round(kil) € L}

6: T-10log?

7 forre{l,...,T}do

8 A — uniform random sample from [7]

9: o — uniform random sample from odd numbers in [n]

10: U — HASHTOBINS(X, 1,G,n,B,o,A) > of(f), h(f) as in Definition 1.4.2

11: Wj(f) - é;fl(f) Uppw 2 forevery fe F

12: Wy — Median {Wj(f )} forevery f € &% b Separately for the real and imaginary parts
13: return W

where the second inequality follows since || ¥|l2 < n¢ IIX "Il for some ¢’ > 0, by assumption. [

A.5 Estimating Individual Frequency Values

Once we have located the blocks, we need to estimate the frequency values with them. The
function ESTIMATEVALUES in Algorithm 17 performs this task for us via basic hashing tech-
niques. The following lemma characterizes the guarantee on the output.

Lemma 1.5.2 (ESTIMATEVALUES guarantees — restated from Section 1.5.1). For any integers
n, ko, k1, any list of block indices L [kﬂl] , parameters € (%, %) and p € (0,1/2), and signals

XeC"andyeC" with | X -7z = m ¥ ll2, with probability at least 1 — p, the output W of
the function ESTIMATEVALUES (X, ¥, L, n, ko, k1,0, p) (Algorithm 17) has the following property:

LI o 2

X - ’

ko X = xl3

Y |Wf—(5<—;z)f|2553—

fEUj€L Ij
where I; is the j-th block. Moreover, provided that || ¥llo = O(kok,), the sample complexity is
0} (%log%log%), and the runtime is O (% log% log%logn +ky - |L| log%).

Proof. Let X' = X — y, and let U be the output of HASHTOBINS and U* its exact counterpart.
We start by calculating me for an arbitrary f € &:

(1 _ A-1 —oA
W =G, Unipe ™

_ -1
- GOf(f)

= )A(} + errgf) +eAr’r;f) (by Lemma 1.4.2), (A.46)

~

N - P —oA
Uppyo ™" + Gy Oy = Uy o™
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A oA ' (1) _ A-1 (f - -
where err;f) :Gofl(f)Zf’e[n]\{f}X},Gof(fr)wUA(f D, and err]f —Gofl(f)(Uh(f)—Uh(f))w 9Af | for

(o,A) implicitly depending on t.

Bounding err'” and éir'”: Using Lemma A.4.1 in Appendix A.4, we have
gerr, f g

=

2 20 -
(1) 12
errf | — XI5 (A.47)

[EA,II

|ér“r§f)| <207 | X' |12, (A.48)

where c is used in HASHTOBINS, and ¢’ is the exponent in the poly(n) notation of the assump-
. S 1 ~
tion [| X = ¥ll2 = o5y X 12

In order to characterize IW]E” -X } 12, we use the following:
&t |2 + 2l ent'f | |67 0] < 42O R NG + an”CH R enrd | (A.49)
which follows directly from (A.48).

Characterizing |W](f) - X}F: We have from (A.46), (A.47), and (A.49) that

0 _ o2 (02 O a0 4 a2
E IWf Xfl ]S[E[Ierrf | +2|errf | Ierrf |+|errf | ]

20 oS / = /s
= S5 + 4IRS + 4n IR E | lerr!)

20 - NP 20 PN
< ZIXIG +4n" TN + 4\ [ UK, (A.50)
2
where the last line follows from E | lerr'? || < [E | [err'?| | via Jensen’s inequality, and then
f f !
applying (A.47).
Since B = %k"kl and we have assumed 6 = %, we have B < 120072, and hence we have for
~, |2 ~
sufficiently large c that (A.50) simplifies to E ’W}t) -X } <X |I§. This means that for any
v>0,
Enq|[W?-%|
o [l _ 2P 1601}”)?,”2] B U1 AsD)
A, - =— 5 — <—. .
L A 1600 /)12 6v
by Markov’s inequality.

Taking the median: Recall that Wy is the median of T independent random variables, with the
median taken separately for the real and imaginary parts. Since |W|? = |Re(W)|?+|Im(W)|?, we
find that (A.51) holds true when W](f X } is replaced by its real or imaginary part. Hence, with

probability at least 1 — (sz) (Gly) 772 \we have IRe(W](f) - )A(j’t)l2 < 163# II)A(’IIE, and analogously for
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the imaginary part. Combining these and applying the union bound, we obtain

P

= )
e

1 )T/Z - ( 2 )T/Z A52)

Pr||w; - X' |2>—320”||X"||2] <o ! (= =
FeAr = R = 2 e 31
where we first applied (;;,) <27, and then the choice T = 10log 2 from Algorithm 17 and the

choiceof p<1/2.

We now bound the error as follows:

320

Wy - X; 5

2 320 v/ 2 v/ 2 /2
s?||X||2+HWf—Xf’ -ZIR ||2|+. (A.53)

We write the expected value of the second term as,

oo 320 00 oo 320
142 12 _ 2 _2=r 12
E[||Wf—xf| - 1%, _fo Pr | |IWy - R}2 - == IX'13| = u|du
00 o n 320
:fo Pr[IWf—X}IzzFIIX'II§+u du
©320 o n 3200
:fl ?llX'IlgPr[IWf—X}IzzTIIX’II% dv

where we applied the change of variable v =1 + W By incorporating (A.52) into this
B 2

integral, we obtain,

-~ 320 -
ey -2,

320 . . (oo
s—||X’||§f P_av
B 1

vT/2
320 -
) ([ .
B T/2-1
80
=< IX'z-p, (A54)

where the second line is by explicitly evaluating the integral (with T > 2), and the third by
T/2—-1=4 (cf, Algorithm 17).

Summing (A.53) over & = U e I, we find that the total error is upper bounded as follows:

~ 3201F| -~ ~ 320 ~
Y Iwp-XiP < IX'15+ Y |IWp =X, 12 = =1X"I5] .
I3 B =2y B +
feF feF
From (A.54), the expected value of the second term above is at most p - % IIJA( ! ||§, and hence,

400|%F|
I1X'115,

Y wp-XiP <
feZF d ! B

with probability at least 1 — p, by Markov’s inequality. The lemma follows since B = %ko ky
in Algorithm 17.
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Sample complexity and runtime: To calculate the sample complexity, note that the only
operation in the algorithm that takes samples is the call to HASHTOBINS. By Lemma 1.4.6,
and the choices B = 1200% and F = IOIOg%, the sample complexity is O(%log%) per
performed hashing. Since we run the hashing in a loop IOIOg% times, this amounts to a total

ofO(k"Tkllog%log%).

The runtime depends on two operations. The first one is calling HASHTOBINS, whose analysis
follows similarly to the aforementioned sample complexity analysis using the assumption
Ixllo = O(koky), but with an extra logn factor compared to the sample complexity, as per
Lemma 1.4.6. The other operation is computation of W'”, which takes unit time for each

f € &. Since the size of || = k; -|L|, running it in a loop costs O (kl -|L|log %) Computing the

median is done in linear time which consequently results in | |T = O (kl -|L|log %) O

A.6 Analysis of REDUCESNR and RECOVERATCONSTSNR

Note on assumptions in lemmas: Throughout the proofs of Lemmas 1.5.3 and 1.5.4, we

1
poly(n)
apply Lemmas 1.3.5, 1.5.1, and 1.5.2. The first of these assumes that ¥, uniformly distributed

112
poly(n)

over an arbitrarily length-Q( ) interval, and the latter two use the assumption || X- 1l =

1 ~
poly(n) ”X”Z

We argue that these assumptions are trivial and can be ignored. To see this, we apply a
minor technical modification to the algorithm as follows. Suppose the implied exponent
to the poly(n) notation is ¢’. By adding a noise term to Yo on each iteration uniform in

—p~c+10 Ixll2, p=¢+10 IIXIIZ] , we immediately satisfy the first assumption above, and we also

find that the probability of | X — 7|2 < % 72 is at most n~19, and the additional error in

the estimate is O(n_c/“()lljll 2). Since we only do O(logSNR') = O(logn) iterations (by the

assumption SNR' < poly(n)), this does not affect the result because the accumulated noise
I1X113

poly(;z)

added to ¥y which we denote by err(¥y), does not exceed which by the final assumption

of the lemma implies that err () < V2,

A.6.1 ProofofLemmal.5.3

Overview of the proof: We introduce the approximate support set of the input signal X, given
by the union of the top ky blocks of the signal and the blocks whose energy is more than the
tail noise level:

. n BN . ~
So=1je [—] X132 1 b u|argminge Y 1K 13- (A.55)
kl |S|:k]é0 jE[ﬁ]\S
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From the definition of y? in Definition 1.1.2, we readily obtain |Sy| < 2ky. Foreach t=1,2,..., T,
define the set S; as,
S;=Si-1UL},

where L is the output of PRUNELOCATION at iteration ¢ of REDUCESNR. S; contains the set of
the head elements of X, plus every element that is modified by the algorithm so far.

We prove by induction on the iteration number ¢ = 1,..., T that there exist events &, 2 &; 2
... 2 &t such that conditioned on &}, the followings hold true:

o 1Sl < 2k + R0
||X1t)||2 0forall je [ ]\St,
c. |1 X—701%<99-SNR/(kov?)/2%;

L

We prove using induction that for each ¢ < T, Pr[&¢4118¢] = 1 — 157-

Base case of the induction: We have already deduced that |Sp| < 2ky. Furthermore, ¥ = 0 by
definition, and we have || X — X(O) ||2 = X||?2 <SNR’- (ko yz)/ 20 by assumption (2) of the lemma.
Hence, we can let &, be the trivial event satisfying Pr[&y] = 1.

Inductive step: We seek to define an event &;., that occurs with probability at least 1 — 10T
conditioned on &}, and such that the induction hypotheses a, b, and c are satisfied conditioned
on &41. To this end, we introduce three events &ioc,;, Eprune,r» and Eest,r, and set Eryq =

Sloc,t N Eprune,r N Eest,r N Er. In what follows, we let §, 0, and p be chosen as in Algorithm 6

Success event associated with MULTIBLOCKLOCATE: Let &), ; be the event of having a suc-
cessful run of MULTIBLOCKLOCATE(X, 79, n, k1, ko, 8, p) at iteration ¢ + 1 of the algorithm.
More precisely, &1, corresponds to having the following conditions on the output list L:

ko
Ll <C- —1 g %o g3— (A.56)

Y IX- ;z"’)zj I5<0.11X - ;?“) 15, (A.57)
JESA\L

where C is a constant to be specified shortly. We proceed by invoking Lemma 1.3.5 with
S* = S;. Note that inductive hypothesis (a) implies |S;| < (2 + logSNR’)kO < 3kp. By Lemma
1.3.5 both (A.56) and (A.57) hold with probablhty at least 1 — p: the first part of Lemma
1.3.5, implies that |L| = C3 ko log log log for an absolute constant C; the second part of
Lemma 1.3.5, implies (A. 57) provided that 6 < 20002 So, the event &), ; occurs with probability
Pr([&ioc,c16:] =1 - p.

Success event associated with PRUNELOCATION: Let &prune,: be the event of having a success-
ful run of PRUNELOCATION(X, 79, L, ko, k1,6, p, n,0) at iteration ¢ + 1 of the algorithm. More
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precisely, Eprune,s corresponds to the following conditions on the output list L:

/ ko
|L \SIIS? (A.58)

Y X =205 =0.21X - 3015 + ko (1® + 33v*SNR'/2). (A.59)
je[%]\L’

The probability of (A.58) holding: In order to bound |L'\S;|, first recall that the set S, de-
fined in Lemma 1.5.1 part (a), has the following form:

iy e 5 o
Staﬂ={]e =k ||(X—)(m)1j||25@—\/k—OHX—Xm”z}-

By substituting @ = 10- 27D . v2(SNR’) and using | X — ”[|2 < 99- SNR/ (kov?)/2! from part ¢
of the inductive hypothesis, we have

5
V- —IX =271
ko
[ 6
>1/10-2-(t+D . y2(SNR/) — k—\/99-SNR’(k0v2)/2t
0

>1/9-v2(SNR/)/2+1,

where the last inequality holds when § is sufficiently small. Hence,
Swi21je [kﬁl] IR =70, 13 <9-VASNR) /241, (A.60)
Now, to prove that (A.58) holds with high probability, we write
IL'\S | = (L' 0 Stai) Sl + 1L\ (Stait U Sp)l.- (A.61)
To upper bound the first term, note that by the first part of Lemma 1.5.1, we have
B[ |2 Sl | <6p-1)

and hence by Markov’s inequality, the following holds with probability at least 1 — ﬁ:

|(L' 0 Sai)\Se| < |L' N Stail]
<100T8p-|L|
ko ko 1
<100T6p-CT—log—1 —
p-CT—slog— 0g35p

100C§ - kolog® $

~ logk.log?sNR'
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where the third line follows from (A.56) (we condition on &}, ;), and fourth line follows from

the choices T = logSNR’ and p = —+2—— in Algorithm 6. Again using this choice of p,
log? 2 log" SNR'

100C5log® -
we claim that ﬁ < 1 for sufficiently small 6 regardless of the values (ko, SNR'); this is
og 5 -log

because the dependence of 1/p on ko and SNR' is logarithmic, so in the numerator contains
log®log ko and log®log SNR’ while the denominator contains log ko and log SNR’. Hence,

ko

L'NnS@i)\S¢| € ———
|( N Stail) t| lOgSNR,

with probability at least 1 — 100T

We now show that the second term in (A.61) is zero, by showing that S, U St = [k ]. To see
this, note that the term v?(SNR’)/2/*! in the bound on S, in (A.60) satisfies

—_

1

v?(SNR')/2"H > 2v2 =2 — 2, (A.62)

by applying ¢t < T =1ogSNR/, followed by the first assumption of the lemma. Hence,
) . [ ey sy 2 2
Swil\Si21j € [k—1 \Se: IR =70) ;12 < ap? .
By partb of the inductive hypothesis, we have || (X - Qf(t)) I ||§ =X I ||§ forall j ¢ S;, and hence,
Swi'\S:24j € [LI\S; : 1X7 12 < 4p2
wi\Si24j€ [k—l]\ IR 13 < 4

>4/J so we

But from (A.55), we know that Sy (and hence S;) contains all j € [

obtain Syii\S; > [ ]\St, and hence S| U St = (Swil\S) U S, = [ ] as requlred
Therefore, the probability of (A.58) holding conditioned on &; and &}y, is atleast 1 — 100T

The probability of (A.59) holding: To show (A.59), we use the second part of Lemma 1.5.1.
The set Speaq therein is defined as,

. [n S . 5 o
shead:{J € [k—l] : ||(X—x(”)1j||2zx/5+\/k—0||X—x(”||2}.

By substituting 0 = 10-2~(*1.v2(SNR') and using || X — 7”1 < 99- SNR’ (kov?)/2! from part
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of the inductive hypothesis, we have

[6 o
VO +1/ =X -7l
ko
o)
:\/10-2*(”1)-1/2(SNR’)+ k—\/99-SNR’(k0v2)/2t
0

<V/11-v2(SNR/)/21+1

for sufficiently small 6. Therefore,

. n S o~
Shead 2 {] € [k—] NE =Dy, 132 11.v2(SNR’)/2’+1}. (A.63)
1
Next, we write,
Y I&X-g"niz= ¥ IX-2N03+ ¥ IX =205
je[k—"l]\L’ JE(SiNSheadNL)\L! Je€(S¢NShead) \(L'UL)
+ Y X=X X =3lE (a4
JES:\(SheadUL") jE[ﬁ]\(L’US[)

and we proceed by upper bounding each and every one of the four terms.

Bounding the first term in (A.64): By the second part of Lemma 1.5.1 and use of Markov’s
inequality, we have

S o~ 2 o o 2 T ()2
> IX-205<6 Y IX-305=<81X-3713
JE(SNSheadNLI\L' J€LNShead

with probability at least 1 — p.

Bounding the second term in (A.64): Conditioned on &), ;, we have

> IX-2D 05 Y 1K= 05<011X-2713,
JE(S¢NShead)\(LUL") JESAL

where we have applied (A.57).

Bounding the third term in (A.64): We have
Yo IX-x" s Y X =305
jest\(sheadUL’) jest\shead

o e
<18:\Sheaal - _max (X -7y, 13
]Est head

<1S,(11-v*SNR'/2"+h
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by (A.63). Part a of the inductive hypothesis implies that |S¢| < 3k, and hence

> IX =) 1,115 <33ko - v*SNR'/2"*,
JE@NS)\(SpeaaUL)

Bounding the fourth term in (A.64):

Yo IX =i Y X =205

JEFENLUS) NS
v 2 2
= ) IXpl5 < kop?,

ENS,

where the equality follows from part b of the inductive hypothesis, and the final step holds
since S; contains all top kg blocks of X (cf.,, (A.55)).

Adding the above four contributions and applying union bound, we find that conditioned
on &; and &joc,t, (A.59) holds with probability at least Pr [Eprune, (|6 N loc,c] =1 - p
provided that 6 is a sufficiently small constant (6 < 0.1).

N
1007’

Success event associated with ESTIMATEVALUES: Let &.; ; be the event of having a successful
run of ESTIMATEVALUES(X, 77, L', ko, k1,8, p) at iteration ¢ + 1 of the algorithm conditioned
on &;. More precisely, &eg,; corresponds to having the following conditions on the output
signal W:

Wr=0forall f¢F
YK -3 -wy 5 <61X-313, (A.65)
Jjer

where & contains the frequencies within the blocks indexed by L. By Lemma 1.5.2 and the
fact that |L'| = 3ky conditioned on Eprune,t» Eloc,r» and &, it immediately follows that Eest, ¢
occurs with probability at least Pr [est,:|Eprune,: N Eloc,: N E:] = 1 p.

Combining the events: We can now wrap everything up as follows:

Pr[£t+l |é‘7[] = Pr[gloc,t N gprune,t N Eest,t N £t|gt]
= Pr[@'@est,t|gloc,t N gprune,t n gt] Pr[gprune,t|éaloc,t N gt]Pr[gloc,tl@'@t]-

Substituting the probability bounds into the above equation, we have

2 1
Pr[éa[+l|éot] Zl_gp_m = 1_20—T,

by the choice of p in Algorithm 6 along with 7' =1ogSNR.

Now we show that the event &1 = Eioc,t N Eprune,t NEest, NE implies the induction hypothesis.
Conditioned on &prune,: N &, we have (A.58), which immediately gives part a. Conditioned on
8loc,t N Eest,1, from the definition S;4; = S; U L', part b of the inductive hypothesis follows from
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the fact that only elements in L' are updated. Finally, conditioned on &; N Eprune,r N Eest, 1, We
have

IX=2 P15 = Y X -2 05+ Y 1K -3"")03

jer ]G[ﬁ]\L’

Y _ o 2 1
=Y IX-g-wy 5+ Y IX=3"),08
jer jE[ﬁ]\L’

< (0.2+8)1X - 17115 + ko(u* +33v2SNR /2" 1)
<99v?kySNR'/21*1,

where the second line holds since W is non-zero only for the blocks indexed by L’, the third
line follows from (A.59) and (A.65), and the last line holds for sufficiently small § from part c
of the induction hypothesis, and the upper bound p? < 2v?(SNR')/2/*! given in (A.62).

The first part of the lemma now follows from a union bound over the T iterations and the fact
that the accumulated error err(¥p) < vZ, and by noting that the three parts of the induction
hypothesis immediately yield the two claims therein. We conclude by analyzing the sample
complexity and runtime.

Sample complexity: By Lemma 1.3.5, the sample complexity of MULTIBLOCKLOCATE in a
given iteration is O* (k" log(1+ ko)logn+ =% kO L ), and multiplying by the number T = O(logSNR')
of iterations gives a total of O*(log SNR’( ko log(1 + ko) logn + Ok‘ ))- Since 6 = Q(1), the above

sample complexity simplifies to O* (kolog(1 + ko) log SNR’ logn + kok1logSNR').

By Lemma 1.5.1, the sample complexity of PRUNELOCATION is O( ok 10g5 logé) and by

Lemma 1.5.2, the sample complexity of ESTIMATEVALUES is O ("Tkl log 1 » log 3). Substituting
the choices of § and p, these behave as O* (kgk;) per iteration, or O* (ko k1logSNR’ ) overall.

Runtime: By Lemma 1.3.5, the runtime of MULTIBLOCKLOCATE in a given iteration ¢ is
o* (ko log(1 + ko) log? n + ~2t kokl log? n+ 4 k1 log® n). Moreover, by Lemma 1.5.1, the runtime of

PRUNELOCATION as a funct1on of |L| is O( Kk log 4 3p log slogn+ ki -|L|log 5p) Conditioned
on &y, it holds that |L]| = (k" log log ) (see (A.56)), and substituting this in the runtime

of PRUNELOCATION we get O* (% log n), by absorbing the logg and logz factors into the
O* (-) notation.

Summing the preceding per-iteration expected runtimes, multiplying by the number of it-
erations T, and substituting the choices of T, p and §, we find that the combined runtime
across all calls to MULTIBLOCKLOCATE and PRUNELOCATION is O* (kylog kylogSNR'log? n +
kok;logSNR'log® n).

By Lemma 1.5.2, the runtime of ESTIMATEVALUES is O (% log% log%logn +ky-|L| log%),
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which behaves as O (% log % log % log n) conditioned on &pryne,: N &y (see (A.58) and recall
that |S;| = 3kp). By our choices of p and §, this simplifies to O* (ko k; log n) per iteration, or
O* (kok; logSNR'log n) overall.

A.6.2 ProofofLemmal.5.4

The proof resembles that of Lemma 1.5.3, but is generally simpler, and has some differing
details. We provide the details for completeness.

Overview of the proof: We first introduce the approximate support set of the input signal
X — 7, given by the top 10kg blocks of the signal:

So 1= argmin sc(z| Y IX-1)5,l15 (A.66)
1S|=10k, /%S

We also introduce another set indexing blocks whose energy is sufficiently large:

. n - Err?(X — 7,10kg, k1)
Se={ie[=] 1&-Dy i3 ze L2250 2L S (A.67)
]Cl ! kO

It readily follows from the above definition and Definition 1.1.2 that |S:\Sg| < kp/e€.

The function calls three other primitives, and below, we show that each of them succeeds with
high probability by introducing suitable success events. Throughout, we let 8, p, and i be as
chosen in Algorithm 6.

Success event of the location primitive: Let &}, be the event of having a successful run of
MULTIBLOCKLOCATE(X, ¥, k1, ko, n,e?, p), defined as the following conditions on the list L:

ko, ko 1
IL| < Ce—zloge—zlogs o (A.68)

Y IX =D l5 <200¢| X - 713, (A.69)
JESO\L
where C is a constant to be specified shortly. To verify these conditions, we invoke Lemma
1.3.5 with §* = Sy. Lemma 1.3.5, both (A.68) and (A.69) hold with probability at least 1 — p.
By the first part of Lemma 1.3.5, we have |L| < C% log % log® $ for an absolute constant C.
The second part of Lemma 1.3.5 with § = €, implies (A.69). So, the event & occurs with
probability at least 1 — p.

Success event of the pruning primitive: Let &,une be the event of having a successful run of
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PRUNELOCATION(X, 7, L, , ko, k1,€, p, ), meaning the following conditions on the output L':

2k
IL\So| < TO (A.70)
Y X =215 <300 X - FlI5 +6000ev? ko + Err® (X — ¥, 10ko, k1). A.71)

jelEn

The probability of (A.70): In order to bound |L'\Sy|, first note that the set S, defined in
Lemma 1.5.1 part (a), has the following form:

n - € o
Staﬂ={je =k ||(X—x)1j||zs\/5—\/k—0||x—x||2}.

By substituting 8 = 200 - ev? (cf,, Algorithm 6) and using the assumption || X — 7|12 < 100koVv? in
the lemma, we have,

€ ~ € ~
x/é—,/k—nX—fnz: x/200~ev2—,/k—||x—7?nz
0 0
>1/200-ev2 — V100 €12

>116-ev2. (A.72)

Hence,
. [n S
Stail;’{] e[ =] -3 2 166‘-1/2}.
1

Now, to prove that (A.70) holds, we write,

IL'\Sol = [(L" N S\ Sol + 1L\ (So U Se)
! ! / (A73)
< (LN S)\Sol + [(L" N Stai) \Sel + L'\ (Stait U Se)l-
We first upper bound the first term as follows:

I(L' N Se)\Sol < 1Se\Sol < ko€,

which follows directly from the definition of S.. To upper bound the second term in (A.73),
note that by Lemma 1.5.1 part (a) with 6 =e¢,

[E[|Llﬁstaj]|] <ep-IL,
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and hence by Markov’s inequality, the following holds with probability at least 1 — ﬁ:

|(L' 1 Seai)\Se| < | L' N Sgail
<100ep-|L|
ko K 1
<100ep-C—2log —log® —
€ € €p

=100Cp- kolog—log” —
p 0086 0g ep
~ 100Cne - kolog® #

’

log %

where the third line follows from (A.68) (we condition on &),.), and the fifth line follows

from and the choice p = —L+ in Algorithm 6. Again using this choice of p, we claim that
og s
100Cnelog’ 7 . L.
gt < 1 for sufficiently small n regardless of the value of ky; this is because the depen-
Kl

dence of 1/ p on kg is logarithmic, so the numerator contains log® log ko, while the denominator
contains log ky which means that the ratio is upper bounded and can be made arbitrarily small
by choosing a small enough constant r7. Hence

|(L' N Sai)\Se| < ko
with probability at least 1 — ﬁ.
We now show that the third term in (A.73) is zero, by showing that Sy; U Se = [kﬂl]. To see

Err? (X -7,10kq,
ko

this, note that the term v? in the definition of Si,; is more than k) by the first

assumption of the lemma, and hence

Errz()?—)f,lOko,kl)}

. n S o
Stau\se:{] €[5 ]\Se 1 1% =Dyl <16e p

However, the definition of S, in (A.67) reveals that the condition upper bounding ||(X — ¥) I |I§
is redundant, and S\ S, © [kﬂl] \Se, and hence Si,i1 U Se = (Stail\Se) U Se = [kﬁl]

Bounding the probability of (A.71): To show (A.71), we use the second part of Lemma 1.5.1.
The set Speaq therein is defined as

. n o - € s
Sheadz{]e =k ||(X—X)Ij||22\/§+\/k—ol|X—Xl|2}-

By substituting 8 = 200¢ - v? (cf,, Algorithm 6) and using the assumption || X — )’{II% < 100kyVv? in
the lemma, we have

\/§+,/ki||5(—y||2: \/200€~V2+\/k£||5(—)?||25 V600€ - v2,
0 0
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and hence
. n S -~
shead;{]e[k—] : ||(X—x),j||326006-v2}. (A.74)
1
Next, we write
Y oIX-npl3= Y (X =21, 15+ > X =211
jE[,%’l]\L’ JE(SoNSheadNDNL' JE(SoNShead) \(L'UL)
+ Y IX-pyls+ Y IX-05l5 (A.75)
J€S0\(SheaqUL") je[ﬁ]\(L’uSo)

and we proceed by upper bounding the four terms.

