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Abstract

A key property of neural networks is their ca-
pacity to adapt to data during training. Yet, our
current mathematical understanding of feature
learning and its relationship to generalization re-
mains limited. In this work, we provide a random
matrix analysis of how fully-connected two-layer
neural networks adapt to the target function
after a single, but aggressive, gradient descent
step. We rigorously establish the equivalence
between the updated features and an isotropic
spiked random feature model, in the limit of large
batch size. For the latter model, we derive a de-
terministic equivalent description of the feature
empirical covariance matrix in terms of certain
low-dimensional operators. This allows us to
sharply characterize the impact of training on
the asymptotic feature spectrum, and in partic-
ular, provides a theoretical grounding for how
the tails of the feature spectrum modify with
training. The deterministic equivalent further
yields the exact asymptotic generalization er-
ror, shedding light on the mechanisms behind
its improvement in the presence of feature learn-
ing. Our result goes beyond standard random
matrix ensembles, and therefore we believe it
is of independent technical interest. Different
from previous work, our result holds in the chal-
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lenging maximal learning rate regime, is fully
rigorous and allows for finitely supported sec-
ond layer initialization, which turns out to be
crucial for studying the functional expressivity
of the learned features. This provides a sharp
description of the impact of feature learning on
the generalization of two-layer neural networks,
beyond the random features and lazy training
regimes.

1 INTRODUCTION

An essential property of neural networks is their capacity
to extract relevant low-dimensional features from high-
dimensional data. This feature learning is usually signaled
by an array of telltale phenomena — such as the improve-
ment of the test error over non-adaptive methods [Bach,
2021], or the lengthening of the tails in the spectra of the
network weights and activations [Martin and Mahoney,
2021, Martin et al., 2021, Wang et al., 2024a]. Yet, a precise
theoretical characterization of the learned features, and
how they translate into the aforementioned generalization
and spectral properties, is still largely lacking, and arguably
constitutes one of the key open questions in machine learn-
ing theory.

In this work, we provide a rigorous answer to these ques-
tions for two layer neural networks trained with a single
but large gradient step. More precisely,

• we provide an exact characterization of statistics as-
sociated to the learned features, and in particular the
achieved test error;
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• we quantitatively characterize how feature learning
results in modified tails in the spectrum of the feature
covariance matrix, as illustrated in Fig. 1.

Our results provide a sharp mathematical description of
feature learning in this context and allow us to explore the
interplay between representational learning and general-
ization. Before exposing our main technical results, we first
offer an overview of known results on feature learning (or
the lack thereof) in two-layer neural networks, so as to put
our work in context.

Models — The present manuscript addresses the sim-
plest class of neural network architectures (used in Fig. 1),
namely fully-connected, shallow two-layer neural net-
works:

f(x;W,a) =
1
√
p

p∑
j=1

ajσ(w
⊤
j x), (1)

where W = {wj , j ∈ [p]} ∈ Rp×d and a = {aj , j ∈
[p]} ∈ Rp denote the first and second layer weights, re-
spectively, and σ is an activation function. Motivated by
the lazy regime of large-width networks [Jacot et al., 2018,
Chizat et al., 2019], the generalization properties of two-
layer neural networks have been thoroughly investigated in
the simple case where only the second-layer weights a are
trained (typically by ridge regression), while the first-layer
weightsW = W 0 are fixed at (typically random) initial-
ization. This model, which is equivalent to the Random
Features (RF) approximation of kernel methods introduced
by Rahimi and Recht [2007], is particularly amenable to
mathematical treatment. The reason is that, besides be-
ing a convex problem, in the asymptotic regime where
the number of samples n, width p and dimension d scale
as n, p = Θ(d) with d → ∞, the random feature map
φ(x) = σ(w⊤x) statistically behaves as a linear function
with additive noise — a result often referred to as the Gaus-
sian Equivalence Principle (GEP) [Goldt et al., 2022, Hu
and Lu, 2022, Mei and Montanari, 2022]. While this sur-
prising property makes the problem tractable with random
matrix theory arguments, it implies that in this regime ran-
dom features can learn, at best, a linear approximation of
the underlying target function. This sets a benchmark for
the fundamental limitation of not adapting the first-layer
weights to the data.

Gradient descent — Going (literally) one step beyond
random features, Ba et al. [2022] showed that training the
first layer weights with a single Gradient Descent (GD) step
on a batch of data {(xµ, yµ) : µ ∈ [n0]} from the same
target distribution:

w1
j = w0

j − η∇wj

1

2n0

∑
µ∈[n0]

(yµ − f(xµ; a
0, w0))2 (2)

Figure 1: Bulk spectrum of the empirical features co-
variance at initialization (dashed blue) and after training
(green); the red line corresponds to the theoretical charac-
terization derived in this manuscript.

followed by ridge regression on the second layer weights
a with n fresh samples can drastically change the story
above, depending on the scaling of the learning rate η
where n ∝ d, n0 ∝ d. More precisely, they showed that for
η = Θd(

√
d), Gaussian Equivalence asymptotically holds

as d → ∞, implying that an exact asymptotic treatment
based on the GEP still holds. However, in the regime of an
aggressive learning rate η = Θd(d) (the so-called Maximal
Update parametrization [Yang et al., 2022]) they showed
that the first-layer weights adapt to the data distribution,
translating into an improvement over the RF lower-bound.

This finding has sparked considerable interest in exactly
characterizing the asymptotic generalization error achieved
under this single, large step setting. Dandi et al. [2023]
proved a novel Conditional Gaussian Equivalence Princi-
ple (cGEP), and derived more general lower-bounds for
the performance of two-layer neural networks after the
gradient step. However, these bounds do not provide a
fine-grained description of what is learned in the feature
learning regime. Reaching such a sharp description in-
stead requires addressing the challenging Random Ma-
trix Theory (RMT) problem of characterizing the non-
linear transformation of a highly structured random matrix
σ (W − ηG) with G denoting the gradient matrix, in the
regime Θd(∥ηG∥F ) = Θd(||W ||F ). Moniri et al. [2023]
provided the first result in this direction for the intermedi-
ate learning rate regime η = Θd(d

1/2+ζ), with ζ ∈ (0, 1/2),
proving a polynomial GEP together with an exact RMT
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analysis of the asymptotic generalization error. Their find-
ings, however, do not hold in the more challenging Max-
imal Update regime η = Θ(d). Leveraging the results on
the low-rank approximation of the Gradient matrix [Ba
et al., 2022] and the cGEP from [Dandi et al., 2023], Cui
et al. [2024] studied the latter regime approximating the
two-layer network by a Spiked Random Features Model
(SRFM)with the non-rigorous replicamethod [Mezard et al.,
1986]. Though such heuristic arguments are inspirational,
they often lack interpretability when compared to other
approaches.

Summary of main results — In this work, we provide
a rigorous RMT treatment of feature learning after a sin-
gle GD step in the challenging Maximal Update step size
regime. Beyond proving the conjectured results from Cui
et al. [2024], our analysis extends these findings in sev-
eral key directions, enabling a quantitative exploration and
deeper understanding of fundamental aspects of feature
learning, particularly with respect to generalization and
spectral properties. Specifically:

• We prove a deterministic equivalent (Equation 16 in
Theorem 4.5) description for the empirical feature ma-
trix after the gradient step. This characterization is
non-asymptotic in the problem dimensions, and in
particular sharply holds in the Maximal-update scal-
ing in the proportional regime where n, p, η = Θ(d)
and n0 = Ω(d1+ϵ) as d → ∞, for some ϵ > 0. This
result characterizes the spectral properties as well as
the generalization error upon updating the second
layer.

• Our proof proceeds through multiple stages of de-
terministic equivalences and the asymptotic descrip-
tion of the high-dimensional features through low-
dimensional non-linear functions.

• We derive an exact asymptotic formula for the gen-
eralization error of ridge regression on features up-
dated via a gradient step in the proportional high-
dimensional regime, where n, p, η = Θ(d) with d→
∞. Our result offers a rigorous proof of the conjec-
tures in Cui et al. [2024], while extending them in
several directions, as it applies to finitely supported
second-layer initialization and structured first-layer
initialization.

• Using the deterministic equivalent, we demonstrate
how the “spikes” in the weights resulting from feature
learning alter the entire shape of the feature covari-
ance spectrum and its tail behavior. This observa-
tion aligns with the empirical findings of Wang et al.
[2024a] and provides a rigorous foundation for them
in the context of our setting.

• Finally, we precisely characterize the effect of the vari-
ability in the second-layer initialization on the func-
tional expressivity of the network after one GD step.

These findings provide a detailed understanding of the
consequences of feature learning in our setting, helping
to establish several widely accepted intuitions on a more
quantitative and rigorous basis.

Further related works

Fixed featuremethods – A plethora of works character-
ized the generalization capabilities of two-layer networks
in the high-dimensional regime when the first hidden layer
is not trained, with the most prominent example of such
fixed featuremethod being kernelmachines [Bordelon et al.,
2020, Canatar et al., 2021, Cui et al., 2021, 2023, Dietrich
et al., 1999, Donhauser et al., 2021, Ghorbani et al., 2019,
2020, Opper and Urbanczik, 2001, Xiao et al., 2022]. This
class of algorithms is amenable to theoretical analysis and
comes with sharp generalization guarantees. However,
these methods adapt to relevant low-dimensional struc-
tures at much higher sample complexities than fully trained
two-layer networks. In simple terms, the sample complex-
ity of kernel methods is not driven by the presence (or lack
thereof) of a low-dimensional target subspace. Identical
considerations hold for Random Feature Models, where the
number of samples n in the generalization guarantees is
replaced with min(n, p), with p being the number of ran-
dom features [Gerace et al., 2020, Mei and Montanari, 2022,
Mei et al., 2022, Hu et al., 2024, Aguirre-López et al., 2024].

Feature learning – The discussion above portrays the
limitations of fixed feature methods. Inspired by this, a
large body of work has studied the sharp separation be-
tween the generalization capabilities of such methods ver-
sus fully trained two-layer networks that learn features
through gradient-based training. Many of these works
fall under the umbrella of the so-called mean-field regime
[Chizat and Bach, 2018, Mei et al., 2018, Rotskoff and
Vanden-Eijnden, 2022, Sirignano and Spiliopoulos, 2020].
The authors mapped the optimization of two-layer shallow
networks onto a convex problem in the space of measures
on the weights and paved the way for understanding how
features are learned in the high-dimensional regime. The
arguably most popular data model in the theoretical com-
munity for addressing this question is the multi-index data
model with isotropic Gaussian data. This setting has at-
tracted considerable attention in the theoretical community
with numerous works that have analyzed the feature learn-
ing capabilities of shallow networks trained with gradient-
based schemes [Ben Arous et al., 2021, Abbe et al., 2023, Ba
et al., 2024, Bardone and Goldt, 2024, Berthier et al., 2023,
Bietti et al., 2023, Damian et al., 2024, Dandi et al., 2023,
Paquette et al., 2021, Veiga et al., 2022, Zweig and Bruna,
2023, Dandi et al., 2024].
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Deterministic equivalents – Deterministic equivalents
of large empirical covariance matrices have been ex-
tensively studied, beginning with the seminal work of
Marchenko and Pastur [1967]. This was extended by Burda
et al. [2004], Knowles and Yin [2017] to separable data co-
variances, and further by Bai and Zhou [2008], Louart and
Couillet [2018], Chouard [2022] for non-separable covari-
ances. These methodologies have enabled precise asymp-
totic characterizations of the learning dynamics in single-
layer neural networks [Louart et al., 2018] and deep random
featuremodels [Schröder et al., 2023, 2024, Bosch et al., 2023,
Chouard, 2023]. The propagation of spiked eigenstructure
in the input data through a deep random feature model
was recently studied by Wang et al. [2024b].

2 NOTATIONS and SETTING

Consider a supervised learning problem with training data
D = {(xµ, yµ) ∈ Rd+1, µ ∈ [N ]}. As motivated in the
introduction, our goal is to study the problem of feature
learning with two-layer neural networks defined in (1). A
widespread intuition in the machine learning literature
for why learning is possible despite the curse of dimen-
sionality is that real data distributions typically exhibit
low-dimensional latent structures [Bellman et al., 1957].
To reflect and model this intuition, we assume our train-
ing data have been independently drawn from an isotropic
Gaussian single-index model:

yµ = f⋆(xµ) = g(x⊤µw
⋆), xµ ∼ N(0, Id), (3)

where the unit norm vector w⋆ denotes the target weights
and g : R → R is the link function. We assume the map-
ping g to be determistic for simplicity, and more general
stochastic mappings can be incorporated into our analysis
straightforwardly. Note that in 3, the high-dimensional
covariatesX = (xµ)µ∈[n] ∈ Rn×d are isotropic in Rd, and
therefore the structure in the data distribution is in the
conditional distribution of the labels y|x, which depends
on the covariates only through their projection onto a 1-
dimensional subspace of Rd. Therefore, learning features
in this model translate to learning the target weight w⋆.

