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Abstract
The synthesis problem for partially observable Markov decision processes (POMDPs) is to compute a policy that provably
adheres to one or more specifications. Yet, the general problem is undecidable, and policies require full (and thus potentially
unbounded) traces of execution history. To provide good approximations of such policies, POMDP agents often employ
randomization over action choices. We consider the problem of computing simpler policies for POMDPs, and provide several
approaches to still ensure their expressiveness. Key aspects are (1) the combination of an arbitrary number of specifications
the policies need to adhere to, (2) a restricted form of randomization, and (3) a light-weight preprocessing of the POMDP
model to encode memory. We provide a novel encoding as a mixed-integer linear program as baseline to solve the underlying
problems. Our experiments demonstrate that the policies we obtain are more robust, smaller, and easier to implement for an
engineer than those obtained from state-of-the-art POMDP solvers.

Keywords Partially Observable Markov Decision Process · POMDP · Mixed-Integer Linear Programming ·
Decision-Making Under Uncertainty

1 Introduction

Partially observable Markov decision processes (POMDPs)
are one of the most versatile models for planning under un-
certainty [5, 40, 52]. They can model both non-deterministic
and probabilistic behavior and exhibit uncertainty not only
regarding the outcome of actions, but also about the en-
vironment, which might not be fully observable. POMDPs
capture a vast number of interesting real-world applications
(see, for instance, [47, 60]). As an example, Fig. 1 shows
a POMDP depicting a space shuttle traveling between two
space stations to deliver cargo [16]. The shuttle can only
observe what is right in front of it. So if it observes open
space, it can neither assess its proximity to any of the space
stations nor its orientation. Thus, the four yellow states all
yield the same observation—the states are indistinguishable
for an agent operating the space shuttle.

Traditionally, most applications are interested in comput-
ing a policy that maximizes a cumulative reward over a fi-

nite or infinite horizon. For the space shuttle example, this
corresponds to the amount of cargo successfully delivered.
Depending on the application, however, the agent’s behavior
might need to adhere to more complex, potentially safety-
relevant, specifications. Many of these tasks, like reacha-
bility or liveness, cannot be expressed using reward func-
tions alone [33], but require temporal logics (e.g., LTL [43]).
Moreover, the application may necessitate to combine multi-
ple specifications. For the space shuttle discussed before, we
might want to combine maximizing the reward (the number
of successful deliveries) with the additional safety specifica-
tion of requiring the shuttle to only navigate in empty space
for a limited percentage of the time.

Despite the obvious relevance of POMDPs, optimal
solutions—the provable best result that can be achieved,
given the specific requirements of the benchmark—remain
evasive. In fact, it is not always possible to compute an op-
timal solution, as doing so requires infinite memory [34].
Even if we only look at finite horizons, thus limiting the
memory available, the resulting problem is still PSPACE-
complete [41] and, from a practical perspective, intractable
even for small instances [36]. Even the computation of opti-
mal memoryless policies remains NP-hard [54]. If we want to
compute policies for more general LTL specifications, syn-
thesis of policies with limited memory is even EXPTIME-
complete [13].
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Fig. 1 The space shuttle
benchmark—colored states
share the same observation.
Transitions have been simplified
for clarity

Despite the hardness of the problems, modern tools and
methods are able to assess a range of formal specifications
for POMDPs, including reachability over a finite or infi-
nite time horizon, discounted or undiscounted rewards, or
steady-state probabilities. Over the years, a number of clever
methods have been developed to compute narrow bounds and
do so efficiently even for POMDPs with tens of thousands of
states: notably, there are approximate [37], point-based [42],
and Monte-Carlo-based [49] methods. On the other hand,
most approaches that provide guarantees for temporal logic
specifications are restricted to rather small models.

The downside of these methods is that they compute poli-
cies in a format that is not human-readable and poses certain
issues with implementation: they are often rather large com-
pared to the state space of the POMDP under consideration,
lack numerical robustness, and cannot always be evaluated
at the run-time of a system. This makes utilizing them prob-
lematic in many instances, especially in embedded systems
where resources like memory and battery life might be lim-
ited, but real-time executions remains crucial.

Our approach In this paper, we introduce a technique
to use Mixed Integer Linear Programming (MILP) together
with dedicated solvers like Gurobi1 to compute policies for
POMDPs that not only reach a high level of quality regarding
the current specification, but are also easy to extract, small,
and straightforward to use and implement.

This approach can be used for a number of specifications,
namely, we implement reachability probabilities, discounted
expected rewards, and steady-state probabilities. Each met-
ric can be maximized or minimized. As our technique is
highly flexible, it is also possible to combine different ob-
jectives and optimize towards multi-objective specifications.
While the most simple version of our implementation, which
provides a one-to-one mapping of observations to actions,
consists mostly of a (to the best of our knowledge) as of
yet unpublished new combination of well known methods,
we also developed several improvements that enhance the
policy with limited amounts of randomization and history,
while still keeping it small and concise.

Our contributions This article is an extension of [58].
In comparison to our earlier work, we added a section on

1 https://www.gurobi.com/.

fully randomized policies, as well as experiments and dis-
cussion on their merits and issues. Furthermore, we extended
our portfolio by the inclusion of steady-state probabilities,
which are also experimentally tested and discussed. Follow-
ing up on the extended portfolio, we widened our support
for multi-objective specifications, which warranted a further
discussion of their background and applications. Parts of this
paper, as well as the entire experimental section, have been
restructured and extended to do justice to the new scope
of our work. In the same vein, we also improved and ex-
tended on the background and related work sections of this
paper.

In summary, our contributions are as follows: We pro-
vide a framework to compute simple, small, and easy-to-
implement policies on POMDPs, satisfying specifications
on discounted rewards, reachability, steady-state probabil-
ities, as well as combinations thereof. These policies can
be extended by a number of methods, such as static ran-
domization and preprocessing, providing a tradeoff between
efficiency in computation and quality of the resulting pol-
icy, while preserving the desired properties of the policy
itself.

Related work There has been a lot of work on both multi-
objective model checking and MI(L)P-based policy compu-
tation for POMDPs and related models. In the following,
we will list a selection of these sources and discuss the dif-
ferences and similarities between their methods and ours.
[46] provides a survey of multi-objectives applications and
methods on MDPs. It defines multi-objective specifications
as a collection of reward functions and rewards specified
on the same MDP that all need to be maximized. The most
common method is scalarization, which combines the dif-
ferent reward functions into one, but more complex cases
might require non-linear combinations of the rewards. In
these cases, Pareto optimality might be used to compute a
set of policies that can be narrowed down with or without
user input. Most notably, for Pareto optimality, stationary
policies are not sufficient even in MDPs. [1] considers the
class of constrained MDPs (cMDPs). In this model, a number
of reward functions might be hard-bounded to remain under
a certain amount, while others are to be optimized. Station-
ary policies are sufficient for cMDPs. Constrained POMDPs
[25] are the natural extension of this model into the domain
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of restricted observability. The algorithm the authors pro-
pose is similar to that of dynamic programming for standard
POMDPs, and can handle both finite-horizon rewards and
discounted infinite-horizon rewards. For these cPOMDPs,
[44] uses approximative linear programs to compute an up-
per bound on the reward that can be achieved, outperform-
ing the state-of-the-art solvers in runtime, and [25] uses a
piecewise linear value function along with an MILP-based
prunning algorithm to extend standard POMDP value itera-
tion to cPOMDPs. As a further extension, in lexicographic
POMDPs [24], multiple objectives are sorted by order of im-
portance and optimized from the most to the least important.
Lower ranked objectives can only be improved if doing so
does not significantly decrease the performance on higher
ranked objectives. The algorithm proposed is closely related
to standard POMDP point-based value iteration. In another
direction, chance-constrained POMDPs [27] bound the prob-
ability for a constraint to be violated. This model proves to
be especially hard – the authors provide an ILP-based so-
lution for the fixed-horizon case that explicitly enumerates
sequences of observations and actions, and prove it to be
NP-complete even for a horizon of length 2. In ref. [2],
non-linear programming is used to compute finite-state con-
trollers (FSCs) of fixed size as policies and approximation
(local maxima optimization) is used to compute solutions
in acceptable times. In [30], a similar approach based on
an MIP is used, but starts with a small, one node FSC and
splits nodes to gain a minimal sized FSC of optimal struc-
ture. For efficiency reasons and to keep the MIP small, they
establish a direct correspondence between memory nodes
and observation histories. This approach has later been ex-
tended to decentralized POMDPs (DecPOMDPs) [31]. Fi-
nally, in [3], an inductive synthesis method is used to de-
termine FSCs for POMDPs and single objectives. In fur-
ther work, the authors combine this method with belief-
based planning for POMDPs that yields an efficient anytime
method [4].