Bounding the first term in (A.75): By part b of Lemma 1.5.1, the choice § = ¢, and the use of
Markov, we have

S o 2 T o~ 2 v _ SN2
> IX-Dlz<e Y IX-Dgl5<elX-7l5
J€(SoNSheaaNL\L! JELNShead

with probability at least 1 — p.

Bounding the second term in (A.75): Conditioned on &),., we have

. I,
Y IX-Drlla< Y IX=-Dgl3
jE(SoﬂShead)\(LUL’) j€S()\L

<200¢l| X - 73,

where we have applied (A.69).

Bounding the third term in (A.75): We have

S o~ 12 S o~ 12
DN (O e VA T M (O ey I
]ESO\(SheadUL’) ]Eso\shead
o o~ 2
<1S0\Shead! - _max (X =3
]ESO Shead

< 1801(600¢ - v?)
by (A.74). We have by definition that |Sy| = 10kp (cf., (A.66)), and hence

> I(X = %) 1,13 < 6000kge - V2.
JEWLNSH)\(SheadUL')
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Bounding the fourth term in (A.75): We have
Y IX-prlis Y IX-Dgl5
JEIEINL'US)) JEIENS,

= Err (X - 7, 10k, k1),

which follows from the definition of Sy in (A.66), along with Definition 1.1.2.

1

Hence by the union bound, it follows that &prune holds with probability at least 1 — p — 1555

conditioned on &jc.

Success event of estimation primitive: Let &5 be the event of having a successful run of
ESTIMATEVALUES(X, ¥, L, nn,3ko /€, k1, €, p), meaning the following conditions on the output,
w:

We=0forall f¢F

YK -x-W)l5<el X =713, (A.76)
Jjer

where & contains the frequencies within the blocks indexed by L'. Since the assumption of
the theorem implies that || ¥llo = O(koki), by Lemma 1.5.2 (with § = € and 3k/€ in place of
ko) and the fact that conditioned on &pyne we have IL'| <3ko/e (cf,, (A.70)), it follows that Eest
occurs with probability at least 1 — p.

Combining the events: We can now can wrap everything up.

Letting & denote the overall success event corresponding to the claim of the lemma, we have

Pr[&] = Pr[éaloc N éaprune n gest]
= Pr[gest

éaloc N gprune] Pr[£prune|gloc] Pr[é‘aloc] .
By the results that we have above, along with the union bound, it follows that
Pr[&] =1-2/100-3p = 0.95

for sufficiently small i in Algorithm 6. A union bound over & and the 1/ poly(n) probability
failure event arising from random perturbations of ¥ yields the required bound of 0.9 on the
success probability.

What remains is to first show that the statement of the lemma follows from &joc N Eprune N Eest.
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To do this, we observe that, conditioned on these events,

IX-7'15=Y IX=-2l5+ Y, IX =75 +err(Ro)

jer JEENL
=2 I&X-2-Wiglz+ X 1K =D l3+err(Fo)
jer je[ﬁ]\L’

<ellX - 7% +300€l| X — 73 +6000ev* ko + Err® (X — 7, 10ko, k1) +€Vv?
< (4-10%)ev? ko + Err? (X — 7, 10ko, k1),

where the second line follows since ¥’ = ¥+ W and W is non-zero only within the blocks
indexed by L', the third line follows from (A.71) and (A.76), and the final line follows from the
assumption I1X - )?II2 < 100kyVv? in the lemma.

Sample complexity: By Lemma 1.3.5 with § = €2, the sample complexity of MULTIBLOCK-
LOCATE is O* (ko log(1 + ko) logn + =2+ kl log - ) By Lemma 1.5.1 with § = ¢, the sample com-

plexity of PRUNELOCATION is O(ilogalog%). In addition, the sample complexity of
ESTIMATEVALUES is O( Kk logi log ) by Lemma 1.5.2 with § = €. By summing the three

terms, and noting from the ch01ce of p in Algorithm 6 that, up to loglog% factors, we can
replace p by € in the above calculations, the total sample complexity of this procedure is
o* (k" log(1 + ko) logn + =2+ k"kl )

Runtime: By Lemma 1.3.5 with § = €2, and because by assumption X is (O(ko) k1)-block
sparse, the runtime of MULTIBLOCKLOCATE is O* (ko log log? n+ Xf kl log? n + 23 kl log® n)
By Lemma 1.5.1 with § =€, the runtime of PRUNELOCATION as a functlon of |[L|is O* (% logn+
k- ILI), which behaves as O (@ logn+k; - % log %) conditioned on &), (see (A.68)).
Moreover, by Lemma 1.5.2 with § = ¢, the runtime of the primitive ESTIMATEVALUES is
@) (@ log % log % logn+ ki -|L'|log %), which behaves as O (@ log % log % log n) conditioned
on Eprune (see (A.70) and recall that [So| = 10kp). The total runtime follows by summing the
above terms and replacing p by ¢, with the loglog 1, loglog SNR’ and log% terms absorbed into
the O*(-) notation and applying Markov'’s inequality.

A.7 Discussion on Energy-based Importance Sampling

Here we provide further discussing on the adaptive energy-based importance sampling
scheme described in Sections 1.2-1.3. Recall from Definition 1.2.2 that given the signal X and
filter G, we are considering downsampled signals of the form Z = (X e ik with X =X; i+
for r € [2k;], and recall from (1.3) that the goal of energy—based importance samphng is to
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approximately solve the covering problem

Y s subjectto Y IX,15=Q-a) XI5 (A77)

re(2k:] PN 12713
JZ[ Pz

for some re(2k;]

Minimizegsy, .y, |

for suitable a € (0,1), where X* is the best (ko.k1)-block sparse approximation of X.

To ease the discussion, we assume throughout this appendix that the filter G is a Width-kl1
rectangle in time domain, corresponding to a sinc pulse of “width” k; in frequency domain.
Such a filter is less tight than the one we use (see the proof of Lemma 1.2.1), but similar enough
for the purposes of the discussion.

A.7.1 Examples - Flat vs. Spiky Energies

We begin by providing two examples for the 1-block sparse case, demonstrating how the
energies can vary with 7. An illustration of the energy in each Z" is illustrated in Figure A.1 in
two different cases — one in which X is a sinc pulse (i.e., rectangular in frequency domain),
and one in which X is constant (i.e., a delta function in frequency domain). Both of the signals
are (1, k;)-block sparse with k; = 16, and the signal energy is the same in both cases. However,
the sinc pulse gives significantly greater variations in |2jr|2 as a function of r. In fact, these
examples demonstrate two extremes that can occur — in one case, the energy exhibits no
variations, and in the other case, the energy is O(k;) times its expected value for an O(kll)

fraction of the r values.

The second example above is, of course, an extreme case of a (1, k;)-block sparse signal,
because it is also (1, 1)-block sparse. Nevertheless, one also observes a similar flatness in time
domain for other signals; e.g., one could take the first example above and randomize the signs,
as opposed to letting them all be positive.

A.7.2 Thelog(l + ko) factor

Here we provide an example demonstrating that, as long as we rely solely on frequencies
being covered according to Definition 1.2.3, after performing the budget allocation, the extra
log(1 + ko) factor in our analysis is unavoidable. Specifically, we argue that for a certain signal
X, the optimal solution to (1.3) satisfies }_r¢2r,1 8" = Q(kolog(1 + kp)). However, we do not
claim that this log(1 + kp) factor is unavoidable for arbitrary sparse FFT algorithms.

We consider a scenario where kg = ©(k;) = o(n), and for concreteness, we let both ky and k;
behave as ©(n!); hence, log(1 + ko) = O(log ko)

Constructing a base signal: We first specify a base signal W € C" that will be used to construct
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Figure A.1 — Behavior of | Z" |I§ as a function of r for a sinc function (top) and a rectangular
function (bottom), both of which are (1, 16)-block sparse.

Xy

Figure A.2 — Base signal and its Fourier transform, for constructing a signal where a log kj loss
is unavoidable with our techniques.
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the approximately (ko, k;)-block sparse signal. Specifically, we fix the integers C and L, and set

L-1 < Cn
-2 Cn 3Cn
2 2% < = 2%,
0-1_ l_
W; =< v2L-¢ % <|t| < % (A.78)
1 (2L-127C1)Cn <t < (ZLEIi)Cn
1 1
@H1-1Cn
0 Lf1> ==

Hence, the signal contains L regions of exponentially increasing width but exponentially
decreasing magnitude. See Figure A.2 for an illustration (L = 3), and observe that we can
express this function as a sum of rectangles having geometrically decreasing magnitudes.
Hence, we can specify its Fourier transform as a sum of sinc functions.

The narrowest of the rectangles has width %, and hence the widest of the sinc pulses has width

%. This means that by choosing C to be sufficiently large, we can ensure that an arbitrarily
high proportion of the energy lies in a window of length k; in frequency domain, meaning W
is approximately 1-block sparse.

Constructing a block-spare signal: We construct a ky-block sparse signal by adding multiple
copies of W together, each shifted by a different amount in time domain, and also modu-
lated by a different frequency (i.e., shifted by a different amount in frequency domain). We
choose L such that the cases in (A.78) collectively occupy the whole time domain, yielding
L=0(ogk;) =0(og k).

Then, we set ky = % and let each copy of W be shifted by a multiple of C—I", so that the copies
are separated by a distance equal to the length of the thinnest segment of W, and collectively
these thin segments cover the whole space [n]. As for the modulation, we choose these so that
the resulting peaks in frequency domain are separated by Q(k‘ll), so that the tail of the copy
of W corresponding to one block has a negligible effect on the other blocks. This is possible
within 7 coefficients, since we have chosen k; = O(n%1).

Evaluating the values of IZ].’ |?: Recall that we are considering G in (A.77) equaling a rectangle
of width kﬁl Because of the above-mentioned separation of the blocks in frequency domain,
each copy of W can essentially be treated separately. By construction, within a window of
length kﬂl, we have one copy of W at magnitude V2L-1, two copies at magnitude V2l-2,
and so on. Upon subsampling by a factor of k;, the relative magnitudes remain the same;
there is no aliasing, since we let G be rectangular. Hence, the dominant coefficients in the
spectrum of the subsampled signal exhibit this same structure, having energies of a form such
as (8,4,4,2,2,2,2,1,1,1,1,1,1,1,1) when sorted and scaled (up to negligible leakage effects).
12

Moreover, the matrix of | Z]f values (cf., Figure 1.1) essentially amounts to circular shifts of
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a vector of this form — the structure of any given Z" maintains this geometric structure, but
possibly in a different order.

Lower bounding the sum of budgets allocated: We now turn to the allocation problem in
(A.77). Allocating a sparsity budget s to a signal Z" covers all coefficients j for which |er ? =
”ZTHZ. For the signal we have constructed, the total energy E is equally spread among the
L geometric levels: The ¢-th level consists of 2/~! coefficients of energy 2! ¢ %, and hence

covering that level requires s > L-2¢.

Hence, setting s = L- 21 covers the top ¢ levels, for a total of 2¢ — 1 coefficients. That is,
covering some number of coefficients requires letting s be Q(L) times that number, and hence
covering a constant fraction of the ky coefficients requires the sum of sparsity budgets to be
Q(Lky). Moreover, we have designed every block to have the same energy, so accounting for a
constant fraction of the energy amounts to covering a constant fraction of the kj coefficients.

Since we selected L = ©(log ko), this means that the sum of sparsity budgets is Q(kylog k), so
that the log ky factor must be present in any solution to (A.77).

A.8 Location of Reduced Signals

In Algorithm 18, we provide a location primitive that, given a sequence of budgets s, locates
dominant frequencies in the sequence of reduced signals Z” using O( X <[> k) $"log n) samples.
The core of the primitive is a simple k-sparse recovery scheme, where k frequencies are
hashed into B = Ck buckets for a large constant C > 1, and then each bucket is decoded
individually. Specifically, for each bucket that is approximately 1-sparse (i.e., dominated by a
single frequency that hashed into it) the algorithm accesses the signal at about a logarithmic
number of locations and decodes the bit representation of the dominant frequency bit by bit.
More precisely, to achieve the right sample complexity we decode the frequencies in blocks
of O(loglogn) bits. Such schemes or versions thereof have been used in the literature (e.g.,
Gilbert et al. (2005); Hassanieh et al. (2012c); Kapralov (2016)).

A novel aspect of our decoding scheme is that it receives access to the input signal X, but must
run a basic sparse recovery scheme as above on each reduced signal Z". Specifically, for each
r it must hash Z" into s” buckets (the budget computed in MULTIBLOCKLOCATE and passed to
LOCATESIGNAL as input). This would be trivial since Z” can be easily accessed given access to
X (cf., Lemma 1.2.2), but the fact that we need to operate on the residual signal X — y (where ¥
is block sparse and given explicitly as input) introduces difficulties.

The difficulty is that we would like to compute y on the samples that individual invocations
of sparse recovery use, for each r € [2k;], but computing this directly would be very costly.
Our solution consists of ensuring that all invocations of sparse recovery use the same random
permutation 7, and therefore all need to access X — y on a set of shifted intervals after a
change of variables given by 7 (crucially, this change of variables is shared across all r). The
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lengths of the intervals are different, and given by s’, but it suffices to compute the values of
x on the shifts of the largest of these intervals, which is done in HASHTOBINSREDUCED (see
Lemma 1.4.6). We present the details below in Algorithm 18.

For convenience, throughout this section, we use m to denote the reduced signal length n/k;.

Lemma 1.2.4 (LOCATEREDUCEDSIGNAL guarantees — formal version). Fix integers n, ko, k1, sig-
¥l
poly(n)

budgets {s"} re ok, With s" = O(%)for all r € [2ky1, and parametersd € (1, %) and p e (4, 1),

n’ 20 2

nals X,y € C" with yo uniformly distributed over an arbitrarily length- interval, sparsity

and let{Z"} e 2k, be the (k1,0)-downsampling of X — .

IfL denotes the output of LOCATEREDUCEDSIGNALS(X, X, i, ko, k1, {$"} rej2k,1, 0, p), then for any
jE€ [kﬂl] such thatIZ]TI2 > ”Zs#lgforsome r € [2k1], one has j € L with probability at least1 — p.
Additionally, the list size satisfies |L| = O( ¥ re[2k,1 S” log%) with probability 1.

Moreover, if y is (O(ko), k1) -block sparse, the sample complexity is O (Zre 2k, $" log % log % log n) ,

and the runtime is O (Zr(—:[Zkl] s"log % log % log? n+ % log % log® n)

Proof. We first note that the claim on the list size follows immediately from the fact that
B = O(s") entries are added to the list for each ¢ and r, and the loop over ¢ is of length

O(log%).

In order to prove the main claim of the lemma, it suffices to show that for any single value of
r, if we replace the loop over r by that single value, then L contains any given j € [kﬂl] such
that | Z ]’ 2= |z" IIS/ s”, with probability at least 1 — p. Since this essentially corresponds to a
standard sparse recovery problem, we switch to simpler notation throughout the proof: We let
Y denote a generic signal Z”, we write its length as m = n/k;, we index its entries in frequency
domain as ?f, and we define k = s".

The proof now consists of two steps. First, we show correctness of the location algorithm
assuming that the SEMIEQUIINVERSEBLOCKFFT computation in line 11 computes all the
required values for the computation of U in line 19. We then prove that SEMIEQUIINVERSE-
BLOCKFFT indeed computes all the required values of y, and conclude with sample complexity
and runtime bounds.

Proving correctness of the location process We show that each element f with | 17f|2 >|YI g Ik
is reported in a given iteration of the outer loop over ¢ = 1,...,C;log(2/p), with probability
at least 9/10. Since the loops use independent randomness, the probability of f not being
reported in any of the iterations is bounded by (1/10)11°8@/P) < p/2 if C) is sufficiently large.

Fix an iteration t. We first show that the random set </ chosen in LOCATEREDUCEDSIGNALS has
useful error-correcting properties with high probability. Specifically, we let &pajanced denote the
event that for every A € [A], A # 0 at least a fraction 49/100 of the numbers {wi’ﬁ }(a,press have
non-positive real part; in that case, we say that « is balanced. We have for fixed 1 € [A], A #0
that since the pair (a, f) was chosen uniformly at random from [m] x [m], the quantity wf\'ﬁ
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is uniformly distributed on the set of roots of unity of order 2° for some s > 0 (since A # 0).
At least half of these roots have non-positive real part, so for every fixed A € [A],A # 0 one
has Prﬁ[Re(wf\'ﬁ ) < 0] = 1/2. It thus follows by standard concentration inequalities that for
every fixed A at least 49/100 of the numbers {w }(a pes have non-positive real part with
probability at least 1 — e~ 1<) = 1 — exp(-Q(C3loglogm))) = 1 —1/(100log, m) as long as C3
is larger than an absolute constant. A union bound over A < log, m values of A shows that
Pr[&halanced] = 1—(log, m)-/(1001log, m) = 1-1/100 for sufficiently large m (recall from Section
1.1 that kﬂl exceeds a large absolute constant by assumption). We henceforth condition on

& balanced-

Fix any f such that |17f|2 > ||17| Igl k, and let g = oi for convenience. We show by induction on
g=1,...,log, N that before the g-th iteration of lines 23-26 of Algorithm 18, we have that f
coincides with q on the bottom g -log, A bits, i.e., f—q=0 mod A87L

The base of the induction is trivial and is provided by g = 1. We now show the inductive
step. Assume by the inductive hypothesis that f—q=0 mod A8~!, so that q=f+ A8~ (1o +
AAy+A%A,5 +..)). Thus, (A9, A1,...) is the expansion of (q—f)/A8~! base A, and Ay is the least
significant digit. We now show that A, is the unique value of A that satisfies the condition of
line 24 of Algorithm 18, with high probability

In the following, we use the definitions of 7 (f), h(f), and o 7 f7) from Definition 1.4.2 with
A =0. First, we have for each a = (a, ) € o/ and w e W that

=Hoip 2 Hof<f>17f' o1 aswp terry = E'(W),

frelmMfi
where err,, = Iflgfl(f) ((A]h(f) - ﬁz(f))(a +w-f).

And similarly

~ 1 A o aq_
Hof(f)Uh(f)(“)_waN of(f) h(f)(a) waN +err
=H, (f e [Z]\fHof(f/)Yf/wa +err=:E".

where err = (f)(Uh h(f))(a)

We will show that f is recovered from bucket /( f) with high (constant) probability. The bounds
above imply that

Onpy(@+wp) V'SP B (w)

4 N (A.79)
Uh(f)((l) waN +E"

The rest of the proof consists of two parts. We first show that with high probability over the
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choice of 7, the error terms E’'(w) and E” are small in absolute value for most a = (a, §) € «f
with extremely high probability. We then use this assumption to argue that f is recovered.

Bounding the error terms E'(w) and E” (part (i)). We have by Parseval’s theorem that

EIEWPIsH) Y Hy gl YplP+lermwl® +2lermy | Hy Y HopplYpl,
frelm\{f} frelm\{f}
(A.80)

and

EJlE""1<H) ) ﬁgf(f,)l?fr|2+|err|2+2|err|ﬁo_f1(f) Y HoyplYpl,
felm\{f} felm\{f}

where we used the fact that @ + wf is uniformly random in [m] (due to a being uniformly
random in [m] and independent of § by definition of </ in line 6 of Algorithm 18).
|2

. . g -2 Az . .
Taking the expectation of the term Hof 0 Y fretm\f) Hof( 1% |Yy|“ with respect to 7, we obtain

Ex|Hyp > Hy plYpl?| = OUYI3/B) = OUIX'lI3/ (C2k))
flelmI\{f}

by Lemma 1.4.3 (note that F’ = 2, so the lemma applies) and the choice B = C; - k (line 22
of Algorithm 18). We thus have by Markov’s inequality together with the assumption that
|Y¢I? 2 |Y115/k that

Pro|Hyfpy 3. Hp (| Vpl?>1Y[/1700| < O(1/Cp) <1/40
frelmMfi
and
P |H,Zp Y He | YpI?>1¥72/1700 | < O(1/Cp) < 1/40

frelm\{f}

since C; is larger than an absolute constant by assumption.

Bounding err and err,, (numerical errors from semi-equispaced FFT computation): Recall
Iz
~ o~ ~ poly(n)
interval, and that Y = Z" for some Z" in the (k;,)-downsampling of X — y. By decomposing

V4 ]r = (X" - 1) * G) jk, into a deterministic part and a random part (in terms of the above-

that we have by assumption that ¥y uniformly distributed over an arbitrarily length-

mentioned uniform distribution), we readily obtain for some ¢’ > 0 that

IRl
17)% = X2 (A81)
nC

with probability at least 1 — =;. Since p = =5 by assumption, we deduce that this also holds
with probability at least 1 — p/ 2. By the the accuracy of the ¥ values stated in Lemma 1.4.5,

along with the argument used in (A.31)—(A.32) its proof in Appendix A.3.1 to convert (A.81) to
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accuracy on hashed values, we know that IUh(f) - =1 U—-U*loo < n~°*1||7l2. Hence, by

ﬁ*
h(f
using | Hy, ()| * <2 and &, @ + w- § < m, we find that

—c+1 —ct+c'+1
Y12

lerr| <2n Ixll. <2n

lerry | <20~ MRl <207 P,
where the second inequality in each equation holds for some ¢’ > 0 by (A.81).

-1 7 % % Pl i -1
Note also that Hy Y pretmnvigy Hoppn | Yl <21V [ < 2y/mllY Iz, since we have H, (p=2 and

Hp|<1forall f'. We can thus write

|err|2+2|err|-ﬁ;fl(f) Z ﬁof(f/)|l7fr|slerr|2+4\/m|err|~||l7||2
frelml\{f}

— ! = _ / ~
<4n 2c+2c¢ +2”Y“§+8n C+C+3/2”Y”§

= pCe* ) 72, (A.82)

1
poly(n)

which can thus be made to behave as I ?II% by a suitable choice of c.

Bounding the error terms E'(w) and E” (part (ii)). By union bound, we have |E'(w)|? <
I?fIZ/ 1600 and |E"|? < I?f|2/1600 simultaneously with probability at least 1 —1/20 — denote
the success event by é";’n (w). Conditioned on gft,n (w), we thus have by (A.80) and (A.82), along
with the fact that «f is independent of 7, that

EqllE'w)|*1 = |Y;[°/1600 and E4[E"[*] < |Y/[*/1600.
Another application of Markov’s inequality gives
Prol|E'(w)|* = |Y;|?/40] < 1/40 and Prq[|E"|* = |Yy|*/40] < 1/40.

This means that conditioned on & ;‘,n (w), with probability at least 1—e~ /! > 1-1/(1001log, m)
over the choice of «f, both events occur for all but 2/5 fraction of a € <f; denote this success
event by & } »(W). We condition on this event in what follows. Let «/* (w) < o/ denote the set
of values of a € o/ that satisfy the bounds above.

In particular, we can rewrite (A.79) as

Oupla+wp)  Troy P+ E'w)

Un(p (@) Yrwy +E"
Ganl 1+o~@WPIE (w)/ Y}
N
=N ___ ¢ |where &= _ _
aq aq
Wy l+wy E”/Y}Q

(a+wp)q—a \\/
=0 Bq q_E:wNﬁq_g.

225



Appendix A. Supplementary Materials for Chapter 1

We thus have for a € «f * (w) that

|E’(w)|/|1?]£|51/40 and |E”|/|17j£|51/40. (A.83)

Showing that o/ * (W) < «of suffices for recovery. By the above calculations, we get

ﬁh(f)(a’ +Wﬁ) _

f wwﬁq‘észA‘gﬁq'f=w%A—gﬁq+w]]:]lA‘gﬁq(€_l).
Un(f (@)

N N

We proceed by analyzing the first term, and we will later show that the second term is small.
Since q=f+ A& TQo+ A + A% A +..), by the inductive hypothesis, we have

AB_ -NASES NAfq_ -A-p NAE@-Dp
Wy Wy Wy SW, Wy
B NAE(AST' (Ag+AA +A% Az +..))-B
A Wy
4B (NIN)-(Ao+Ad +A% Az +..)-f
A Wy
_Aﬁ Aoﬁ
A W
_ (=A+20)-B
_a)A )

=w
=w

=w

where we used the fact that w%m = @2 fWNININ — g2nfIA — )\ Thus, we have

-8, —Na-ep-p Unp @+ WP  aia,.6
W, = . . Tw, ¢.
Unp (@)
We now consider two cases. First suppose that A = 1y. Then WA AP - 1, and it remains to

A
note that by (A.83) we have |{ — 1| < %f}fig —1<1/3. Thus, every a € «/* (w) passes the test
in line 24 of Algorithm 18. Since |«/* (w)| = (3/5)|</| by the argument above, we have that 1
passes the test in line 24. It remains to show that A is the unique elementin0,..., A —1 that

passes this test.