Given a batch of N samples D = {(xµ, yµ), µ ∈ [N ]} in-
dependently drawn from model (3), we are interested in
studying how our two-layer neural network (1) learns the
target feature w⋆ through the Empirical Risk Minimization
(ERM) on the training data. We follow the same proce-
dure as in [Ba et al., 2022, Dandi et al., 2023, Moniri et al.,
2023, Cui et al., 2024] and consider the following two-step
training procedure:

1. Let W 0 and a0 denote the first and second layer
weights at initialization. Consider a partition of the
training data D = D0 ∪ D1 in two disjoint sets of
size n0 and n := N − n0, respectively. First, we ap-
ply a single gradient step on the square loss for the

first-layer weights, keeping the 2nd layer a0 fixed:

w1
j= w0

j − ηg0j (4)

g0j =
1

n0
√
p

∑
µ∈[n0]

(
f(xµ;W

0, a0)−yµ
)
a0jxµσ

′(w0
j
⊤
xµ)

In this first representation learning step, the hidden
layer weights adapt to the low-dimensional relevant
features from the data.

2. Given the updated weightsW 1, we update the second-
layer weights via ridge regression on the remaining
data D1:

âλ = argmin
a∈Rp

∑
µ∈[n]

(
yµ − f(xµ; a,W

1)
)2

+ λ||a||22

=
(
Φ⊤Φ/p + λIn

)−1
Φ⊤y/√p (5)

where we defined the feature matrix Φ ∈ Rn×p with
elements ϕµj = σ(x⊤µw

1
j ) and the label vector y =

(yµ)µ∈[n].

In the following, we will assume the following initial con-
ditions for the training protocol above:
Assumption 2.1 (Initialization). We assume the first layer
weights are initialized uniformly at random from the hyper-
sphere w0

j ∼ Unif(Sd−1(1)) and the second-layer weights
read a0j = ã0

j/√p, where the {ã0j , j ∈ [p]} areOd(1) scalars
initialized i.i.d. by sampling from a dimension-independent
vocabulary of size k, with probabilities π = (πq)q∈[k].

Our goal in the following is two-fold. First, to characterize
the properties of the empirical feature covariance matrix
Φ⊤Φ. Second, to characterize the generalization error asso-
ciated with the minimizer of equation (5), which is defined
as:

εgen = ED1
Eynew,xnew

[(
ynew − f(xnew;W

1, âλ)
)2]

(6)

where the expectation is over the joint distribution defined
by the model in 3. In particular, we will focus on the pro-
portional high-dimensional regime with Maximal Update
scaling, which we formalize in the following assumption.
Assumption 2.2 (High-dimensional regime). We assume
that n0 = Ω(d1+ϵ) for some ϵ > 0. We work under the
proportional regime with Maximal Update scaling, defined
as the limit where n, p, η, d→ ∞ at fixed ratios:

α :=
n

d
, β :=

p

d
, η̃ :=

η

d
(7)

Assumption 2.3 (Activation function). σ is odd, uni-
formly Lipschitz such that σ′′, σ′′′ exist almost surely and
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are bounded in absolute value by some constant C al-
most surely with respect to the Lebesgue measure. Fur-
thermore, g is uniformly bounded and Lipschitz with
Ez∼N(0,1)

[
g(z)

]
= 0 and Ez∼N(0,1)

[
g′(z)

]
̸= 0.

For non-odd σ, the gradient update may contain certain
non-vanishing residual terms due to a non-zero mean and
second-order Hermite coefficients (see Prop. F.2 for de-
tails). Therefore, we restricted ourselves to odd σ so that
Lemma 3.1 applies and the bulk in the weight matrix is
asymptotically isotropic. However, under the exact spike
modelW (1) =W (0) + u(w⋆)⊤ (i.e assuming the validity
of Lemma 3.1), our exact analysis continues to hold for
non-odd activations. We illustrate this in Figures 1, 2 and 3
where our predictions hold for σ = ReLu.

3 ASYMPTOTICS OF THE FIRST
GRADIENT STEP

We introduce in this section our first result that establishes
a rigorous framework for studying the exact asymptotics
after one GD step. This question has been the subject
of intense theoretical scrutiny in recent years. First, Ba
et al. [2022] proved that in the high-dimensional regime,
specified in Assumption 2.2, the hidden layer weights after
one GD step are approximately low rank:

W 1 =W 0 + uv⊤ +∆ (8)

where the spiked structure is identified by: i) u =
ηc1c

⋆
1a

0
/√p is proportional to the second layer at initial-

ization a0, the learning rate η, and the first Hermite coeffi-
cients of the network activation σ and the target activation
g, i.e, c1 = Eξ∼N(0,1)

[
σ(ξ)ξ

]
, c⋆1 = Eξ∼N(0,1)

[
g(ξ)ξ

]
; ii)

v lies along the first Hermite coefficient of the target f⋆(·),
i.e., v ∝

∑
µ∈[n] yµxµ. The spike component v is corre-

lated with the target vector w⋆ in eq. (3). It is precisely
the presence of such correlated components that enables
the trained model to surpass the Random Features perfor-
mance [Damian et al., 2022, Abbe et al., 2022, 2023, Dandi
et al., 2023]. The “noise” term ∆, arises from higher-order
components of the activations (see details in F.2)
The decomposition in eq. (8) underlies the analysis of Ba
et al. [2022], Moniri et al. [2023], Cui et al. [2024] in the
propotional regime p ∝ d, p ∝ n. Heuristically, one could
hope to analyze the trained weights by mapping the prob-
lem to a Spiked Random Feature Model (SRFM), where the
weights F in a feature map σ(Fx) — can be decomposed
as the sum of a random bulk (F0) and a spike:

F = F0 + uv⊤ (9)

Along these lines, Cui et al. [2024] approximate the noise
term ∆ in eq. (8) as an isotropic Gaussian matrix to reach
an asymptotic description of the equivalent SRFMmodel us-
ing non-rigorous tools from Statistical Physics. It however

remained unclear whether the uniform/Gaussian isotropic
description ofW 0 +∆ in eq. (8) is an accurate approxima-
tion of the bulk in the actual GD step. We offer a rigorous
answer to the validity of the approximation.

Anisotropic bulk covariance – We provide the asymp-
totic description of the covariance for the bulk weights
in eq. (8) after one GD step. For n0/d = Θ(1), we unveil
the presence of anisotropic components that contrast with
the uniform approximation considered in Cui et al. [2024],
which corresponds to taking a diagonal approximation of
the covariance. We refer to Appendix F for formal results
and additional investigations.

Diagonal approximation regime – On the other hand,
we provably show that the diagonal approximation con-
sidered in Cui et al. [2024] for the covariance of the bulk
weights is valid as soon as the number of samples n0 used
in the GD step is sufficiently large (n0 = Θ(d1+ϵ) for any
ϵ > 0). In this regime, the spike v in Equation 8 can be
further replaced by the signal w∗:
Lemma 3.1. LetW (1) ∈ Rp×d denote the weight matrix
after the first gradient step. Then, under Assumptions 2.1, 2.2,
and 2.3: ∥∥∥∥W (1) −

(
W (0) + u(w⋆)⊤

)∥∥∥∥
2

a.s−−−→
d→∞

0. (10)

where w⋆ is the target vector in eq. (3), and u = ηc1c
⋆
1a

0
/√p

as defined in eq. (8), with η being the learning rate.

From eq. (8), we see that the finite support assumption
for the second layer (2.1) translates to finite support of
the entries ui and we denote with Au = {ζu1 , . . . , ζuk }
its vocabulary with the corresponding probabilities π =
(πq)q∈[k]. The above Lemma rigorously characterizes the
regimes in which the isotropic SRFM approximation of Cui
et al. [2024] is justified and correctly describes the network
after one GD step.

4 MAIN RESULTS

We are now in the position to state our main technical
results. Namely, a rigorous characterization of the empiri-
cal feature matrix after one gradient step through a deter-
ministic equivalent description. This picture enables the
characterization of the features spectrum and the resulting
asymptotic generalization error.

Extended features and resolvent – As is well estab-
lished in random matrix theory, the resolvent G(z) =
( 1pΦ

⊤Φ− zI)−1, where Φ = σ(X(W 1)⊤), allows the ex-
traction of a large class of summary statistics related to the
spectrum of Φ [Bai and Zhou, 2008, Anderson et al., 2010].
To additionally characterize the generalization error, and
capture the mean dependence of {ϕµ, µ ∈ [n]} on the spike
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components κµ
def
= x⊤µw

⋆, we construct an augmented ver-
sion of G(z). We find that the relevant statistics in our
setup are captured by the resolvent of certain extended
features that we introduce below:
Definition 4.1 (Extended resolvent). Let (X, y) denote a
batch of data drawn from the Gaussian single-index model
in Eq. (3), and consider the featurematrixΦ = σ(X(W 1)⊤)
after the first gradient step (Eq. 4), with κµ = x⊤µw

⋆. Let
sq denote the subset of coordinates such that uj = ζuq and
the “mean” ϕ̄qµ = 1

|sq|
∑

j∈sq
Φµ,j . We define the extended

features ϕeµ ∈ R(p+k+1) and the extended resolventGe(z) ∈
R(p+k+1)×(p+k+1) for z ∈ C/R+ as:

ϕeµ =

yµϕ̄µ
ϕ̃µ

 , Ge(z)
def
=

(
(Φe)⊤Φe

p
− zI

)−1

(11)

where ϕ̃µ,j = ϕµ,j − ϕ̄j ,Φ
e = {ϕeµ ∈ Rp+k+1, µ ∈ [n]}

A few comments about the definition of the extended fea-
tures ϕeµ and the resolvent Ge(z) in Definition 4.1 are in
order. First, due to the extensive spike and the finite sup-
port over u by Assumption 2.1, each subset sq possesses
a non-zero mean ϕ̄qµ = 1

|sq|
∑

j∈sq
Φµj , asymptotically

converging to c0(κµ, ζuq ) defined below.
Definition 4.2 (Shifted Hermite coefficient). We define
the shifted Hermite coefficient cℓ(κ, ζ) of the activation
σ(·)

cℓ(κ, ζ) = Ez∼N(0,1)[σ(z + κζ)hℓ(z)] (12)

where (hℓ)ℓ>0 denote the Hermite polynomials.

Therefore, unlike typical random-matrix ensembles, the
means ϕ̄qµ haveO(1) fluctuations due to a large dependence
on κ. Note that the means ϕ̄qµ can be equivalently described
as the projections of ϕµ along the directions (e1, · · · , ek)
defined as:

eqj =
1
√
p

{
1 if uj = ζuq
0 otherwise

, j ∈ [p], q ∈ [k]. (13)

By decomposing ϕµ as
∑k

q=1 ϕ̄
q
µe

q + ϕ̃µ, we realize that
the first term varies only along a k-dimensional subspace
with variations governed by κµ, while the second term
contributes to the “bulk" of the feature covariance. The
surrogate form ϕeµ splits the features into ϕ̄µ, ϕ̃µ precisely
to account for these different scales of fluctuations.

Deterministic Equivalent – The extended resolvent
Ge(z) is a high-dimensional random matrix, inheriting the
randomness from the training data (X, y) and the initializa-
tion weightsW 0. To reach the deterministic equivalent Ge

for the above extended resolventGe(z), our proof proceeds

by subsequently addressing and removing the randomness
over the dataX , and the weightsW 0, eventually obtaining
an equivalent dependent only on the coefficients ui and
the projections ofW 0 onw⋆ denoted as θ :=W 0w⋆ ∈ Rp.
This “special" dependence on ui and θi is expected, since
by Lemma 3.1, these determine the component along the
spike in the updated matrixW 1, while the remaining di-
rections in the weights maintain isotropic dependence and
are averaged out. The resulting description is character-
ized through low-dimensional kernels and functions. Con-
cretely, we show that for a large class of functions F as-
sociated to the feature matrix covariance Φ⊤Φ and labels
y ∈ Rn, with entries {yµ}nµ=1, F(Φ⊤Φ, y)

a.s−−→ F⋆(θ, u)
In contrast to the high dimensional matrices (X,W 1),
F⋆(θ, u) depends only on sequences of scalars (θ, u), turn-
ing F⋆(θ, u) into finite-dimensional expectations.

As stated in Assumption 2.1, we consider a finitely sup-
ported second layer, leading to the entries of u being sup-
ported on finitely-many values Au = {ζu1 , · · · , ζuk } with
probabilities π = (πq)q∈[k]. From Lemma 3.1 and equation
8, we see that neurons with identical values of ui contain
identical contributions from the spike. This leads to the
deterministic equivalent Ge of the extended resolvent in-
heriting a block structure, with blocks corresponding to
different values of ui. Let p1, · · · , pk denote the number
of neurons with ui taking values ζu1 , · · · , ζuk respectively.
Then, by the strong law of large numbers pq

p

a.s−−→ πq as
p → ∞. Without loss of generality, we assume that the
neurons are arranged such that:

[u1, · · · , up] = [ζu1 11×p1 , ζ
u
2 11×p2 , . . . ζ

u
k 11×pk

] (14)

To compactly express this block structure, we introduce a
notation for block-structured matrices and vectors:

Definition 4.3. Let p1, · · · pk be the sequence defined
above with pq

p

a.s−−→ πq . Let C ∈ Rk×k be a fixed matrix.
We define the extended matrix Ce as:

Ce =


C111p1×p1

, · · · · · · C1k1p1×pk

C211p2×p1 , C221p2×p2 , · · · C2k1p2×pk

...
...

...
...