The remainder of this article is structured as follows:
Sect. 2 introduces the notations and foundations necessary to
understand our contribution. Section 3 describes our naïve
approach that computes stationary policies using full ran-
domization. As this method has proven to be quite inefficient,
Sect. 4 shows how to compute stationary and deterministic
policies and improve them by adding static randomization if
needed. Section 5 introduces some preprocessing methods
that enrich a POMDP by locally adding memory where it
allows to distinguish between states. Section 6 presents our
implementation, including some technical optimizations and
the heuristic we use to apply the preprocessing. In Sect. 7, we
show our experimental results and set them into context with
some state-of-the-art POMDP solvers. Section 8 concludes
our work.

2 Foundations

For a finite or countably infinite set X , μ : X → [0,1] with
∑

x∈X μ(x) = 1 denotes a probability distribution over X ; the
set of all probability distributions over X is Dist(X). A partial
function f : X �→Y is a function f : X ′ →Y for some subset
X ′ = dom( f ) ⊆ X .

Definition 1 (Markov Decision Process)
A Markov Decision Process (MDP) is a tuple M =

(S, sinit,Act,P,R) where S is a finite set of states, sinit ∈ S the
initial state, Act a finite set of actions, P : S×Act �→ Dist(S) a
(partial) probabilistic transition function, and R : S × Act �→
R a reward function assigning to every (s,α) ∈ dom(P) a
real-valued reward.

For s ∈ S and α ∈ Act, we define the successors of s un-
der α as succ(s,α) := {s′ ∈ S | P(s,α)(s′) > 0}. The set of
actions that are enabled in s is Act(s) = {α ∈ Act | (s,α) ∈
dom(P)}. A partially observable Markov decision process
(POMDP) (e.g., [40]) models restricted knowledge of the
current state of an MDP.

Definition 2 (POMDP)
A partially observable Markov decision process (POMDP)
is a tuple D = (M,O,λ) such that M = (S, sinit,Act,P,R) is the
underlying MDP of D, O a finite set of observations, and
λ : S→O the observation function.

Note that in our definition of a POMDP, each state has
exactly one observation. In literature, a more general defi-
nition of POMDPs is often used, in which the observation
function depends not only on the current state, but also on
the previous action, and returns not a fixed observation, but
a probability distribution over the possible observations. We
use this more deterministic notation of POMDPs as many
of our following results and notations become convoluted
when considering general observation functions. However,
[14] provides a polynomial reduction from this general case
to the one we use in this work:

Let D = (M,O,λgen) with M = (S, sinit,Act,P) a POMDP
with a general observation function λgen : S×Act �→ Dist(O).
D can be transformed into a POMDP D′ = (M′,O′,λ′) with
M = (S′, sinit,Act,P′):

• O′ = O ∪ λ(sinit)

• S′ =
{
(sinit,λ(sinit))

}
∪ (S × O)

• ∀(s, z) ∈ S′ : λ′
(
(s, z)

)
= z

• ∀α ∈ Actenab(s) : P′
(
(s, z),α,(s′, z′)

)
= P(s,α, s′) · λgen(s,

α, z).

While this transformation leads to a larger state space, it
also leads to less complexity in other regards by eliminating
the probabilistic observation function. All behavior of the
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original POMDP is preserved, and thus, we do not lose any
information or expressiveness by applying this transforma-
tion.

We further assume that states with identical observations
have the same enabled actions. Otherwise, such states could
easily be distinguished by the available actions. We write
Act(z) for the set of actions that are enabled in all states with
observation z ∈ O.

Definition 3 (Path)
An alternating sequence π = s0α0s1α1 . . . of states and ac-
tions with si ∈ S, αi ∈ Act(si), and P(si,αi)(si+1) > 0 for all
i ≥ 0 is called a path. Paths can be finite (ending in a state) or
infinite. The set of finite paths is Pathsfin and the set of infi-
nite paths Pathsinf . For a finite path π, we denote by last(π)
the final state of π.

Definition 4 (Observation Sequence)
If π = s0α0s1α1 . . . sn−1αn−1sn is a finite path, then λ(π) �
λ(s0)α0λ(s1)α1 . . . λ(sn−1)αn−1λ(sn) is called the observa-
tion sequence of π.

Before a probability space over paths of (PO)MDPs can
be defined, the nondeterminism needs to be resolved. This
resolution is done by an entity called a policy that determines
the next action to be executed:

Definition 5 (Policy)
A policy for a POMDP D is a function σ : Pathsfin →

Dist(Act) such that σ(s0 . . . sn)(α) > 0 implies α ∈ Act(sn).
We denote the set of all possible policies for a POMDP D
with ΣD.

A policy σ is observation-based if σ(π) = σ(π′) holds
for all π, π′ with λ(π) = λ(π′). A policy σ is stationary if
σ(π) = σ(π′) holds whenever last(π) = last(π′). The set of
all stationary policies for a POMDP D is Σstat

D . Policies that
are not stationary are called history-dependent. A policy is
deterministic if σ(π)(α) ∈ {0,1} for all π and α. Policies that
are not deterministic are called randomized.

Stationary, observation-based policies are typically re-
garded as functions σ : O → Dist(Act) (randomized policy)
or σ : O → Act (deterministic policy). As a policy resolves
all nondeterminism and partial observability from an out-
side standpoint, on the model side, it turns a (PO)MDP into
a discrete-time Markov chain (DTMC), which is a purely
stochastic process.

Definition 6 (Induced DTMC)
Let D be a POMDP as defined above with reward function R
and σ : Pathsfin→ Dist(Act) a policy. The induced DTMC
is a tuple Dσ = (Pathsfin, sinit,P′) such that

P′(π,π′) = σ(π)(α) · P(last(π),α, s) if π′ = παs, and
P′(π,π′) = 0 otherwise. The induced reward function
R′ : Pathsfin→ R is defined as

R′(π) =
∑

α∈Act(last(π))

σ(π)(α) · R(last(π),α) .

The concept of successors translates seamlessly from
MDPs:

For π ∈ Pathsfin, succ(π) :=
{
π′ ∈ Pathsfin |P′(π,π′) > 0

}
.

In the following we consider the computation of observa-
tion-based policies for POMDPs. The goal is to find a policy
such that the induced DTMC satisfies a given specification.
Note that for an observation-based policy, we can compute
a DTMC that is bisimilar to the one defined above, but is
finite and has the same state space as D. For the scope of
this paper, we focus on reachability, expected discounted
reward specifications, and steady-state probabilities, as well
as combinations of several such properties. Note that general
LTL properties for probabilistic systems can be reduced to
reachability (see, e.g., [6]).

Definition 7 (Reachability)
Let C = (S, sinit,P) be a DTMC and T ⊆ S a set of target
states. The probability to reach a state in T from s is the
unique solution of the following linear equation system:

xs =

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪
⎩

1 if s ∈ T ,
0 if there is no path from s to T ,

∑

s′ ∈succ(s)
P(s, s′) · xs′ otherwise.

Definition 8 (Expected discounted rewards)
For a discount factor β ∈ (0,1) and a DTMC C = (S, sinit,P)
with reward function R : S → R, the expected discounted
reward of a state s ∈ S is the unique solution of the following
linear equation system:

rs = R(s) + β ·
∑

s′ ∈succ(s)
P(s, s′) · rs′ for each s ∈ S.

Recall that for a POMDP, the problem to determine a pol-
icy that optimizes expected rewards or reachability probabil-
ities is undecidable [34] in general, and the equation system
above might this be unsolvable.

As a further class of properties, we consider the long-run
behavior of a system, which poses an additional challenge for
solver-based computation. The transient distribution ΘC

n ∈

Dist(S) of a DTMC C denotes the probability to be in a
certain state after a fixed number n ≥ 0 of steps. The long-
run behavior, in contrast, studies the average fraction of time
spent in a certain state on the long run when time goes
to infinity. For finite recurrent DTMCs, where every state is
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reachable from every other state, the steady-state distribution
ΘC
∞
∈ Dist(S) is defined as the Cesàro limit:

Θ
C
∞
(s) := lim

n→∞

1
n + 1

n∑

i=0
Θ

C
i (s).

In practical applications, this theoretical limit is most com-
monly computed by solving a linear equation system.

Definition 9 (Steady-state probabilities)
The steady-state or long-run distribution ΘC

∞
of a finite, re-

current DTMC C = (S, sinit,P) is the unique solution of the
following balance equation:

∀ s ∈ S : ΘC
∞
(s) =

∑

t∈S

Θ
C
∞
(t) · P(t, s)

with the additional constraint that ΘC
∞

is a distribution over
S, that is,

∑
s∈S Θ

C
∞
(s) = 1 and ΘC

∞
(s) ∈ [0,1] for all s ∈ S.