(=A+A0)-B

Suppose that A # Ag. Then, by conditioning on &pajanced, at least a 49/100 fraction of w ,

have negative real part. This means that for at least 49/100 of a € o/, we have

lwi\—xmo)-ﬁf_ 1 =i-1&1-11=(7/9)i-1| > 1/3,

and hence the condition in line 16 of Algorithm 18 is not satisfied for any A # Ay.

We thus get that conditioned on &pyjanced and the intersection of é?; (W) for all w e W and
6"; » fecovery succeeds for all values of g = 1,...,log, N. By a union bound over the failure
events, we get that

Pr é"balancedﬂé"},dn( ﬂwgt’”(W))] >1-1/100— (log, N) > 98/100.
wE

. 100log, m
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This shows that location is successful for f in a single iteration ¢ with probability at least
98/100 = 9/10, as required.

Sample complexity and runtime.

We first consider the calls to HASHTOBINSREDUCED. This is called for loglog m values of
(a, B) and log, N = O(blgl%) values of g in each iteration, the product of which is O(logm) =
O(logn). Moreover, the number of iterations is O(log%). Hence, using Lemma 1.4.6, we find
that the combination of all of these calls costs O(F ¥ ¢ [2x,) B" log 3 log n) samples, with a run-
time of O((BmaXF + ko) k1 log3 n), where Bpnax = O(max; s™), and ky is such that ¥ is (O(kg), k1)-
block sparse. By the assumption max; s” = O(%), the runtime simplifies to O(% log® n)
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Algorithm 18 Location primitive: Given access to the input signal X, a partially recovered
signal ¥, a budget k and bound on failure probability p, recovers any given j € [n/k;] with
|2]T|2 > | Z" |I§/k for some r € [2k;], in the (k;,8)-downsampling of X — y.

1: procedure LOCATEREDUCEDSIGNALS(X, X, 11, ko, k1,{8" } re2k,1, 6, P)

2: > Uses large absolute constants Cy, C,C3 >0
3 B" — Cys" foreach r € [2k;] > Rounded up to a power of two
4 H" — (m, B, F')-flat filter for each r € [2k; ], for sufficiently large F' =2

5: Bmax — B”
6
7
8
9

{Z)’(},E[zkl] — (k1,0)-downsampling of X > See Definition 1.2.2
m— nlk;
L—g
: for t={1,...,C1log(2/p)} do
10: o — uniformly random odd integer in [m]
11: & — Csloglog m uniformly random elements in [m] x [m1]
12: A —2lzlog:logml ny . ATlogaml o Implicitly extend X to an m-periodic length-N
signal
13: for (a,B) € «/ do
14: w— NA¢&
15: A—a+w-f
16: H— {H"}repp
17: B — {Br}r(—:[Zkl]
18: U (a+w- B) — HASHTOBINSREDUCED({Z)'(},E[Zkl],)Z,H, n,k1,B,0,A)
19: for r € [2k;] do
20: for be[B"] do > Loop over all hash buckets
21: f—o
22: forg={1,...,log, N} do
23 w—NA"E
24: If there exists a unique A € {0, 1,..., A — 1} such that
25: wj_\kﬁ o NATEDP % —1| < 1 for atleast 3 fraction of (a, f) € o
26: thenf—f+A871. 1
27: L—Lufo'f- s > Add recovered element to output list

28: return L
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B.1 Operator Theory Preliminaries

Throughout the book, we use the term operator for linear transformation between two Hilbert
spaces. In this section we discuss and prove basic results on operators that we use throughout
the book.

B.1.1 Basic definitions and the Loewner partial ordering

Consider two Hilbert spaces . and /> with inner products (,-) 7, and (-, ") z,. We denote by
B(A1, #») the set of bounded operators from /) to A/, and abbreviate B(A) if #, = A =
J€. We denote by Br¢(#4) and By s(A) the set of trace-class and Hilbert-Schmidt operators
(respectively) on A (i.e. from /€ to A). Note that Brc(A) c Bys(A) < B(A). Recall that for
operators, boundedness is equivalent to continuity. The open mapping theorem states that if
o is invertible, then «# ! is bounded. This implies that a compact operator is not invertible.
If of € B(A) and LB € By (A) then of B, Bod € By (A) and tr(f B) = tr(Bf).

We call self-adjoint «f positive semidefinite (or simply positive) and write «f > 0if (x, A x) 7 =0
for all x € . We write of 7~ 0 if of is positive definite, i.e. (x, </ x) > 0 for all x € /. We denote
o > 0 if of is strictly positive, i.e. there exist a ¢ > 0 such that of =~ c¢-.#, where £ is the
identity operator on #. Note that for operators on finite dimensional Hilbert spaces, < 7 0 if
and only if &« > 0, but this is not always the case for infinite dimensional Hilbert spaces. The
notation for of > %, of 77, %, and </ > % follow in the standard way.

If of > 0 is self-adjoint and bounded, then it possesses a unique self-adjoint bounded square
root o712 = 0 (Wouk, 1966). Furthermore, if o is strictly positive then so is «/ 112 This implies
that if of is strictly positive and bounded, then «f is bounded below and that the inverse of the

. _ def _ . .
square root of «f is & 122 (¢ ~HYV2_ 1idskii’s theorem states the that trace of a trace-class
operator is the sum of its eigenvalues.

Many of the following claims are well known of matrices, and the proofs in most cases, but not
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all, mirror the matrix case. However, for the operator case we need to be more careful with the
conditions due to the aforementioned distinction between 7~ and >.

Claim B.1.1. Suppose that </ is a self-adjoint bounded positive semidefinite operator on an
Hilbert space #. For every € > 0, the operator of + %z is bounded, strictly positive and
invertible, and the inverse is bounded.

Proof. The operator «f + €. is the sum of two bounded operators, and so it is bounded.
It is also clearly bounded below, since «f +¢€.Z7 > €47 > 0. A continuous (i.e., bounded)
bounded-below operator is invertible, so «f +¢€.Z is invertible. The inverse is bounded due
to the open mapping theorem. O

Claim B.1.2. Suppose that0 < «f < .9z for a self-adjoint operator «f. Then, o ™\ = F 5.

Proof. For every x € /€ we have (x, o x) 7 < (X, X) 7. Given y, let x = o/ V2. Then (y, y) » =

(V25,20 V2x) 70 = (X, A X) 70 < (X, X) 70 = (A 2y, TV2y) 5o =y, d TV Y) e s0 AT = g
O

Claim B.1.3. Suppose that o/ € B(A) and that 98 = 0 is self-adjoint trace-class operator. Then,
B2 o B2 is trace-class, and tr(B''* o BY?) = tr(4 B).

Proof. Since % is trace-class, B'2 € Bys(#). This implies that o 2'/? is also Hilbert-
Schmidt. Thus, 2'/2.«7 28''? is the product of two Hilbert-Schmidt operators, so it is trace-class.
The trace equality follows from the cyclic property of the trace. O

Claim B.1.4. Suppose that </ > 0 is a self-adjoint bounded operator, and that 98 > 0 is self-
adjoint trace-class operator, both on a separable Hilbert space /€. Suppose we have tr(«f 9B) < 1.
Then, B <o/ !.

Proof. Due to the cyclicity of the trace tr(«#/>%<#'/?) < 1. The operator o /2 B.o/1/? is posi-
tive semidefinite, so due to Lidskii's theorem it’s largest eigenvalue < 1. For «# /22712, the
largest eigenvalue is equal to the operator norm, so for any y,

(y, "> Bt y) 30 < (3, y) 0.

Since <12 is invertible, with inverse < ~1/2, the conclusion of the claim follows. O

Claim B.1.5. Let o/, 9 be self-adjoint, bounded, strictly positive operators. If o < 9B then
AV =B
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Proof. Since 28 is bounded and strictly positive, then it is invertible and has an invertible

square root. For any y € # let x = ~'/2y. We have

<y,@—1/2d%—1/2y>]£ _ (%_Uzy,d%_llzy);g
= (x, X))z
< (X, BxX)zp
= Y-

So B 12y 87112 < Sze. Since both « and 2 are strictly positive, B V2098712 is also
strictly positive. Thus, by Claim B.1.2, B2y 12 ~ g 7, from which the claim follows. O

Claim B.1.6. Suppose that </ >0 and </ = 9B. Then for any0 < ¢ <1 we have of — c%B > 0.
Proof. Suppose by contradiction that «/ —c28 # 0. Then for any € > 0 there exists an x with unit
norm ({x, x) 7 = 1) such that (x, («f — c%B)x) 72 < €. We have (x, Bx) » = ({(x,/ X) 7 —¢€)/c, and

since (x, of X) 7 is bounded away from zero and ¢ < 1, for small enough € we have (x, 8x) 7 >
(X, x) 70 SO (X, (of — 9B)X) 7 < 0 which contradicts the assumption that «f > 2. O

Definition B.1.1. Given x € ./ and y € #, we define the operator x® y : #» — A by,

(x® y)zd=ef<y, z) 76, X.

Claim B.1.7. Let # be a separable Hilbert space, and assume that «f € B(A) and v € A€. Then,
(v, L V) 7 = tr(f (v V). (We remark that <f (v ® v) is trace-class since v ® v has finite-rank
and < is bounded.)

Proof. Letey,ey,... be an orthonormal basis for #°. Write v = z‘;g a;e;. On one hand we have

1

o0
(v, A V)70 = <Z a,-e,-,dv>
i=1 T

o0
Y aies, V).
i=1

On the other hand we have,

(o (0o V) =) (e, (Vev)e)r
i=1

~

(ej, AV, e;) 7V) 7

Il
.Mg

~
Il
—

Il
.Mg

~
1l
—

(v, ;) 7¢(e;, A V) 7

Il
.M8

~
I
—

a; (e, A V) s,
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so the two terms are equal. O

B.1.2 Weak integrals of operators

We are going to work with operator-valued random variables. To reason about the expected
value, we need a notion of an integral of operator-valued functions. We use a generalization of
the concept of weak integrals (a.k.a., Pettis integral) of vector-valued functions (Pettis, 1938).

Definition B.1.2. Let /#, #, be two separable Hilbert spaces, G a measurable space and
¢ a measure on G, and consider a mapping &« : G — B(#3, #%). If the mapping (x,z) —
fG(x,d (£)z) 7, du(<) is a bounded sesquilinear map in x, z, then we say that < is a weakly
integrable operator valued function and the weak operator integral is defined to be the unique
bounded operator

fG (&) du() € B, 76)

such that for all x and z,

<x, ( / A (&) du(f))Z> et f (%, o4 (E)2) 76, A(E).
G T, G

The existence and uniqueness of such an operator is guaranteed by the Riesz representation
theorem for sesquilinear maps (Helmberg, 2008, Page 92, Theorem 5).!

Claim B.1.8. Suppose that «f : G — B(A1,/6,) is weakly integrable operator valued function,
and & € B(#A1),T € B(AS). Thené — T A (§).S is also a weakly integrable operator valued
function and

f T (OF du(©) =ff( f () du(é))y.
G G

Proof. Recall that (x, z) — fG (x,(£)z) 72, du(S) is bounded, so there exists a y such that for
every x € A,z € A,

< vlixllz, 2l

’ fG %, ()2, Ap(©)

We have
‘ fG <x,%¢(é)yz>;f2du(é>‘ - ‘ fG <ﬁ*x,a¢(é)yz>;f2du(é>‘
<YIT* 3l 1% 2l 1, <Y NT Do 1% o 12l I 2l

where we used the fact that both ¥ and 9 are bounded. Therefore, the mapping (x, z) —
fG(x, T A (§)S z) 7,du(§) is bounded and ¢ — T/ (§). is weakly integrable.

1\We remark that (Helmberg, 2008, Page 92, Theorem 5) is stated and proved only for sesquilinear forms on the
same Hilbert space (i.e., #] = #»). However, it is easy to verify that the result also holds for sesquilinear forms
between two Hilbert spaces.
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We now show that the value of the integral is I (f; o (§)dp(&)) . For any x € #, z € A1

<x,3‘( fG d(é)du(f))9z>%=<f’7*x,( fG d(é)du(é))ﬁﬁz>%

By definition of [;; o/ ({)d (&),
<J°—*x, ( fG yi(s‘)d,u(f))yz> - fG (T 3, o (©)F 2 7, d(E) = fG 6, Tt (O)F 2).76,d(E)
T

soindeed [, T (&)L Au&) =T ([o ©)du(&)) . O

Claim B.1.9. Let p, it be two, possibly different, probability measures, on R, and let «f € B(L»(p))
be self-adjoint and positive semi-definite, and let 98 € Brc (L2 (p)). Assume that there exists an
orthonormal basis for L (p) consisting of eigenvectors of </ . Given a mappingn € R— vy € Ly(p)
such that B = [g(vy ® vy)du(n) we have:

fR<Vnw‘2¢Vn>pd#(77) = tr(sf 9AB)

Proof. Let ey, e,... be an orthonormal basis for Ly (p) consisting of eigenvectors of «/. Using
Claim B.1.7, we have

wan,dvn)pdu(n)=ftr(d(vn®vn))du(n)
fRZ<ei,a¢(vn®vn)ei>pdu(n)
i=1

<el,&¢(vn®vn)e,>pdu(m

(el,f of (vy @ vp)du(n)e;),

el,aff (vy @ vy)du(me;),

N agk ﬁMg ||M8 HM

(el;d%e»y

=tr (.szi%)

where the exchange of the integral and infinite sum in the third equality is justified by Tonelli’s
Theorem. In order to apply Tonelli’s theorem we need to show that (e;, o/ (v, ® vy)e;), =0
for every i and 7. This is indeed the case since (e;, of (v, ® vy)e;)p = (A e, (Vy ® Vpe;)p =
Aie;, (v ® vy)e;)p = 0 where A; is the eigenvalue corresponding to e;. Note that since </
is self-adjoint and positive semi-definite, A; is real and non-negative. We also used the
immediate fact that vy, ® v;) is positive semi-definite. O
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Remark: One way to guarantee that there exists an orthonormal basis of eigenvectors for < is
to require &/ to be compact. However, it is quite possible for < not to be compact, and still
have an orthonormal basis of eigenvectors. In fact, we primarily apply Claim B.1.9 to operators
of the form (€ + ¢.#) ! where € is compact, and such operators have an orthonormal basis of
eigenvectors (since they share eigenvectors with €).

We say that a weakly integrable <7 (-) is self-adjoint if of () is self-adjoint for all £. It is easy to
verify that if o/ (-) is self-adjoint, then f ¢ A du(S) is self-adjoint as well.

Claim B.1.10. Suppose that <f,98 : G — B(H) are two self-adjoint weakly integrable operator
valued functions. If, with respect to a measure L on G, &/ ({) < 9B(¢) almost everywhere, then

Jo st (©)du(&) < [, BEAuE).

Proof. For every x € /,

<x, [ &f(f)du(é)x> - [(wanedue < <x,99(£)x>;fdu(¢)=<x, [ %‘(é)du(f)x>
G » Je G G 7

so indeed [, o/ (&)du(é) < [ BE)du(@). O

Claim B.1.11. Suppose that 8 : G — B(SE) is a self-adjoint weakly integrable operator valued
function. Consider another self-adjoint operator valued function o : G — B(A). If for every
¢ e G wehave0 < of (§) < B(E), then of is weakly integrable and [ <t (§)dp (&) < [ BE)du(l).

Proof. We need to prove only that < is weakly integrable, since the integral bound follows
from Claim B.1.10. A sesquilinear form is bounded if and only if the associated quadratic form
is bounded (Helmberg, 2008, Page 92, Theorem 3), so we need to show that the integral of the
quadratic form associated with « is bounded. Since «/(¢) is positive semidefinite for every
¢ eG,forany x

‘ fG (xyﬂ(f)@%’dﬂ(f)‘ _ fG (%, (E)x) pdpa(E) < fG (x,%’(f)zwfdu(f):' fG (%, BE) %) o dp(E)

and since the integral of the quadratic form associated with 98 is bounded (since 28 is weakly
integrable) we conclude that integral quadratic form associated with < is bounded, so indeed
o is weakly integrable. O

B.1.3 Concentration of random operators

Let «f : G — B(#°) be a weakly integrable operator valued function. If the underlying measure
1 is a probability measure, then we shall call «f a random operator, and write

Elot] = fG A O du(d).
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Certain matrix concentration results can be generalized to the case that </ is a random
operator which takes only self-adjoint Hilbert-Schmidt values. The underlying reason is that
Hilbert-Schmidt operators can be well-approximated using finite rank operators. The basic
technique is outlined in (Minsker, 2017, Section 3.2). We use this technique to prove the
following lemma.

Lemma B.1.1. Suppose that A is a separable Hilbert space, and 9B is a fixed self-adjoint
Hilbert-Schmidt operator on 4. Let Z be a self-adjoint Hilber-Schmidt random operator
satisfying
EZ] =28 and |ZRlop=L.
Let M be another self-adjoint trace-class operator such that E[#?) < 4. Form the operator
sampling estimator
_ 12
:%n = - Z e%k,
k=1
where each Ry, is an independent copy of Z. Then, for all t > \/|.4M |lop /n+2L/3n,

8tr(4) ( —nt?/2
< p (B.1)

Pr( |~ 1., > ) < 1-tlop P\t lop +2L113)
Proof. Let ey, e,... be the eigenvectors of ./, ordered according to the magnitude of the
corresponding eigenvalue, and let 22; be the orthogonal projector on the span of ey, ez, ..., e;.
Consider the finite-rank operators 2V = 2; 2%, %g) = P R Pj, RY = P RnPj, BV =
PiBP; and M W = P MP;. We will apply on these operator sequences the matrix version
of the current lemma (Avron et al., 2017c)?

Due to linearity of weak operator integrals we have E(2")) = 22; 81 %;. We can bound the
operator norm of 2V); |2 lop = 122122 ||0p <|2; ||2p 2 llop < L since the operator norm
of a projection operator is 1. Using the fact that 2; < % and so Z2; % < Z%? we have

E[@V)?2] = 2 E 1P AP < PR Py < M

Now applying the aforementioned matrix version of the current lemma3 we find that

Pr(||9'2§{’ — B (B.2)

) 8tr(.uY) —nt?/2
2| <5————exp - .
op |.ec Py, " \[lt P, +2L213

Due to the way we constructed &7}, and .# being trace-class, we have tr(.# Uy = tr( ) as
J — oo. Furthermore, since ./ is trace-class, ;.4 — ./ uniformly (Hunter and Nachtergaele,

2The lemma in Avron et al. (2017c) is stated as a bound on Pr ( || Ry — B || op > t), while for operators strict inequal-

ity is necessary. It is easy to verify that the matrix version of the Lemma continues to hold for Pr ( ||¢%7 n—% || op > t).

3Technically, the aforementioned concentration result is for matrices, while here we deal with abstract operators
on finite dimensional subspaces. We can address this issue by using the corresponding transformation matrices,
but we find that to be tedious details.
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2001, Theorem 9.21), and so %) — .« implies that ||.«/ Hop — || llop. Thus, the entire
right side of (B.2) converges to the right side of (B.1), so

limianr(”g_gilj) 10

j—oo

) 8tr(A) ( —nt?/2
> < ex .
op ”./%Hop ”./%"op‘i‘ZLt/s

Let G and pu denote the underlying probability space and probability measure. Let f; now
denote the indicator function for the event ”?335{) Ry

> t, and f the indicator for the

op .
event Hg_?n - B || op > L Again, due to the fact that % ,, — 2 is Hilbert-Schmidt we have 9_?(,{) -
BV — R, — B, implies that for any ¢ € G, f(¢) = liminf; .o, f;(¢). Now due to Fatou’s lemma:

P (|92~ 2] > 1) = [ FOAHE)
_ f liminf £;(&)dp(¢)
G ]J—o©

<liminf f fi©)du()
J—oo JG

=limianr(H<%_’S{)—@(j) > t)

J—00 op
8tr(.4) ( —-nt?/2 )

< exp .
A Nl op Al op +2L1/3

B.2 Properties of the Ridge Leverage Scores

B.2.1 Basic facts about leverage scores

In this section we prove Theorem 3.4.1, giving fundamental properties of the ridge leverage
scores that we use both in bounding these scores and proving that leverage score sampling
can be used to solve the regularized regression problem of (3.10) (and hence Problem (3.2.1)).

Theorem 3.4.1 (Leverage Function Properties). Let 7,(t) be the ridge leverage function of
Definition 3.4.1, that is

1 F;al (D
Tpelt)=—- max > )
T {eeLy(w:lall,>0} ||g;a||T+€||a||i

(B.3)

and let ¢, € Ly (1) be defined by ¢(&) = e~?*'%¢, we have the following basic properties:
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» The leverage scores integrate to the statistical dimension:

T
fo Te(Ddt = 5,0 e (K (K +e57)7)). (B.4)

e Inner Product characterization:

1
Tpe(D) == (P, Gy +ed) Py (B.5)

e Minimization Characterization:

2
1 ) ”gllﬁ_(pt”y 2
T”’E(t)_?'ﬁg;%)ij”ﬁ”T' (B.6)

Proof. Recall, that given £ € [0, T], ¢, (&) = e~27i% (¢, € Lo (w)). It is easy to verify that:

1 T
Cgﬂ = ?L ((pt®(p[)dt. (B7)

To prove the equality between Equations (B.3), (B.5), and (B.6), we first show that the right
hand side of (B.5) is equal to the right hand side of (B.6) and then show that the right hand
side of (B.5) is equal to the right hand side of (B.3).

First, we need an auxiliary lemma regarding the solution of regularized least squares prob-
lems. If o/ is matrix with full column rank or a one-to-one linear operator between finite-
dimensional Hilbert spaces, and b some vector, then F(x) = ||« x — b||? has a unique minimizer.
In infinite dimension spaces, this remains true if only the co-domain of < is infinite dimen-
sional. However, if both the domain and co-domain are infinite dimensional there might not
be a minimizer even if the < is bounded: the range of «# might not be closed, so it is possible
that ||« x — b|l > 0 for every x, but also that there exists a series {x,} such that ||.</ x, — bl — 0
as n — oo. However, once we introduce a ridge term (i.e., minimize F(x) = ||.<f x — bl%+ Al x|1?
for some A > 0) there is always a unique minimizer (as long as </ is bounded), due to the
extreme value theorem (since we can bound the search domain). Furthermore, we can write
an analytic expression for the minimizer in an analogous way to the finite dimensional case,
as the following lemma shows.

Lemma B.2.1 (Regularized Least Squares Minimizer). Let # and # be two Hilbert spaces,
and o : SO — S be a bounded linear operator. Let b € #» and A > 0. The function

F(x) = llsf x = bll%, + Alxl%,
has a unique minimizer which is x* = of * (A A * + 1S 7,) " b.
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Proof. Consider the Hilbert space /£, x #» equipped with the inner product

(a1, a2), (b1, b2)) 78, <7, d=6f<a1, by) 7, +{az, b2) 7, .

Define the operator 9 : ), — A x H», T (x) = (V2Ax, < x). Let y=1(0,b) € /A x F&,. We
have F(x) = | T x— y||i,l,f,1 « - Thus, we need to show that there is a unique point j € range(J")
that minimizes || j - y||2]£1 <, and that j = " x* for x* = of * (S o ™ + AI7,) ' b.

The operator 9 is a bounded linear operator, so it is continuous. We also have that for every
x€ 70, 1T %1%, 2,
range (Abramovich et al., 2002, Theorem 2.5). Thus, there is a unique j € range(9") that

> 1 IIxIIZJtO1 where A > 0, so J is bounded from below. So 9 has a closed

minimizes || j - y||2]£1 .7, and that 7 is the unique element of range(9") with the property
y— 7 Lrange(J") (Hunter and Nachtergaele, 2001, Theorem 6.13). So it suffices to show that
for every x € # we have y— 9 x* 1. J x. We compute:

(V=T X, T X)50x7,
= (VAL (A A"+ VI 7) b, b— A A* (A A* + AT 7,) 7 D), VAX, X)) 70, x 72,
= (VAL (A A* + NI 7,) o, Md A ™ + NI 7,) " D), VAX, AL X)) 6, x50,
= - M (A A +AI2) " b, x) 70, + M(A A ™ + VI 7,) " b, A X) ¢, = 0.

So indeed, for every x € #, we have y— 9 x* 1. 9 x and x* is the unique minimizer. O

Using Lemma B.2.1 we now proceed with the proof of Theorem 3.4.1.

Corollary B.2.1. Let
B* =F;Gu+ed) g

Then,

+1817-

—_ I‘n n
T BeLy(T) €

~ |

L (17 -l N L
'(f’%nﬁ*u;: i 1

Claim B.2.1. We have

| 76" - 9.l

Do Gyt eI) Loy = + 1815

so the right hand side of (B.5) is equal to the right hand side of (B.6).

Proof. We compute:

1857 = (FpGu+ed) " o0 F) Gut+ed) ooy
= (Yu+ed) 0,9 Gy +es) Py
= (Gu+ed) o, (Gu+ed —eF) Gu+ed) oy
= ((pt,(@ﬂ+€fu)_1cpt)p—e((pt,(%u+eju)_2(pt>u,
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and,

7,8 -l = 7.7 @ +es) " 0i—0,|
(E <Pt||,u pFy (Gut+edy) " @; el

_ 2
(4 (G +e2)~" _ju)‘l’t”u

e, +€']ﬂ)_l‘l’t”i

(1, (Gu+e2) 2

Summing the last equalities completes the proof.