 ,

We are now ready to state the definition of the extended
deterministic equivalent:

Definition 4.4 (Deterministic equivalent). Let C+,C−

denote the set of complex numbers with positive and nega-
tive imaginary parts respectively. Suppose that z ∈ C/R+.
Let V ⋆ ∈ Ck×k, ν⋆ ∈ Ck, b⋆ ∈ Ck be uniquely defined
through the following conditions:

(i) V ⋆, ν⋆, b⋆ satisfy the following set of self-consistent
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equations:

V ⋆
qq′(z) = Eκ

[
α
c1(κ, ζ

u
q )c1(κ, ζ

u
q′)

1 + χ (z;κ)

]

ν⋆q (z) = Eκ

∑
ℓ≥2

αc2ℓ(κ, ζ
u
q )

1 + χ(z;κ)


b⋆q(z) = πqβ

(
Lq,q(z) + (diag(ν⋆(z))− zIk))q,q

)−1
,

where κ ∼ N(0, 1), (cℓ(κ, ζ))ℓ>0 are defined in 4.2 and
(χ(z;κ), L(z)) read as follows:

βχ(z;κ) =
∑

q,q′∈[k]

ψqq′c1(κ, ζ
u
q )c1(κ, ζ

u
q′)+

+
∑
q∈[k]

b⋆q
∑
ℓ≥2

c2ℓ(κ, ζ
u
q ),

L(z) = (V ⋆(z))1/2Q(z)(V ⋆(z))1/2,

where ψ(z), Q(z) ∈ Rk×k are defined as:

ψ(z) = b⋆(z)− L(z)⊙ (b⋆(z)(b⋆(z))⊤),

Q(z) =
(
Ik + (V ⋆(z))1/2 diag(b⋆(z))(V ⋆(z))1/2

)−1

(ii) V ⋆, ν⋆, b⋆ are analytic mappings satisfying V ⋆
i,j :

C+ → C− for i, j ∈ [k], ν⋆i : C+ → C− for i ∈ [k],
b⋆ : C+

i → C+ for i ∈ [k]. For z ∈ C+ with imaginary
part ζ > 0,

∣∣b⋆i (z)∣∣ ≤ πi

βζ .

We define the deterministic equivalent extended resolvent
Ge(z) ∈ R(p+1)×(p+1) as:

Ge(z) =

[
A∗

11 − zIk (A∗
21)

⊤ ⊙ θ⊤

θ ⊙A∗
21 A∗

22 + αS∗
e ⊙ θθ⊤

]−1

, (15)

where θ = Ww⋆ ∈ Rp, and S⋆
e ∈ Rp×p, A∗

11 ∈
R(k+1)×(k+1), A∗

21 ∈ Rp×(k+1) are defined as:

S∗ = Eκ

[
(κ2 − 1)

c1(κ, ζ
u
i )c1(κ, ζ

u
j )

1 + χ(z;κ)

]

A∗
11 = Eκ

[
α

1 + χ(z;κ)
ι ι⊤

]
,

A∗
21[j, :] = αEκ

[
c1(κ, uj)

1 + χ(z;κ)
κι⊤

]
,∀j ∈ [p]

A∗
22 =

(
diag

(
π

βb⋆

)
− diag

(
π

βb⋆
+ zπ

)
⊙ 11⊤

p

)
e

,

where κ ∼ N(0, 1), ι = (g(κ), c0(κ, ζ
u
1 ), · · · c0(κ, ζuk ))⊤

and the subscript e in S⋆
e , A⋆

22 refers to the block matrix
notation in Definition 4.3.

We are now in a position to state our main result, which
states that Ge(z) approximates Ge(z) for “typical" linear
functionals.

Theorem 4.5 (Deterministic equivalent). Consider the ex-
tended resolvent Ge(z) (Definition 4.1) associated to a batch
of training data (X, y) Eq. (3) after one gradient step. Let
Ge(z) denote the deterministic equivalent (4.4). Then, under
Assumptions 2.1, 2.2, and 2.3, with neurons arranged as Equa-
tion 14, for any z ∈ C/R+ and sequence of deterministic
matrices A ∈ C(p+1)×(p+1) with ∥A∥tr = tr

(
(AA∗)1/2

)
uniformly bounded in d:

Tr(AGe(z))
a.s−−−→

d→∞
Tr(AGe(z)). (16)

The class of linear functionals A characterized above in-
cludes weighted traces as well as low-rank projections [Ru-
bio and Mestre, 2011]. A direct consequence of Theorem
4.5 is that it yields the Stieltjes transform of the bulk co-
variance:
Corollary 4.6 (Stieltjes transform). Let µd denote the
empirical spectral measure of the bulk covariance Φ̃⊤Φ̃/p.
Let md(z) denote the Stieltjes transform md(z) =∫

1
λ−zdµd(λ). Let b⋆q(z) be as defined in Definition 4.4,

then:

md(z)
a.s−−−→

d→∞
β

k∑
q=1

b⋆q(z). (17)

Equipped with the above result and the Stieljtes-inversion
formula we can directly characterize the support of the em-
pirical spectral measure of the covariance matrix (see Fig. 1
for an example where to bulk appears to be bounded). Fur-
thermore, as discussed previously, the deterministic equiv-
alent Ge(z) contains all the necessary summary statistics
for a full asymptotic characterization of the generalization
error. This is the objective of the following theorem.
Theorem 4.7 (Generalization Error). Under the propor-
tional asymptotics 2.2, the generalization error Eq. (6) is given
by the following low-dimensional, deterministic formula:

lim
n,d,p→∞

E[εgen] = Eκ

[
Λκ({τ0,q, τ1,q}q∈[k], τ2, τ3)

]
(18)

where {τ0,q, τ1,q, , q ∈ [k]}, τ2, τ3 are certain scalar deter-
ministic functions of V ⋆

qq′(−λ), ν⋆(−λ) reported in App. E
along with the precise expression of the function Λκ(·).

Remark: We note that the effect of the step-size η and the
scale of initialization of a0 on the generalization error and
spectrum is captured by the above equivalence through the
dependence of Ge on {ζuq }q∈[k].

Intepretation and proof sketch – Unlike the high-
dimensional interactions in the true feature covariance
Φ⊤Φ, the interactions between neurons i, j in Ge(z) de-
pend only on the scalars (ui, θ). Ge(z) therefore reflects
the structure of a non-linear low-dimensional Kernel on
(ui, θ). Note that the dimensions of the order-parameters
V ⋆ ∈ Ck×k, ν⋆ ∈ Ck, b⋆ ∈ Ck grows with the support
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size k. We refer to Lemma D.14 for the analysis of the
conditions under which we guarantee existence of solu-
tions. In the continuous support limit k → ∞, the self-
consistent equations are rather cumbersome to solve and
we expect {V ⋆, ν⋆, b⋆} to converge to certain limiting Ker-
nels and functions respectively, satisfying functional fixed
point equations. The precise characterization of this regime
constitutes an interesting avenue for future research where
we expect an analytical ansatz to pave the way for an effi-
cient solution.

As mentioned earlier, our proof proceeds through two
stages of deterministic equivalent, successively eliminating
the randomness over X and W 0 respectively. A crucial
aspect of our analysis is to decouple the randomness of
X,W 0 along the spike w∗ and the orthogonal subspace –
this is due to the fact that the dependence of the features
ϕµ on κµ = x⊤µw

⋆ is of a larger order than on the compo-
nents of xµ in the orthogonal space. Conditioned on κµ, we
show that the covariance of ϕµ can be well-approximated
through an equivalent linear model. However, due to the
variability in κ, the description of the resolvent does not re-
duce to a standard random matrix theory ensemble. Lastly,
we obtain the generalization error through the introduction
of certain perturbation terms into the deterministic equiv-
alent, with the resolvent acting as a “generating function"
for additional relevant statistics. The detailed proofs are
provided in the Appendices.

5 CONSEQUENCES OF THE MAIN
RESULTS

Tight characterization of the feature covariance spec-
trum – The singular values of the features after one, but
non-maximal gradient step – η ≍ pζ+1/2 with ζ < 1/2 –
have been characterized in Moniri et al. [2023], showing
how a series of ℓ spikes appear after the step, in addition
to the RF bulk corresponding to the features at initializa-
tion, as characterized in e.g. [Pennington and Worah, 2017,
Benigni and Péché, 2021, 2022, Fan and Wang, 2020, Louart
et al., 2018]. The number of spikes is given by the integer
ℓ such that ℓ−1/2ℓ < ζ < ℓ/2ℓ+2. Note that in the maximal
step size limit ζ = 1/2, the corresponding ℓ diverges, and it
is largely unclear how the bulk and spikes recombine into
the limiting features covariance spectrum.

Our results further provide a tight asymptotic character-
ization of the bulk spectrum (represented in red in Fig. 1
for k = 1, α = 0.8, σ = ReLu, g = sin, η̃ = 3.3). Note
how this bulk is modified from the unspiked RF spectrum
(the dashed blue line in Fig. 1), displaying in particular a
wider support and longer tails in this particular instance.
The spectrum also exhibits outlying eigenvalues of order
Θ(d), arising from the means ϕ̄µ, not represented in Fig. 1
for readability. This theoretical result ties in with numer-
ous previous empirical observations [Martin and Mahoney,

Figure 2: Increase fitting accuracy through second
layer variability: Illustration of the benefits of larger sup-
port for the 2nd layer values σ = ReLu, σ⋆ = tanh. Theo-
retical (continuous lines) and numerical (dots) predictions
for the generalization error as a function of the number of
samples per dimension α for different values of the second
layer vocabulary size k ∈ (1, 2, 4). The numerical simula-
tions consider λ = 0.01, γ = 0.5, β = 1.5, p = 2048. Note
the significant drop in the generalization error for k > 1.
The choice of the probabilities π = {πq}q∈[k] and the vo-
cabulary ζ = {ζq}q∈[k] are: a) k = 1 : π = {1}, ζ = {1};
b) k = 2 : π = {0.9, 0.1}, ζ = {1,−1}; c) k = 4 : π =
{0.7, 0.1, 0.1, 0.1}, ζ = {1,−0.5, 1.5− 2}

2021, Martin et al., 2021, Wang et al., 2024a] that heavier
tails can emerge after feature learning, a behaviour which
further tends to correlate with better generalization abil-
ities. Interestingly, this phenomenon persists even when
the network is trained with multiple large stochastic GD
steps, or with adaptive optimizers such as Adam [Kingma,
2014], as empirically observed by Wang et al. [2024a].

On a qualitative level, the departure of the bulk from its
untrained shape can be intuitively seen as a result of the
recombination between the untrained bulk and some of
the spikes predicted by Moniri et al. [2023], as they pro-
liferate when ζ → 1/2. We stress that in addition to these
spikes, the feature covariance spectrum includes k addi-
tional spikes related to the non-zero mean property of the
features Φ. Such “spurious spikes” are not illustrated in
Fig. 1 and are present due to the finite support assumption
for the second layer (Ass. 2.1). It is an interesting avenue of
future research to study the recombination of such spurious
spikes with the bulk in the limit k → ∞.

Precise characterization of the learned features –
While two-layer neural networks are known to be universal
approximators [Cybenko, 1989, Hornik et al., 1989], a pre-
cise characterization of the approximation space spanned
by a given trained neural network feature maps remains to
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a large extent elusive. As we discuss in this paragraph, for
features resulting from a maximal update on the first layer
weights, the diversity of the second-layer initialization a0,
namely the number of different values its components take,
plays a crucial role in allowing for expressive feature maps.
Indeed, there is a net increase of the expressivity of the neu-
ral network for larger vocabulary sizes k. More precisely,
the network is able to express non-linear functions in κ –
the projection on the spike. This is reflected in Def. 4.4 con-
taining non-linear dependence on κ along the functional
basis {c0(κ, ζq), κc1(κ, ζq)}q∈[k]. This functional basis is
larger, and thus the neural network more expressive, for
larger vocabulary sizes k, i.e. when the second layer is
initialized with more variability. Furthermore, we note that
the non-linear dependence on κ of the basis is modulated
by {ζq}q∈[k] that relates to the learning rate strength η as
per Lemma 3.1.

To illustrate this point concretely, consider for definiteness
the case of an error function activation σ(·) = erf(·). Then,
{c0(·, ζq)}q∈[k] = {erf(ζq/√3·)}q∈[k]. While a uniform sec-
ond layer initialization a0 ∝ 1p (k = 1) only allows the
network to express monotonic sigmoid functions, allowing
the second initialization to take k = 2 values already al-
lows to express non-monotonic function with a derivative
which can change sign twice. Pushing the second layer
diversity to vocabularies of size k ≥ 3 further enriches the
pool of expressible functions with further non-monotonic
functions. Depending on the functional form of the tar-
get activation σ⋆, the variability of the second layer can
thus prove particularly instrumental in reaching a good
approximation and learning. In Fig. 2, we illustrate the role
of the vocabulary size k, for the simplest possible setting
(single-index target, σ = relu, σ⋆ = tanh), by plotting
the test error as a function of the sample complexity α
for varying vocabulary sizes k ∈ {1, 2, 4}. We observe a
net decrease in the test error performance with increasing
second layer variability k at initialization. Furthermore,
we exemplify in Fig. 3 the comparison between two-layer
networks and kernel methods. In the proportional sample
regime probed in our analysis (Ass. 2.2) fixed-feature meth-
ods attains asymptotically the errror achieved best linear
predictor (see e.g. Mei and Montanari [2022]). In contrast,
learning features with two-layer nets enables to fit non-
linear function of the projection on the spike κ (Def. 4.4)
and therefore surpassing such limitations.