We consider the problem of computing a stationary,
observation-based policy for a finite POMDP which ensures
that the resulting induced DTMCs is recurrent (this might not
always be possible) and, if it exists, maximizes the fraction
of time spent in a certain set of states. Instead of maximizing
the probability, it is also possible to impose bounds on the
fraction of time spent in different sets of states [53].

Research on the computation of optimal long-run distri-
butions in POMDPs is sparse, but [15] shows that they can
be approximated by finite-memory policies.

2.1 POMDP solution methods

Most traditional POMDP solution methods are based on
value iteration over the belief MDP. Value iteration uses a so-
called value function to compute the value of a given policy
in a certain state. For the remainder of this section, we will
focus on the computation of expected discounted rewards, as
this is the only property supported by most state-of-the-art
POMDP solvers. For a POMDP, the value function is defined
based on Def. 8.

Definition 10 (Value Function for Discounted Reward)
For a POMDP D = (M,O,λ) and a stationary policy σ : S→
Dist(Act), the discounted reward value function in state s ∈ S
is defined by

Vσ(s) =
∑

α∈Act
R(s,α) · σ(s)(α)

+ β ·
∑

α∈Act

[ ∑

s′ ∈succ(s)
P(s,σ(s), s′) ·Vσ(s′)

]

.

This value function, however, can only be used for station-
ary policies. In order to accommodate the history-dependent
policies required for close-to-optimal results in a POMDP,
we need to widen the notion of value functions to the belief
states of a given POMDP.

Definition 11 (Belief State)
For a POMDP D = (M,O,λ), a belief state is a mapping
ξ : S→ [0,1]with

∑
s∈S ξ(s) = 1, where ξ(s) equals the prob-

ability to be in state s ∈ S.

We can extend the transition function of the POMDP to
a belief update function. Given a belief state, an executed
action, and a new observation, this update function returns
the new belief state.

Theorem 1
Let

P(s,α, z) :=
∑

s′ ∈S

�λ(s′) = z� · P(s,α, s′)

denote the probability to move from state s to a suc-
cessor state with observation z from using action α and
PB(ξ,α, z) :=

∑
s∈S ξ(s) · P(s,α, z) be the probability to ob-

serve z after taking α in some belief state ξ .
If the current belief state is ξ , we execute action α and

make observation z, the new belief state ξ ′ is given by:

∀t ∈ S : ξ ′(t) :=
�λ(t) = z� ·∑s∈S ξ(s) · P(s,α, t)

PB(ξ,α, z)
.

In this function, the Iverson brackets �·� evaluate to 1 iff
the condition they enclose holds and otherwise to 0 [28].

The authors of [50] have shown that the belief state pro-
vides sufficient information for computing optimal policies
in POMDPs even without knowing the explicit observation
history. However, the belief MDP (as given by the belief
states and the belief update function) is typically infinite.
Thus, one cannot directly apply value iteration on a value
function as defined in Def. 10. Therefore, [50] also shows
that the value function for belief states can be approximated
arbitrarily closely by a set of linear functions called α-vectors
a ∈ A, which allows us to write the value function as follows:

Theorem 2 (Value Function for Discounted Reward on
Belief States)
For a belief state ξ , there is a set A of vectors a =

(a0, . . . ,a |S | ) ∈ A with ai ∈ R for all 0 ≤ i ≤ |S |, such that
the optimal value function (for the policy that maximizes the
discounted reward) can be written as

V(ξ) = max
a∈A

∑

s∈S

ξ(s) · a(s) .
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[50] gives a proof of Theorem 2.
Still, vector-based value iteration over the value function

from Theorem 2 is prohibitively expensive [48] and can only
be successfully applied to rather small POMDPs. Thus, most
state-of-the-art POMDP solvers focus on efficiently comput-
ing a “good” set of α-vectors (each of which corresponds
to one action α ∈ Act) to maximize the expected discounted
reward of the system by only evaluating the value function
for a finite set of belief states and pruning the α-vectors they
compute in each step.

The computed policy then consists of taking for each
belief state the action that corresponds to the maximizing
α-vector [8, 55]. Other approaches include abstracting or
discretizing the belief MDP to gain a finite MDP to compute
policies on [7, 38].

3 Randomized stationary policies

In this section, we show how optimal randomized station-
ary policies, which do not take the history into account, can
be computed by solving a non-convex optimization problem.
Using slightly different formulations and objective functions,
policies can be synthesized for different specifications. All
optimizations introduced in the following two chapters aim
to maximize some quantity. With small modifications, min-
imizing these quantities is also possible.

3.1 Maximum discounted reward

One of the most common specifications for POMDPs is to
maximize the total reward that can be accumulated over the
runtime of the system. As this measure usually diverges for
infinite runs of the system instead of converging to a finite
value, it is commonly computed in a discounted manner.
This way, the obtained rewards contribute less to the total
the further the run progresses.

Let D = (M,O,λ) be a POMDP with underlying MDP
M = (S, sinit,Act,P,R). We introduce variables vsi ∈ R for all
si ∈ S to represent the reward that can be earned starting in si
under the currently examined policy. Furthermore, variable
σz,α ∈ [0,1] represents the probability the policy assigns to
action α when residing in a state with observation z ∈ O. For
a discount factor 0 < β < 1, we can construct an optimization
problem as follows:

maximize vsinit (1a)

subject to

∀z ∈ O :
∑

α∈Act(z)

σz,α = 1 (1b)

∀s ∈ S : vs =
∑

α∈Act(s)

σλ(s),α ·

(

R(s,α) + β ·
∑

s′ ∈succ(s,α)
P(s,α, s′) · vs′

)

(1c)

We maximize the value of vsinit , which is the reward earned
in the initial state. (1b) enforces that the probabilities as-
signed to the enabled actions sum up to 1 for each observa-
tion, thus ensuring that the policy provides a set of probability
distributions. (1c) computes the actual values of the reward
by summing up the immediate and long-term reward earned
by taking each action, multiplied with the probability that
this action is taken under the current policy. Note that (1c) is
a non-linear constraint due to the multiplication of variables
σλ(s),α and vs′ .

3.2 Maximum reachability probability

Another type of specifications often considered in POMDPs
is maximizing (or minimizing) the probability to reach a cer-
tain set of target states T ⊆ S. The constraints in this case are
slightly more complex, as computing the probabilities in a
straightforward way is only correct for states from which the
target states can be reached under the chosen policy. States
from which the set of target states is unreachable under all
policies can be removed from the POMDP beforehand by
graph-based algorithms [21], but issues may arise for states
s ∈ S \ T that can reach the target states only under certain
policies. If those remain in the POMDP without further pre-
cautions, they can form endless loops that get assigned a
high probability, without every actually being able to reach
a goal state, but removing them could severely impact the
probabilities computed for all states. We introduce (reverse)
flow constraints as defined in [53] to resolve this issue. While
these were originally defined for MDPs, their usage and ben-
efit remains the same in POMDPs.

Let D = (M,O,λ) be a POMDP. We introduce variables
psi ∈ [0,1] for all si ∈ S to represent the probability to reach
a target state from si under the currently examined policy.
Furthermore, σλ(s),α ∈ [0,1] represents the probability the
policy assigns to action α when residing in state s with
observation λ(s). Variables fsi ,sj ∈ [0,1] for all si, sj ∈ S
with P(sj,α, si) > 0 for some α ∈ Act denote the (reverse)
flow between these two states.

maximize psinit (2a)

subject to

∀s ∈ S \T :
∑

α∈Act(s)

σλ(s),α = 1 (2b)

∀s ∈ T : ps = 1 (2c)

∀s ∈ S \T : ps ≤
∑

α∈Act(s)

σλ(s),α ·
∑

s′ ∈succ(s,α)
P(s,α, s′) · ps′

(2d)
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∀s ∈ T, s′ ∈ S : fs,s′ =
∑

α∈Act(s′)

σλ(s′),α · P(s′,α, s) (2e)

∀s ∈ S \T : fs,s′ ≤
∑

α∈Act(s′)

σλ(s′),α · P(s′,α, s) (2f)

∀s ∈ S \T : γ ·
∑

s′ ∈S

fs′,s ≥
∑

s′ ∈S

fs,s′ (2g)

∀s ∈ S \T :
∑

s′ ∈S

fs′,s ≥ ε · ps (2h)

We maximize the probability psinit to reach a target state
from the initial state. Again, (2b) ensures that the obtained
policy yields a probability distribution for each observation
of the POMDP. (2c) sets the probability to 1 for all states
s ∈ T . Analogous to (1c), (2d) computes the value of ps for
all s ∈ S \T . (2e)–(2h) define the (reverse) flow that ensures
that only states which can actually reach the target set are
associated with a positive probability: Flow only originates
in the target states (2e) and the flow along each transition
(although in the opposite direction) is always less or equal to
the probability to take that transition under the current policy
(2f). To avoid endless “flow-loops”, each state loses flow: for
each state, the sum of all outgoing flow is always less than the
sum of the incoming flow (2g). Note that in order to avoid the
strict inequality, we use a parameter 0 < γ < 1 to ensure that
the flow actually decreases. Typically, γ is close to 1. Lastly,
each state that has a positive probability to reach the target
states needs to have positive incoming flow, i.e., there has to
be a connection of enabled transitions between this state and
the target states (2h) Again, we use a parameter 0 < ε < 1 to
avoid the strict inequality. Typically, ε is close to 0.