Claim B.2.2. We have

[EMIIGIE

(G +eFu—ed) Gu+eg)™ _ju)‘/’t”i

(@i, Gu+eg) ' o= max
H K H taeLallal,>0) ||g;a||2T+€||a||i

so the right hand side of (B.5) is equal to the right hand side of (B.3).

Proof. We can reformulate the previous claim as :

@0 Gy+ed) ), =minimum  Jul? + | 8]

BeLy(w; ueLy(T)
subjectto:  F B+ Veu=q;.

Let the optimal solution be f* and u*. We have ¢; = %, 8* ++/eu*, hence forany 0 # a € Ly (1):

[EMIIO]

K@r, a)ul

= Ka, ool

= Ka, Fup* +Veu™),l

< Ka, FuP*)ul + Ka, Veu™ )l
= Fpa, B |+, Veu™),l

| Fia| 1671+ venaty: |ur],,

IA

where the last inequality follows from Cauchy-Schwarz inequality. Using Cauchy-Schwarz

again:

IA

(F; al (D)

A

< (|iall +eran)- (1715 + 1)

(o)., 1671+ venat,- Jur],)
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So for every 0 # a € Ly (u):

F;al ()

|Fial +elal? <[8* 17+ u*||i = (0, (Gu+eI) " Py
nlr K

We conclude by showing that the maximum value is attained. Let a* = (G, + eﬂu)_l(pt. Then,

2
|0 v ela = @ v 00y = o0 v e g
and finally,
Fia* 10 [, a*),l

= — =1, (Gy+eF) o).
|ZrarPrelaly @oGutes oo, T .

We now turn to showing that the leverage function integrates to the statistical dimension.

Claim B.2.3.

T
f Tpe(Ddr=sye.
0

Proof. It follows from Eq. (B.7) and Claim B.1.9 that fOT Tpe(8) =tr((Gy +€9,)'4,). The claim
follows by noting that £}, and ¥, have the same eigenvalues (both operators are compact and
self-adjoint, so their spectrum consists of only eigenvalues, and it is easy to verify that if x is
an eigenvector of £, then &, x is eigenvector of ¢,,).

We thus have completed the proof of Theorem 3.4.1. O

B.2.2 Operator Approximation via Leverage Score Sampling

Analogs of the following concentration result are well known for matrices. Accordingly, the
proof is an adaptation of standard proofs for finite matrix approximation by leverage score
sampling, where matrix concentration results are replaced with operator concentration results.
A similar strategy was employed in Bach (2017).

Lemma B.2.2. Consider the preconditions of Theorem 3.4.2, and denote @ﬂ =FF*. LetA<1/2
ande < |9y, If s = 87725, In(1652 ./6), then

(1-D) Gy +ed) <Gy +e, <1 +N) (G, +eF,) (B.8)
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with probability of at least 1 —6.

Proof. The condition (B.8) is equivalent to

Gy~ NGy +eF) <G, <G+ NG, +e5,)

By composing with (¢, +¢.9,,) =172 on the left and right, we find that the condition is equivalent

to
|G+ €207 2 Gy =G Gy + )7 2] ), < A (B.9)

Noticing that Fg = Zj’:l w;g(j)¢e, and that [F*z](j) = w;{¢,, 2),, we understand that 22“ =
Lo Wiy ®@y). Let,
def - -
%= swi(Gu+ed) (@91 Gy +eg)

Note that & is self-adjoint and Hilbert-Schmidt (since it has finite rank). We have,
~ 18
Gy + )72 G, (G, +.7,) 7 = » Y x;.
j=1

Since the time samples are drawn randomly, %7, ..., % are i.i.d. random operators. We also
have, using Claim B.1.8,

Efioc 7, (X1 = (G + ejﬂ)—I/ZEtjcxfuye [swf(q),j ® (ptj)] (4, + eﬂﬂ)—llz.

Write w(t) = 1/ % For every x,z € Lo (),

T 1 T
fo (x, w(t)z'((Pt®(Pt)Z>u'(fu,e(t)/gy,e)dt: ?fo (x,(@pr®p)z), dt=(x,9.2)y
which shows that Btioct,, [swi (pr; ® (ptj)] =%, Therefore,

Etjoct, [ 7] = (G +e9) GG +e9) 2. (B.10)

Next, we bound the operator norm of &;. The random operator only takes values that are
both positive semidefinite and rank one, so the operator norm of & is equal to the trace of
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the operator. Thus, we have

”%] ||0p = Sw?tr(((‘gﬂ +€jﬂ)_1/2((pfj ®‘Ptj)(cgu +€J,u)_1/2)

§;1,E 1 -1
= -—tr((Y, +¢e4 i ® Py
)T (G +e) s ®01))
S
O Tye(t)) (via Theorem 3.4.1, equation (B.5).)
T,u,e(tj)
Sgﬂ'g

where the last line follows since T, ¢ (;) = 7,¢(Z;) by assumption.

The final ingredient for applying Lemma B.1.1 is to bound %].2. Again, using the fact that
Tue(tj) =2 1ye(2j) we have:
2

S
x? :#’6(”2(% +e9) 2 (@1, @01 ) Gu+e) (@1, @) (G +eF) P
“tuelly

= Spe (@ GuteI) T iy
T2. fu,e(tj)z

(Gu+e) (@, @01 )(Gu+e9,) 71

_ §ft,€ “Tpe(t))
T Fpe(t))?
_ Spe Tpetj)
Tt

Gu+eg) " 2 (@ @ 01) (G ted)
X =23
So, using Claim B.1.11,
Eryoctye | 27| = Erjoctye [0 %)) = Sue @+ €907 P GG+ e9) 2 E .

4
Noticing that tr(.#) = ¢ - Sye and | M llop = e - IIELQI’II% = §,,¢/2 by our assumption that
op

e<|9, ||Op, and Lemma B.1.1 we have:

125 _ 8tr(.4) —sA%/2

Pr{|| 4, +e20)7 V3G, -9) (G, +e2) V| =A|< ex ( - )

(” I3 H H H H u ”op ) ”-/%llop p ”-/%Hop"'zsy,eA/B
—sA? )
25,c(1+2A/3)

—3sA?
<16s;¢-exp 85
te

<16s;¢ - exp (

<9.
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B.2.3 Approximate Discretization via Leverage Score Sampling

With the operator approximation bound of Lemma B.2.2 in place, we can prove Theorem 3.4.2,
which shows that we can approximately solve the regression problem of (3.10) (and by Claim
3.4.1 solve Problem 3.2.1) by sampling time domain points via over-approximations to their
ridge leverage scores.

Theorem 3.4.2 (Approximate Regression via Leverage Score Sampling). Assumee < ”‘Z//u || op

and consider a measurable T, (1) with T, ¢(t) = T¢(t) forall t and let 5, . = fOT Tue()dt. Let
s=c-(8ye- [log(Sue) +1/8 1) for sufficiently large fixed constant c and let 11,.. ., ts be time points
selected by drawing each randomly from [0, T] with probability proportional to T, ¢(t). For

jel,... sletwj=/ SLT : fffftj). LetF:C* — Ly (u) be the operator defined by:

[Fx] (€)= ) w;-x(j)-e 2"l (B.11)
j=1

andy,n € R® be the vector withy(j) = w;j-y(t;) andn(j) = w;- n(t;).
Forany =0, if § € Ly(u) satisfies: *

IF*g— (y+mIE +elg12 <(1+6)- min [IF'g-(y+mI3+elgli],  (B12)
geLx (W
then with probability =1 -6,
1% g~ (y+ml7+el gl <3(1+26)- min [uﬁ;g— y+ml7 +e||g||f,] : (B.13)
geL,(w)
So g provides an approximate solution to (3.10) and by Claim 3.4.1, y = &, § solves Problem

3.2.1 with parameter O ().

Proof. Throughout the proof we willlet y= y+nand y=y+n. Let

def . ~112 2
g* = argming ., |1F, g~ 7I7 +ellglly |-

By LemmaB.2.1, g* = %, (&, + A.97)"! j. Denote the optimal error as b* déf?; g* — y and the

. def _
optimal cost as B* = IIEJg* - yIIzT +ellg® IIft-

Reduction to Affine Embedding

We prove that, for all g € L,(u), ridge leverage score sampling lets us approximate the value
of the objective function of (3.10) when evaluated at g. In the randomized linear algebra
literature, this is known as an affine embedding guarantee. Specifically, we show that, with

#We can see that the adjoint F* : L (1) — C¥ is given by [F* g] (j) = w; - [ g(&) el qu(e).
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probability =1 -6, for all g € Ly (u),

;(! g yH +e|gl )<||Fg ¥2+elgl?+ a<—(“ g y“ +€||g||) (B.14)

where «a is some fixed value independent of g (but which depends on F and y) with |a| < 5 L.g*

It is not hard to see that (B.14) gives the theorem. For any g € L, (u) satisfying:
IE*g—§I3+elgl% < (1+6C)- min [IF* g-yl3+elglZ], (B.15)
8eLo ()
we can apply (B.14) to give the main claim of the theorem:
* ~ -2 ~12 * ~ =2 ~ 12 .
17, &~ 77 +ellgll, <2 (||F g-yll5+e ||g|| + a) (applying lower bound of (B.14))
<2(1+6C) min (||F g-¥l2 +e||g||2) +2a (by assumption of (B.15))

8eL
<2(1+60)- (|F* *_g12+elg*l )+2a
=2(1+60)- (IF*g* - §I3 +el g*I2 + @) - 26Car

<3(1+60)- (17, 8" - 713 +elg*I2) ~26Ca  (upper bound of (B.14)

<(301+60)+2C1- (18" - I} +elg* ) (since |a| < &)
. * -n2 2 . .
<3(1+20)- min, 17,8 715 +ellgl] . (g* is optimum)

Thus, we focus our attention to proving that the affine embedding guarantee of (B.14) holds
with probability = 1 -46.

Expression of Error in Terms of g — g*

2
We begin by showing how, for any g € L, (u), the cost ”glj g- j/” LTE Hg”i can be written as a
function of the deviation from the optimum: g — g*.

Claim B.2.4 (Expression for Excess Cost). Forany g € Ly(u):

2
+ellg-gt|}+B”,

|#5- 3] +ellgl’=

2
recalling that B* def Z, g - j/H Ste || g* ||i is the optimum cost of the ridge regression problem.

Proof. Following Lemma B.2.1 we define I : Ly (u) — Lo (1) x Lo(T), I g = (Veg, 9’; g). For

any g, ”g‘fg - J'/H e ||g“# =|gg-0©p ||L2(“)XL2(T). Again, as in Lemma B.2.1 we know g* is
the unique minimizer of this function with the property that (0, y) — 9 g* L range(J") (Hunter
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and Nachtergaele, 2001, Theorem 6.13). We can thus decompose:

”gﬁg—y“i+e ||g||i =78~ ﬁ)“iz(wazm
=|geg -7 +(9g—9g*)||iz(mmm
=[l778* -7 ”iz(,u)xLz(T) + ||3~(g—g*)”iz(u)ng(T)
="+ |75~ 8M| +ells- &I

which gives the claim. O

Bounding The Sampling Error
We now show that Claim B.2.4 holds approximately, even after sampling. This almost immedi-
ately yields the affine embedding bound of (B.14).
~def * % - 112 % |12 . . . . .
Let B = || F*g™ - y|| 5te€ || g || u be the error of the optimal solution in our randomly discretized
regression problem. We can write the discretized objective function value for any g € L, (u) as:
[E°g =5l +elsl = ¥ (g -8 +F g" -3l +e g™ + g™,
=B+[Fg-g"l;+elg-g"l,
+2R(F*(g—-g"),F'g* — ) +2eR((g -8, 8" ). (B.16)

Let Z,: Lo(T) x Ly (1) — Lo (1) be the operator Z,(f, 8) = . f + Ve - g. We can see that &, :
Ly(u) — La(T) x Ly(u) is given by F 5 g = (F,; g, V/€ - g). Further, we see that #,%; =4, + .9,
We can write:

Ty =T Gu+ed) (Gu+ed) = 2T,

where 2, = F; (4, +¢.9,) "' F,. Note that &, is self adjoint. Correspondingly, let F: C* x
Lo (u) — Lo (u) be given by F(f, g) =Ff + e g. We have F* g = (F* g, /€ g). We can also write
P=F"(9,+e.,)"' %, and observe that F* = PZ.

With this notation in place we can rewrite (B.16) as:

(F(g-g ) Fg" - +e(g—8"), 8 u=F(g-8"), F g -y, Veg Nesxw
=(PF,(g-g"), (F g -y,Veg Ncsx L,
= <§T; (8-8"),P"(F" 8" -y, Veg N LyD)xL(w)-

Using the fact that R(z) < |z| for all z € C, and applying Cauchy-Schwarz to the above and
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plugging back into (B.16) we have:

B g-3|5+ellglse B+|F g— g5 +elg-&*|
H p
i2(’|9;(g_g*) T+€”g_g*”,u).”p*(F*g*_S"\/Eg*)”Lz(T)XLz(H)-
(B.17)

We now bound ||[P*(F*g* -y, veg*) . If we had not sampled, this would equal:
& Y VEE L (nxLw p

Lo (T)x Lo (1)
(B.18)

“% (Fi8" —7,Veg™)

= | % G resn T Figt - 5,0

Lo (T)x Lo (1)

since g* is the optimum of Hgﬁ g-(7,0)

and thus 9;{ *—(7,0) L range(?ﬁ). We
Lo (T)x Lo (1)
will show that after sampling, while the norm no longer equals 0, it is still small. The bound we
give is analogous to standard approximate matrix multiplication results for finite dimensional
matrices. Specifically, our proof follows that of (Drineas et al., 2006a, Lemma 4).

Claim B.2.5 (Approximate Operator Application). With probability=1-6:

1

[P (F* g™ -, \/Eg*)”Lz(T)ng(p) = 61 -B*.

Proof. For conciseness let # denote the space Lo(T) x Lo(u). Let ¢ € Ly(u) be given by
@(&) = e 2" Let b* d:efgﬁ‘ g* — y and b* € C° be given by b* d:efF*g* —¥. We can see that
b*(j) = w;- Ky, ) — 7(t))]. We have:

E[[[PF° g -5, veg™) 2| =E|[P* 0%, veg™) |, |

:[E|

P " VEg") - 5+ e 5[ Fig - 50| |
ince by (8.18), | %; (4, + €207 %, [ #18* - 70| =0
2
’

Fig"~ 70| = 0", Veg*)

2]

(

:[E|

P*(b*,Veg*) - F; (G +e9) Fyu (D", Veg”)

(Since & g* = (¥, g,1/€g) and b* d:e{@;,‘ g* -, giving

- _ - 2
=E|| % G +esn (B(b%, veg®) - Fu (¥, veg™)|,

(Factoring F ; (4, +€.9,) " out of P* = % (4, +€.9,)"'P)

.

(Recalling that F(f, g) = Ff + y/eg and similarly #,(f, ) = Z.f + V€g)

2
|
H

=E||F; (G +ed) " (Fb* —F,b*)

_ s 1
=E||F) Gu+es)! Zl (% cwj-b*(j) - ;%b*)
=

(B.19)
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where the last equality follows since by (B.11), for any x € C°, Fx = Zj':l @1 - wj-x(j). To
simplify (B.19) we first bound, for an arbitrary g € Ly (w), E[(g, @1, - wj -b* ()], recalling that
b*(j) = wj- U@, 8V~ ()] Let p(r) =

1
ST-p(D)

Tyl N . .

T“g'—() be the density with which we sample our time
e

points fi,..., ts and w(f) =

wj= w(tj)).

be the reweighting factor we apply if we sample time ¢ (so

First we argue that we can apply Fubini’s theorem to switch the order of the double integration
inkE [(g, Pt Wj -b* (j»u] (over random instantiations of Pt wj -b*(j) and within the inner
product). Letting for z € Ly (1), |z| € Ly (1) be given by |z|(n) = |z(n)| we have:

E (gl lp, - w;-b* (Dbu] < | 8], -E[ s, wib* (], |,
which, noting that ||¢; ||# =1 gives:
E[<Ighlgs - wi-b*(MDu] < g, -E[lwb* ()]
T
= ||g||,t-fO pe, €~ FOIW(B? - p(Hydt

1 (T B
= ||g||ﬂ’s—TfO Kpe, 8 —y()ldt

<00

where the last line follows since g € Ly (u) so ||g||# < oo and since %fOT Ko 85—y dt <

2
%fOT (Kpe, 8 u—y0I1F+1) dt = ||9;‘g* - 37” L1 ||}7||2T +1 < oo. Since we have established
that E [(|g], e, - wj -b*(j)1) ] is finite we can apply Fubini’s theorem to compute:

T
E[(g @s; - wj-b* ()] =f0 Kpe, 85— FOIw(®)? (g, @)y p(Hdt

T .
=if (b*(t)~ g(é)*e‘z”’“du(é))dt
sT Jo LeR

1 * 1 T =2mit %
=—f€R(g(€) -?fo e b (t)dt)du(é)
€

s
1
= (& Fub (B.20)
This in turn gives that E[(g, ¢, - w;-b* (j) — 1 F,b*),] = 0 and so for any g € Ly (u):
=% - o - . 1
[E|:<gﬂ(€g“+€j’u) lg,gu(gﬂ+€f“) 1 wtj'wj'b*(])_gg“b*)>%] =

g _ L1
E <(<£,,+efu) \F T (G +edy) 1g,<ptj-wj-b*(])—;%b*>

I
e

I
(B.21)
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Further, since #1,..., t; are independent, the above gives that for j # k:
- 1 - 1
E [<9r” (“Gy+eg)™! ((ptj ‘wib*(j) - ;%b* T Gured) @y wib* (k) - ;g,,b*)>%] =0.

(B.22)

We can apply (B.21) and (B.22) to expand out (B.19), giving:

Sk % Kk = *4 |2
[E[||P (F"g* -y, Veg )”Jf] =
E <9‘; Gy +e9,)" ((ptj cwj-b*(j) - %f},lb*) T Gy ted) ! ((ptk Wb (k) — %g:ﬂb*)>%]

ke(s)

N

~.

7 * - . 1 7 * - . 1
E <3}u(%+eyy) 1(%.wj.b*(])—Eg,lb*),gu(%ﬂyy) 1((ptj.wj.b*(])—§9ub*)>%]
J

1
(since cross terms are 0 via (B.22))

_ 1 _
<9; (G, +ed)7" ((ptj ‘wj-b*(j)- ;g@b*) VF 1 (G +edy) ! ((ptj ‘w;j .b*(j))>J£]

-~
Il
—

Il
‘M"‘
=

(applying (B.21) to g = —1.%,,b*)

Il
‘M"’
=

~
Il
—

= % - NE 1 = % - = % - .
”9#(%y+eju) I(Ptj'wj’b*(])H]f_E<gﬂ((‘gﬂ+€jﬂ) LT b*, T (G +e5) lwtj'wj'b*(])>”]

.

||9; G+ €70 9y, - w; () H;] (B.23)

Il
.Mh
il

Il
—

|%: u+e50 00y -y 02, - slz |7 g +es07 T

IA
’M"‘
[l

~.
1l
—_

where the second to last line follows from (B.20).

Given the bound of (B.23) we can now expand out, using the fact that time ¢ is sampled with
probability proportional to 7, (£):

2

T F,6(0 U1, 85— J(0) - Sue

ST -Tpe(u)

E[[r°g* -y vEg ) <5 [

=0 Spe
1 [T Sue b7
TST2 Jiso e
1 [T Sue-b*(0)?
TST? Jiso Taed)

-Hﬁ;(‘gﬂwhef“)_ltpt

S

| % +ef'u)_1(ptw;dt

@, Gy +ed) pnde
(since F,.F; =4, +€9)
1 (T Sue b (0% Tpe(d)
T ST Jiso Tpe(1)

~ 2
_Sue I

N

dt (Theorem 3.4.1, (3.29))

(since by assumption Tpe(t) =Tye(D)
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§

Since s =Q ( ’gf) we thus have via Markov’s inequality, with probability = 1 -9,

D * * — 2 1 2 1
|86 5" -5, Vg )| = 5 1171 = 5 B

which completes the claim. Note that 64 is an arbitrarily chosen constant, which can be made
as small as we want by increasing the sample size s by a constant factor. O

Plugging Claim B.2.5 back into (B.17) gives:

Y (|-

[°g -yl +ellgl, e B+ g-gl5+elg—8* [, +elg-gl,)

2 B*
relg-gtl) £

. . 1 .
eB+|Fg-g"3+elg-g* 5= 5 (|#ie-g

2 B*
T+e||g_g*||i)i?

5 * 2 2 1 *
eB+F g-g 3 rels-g" I+ 5 |- g
Applying the operator approximation bound of Lemma B.2.2 with error A = 1/4 then gives:

[E*g =, +elgl, e B+

1 . 2 2) 1
1) (|7t 60| vells - 67 12) 55
Finally, applying Claim B.2.4 gives:
% - = % _12 1 " 112
[ -515 el € 554+ |55 elll 5 (| #ig 5] +elsl):

Note that E[B] = B*. So writing a = B — B* we have |a| < % - B* with probability 1 —§. This
completes the theorem. O

B.2.4 Frequency Subset Selection

We now prove the frequency subset selection guarantee Theorem 3.5.2 used in Section 3.5.1
to bound the leverage scores for general constraints y, by showing that &, can be well
approximated by an operator whose columns are spanned by just O(s,, ¢) frequencies.

Theorem 3.5.2 (Frequency Subset Selection). For some s < [36-s,, ] there exists a set of distinct
frequencies ¢y, ...,Es € R such that, letting Cs : Lo (T) — C* be defined by:

1 [T .
[Csgl(j) = ?f g(t)e 2mit gy,
0
andzZ=(C;C3)™'CoF;, for oy € Lo(), b € C with ¢, &) S e 27 and p,(j) 9, (& )
lf lpi—2* ¢, dr < de- s (B.24)
T Jrelo,1) K #

249



Appendix B. Tight Leverage Scores Characterization of Constrained Signal Classes

Our proof relies on the following spectral error bound for weighted frequency subset selection:

Lemma B.2.3 (Frequency Subset Selection — Direct Spectral Approximation). For some s <

[36-5,,¢] there exists a set of distinct frequencies ¢y, ..., ¢ s € R and positive weights wy, ..., ws € R
such that letting Cy : L,(T) — C° be given by [C;g](j) dgf% OTg(t) w;j e 2"t dt, and letting

Ky, = C:Cs, we have:
1 — 3
5 Kt eI) S Tt eI =5y +e ). (B.25)

Proof. We prove a more general statement, in which we are given 0 < A < 1 and we select
s= [9sp,€/A2] frequencies ¢y, ...,¢s € R and weights wy, ..., ws € R such that

(1 - A) (K +eI7) < Hy +eFr = (1+ D) (K, +eIr).

The claim follows by setting A = 1/2. We can assume that ¢}, ..., are distinct, since if {;,¢;
are equal, we can simply remove ¢ ; and update w; < / wl? + w?, leaving J/f; unchanged and
only decreasing s.

The last condition is equivalent to £}, — A(A), + €57) =< K, =<K, u+ A(A), +€SF7). Multiplying
with (A&, + eﬂT)_l/ 2 on the left and right, we find that the condition is equivalent to:

~AIr < (K +eI7) VEH (K +eI7) T — (K + eI VPR Ay + eI TV < AT

To shorten the notation, we write Z = (&), +e.7) V2 #,(#, +e97) V% and Z = (#, +
EJT)_I/Z@(%u + efT)_Uz. Given ¢ € R, we define J¢(1) d=ej‘:ez’”'t‘f (9¢ € Lo(T)). It is easy to
verify that

S
Ky :fR(ﬁfwf)du(E), and A, =Y wiO @0,
i=1

Further define 9; def x. L +e97) 129, Since (&), +€97)"!/? is self-adjoint and bounded, we
have

N
Z =f(19§®195)dp(€), and Z =Y w?(;, ®9d,).
R i=1

We prove the existence of {y,...,¢s and wy, ..., w; using the deterministic selection process
known as “BSS" (Batson et al., 2009).° In particular, we use a process that in essence is the
same as the one described in (Cohen et al., 2016a, Theorem 5). Indeed, since | Z|lop <1 and
tr(Z) = s, the aforementioned results would suffice if we were dealing with matrices instead
of operators. The rest of the proof extends these results to the operator case. Let

def

5. A13+20279, 8,%'A/3-2A2/9,

5We remark that unlike the process described in Batson et al. (2009), our existence proof does not trivially
translate to an algorithm, since it involves a search over an infinite domain. Nevertheless, for our needs, existence
suffices.
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andfor j=0,1,...,s,

%l(j) dzefjél‘z—sp,e'jT» 3{15]) dgfjau.z+su'€-jr.

The process we shall describe iteratively selects ¢1,¢>, ... and unscaled weights i, 10, ... such
that if we define Z d=efZ{:1 w; (‘95i ® ‘Z)&) the invariant

a2V <ZV <) (B.26)
is held. Let us write s = [9s,,¢/ A%],s0s=C Spel A? for C = 9. Ifindeed we are able to select the

frequencies and weights for s steps such that this invariant holds, we shall have

Cspe
3A

=(s) Cspe
Z—-(1+2C/9)-sye-Ir==Z 53—A'z+(1+2C/9)'3u,e‘yT

where we used the fact that Z < .#7. Since C =9 we have —A - .1 < %ﬁs 7O _Z <A - %1, S0

: _ 3A -~ ¢ > 3A = s 1s
by defining w; = |/ o Wi fori=1,...,swe shall then have Z = Con Z thereby establishing
the desired bound.