6 CONCLUSIONS AND LIMITATIONS

We present a rigorous randommatrix theory analysis of fea-
ture learning in a two-layer neural network, when the first
layer is trained with a single, but aggressive, gradient step,
in the limit where the number of samples n, the input di-
mension d, the hidden layer width p and the learning rate η,
jointly tend to infinity at proportional rates. We rigorously
justify how the trained neural network can be approxi-

Figure 3: Surpassing Kernel Methods: Illustration of
the superiority of two-layer networks over kernel meth-
ods. Learning features enables two-layer networks to
surpass the lowest achievable test error by fixed-feature
method, corresponding to the best linear predictor (dashed
horizontal black line). The numerical simulations con-
sider λ = 0.1, γ = 0.5, β = 4, p = 1024, k = 1 and
σ = σ⋆ = ReLu.

mated by a spiked random features model in the limit of
large batch sizes. We derive a deterministic equivalent for
the empirical covariance matrix of the resulting features.
We further provide a tight asymptotic characterization of
the test error, when the second layer is subsequently trained
with ridge regression. Our results provide a rigorous proof
to the heuristic work of Cui et al. [2024], while extending it
in multiple aspects. In particular, we allow for non-uniform
initialization for the second-layer weights. We discuss how
the second-layer variability enhances the expressivity of
the trained network, and its ability to fit a single-index
target. Among the limitations are the finitely supported
second layer initialization, the use of Gaussian data, and
asymptotic nature of the results. We note, however, that
numerical experiments shows that predictions are accurate
even at fairly moderate sizes. Secondly, a number of univer-
sality results shows that such ensembles extend over larger
datasets [Dudeja et al., 2023, Gerace et al., 2024, Loureiro
et al., 2021, Pesce et al., 2023, Wang et al., 2022].
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SUPPLEMENTARY MATERIAL

A Structure of the Appendix

The Appendix is organized as follows:

• In section B, we list some notations, definitions and preliminary results utilized throughout the proof.

• In section C, we prove the the isotropic-spike approximation of the gradient and show that in the limit α→ ∞, it
suffices to establish the deterministic equivalent and generalization error under the isotropic-spike approximation.

• In section D, we prove the main Theorem 4.5 characterizing the asymptotic deterministic equivalent of the sample
covariance of the extended features.

• In section E, we show how the generalization error can be expressed through certain functionals of the deterministic
equivalent and finally obtain Theorem 4.5.

• Finally in Section F, we provide proofs of certain auxiliary results used in the analysis along with additional theoretical
investigations

B Preliminaries

B.1 Stochastic Domination

Throughout the analysis, we use the following notation for controlling high-probability bounds over stochastic error
terms:
Definition B.1. [Stochastic dominance [Lu and Yau, 2022]] We say that a sequence of real or complex random variables
Xd is stochastically dominated by another sequence Yd if for all ϵ > 0 and k, the following holds for large enough d:

Pr
[
|X|d > dϵ|Y |d

]
≤ d−k. (19)

We denote the above relation through the following notation:

X = O≺(Y ). (20)

We further denote:
|X − Y | = O≺(Z), (21)

as:
X − Y = O≺(Z). (22)

Similarly for vectors X,Y ∈ Rkd for some sequence of dimensions kd, we use the shorthand:

X − Y = O≺(Z), (23)

to denote:
∥X − Y ∥ = O≺(Z), (24)

It is easy to check that stochastic dominance is closed under unions of polynomially many events in d. We will often
exploit this while taking unions over p = O(d) neurons and n = O(d) samples. Furthermore, ≺ absorbs polylogarithmic
factors i.e:

X = O≺(Y ) =⇒ X = O≺((polylog d)Y ) (25)

Furthermore, it subsumes exponential tail bounds of the form:

Pr[Xd > tYd] ≤ e−tα , (26)

for some α > 0, as well as polynomial tails of arbitrarily large degree:

Pr[Xd > tYd] ≤
Ck

tk
, (27)

for some sequence of constants Ck dependent on k.
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Definition B.2 (Hermite Expansion). Let f : R → R be square-integrable function w.r.t the Gaussian measure. Then, f
admits a series expansion in the orthonormal basis of Hermite polynomials given by:

f(x) =

∞∑
i=0

aihi(x), (28)

where the convergence holds in L2 w.r.t the Gaussian measure.
Lemma B.3 (Resolvent Identity). Let, A,B ∈ Rp×p be two invertible matrices, then:

A−1 −B−1 = A−1(B −A)B−1 (29)

Lemma B.4. Let z ∈ C/R+ be arbitary and let A ∈ RN×N denote a p.s.d matrix. Let ζ = max(
∣∣Im(z)

∣∣,−Re(z). Then:

∥∥(A− zIN )
∥∥ ≤ 1

ζ
(30)

Lemma B.5 (Burkholder’s inequality (Lemma 2.12 in Bai and Zhou [2008])). Let Xi, i = 1, · · ·n be a complex-valued
Martingale difference sequence w.r.t a filtration Fi, then for any p ≥ 1, there exists a constantKp such that:

E


∣∣∣∣∣∣

n∑
i=1

Xi

∣∣∣∣∣∣
p
 ≤ KpE

( n∑
i=1

X2
i )

p/2

 (31)

Definition B.6 (Lipschitz concentration [Louart and Couillet, 2018]). A random variableX ∈ Rd is said to be α-Lipschitz
concentrated if for any 1-Lipschitz function f :

P[f(X) ≥ t] ≤ α(t) (32)

Definition B.7 (Trace norm). For any A ∈ Cp×p, the Trace norm is defined as:

∥A∥tr = Tr
(√

A⋆A
)
, (33)

where A⋆ denotes Hermitian conjugate of A.
Lemma B.8 (Trace-norm inequality). For any A,B ∈ Cp×p:

∥AB∥tr ≤ ∥A∥tr∥B∥, (34)

where ∥B∥ denotes the operator norm.

Definition B.9 (Schur complement). Let p, q two non-negative integers such that p + q > 0, consider the matrix
A ∈ R(p+q)×(p+q):

A =

(
A11 A12

A21 A22

)
If A22 is invertible, the Schur complement of the block A22 of the matrix A is the matrix A/A22 ∈ Rp×p defined as:

A/A22 = A11 −A12A
−1
22 A21 (35)

Similarly, the Schur complement of the block A11 of the matrix A is the matrix A/A11 ∈ Rq×q defined as:

A/A11 = A22 −A21A
−1
11 A12 (36)

Lemma B.10. [Theorem 5.2.2 in Vershynin [2018]] Let z ∼ N(0, IN ) denote a standard Gaussian random vector in RN and
let f : RN → R be a Lipschitz-function with Lipschiz-constant bounded by L. Then:

Pr

[∣∣∣f(z)− E
[
f(z)

]∣∣∣ ≥ t

]
≤ 2e−ct2/L (37)
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Lemma B.11. [Theorem 5.1.3 in [Vershynin, 2018]] Let z ∼ U(SN−1(
√
d)) denote a random vector uniformly sampled from

theN dimensional sphere of radius
√
N . Then, for any Lipschitz-function f : RN → R with Lipschiz-constant bounded by L:

Pr

[∣∣∣f(z)− E
[
f(z)

]∣∣∣ ≥ t

]
≤ 2e−ct2/L (38)

Lemma B.12. [ Theorem 5.3 in Vershynin [2010] and Theorem 4.3.5 in [Vershynin, 2018]] Under assumptions 2.1, the operator
norms ∥W0∥, ∥X∥ satisfy, for some constants C1, C2

∥W0∥ ≤ 1√
d
C1(

√
d+

√
p) + O≺(

1√
d
)

∥X∥ ≤ C2(
√
n+

√
d) + O≺(1)

Lemma B.13. [O’Donnell, Proposition 11.33, p. 338] The Hermite polynomials (hα)α∈N form a complete orthonormal basis.
Further, for any ρ ∈ [−1, 1] and two standard normal Gaussian random variables z, z′ that are ρ-correlated, we have

Ez,z′
[
hα(z)hβ(z

′)
]
=

{
ρα if α = β,

0 if α ̸= β.
(39)

Lemma B.14. Let f1(z) and f2(z) be two twice-differentiable functions with the first and second derivatives bounded almost
surely. Suppose that f1(z), f2(z) admit the following Hermite expansions:

f1(z) =
∑
k≥0

ckhk(z) f2(z) =
∑
k≥0

c̃khk(z), (40)

where
{
hk(z)

}
k
denote the set of normalized Hermite polynomials. Given three unit norm vectors w1, w2, w

′ such that:∣∣∣w⊤
i w

′
∣∣∣ = O≺(

1√
d
) (41)

for i = 1, 2. Then for g ∼ N(0, I), the following holds:

E
[
f1(w

⊤
1 g)f2(w

⊤
2 g)g

⊤w′
]
= c0c̃1(w

⊤
2 w

′) + c̃0c1(w
⊤
1 w

′) + O≺(
1

d
), (42)

E
[
f1(w

⊤
1 g)f2(w

⊤
2 g)(g

⊤w′)2
]
= c0c̃0 + O(d−1/2), (43)

C Spiked isotropic approximation

In this section, we justify the assumption of an isotropic bulk in the regime α0 → ∞, We first establish Lemma 3.1 and
subsequently control the resulting approximation error for deterministic equivalence and generalization errors.

C.1 Proof of Lemma 3.1

Let ŷ1, · · · , ŷn denote the outputs of the network at initialization, i.e:

ŷµ = f(xµ;W
(0), a) (44)

We start by expressing the gradient as:

G =
1

n
√
p
diag{a1, . . . ap}σ′(W 0X) diag{y1 − ŷ1, . . . , yn − ŷn}X ∈ Rp×d, (45)

where X ∈ n× d denotes the matrix with rows the data vectors in the first batch, {yi}i∈[n] are the corresponding labels,
and σ′(·) is the derivative of the student activation function.

Next, we decompose σ′ as:
σ′(x) = c1 + σ′

>1(x), (46)
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where
σ′
>1(x)

def
=
∑
k≥2

√
k!µk hk−1(x), (47)

and ck denote the Hermite coefficients of σ. Using the decomposition in (281), we can rewrite the weight matrixW 1 as

W 1 =W 0 + uv⊤ +
η

n
diag{√pa1, . . .

√
pap}σ′

>1(W
0X) diag{y1, . . . , yn}XT︸ ︷︷ ︸

∆1

− η

n
diag{√pa1, . . .

√
pap}σ′

>1(W
0Z) diag{ŷ1, . . . , ŷn}ZT︸ ︷︷ ︸

∆2

where u = µ1η
√
pa and v = X⊤y/n.

Our goal is therefore to bound the contributions from ∆1,∆2. We start by expressing∆1 as a sum of rank one terms:

∆1 =
1

n

n0∑
µ=1

bµx
⊤
µ , (48)

where b⊤µ = yµσ
′(W 0X)[

√
pa1, . . .

√
pap].

Let {c⋆k}k∈N denote the Hermite coefficients of g. An application of Stein’s Lemma and Hermite expansion yields (See
Lemma 7 in Damian et al. [2022] or Lemma 4 in Dandi et al. [2023]) yields the following expansion for the ith row of ∆1:

Exµ

[
biµxµ

]
=

∞∑
k=1

ck+1µ
⋆
k+1⟨(w⋆)⊗k+1, w⊗k

i ⟩+
∞∑
k=1

ck+2c
⋆
k⟨(w⋆)⊗k, w⊗k

i wi⟩ (49)

By assumption c2 = 0, therefore the term c2, c
⋆
2w

⋆⟨w⋆, wi⟩ vanishes. Since ⟨w⋆, wi⟩ = O≺(
1√
d
) for all i ∈ [p], the

remaining terms are bounded in term by O≺(
1

d1.5 ). We obtain:∥∥∥∥Exµ

[
biµxµ

]∥∥∥∥
F

= O≺(
1

d
), (50)

which results in the following bound on the operator norm:∥∥Ex [∆1]
∥∥ = O≺(

1√
d
). (51)

Next, note that the uniform boundedness of σ′, σ∗ imply that
∥∥bµ∥∥2 < Cp for some constant C > 0. Consider the

symmetrized matrix:

Bµ =

[
0 bµx

⊤
µ

xµb
⊤
µ 0

]
∈ R(p+d)×(p+d) (52)

Then, for all k ≥ 1:

B2k+1
µ =

[
0

∥∥xµ∥∥2k∥∥bµ∥∥2kbµx⊤µ∥∥xµ∥∥2k∥∥bµ∥∥2kxµb⊤µ 0

]
(53)

B2k
µ =

[∥∥xµ∥∥2k∥∥bµ∥∥2k−2
bµb

⊤
µ 0

0
∥∥xµ∥∥2k−2∥∥bµ∥∥2kxµx⊤µ

]
(54)

Now, let z ∈ Rp+d with ∥z∥ = 1 and let zp = z[: p], zd = z[p :] denote the first p and the remaining components of z
respectively. From Equation (53), we have:

E
[
z⊤B2k+1

µ z
]
= E

[∥∥xµ∥∥2k∥∥bµ∥∥2k⟨bµ, zp⟩⟨xµ, zd⟩]+ E
[∥∥xµ∥∥2k∥∥bµ∥∥2k⟨bµ, zp⟩⟨xµ, zd⟩] . (55)
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Applying Cauchy–Schwarz to each term in the RHS yields:

E
[
z⊤B2k+1

µ z
]
≤ E

[∥∥xµ∥∥4k∥∥bµ∥∥4k]1/2 E [(⟨bµ, zp⟩)2(⟨xµ, zd⟩)2]1/2+E
[∥∥xµ∥∥4k∥∥bµ∥∥4k]1/2 E [(⟨bµ, zp⟩)2(⟨xµ, zd⟩)2]1/2

(56)

Now, the boundedness of σ′, σ⋆ imply that
∥∥bµ∥∥4k ≤ C4k

1 p2k for some constant C1. While
∥∥xµ∥∥2 is a sub-exponential

random variable with parameter d and therefore [Vershynin, 2018]:

E
[∥∥xµ∥∥4k] ≤ C2k

2 d2k2k2k, (57)

for some constant C2 > 0. Therefore:

E
[∥∥xµ∥∥4k∥∥bµ∥∥4k] ≤ C2k

2 d2k2k2k × C4k
1 p2k (58)

Finally, by assumption 2.3, σ′, g are uniformly-lipschitz. Furthermore, with high probabilty overW , ∥W∥ ≤ C3 for some
constant C4. We therefore obtain that x→ ⟨bµ, zp⟩ is uniformly lipschitz in x with high probabilty overW .