3.3 Steady-state probabilities

The third type of specification we are going to focus on in this
paper is steady-state specifications—the average time spent
in each state over the course of an infinite run. In theory,
a POMDP has to satisfy certain properties for the steady-
state probabilities to be well defined—it needs to be ergodic
or at least recurrent. However, we can also guarantee the
existence of well-defined steady-state probabilities if, during
policy computation, we require the DTMC induced by said
policy to contain a single recurrent class. We again use flow
constraints to guarantee that the induced DTMC satisfies the
necessary properties. Just like with reachability probability,
we need to ensure that the states associated with a positive
probability are reachable under the current policy to avoid
invalid assignments—there has to be a path from the initial
state to the state in question. However, in order to ensure
recurrence of the induced DTMC, there also has to be a path
back to the initial state from each reachable state. Thus, we
implement flow constraints in two directions: flow, along the
transitions of the POMDP, and reverse flow, opposite to the
direction of transitions in the POMDP.

Note that the assumption of a recurrent induced DTMC
is not unreasonable for many standard POMDP benchmarks.
Benchmarks that were designed, for instance, with the op-
timization of a discounted reward in mind, often consist of
an endlessly repeating loop through the whole system and
cannot get “stuck” in any sink states. If, however, such a
recurrent induced DTMC does not exist for a POMDP, the
following constraints will become unsatisfiable.

Let D = (M,O,λ) be a POMDP. We introduce variables
lsi ∈ [0,1] for all si ∈ S to represent the average percentage
of time spent in si under the currently examined policy. Typ-
ically, we want to maximize the time spent in a set of states
T ⊂ S. Furthermore, σλ(s),α ∈ [0,1] represents the probabil-
ity the policy assigns to action αwhen residing in state s with
observation λ(s). Variables fsi ,sj ∈ [0,1] for all si, sj ∈ S with
P(si,α, sj ) > 0 for some action α ∈ Act denote the flow be-
tween the two states, and f rsi ,sj ∈ [0,1] for all si, sj ∈ S with
P(sj,α, si) > 0 denote the reverse flow between states.

maximize
∑

s∈T

ls (3a)

subject to

∀z ∈ O :
∑

α∈Act(z)

σz,α = 1 (3b)

∑

s∈S

ls = 1 (3c)

∀s ∈ S : ls ≤
∑

s′ ∈S

ls′ ·
( ∑

α∈Act(s′)

P(s′,α, s) · σλ(s′),α
)

(3d)

∀s′ ∈ S : fsinit ,s′ =
∑

α∈Act(sinit)

σλ(sinit),α

· P(sinit,α, s′)

(3e)

∀s′ ∈ S : f rsinit ,s′
=

∑

α∈Act(s′)

σλ(s′),α · P(s′,α, sinit)

(3f)

∀s ∈ S \ {sinit} : fs,s′ ≤
∑

α∈Act(s)

σλ(s),α · P(s,α, s′) (3g)

∀s ∈ S \ {sinit} : f rs,s′ ≤
∑

α∈Act(s′)

σλ(s′),α · P(s′,α, s) (3h)

∀s ∈ S \ {sinit} : γ ·
∑

s′ ∈S

fs′,s ≥
∑

s′ ∈S

fs,s′ (3i)

∀s ∈ S \ {sinit} : γ ·
∑

s′ ∈S

f rs′,s ≥
∑

s′ ∈S

f rs,s′ (3j)

∀s ∈ S \ {sinit} :
∑

s′ ∈S

fs′,s ≥ ε · ls (3k)

∀s ∈ S \ {sinit} :
∑

s′ ∈S

f rs′,s ≥ ε ·
∑

s′ ∈S

fs′s (3l)

Springer



276 L. Winterer et al.

We maximize the steady-state probability for some pre-
defined set of target states T . (3b) ensures that the policy
computed yields a probability distribution for each observa-
tion of the POMDP and (3c) enforces the ls to sum up to 1,
as they form a probability distribution over all states in the
POMDP. (3d) computes the value of the steady-state proba-
bility for each state. Note that this value should only be larger
than zero for states that are visited infinitely often under the
currently computed policy. In order to ensure this property,
we use flow constraints similar to Sect. 3.2. Forward flow
only originates in the initial state (3e) and flows along the ac-
tive transitions, with the flow along each transition being less
or equal to the probability to take that transition under the
current policy (3g). Endless “flow-loops” are again avoided
by ensuring that for each state, the sum of all outgoing flow
is always less than the sum of the incoming flow (3i). Lastly,
(3k) ensures that each state that has a positive steady-state
probability needs to have positive incoming flow, i.e., there
has to be a connection of enabled transitions between the
initial state and the state in question.

Constraints (3f), (3h), (3j), and (3l) implement the same
effects for the reverse flow, respectively. Note that a state
might have positive incoming reverse flow without having
incoming flow. This happens for states that can reach the ini-
tial state, but are themselves not reachable under the current
policy. This does not violate the recurrence of the induced
DTMC, but such states cannot have a positive steady-state
probability either.

3.4 Multiple specifications

Multi-objective specifications in MDPs and POMDPs are
traditionally limited to optimizing a number of different (dis-
counted) reward functions on the same model. In many cases,
the rewards can be scalarized into one single reward function,
and then be treated as regular POMDPs. In some cases, the
optimization function is non-linear, and scalarization is not
possible. In these cases, a number of effective methods has
been explored, such as Pareto optimality, [46], or specialized
models such as lexicographic POMDPs [24].

Since our method supports a wide range of different spec-
ification, this constraint-based approach to computing poli-
cies is not limited to combining different reward functions: It
is also possible to enforce multiple specifications of different
types simultaneously by solving an optimization program
that combines the constraints of all required properties. For
example, we can optimize the expected reward while spend-
ing as little time as possible in a certain set of states, or try to
minimize the cost of reaching a goal state while keeping the
probability of hitting a bad state under a certain value. Note
that if more than one value is set to be optimized (instead
of just keeping it above or below a threshold), a weighted

Fig. 2 An MDP that needs randomization in order to optimize for
reachability of both s1 and s2

optimization function might be required if the metrics are
not equally important according to the specification.

It is important to note that even in MDPs, determinis-
tic and stationary policies are not sufficient to find optimal
solutions for multiple specifications. To illustrate this, look
at Fig. 2 and assume that the two objective functions are
“maximize the probability to visit s1” and “maximize the
probability to visit s2”. A deterministic, stationary policy
has to choose the same action every time s0 is visited. Ei-
ther α is chosen, and the probability to visit s1 is 1 and the
probability to visit s2 is 0, or β is chosen for the opposite
result. A randomized policy, however, could choose α with
some probability p and β with p − 1, thus maximizing the
probability for both s1 and s2 at value 1.

4 Deterministic stationary policies

While modern optimization solvers are in principle capa-
ble of solving non-linear optimization problems as we intro-
duced in Sect. 3, and thus computing optimal randomized sta-
tionary policies, our experiments show they are often limited
in practice by performance and restricted to small instances.
Fully randomized policies also tend not to be very robust,
as small changes in the probabilities can lead to big changes
in the result. We therefore shift our efforts to computing
completely deterministic policies that only return one action
for each observation instead of a probability distribution.
By introducing integer variables and eliminating the need
to multiply variables, the optimization problem thus turns
into a Mixed-Integer Linear Program (MILP) in the case
of discounted expected rewards and reachability probability.
However, while this approach of enumerating states serves
well to ensure reachability, it explicitly eliminates loops and
thus is not applicable to ensure recurrence of states. Thus,
steady-state probabilities have to be computed in the same
way as in the randomized case (see Sect. 3.3), only swap-
ping out the real-valued policy variables for binary ones in
the deterministic case. Note that when dealing with multiple
specifications of different types, the addition of steady-state
probabilities can significantly hinder the efficiency of op-
timization, as adding these non-linear constraints negates
some of the advantages of the linear constraints used for the
other specifications.
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4.1 Maximum discounted expected reward

We examine the same types of specifications as we did with
randomized policies.