Thus, it suffices to show that we can select frequencies and weights iteratively so that (B.26) is
maintained. In fact, the iterative selection process will maintain two additional invariants:

f B, (2 - ZD) By rdp@ <1
R
f (e, (ZV — 2 ey rdp@ <1
R
All the invariants hold for j = 0. Eq. (B.26) trivially holds for j = 0. As for the integral,
fR B, (2" - ZO) ey rau@) = fR D, 556D rd ()
=L fR ( K+ e57) V20, (Hy+ e77) V20 1dpa(@)
= b [ e (H+esn) 0 rdpcd
= sljle tr(( Ky +edr) " Hr) =1
and similarly for the second invariant. In the above, the last equality is due to Claim B.1.9.

Suppose by induction that the invariants hold for j. We prove that it is possible to pick a
frequency ¢ and weight w > 0 such that if we set ¢ ;1 = ¢ and i;,; = w then the invariants
will hold for j + 1.

Fix j. For t = 0, let us denote

. =1 . .
Mu(r):(%y)+t2—z(ﬁ) . and Ml(t):(Z(f)—%l(])—tZ) ,

251



Appendix B. Tight Leverage Scores Characterization of Constrained Signal Classes

where M,, is defined for any ¢ = 0 (since the inverted operator is strictly positive and bounded,
so invertible), and M; is defined for 7 < 1. We can define M; for < 1 since ZV) — % l(] 'tz >0
for < 1 as we show now. Due to Claim B.1.9:

(V-2 Z)= fR WD, (ZV -2 )) ) rdu@ <1.

Since ZU - & l(j ) > 0 (induction assumption), (ZU) -2 l(j =1 is bounded so according to
Claim B.1.4, Z < ZW - %l(]), and then Claim B.1.6 implies that ZFU - S%fl(]) —tZ>0.

Consider some fixed . We first claim that for w < 1/(1‘_)5, Mu(6u)195)T we have M, (6,)" " -
w(f)g ® 1‘55) > 0. Obviously, the last statement holds for w = 0, and due to continuity of w —
(x, (M (5,)" - w(f_)g ® 195)))6) r with respect to w, it will also hold for some interval around 0.
Let w* be the maximal value such that for all w € [0, w*) we have M, (5,) ! - w(v‘jg ® 195) >
0. Our goal is to show that w* = 1/(195,Mu 6 u){jg)T. Assume by contradiction that w* <
1/¢9¢, My(6,)¢) 1. For every w € [0, w*), the operator M, (6,)~! — w(d; ® ;) is invertible,
and we can apply a operator pseudo-inversion lemma due to (Deng, 2011, Theorem 2.1) to
find that

w
1-w- (D¢, My 6)de) 1

(My(8,) " = w@e @ dr) ™ = My(5,) + My(6,) (D¢ ® D) My (5,).

Since we assumed w* < 1/ (1‘_)5,Mu(5 u)q‘_)g)T, it is clear from the above equation that there
exists a K such that for all w € [0, w*) we have:

(My(6) ' —w@e@dr) ' <K- 7.

Note that M, (6,)"! — w* (1‘_)5 ® 1‘_)5) is not strictly positive for otherwise due to continuity we
could have extended the interval, so there exists a x with norm 1 such that (x, (M, (5,)"" -
w*(ég ® 1‘_)5))x) < %( Let wy, wy,... be a sequence which converges to w*, and let y; =
(Mu@)™" - wi; 9;)' " x. We now have (y;, i) = (x, (My(8.)™" = wi(@y ® )y —
(X, (My(6.) 7 = w* (D ®0e)) x) 1 < 5% as i — co. However (y;, (My(6,) ™' —w; (D 89:) yidr =

(x, x) = 1 which contradicts the bound on (M,,(5,) ! — w; (1‘_)5 ® 195))_1.

Thus, if we picked ¢ and w < 1/(195, M, (5u)1‘_)5) 7 for the step, we shall have %ngH) _ZU+D =
M,6,) - w(ﬁg ® 1_‘-)5) > 0 as required, and the upper invariant will translate to

fR <1‘_)n, (My(6.)™" - wdeedp)) ™ 19,7>T dpum =1,

which is equivalent to

w- o (B My (6,) D ® D) M, (8,)0n) - dpa() .

Oy My (8,)0n) rdpm) + 5 5
f[r\e< n Mu(©u) ) rd (i) 1—w- {0 My(6,)0¢) 1
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The induction hypothesis is [ (95, My, (0)9,) rdp(n) < 1, so the upper invariant is held if

w'f[R <1§11;Mu(5u)(1§§ ®9§)Mu(5u)1z)n>7~ dun) <0
1= w9, Mu@u)dg) 1 o

fR (D, Mu(60) ) rd (i) - fR (O, My (0) D) rdps(m)+

(B.27)
Consider any 7 € R, and let f;(y) d:Ef(f_),,, Mu(y)ﬁ,p 7. Using the operator inversion formula, we
have for any #, = f;:

Miu(t2) = My(ty) = (8 — ) My (1) ZY2 (I + (8 — 1) ZY2 My (1) ZV2) 7 ZV2M (1),
From this equation we see that

Fr ) = =@, My ZMu(y) D) 1.

Furthermore, since for #, > t; we have %7 + L Z V2 M, (1) ZV? = Fr + n ZYV2 M, (1) F1?
and both operators are strictly positive and bounded, then (S + t; ZY2 M, (1)) Z'?)~! <
(Fr+ ZY2M, (1) Z1?)7!, and we can easily verify that f; has a positive second derivative
and hence is convex. Thus,

Fo(6) = f(0) < =6, (On, Myu(NZ My (1)) 1.

After integrating on both sides, we have the bound

fR«én»Mu((su)Bn}Tdﬂ(n)_L<9ny Mu(o)’gn>Tdﬂ(7]) = _5ufR<6n»Mu((su)ZMu(éu)gn)Tdﬂ(n)

Using this bound in (B.27) and rearranging, we find that for any ¢, the upper invariant is held
if we select w such that

1 S fR<5nrMu(5u)(6£®19§)Mu(6u)gn>Tdﬂ(n)

w8y fo(On My(8,) Z My (84) 0y rdpm)

+ (0, My (8,008 1. (B.28)

Note that if this is held, we also have w < 1/(d;, M,,(6,)9¢) T, as previously required.

We now consider the lower invariants. If we picked ¢ and w > 0 for the step, then ZU+D _
%l(jH) =M;6) 7+ w(f_)f ® 195) >M;6) ' >0as long §; < 1 which holds for our choice of §;.
So the left part of (B.26) will hold regardless of how we choose ¢ and w > 0. As for the lower
trace bound, it translates to:

A;a<5n, (Ml(6l)_1 + w(f_)g ®1E)¢*))_1 197]>lel(77) <1.

Applying another variant of operator pseudo-inversion lemma (Ogawa, 1988, Theorem 2), we
find that the last condition is equivalent to

w- fo (O, Mi(81) D ® D) My (5) D)) - d () .

9, M (8)On) rdp(m) — 5 3
jl;f n, M1 (0 ) O) rdp(m) 1+ w- (e, Mi(6)96) 1
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The induction hypothesis is
fR (O, My (0)Op) rdp(n) < 1
so the lower invariant is held if

w'fR <'9ny Ml((sl)(’gf ®'95)Ml(6l)1917>Td,u(7]) <0
L+ w- (e, M8 0e) T

fR (O, My(81)0) pdpa() — fR (O, My (0)Dp) rdp(m) —

(B.29)
Similarly to before, by using the convexity of the first integrand, we can bound

fR (O, My (6)On) Tdpa(n) — fR (O, My (0) Oy rdp(n) <6, fR (O, My (8 ) Z M(6)0y) rdp(m).

Using this bound in (B.29) and rearranging, we find that for any ¢, the lower invariant is held if
we select w such that

Jo (O, My(81) (B ® ) M(61) D) dpa(y)
81 Jo Oy My(6) Z My (6)Dn) rd ()

1 _ _
” < =D, M1(6)0¢) 7. (B.30)

Thus, we need to show that there exists a { and w such that both (B.28) and (B.30) hold.
However, for a given ¢, such a w will surely exist if

Jo (O, My (8.) D¢ ® D) My, (6,) 0y )  dpu)
8 u Jr (O, My (8,) Z My (6,) 0y rdp(m)

. Jo (B, My(8)) (D ® D) M (51)Dy) ()
81 Jw(On, My(6 ) Z My (6 )y rd ()

+ <6§,Mu(6u)1z)§>T

— (e, My (6)0e) T

Thus, it suffices to show that there exists a ¢ for which the above inequality holds. To show
that such a ¢ exists, we will show that the inequality holds for the integral of both sides with
respect to p measure. This will guarantee the existence of such a ¢ since the Lebesgue integral
is strictly positive for non-negative functions. We compute:

fR fR (B, My (6,) D ® D) M, (8,)0n)) - dpp(m) d (&)
= fR fR (B, My (6,) D ® ) M, (8,)0n) - A (&) dpa(m)
= fR fR (M (6)0y, D ® ) M, (8,)0n)  dpa(&) dpu(n)
= fR (My(6)0y, ZMy(6,)0y)  dum)

= fR (O, My (6) Z My (8,)0y) rdp(m).

Similarly,

fR fR (B, M1(81) (B ® D) My (6D p dps(m) dpa(€) = fR By, My(61)Z My (81)Dr) 7dpa(r).
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Z is self-adjoint and positive definite, so the operator pseudo-inversion lemma (Ogawa, 1988,
Theorem 2) implies that M, (6,) < M, (0), so by the induction hypothesis

fR (O, My(6,)0ey rdp(é) < fR (D¢, My(0)dg) rdp(é) < 1.

We now consider the lower invariant. We already showed that Z < ZV_g l(j ) soas long as
01 <1/2 we will have:

fR De, MG D) rdp(§) = fR e, M7 =6, )7 D) rd () <2 fR De, M0y rd () <2
where we used Claim B.1.5. So there will be a gap in the value of the integrals (as desired), if

L +1< ! 2
514 61 '

which is the case for our selection of §; and 6. O

From Lemma B.2.3 we can prove a stronger spectral error bound for the projection onto the
range of Cs.

Lemma B.2.4 (Frequency Subset Selection — Projection Based Spectral Approximation). For
some s < [36-s,] there exists a set of distinct frequencies ¢1,...,¢s € R such that letting Cy :
Ly(T) — C* andZ: Ly(1) — C° be defined as in Theorem 3.5.2 and @# =7Z"C,C;Z,

G, <9, <9, +e9,. (B.31)

Proof. Let¢y,...,éseCand wy,..., ws € R be the frequencies and weights shown to exist in
Lemma B.2.3 and let C; be as defined in that lemma (note that C; is identical to C except that
its rows are weighted by w, ..., w;.) First note that for any g € Ly (u),

2 2
c (csc;‘)‘lcsgggHT < HgggHT =(2,9,8),

& Gug)u = |C:2g]7 = |

where the inequality follows from observing that C% (C;C?)~!C; is an orthogonal projection.
Thus 4, < 9,.. It remains to show that 9, < 9, +¢.9,. Let # = 97 — C(C;C*)"'C; be the
projection to the orthogonal complement of C}’s range and let j,’; = C!C; be as defined in
Lemma B.2.3. Rearranging the guarantee of Lemma B.2.3 gives &), < 2- i’; + e.¢1 which
immediately yields,
PHDP <2- DT, P+eP I P,

Note that C;%? = 0 (since £ is an orthogonal projection onto ker(Cs) = ker(Cy)) and so
PILP =0, giving:

PHDP 2 ePIrP <eIr. (B.32)
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Note that %, P = PF; F,& and
Gy —Gy=FuF) -1 CCLL=F P F,,.

Thus by (B.32) we also have ¢, — @; < €9, (since the norm of an operator and its adjoint are
the same so P 4,2 < eIy = 3’@,9_”9; <e9,), which completes the lemma. O

Finally, from Lemma B.2.4 we can prove the frequency subset selection guarantee of Theorem
3.5.2.

Proof of Theorem 3.5.2. We consider the same set of frequencies ¢1,...,¢s shown to exist in

Lemma B.2.4 and the corresponding operators Cg, Z. We show that these frequencies satisfy
the guarantee of Theorem 3.5.2. First, we define K¥c sCs = % fOT(¢t ® ¢ dt (we abuse the
notation and use ¢; to denote both the vector defined in the Theorem statement, and the

operator x € C — x¢;). From Claim B.1.9:

1 * 1 * *
T lop:-2 (Pt”idt:tr(—f (pi=Z )@ (@ —Z (Pt)dl‘)
1€0,T] T Jiero,
1 1
=t1‘(—f (pt®(ptdt)+tr(—f Z*(p[@Z*(Ptdt)
T Jtepo, 1) T Jtepo,1)
1 1
—tr(—f Z*¢t®(ptdt)—tr(—f (pt®Z*¢tdt)
T Jeelo,1] T Jeepo,1]
We have,
1
— p;dt=%,,
T te[O,T](pt Pt u

From Claim B.1.8:

1

1 —
- Z*¢t®z*¢tdt:Z* (—f (P[@(ptdt)Z:Z*KZ:(gu
T Jeepo,11 T Jtero,1

Next, consider % fOT $:®@ dt. Forany a € Lo(u),

1(rT I
?(fo ([)t®(ptdt)a=?j(; (pr,a) pdt

where the integral on the left is a weak vector integral. Since for every g € Ly (T),

1 T
Csg= ?fo g)p:dt

and for every a € Lo (), [Qfﬁa](t) = (@, a)y, we have %fOT¢t®<ptdt: Cs,@;, SO

1 1 —
— Z*¢t®q)tdt:Z* (—f ¢t®(ptdt):Z*C59;=Z*KZ:E€”.
T Jielo,1] T Jeepo,1]

256



B.3. Tight Statistical Dimension Bound for Bandlimited Functions

Combining the previous observations, we find that

1 ) _
- -z dt=1tr(94,-%9,).
i)l Z e dr =g, -4,
Let vy,..., V25, € L2(1) be the eigenfunctions of ¢, corresponding to its top 25, eigenvalues.
Define X: Ly (u) — C*%« as: for g € Ly (1), [Xg1(j) = (v}, &) u- Note that
tr(Gy - X"XG,X"X) = tr (2" C,C,Z — X"X2* C,CsZX"X)
=tr(CsZZ"*Cs— C,ZX*XZ"Cs) = 0

since C;ZZ" C; = C;ZX*XZ* C; (X*X is a projection, so X*X <.¢,)). So we can bound:

1 s -
% ftem o2 ¢o|2 di = tr(%,- G,
< tr(% ~G) + tr (G - X XG,X"X]
= tr (% X" XG,X"X) + tr (X" X(F, - GX'X) (B.33)
Let i be the smallest i with 1;(%4,,) < €. We have:

io: /1 ((gy) i+€ Al((g/,[) > l_e
i=1 ((g,u)+€ im 1/1i((gu)+€ 2

Thus we can bound tr (%, - X*X%,X*X) as

tr(9, - XX, X'X)= Y Ai@G)=s Y Ai(Y) <2esy,. (B.34)

i=28ye+1 i=i.+1

o Ai(4G,) A1(4,)

where the last bound follows from the fact that s, =372, ., T @)re 2 Y21 e

We can also bound tr (X*X(E@,J - @;)X*X) using Lemma B.2.4. Since ¢4, < @ + €4, we have:
(X X(%, ~ GX'X) < etr(X"XX"X) = 2€ 5. (B.35)
Plugging (B.34) and (B.35) back into (B.33) we have, + [, 0.7 |91 —Z* p: ||i dr < 4e- s, which

completes the theorem. O

B.3 Tight Statistical Dimension Bound for Bandlimited Functions

In Section 3.5 we demonstrated, perhaps surprisingly, that a simple function 7, ¢ (f) (defined
in Theorem 3.5.6) exists for any u that upper bounds 7,,¢(f) and has §;, ¢ = O(su,e). Combined
with Theorem 3.4.3 this yields our main algorithmic result Theorem 3.2.3, which shows that
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Appendix B. Tight Leverage Scores Characterization of Constrained Signal Classes

we can achieve O (sy¢1og”(sy,c) sample complexity with just O (Sﬁ,e) runtime.

Instantiating Theorem 3.2.3 using the approximate ridge leverage function of Theorem 3.5.6
requires an upper bound on s, ¢. In this section we show how to bound s, ¢ when p is uniform
measure on some interval — i.e., when our interpolation problem is over bandlimited functions.
In Section B.4 we leverage this result to bound s, . for a number of other important priors,
including multiband, Gaussian, and Cauchy-Lorentz.

Beyond letting us upper bound sy, ¢ to apply Theorem 3.2.3, our proof for bandlimited functions
is constructive, giving a simple upper bound on 7, (¢) for any ¢. This upper bound can be
plugged directly into Algorithm 13 and Theorem 3.4.3 to give a tightening of Theorem 3.2.3
by a logarithmic factor in the bandlimited case. Like our general result, the proof is based on
the definition of leverage scores given in (3.11). This definition makes it clear that, to upper
bound 7¢(1), it suffices to show that a function with Fourier support controlled by u cannot
“spike” too extremely at time .

For bandlimited functions, we obtain a smoothness bound by introducing and applying a
Bernstein type smoothness bound for low-degree polynomials and relying on the fact that
any bandlimited function is well approximated by a low-degree polynomial. This approach
mirrors the general proof in Section 3.5, which uses a more sophisticated smoothness bound
for Fourier sparse functions.

Our result for bandlimited functions is as follows:

Theorem B.3.1. Let u be the uniform measure on [-F F]. Let g = [16meFT + 2log(1/¢) + 11].
Forall t € [0, T1, let the approximate ridge leverage function T, ¢ equal:

1
Fue(t)=—[a+ q

T vmin(t, T-0/T)’

Foranye <1,FE T, T, (1) satisfies:

1 Fpue(d) = The(0).

2. [Tt,c0dtE s, = O(FT +log/e)).

Thus we have s;,¢ < §u,c = O(FT +log(1/¢)).

Combined with Theorem 3.4.3, Theorem B.3.1 immediately gives:

Corollary B.3.1. Let u be the uniform measure on [-F F]. Using T, ¢ as defined in Theorem
B.3.1, Algorithm 13 returns t,...,t; € [0, T] and z € C° such that y(t) = lez(i) k(i) 1)
satisfies with probability=1-9:

| 7= yl7 <6elxlf + 7n1-
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B.3. Tight Statistical Dimension Bound for Bandlimited Functions

The algorithm queries y+n at s points and runs in O(s“) time and furthermore j(t) can be evalu-
ated using Algorithm 14 in O(s) time, where s = O ([FT +log(1/¢)] - [log(FT +log(1/€)) + 1/8]).

Proof. The corollary follows immediately from Theorem 3.4.3 after noting that

sin2uaF(t—1))

Fh-5) and so can be com-

* Z =0(1) since, as shown in Appendix B.5, k, (11, 2) =
puted in O(1) arithmetic operations.

* W =0(1) since to sample points proportional to 7, ¢(f), we must sample a mixture of
1

vmin(,T-0/T"
It suffices to show that we can sample from the later in O(1) time, and in fact that we can

the uniform distribution and the distribution with density proportional to

sample t € [0, 1/2] with probability proportional to \/% in O(1) time, since we can then
symmetrize and scale this distribution. We can accomplish this with inverse transform

sampling. Our density is p(f) = #27 and so its cumulative distribution function is

C(t) = V't/2. Thus we can sample z uniformly in [0, 1] and return C~!(z) = 2z?, which
will be a sample from the desired distribution. This can be done in O(1) operations.

B.3.1 Smoothness bounds for polynomials

Our main technical tool is a Bernstein type smoothness bounds for low-degree polynomials. In
general, low-degree polynomials are smoother than high-degree polynomials, and thus cannot
spike as sharply. There are a number of ways to formalize this statement. The well known
Markov brother’s inequality and Bernstein inequality bound the maximum derivative of a
polynomial by a function of the polynomial’s degree and it’s maximum value on an interval.

To bound leverage scores, we are interested in a slightly different metric of smoothness. In
particular, we need to bound the maximum squared value of a polynomial by its average
squared value on [0, T]. We can use standard properties of the Legendre polynomials to prove:

Claim B.3.1. For any degree d polynomial p(-) with complex coefficients and any t € [0, T], if
r= —min(IT’T_t) then:

d 1 (T
'p“)zf_'_fo lp()*dt.

This bound is tighter for points near the center of the interval [0, T] and goes to infinity near
the edges. Using Markov brother’s inequality, it is possible to obtain a fixed up bound of O(d?),
which is tighter for small values of r. However, this won’t be necessary for our purposes. We
note that, when ¢ = T/2, the upper bound on p(#)? improves to O(d) times the average squared
value of p. This improvement is nearly optimal: the upper bound of Claim B.3.1 is matched
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up to a logarithmic factor by an appropriately scaled and shifted Chebyshev polynomial of the
first kind applied to [T/2 — t]? (see e.g. Frostig et al. (2016)).

Proof of Claim B.3.1. The claim follows from properties of the standard orthogonal Legendre
polynomials, which are denoted by Py, Py, ... and defined via the recurrence relation:

Py(x)=1
Pi(x)=x

2 n—-1
Pr(x) = T x'Pk—l(x)—T'Pk—2(x).

The Legendre polynomials are orthogonal over the interval [—1, 1] with respect to the constant
weight function. In particular, they satisfy

1 2
f_lpj(x)Pk(x) dx= 505k (B.36)

where 6, ,, is the Kronecker delta function. Additionally, for all j and all x € [-1,1], [P;(x)| < 1.

Using these facts we show that for any degree d polynomial p(-), interval [a, b], and x € [a, b]:

d+1 fPipPEadr
VT b-a) '

Ip(x)* <

min(|la—x|,|b—x|)

where r = = . Setting a =0 and b = T gives the claim.

We begin by noting that, without loss of generality, we can assume that a = -1 and b = 1.
In particular, shift and stretch p(x) by defining g(x) = p (% - 1). g has degree d and
the maximum of |g(x)|2 for x € [-1,1] is the same as the maximum of Ip(x)l2 for x € [a, b].

1 2 b 2
Additionally, Ll (zt)l at _ Ja I(Z(_f);) ar Accordingly, to prove the claim it suffices to prove that,
for any degree d polynomial g,

d+1 [l 1gwlPdt
2< el : B.37
Jmax lg(x)|” = 7 5 (B.37)
Our proof depends on a Bernstein type inequality for Legendre polynomials, which can be
found in Lorch (1983). Specifically, for all j =0,1,2,... and any x € [-1, 1] it holds that:

2 1
T(j+1/2) V1—x2

Pj(x)* <

(B.38)
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Writing g in the Legendre basis:

d
gx) =) ¢;Pj(x),
j=0

we have from (B.38) that
2 1 1/2

|g(x)|<Z| cjl TRV M

and thus
2 1
Ig(X)I2<(d+1)Z|]|2 YW e
2 (d+1)
T Vi—x Z"' 2]+1

2 (d+1)f lg (D12 dt. (B.39)

The last equality step follows from (B.36). Finally, let ¢ = min (| — 1 — x|,|1 — x|) and note that
1 1

1
= S -
Vi-x2 J1-a-¢% V4
As defined, r = q/2 Plugging into (B.39) we have a final bound of
1 2 1 9
gt < 24+ D Jalg@Pdr @d+1) [-,18(2)]
T o\2r 2 NG 5

)

which establishes (B.37) and thus the claim.

B.3.2 Smoothness bounds for bandlimited functions

With Claim B.3.1 in place, we are now ready to prove our main result for bandlimited functions

Proof of Theorem B.3.1. Following Definition 3.4.1, our goal is to choose 7, ¢ to satisfy

1 Fual P
Tpe(t) = > (B.40)
T | Fpalf+elal?
for any a. Let z = &, a. Expanding e~2m¢! ysing its Maclaurin series and letting d be some
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degree parameter that we will fix later, we write z as the sum of two functions, a and b:

1 —2inlt
z(t) = °F a('f)e d¢

_J;)ZF

d (1 F (=2mi&)d x 1 (F (=2mi&)l
_ D S ] _ Nliadd 2N
E: (ZFf_Fa( i df)t + E 2Ff a(é) i ) dé

j=d+1 -F

( 27116) C2rid) 4

Caee) + b(o. (B.AI)
Note that a is a degree d polynomial with complex coefficients. So by Claim B.3.1,

(B.42)

2 d+1
la(n)|” =

< a3
Vmin(t, T—0/T T

Turning our attention to b, we see that:

x 1 (F (—2mi&) x @2aFT) 1 (F
b(1)| = — f —tfd e f d
()] j:§+12F _Fa@ 6‘ ZH T oF CGIES
00 j oo
<y &1 1d<$\/||oc||2 (Z”FT) el (B.43)

The second to last step uses Cauchy-Schwarz inequality. Finally using that for all j, j! = (j/e)/,
forany d = 4neFT:

X  27zFT)) X (2meFT)/
y &e ¥ ()

J
= 2 5) =a (B.44)

So, if we take d = [4nmeF T +log(1/e)/2 + 1], it follows from (B.43) and (B.44) that

Ve

1
|b(f)|_ ”a”N—W'”a”HS?

Nl

Moreover, ||b| T < ‘/75 lall,. Using the decomposition of (B.41) and the fact that for any real
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non-negative ¢, d, c¢® + d? < (c+ d)?, and for any complex e, f, [e + f|?> < 2|e|> + 2| f|*:

lz®PF  __ la®m+b@)*
Izl% +ellalZ ~ (lalz—blr)?+ellal?
2la(n)|* +2|b(1)|?
~ sUlallr—1blr+ Vellal,)?
_ Ha@)®+41b®)
Ul + ¥ al,)?

4a@®f +elal,
< —

2 € 2 -
lall% +$ lal?