Furthermore, applying Lemma B.13 to σ′, g and using c2 = 0, yields:

E
[
⟨bµ, zp⟩

]
= O(

1√
d
). (59)

Therefore, E
[
(⟨bµ, zp⟩)2(⟨xµ, zd⟩)2

]1/2 is further bounded by some constant C4 > 0.

Since p/d = β is a constant, substituting in Equation (56) we obtain:

E
[
z⊤B2k+1

µ z
]
≤ (C4d)

2k−1d. (60)

Similarly,
E
[
z⊤B2k

µ z
]
≤ (C5d)

2k−2d, (61)

for some constant C5 > 0.

Therefore:
E
[
Bk

µ

]
≺ (C4d)

k−2dIp+d, (62)

for some constant C4.

Subsequently, we apply the matrix-Bernstein inequality for self-adjoint matrices with subexponential tails (Theorem 6.2
in Tropp [2012]) to obtain that:

Pr


∥∥∥∥∥∥ 1n

n∑
µ=1

Bµ −
∥∥∥E [Bµ

]∥∥∥
∥∥∥∥∥∥ ≥ t

 ≤ de−t(log d)2/(c1+c2t), (63)

for some constants c1, c2 > 0. Borel-Cantelli Lemma then implies:

∥∆1∥
d→∞−−−→
a.s

0. (64)

Now, to bound ∆2, we use:

∥∆2∥ ≤ η

n

∥∥diag{√pa1, . . .√pap}∥∥∥∥∥σ′
>1(W

0Z)
∥∥∥∥∥diag{ŷ1, . . . , ŷn}∥∥∥X∥. (65)

We show that: ∥∥diag{ŷ1, . . . , ŷn}∥∥ = O≺(
1√
d
) (66)



A Random Matrix Theory Perspective on the Spectrum of Learned Features and Asymptotic Generalization Capabilities

Recall that:

ŷµ =
1
√
p

p∑
j=1

ajσ(w
⊤
j xµ) (67)

By Theorem 3.1.1 in Vershynin [2018],
∣∣∣∥∥xµ∥∥−√

d
∣∣∣ for µ ∈ [n] are independent sub-Gaussian random variables.

Therefore:
sup
µ∈[n]

∥∥xµ∥∥ =
√
d+ O≺(

√
log n). (68)

Therefore, we may condition on the high-probability event:

En = { sup
µ∈[n]

∥∥xµ∥∥ ≤ C
√
d}, (69)

for some C > 1. Conditioned on the event En, Lemma B.11 and assumption 2.3 imply that for each µ ∈ [n],√
paj{σ(w⊤

j xµ), j ∈ [p]} are independent sub-Gaussian random variables with mean 0. (Recall that by assumption 2.3, σ
is odd). Therefore ∀µ ∈ [n]:

ŷµ = O≺(
1√
d
), (70)

where we absorbed polylogarithmic factors through the stochastic domination notation (Definition B.1).

Lastly, it remains to show that the spike v converges to w⋆. Recall that v := 1
c⋆0

X⊤y
n . By assumptions 2.3, yµxiµ are

independent sub-Gaussian random variables for i ∈ [d]. Therefore:

∥v − w⋆∥ = O≺(
√
d/n0). (71)

Since, n0 = O(d1+ϵ), we obtain:
v −−→

a.s
w⋆ (72)

It remains to show that the equivalence in the sense of Lemma 3.1 extends to generalization error and deterministic
equivalence:
Proposition C.1. Let Ge, (G⋆)

e denote the extended resolvents with featuresW (1) and W̃ =W 0 + ηu(w⋆)⊤ respectively.
Analogously, let â, â⋆ denote the ridge-regression predictors corresponding toW (1) and W̃ respectively. Then,for sequence of
deterministic matrices A ∈ C(p+1)×(p+1) with ∥A∥tr = Tr

(
(AA∗)1/2

)
uniformly bounded in d:∣∣∣Tr(AGe(z)

)
− Tr(AG⋆)

e
∣∣∣ a.s−−−→

d→∞
0. (73)∣∣∣egen(â,W (1))− egen(â⋆,W

(1))
∣∣∣ a.s−−−→

d→∞
0. (74)

Proof. Consider the matrix:
Ξ = σ(XW (1⊤))− σ(XW̃⊤) ∈ Rn×p. (75)

A straightforward consequence of the proof of Lemma 3.1 and Assumption 2.3, Lemma B.10 is that each row of Ξ is a
sub-Gaussian random vector with sub-Gaussian norms O(polylog d

d

ϵ
). Therefore, through tail bounds on the operator

norms of matrices with sub-Gaussian rows [Vershynin, 2010], we obtain:

1
√
p
∥Ξ∥ −−→

a.s
0 (76)

The claim in Eq (73) then follows since by Lemma B.8:∣∣∣Tr(AGe(z)
)
− Tr(AG⋆)

e
∣∣∣ ≤ ∥A∥Tr

∥∥Ge(z)−G⋆

∥∥
≤ ∥A∥Tr

C

ζ2

∥∥∥σ(XW (1)⊤)− σ(XW̃⊤)
∥∥∥,

for some constant C . In the last line, we used Lemma B.3 and ζ is defined as in Lemma B.4. Similarly, Equation (76) implies
the almost sure convergence for the generalization error.
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D Deterministic Equivalent

The proof of Theorem 4.5 proceeds in three parts:

• Approximation of the covariance E
[
ϕϕ⊤

]
through the covariance R⋆

κ of a conditional-Gaussian equivalent model at
fixed values of W . R⋆

κ possesses a block-structure due to the finite-support assumption over ui

• First-stage deterministic equivalent: here we average over the randomness in the inputsX and construct a determin-
istic equivalent dependent on W and expressed as a functional of R⋆

κ.

• Second-stage deterministic equivalent: Here we further average over the randomness inW to establish deterministic
equivalents for R⋆

κ and associated transforms.

We describe each of these stages below:

D.1 Gaussian-equivalent covariance approximation

We start by showing that conditioned on κ, the covariance of the extended features ϕeµ can be well-approximated through
that of an equivalent linear model. This approximation is similar to the conditional Gaussian equaivalence in Dandi et al.
[2023], Cui et al. [2024]. However, we emphasize that we do not directly utilize any universality result on generalization
errors established in recent works [Lu and Yau, 2022, Montanari and Saeed, 2022, Dandi et al., 2023]. Instead, we will
directly utilize the approximation of the covariance in our analysis of the spectrum and generalization errors in the
subsequent sections.

Recall the definition of the surrogate feature vectors in equation (11):

ϕeµ =

yµϕ̄µ
ϕ̃µ

 (77)

We observe that the sample covariance matrix of zµ posseses the following block structure:

(Φe
µ)

⊤(Φe
µ) =

yy⊤ yΦ̄⊤ yΦ̃⊤

Φ̄y⊤ Φ̄Φ̄⊤ Φ̃Φ̄⊤

Φ̃y⊤ Φ̄Φ̃⊤ Φ̃Φ̃⊤

 (78)

Define:

Σ11 :=

[
yy⊤ yΦ̄⊤

Φ̄y⊤ Φ̄Φ̄⊤

]
Σ21 :=

[
Φ̃y⊤

Φ̃Φ̄⊤

]
Σ22 :=

[
Φ̃Φ̃⊤

]
(79)

Proposition D.1. For a vector u ∈ Rm , let cj(u, κ) ∈ Rm denote the vector with entries cj(ui, κ). Let Eκ [·] denote the
expectation w.r.t x conditioned on the sigma-algebra generated by κ := x⊤w∗. Define:

R⋆
11(κ) =

[
g2(κ) g(κ)c0(κ, uπ)

⊤

g(κ)c0(κ, uπ) c0(κ, uπ)c0(κ, uπ)
⊤

]
, (80)

where uπ denotes the vector (u1, · · · , uk)

R⋆
21(κ) = c1(κ, u)⊙ θκ

[
σ⋆(κ) c0(κ, u1) · · · c0(κ, uk)

]
, (81)

R⋆
22(κ) = (c1(κ, u)c1(κ, u)

⊤)⊙WW⊤) + diag(

(∑
k≥2

c2k(κ, u)

)
+ (κ2 − 1)c1(κ, u)c1(κ, u)

⊤ ⊙ θθ⊤

+
1

d
c2(κ, u)c2(κ, u)

⊤
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Then, there exists an ℓ ∈ N such that, the following holds almost surely over κ:

sup
κ∈R/E0

∥∥Eκ [Σ11]−R⋆
11(κ)

∥∥ = O≺(
κℓ√
d
) (82)

sup
κ∈R/E0

∥∥Eκ [Σ21]− R⋆
21(κ)

∥∥ = O≺(
κℓ√
d
) (83)

sup
κ∈R/E0

∥∥Eκ [Σ22]−R⋆
22(κ)

∥∥ = O≺(
κℓ√
d
) (84)

Proof. Let wi denote the ith row ofW and x ∼ N(0, Id). By the rotational invariance of the Gaussian measure, we can
express x as:

x = κw∗ + (Id − w∗(w∗)⊤)ξ, (85)

where ξ ∼ N(0, Id) is independent of x

We obtain:
x⊤w1 = κui + w⊤

i ξ + w⊤
i w

∗(κ− ξ⊤w∗) (86)

Therefore,

ϕi(x) = σ(κui + w⊤
i ξ + w⊤

i w
∗(κ− ξ⊤w∗)). (87)

Since ∣∣∣w⊤
i w

∗(κ− ξ⊤w∗)
∣∣∣ = O≺(

κ√
d
), (88)

by assumption 2.3 an application of the Taylor’s theorem yields:

ϕi = σ(κui + w⊤
i ξ) + σ′(κui + w⊤

i ξ)
[
w⊤

i w
∗(κ− ξ⊤w∗)

]
+

1

2
σ′′(κui + w⊤

i ξ)
[
w⊤

i w
∗(κ− ξ⊤w∗)

]2
+ O≺(κ

3d−3/2).
. (89)

To simplify the expectations of the second, third terms, we leverage the Hermite expansion and Lemmas B.13, B.14.

We begin by expanding σ along the Hermite-basis for a fixed value of κui:

σ(κui + z) = c0(κui) + c1(κui)h1(z) + c2(κui)h2(z) + . . .+ (90)

Using the identity h′k(z) =
√
khk−1(z), we also have

σ′(uiκ+ z) = c1(κ, ui) +
√
2c2(κ, ui)h1(z) +

√
3c3(κ, ui)h2(z) + . . . (91)

and
σ′′(uiκ+ z) =

√
2c2(κ, ui) +

√
6c3(κ, ui)h1(z) + . . . (92)

Consider the second term in Equation (89):

Eκ

[
σ′(κui + w⊤

i ξ)
[
w⊤

i w
∗(κ− ξ⊤w∗)

]]
= κ(w⊤

i w
∗)E

[
σ′(κui + w⊤

i ξ)
]
− (w⊤

i w
∗)E

[
σ′(κui + w⊤

i ξ)ξ
⊤w∗

]
(93)

From (91), the the first term in the RHS equals κ(w⊤
i w

∗)c1(κ, ui) while from Lemma B.13, the second term equals

Eκ

[
σ′(κui + w⊤

i ξ)ξ
⊤w∗

]
=

√
2c2(κ, ui)w

⊤
i w

∗. (94)

Combining, we obtain:

Eκ

[
σ′(κui + w⊤

i ξ)
[
w⊤

i w
∗(κ− ξ⊤w∗)

]]
= κ(w⊤

i w
∗)c1(κ, ui)−

√
2c2(κ, ui)(w

⊤
i w

∗)2. (95)
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Next, consider the third term in Equation (89):

Eκ

[
1

2
σ′′(κui + w⊤

i ξ)
[
w⊤

i w
∗(κ− ξ⊤w∗)

]2]
= (w⊤

i w
∗)2

1

2
Eκ

[
σ′′(κui + w⊤

i ξ)
[
κ2 − 2ξ⊤w∗ + (ξ⊤w∗)2

]]
(96)

Again applying Equation (92) and Lemma B.13 to each term in the RHS yields, simplifies as follows:

Eκ

[
1

2
κ2(w⊤

i w
∗)2σ′′(κui + w⊤

i ξ)

]
=

1√
2
κ2c2(κ, ui)

Eκ

[
(w⊤

i w
∗)2σ′′(κui + w⊤

i ξ)ξ
⊤w∗

]
=

√
6c3(κ, ui)(w

⊤
i w

∗)3 = O≺(
1

d3/2
)

Eκ

[
1

2
(w⊤

i w
∗)2σ′′(κui + w⊤

i ξ)(ξ
⊤w∗)2

]
=

1√
2
c2(κ, ui)(w

⊤
i w

∗)2 + O≺(
1

d2
),

where in the second equation, we used that c3(κ, ui) is uniformly bounded in κ by Assumption 2.3 and in the last equation,
we used (ξ⊤w∗)2 =

√
2h2(ξ

⊤w∗) + 1.