Let D = (M,O,λ) be a POMDP. We introduce variables
vsi ∈ R for all si ∈ S to represent the reward that can be earned
starting in si under the currently examined policy. Further-
more, σλ(s),α ∈ {0,1} are variables representing whether the
policy selects action α when residing in state s with obser-
vation λ(s), or not. v∗max is an upper bound on the maximum
discounted expected reward; if unknown, it can be computed
on the corresponding MDP (ignoring the partial observabil-
ity). For a discount factor β ∈ (0,1), we can build the MILP
as follows:

maximize vsinit (4a)

subject to

∀z ∈ O :
∑

α∈Act(z)

σz,α = 1 (4b)

∀s ∈ S ∀α ∈ Act(s) : vs ≤ v
∗

max · (1 − σλ(s),α) +

r(s,α) + β ·
∑

s′ ∈succ(s,α)
P(s,α, s′) · vs′ .

(4c)

(4b) ensures that only one action is selected for each ob-
servation, and (4c) calculates the actual value of the reward
for each state. For all actions α that are not selected for the
current observation, v∗max · (1−σλ(s),α) evaluates to just v∗max
and the resulting inequality vs ≤ v

∗

max + [...] is satisfied by
default. For the chosen action, σλ(s),α = 1. Thus, the v∗max is
eliminated and the remaining equation plays out in the same
way as in the randomized case.

4.2 Maximum reachability probability

Let D = (M,O,λ) be a POMDP. We introduce variables
psi ∈ [0,1] for all si ∈ S to represent the probability of reach-
ing a goal state when starting in si under the currently ex-
amined policy. Furthermore, σλ(s),α ∈ {0,1} are variables
representing whether the policy selects action α when resid-
ing in state s with observation λ(s), or not. The MILP can
then be built as follows:

maximize psinit (5a)

subject to

∀s ∈ S \T :
∑

α∈Act(s)

σλ(s),α = 1 (5b)

∀s ∈ T : ps = 1 (5c)

∀s ∈ S \T ∀α ∈ Act(s) : ps ≤ (1 − σλ(s),α) +

∑

s′ ∈succ(s,α)
P(s,α, s′) · ps′

(5d)

∀(s,α) ∈ Actpr
∀s′ ∈ succ(s,α) : rs < rs′ + 1 − ts,s′ (5e)

∀(s,α) ∈ Actpr : ps ≤ 1 − σλ(s),α +
∑

s′ ∈succ(s,α)
ts,s′ (5f)

(5b) ensures that only one action is selected for each ob-
servation, and (5c) sets the probability to 1 for all s ∈ T . (5d)
calculates the actual probability for each state s ∈ S \T . For
all actions α that are not selected for the current observa-
tion, (1 − σλ(s),α) evaluates to 1 and the resulting inequality
ps ≤ 1 + [...] is satisfied by default. For the chosen action,
σλ(s),α = 1. The first term is thus eliminated and the remain-
ing equation plays out in the same way as in the randomized
case.

We also replace the flow variables from the randomized
case with a ranking function that does not require multi-
plication of variables to keep the linearity of the MILP
intact. However, in practice, the flow implementation still
proved to be more efficient in most cases. In contrast to
the flow constraints, which were defined for all states s ∈ S,
the ranking functions only need to be defined for so-called
problematic states Spr—states that can only reach the tar-
get states under certain policies. This set of states if pre-
computed before starting the constructions of constraints.
We then define the problematic actions as Actpr =

{
(s,α) ∈

S × Act
�
�α ∈ Act(s) ∧ succ(s,α) ⊆ Spr} , the actions under

which a problematic state can be reached. (5e) assigns a
ranking variable rs ∈ N for all s ∈ Spr and ensures that these
variables are strictly increasing along all enabled transitions
ts,s′ ∈ {0,1}, while (5f) forces ts,s′ to be 1 for P(s,α, s′) > 0
and σλ(s),α = 1. As with flow, the strictly increasing order
of ranking variables prevents any endless loop within a set
of states. This technique was inspired by the reachability
constraints from [57], which can be used to compute coun-
terexamples for MDPs [18], and we refer to the source for
arguments about their correctness.

4.3 Static randomization

By moving from fully randomized to completely determin-
istic policies, we gain a lot in terms of computability and
robustness, but also lose efficiency of the policies computed.
As Fig. 3 shows, sometimes randomization will lead to much
more satisfactory results: Any stationary deterministic policy
can reach the blue state with probability at most 0.5, but as-
signing any distribution with σyellow,α > 0 and σyellow,β > 0
leads to a probability of 1.

To make up for this deficiency, we introduce static ran-
domization. To this end, we introduce an additional action
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Fig. 3 A simple example that needs arbitrary randomization for max-
imum reachability of s4 (Color figure online)

Fig. 4 A POMDP without, with Light, and with Heavy static random-
ization (Color figure online)

u � Act to all states S′ ⊆ S with (1) a non-unique observation
and (2) more than one enabled action. u represents a uniform
distribution over all enabled actions of that state. Formally,
we replace the underlying MDP M by M′ = (S, sinit,Actu,Pu)

such that Actu := Act ∪ {u} and Pu as follows: Pu coin-
cides with P in states S \ S′ and whenever α � u. We set
Pu(s,u, s′) = 1

|Act(s) | ·
∑
α∈Act(s) P(s,α, s′) for s′ ∈ S.

Instead of a uniform distribution over all enabled actions
of s, we can also introduce arbitrary distributions over ar-
bitrary subsets of the enabled actions. However, we suggest
the following three modes of randomization, as illustrated
in Fig. 4: Pure (no randomization), Light (adding one uni-
form distribution over all enabled actions for each state), and
Heavy (adding a uniform distribution for each non-empty
subset of enabled actions for each state).

5 Preprocessing the POMDP

By focusing on computing stationary policies with at most
static randomization, the computational complexity of the
synthesis problem decreases significantly. However, for some

models, the quality of the computed policy can be arbitrarily
worse than that of an optimal history-based policy. In order
to bridge this gap in performance, we introduce POMDP
preprocessing as a method to locally introduce history in just
the cases where it leads to an actual quality improvement,
thus keeping the complexity low while significantly improv-
ing the performance. To achieve this, we use two distinct
methods: observation splitting and state splitting.

5.1 Observation splitting

First, we define the notion of pre-observations: Let D =

(M,O,λ) be a POMDP with an underlying MDP M =

(S, sinit,Act,P,R), z ∈ O an observation, and λ−1
(z) = {s ∈

S | z = λ(s)} the set of states with observation z. W. l. o. g.,
let |λ−1

(λ(sinit))| = 1 and P(s, sinit) = 0 for all s ∈ S. An ex-
isting POMDP can easily be modified to conform with these
requirements.

Definition 12 (Pre-Observations)
For s ∈ S, the pre-observations of s are defined as predD(s) ={
(z,α) ∈ O × Act

�
�
∃s′ ∈ S : z = λ(s′) ∧ P(s′,α, s) > 0

}
.

Assume that λ(s1) = λ(s2) = z ∈ O and λ(s′) � z∀ s′ �
{s1, s2}. If predD(s1) ∩ predD(s2) = ∅, a history-dependent
policy can easily distinguish between s1 and s2 and assign
them both different actions by remembering the previous
observation and action. We can simulate this behavior for
stationary policies by splitting z and assigning distinct obser-
vations z1 and z2 to s1 and s2, respectively. On the resulting
modified POMDP D′, even a stationary policy can distin-
guish between the two states. Therefore, stationary policies
in D′ typically correspond to history-based policies in D.
Note that this modification does not increase the size of the
POMDP in terms of states or transitions.

We can split an observation z if λ−1
(z) can be partitioned

into two disjoint subsets A and B such that
(⋃

s∈A predD(s)
)
∩

(⋃
s∈B predD(s)

)
= ∅, i.e., when z is observed, we can distin-

guish states in A from states in B if we know the observation
in the predecessor state as well as the last chosen action.
This information can be encoded into the POMDP by as-
signing distinct observations to the states in A and the states
in B. Formally, we get the POMDP D′ = (M,O′,λ′) with
O
′ = (O \ {z}) �∪ {zA, zB} and

λ′(s) =

⎧⎪⎪⎪⎨

⎪⎪⎪
⎩

λ(s) if s � A �∪ B,

zA if s ∈ A,

zB if s ∈ B.