It follows from (B.42) that:

20 _ [4le@f
2 7 =Mmax 2
Iz13 +ellal? lal?.
4d+1)
< +4
vmin(t, T—-t)/T

In Theorem B.3.1 we set g = [16meFT + 2log(1/€) +11]. We have g =4 - [4neFT +log(1/€)/2 +
2] = 4(d + 1) since, for any x, [4x + 3] = 4[x]. Recalling that z = & ,a, it follows 7, defined
in that theorem satisfies (B.40) for any a. It remains to bound the total measure of our

approximate ridge leverage function, §,, . To do so, note that:

ZfT/Z q
Spe=— —— +4dt.
PET Tl VIIT

We can compute:

2 (T2 g 112 g /3
— +4dt=2f — +4dt=2v2g+4=0(FT +log(1/¢)).
Tfo VitIT 0o Vit 9 8

This bound establishes the theorem. O

B.4 Statistical Dimension of Common Fourier Constraints

In this section we leverage Theorem B.3.1 to give upper bounds on the statistical dimensions of
a number common priors p used for Fourier constrained interpolation, including multiband,
Gaussian, and Cauchy-Lorentz priors. We start by giving two simple lemmas that we use to
translate our bound for bandlimited functions to these more general priors.

Lemma B.4.1 (Statistical dimension of sum of measures). For any finite measures i1, Uz, - - ls
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.o def .
onR, if u= 1 + o + - + Uy is a measure, then:

S
SIJE Z Hi€*

Proof. We can see from Definition 3.2.2 that for u = p +...+ s the kernel operator %), satisfies
Ky =3Y}_| Hy;- We can thus bound:

Mo‘

Su,eztr(lp(al/“‘*‘ﬁ'jﬂ_l) (Jﬁ/ (Z +eSr)” )

1l
—

(‘Z’/Idi (‘Z’/Hz‘ + ng)_l)

IA
-M‘“

1l
—

I
Mm

Nz €

Il
—

The second to last inequality follows since 0 < .#),, < #);, s0 0 < &), + €91 < £, + €I and
(K +eI7) "1 < (K, +€S7)! by Claim B.1.5. Letting ey, e, be an orthonormal basis for Ly (T),
we thus have:

tr (Hy (H, +e57)7) = tr (0 (A + 7))

> (K Per, (Hy + eI T Pen)

I
18

~
Il
—

> (K Per, (K eI T H Pen

v
018

~
Il

/2(J tedr)” 1J1/2)

Il
f-f
,_A._‘

Ky (K +esT) .

Il
—t
=

This completes the lemma. O

Lemma B.4.2 (Statistical dimension of scaled measures). For any measure i1 on R and any
parametery >0, if ' = uly and €' = e/y then:

S#'e = S'u/yg/.

Proof. From Definition 3.2.2, we can see that %, = %J{“ and thus has eigenvalues equal to
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A1y, A2ly,..., where A1, A5, ... are the eigenvalues of £),. Therefore,

Ai (A)
Ai(Ey) +€
/11'/)/
Aily+ely

Ai

=
I
18

~
Il
—

I
18

~
I
—

Il
‘Mg

i
>
+

= Spye-
e K

O

We now use Lemmas B.4.1 and B.4.2 to prove our statistical dimension bounds. We first
start with multiband Fourier constraints, showing that the statistical dimension is roughly
proportional to the total length of all the frequency bands times the time domain window size,
intuitively matching the Landau rate for asymptotic recovery of multiband functions Landau
(1967).

Theorem B.4.1 (Multiband statistical dimension). Consider a set of s disjoint frequency bands,
L, I, I, and suppose that the length of the band I; is denoted by F;. Let u be the measure
which induces a uniform probability densityon I, U I, U---U I;. We have:

Spe=0

S
Y F;T+slog(1/e)
i=1

Proof. For every i, let u; be the measure defined by p;(A) = u(An I;). Note that we have
©=23;u; and so can invoke Lemma B.4.1, giving:

N
Sue < D Supe- (B.45)
i=1

If u; gave a uniform probability measure on frequency band I; (i.e., if we had p; (R) = 1), we

could use the result of Theorem B.3.1 to obtain s, e = O(F; T +log(1/¢)). This is not the case,

but we can instead let y; det ui(R) < 1. By Lemma B.4.2,

Spie = Squily,(ely-
Now p;/7y; is a uniform probability measure on I;, so we can invoke Theorem B.3.1 giving:
Suse = Suity eryn = O (Fi T +log(yile)).

Plugging this bound in (B.45) and using that y; < 1 we obtain:

N

Y F;T+log(yile)
i=1

SNYEZO :O

S
Y FT+ slog(l/e)) ,
i=1
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completing the theorem. O

We next bound the statistical dimension of Gaussian measure.
Theorem B.4.2 (Gaussian statistical dimension). Suppose that u induces the Gaussian proba-

bility distribution with standard deviation F defined by du(é) = \/#7 g ¢ 12F? dé. We have:

Sue = O(FT\ flog(1/¢) +log(1/e)).

Proof. Let I, be the interval defined by I, = {¢ e R: |{| < F\/log(1/€)}. We decompose y into
two measures py, and i, as follows:

un(A) =pulAnliy), and p(A)=pu(A-AnlIy).

We can see that p = yj, + ;s and so by Lemma B.4.1, s, ¢ < sy, ¢ + Sy, e- For u; we have:

1
V2 F? Ji&1>F+/log(17€)

=1 —erf(\/log(l/e)) <2e¢,

where the last bound follows from a Chernoff bound, giving 1 —erf(x) < 2" (Wainwright,
2019). This lets us crudely bound:

tr(Hy,) = e (R) = e 812 ge

(A
Supe = 0 (A, (K, +€I7) ) s —— <2, (B.46)
€

where the first ineguality is because || (&), +€.%7) ™! ||Op <1/e.

We next bound the statistical dimension of uy. Let fi; be a uniform measure on I, with

du(é) = \/ﬁdf for all ¢ € Ij,. Note that dfi;(§) = duy(§) for all ¢ € I, which gives that

Ky, = K, and S0 sy, ¢ < Sg, -

Let yd:ef,ah (R) =4/ w. By Lemma B.4.2, s ¢ = S(a/y),(e/y)- Since fi/y is a uniform probability
measure on I, invoking Theorem B.3.1 yields:

Supe < Sipe = S(iniy),€ly) = O(FT\/log(l/e) + log(y/e))
= O(FT\ /log(1/¢) +1og(1/e)), (B.47)

where the last equality follows from the fact that y = O(y/log(1/¢)). Combining (B.46) and
(B.47) and applying Lemma B.4.1 we have:

Swe < Supe + Supe
=2+0(FT\/log(1/e) +log(1/e)) = O(FT\/log(1/€) +log(1/e)),

266



B.4. Statistical Dimension of Common Fourier Constraints

which completes the theorem. O

Finally, we bound the statistical dimension of the Cauchy-Lorentz measure.

Theorem B.4.3 (Cauchy-Lorentz statistical dimension). If u induces the Cauchy-Lorentz prob-

ability distribution with scale parameter F defined by du(&) = mdgt , then:

Proof. Similar to the proof of Theorem B.4.2, we define the interval I, = {5 eER:|E|<F/ \/E}
We decompose p into two measures py, and iy as follows:

Un(A) =u(Anliy), and p(A) =pu(A-Anliy).

Since p = pp + pr, by Lemma B.4.1, s, ¢ < sy, ¢ + Sy, - FOr u; we have:

1 1
tr Z = R = — JE— d
(Hu) = e ® nF Jigi>Five 1+ (E/F)? ¢

2 [>® 1
:_f S dé
mJiyel+¢€

2 f © 1 . 2V
7 J1 e &2 s
As in (B.46) we can thus bound:
Supe Str(Hy,) e =0(1/Ve). (B.48)

We next bound the statistical dimension of u;. Let fi;, be a uniform measure on I, with
du) = # for all ¢ € Ij,. As in the proof of Theorem B.4.2, dfi;, (&) = duy (&) for all ¢ € I, which
gives that K, < Ky, and so sy, ¢ < Sg, e-

Let yd:ef an®) = # By Lemma B.4.2, sge = S(a/y),e/y)- Since fi/y is a uniform probability
measure on Iy, we can invoke Theorem B.3.1 to give:

FT
Suh'e < Sﬂhyg = S(ﬂh/y),(e/y) =0 % +10g()//€)

—O(E+lo (1/6‘)) (B.49)
= 7e g , .

where the last equality follows from the fact that y = O(1/1/¢€). Combining (B.48) and (B.49)
and applying Lemma B.4.1 we have:

1 FT FT 1
Spe < Spet Supe = O(— +— +log(1/e)) = O(— + ),

NG NG

267



Appendix B. Tight Leverage Scores Characterization of Constrained Signal Classes

which completes the theorem. O

B.5 Kernel Computation for Common Fourier Constraints

Algorithm 13 and the corresponding Theorem 3.2.3 assume the ability to compute the kernel
function ky (t1, ) = [ e 2m(=1) qyy(&). In this section we give closed form expressions for
kernel functions of popular measures p, including all those whose statistical dimension we
bound in Appendix B.4.

Bandlimited Fourier Constraint: When p is the uniform measure on frequencies in [-F, F],
ky, is the sinc kernel:

K 2F J_p 2nF(t; — )

Multiband Fourier Constraint: Consider a set of s disjoint frequency bands, I, I, -, I,
where I = [cj — Fj, cj + Fj]. Let u be the uniform measure on I; U I U--- U I5. Then we have:

1 S o B i ;
ky(th, 1) = . N e ﬂle(tlffz)'f‘/‘ e ﬂl(tﬁfz)sdé
2 j:le j=1 —Fj

-2 7 (-t .
B Z;Zle mici(h=t) . gin (27 Fj (1 — 1))

2y, Filn - 1)

Gaussian Fourier Constraint: When u induces the Gaussian probability distribution with

standard deviation F defined by du(¢) = ﬁe‘fz’ 2F g¢, then ky is the Gaussian kernel:

1 f _27i(t— )€ —E2|2F?
. e 1725 e dé
V2nF?2 Jier

92204 4.2
:eZT[F(tl l’z)'

kyu(t, tp) =

Cauchy-Lorentz Fourier Constraint: When p induces the Cauchy-Lorentz probability density

with scale parameter F defined by du(é) = -d¢, k,, is the so-called Laplacian kernel:

-1
aF(1+(E/F)?%)

1

K (t ,t):f U R S—
A AFr @)

— e—27’[F|t1—t2|'
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8] Tight Characterization of the Gaus-
sian Kernel Leverage Scores

C.1 Properties of Fourier Transform and Gaussian Distribution

Our upper and lower bound analysis of the Gaussian kernel leverage function relies predom-
inantly on Fourier analysis and properties of the Gaussian distribution. In this section we
introduce some additional notation and state some useful facts about these.

C.1.1 Properties of Fourier transform

Definition C.1.1 (Fourier transform). The Fourier transform of a continuous function f : R? —
Cin L; (R™) is defined to be the function % f : R% — C as follows:

T A1) = fR Jwe e a

We also sometimes use the notation f for the Fourier transform of f. We often informally
refer to f as representing the function in time domain and f as representing the function in
frequency domain.

The original function f can also be obtained from f by the inverse Fourier transform:

Fo = f Feemi€  ag
Rd

Definition C.1.2 (Convolution). The convolution of two functions f: R — C and g: RY —C
is defined to be the function (f * g) : R — C given by

(f*gm =fRdf(t)g(n—t) dt.

The convolution theorem shows that the Fourier transform of the convolution of two functions
is simply the product of the individual Fourier transforms:

Claim C.1.1 (Convolution Theorem). Given functions f :R% — C and g : R? — C whose convo-
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

lution is h= f * g, we have h(&) = f(&)- §(&) forall& e RY.

We now define the rectangle function and normalized sinc function, which we use extensively
in our analysis.

Definition C.1.3 (Rectangle Function). We define the 1-dimensional rectangle functionrect; , :
R—Cas
if | x| > al2

0
recty, 4 (x) = % if|x|=al2.
1

if | x| <al2
For any d > 1, we define the d-dimensional rectangle functionrectg RY - C as

d
recty ,(x) = 1_[ rectlya(xj).
j=1
If d is understood from context, we often omit d and write rect,. Moreover, if a =1 (and d is
understood from context), we often omit all subscripts and simply write rect.

Definition C.1.4 (Normalized Sinc Function). We define the d-dimensional normalized sinc
functionsincg : R% — C as

d
sin(mx;)
sincg(x) = H J

We often omit the subscript and simply write sinc.

It is well known that the Fourier transform of the rectangle function (with a = 1) is the normal-
ized sinc function:
F [recty] = sincy.

We use § 4 to denote the d-dimensional Dirac delta function. The Dirac delta function satisfies
the following useful property for any function f:

|, rweax-arax= fa,

i.e. the integral of a function multiplied by a shifted Dirac delta functions picks out the value
of the function at a particular point. Therefore,

(F61(E) = f s de= e
R
for all . Similarly, the Fourier transform of a shifted delta function is as follows:
[g(s( - a)](f) = fd g_znitTE . 6d(t —a) dt= e—Znian.
R
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C.1. Properties of Fourier Transform and Gaussian Distribution

Moreover, convolving a function by a shifted delta function results in a shift of the original
function:

[f*64(—a)]x = f(x—a).
Thus, by the convolution theorem, we obtain the following identity:

Claim C.1.2. Given a function f :R* — C, we have

\FF(-a)@) = [F(f 04— a)]@) = f&)-e L,
Similarly,
Claim C.1.3. Given a function f :R% — C, we have

|7 (Fe0- %) @) = fg-a).

Finally, we introduce a useful function known as the Dirac comb function:
Definition C.1.5. The d-dimensional Dirac comb function with period T is defined as

f® =) 6x—j7).

jez4

It is a standard fact that the Fourier transform of a Dirac comb function is another Dirac comb
function which is scaled and has the inverse period:

Claim C.1.4. Let f(X) = }Yjcz4 6(x—jT) be the d-dimensional Dirac comb function with period
T. Then,

FNO=—; % 5(:—%).

jez4

We use the Dirac comb function in our lower bound constructions.

Claim C.1.5. Given a function f :R% — C, we have:

F &= T7UFAE-T. (C.1)

jezd

fO )Y 84(—Tj

jez4

C.1.2 Properties of Gaussian distributions

The following is a standard fact about the cumulative distribution function of the standard
Gaussian distribution:

Claim C.1.6 (Feller (2008)). For any x > 0, we have

1 () ) —x%/2
i
2m Jx xXV2n
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

Moreover, as a direct consequence, for any o, x > 0, we have that

1 ©0 oe
f e—[2/20'2 dtS -
2no Jx xXV2n

-x%/20%

Also, ifx =1, then
oo
T
x x3) 2n Ven Jx
Next, we prove the following claim, which provides tail bounds for modified Gaussians:

Claim C.1.7. We have the following results:

1. Foranyx>0andd=1, [{° tde 112 gt = e=X'12,
2. Forany x>0 and odd integerd > 1, [° the 124t >(d-1)(d-3)---2-e %12,
3. Forany x>0 and even integerd > 1, [° the 2 dt>d-1)(d—-3)---3-1-xe * /2,

4. Forany x>0 and integerd=1, [ e "2 dr > x4~ 1e~/2,

Proof. Part (1) is simple calculation.

If d is odd, say d = 2a + 1, then by repeated use of integration by parts,

00 a-1(J . oo
f tle " 2dr="y (]_[(d—(2k—1)))xd‘(21+”e_x2/2+(d—l)(d—3)---2f te" 2 dr
x =0 \k=1 x

(C.2)
> (d - 1)(d—3)---2f te 12y

=(d-1)(d-3)---2-e "2,
which establishes part (2).

On the other hand, if d is even, say d = 2a, then we have

0o ) a-1{(J . ) o,
f tte " 2dr=Y" (H(d—(2k—1)))xd‘(2f+”e‘x ’2+(d—1)(d—3)---3f e " 2dt
x j=0\k=1 x

(C.3)
>(d-1)(d-3)---3-1-xe * 2,

which establishes part (3) of the claim.

Finally, note that (C.2) and (C.3) are both bounded from below by x%~! e™*'/2 (since this is the
first term of the summation in both expressions), which establishes part (4). O
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C.2. Tight Upper Bound on the Gaussian Kernel Leverage Scores

We also need the following property about Gaussian random variables.

Claim C.1.8. Lett =13, and ay, ap, ..., a; be sampled independently according to the Gaussian
distribution given by probability density function ﬁe‘le 2. Leta* = max;< jstlajl. Then,

Pr

>]l—-e =

1 2  2V2Int
—e < —
V2 15

Proof. Choose ¢; such that

foo L gy ] (C.4)
—¢ X=—. .
@ V27 4

Note that by Claim C.1.6, we have

—x2/2d < 1
t

1 foo 1
[ e S —
V21 Jv2Int V2rtyv2Int
Thus, g1 < v2Int.

Also, since % < 11—3, we have that gq; = v2. Thus, by another application of Claim C.1.6,

l:#fooe_xz/zdxz i_i Le_q?/zziLe_q%/z’
t V2rlg qi Elf’ V2n 2q1 V2n
and so,
1 e_q§/2<@<2\/21nt
V2 t t
Therefore,
V2n 14 Von V2on
=Pr[a* = q]
1!
el
t
1 1
>1--=-,
e 2
as desired. O

C.2 Tight Upper Bound on the Gaussian Kernel Leverage Scores

It is easy to verify that if we shift all points by the same constant vector, the leverage function
stays the same (the reason is that K is shift invariant, while the shift corresponds to a phase
shift in z(#) and a reverse phase shift in z(1)*). This ensures that without loss of generality we
can assume Xi,...,X, € [-R,R)%.
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

Recall from Lemma 4.7.1 that
s -1 2 2
TA(m) = ,min )A H(Dy -V pmzn) H2 +| 1%, (C.5)

To upper bound 7, (n) for any 7 € R4, we exhibit a test function, yn()), and compute the
argument in (C.5). As discussed in Section 4.7.2, y,(-) will be a ‘softened spike’ given by:

Definition C.2.1 (Softened spike function). For any 5 € R%, and any u > 0 define Ynu: RY - R
as follows:

VP® iz, a

Vnu® = PR -v%sinc(v(t-1n)) (C.6)

where v :2(R+ u\/M)

The reweighted function &n,u®) = p(t) - yy (1) is just a d-dimensional Gaussian with standard
deviation ©(1/u) multiplied by a sinc function with width 0 (ﬁ), both centered at 5. Taking
the Fourier transform of this function yields a Gaussian with standard deviation ®(u) con-
volved with a box of width O(u) + R. The box is wide enough to cover nearly all the mass of the
Gaussian when centered between [—R, R1%, and so the Fourier transform is nearly identically
1 on therange [-R, R4
frequency 7 on this range, and hence makes the first term of (C.5) small.

. Shifting by 1, means that it is very close to a pure cosine wave with

C.2.1 Bounding A~!||®yy ., —/pm)zm) ||§

Lemma C.2.1 (Test function Fourier transform bound). For any integer n, every parameter
0<A< % andeveryu>0andanyne R%, and any kernel density function p(n) and d < 10n,, if
x; € [-R,+R]? forall j € [n], then:

A7 @y Vo= 3 2

2
&nux) — /P 2| < p,
j=1

where gy, u(t) & pO)yy,u(0.

Proof. By ggu® = p)ynu(t) = \/pape 1114 ydsine (v(t— 1)), we have:

gn'u(xj) — /p(n)fd e—27tithj e—u2||t—r]||§/4 . Ud SinC(U(t— n))dt
R
_ /—p(me—znix{n T [e_uzllt\|§/4 2 sinc(vt)] (x;)
=vpm-z(n);-hx;), (C.7

d
where h(x) = (%ﬁ) e~ 47 X311 « rect, (x) by the convolution theorem (Claim C.1.1), & [e‘”2 ”t”il‘l] =
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C.2. Tight Upper Bound on the Gaussian Kernel Leverage Scores

d
(%ﬁ) e IXILIW and  [v¥ sinc (vt)] = rect, (X).

For everyx e [-R, R4, by Claim C.1.6 and the fact that v =2R + 2u+/In n,, we have:

d
o I e
y—xe[-v/2,+v/214 \ U

d
2(1_2fm Me—%tzyf/uz dJ/l) ’
v/i2-R U
where y is a scalar variable. Hence by Claim C.1.6 we have the following:
oo 2\/56_4”2)}%/”261)/1
vi2-R U

hx)=1-2d

_ o u o4 (WI2-R? 1
2132 v/2—-R

1
=1-—  (sinced<10n,).
nj

d
Additionally, because e~*" XI/%" s a positive function, ~(X) < fpa (M) e X/ gy = 1 for

u
all x. Plugging into (C.7) gives

2
|@nuxp) = /P 2w | = pap | hexp 117

- p(n) - p(n)’
nj n,
and so,
1 &, 2 n pm
— 2 |&&x) -V pm 'Z(n)j’ <2 2T - p(m),
AT A my
proving the lemma. O

C.2.2 Bounding || Yn,u ||i2 W

Having established Lemma C.2.1, showing that the weighted Fourier transform of y; ; is
close to v/ p(1)z(n), bounding the leverage function reduces to bounding the norm of the test
function. To that effect, we show the following:

Lemma C.2.2 (Test Function ¢, Norm Bound). For any integer n, any parameter0 < 1 < 7,

everyn € R? with |9lle < 10v/Inny, and every200Inn, < u<10n,, if yy,u(t) is defined as in
(C.6), as per Definition C.2.1, then we have

d
Iymull?, ) < (6.2R+6.2u\/lnn,1) . (C.8)
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

We first prove the following claim:

Claim C.2.1. Forevery0<A< 7, everyc>0, everym € RY with |nlle < 10y/Inn,, everyte R?

2 2
ev/Inn, 13 imi3
g

such that [t — e < ,and everyo = 10cInny, we havee™ ~ 2 < 34,

Proof. Let A =t—1). Then, note that [|A s < =Y % and so,

o ’

Iz i3 Tt 113

e 2 =zl T3

< @18l oo . pd-1AIZ

2
< ed.ed(c lognlla) S3d,

(since 0 = 10clnny and ny = 2).

O
Now, we are ready to prove Lemma C.2.2.
Proof of Lemma C.2.2. Recall that p(t) = - \/217[) _e7 11212 We calculate:
2 _ d Itzi2, ~utlt-gl3/2 2d 2
Ny |yn,u®]” dp@® = pm) Ny (V2n)e e v*%sinc(v(t—m)) dt
Hence, it is enough to upper bound the following integral:
fd eltlz/2  pm?lt=ml3/2 gip e (v(t— n))zdt
R
4 /2 2 22 2
= er'tll eIl sine (vt —np) dy (C.9)
1=1/R

We proceed by upper bounding the one dimensional integral along some fixed coordinate [:
2 12t —m |2 . 2
fRelm 12, emwln=mI2 ginc (v(t; — 1) dt
_ 12 —utl-miPi2 Y
fltz—mlszo‘/:me e sinc (v(t;—np) dy
012, g ln=mil?/2

+fm—m|>W -sinc (v —1p) dy (C.10)
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lnn;L

For the integral over the region |; — 1| > 2V e have:

-2
20 lnn;t 2 2 2
12 —u“(ti—np°/2
s|\v—— f oy €112 e T2 gy
u lt—ni1=2—=X,

2 2 2
eli12. g ut(=n*/2 dt,. (C.11)

<
- v 2(),/1[1)1/1

[ti=ni1=

\/lnn,l_

The first inequality is because by definition of sinc, for all |f; — 7| =
. 2 -2
sin(rv(t; — ( 20 logn,l)
sS|\V—
u

sinc(v(t;—np))" = —nv(tl —n

The last inequality in (C.11) due to the fact that:

-2
20+/Inny
V——m =
u

u2

"400- vinn 1
u

1

v

1
—-————=— (since v=2uy/Inny, see Definition C.2.1)
v 800-In'°ny

ny

v

IA

I\

(since u<10n,),

Now note that, using the inequality tlz <2(t;—n 1)2 + 21;%, forall |t —n;l = 20vInm ”lnmz

u

12 <2(t—n) +2n3
=2(y _m)z +200logn, (by the assumption [|[7]lcc < 10v/Inny)

20+/Inny

sZ(tl—m)2+u2(tl—m)2/2 (sinceltl—mlz—u )
2 9 2

<-u(t;-
Su(l n1)

where the last inequality follows from u = 200logn, = v/12 (because n; = 2). Hence,

n 2 2.2 n L (F—m 27,2
A — eli 2, e (i—m)7u /zd < /1[ - e~ =) u /Gdtl
UV Jy- T]1|>7A v Jig- 7]1|>7A
n —(Y2u216 g 1
== dt
v It,|220,/LllnnA
1
< — (C.12)
10v

The last inequality follows from Claim C.1.6 along with the assumption rn; = 2.
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Now, we bound the first integral on the right hand side of (C.10):

Iy _wyem 2 [/ 2
P o€ e 2 -sinc(v(t;—np)°dy < - |<20\/1r171€ 2 -sinc(v(t—np) dy
—mls=5— —mls=5—

\771\2

<3ez f sinc (v(1 —nl))zdtl
R

3 Iny*
e 2
= , (C.13)

v

where the second inequality follows from Claim C.2.1 with ¢ = 20 and o = u because by
assumption u = 200Inn,.

Now by incorporating (C.12) and (C.13) into (C.10), we have

2 I .
fe'”' 12 g=wlti=mil /2-s1nc(v(tl—m))2dtl
R

Ing? Ing?