Combining, we obtain:

Eκ [ϕi] = c0(κ,u) + c1(κ)kw
⊤
i w

⋆ +
c2(κ,u)√

2

[
(w⊤

i w
⋆)2(κ2 − 1)

]
+ O≺(d

−3/2). (97)

gives us:

Eκ [ϕ] = c0(κ, u)1p + c1(κ, u)⊙W
(
κw⋆) + O≺(d

−1) (98)

Now, since ⟨w1, w
⋆⟩, · · · , ⟨wp, w

⋆⟩ ∈ Rd are i.i.d. sub-Gaussian random variables, we obtain that:

Eκ

[
ϕ̄
]
q
= c0(κ, ζ

u
q ). (99)

Furthermore, by Assumption 2.3 and since ∥W∥2 < C a.s for large enough C , we obtain that ϕ̄q is an O( 1√
d
)-Lipschitz

function of x, we obtain:

ϕ̄− Eκ

[
ϕ̄
]
= O≺(

1√
d
) (100)

Therefore, in what follows, we will utilize:

ϕ̃i = ϕi − c0(κ, ui) + O≺(
1√
d
). (101)

Combining the above approximation with Equation (97) and using the uniform boundedness of g directly yields the
estimates for Σ11,Σ21 in Equations (82) and (83).

To study the block Σ22, we separate the case of diagonal and off-diagonal entries. For the former, we apply Lemma B.13 to
Equation (89) to obtain:

Eκ

[
ϕ̃2i

]
=
∑
k≥1

c2k(κ, ui) + O≺(κ/
√
d). (102)

For the off-diagonal terms with i ̸= j, we start by noting that

Eκ

[
ϕ̃ϕ̃⊤

]
= (Ip − P )Eκ

[
ϕϕ⊤

]
(Ip − P )⊤, (103)

where P denotes the projection on the directions e1, · · · ek defined in Equation (13). The Taylor expansion in (89) and the
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approximation (101) then gives us:

Eκ

[
ϕ̃iϕ̃j

]
= Eκ

[
(σ(κui + w⊤

i ξ)− ϕ̄i)(σ(κuj + w⊤
j ξ)− ϕ̄j))

]
︸ ︷︷ ︸

(A)

(104)

+ Eκ

[
(σ(κui + w⊤

i ξ)− c0(κ, ui))σ
′(κuj + w⊤

j ξ)
[
w⊤

j w
⋆(κ− ξ⊤w⋆)

]]
(B)︸ ︷︷ ︸+(B)i↔j (105)

+
1

2
Eκ

[
(σ(κui + w⊤

i ξ)− c0(κ, ui))σ
′′(κuj + w⊤

j ξ)
[
w⊤

j w
⋆(κ− ξ⊤w⋆)

]2]︸ ︷︷ ︸
(C)

+(C)i↔j (106)

+ Eκ

[
σ′(κui + w⊤

i ξ)
[
w⊤

i w
⋆(κ− ξ⊤w⋆)

]
σ′(κuj + w⊤

j ξ)
[
w⊤

j w
⋆(κ− ξ⊤w⋆)

]]
︸ ︷︷ ︸

(D)

(107)

+ O(κ3d−3/2), (108)

where (B)i↔j , (C)i↔j denote the corresponding terms with the roles of i, j interchanged. Next, we consider each term
on the right-hand side. Applying Lemma B.13, we obtain that the term A results in:

(A) = (Ip − P )
(
c1(κ, u)c1(κ, u)

⊤ ⊙W⊤W + c2(κ, u)c2(κ, u)
⊤ ⊙ (W⊤W )2

)
(Ip − P )⊤ + O≺(d

−3/2). (109)

For terms in (B), we apply Lemma B.14 with w1, w2 = wi, wj and w′ = w⋆ to obtain:

(B) + (B)i↔j =
(√

2c1(κ, ui)c2(κ, uj)w
⊤
i wj

)
(wi + wj)

⊤(κw⋆)

− 2c1(κ, ui)c1(κ, uj)
[
(w⊤

i w
⋆)(w⊤

j w
⋆)] + O≺(d

−3/2).
(110)

Similarly, for terms in C , Lemma B.14 directly implies that:

(C) + (C)i↔j = O≺(d
−3/2). (111)

Finally,
(D) = c1(κ, ui)c1(κ, uj)(κ

2 + 1)(w⊤
i w

⋆)(w⊤
j w

⋆) + O≺(d
−3/2) (112)

We are now ready to establish an approximation of the correlation matrix E
[
ϕ̃ϕ̃⊤

]
, up to an error term whose operator

norm is of size O≺(d
−1/2). Starting with (A), since w⊤

i e
q = O≺(

1√
d
) for i ∈ [p], q ∈ [k], we have:∥∥∥∥(Ip − P )

(
c1(κ, u)c1(κ, u)

⊤ ⊙W⊤W
)
(Ip − P )⊤ − c1(κ, u)c1(κ, u)

⊤ ⊙W⊤W

∥∥∥∥ = O≺(
1√
d
). (113)

Therefore, the extra term compared to R⋆
22(κ) is the one containing (w⊤

i wj)
2. Write

(w⊤
i wj)

2 =
1

d
+

√
2p

d2
(H2)ij , (114)

H2 ∈ Rp×p is a symmetric matrix such that

(H2)ij =
(
√
dw⊤

i wj)
2 − 1√

2p
1i̸=j . (115)

This is in fact a Kernel gram matrix where the “kernel” function is the second Hermit polynomial h2(z). As studied in e.g.
[Zhou & Montanari, 2013], [Lu & Yau, 2023], the spectrum of this kernel matrix is asymptotically equal to the semicircle
law. Moreover, the operator norm of this matrix is bounded by O≺(1). It follows that the term

√
2p
d2 (H2)ij in (114) can be

ignored due to its vanishing operator norm. Thus, what is left is the contribution from the term 1
d , which vanishes since

(Ip − P )c2(κ, u)c2(κ, u)
⊤(Ip − P )⊤ = 0.
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For each k, let hk,w⋆ be the vector in Rp, defined as

(hk,w⋆)i
def
= hk(

√
dw⊤

i w
⋆) (116)

with hk being the kth Hermite polynomial. By substituting (w⊤
i w

⋆)2 = 1
d (h2(

√
ddw⊤

i w
⋆)− 1)

Next, we examine (B) + (B)i↔j and capture its main terms. First, note that (w⊤
i wj)w

⊤
i (κw

⋆) can be ignored, since it
corresponds to a matrix

W diag
{
κw⊤

i w
⋆
}
W⊤, (117)

whose operator norm is bounded by O≺(d
−1/2) by Lemma B.12.

Let θi =W ⋆wi for i ∈ [p] The remaining components in (B) + (B)i↔j can be expressed as:

−2c1(κ, u)c1(κ, u)θiθj

It is also easy to verify that the last component (D) can be expressed as follows:

(D) = c1(κ, u)c1(κ, u)(κ
2 + 1)θiθj , (118)

The terms B and D combine to give the component:

(κ2 − 1)c1(κ, u)c1(κ, u)
⊤ ⊙ θθ⊤ (119)

Combining with the contribution from A and the diagonal terms in Equation (102), we obtain Equation (84).

Before moving further, we note down a bound on R⋆
κ that will prove useful late:

Proposition D.2. Let R⋆
κ be as defined in Proposition D.1. Then, ∃ℓ ∈ N such that:

∥R⋆
κ∥ = O≺(κ

ℓ) (120)

.

Proof. The above is a direct consequence of Proposition D.1 and Assumption 2.3, with the later implying that
∣∣co(κ, u)∣∣ ≤

K|uκ| for some constantK while
∣∣cj(κ, u)∣∣ are uniformly bounded for j = 1, 2, 3.

D.2 First-Stage Equivalent

We now proceed with establishing the first stage of deterministic equivalence, aiming to remove the randomness w.r.t X .
Concretely, our goal in this section is to construct a sequence of matrices Ge

W dependent onW but notX such that Ge
W is

deterministically equivalent to Ge for all suitably-bounded linear functions independent of X (but possibly depending on
W ). Ideally Ge

W will possess a simpler structure than Ge, allowing us to further simplify it in the next stage.

For subsequent usage, we shall establish a more quantitative version of deterministic equivalent than Theorem 4.5, with
an explicit error bound of O≺(

1√
d
).

Proposition D.3. LetXd,Wd be a sequence of random matrices generated as in Assumption 2.1. Let z ∈ C/R+ be arbitrary.
Let GW (z) denote the the following sequence of random matrices dependent only onW :

GW (z) :=

(
α

p
Σ⋆ + ζL− zI

)−1

, (121)

where:

χd(κ)
def
=

EW,X

[
Tr(Gµ

eR
⋆
κ)
]

p
, (122)

and the expectation is w.r.t bothW,X conditioned on the projection κµ along the spike v as fixed. Since Gµ
e is independent of

κ, χd(κ) is a fixed function of κ alone. The subscript d is to remind us that χd(κ) defined as in Equation (122) is an unknown
dimension-dependent function.
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We further define:

Σ⋆ = Eκ∼N(0,1)

[
1

1 + χ(κ)
R⋆(κµ)

]
, (123)

with R⋆(κ) denoting the matrix:

R⋆(κ) =

(
R⋆(κ)11 R⋆(κ)12
R⋆(κ)21 R⋆(κ)22

)
(124)

and R⋆(κ)11, R
⋆(κ)12, R

⋆(κ)21, R
⋆(κ)22 are as defined in Proposition D.1.

Then for any sequence of matrices A, possibly dependent onW , but not X :∣∣∣Tr{AGW (z)
}
− Tr

{
AGe(z)

}∣∣∣ = O≺(
∥A∥Tr√

d
) (125)

Proof. We start by defining:
χX,W (µ) :=

1

p
(ϕeµ)

⊤Gµ
eϕ

e
µ, (126)

Note that unlike χ(κ) which is solely a function of κ, χX,W (µ) is a random variable depending on X,W, zµ. We further
define:

Rµ = E
[
ϕeµ(ϕ

e
µ)

⊤|κ = κµ

]
(127)

We proceed through a leave-one-out argument, analogous to the one for Wishart-type matrices [Bai and Zhou, 2008]. By
definition, Ge satisfies:

Ge(
1

p

n∑
µ=1

ϕeµ(ϕ
e
µ)

⊤ − zI) = I. (128)

Let Gµ
e := (

∑
ν ̸=µ ϕ

e
µ(ϕ

e
µ)

⊤ + λI)−1 for µ ∈ [n] denote the resolvent with the sample µ removed.

Using the Sherman-Morrison formula, we can express Ge for any µ ∈ [n] as:

Ge = Gµ
e − 1

1 + 1
p (ϕ

e
µ)

⊤Gµ
eϕeµ

ϕeµ(ϕ
e
µ)

⊤. (129)

Next, for each µ ∈ [n], we replace Ge in the term Ge(ϕ
e
µ(ϕ

e
µ)

⊤) by the above decomposition to obtain:

n∑
µ=1

1

p
(Gµ

e − 1

1 + 1
p (ϕ

e
µ)

⊤Gµ
eϕeµ)

ϕeµ(ϕ
e
µ)

⊤)ϕeµ(ϕ
e
µ)

⊤ − zIGe = I. (130)

The first set of terms simplify as:

Ge(ϕ
e
µ(ϕ

e
µ)

⊤) = (Gµ
e − 1

1 + 1
p (ϕ

e
µ)

⊤Gµ
eϕeµ

Gµ
eϕ

e
µ(ϕ

e
µ)

⊤Gµ
e )ϕ

e
µ(ϕ

e
µ)

⊤

=
1

1 + χX,W (µ)
Gµ

eϕ
e
µ(ϕ

e
µ)

⊤.