Theorem 3
Let D′ be the POMDP we obtain by splitting some observa-
tion z ∈ O of POMDP D into new observations zA and zB .
Then:
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Fig. 5 Applying state splitting
and observation splitting to a
POMDP. Observations are given
by the coloring of the states
(Color figure online)

1. {Dσ |σ ∈ ΣD} = {D′σ |σ ∈ ΣD′ }, and
2. {Dσ |σ ∈ Σ

stat
D } ⊆ {D

′

σ |σ ∈ Σ
stat
D′ }.

Observation splitting does not make a difference in the
expressiveness of the model when considering the set of all
policies. However, since we restrict ourselves to stationary
policies, observation splitting gives us an additional degree
of freedom when choosing the right action, thus making the
set of stationary policies more powerful.

Proof
Let D be a POMDP and D′ result from D by splitting obser-
vation z. Let, for i ∈ {1,2}, πi = si0α

i
0si1α

i
1 . . . s

i
n ∈ Pathsfin

(with si0 = sinit) be two finite paths in D, and π′i be the cor-
responding paths in D′. It is easy to see that λ′(π′1) = λ′(π′2)

iff λ(π1) = λ(π2). That means, for each policy in D there is
a corresponding policy in D′ that makes the same decisions
and vice versa.

Additionally, for all states s1, s2 of D and D′, we have
λ(s1) � λ(s2) ⇒ λ′(s1) � λ′(s2). Therefore, a stationary
policy that can make different choices in s1 and s2 in D can
make different choices in D′ as well. �

5.2 State splitting

Usually, it is not possible to naturally apply observation split-
ting to any given POMDP, as this implies issues with the
specification itself. We thus define and apply state splitting
for refining the POMDP in order to prepare it and enable
observation splitting. In Fig. 5, all states sharing the same
color also share an observation (i.e., λ(s1) = λ(s2) = λ(s3)).
As predD(s2) = predD(s1) ∪ predD(s3), it is not possible to
split the three states into disjoint sets by means of their
pre-observations, and thus observation splitting cannot be
applied. However, by introducing two copies s1

2 and s2
2, the

pre-observations of s1
2 and s1 on the one hand and s2

2 and s3
on the other hand become disjoint, thus enabling observation
splitting on the yellow observation.

Formally, we can split a state s ∈ S in a POMDP
D = (M,O,λ) whenever |predD(s)| > 1. Again, we assume
that predD(sinit) = ∅. We obtain a modified POMDP D′ =

(M′,O,λ′) with

• S′ �
(
S \ {s}

)
�∪

{
(s, z,α)

�
�
(z,α) ∈ predD(s)

}
;

• for all t ∈ S′ we set: λ′(t) � λ(s) if t = (s, z,α) for some
z ∈ O and α ∈ Act, and λ′(t)� λ(t) otherwise;

• for all t, t ′ ∈ S′, β ∈ Act:

P′(t, β, t ′)�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎩

P(t, β, t ′) if t, t ′ ∈ S \ {s},
P(s, β, s) if t = (s, z,α) and t ′ = (s, z, β)

for some z ∈ O and α ∈ Act,
P(t, β, s) if t ∈ S \ {s} and t ′ = (s,λ(t), β),
P(s, β, t ′) if t = (s, z,α) for some z ∈ O

and α ∈ Act and t ′ ∈ S \ {s},
0 otherwise;

• for all t ∈ S′ and β ∈ Act(t) we set: R′(t, β)� R(s, β) if t =

(s, z,α) for some z ∈ O and α ∈ Act, and R′(t, β)� R(t, β)
otherwise.

Theorem 4
Let D be a POMDP and let D′ result from D by splitting a
state s of D. Then D and D′ are bisimilar.

In order to prove this theorem, we first need to introduce
bisimulations [22], adapting the standard notion from MDPs
to POMDPs in the straightforward way.

Definition 13 (Bisimulation)
Let D = (M,O,λ) be a POMDP with underlying MDP
M = (S, sinit,Act,P), a reward function R, and a labeling func-
tion L : S→ 2AP that assigns to each state a set of atomic
propositions from a finite set AP.

A bisimulation on D is an equivalence relation ≈ ⊆ S × S
such that for all s, s′ ∈ S with s ≈ s′, we have

1. λ(s) = λ(s′) and L(s) = L(s′),
2. for all α ∈ Act(s) and all equivalence classes C ∈ S/≈:

∑

t∈C

P(s,α, t) =
∑

t′ ∈C

P(s′,α, t ′)

3. R(s,α) = R(s′,α) for all α ∈ Act(s).

Two states s, s′ are called bisimilar if there is a bisimulation
≈ with s ≈ s′.

The labeling function L introduced here for POMDPs is
used, e. g., in temporal logics, to refer to sets of states with

Springer



280 L. Winterer et al.

certain properties. For reachability properties, all target states
can be assigned a “target” label.

This definition of bisimilarity can be extended to form a
relation between states of different POMDPs: Let D and D′
be two POMDPs. We call them bisimilar (D ≈ D′) if there is
a bisimulation on the disjoint union of their state spaces that
relates the initial states of the two POMDPs.

Theorem 5
Let D = (M,O,λ) be a POMDP with M = (S, sinit,Act,P), re-
ward function R, and labeling function L. Let D′ = (M′,O,λ′)
with M′ = (S′, sinit,Act,P′), reward function R′ and labeling
function L ′ result from D by splitting state s ∈ S, as defined
above. Additionally, let for all t ∈ S′:

L ′(t) :=

⎧⎪⎪⎪⎨

⎪⎪⎪
⎩

L(s) if t = (s, z,α) for z ∈ O

and α ∈ Act,
L(t) otherwise;

Then D and D′ are bisimilar.

Proof
We define an equivalence relation on the disjoint union
of S and S′. To do so, we denote the states of D (ex-
cept s) with s1, s2, . . . and the corresponding states of D′
by s′1, s

′

2 . . .. The states corresponding to s are denoted by
corr(s) := {(s, z,α)′ | (z,α) ∈ predD(s)}. The equivalence re-
lation on S �∪ S′ is then defined as follows:

≈ :=
⋃

i

(

{si, s′i } × {si, s
′

i }

)
�∪

(

({s} �∪ corr(s)) × ({s} �∪ corr(s))
)

.

It is easy to see that ≈ is a bisimulation with sinit ≈ s′init, i. e.,
D and D′ are bisimilar. �

Remark 1
Note that when computing reachability or steady state proba-
bilities, if any of the goal states is split during preprocessing,
the resulting states all need to be added to the set T of goal
states as well.

6 Implementation

We implemented the non-convex optimization problems de-
scribed in Sect. 3 as well as the MILP formulations described
in Sect. 4 and use the commercial solver Gurobi [23] to solve
them. From experience, we have noticed that Gurobi often
finds a feasible solution, satisfying all constraints, quickly,
but then spends a lot of time trying to improve this initial so-
lution or prove its optimality. However, in many cases, even
this initial solution is already close to the optimum. Thus, we
have implemented a time limit mode. This gives the solver

a set number of seconds to try and optimize the first result
it finds, then aborts the optimization and returns the current
solution.

For the MILPs, we implemented three different levels
of randomization as in Sect. 4.3, and observation and state
splitting as in Sect. 5.

Out preprocessing framework of state and observation
splitting is a method to implicitly introduce a certain amount
of memory to an inherently memoryless process. The goal is
to do this locally so as not to bloat the state space unneces-
sarily. Therefore we only want to split states when it enables
observation splitting, which in turn enables us to find more
powerful policies. In general, we would like to determine a
small subset of states that, when split, enable a large number
of observation splits. However, it is not obvious how to pick
these states.

Splitting heuristic As a heuristic, we suggest using Al-
gorithm 1, which iteratively refines the POMDP by applying
both state- and observation-splitting, applying local changes
to previous results of the MILP in order to find splitting
candidates.

First, we solve the MILP for the original POMDP. This
result is used as a baseline for the following optimization.
Next, we use this solution and Algorithm 2 to identify a set
of states that should be split. We do this similar to policy
iteration for MDPs [45] - for each state, let σ∗ be the current
policy and v∗s the corresponding value of state s. We choose

σ′(s) :∈ argmax
α∈Act(s)

∑

s′ ∈S

P(s,α, s′) · v∗s′,

preferring σ′(s) = σ∗(s) where possible.