3e 2 N 1 B (3.1)e 2
v 100 v

If we plug the above inequality into (C.9), we get the following:

2
i3

e 2

3.1
[ Imatof? auco < (var) piap- 020 270

— =< 3.1v)7. (C.14)
v

Proof of Theorem 4.7.1. By the assumptions of the theorem 7 is an integer, parameter 0 < A <
13

n/2,and R >0, and all x,...,x,, € [-R,R]% and p(n) = \/szﬂe‘T, therefore Lemmas C.2.1, and
C.2.2 go through. Hence the theorem follows immediately by setting u = 200In n; and then
plugging Lemmas C.2.1 and C.2.2 into (C.5). O

C.3 A Lower Bound on the Gaussian Kernel Leverage Scores

With the choice of a Gaussian kernel with ¢ = (271) ! we have pm) = (m)~4/2 exp(— ||1]||§/2).
Recall from Lemma 4.7.2 that
pa) - la*zm)?

7,(n) = max . (C.15)
acl | @* |7, ) + Al all3

In particular, this gives us a method of bounding the leverage function from below, namely, by
exhibiting some a and computing the argument of (C.15).

This section is organized as follows. In Section C.3.1, we construct our candidate set of data
points X;,Xy, ...,X, along with the vector e. In particular, @ will be chosen to be a vector of
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samples of a function fa p,, at each of the data points. Section C.3.2 then describes basic
Fourier properties of the function fa 5, and & that we will require later. The next sections
then bound each relevant quantity that appears in (C.15) for our specific choice of x;,X»,...,Xx,
and a. In particular, Section C.3.3 shows a lower bound on a*z(n), while Section C.3.4 shows
an upper bound on || all% and Section C.3.5 shows an upper bound on ||®* alli(u).

C.3.1 Construction of data point set and the vector of coefficients a

In this section, we construct a set of data points as well as an «. As discussed in Section 4.7,
we choose the data points to lie on an evenly spaced grid inside [-R, R]%. Moreover, because
of the duality of Lemmas 4.7.2 and 4.7.1, we choose a to be related to the test function y in
the leverage score upper bound provided in Section C.2. In particular, « is formed by taking
samples of a modified version of ®yy, (i.e., a weighted Fourier transform of y) on the data
points. In particular, the function we sample is fa 3,,, which we now formally define. We then
proceed to proving some useful properties before formally defining x;,X»,...,Xx, and a.

Definition C.3.1. For parameters A € R, b>0and v > 0, let the function faby: RY — R be
defined as follows:

fapp(@ =2cos2rA " a) (;
(VZrb)”

T a+vi2 pay+v/2 ag+vi2 1 228
=2cos(2nA' a) ——e dty;---dt,dh,
a—v/2 Jay,—v/2 aqg—vi2 (‘/Zﬂb)

_1-12/2b?
127267 o rect,,) (@)

where a= (a;, ap,...,ay) and t= (1, f, ..., t7).

Lemma C.3.1. Forany A € R%, v >0, and b > 0, if we define the function fa,bv as in Defini-
tion C.3.1, then

F [fano] €)= e 2T V1AL ydsine (0(E - A) + e~ 27 V1AL Lyl sine (0 (& + A)).

Proof. Note that & [
(see Claim C.1.1),

o) e I3/ 21’2] & = e 2 PIEI, Therefore, by the convolution theorem

1
9[ = /20 s rect, | (&) = e 2™ VI % sine (v()).

(V27b)d

Now by the duality of phase shift in time domain and frequency shift in the Fourier domain,

_ omiAT- | —2miAT- 1 —I12/20
g[fA,b,v](f) =F (e +e )(We xrecty || (&)
1 2 2 ]_ 2 2
=F | ———e I"/2V" 4 rect ~AN)+F | ———e 20 g rect +A
[(\/ﬁb)d e e vy Frecty| G+ 4)

= e 2 VWAL sine (u(E - &) + e 2" AL sinc (u(E + A)).
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

Definition C.3.2 (Construction of data points and ). We let n = m? for an odd integer m > 0.
Then, we define a set of n data points x1,Xy,...X,, € R4 as follows: We index the points by a
d-tuplej = (j1, jo,..., ja) €11,2,..., m}d for convenience. In particular, we rename x;,X»,...,X,
asx, over jeli2,..., m}d, where %/ is defined as

xj—((' m+1) 2R ( m+1) 2R ( m+1
- ]1 2 m! ]2 2 m;---» ]d 2

2R)T
— -

Thus, the data points are on a grid of width % extending from —R to R in all d dimensions.

. . 1 2R . i
For convenience, we let ¢; = (j — 25 - 2. Therefore, we simply have xJ = (c;,, ¢j,, ..., ¢j,)-

Given a point 5 € R? at which we wish to bound the ridge leverage function, we define the
vector & € C" to be the vector of evaluations of fy j, , at points x, for some choice of parameters
band v that we set later. More specifically, we define a = {a} ;(,,; by,

X1+,£

aj = fn,b,v (Xj)
. Xa+3 1 271072
=2cos (27 x/ f ’ f — M2 gy g, (C.16)
( 1 ) y xa-% (V2mh) !

X1—5

C.3.2 Basic properties of fj 5, and a

By the Nyquist-Shannon sampling theorem, we have the following lemma.

Lemma C.3.2. For any parameters A€ R%, v>0, b>0, and any w > 0, if fn,b,v 1s the function
as in Definition C.3.1, then:

F | fapo)- Y. 6¢—wp| @ =w "y e 2 PP llE-a-wl; -sinc(v(E - A-j/w))
jezd jezd

—1s112
+ w—d l/d Z e—2ﬂ2b2"£+A—w 1]”2 . sinc(y(z +A _i/w))
jezd

Proof. By Claim C.1.5, we have

T fabr®) Y. Sat—wp | @ = Y wihF [faps] €—jlw). (C.17)

jezd jezd
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Thus, by Lemma C.3.1, we find that (C.17) can be written as,

Y w g [fapy] € —jlw) = w @ Y Pt [ ST [ R sinc(v&—-A-jlw))
jEZd iEZd

_ _0272 _ =152 . .
+w Y e 2n° b [|§+A-w ]”2~vdsmc(v(£+A—)/w)),
jezd

which completes the proof. O

Lemma C.3.3. For every odd integer m = 3, positive z'nteger d <18n31n%? ny, where n = m4,
d < —

every0<A=n/2,neR% 0<v<R,andevery0< b < 6\/111_ if fy,b,v 1S the function as in

Definition C.3.1, then for every & € R%,

F Z fn,by(gl) 6(—%) @] <vVan.

||1||oo

Proof. By definition of f; 5, ,, we have the following for alla = (a1, a, ..., aq):

aa+y 27912
| fabo(@)] f f f : (\/ﬁb)de‘”t”z/% dty - dtdt,. (C.18)
al—* az—* ag—=

Note that if j € R? satisfies | ji| > 7 forsome k€ {1,2,...,d}, then (C.18) implies,

2R.
fr],b,v (E])

mJ’+7 1

H 2,::]1_* \/Eb

<2 foo 2 a1 [ et gy,
- 1
V2nb JE|j 1zizdJZji-% V2nb

i#k

2 mb _ R W]i"'% 1 21012
N ce 2m?i? ——ehi 12b dt;
1<i<d

= -
V2m Rljkl Rj_r \/21h

27072
¢ l’i/Zb dtl

i#k

205 12 2R v
< %e_};,,ig;,lz fmjl 2 1 e_t?/szdt'
— 124
R 1<i<d

%ji‘% \/27'[17

£k
where we have used the fact that %Ijkl 5] = 2lekl § = %Ijkl, along with Claim C.1.6.
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Therefore,

2R 2R
F Z fn,bv(_]) 6( __]) &)= Z
,ez m jez

d
=) X
k=1 jezd
Ljkl>%

d 2b _ R Sits em 2
=Y Y Zew” ] dt;
R i<gJ&ji-r  \2mb
k=1 jez4 15.7156(1 o Ji—3 V2
1

o 25

o 25

We bound:

d 2bh _ RHpP Hij+s 1
Z Z e w2 H fm _e—t2/2b2dt
R 1=i<aV2ji-% V2mb

k=1 jez4 <i<
j€ :
il > 2 i7k
2b @ _ R o pRItE 1 o,
S_Z Z e it . H Z e 5 12b dt;
R k=11jil>2 1<;£<d ji=—00 Rji—% vV2nb
1
2p 4 _Rj? vm o0 1 27072
2y y ewi 1 ([m] [T e a
R k=1|jil>2 1276,1 2R ' J-oo V27b
1

where the last inequality is due to the fact that each point in R gets integrated at most [ 5%
times in the infinite sum. Again using Claim C.1.6:

2R 2b m+1 d-1 d R
F Z fnbv( ) (—_j) &) =— Z e 2 b2
jez m R 2 =1 |
lillo>%
4b m+1)d1 o g
= — f e T 2m2p2 d[‘
R 2 =
4bd (m+1)d1 o g2
=—" f e w212 dt
R 2 mol
4bd (m+1\4Y m2p2IR? R
= ° . 1 e 2m?2 b2
R 2 (*7)
b 3 R?
SlZdn(E) e B2 <A<Van,
since m>3, n=m% R>6by/Inny, d<18n,In%?n,, and A < n/2. O

Lemma C.3.4. Consider the preconditions of Lemma C.3.3. If & is defined as in (C.16) of
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Definition C.3.2, then:

d m 2 L2
a*z(i)—(%) > e_Z”ZbZH‘E_"_ﬁ’”;-sincv({ 11——]) e 2 b llé+n- 2R'”2-sincv(§+11—%j) <van.

jezd

Proof. By definition of & and z,

11, joremjasm ,ezd
lilloo=%
2R 2R,
=F Z fnbv(_]) 5(__]) €3]
‘ m
jez
| illo=7%

= Zz‘,fnbu() 5( __])}(f) Z fnbv(_]) 5( _%]) &). (C.19)
ljez4 jez?
lillo>%

By Lemma C.3.2 (applied with w = 2R/ m), the first term in (C.19) can be written as:

F| 3 fabw0)- 6( ——1)] &)

jezd
_(mvyd 2?2 || E-n- 25512 s m . —2n b - 2kill5 . g m.
_(ﬁ) jeZZde " 2'SIIICU({_"_EJJJ”? . Z'Smcv(&n_ﬁ])' (C.20)

Now, by assumption, that preconditions of Lemma C.3.3 hold, therefore, the second term in
(C.19) can be bounded, by invoking Lemma C.3.3, as,

2R 2R
F| ) fnhv(_]) 5( ——i) ®|=van. (C.21)
]EZd m
lilloo> %
Thus, the desired result follows by combining (C.19), (C.20), and (C.21). O

C.3.3 Bounding a*z(n)

Lemma C.3.5. For every odd integer m = 81Inn,, positive integer d < 8n,, where n = m%, every

parameter0 < A < (ZR)Zd - 55 everyme RY satisfying IIZ?IIc>o < %:, if @ is defined as in (C.16) of
< = N
Definition C.3.2 with parameters0 < v <R and b W then:

|a*z()| zg(%)d.
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

Proof. Since A <n/256<n/2, m=8Ilnny =3,d<8ny,and b= GL

nny

, Lemma C.3.4 implies,

<Vvan.

muv\d 2,20 m2 m 2,2 m (|2 m
a’z(n) - (—) e~ 2 b lgil; ‘sincv(—') + e 2 UlI2n- 25l -sincv(Z - —)
iy iezzd 2R) =58

Therefore, by the fact that |sinc(-)| = 1 and sinc (-) = —%, we have

muvya m 2 m _og22 _maz m., /
|a*Z(1])| > (ﬁ) Z 6_2”2h2”ﬁ]”2'Sincv(ﬁj)"‘e 21°b “27’ ZRJHZ'SIHCV(ZTI_EJ) — A/n
jezd
z(ﬂ)d 1+ e 2001200 gincyem) — ¥ e 2P NakIE 4 om2m* 2=l | _ /7
2R jez?
j#0
d d m s m s
2§(ﬂ) _(ﬂ) Y o2 IR o -2 b?2n- 24115 _ /. (C.22)
4\ 2R 2R =,
j€z
j#0

232 m s 21,2 mas2Y\ . .
Now we show that ¥ je 74 ;4 (e‘znzb I 2gill; 4 g2 b*l2n- ﬁlllz) is small. Note that the assumption

e _1. m® a2 .
b=—L2_ implies e 27 V’I-35zilz < o5 Torm lilz < g=mlilh since m = 81nny. Thus,
6y/Inny
Y 2TV < 3 ol
jez? jez?
j#0 j#0
— Z e—mlhl Z e—m|]2| Z e_m|]d| -1
Ji=—00 Jo=—00 ja=—o0
ze—m d
=|1+——| -1
l1—e ™
<3 _1<1/16, (C.23)
where the last inequality follows because by the assumption m = 81n n,, we have 3de™"" < i—ff <
A
. .12 .
é, since d < 8n) and n) = 256. Moreover, recall that ||n || < 7%, and so, |27 - 3%j]|; = | 7%il3
. Thus, in a similar fashion,
Y el < ¥ o2
jez4 jez?
j#0 j#0
< Y emiin
jez4
j#0
26_’”/4 d
< (1+—1—e—m/4) -1
—m/4
<" —1<1/4. (C.24)
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Thus, combining (C.22), (C.23), and (C.24), we have

2R 4 16 4
ngv\d
> | —
! (ZR) ’
where the final inequality follows since VAn </ & LR =2 iR .

C.3.4 Bounding | al5

d

Lemma C.3.6. For every odd integer m = 3, n = m%, everyn € R%, and every b,v > 0, if a is

defined as in (C.16) of Definition C.3.2, then we have

2
lecll? < 4n.

Proof. Let w =2R/m. Then, letting j = (j1, j2,..., ja), we observe that

2 2
el = Z a;

jef1,2,...,m4

1
= ) (2 cos@mwn'j) (—
jezd (\/ZJTb)d

<m1

2
—1I-112 2 .
o I-13/2b *rect,,)(w]))
lilloo

< ) 4
](—:Zd

1
llilloo= "5

=am? =4n,

as desired. O

C.3.5 Bounding ”(D*a”Lz(dIJ)

Note that all the results so far hold for any kernel p(n) and are independent of the kernel
function. Now, we upper bound [|®* &||1,, (4. This quantity depends on the particular choice
of kernel, which we assume to be Gaussian.

Lemma C.3.7. For every odd integer m = 81nny, positive integer d < 8n,, where n = m?, every

pammetero <As (l)Zd 51, every n satisfying |nlle < 10y/Inny, and any 601n3/2 ny<Rs<

30\/_ if a is defined as in (C.16) of Definition C.3.2 with parameters b = . lnm andv =R,
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then for the Gaussian kernel with pdf p(&) = —— e 1% 132 we have:

(Vam)d
2 2 3 d
|o*el,,, <16n (E) -p(m) +4An. (C.25)
Proof. Recall that we set v = Rand b = 6\/?_. Thus, since A < (%)Zd . 6ﬂ4, and d < 8n,,
nny
Lemma C.3.4 implies that
m\d 212 m s 2 m
la*z(&)[* s( —| X (e# v Ml sincv (& - n- —j
2z -
2
+e—2n2b2||f+ﬂ—%]'||§,Sincy(£+n_%i) +*/_/1n)

2B 1§-n-33il3 g g
igd(e & =2l smcv(f n 2R])

m2d
<2 (3)"|
' 2
+e 2P IEHn- 3415 ginc v (5 +1- %j)) +2(VAn).
By the definition of the Ly (1) norm, |®* @[}, = fpa | 2(&) p(§) d, we have

_ ma2d

|® ““Lz(msfwz(f) (

m 2
+e—2”2bzlli+’l‘2"flfi”§-sincv(f+n—ﬁ]’)) p(&) d{+[Rd 2Anp(&) dé

(2=

jezd

m s m
5 e 2P IE-n- 3515 ginc v (E -n- —i)
Py 2R

2
o2 ll&-n- 22515 . sinc v ({ - %])) p&dE+2An, (C.26)

where the last equality holds because the kernel pdf p() is symmetric in our case, and the
sum is over all j € Z¢. The integral in (C.26) can be split into two integrals as follows:

2

—22? b [|§-n-Fill; . g d
fw(éf 2z smcv(é n ZRJ) p(&)d

2
:f > e_znzbzn‘f_"_%i”;-sincv(f—n—ﬁi) p&)dé
1§l0=10y/Inny \jeza 2R
2
+f )y e‘z”zbz”‘f‘"‘%i”ﬁ-sincv(f—n—ﬂi) p&)dé.  (C27)
”5”00210 lnn,1 jEZd 2R

First, we consider the integral over |||, < 104/In 7). By the assumption of lemma, [|9]lco <
10y/Inny,, and hence, 1€ — n7llco < 20+/Inny. This implies that [|€ — ]l < %(%), since we

assume that R < - " Therefore, for anyj # (0,0,...,0), there exists some k such that ji # 0,
nny
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and so,

d
2 <12
Z e_2”2b2||£"7_%1||2 < E E 6_2”2[72”5_11_2’;;]”2

jez¢ k=1jez4
j#0 jk#0
d —2m2 b (& —2m2 b2 (& -ni— 2 i)
— Z Z e Y Sk—Mk— 2R]k H Z 0 i—Ni—3gJi
k=1 | \ljkl=1 l<i<d ji=—o0
L i#k
< ~ T (9] 1) T (5] il -1)?
Y| & ey 1 (14 ¥ oSl
k=1 | \ljkl=1 1<i<d |jil=1
L i#k
d e} .
<Y ||2 Z e ML TT (142 ) e7miil4
k=1 Jk=1 1<i<d Jji=1
L iZk
- d-1
<d(3e7™*) (1+3e7 ™)
4d
<—, (C.28)
n
A
where we have used the assumptions b = R__ and m = 8Ilnny, as well as n; = 256 and
64y/Inny

d<8ny.
Now, using (C.28), we see that the first integral in (C.27) can be bounded as follows:

2
—2”2b2||f—11—2ﬂi||§. . . m, d
fll«flloosw 111;1;Lp(‘f)(Z ¢ N SmCV(f n ZRJ)) 3

jezd

2
52[ P(f) (e—2n2b2||£—71||§ .sinc U(f_n)Z) d{
[1€lleo=104/Inn2y

+2f p@ | X eV IEnill sinc v (£ - n——l
[€lloo=10/In 7y j#0
1 2 21,2
Szf o112 [ g2m PIETE i (& ) + 22
1€lws10y/Inmy (V27)4 ( i
1 2 232
:Zf 1832 2RIl i v€-mn) + —. (C.29)
1€llco=10y/in s (v/271) ( )d ni

Next, by applying Claim C.2.1 (with ¢ = 1 and o = b), we have e 1§12/2 < 3dg=Ilz/2 for

l¢-nl..= R

bm (since ||€lloo <104/Inny and b = =>10Ilnn,). Hence,
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1 2 21,2 2
—&l5/2 ,—2m°b*1&E-nll5 | o; _ 2

Inng e e sinc(v( ))"d
ﬁz—nnws'b* (vV2m)d (vE—m)"ds

€llco=10+/Inny

]. 27,2 2
Sgde—nnng/zf e 2PN ine (p(E —m)2d
i (Vo (vE&-m)~ag

3d )
~Iml2/2 f - Y
< e 2 sinc (v( V)" d
i » (v&-m)"dg
3\4
= (;) p(m) (C.30)
Note that the last line follows from the fact that v - sinc v(-) is the Fourier transform of rect,,
and so, by the convolution theorem (Claim C.1.1), fRd(vd -sinc vt)? dt = (rect, * rect,) (0) = v?.
Additionally,
1 2 272 2 2
=&l5/2 ,—2n°b~1E-7ll : _ 2 —-10 -lé&ls/2
— e 'si%e 2.sinc(v( ))"dé<n f ———e ' qg
ﬁf—nllmzvlh L (y2m)d (vE-m) g <, Re (v2m)d ¢
€llo=104/Inny
=n;", (C.31)

since | —nll2 = ||€ — 17lloo- Thus, (C.29), (C.30), and (C.31) imply that

2

p)dé

f Z e—2n2b2||f_7l—%i”§ .Slncv(f_n_ ﬂj)
1€llo=10v/In 13 \jecpa 2R

3)\4 10 8d
<2|=| p+2n]"+—=. (C32)
14 nA

Next, we bound the second integral in (C.27). We first show that the quantity in parentheses is
upper bounded by a constant for all £ in the appropriate range, and then use this bound to
upper bound the integral itself. Consider & € RY satisfying [€]loo = 101/Inn;. Let ¢;, for every
i=1,...d, be an integer such that |{; —n; — t;m/2R| < m/4R. Note that the following upper
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bound holds:

222 || E=m— 22512 .
Z e 212 b%||&-n 2R1”2-SIHCV(€ ’1__])
jezd

< ¥ el
jez4
d

o2 (Cimni— 25 0i)°

i
N|
8

IA IA
.:l&
I [\/]8

Il
—

ji#t;

IA
.:l&

1]
—

1+2 i e_ Z:RZM (2|]1| 1) )
Ji=l

IA
.:l&

1+ ) e_mj"/4)

i=1 |ji|21
d
<[] (1+3e ™%
i=1
3d
<e" <3,

since d <8n,, m=8lnn, and n) = 256. Thus, we can bound the second integral in (C.27) as
follows:

2
f Z 6—27'[2[)2”{_1’_%“';.Sincv(z_n_ﬂj) p(é‘) d£
1€llo=10+/In 121 \je 74 2R

<9 f P& dE
[1€loo=104/In724

592_:( fl _e—fklzdgrk)n _e—§2/2d€l

= 0y/Inny V21 i£kY— oo V2
184 n> 40

N . < n7io, (C.33)
v2r 104/logny A

by Claim C.1.6.
Combining (C.26), (C.27), (C.32), and (C.33) implies that

2d ([ (3)4 8d
) (2 (—) p(n)+2n;1°+—2+n){4o)+2/1n
v ny

3 da
2(;) p(n)+n;1)+2/1n
da
Slan(%) -p(m) +4An,

8d

as desired. In the above, the second inequality follows from 27, " + 8¢ + 134 < n} !, because
A
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ny =256,and d < 8n;. O

Proof of Theorem 4.7.2. Note that we can choose data points X;,Xy,...,X, and the vector a
according to the construction in Definition C.3.2 with v = R and b = —Z£—. Thus, Lemmas

ogny
C.3.5, C.3.6, and C.3.7, as well as (C.15), imply that

pm) - la*z(m)|?

TA(M) = ——5 2
1o al?,,, + Al

2
pa-(%(3))
1602 ()" pap) + 4An+ A4n)

S
T 128\3)  2p(m) +@R/3)4n;Y

as desired. O

C.4 Proof of Corollary 4.7.1

In the proof of corollary 4.7.1 we often need to compute the volume of a d-dimensional ball
hence we state it as a claim.

Claim C.4.1. For anyinteger d =1 and any R > 0 the following holds:

Ly~ WER)
Hgﬁf; "_r(d/2+1)

wherel is the Gamma function.

First claim of the corollary (upper bound on statistical dimension): Let ¢t = 10/Inn;. We
have:

sA:fRdT(n)dnzf"de T(n)dn+fn€w T(n)dn

Inl.=<t Inl2>t
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By the naive bound in Proposition 1 we have:

HnH2 d-1 )
Tmdn<n / e 2.d n f do; f pd=1,-1%12 g,
neRr? nan A neRr? n= )L( 1:[1 0,€(0,21] l) (t.00]

Imllo>t Inlz2>t
— 1 —52

[t,00]
2
S(\/Zn)d_ln,lf e " tar
[t,00]

2 -12/4

< (\/E)‘Hna-( ¢

) <(V2min® (€34

where the first equality follows by converting from cartesian coordinates to polar coordi-
nates. The second inequality uses the fact that if d < 4logt then for all r with r = t we have

rd=1¢=1*12 < g=r*14 \hich holds true by the assumptlon of the lemma. To see this note that for
2

rwith r = ¢, r4-1 = e(d=Dlogr < piilog 187 < e‘“ogf 1087 _ pr*/4 and therefore, ré—le~"/2 < ¢=7*/4,

The third inequality in (C.34) follows from Claim C.1.6

Further, by the refined bound of Theorem 4.7.1, for any i with |9l < ¢ and hence [|g|l, < ¢
we have

e T(n)dnsfnew ((6.2R+12401n1-5 n,l)d+1)dn
Inl2=<t Inl2<t
< @0?/T(d/2+1)-((6.2R +1240In"% ) " +1]

=(20y/Inny| ((6.2R+1240In'°ny)* +1| /T(d/2+1). (C.35)
[2ovimm)" 1)/

The second inequality follows from Claim C.4.1. Combining (C.34) and (C.35) gives the lemma.

Second claim of the corollary: We use the same construction of points as in Theorem 4.7.2.
Note thatfor all [l < {/2In —%— (4R/3)d we have p(n) = 3 3 (4R/3)d ~1 hence we have:

2p(m) + (4RI3)n;' <5pn)
Hence, by Theorem 4.7.2, we have:
() = ! (R)d
T = — JE—
M= 510\3
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Therefore,

51 (K) =fdr(n)d1;

1 (R4
g 53 1)
11||2< 2ln 6 0 18

(4R/3 @r/3)4

VAR )
-Q S Td/2+1 .
( “—\/log (4R/3) ; / d/2+1) (C.36)

The first inequality above is because 7 is a non-negative function everywhere. The final line

above is due to Claim C.4.1.

C.5 Proofof Theorem 4.5.1

We now show our lower bound on the number of samples required for achieving spectral
approximation using classical random Fourier features. This bound is closely related to the
leverage score lower bound of Theorem 4.7.2 and the leverage score characterization given by
the maximization problem in Lemma 4.7.2.