Substituting in (130) yields:

1

p

n∑
µ=1

1

1 + χX,W (µ)
Gµ

eϕ
e
µ(ϕ

e
µ)

⊤ − zIGe = I, (131)

By concentration of χX,W (µ) and averaging over ϕeµ(ϕeµ)⊤, we expect the first term to be well-approximated by∑
µ∈[n](

1
1+χd(κ)

Gµ
eϕ

e
µ(ϕ

e
µ)

⊤). We therefore, isolate the errors in χX,W (µ) to obtain:

1

p

∑
µ∈[n]

(
1

1 + χd(µ)
Gµ

eϕ
e
µ(ϕ

e
µ)

⊤ + E1,µG
µ
eϕ

e
µ(ϕ

e
µ)

⊤ + E2,µG
µ
eϕ

e
µ(ϕ

e
µ)

⊤ + E3,µG
µ
eR

⋆(κµ))− zGe = I. (132)
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where E1,µ,E2,µ,E3,µ account for the error in χX,W (µ) due to randomness over ϕµ, approximation of covariance Rµ by
R⋆

µ and the concentration of Tr
(
Gµ

eR
⋆
µ

)
to χ(κ) respectively.

E1,µ =
(ϕeµ)

⊤Gµ
eϕ

e
µ)−

Tr(Gµ
eRµ)
p

(1 + 1
p (ϕ

e
µ)

⊤Gµ
eϕeµ)(1 +

Tr(Gµ
eRµ)
p )

E2,µ =

Tr(Gµ
eRµ)
p − Tr(Gµ

eR
⋆
µ)

p

(1 +
Tr(Gµ

eR⋆
µ)

p )(1 +
Tr(Gµ

eR⋆
µ)

p )

E3,µ =

Tr(Gµ
eR

⋆
µ)

p − χ(κ)

(1 + χ(κ))(1 +
Tr(Gµ

eR⋆
µ)

p )

Next, due to the average over n samples and the small error in replacing Gµ
e by Ge, we further ex-

pect
∑

µ∈[n](
1

1+χ(κ)G
µ
eϕ

e
µ(ϕ

e
µ)

⊤) to be well-approximated (in the sense of deterministic equivalence) by
Ge(

∑
µ∈[n]

1
1+χ(κ)R

⋆
µ).

Therefore, we explicitly introduce the above term into Equation (132) at the cost of additional errors:
1

p
Ge(

∑
µ∈[n]

1

1 + χ(κ)
R⋆

µ)− zGe = I +∆, (133)

where:
∆ =

∑
µ∈[n]

∆µ, (134)

where:

∆µ =
1

p

(
1

1 + χW (µ)
GeR

⋆
µ −Gµ

e

1

1 + χW (µ)
ϕeµ(ϕ

e
µ)

⊤ −Gµ
eE1,µϕ

e
µ(ϕ

e
µ)

⊤ −Gµ
eE2,µϕ

e
µ(ϕ

e
µ)

⊤ −Gµ
eE3,µϕ

e
µ(ϕ

e
µ)

⊤
)

(135)

With the above error terms defined, we’re now ready to analyze the linear functional Tr
(
AGe(z)

)
in Equation (125). We

perform the analysis in two-stages:

• Show that Tr
{
AGe(z)

}
→ Tr

{
AGw(z)

}
.

• Show that Tr
{
AGe(z)

}
concentrates around its expectation.

We start with the first stage. We have:

E
[
Tr(AGe)

]
= E

[
1

p
Tr
{
(A(I +∆)(αR⋆ − zI)−1)

}]
, (136)

where R⋆ :=
∑

µ∈[n]
1

1+χW (µ)Rµ.

Our next goal is therefore to bound the contribution from ∆.

The independence of Gµ
e and ϕeµ, implies that:

E
[
Gµ

e

1

1 + χW (µ)
ϕeµ(ϕ

e
µ)

⊤
]
= E

[
Gµ

e

1

1 + χW (µ)
Rµ

]
(137)

Thus, we have:

E
[
1

p
Tr
(
A∆µ

)]
= E

[
Tr
(
A(E1,µ + E2,µ + E3,µ)G

µ
eϕ

e
µ(ϕ

e
µ)

⊤
)]

︸ ︷︷ ︸
T1

+
1

1 + χW (µ)

1

p
E
[
Tr
(
AGeR

⋆
µ

)]
− 1

p

1

1 + χW (µ)
E
[
Tr
(
AGµ

eRµ

)]
︸ ︷︷ ︸

T2

(138)
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We start with the term T1. We proceeed by bounding the contributions from E1,µ,E2,µ,E3,µ.

First, note that cyclicity of the trace implies that for i = 1, 2, 3:

Tr

(
1

p
A(Ei,µ)G

µ
eϕ

e
µ(ϕ

e
µ)

⊤
)

= (Ei,µ)
1

p
Tr
(
(ϕeµ)

⊤AGµ
eϕ

e
µ

)
(139)

Our strategy is to bound the tail behavior of
∣∣Ei,µ

∣∣,Tr( 1
p (ϕ

e
µ)

⊤AGµ
eϕ

e
µ

)
and translate them into expectation bounds on

the product.

Let ϵ1,µ := 1
p (ϕ

e
µ)

⊤Gµ
e (ϕ

e
µ)−

Tr(Gµ
eRµ)
p , ϵ2,µ :=

Tr(Gµ
eRµ)
p − Tr(Gµ

eR
⋆
µ)

p , ϵ3,µ :=
Tr(Gµ

eR
⋆
µ)

p − χd(κ). Then:

E1,µ =
ϵ1,µ

(1 +
Tr(Gµ

eRµ)
p + ϵ1,µ)(1 +

Tr(Gµ
eRµ)
p )

=
ϵ1,µ

(1 +
Tr(Gµ

eRµ)
p )2

+
ϵ21,µ

(1 +
Tr(Gµ

eRµ)
p + ϵ1,µ)(1 +

Tr(Gµ
eRµ)
p )

,

and analogous relations hold for E2,µ,E3,µ.

We start with bounding the term Tr
(

1
p (ϕ

e
µ)

⊤AGµ
eϕ

e
µ

)
. Since Tr

(
1
p (ϕ

e
µ)

⊤AGµ
eϕ

e
µ

)
is a quadratic form in the features ϕeµ,

one could hope to exploit a Hanson-Wright type inequality. This requires ϕeµ to be “well-concentrated" in some sense.
Fortunately, assumption 2.3 directly yields the following regularity property:

Proposition D.4. Let ξµ ∼ N(0, Id) be defined through the decomposition:

xµ = κw⋆ + (I − w⋆(w⋆)⊤)ξµ (140)

Then, w.h.p as d→ ∞, The map ξµ → ϕeµ is Lipschitz-continuous

The Lipschitz-continuity of ϕµ allows us to apply a generalization of the Hanson-wright inequality for Lipschitz-maps of
independent Gaussian i.i.d vectors [Louart and Couillet, 2018], leading to the following result:

Lemma D.5. For any sequence of matricesM ∈ Cp×p, independent of ϕeµ:∣∣∣(ϕeµ)⊤Mϕeµ − Tr
(
MRµ

)∣∣∣ = O≺(∥M∥F ), (141)

Applying the above Lemma withM = AGµ
e and noting that:

∥AGµ
e ∥F ≤ ∥AGµ

e ∥Tr
≤ ∥A∥Tr∥G

µ
e ∥

≤ 1

ζ
∥A∥Tr

Therefore, Lemma D.5 yields:

Tr

{
(
1

p
(ϕeµ)

⊤AGµ
eϕ

e
µ)

}
= O≺(

∥A∥Trκℓ

p
). (142)

We next claim that to obtain the desired bound on Tr(A∆), it suffices to show that:

ϵi,µ = O≺(
κℓ√
d
), (143)

for i = 1, 2, 3. To see this, note that R⋆
µ is positive semi-definite and Gµ

e has a positive Hermitian component. Therefore,
the absolute values of the term 1

(1+
Tr(Gµ

e Rµ)
p +ϵ1,µ)(1+

Tr(Gµ
e Rµ)
p )

in E1,µ is uniformly bounded by 1, and similarly for

E2,µ,E3,µ. Therefore, for i = 1, 2, 3:
Ei,µ = O≺(ϵi,µ + ϵ2i,µ). (144)
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Applying Cauchy-Shwartz inequality to the sequence of variables Ei,µ, (z
⊤
µ Azµ) yields:

E
[∣∣∣Ei,µ, (z

⊤
µ Azµ)

∣∣∣] = O(κℓ
1

p

1√
d
), (145)

for some ℓ ∈ N and i = 1, 2, 3. Subsequently, combining with supµ(κµ) = O(
√
log n) and summing over µ = 1 · · ·n, we

obtain:
E [T1] = O(

polylog d√
d

) (146)

In light of the above discussion, we now move to bounding ϵi,µ for i = 1, 2, 3:

Proposition D.6. Let ϵ1,µ := 1
p (ϕ

e
µ)

⊤Gµ
e (ϕ

e
µ) −

Tr(Gµ
eRµ)
p , ϵ2,µ :=

Tr(Gµ
eRµ)
p − Tr(Gµ

eR
⋆
µ)

p , ϵ3,µ :=
Tr(Gµ

eR
⋆
µ)

p − χd(κ).
Then for i = 1, 2, 3, ∃ℓ ∈ N such that:

ϵi,µ = O≺(
κℓ√
d
) (147)

Proof. We start with ϵ1,µ. Since 1
p (ϕ

e
µ)

⊤Gµ
e (ϕ

e
µ) − Tr(Gµ

eRµ)
p corresponds to the deviation of the quadratic form

(ϕeµ)
⊤Gµ

e (ϕ
e
µ) from it’s mean, we may again apply the generalized Hanson-Right inequality (Lemma D.5). Note that

∥Gµ
e ∥2 ≤ 1

ζ by Lemma B.4 implying ∥Gµ
e ∥F ≤

√
p

ζ . Sine Gµ
e is independent of ϕeµ, Lemma D.5 yields:

ϵ1,µ = O≺(
κℓ√
d
) (148)

ϵ2,µ is directly bounded through Proposition D.1

Bounding the third term containing ϵ3,µ is more challenging and will take up the bulk of the remaining discussion.

To bound ϵ3,µ, we require establishing the concentration ofTr
(
Gµ

eR
⋆
µ

)
aroundχd(κ), both w.r.tX,W (recall the definition

of χ(κ) in Equation (122)).

A standard way of achieving this is through the use of Martingale-based arguments [Bai and Zhou, 2008, Cheng and
Singer, 2013, Hastie et al., 2022]. We proceed through a similar technique, however, our analysis is complicated by the
presence of structured covariance R⋆

µ and the joint-randomness over X,W .

Lemma D.7. Almost surely over κµ ∼ N(0, 1):∣∣∣∣Tr(Gµ
eR

⋆
µ

)
− χd(κµ)

∣∣∣∣ = O≺(
κℓµ√
d
), (149)

Proof. As mentioned above, the proof follows through a martingale argument. Concretely, proceed by succesively
applying Burkholder’s inequality w.r.t the doob martingales on filtrations generated by X,W respectively. We first start
by conditioning on the following high-probability event overW :

Ew = {W : ∥W∥2 = O(1), ⟨wi, wj⟩ = O≺(
1√
d
)}. (150)

It is easy to check that the moments of χd(κ) are bounded, and therefore, the error in the expectation upon restriction to
Ew can be bounded by O≺(

1
d

k
) for arbitrarily large k.

Let Eµ denote the conditional expectation w.r.t the sigma-algebra generated by xµµ′<µ. We apply the following martingale
decomposition:

Tr(GeR
⋆
κ)− E

[
Tr(GeR

⋆
κ)
]

=

n∑
µ=1

EµTr(GeR
⋆
κ)− Eµ−1Tr(GeR

⋆
κ).
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Let eµ = EµTr(GeR
⋆
κ)− Eµ−1Tr(GeR

⋆
κ). We have:

Eµ(Tr(GeR
⋆
κ)− Eµ−1Tr(GeR

⋆
κ)) = Eµ(Tr(GeR

⋆
κ)− Tr(Gµ

eR
⋆
κ))− Eµ−1(Tr(GeR

⋆
κ)− Tr(Gµ

eR
⋆
κ)), (151)

where we used that Eµ−1Tr(G
µ
eR

⋆
κ)) = EµTr(G

µ
eR

⋆
κ)) since Gµ

e does not depend on xµ
Applying the Sherman-Morrison formula yields:

EµTr(GeR
⋆
κ)− Tr(Gµ

eR
⋆
κ) = −1

p
Eµ

1

1 + (ϕeµ)
⊤Gµ

eϕeµ
(ϕeµ)

⊤R⋆
κϕ

e
µ. (152)

Now,
∣∣∣∣ 1
1+(ϕe

µ)
⊤Gµ

eϕe
µ

∣∣∣∣ ≤ 1 while (ϕeµ)⊤R⋆
κϕ

e
µ has moments bounded polynomially in κ by Lemma D.5.

Therefore, Lemma B.5 combined with Markov’s inequality for large enough p, implies:∣∣∣∣1p Tr
(
Gµ

eR
⋆
µ

)
− χW (κ)

∣∣∣∣ = O≺(
1√
d
) (153)

Where:
χW (κ)

def
= EX

[
Tr(GeR

⋆
κ)
]
, (154)

where the expectation is only w.r.t the matrix X .

It remains to show by establishing concentration w.r.tW that:∣∣χW (κ)− χ(κ)
∣∣ = O≺(

1√
d
), (155)

We again condition on the following high-probability event:

Ex = {X : ∥W∥2 = O(
√
d), ⟨wi, wj⟩ = O≺(1)}. (156)

We again apply a martingale argument, except that unlike the concentration w.r.t X , both Ge, R
⋆ now depend onW .