Input: POMDP D
newResult← computeMILP(D);
repeat

oldResult← newResult;
splitGroup← computeSplitGroup(D, oldResult);
splitStates(D, splitGroup);
splitObservations(D);
newResult← computeMILP(D);

until value(newResult) − value(oldResult) < ε ;
Algorithm 1: Splitting Heuristic

Input: POMDP D
splitGroup← ∅;
for s in D do

a∗ ← computeBestAction(s);
if a∗ � oldResult(s) then

splitGroup← splitGroup∪ s
end

end
Algorithm 2: Local Search
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Each time σ′(s) � σ∗(s) holds, it would be beneficial to
be able to distinguish s from the other states with the same
observation. Therefore, we add s to the set splitGroup. Once
all states have been checked for local changes, we split all
states in splitGroup, then apply observation splitting to the
resulting POMDP. After this, a new MILP is solved. If the
resulting policy yields a better result than the old one by a
given margin, the whole process is repeated until no further
improvement can be achieved.

7 Experiments

In order to show the relevance and demonstrate the effective-
ness of the methods presented in this paper, we performed
a large number of experiments. In this section, we will talk
about some of the results and set them into context with
state-of-the-art POMDP solvers. A complete table of our ex-
perimental results as well as sources for all the benchmarks
we used can be found in the Appendix. All experiments were
run on a machine with a 3.3 GHz Intel® Xeon® E5-2643
CPU and 64 GB RAM, running Ubuntu 20.04. Unless other-
wise noted, we set the time limit to two hours (7200 seconds)
and the memory limit to 63 GB.

7.1 The advantage of simple policies

Even with our best efforts, point-based solvers often compute
a policy that achieves a higher quality than what our approach
provides. However, there are many benefits of computing
close-to-stationary policies instead of alpha vectors.

Example 1
As an example, we extracted policies for the 4 × 4.95 bench-
mark from [11]. Table 1 shows policies computed by the
different MILP approaches. The benchmark has four obser-
vations and four actions. The Pure policy, not using any
randomization, assigns exactly one action to each observa-
tion (a). Using Light randomization, it is beneficial to use
an even distribution over all actions for observation 0 (b).
Adding Heavy randomization and thus the ability to pick ar-
bitrary subsets of actions, it would be even better to just pick
actions 1 and 2 with equal probability (a). The correspond-
ing rewards for the three approaches are 0.49, 0.5 and 3.0,

respectively. In comparison, the point-based POMDP solver
sarsop [8] succeeds in computing a maximal reward of 3.54.
However, the output is a set of 36 alpha-vectors, each looking
like this:
<Vector action=’’2’’ obsValue=’’0’’>3.38022 3.55813 3.55813
3.55813 3.38022 3.7454 3.7454 3.7454 3.38022 3.94253 4.15003
4.15003 3.38022 3.94253 4.36845 3.53388 3.54573 3.38022 3.55813
3.55813 3.55813 3.38022 3.7454 3.7454 3.7454 3.38022 3.94253
4.15003 4.15003 3.38022 3.94253 4.36845 </Vector>

Now during an execution of the POMDP, in each step we
have to update the belief state (see Sect. 2.1) and test it against
all 36 alpha-vectors to find the one that is currently optimal,
and the corresponding action. It is easy to see that for any
further computations using the policy, or to implement it
on a platform where memory is an issue, like an embedded
chip, or even to ensure real-time execution on lower-end-
platforms, the close-to-stationary policies are far superior
in terms of ease-of-use, memory usage, and computational
efficiency, even if the result is a little worse than that of
the point-based solver. If we also apply the state splitting
heuristic, we can improve our result to the same 3.54 that
the point-based solver computes. In that case, the number
of observations increases to 60, and there is some overhead
to map the newly split states and observation to traces of
observations and actions in the original POMDP. However,
this representation is still smaller and easier to work with
than the set of alpha vectors.

7.2 Multi-specification optimization

A further advantage of our approach is the support of opti-
mization goals consisting of multiple specifications of dif-
ferent types. In theory, we can implement an arbitrary com-
bination of expected reward, reachability probability, and
steady state properties. For this experimental section, we
chose to combine two specifications at a time, one of which
includes a fixed threshold, the other being an optimization
goal. We do not evaluate combinations utilizing multiple re-
ward functions, as this type of multi-objective POMDP has
been explored in depth in literature [46] and we do not feel
like we can add anything new to the discussion. Instead, we
focus to the type of combinations that are, to the best of our
knowledge, unique to our approach.

Table 1 Policy computed for
the 4 × 4.95 benchmark, using
Pure, Light, and Heavy static
randomization, respectively

(a)

Observation Action

0 a2

1 a0

2 a3

3 a1

(b)

Observation Action

0 1
4 (a0 + a1 + a2 + a3)

1 a1

2 a3

3 a1

(c)

Observation Action

0 1
2 (a1 + a2)

1 a0

2 a0

3 a1
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Table 2 Results for different timeouts

Benchmark Timeout Pure Light Heavy Pure + H Light + H Heavy + H

4 × 4grid_avoid 5 UNSAT/0.2 s 11.83/0.1 s 4.2/0.3 s UNSAT/0.1 s 3.34/55.9 4.24/109 s
(p ≥ 0.25, MinR) 10 UNSAT/0.1 s 11.83/0.1 s 4.24/0.6 s UNSAT/0.1 s 3.34/73.7 4.24/136 s

30 UNSAT/0.1 s 11.83/0.1 s 4.24/0.3 s UNSAT/0.1 s 3.27/138.7 4.24/214 s
60 UNSAT/0.1 s 11.83/0.2 s 4.24/0.6 s UNSAT/0.3 s 3.27/246.5 4.24/312.2 s
– UNSAT/0.2 s 11.83/0.3 s 4.24/0.3 s UNSAT/0.2 s 3.34* 4.24*

cheese.95 5 0.62/1.1 s 0.63/2.8 s 0.79/18.3 s 0.87/39.2 s 0.84/55.4 s 0.79/60.2 s
(p ≤ 0.5, MaxR) 10 0.62/1.1 s 0.63/2.6 s 0.79/37.1 s 0.87/77.1 s 0.88/88.1 s 0.79/96 s

30 0.62/1.1 s 0.63/2.6 s 0.79/108.7 s 0.91/225.9 s 0.90/238.3 s 0.79/239.9 s
60 0.62/1.1 s 0.63/3.3 s 0.79/224.8 s 1.61/683.9 s 1.05/453.6 s 0.79/465.4 s
– 0.62/1.1 s 0.63/3.1 s 0.79/379.5 s 0.87* 0.63* 0.79*

refuel 5 6.26/18.9 6.26/21.8 6.26/30.1 6.26/159.4 6.26/781.6 6.26*
(p ≥ 1.0, MinR) 10 6.26/19.1 6.26/39.7 6.26/44.4 6.26/158.1 6.26/864.3 6.26*

30 6.26/19.0 6.26/72.5 6.26/114.2 6.26/159.7 6.26/875.9 6.26*
60 6.26/19.7 6.26/72.8 6.26/226.6 6.26/27414 6.26/874.1 6.26*
– 6.26/19.7 6.26/72.9 6.26/236.5 6.26* 6.26* 6.26*

shuttle.95 5 14.87/0.3 s 14.87/0.6 s 14.87/2.4 s 14.87/19.7 s 14.87/20.4 s 14.87/27.4 s
(ps ≤ 0.1, MaxR) 10 14.87/0.5 s 14.87/0.6 s 14.87/2.5 s 14.87/37.9 s 14.87/39.2 s 14.87/46 s

30 14.87/0.3 s 14.87/0.9 s 14.87/2.3 s 14.87/116.1 s 14.87/114.4 s 14.87/119.9 s
60 14.87/0.3 s 14.87/0.7 s 14.87/2.4 s 14.87/234.2 s 14.87/235.4 s 14.87/233.3 s
– 14.87/0.4 s 14.87/0.6 s 14.87/3.0 s 14.87* 14.87* 14.87*

The results for each benchmark, together with the compu-
tation times for each time limit (5, 10, 30, or 60 seconds, or
unlimited) and each approach (Pure, Light, or Heavy static
randomization, each without and with state splitting) can be
found in Table 2. For the 4 × 4_grid_avoid grid world bench-
mark from [39], we required the probability to reach the goal
state to be larger than 0.25 while minimizing the number of
steps. Note that without using static randomization, the re-
quired reachability probability can not be achieved, so the
corresponding results are UNSAT (unsatisfiable). Adding
static randomization, the benchmark becomes satisfiable,
with the best results being achieved on light randomization in
combination with state splitting. The cheese.95 benchmark
from [35] is a grid world maze in which repeated visits to a
pre-specified field yield a reward. We additionally declared
one field as undesirable and maximize the reward while at
the same time guaranteeing that this field is only visited with
a probability of less than 0.5. Here, state splitting in combi-
nation with no static randomization yielded the best results.
The refuel benchmark from [26] describes a robot trying to
reach a goal with limited fuel, that can be replenished at a gas
station location. We enforced almost-sure reachability of the
goal while minimizing the number of steps taken. For this
benchmark, all approaches yielded the same result of 6.26.
The last benchmark is the shuttle.95 example from [16],
which describes a space shuttle delivering cargo between to

space stations. Here we used steady state probability to limit
the total time spent in open space (that is, not docked to or
in the vicinity of one of the space stations) to at most 10%
while simultaneously maximizing the reward that is accrued
with each successful delivery. Here, already the Pure strat-
egy without state splitting yields the best results we could
achieve and neither state splitting nor static randomization
could yield further improvement. Without the additional lim-
itation, the best result computed by our method was 30.27,
while the reference solver sarsop reached 31.24.