Our goal is to show that if we take s samples 51,12, ...,n from the distribution defined by p,
for s too small, then there is an & = (a1, ay, ..., @) € R” such that with constant probability,

2
a' K+ AL)a< 5aT(ZZ* + AL a. (C.37)

Informally, a frequency n with high ridge leverage score implies by Lemma 4.7.2 the existence
of an @ which is concentrated at 7 (i.e. |z(n)* al?is large compared to | ®* II%2 W +1la II§.) Ifn
is not sampled with high enough probability then & " (K+ AI,;) @ will not be well approximated.
Formally, by (4.3):

a'Ka=) ajar-kx;j,xx)
ik

=2, Rd _Zmr(x"_xk)ajakp(n) dn
J,k

=fw

Also, by the definition of Z and ¢ (see Section 4.2.2), we have

n 2

T
Z ajeZHm X;

=1

p(m) dn.

2

n
> ajpx;)

j=1
n

2
— 1 Z Z ajeZninzxj
S

k=1|j=1

al77 a =

2
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where 171,12, ...,7 are the s samples from the distribution given by p. Hence, (C.37) is equiva-

fw pm

We again use the same construction of 7 data points X, Xs,..., X, € R?, according to the

lent to
2

2

1 2 1
d +—/la2<—-—§
n+3 el 35 &

n .
Y et (C.38)

j=1

n .
Z ajeZTH’l]ka
j=1

construction in Definition C.3.2 with d = 1. Moreover, we define n* to be

*
n =argmaXyeq, n, .oyl

We also let @ = (a1, @y, ..., a,) be given by

aj = forb,rR(X),

_ R . . . . .
where b = Ve We show that this choice of data points and vector « satisfies (C.38) with
large constant probability.

Lemma C.5.1. Under the preconditions of Theorem 4.5.1, with probability 0.99 over the samples
we have |n*| <104y/Inn,.

Proof. Let y be a random variable with density p(y) = (27)~1/2¢7"/2. The limits on n and A
alongside Claim C.1.6 imply that Pr [Iyl >10+/Inn, ] < n;l /100. Now, consider the s different
random variables 771, ...,1s. Each of these random variables are distributed identically as vy, so
by union-bound the probability that the maximum value is bigger than 10\/111_71,1 is bounded
by sn;1 /100. Since s < n,, the probability that the maximum value is bigger than 10y/Inn;, is
bounded by 1/100, hence, the lemma follows. O

First, we upper bound the first term on the left side of (C.38). Note that by Lemmas C.5.1 and
C.3.7, with probability at least 0.99 over the samples 11,72,...,1s, we have

[
R4

2

n
. ZﬂiT]TX‘ — * 2
2 @Y dn =0 el ,

j=1

23 a
<1 — - *Y+4An,
<16n (4R) p(n7)+4An

where we have let 1 =7*. Now, in order to estimate p(n*), note that by Claim C.1.8, we have
that with probability at least 1 — e~! over the samples 71,72,...,15, p(n*) < z—vzsl“s

Thus, with probability at least 1 —e~! —1/100 = 1/2, we have

[

2
3 V2Ins
d’l] < 32n2 . E .

n .
Y e +4An. (C.39)

j=1
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Appendix C. Tight Characterization of the Gaussian Kernel Leverage Scores

Next, we bound the right side of (C.38) from below. Note that by b = #\/ﬁ and with the
choice of v = R and 1 = n*, Lemma C.3.5 holds true. Therefore, by Lemma C.3.5, we have
18] - 1] N
- Z Z ajeZHlnkxj > ajeZHH] 78— ’a*z(n*)|2
Sk=1]j=1 S|j=1 $
1( n ¥ n?
> - C.40
s (4 : 2d) 64s (C.40)

We also require the following estimate of || allg, which is provided by Lemma C.3.6:

lel3 < 4n. (C.41)

We also need the bound:

3 V2Ins n?
32n%. —. <— (C.42)
4R S 98s

which holds by the assumptions R = 600In*? 1, s < 2% and A < 5tz.

Finally, by combining (C.39), (C.40), (C.41), and (C.42) we have that with probability at least

1/2,
2
fw pm

1
dn+ gA||oc||§ <32n°.

3 V2Ins
s

n 2 T 4. 4
Zaje T Xj +4An+-An
= 4R 3

2 16Ans

n

~ 98s 3s
n? n?

< — 4 —

98s 3.2l

"2

This completes the proof.
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Near-optimal Sketching of Tensors

D.1 JL Moment Properties of the Tensoring of Sketches

The JL moment property readily implies the following moment bound for the inner product of

vectors:

Lemma D.1.1 (Two vector JL Moment Property). For any x,y € R4, if S has the (¢,6,1)-JL
Moment Property, then

0T (Sy)—xTy| . = e lxl2llyla. (D.1)

Proof. We can assume by linearity of the norms that ||x[» = |yl = 1. We then use that
xTy =(lx+ yllg —lx- yllg)/4. Plugging this into the left hand side of (D.1) gives

10T (Sy)—x"y| . = |1Sx+SylI3 = Ix+ylI3 - 1Sx = Syl3 + lIx—yl3| . /4
< (1S + 15 = Ix+ylI3| o + 1S =313 = lx = ylI5] ) /4
<ed""(lx+yl3+lIx-yl3)/4  (JLmoment property)
=6 (IlxI5 + 1yI3) /2

=ed'/!.

The next lemma shows that the direct sum of matrices inherit the JL. moment property.

LemmaD.1.2. LetteNanda =0. IfPeR™ “d\ and Qe R™2*% qgre two random matrices (not

necessarily independent), such that,

[1PxI5 - lIxl5]| ;. <allxl5 and E[IPxI3]=lxI5,

[hQviz -y

L=alyls and E[IQyI3] =1yl
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Appendix D. Near-optimal Sketching of Tensors

for any vectors x € R% and y € R%, then for any vector z € Rh+%,

[lPeQzl5—llzl3],: < alzl3 and E[I(P&Q)zl5] = lzl3.

Proof. Let ze R4“*% and choose x € R%' and y € R%, such that, z = x®y. By triangle inequality,

liP e Q3 - 1213 . = |13 + Qs - 113 - |¥13]

< 1P - 103+ [lQvls - 15

<allxl+a|y|3

Lt

2
=alzls.

Moreover, E[|(P & Q)zll5] = E[IPxI3] +E[1QyI3] = x5+ IylI5 = I 213 O

An easy consequence of this lemma is that for any matrix, S, with the (¢, §, #)-JL. Moment Prop-
erty, I x S has the (g,9, t)-JL Moment Property. This follows simply from I x S=S& S®...@S.
—_————

k times
Similarly, S x I} has the (¢, 6, £)-JL Moment Property, since S x I is just a reordering of the rows

of I x S, which trivially does not affect the JL Moment Property. The same arguments show
that if S has the Strong (¢, §)-JL Moment Property then I} x S and S x I has the Strong (¢, 6)-JL
Moment Property.

Proof of Lemma 5.4.1

We will prove a correspondence between IT” and I19. Let E; € R4*" be a matrix whose first
row is equal to one and is zero elsewhere. By Definition 5.3.3 for any matrix A € R4 *",

mPA=114 (A ® E? @-p )). A simple calculation shows that for any matrices A, B € R *" then

—_o\ T _ —_\ T _
(A@Ef(q p)) (B®Ef9(q p)):ATBo(Ei&(q p)) -Ei@(q P):ATB,

1
is all ones matrix. Therefore, ”A ® Ef(q_p) HF =|Allr and s, (A@ Ei@(q_p)) =53 (A).

. _
where o denotes the Hadamard product, and the last equality follows since (E ela-p )) -Ei@ @-p)

Now assume that I19 is an (¢, 8, u, n)-Oblivious Subspace Embedding, and let A € R¥"*" and
A =0 be such that s3 (A) < u. Define A’ = A® Ef(q_p), then

Pr[(1-e)(ATA+AL) < (TP A)TTIP A+ AL, < (1+€)(AT A+ AL,)]
=Pr[(1-e)(ATA +AL) = MIAY TTITA" + AL, < (1+&) (AT A + AL)]
=>1-6,

where we have used that s3(A’TA") = s3(ATA) < u. This shows that I17 is an (g,6, i, n)-
Oblivious Subspace Embedding.
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D.1. JL Moment Properties of the Tensoring of Sketches

Assume that I19 has (¢, §)-Approximate Matrix Multiplication Property, and let C, D € R4 <",
Define C' = C®E?(q_p) and D'=D® E?(q_p), then

Pr[|(1PO)'IPD - C"D|| 2z e IClE IDIF] = Pr[|@7CY D' - C""D'|| . z € | C'|| | D' ]
<o,

where we have used that || C’||F =|CllF, ||D’||F =|Dllg, and C'T D' = CT D. This show that TP
has (g, 5)-Approximate Matrix Multiplication Property.

Proof of Lemma 5.4.2

Approximate Matrix Multiplication Let C, D € R*". We will prove that
[l@CTMD-CT D <es" ICIFIDIF - (D.2)

Then Markov’s inequality will give us the result. Using the triangle inequality together with
Lemma D.1.1 we get that:

1/2
llMO ™ MD-CTD| ], = | |l(MOTMD-CTD|;

L2
1/2

Y ((MC)"MD;-C] D;)’

i,jeln]

Lt2

< | X aacyTmD;-CTDjl;,

i,jeln]

< | Y ez,

i,jeln]
=5V ClpIDIE .

Using Markov’s inequality we now get that

e ™MD~ D, |}
Pr[|(MC)"MD-C™D|,.=¢lClrIDIFr] < <
i I €1l DI} e'ICIEIDI

Oblivious Subspace Embedding. We will prove that for any A = 0 and any matrix A € R4*",

1-e)(ATA+AL) < (MA) T MA+ AL, <1 +¢&) (AT A+ AL, (D.3)

t
holds with probability at least 1 — (%TA)) 0, which will imply our result. First consider A > 0.

Then AT A+ 1, is positive definite. Thus, by left and right multiplying (D.3) by (AT A+ A1)~} 12,
we see that (D.3) is equivalent to

(-, <(MAATA+ /11")‘1’2)T MAATA+AL) Y2+ MATA+AL) P <+ o), .
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Appendix D. Near-optimal Sketching of Tensors

which, in turn, is implied by the following:

<E€.

H (MAATA+ ALY ™) MAAT A+ AL) 2+ MATA+ ALY — I,
op

Note that (AT A+ A1) Y2ATA(ATA+AL) V2 =1, - A(AT A+ A1,)7!. Letting Z = A(AT A+
AI,,)‘”Z, we note that it suffices to establish || (M2)"MZ - ZTZ||OlD < &. Using (D.2) together
with Markov’s inequality we find that

2
12112
u

taz (—SA(ATA))té,

Pr||(M2)T MZ- 2T 7|,z | <Pr[| (M2 MZ- 2T 2| 2 €] < ( .

where the last equality follows since | Z[% =tr (AT A(ATA+AI,) ™) = s3 (AT A).
To prove the result for A = 0 we will use Fatou’s lemma.

Pr(1-8)AT A=< (MA) MA=(1+e)AT A)|
< li/lm%r}fPr[((l ) ATA+AL) < (MA)TMA+ AL <(1+€)(AT A+ Mn))c]

ATA
< liminfwé
A—0* u

ATA
_ So( )6
u

’

where the last equality follows from continuity of A — s (AT A).

D.2 Spectral Concentration of the Tensoring of Sketches

We start this section by presenting the definitions and tools from the literature that we use for
proving concentration properties of random matrices.

Lemma D.2.1 (Matrix Bernstein Inequality (Tropp et al., 2015, Theorem 6.1.1)). Consider
a finite sequence Z; of independent, random matrices with dimensions dy x d». Assume
that each random matrix satisfies E[Z;] = 0 and || Z;i|lop < B almost surely. Define 0% =
max {|| ¥; E[Z; Z lop, | ¥ ELZ] Zilllop}. Then for every t >0,

P

=t

—1%/2 )
g2+ Bt/3)’

2. Zi
i

< (dy+d>)-exp (
op

To analyze the performance of TensorSRHT we need the following claim which shows that

with high probability individual entries of the Hadamard transform of a vector with random
signs on its entries do not “overshoot the mean energy” by much.

Claim D.2.1. Let Dy, D, be two independent d x d diagonal matrices, each with i.i.d. Rademacher
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D.2. Spectral Concentration of the Tensoring of Sketches

diagonal entries. Also, let H be a d x d Hadamard matrix. Then, for every x € R,

Prp, p, [I{(HD1) x (HD2)] - Xlloo < 4l0g, (d/5) - |l xll2] = 1-6.

Proof. By Claim 5.2.1 we can write that,
(HDy) x (HD2) = (H x H)(Dy x D»),

where H x H is indeed a Hadamard matrix of size d?> x d*> which we denote by H'. The goal is
to prove
Prp,,p, [ H (D1 x D2) - Xllo < 4log, (d/8) - | x]l2] 21~ 6.

By generalized Khintchine’s inequality as per (Ahle et al., 2020, Lemma 4.9), we have that for
every t=1andevery j € [d?] the jth element of H'(D; x D»)x has abounded ™ moment as
follows,

| (D1 x Dox] || <21l

Hence by applying Markov’s inequality to the t™ moment of ’ [H'(Dy x D) x| i ‘ for t =log,(d/d)
we find that,
Pr||[H' (D1 x Dy)x] ;| > 4log,(a/6) -1 x| < 6/d>.

The claim follows by a union bound over all entries j € [d?].

D.2.1 Spectral property of Identity x TensorSRHT
In this section we prove Lemma 5.5.3 as follows.

Fix a matrix U € R**" with | U1l < pp and || U3, < . Partition U by rows into d x n-sized
submatrices Uy, U,..., Uy such that U' = UlT U2T UII . We easily find that,

UTUx8) I x U =U{ STSU, +--- U] ST SU.

The proof first considers the simpler case of a TensorSRHT sketch of rank 1 and then applies
the matrix Bernstein inequality as per Lemma B.1.1 in Appendix B.1. Let R denote a rank one
TensorSRHT sketch which is a 1 x d matrix defined in Definition 5.3.7 by setting m = 1 as
follows,
def
R =P-(HD; x HD»),

where P € {0,1}'*? has one non-zero element at a uniformly random position in [d]. It is
easy to verify that STS € R?*? is the average of m independent copies of R'R, i.e., ST S =
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Appendix D. Near-optimal Sketching of Tensors

LY jetm R} Ri, foriid. Ry, Ry,..., Ry ~ R. Therefore,

1
U xS) (e xHU=— Y U (xxR) (I x R)U.
ie[m]
Hence, in order to use Lemma B.1.1, we need to bound the maximum operator norm of
utua kX RT(I x x R)U as well as the operator norm of its second moment. We proceed to upper
bound the operator norm of U T & X RT(I t X R)U. First, define the set

&= {(Dl,Dg) : H (HD, x HD,)U!

2 durk ,
slslogg(" i )-HU;
o0

€0

2
) forall je[k]andallie [n]},

where U; is the ‘" column of Uj. By Claim D.2.1, for every i € [n] and j € [k],

2 ndugk\ (. ;|12 €6
i i —
Prp, b, |(HD1 x HD)U | =< 1610g2( 5 )HUj 2] >l
Thus, by a union bound over all i € [n] and j € [k], & occurs with probability at least 1 — ;fT(sd’

€b
Pr{(D;,D>) €fl=1-—,
prd
where the probability is over the random choice of D;, D,. From now on, we fix (D1, D) € &
and proceed having conditioned on this event.

Upper bounding || U’ (I x R)T(I;C x R) U||0p. Using the fact that (D;, D») € &, we have,

def
LENUT U x BT (I x WU | o, = 1U] RTRUy ++-- U RT RUkllop

< |RUII5 + -+ + | RUII5

ndﬂFk) 2
U

— | 1Vl
ndupk)
e |

< lﬁlogg(

< lﬁup-logg(
Upper bounding ”[Ep [(UT(I;C xR)T(It xR) U)Z] ”Op. Using the fact that (D1, D) € &, we find
that,

Ep [(UT(Ik x R)T (I x R)U)z] <Ep [|| UTUx B Ui x U - (UT Ui x BT (U x R)U)]
=L-Ep [UTUx x R (I x RU].

Now it suffices to upper bound |Ep [UT (Ix x R)T (I x R)U] |- For every x € R? with || x|l = 1,
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D.2. Spectral Concentration of the Tensoring of Sketches

we have,

x"Ep [UT Ik x R) (I x AU] x =Ep

Y. (RU;x)®

jelk]
—Ep [(P(HDl x HDg)ij)z]

=Y |usx|;

Jjelkl

= |Uxll3 < k2,
where we used Ep |(P(HD; x HD;)U;x)?| = JI(HDy x HD;)Ujx|1? = |U; x| for all x.

Since the matrix (UT(I;c xR X R) U)2 is positive semi-definite for any D;, D, and P, it
follows that

M d:ef

Ep [(UT(Ik x R)T (I R)U)Z] ”op <L-p.

Combining one-dimensional TensorSRHT transforms. Recall that (D, D) € & with proba-
bility at least 1 — ;—L‘?F, therefore we have the following conditional expectation,

E[UTUx xR " x U] - u'u

E[UT xR Ux x RU|(Dy,Dy) € &] < = '
[ (I xR) (Ix xR) |( 1,D2) € ]< Pr((Dy, D>) € &) 1-€ebd/dur

Furthermore, by Cauchy-Schwarz we have,

E[UT (I x B (I x R)U| (D1, D2) €]
>E[UT (It x B (I x AU] —E[U" U x R) Iy x R\U| (D1, D3) ¢ ] -Pr[(Dy, Dy) ¢ &)
=UTU-d|U|ZPr((D1, Do) ¢8-Iy
T 6
=UU-~-1I,.
2

These two bounds together imply that ||[E [ UT(I,c X R)T(Ik X R)U| (D1,D9) € é"] - UTU”Op < %

To conclude, we recall that the Gram matrix, S' S € R%*4, is the average of m independent
copies of RTR, i.e., STS= - ¥ jc(py R Ri, foriid. Ry, Ry,..., Ry ~ R, and therefore,

U x )T U x §) = — Y Ui x R) T (I % Ry).

ie[m]

Now note that the random variables RZ.TRi are independent conditioned on (D;,D;) € &.

Hence, using the upper bounds L < 16ur - logg ("’i‘g k) and M < L- uy, which hold when
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(D1, Dy) € &, we have the following by Lemma B.1.1,

Pr[|UTUx ) UxHU-UTU|,, =]
sPr[||UT(Ix STUxSQU-E[U U xR (IxRU|(Dy,D2) €&] lop = g‘ (D1,D2) €&

+Pr[(Dy,D,) ¢ &)
me?/2

e RO
M+2eL/3

sSn-eXp(—

<9,

where the last inequality follows by setting m = Q (logglogz(%k) . M) This shows that

€2

Ii x S satisfies the (i, f2, €, 8, n)-spectral property.

D.2.2 Spectral property of Identityx OSNAP
In this section we prove Lemma 5.5.4 as follows.

Fix a matrix U € R**" with | U|| < pr and [|U|3, < p,. Partition U by rows into d x n-sized

sub-matrices U, Uy, ..., Ug such that UT = |U U] --- U] |. We can easily see that
UT (I x )T Uk x YU =U; STSU; +--- U] ST SUL.

The proof first considers the simpler case of a rank 1 OSNAP sketch and then applies matrix
Bernstein inequality. Let R denote a rank one OSNAP, which is a 1 x d matrix defined as,

m
Rid:ef\/?‘éiai, (D.4)

where o; for all i € [d] are i.i.d. Rademacher random variables and §; are i.i.d. Bernoulli ran-
dom variables with E[§;] = % In order to use Lemma B.1.1, we need to bound the maximum
operator norm of U Tua & X RTU r X R)U as well as the operator norm of its second moment.
We proceed to upper bound the operator norm of U’ (I x RT (Ix x R)U. First, define the set

dk dk
&= {R:(RU]-)TRU]- < c(ﬂlnz(”—(s“F).U]TUjﬂn(" “F) ||Uj||§-1n) forall j e [k]},
s €
where C > 0 is a large enough constant. We show that Pr[R € §] = 1 - dfn‘itF, where the

probability is over the random choices of {0} ;c(4; and {8} ;c[4). To show this we first need to
prove the following claim,

Claim D.2.2. For every matrix Z € R*", if we let R be defined as in (D.4), then,

pr|ZTRTRZ=<C (% 2 (n/8) 2 Z + (/O 2131, | =1-6.

Proof. The proofis by Matrix Bernstein inequality as per Lemma D.2.1. For any matrix Z let
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A=Z(Z"Z+ul,)"""?, where u = %mlllei. We can write RA= /%' Y je(q) 00 A;, where
A; is the i*" row of A. Note that E[6;0;A;] =0and ||6;0;A;ll2 < [ Ajll2 < | Allop- Also note that

. s s
Y E[6i0:A0©Bi0i AN ] = Y. —lAil5==IAl%,
ierd) ietd) M m
and,
N S
Y E[(Gi0iAN*(Gi0iA)] = Y, —ATA;=—ATA.
icrd) ield) m
Therefore,

Y E[(6i0iA)(i0;:A)]
icld)

maxq | Y E[(6;0;4)©i0:A)"]

i€ld]

’

op

S 2
= —|All%.
m
op

By LemmaD.2.1,

—12/2

Pr S 2
aAlIE+ 1 Allop/3

Y bi0iAi
ield]

> t] =(n+1)-exp
op

Hence if £ = § - (\/2 In(n/®)| Allp +In(n/6)| Allop), then Pr [[|Siciay8:07iAilp = £] < 6. By
plugging ||RA||(2)p = % NXica 6i0i Ai ||§p into the above we get the following,

2

C*“m
PI‘[”RA”Z <7(?-lnz(n/5)||AIIf,p+ln(n/5)||A||f:)

op = >1-96.

.
Now note that for the choice of A = Z(ZT Z + ul,) "'/, we have || A2, < ~2-2l>_ <1 and

op = |ZTZIE,+u

(7T
fé?;ﬂu < ZM’LZ 2 ¢In(n/6). By plugging these into the above we find

also A% =Y 1
that,
m
Pr[|RZ(Z" 2+ p1) ™|, < C%- = Inf(ni§)| = 1-6.
N

Hence,
m
Z'Z+ul) V2 ZTRTRZ(ZT Z + ul,) V2 < C— - In?(n16)1,,
N

with probability 1 — &, where C = C”2. Composing both sides of the above on the left and right

Y12 s 1ZIA

with the positive definite matrix (Z 7 Z + ul,)'/? gives (recall that u =  Thle))

Z'R'RZ=<C (% An?(n/8)ZT Z +1In(n/8) ||Z||§In) :

By applying Claim D.2.2 with failure probability diib‘ on each of U;’s and then applying union

bound, we find that Pr[Re &1 =1 - drenip' From now on, we condition on R € & and proceed.
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Upper bounding |UT (I x R) T (I x R U|| op+ From the fact that we have conditioned on R € E,
note that,

LENUT e x BT (U R)U||,, = U RTRU +--- U RTRUE||

m ndk'“F) T (ndkﬂF) 2 )
ig}c] ( s B ( €d i n b I ]”F n

- Hc(ﬂlnz(—"d];”) : UTU+1n("d€];”F) IIUlli-In)

=

op

N €

m ndk,up) (ndk,up) )
<C|—In® g +1 uE|.
<C(sn( €0 pz+in €0 HE

op

Upper bounding H E [(UT(I,C xR)T (I xR) U)Z] ” . Using the condition R € &, it follows that
op

E[(UTUex BT (e x BU)’|Re 8]
<E[|UT T x BT U x R, (UT T x BT T x BU) | Re 8]

<L-E[UTUx xR (Ix x AU|Re&]
L oy
Pr[Re &

where the last line follows from the fact that the random variable U (I x R)" (I x R)U is posi-
tive semidefinite and the conditional expectation can be upper bounded by its unconditional
expectation as follows,

E[UTx xRy xRU] U'U

T T =
E[U' xR Uk x RMU|Re &) = Pr[R € &] ~ Pr[Re &l

Therefore, we can bound the above operator norm as follows,

M dgf

E[(UT e x B Ui x RU)| ”p <2L-|UTU|,, <2L- po.

Combining one-dimensional OSNAP transforms. To conclude, we note that the Gram ma-
trix, STS € R?*4 is the average of m independent copies of RT R with R defined as in (D.4) —
ie,STS= % > ieim Rl.TRi forii.d. Ry, Ry,..., R, ~ R, and therefore,

Uix S (I < S) = — Y (e x R)T Uk x Ry).

i€[m]

Note that by union bound, R; € & simultaneously for all i € [m] with probability at least 1 - ;—;?F.
Now note that the random variables Rl.TRl- are independent conditioned on R; € & for all
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i € [m]. Furthermore, we can bound the following conditional expectation,

E[UTUx xR (It x AU|Re &]
>E[UT (I x B Ux x AU]-E[UTUx x R) Iy x AU|R ¢ &] -Pr[R & &
=U'U-d|U|}PrR¢ &)1,
zUTU—d||U||§-§-1n.

Moreover, we have shown earlier that,

E[UT (I x AT x YU u'u

E[UT (xR (I x AU|Re &) = [T Ui B) (e RIU]_ .
Pr[Re &] 1_%

F

These two bounds together imply that,

IE[UT(x x BTk x RU|REE] -UT U], <e/2.

Now, using the upper bounds L < C (%ln ( Mo + ln( ) ,uF) and M < 2Luy, which
hold when R € &, we have that by Lemma B.1.1 (see Appendlx B.1),

ndkup)

Pr(UT U x ) U x HU-UT U, 2 ]

<Pr||UTUex ) U x HU-E[UT U x B Uy x BU|RES] |, ’R€£]+Pr[R¢<5"]
/8
sSn-exp(—L)H‘i/Zs&
M+eL/3

where the last inequality follows by setting the parameter s = (log ("dk“ L ) log %5 nd g 2) and

m=Q (log("dk’“”)log nd ”‘e”F) This shows that I} x S satisfies the (ur, y2,€,8, n)-spectral
property.
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