7.3 Comparison to state-of-the-art solvers

We want to stress that our results are not meant to be com-
pared directly to those of state-of-the-art solvers, as our ap-
proach is somewhat orthogonal to theirs: we focus more
on the properties of our computed policies (small, read-
able, easy to apply) than on their optimality and the time
it takes to compute them. As such, state-of-the-art solvers
like sarsop and Prism-POMDP can compute policies that
achieve better results and take less time. However, it must
be noted that in our experiments, we were often much faster
than Prism-POMDP in computing a policy, but this compar-
ison isn’t entirely fair: Prism is optimized towards symbolic
state spaces, using modularized models and factored state
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Fig. 6 Result and runtime for different benchmarks, comparing static and full randomization (Color figure online)

spaces [32], whereas our approach can only handle flat state
spaces at the moment. Thus, all Prism benchmarks used in
our experiments have been “flattened”, leading to Prism not
being able to play by its natural strengths. For example, the
strategy in Example 1 took sarsop only 0.04 s to compute.
Using light randomization and the State Splitting Heuristic,
we were eventually able to reach the same quality, but it took
us 36.63 s to get there.

7.4 Full vs. Static randomization

Using non-linear programs, as described in Sect. 3, we can
even compute stationary policies that utilize full randomiza-
tion. In the following, we will show that this approach is, in
general, highly inefficient, and the advantage in performance
over the static randomization methods introduced in 4.3 does
not outweigh the additional runtime.

Example 2
As a first example, we will look at the 1D-maze from [12].
Here, the best fully random policies we could compute within
the two hour time frame lead to a discounted reward of
0.784. Using time limits (see Sect. 6), the same result can be
achieved in as little as 19 seconds—the dotted line plots out
the results for the different time limits in use. On the other
hand, a simple, deterministic scheduler, computed within
just 0.07 seconds, already yields a reward of 0.715. Using
static randomization (both Light and Heavy), this result can
be improved to 0.726 in 0.09 seconds (Fig. 6a).

Another example is the 4× 4_grid_avoid benchmark from
[38]. Here, computation of an optimal, fully randomized,
stationary policy takes 3.28 seconds and yields a probability
of 0.921 to reach a goal state. A stationary policy using Heavy
static randomization gets fairly close with a probability of
0.848, but takes only 0.12 seconds to compute (Fig. 6b).
As all results were calculated in less than 5 s, our lowest
time limit, using different limits made no difference here.
Lastly, regard the aloha.10 benchmark from [9]. Here, even
the result of the deterministic stationary policy, computed
within 2.7 seconds, is already better than the best result full
randomization can compute before hitting the time out, at

517.73 vs. 335.46 (Fig. 6c—note that for this benchmark,
the Heavy static randomization ran into the timeout as well.
We plotted the approximate results for the different time
limits, carrying the best result obtained to the timeout).

7.5 Comparison of static randomization modi

Figure 7 visualizes the different polices computed by the
MILP using different randomization modes for the same 4 ×
4grid_avoid benchmark, a 16-state grid world in which the
agent can move to any adjacent state (if there is no state in
the desired direction, the agent takes a self loop to stay in the
current state—these self loops are omitted from the figure
for clarity), trying to reach the “good” (blue) s13 state while
trying to evade the “bad” (red) s11 state. Both goal states
are sink states, so once one of them has been reached, it can
never be left again. Actions selected by the respective policy
are shown in bold. The initial state is uniformly distributed
over the regular (white) states and the agent does not know
its starting position. Since the desirable goal state is in the
lower left corner and can only be reached from the left or from
above, the only reasonable action for a purely deterministic
policy is to move either right or down. Choosing right, the
goal state can be reached from states s1, s5 and s9. This
results in a reachability probability of 0.21. The policy with
Light static randomization has the additional option to take a
uniform distribution over all possible actions, which slightly
improves the probability to 0.3. Heavy static randomization
adds each possible subset of actions into the mix, and clearly
the optimum here will be to take the right and down actions
– states s1, s5 and s9 will still reach the goal with certainty,
but also s2, s6, s10, s14, s15 and s16. The total probability
improves to 0.85.

7.6 The influence of state splitting

Figure 8 shows how effective even our simple state splitting
heuristic can be for some benchmarks. For each mode of
static randomization (Pure, Simple, and Heavy), we plotted
the best result and the corresponding runtime both with and
without state splitting. For each instance, we picked the best
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Fig. 7 Policies computed for the 4 × 4grid_avoid benchmark with different randomization modes

Fig. 8 Result and runtime for different benchmarks, showing the influence of state and observation splitting. (Color figure online)

Fig. 9 Result and runtime for
different benchmarks, showing
the influence of different time
limits (Color figure online)

result achieved over all time limits, and the shortest run-
time this result was achieved in. The dotted line at the top
represents the result achieved using the reference solver sar-
sop. For the 1D-maze from [12], applying the state-splitting
heuristic closes the gap between our approach and the ref-
erence solver, regardless of randomization mode. For the
cheese.95 benchmark from [35], this is only true for the Pure
approach—adding randomization adds too much complex-
ity, so that the second iteration of the splitting heuristic could
not be optimized sufficiently within the timeout. The same
effect shows in the paint.95 benchmark from [19, 20]—here,
both Pure and Light randomization could close the gap, while
Heavy could not. All three examples not only demonstrate

the effectiveness of the state splitting heuristic, but also the
importance of selecting the right parameters for the right
problem, as static randomization and state splitting can help,
but also hinder each other.

7.7 Using time limits

As discussed in Sect. 6, we implemented different time limits
for Gurobi to run its optimization routine. Each experiment
was run with time limits of 5, 10, 30 and 60 seconds, as
well as with unlimited optimization time (other than by the
general 7200s timeout). Figure 9 shows how this works out
for different benchmarks. Purple, blue and red dots represent
results for the Pure, Light and Heavy static randomization
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modes, respectively. To keep the drawing clear, we only show
the results when no splitting is performed. Data points that
have been produced by the same mode, but using different
timeouts, are connected by a dashed line, to show progres-
sion.

The collision benchmark is a small instance of the aircraft
collision benchmark from [29]. It is clear to see that the
most progress of the optimization is made within the first
minutes of the computation. The last dots of each color—
representing the runs where no additional time limit was
given for optimization – take a lot of extra time, but do not
provide much additional quality. Note that the last dot for the
Heavy randomization represents a timeout—we thus repeat
the best result that was returned for this run.

Similarly for the rock2 benchmark from [26], for the Pure
approach, time limit makes no difference at all and the opti-
mal result can already be found with the lowest setting, while
Light and Heavy show a clear progression, although the dif-
ference between a time limit of 60 seconds and no time limit
is still minimal.

8 Conclusion

We have discussed the benefits of small, simple policies in
POMDPs and shown how to effectively compute them for
three important classes of properties— reachability, long
run, and expected discounted reward. Using MILPs, we can

compute deterministic policies and refine them using static
randomization. Furthermore, we use state and observation
splitting to locally introduce history into the POMDPs in
question. As these methods enlarge the state space of the
POMDP quite notably, they should only be used heuristically.
We show a first, naive heuristic to apply these methods to
get better results without exploding the state space. We show
that the quality from the thus computed policies is often
comparable to that by traditional solvers. We can also easily
combine several constraints into one MILP to perform multi-
objective model checking, covering a vast range of combined
specifications.

Appendix

In this section, we provide a complete overview over the
benchmarks we used and the results they achieved. The
benchmarks were pulled (and, sometimes, slightly modi-
fied to fit our definitions, as described under Def. 2) from a
number of different sources: The POMDP Page [10], Prism-
POMDP [26, 39, 59], and [17]. The benchmark “rock_sam-
ple_4_2” was inspired by similar benchmarks in the litera-
ture, see, e.g., [51]. All benchmarks are listed in Tables 3 to 6
with results for our different implementations as well as state-
of-the-art solvers Sarsop [8], SolvePOMDP [56], Prism [39]
and storm [7].
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