Let Ei denote the conditional expectation w.r.t the sigma-algebra generated by wjj<i. Let Ge(−i) denote the extended
resolvent obtained after the removal of the (k + 1 + i)th row and column in (Φe)⊤Φe, except for the diagonal (k + 1 +
i), (k + 1 + i) entry. Note that this corresponds to a finite-rank perturbation:

1

p
(Φe)⊤Φe − e(k+1+i)b

⊤
i − bie

⊤
(k+1+i), (157)

where b⊤i denotes the (normalized) (k + 1 + i)th row of (Φe)⊤Φe given by:

b⊤i =
1

p
(Φe

i:)
⊤(Φe) (158)

Analogously, let R⋆
κ(−i) be obtained by the removal of the (k + 1 + i)th row and column in R⋆

κ (except for the diagonal
(k + 1 + i), (k + 1 + i) entry).

Using the Woodbury-matrix identity, we have:

Ge = Ge(−i)−Ge(−i)
[
e(k+1+i) bi

]
(

[
0 1
1 0

]
+Ψ)−1

[
e(k+1+i) bi

]⊤
Ge(−i), (159)

where Ψ =
[
e(k+1+i) bi

]⊤
Ge(−i)

[
e(k+1+i) bi

]
∈ R2×2

Let ei = EiEx

[
Tr(GeR

⋆
κ)
]
− Ei−1Ex

[
Tr(GeR

⋆
κ)
]
. We express Tr(GeR

⋆
κ) as:

Tr(GeR
⋆
κ) = Tr

(
Ge(−i)R⋆

κ(−i)
)
+∆,
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where ∆ arises from the low-rank projections.

To Apply Lemma B.5, it remains to bound the second moments of the residual terms∆. It is easy to check that conditioned
on the high-probability events Ew,Ex, for any uniformly Lipschitz f : Rp → R, f( 1√

pbi) is a uniformly Lipschitz map of
wi. Therefore, Lemma B.11 implies that√pbi is a Lipschitz-concentrated vector in the sense of Definition 9 in Couillet
and Liao [2022]. Therefore the generalized Hanson-Wright inequality implies that:∣∣∣∣b⊤i Ge(−i)bi − E

[
b⊤i Ge(−i)bi

]∣∣∣∣ = O≺(
1√
d
). (160)

Similarly, we obtain that the remaining entries of Ψ concentrate around their expectations. As a result, δ decomposes into
quadratic forms in e(k+1+i), bi which can be bounded as O≺(

1
p ). Applying Lemma B.5 then completes the proof.

The proof of Lemma D.7 completes the proof of Proposition D.6 and thus bounds T1 in Equation (138)

We now return to bounding the term T2 in Equation (138). Let ζ be as defined in Lemma B.4 First, Proposition D.1 and
Lemmas B.4, B.8 imply that: ∣∣∣∣Tr(AGµ

eRµ

)
− Tr

(
AGµ

eR
⋆
µ

)∣∣∣∣ ≤ O≺(
1√
d
). (161)

Therefore, we may replace Rµ by R⋆
µ at the cost of an error O≺(

1√
d
).

Next, we apply the Sherman-Morrison formula to Ge −Gµ
e to obtain

E
[
Tr
(
AGeR

⋆
µ

)]
− E

[
Tr
(
AGµ

eR
⋆
µ

)]
=

1

p
E

[
1

1 + (ϕeµ)
⊤Gµ

eϕeµ
Tr
(
Aϕeµ(ϕ

e
µ)

⊤R⋆
µ

)]
(162)

By the cyclicity of trace, the second term can be expressed as the quadratic form (ϕeµ)
⊤R⋆

µAϕ
e
µ

We start by noting that, Lemmas B.4 B.8 imply:

E
[
Tr
(
AGeRµ

)]
≤
∥∥AGeRµ

∥∥
Tr

≤ ∥A∥Tr
∥∥GeRµ

∥∥ ≤ C

ζ
, (163)

for some constant C .

Therefore, using Lemmas B.3 and B.8, we obtain::∣∣∣∣ 1

1 + χW (µ)
E
[
Tr
(
AGeRµ

)]
− 1

1 + χW (µ)
E
[
Tr
(
AGµ

eRµ

)]∣∣∣∣ = O≺(
∥A∥Tr
p

). (164)

We therefore obtain:
E
[
Tr
(
A∆µ

)]
= O(

1√
d
) (165)

The convexity of || then implies that

E
[
Tr(AGe)

]
= E

[
Tr
{
(A(αR⋆ + λI)−1)

}]
+ O(

polylog d√
d

). (166)

Next, we show that the averaging over κ allows us to replace R⋆ with Σ⋆:

Lemma D.8. There exists ℓ ∈ N such that almost surely over κ:

χµ(κ) = O(κℓ) (167)

Proof. Recall that Ge
µ doesn’t depend on κ, while R⋆

µ depends on κ only through scalars, cj(κ, ui) for j = 1, 2, 3. The
claim then directly follows using assumption 2.3.
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Since κµ for µ ∈ [n] are independent Gaussians, the above Lemma implies that the covariance
∑

µ∈[n]
1

1+χW (µ)R
⋆(κµ)

can further by replaced by Σ⋆ in proposition D.3 with additional error O( 1√
d
).

It remains to show that Tr(GeA) concentrates around its expectation w.r.t X . This follows from a martingale argument
identical to the first part of the proof of Lemma D.7, with the role of R⋆ being replaced by A. Then, we have the following
martingale decomposition:

Tr(GeA)− E
[
Tr(GeA)

]
=

n∑
µ=1

EµTr(GeA)− Eµ−1Tr(GeA).

Let eµ = EµTr(GeA)− Eµ−1Tr(GeA). We have:

Eµ(Tr(GeA)− Eµ−1Tr(GeA)) = Eµ(Tr(GeA)− Tr(Gµ
eA))− Eµ−1(Tr(GeA)− Tr(Gµ

eA)) (168)

where Gµ
e denotes the resolvent with the µth example removed. Next, exactly as in Lemma D.7, we apply the generalized

Hanson-Wright inequality to show that:

(Tr(GeA)− Tr(Gµ
eA)) = O≺(

1

p
). (169)

Lemma B.5 for p = 4 and Markov’s inequality then imply that, with high-probability:

Tr(GeA) = E
[
Tr(GeA)

]
+ O≺(

∥A∥Tr√
d

), (170)

completing the proof of Proposition D.3

D.3 Second stage of Deterministic Equivalent (Averaging overW )

Substituting R⋆
µ from Proposition D.1, we obtain that Σ∗ in proposition D.3 posseses the following structure:

Σ∗ =

(
A∗

11 (A∗
21)

⊤ ⊙ θ⊤

θ ⊙A∗
21 (V e⊙WW⊤+diag(νe)))+αSe⊙θθ⊤,

)
(171)

where:

A∗
11 = Eκ

[
α

1 + χ(z;κ)
R⋆

11(κ)

]

= Eκ

 α

1 + χ(z;κ)

[
σ2
⋆(κ) σ⋆(κ)c0(κ, uπ)

⊤

σ⋆(κ)c0(κ, uπ) c0(κ, uπ)c0(κ, uπ)
⊤

]

A∗
11 = Eκ

[
α

1 + χ(z;κ)
R⋆

21(κ)

]
and V , νe, S are defined as:

V
(d)
i,j (ζ) = Eκ

[
α
(c1(κ, ui)c1(κ, uj)

1 + χ(s,m)

]

ν
(d)
i (ρ) = Eκ

(∑
k≥2

αc2k(κ, ui)

1 + χ(κ,W )


S = E

[
(κ2 − 1)Eκ

[
(c1(κ, ui)c1(κ, uj)

1 + χ(κ)

]]
,
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with κ ∼ N(0, 1) throughout.

Note thatA∗
11,A

∗
21 are deterministic, while the terms dependent on θ, including δ contribute finite-rank spikes. Therefore,

the bulk statistics of Σ⋆ arise out of the term V e ⊙WW .

To average-out the randomness overW in , it will be convenient to first extract a deterministic equivalent for the following
matrix:

M∗ = (V (d)
e ⊙WW⊤+ diag(ν(d)e )− zIp)

−1 (172)

where Ve,diag(ν(d))e denote the extended block-structured matrices as per definition 4.3.

Additionally, to express χW (κ) self-consistently in terms of V, ν, we will require the following additional functional:

1/d ∗ Tr
(
ei ⊙WM∗W ⊙ ej

)
(173)

Lemma D.9 (Deterministic Equivalent for Block-Structured Wishart). Let C(z) ∈ Ck×k, D(z) ∈ Ck be analytic mappings
such that C(z) : C+ → C− and D(z) : C+ → C− entry-wise with

∣∣Ci,j

∣∣, |Di| uniformly bounded by some constant
independent of ζ . Furthermore, suppose thatD(z) is diagonal. Let Ce(z), De ∈ Cp×p denote the extended matrices as defined
in Definition 4.3. Let RC,D denote the block structured resolvent defined as:

RC,D
def
= ((Ce)⊙ W̃ 0(W̃ 0)⊤ + diag(De)− zIp)

−1. (174)

DefineM∗(Ce, De) as the diagonal matrix:

M∗(Ce, De) := diag(
b⋆

πβ
), (175)

where above, b⋆, π ∈ Rk are divided element-wise and b⋆ satisfies the following self-consistent equation:

b⋆(C,D)q = πuiβ((C
−1 + diag(b⋆))−1 + (diag(D)− zIp))

−1
q,q, (176)

for q ∈ [p]. Then for any sequence of matrices A ∈ Cp×p:∣∣∣Tr{AM⋆} − Tr
{
ARC,D

}∣∣∣ = O≺(
∥A∥Tr√

d
) (177)

Furthermore, the expression:
K∗

i,j(C,D) = 1/d ∗ Tr
(
ei ⊙WM∗W ⊙ ej

)
(178)

satisfies the following deterministic equivalence:

K∗ = ψ(C,D) + O≺(
1√
d
)

where ψ(C,D) is defined as:

ψ(C,D) = b⋆(C,D)− L(C,D)⊙ (b⋆(C,D)(b⋆(C,D))⊤), (179)

with:
L(C,D) =

(
(C)−1 + diag(b⋆(C,D))

)−1

. (180)

Proof. The proof relies on the observation that due to the block structure in V , removing a coordinate in WW⊤ results
in a finite rank perturbation toM⋆. We then proceed through a leave-one out argument similar to section D. The proof is
deferred to section F.

In light of Lemma D.9, we obtain the following candidate for the deterministic equivalent to Gw(z):

(
α

p
Σ̃⋆ − zI), (181)



A Random Matrix Theory Perspective on the Spectrum of Learned Features and Asymptotic Generalization Capabilities

where Σ̃⋆ is obtained by replacing (V (d)
e ⊙WW⊤+ diag(ν

(d)
e ) + λIp) = (M∗)−1 by M⋆(V,diag(ν))−1.

However, while obtainingM⋆(V,diag(ν))−1, we averaged over the dependence on θ =Ww⋆ in addition to the remaining
components ofW . This is undesirable since the dependence on θ captures the correlations amongst blocks Σ22,Σ21 in
the extended resolvent which will be relevant for the characterization of the generalization error. We obtain back this
dependence through in the following result:
Lemma D.10. LetM⋆

d = (V (d)
e ⊙WW⊤+ diag(ν

(d)
e ) + λIp)

−1. Define:

Mθ
d := (diag(

b⋆

πβ
)e − (V −1

d + diag(b⋆))−1 ⊙ (
b⋆

πβ
)e(

b⋆

πβ
)⊤e ⊙ θθ⊤), (182)

where ψ(Vd, νd) is as defined in Lemma D.9. For any sequence of matrices A ∈ Cp×p, possibly dependent on θ =Ww⋆:

Tr
{
(M⋆

dA)
}
= Tr

{
(Mθ

dA)
}
+ O≺(

∥A∥Tr√
d

). (183)

Proof. To obtain back the dependence on θ, we write:

M∗
d = (V (d)

e ⊙ (W⊥(W⊥)
⊤) + V (d)

e ⊙ θθ⊤)+ diag(ν(d)e ) + λIp)
−1, (184)

where W⊥ = W − θ(w⋆)⊤ denotes the components of the weights upon the removal of the components θ along w⋆.

Next, note that V (d)
e ⊙ θθ⊤ is a finite-rank perturbation along directions e1, · · · , ek defined in Equation (13). Concretely,

let E ∈ Rp×k denote the matrix with columns e1, · · · ek and define Eθ = θ ⊙ E. Then, V (d)
e ⊙ θθ⊤ can be expressed as:

V (d)
e ⊙ θθ⊤ = EθV dE

⊤
θ . (185)

Therefore, we apply the Woodbury matrix identity to obtain:

M∗ = M̃ − M̃Eθ(V
−1
d + E⊤

θ M̃Eθ)
−1EθM̃ (186)

, where M̃ = (V (d)
e ⊙ (W⊥(W⊥)

⊤) + diag(ν
(d)
e ) − zIp)

−1 denotes the inverse upon the removal of components
alog θ. By the rotational invariance of wi, M̃ asymptotically shares the deterministic equivalent forM⋆ described in
Lemma D.9. Since M̃ is independent of θ, and θi are asymptotically distributed as N(0, 1d ), E

⊤
θ M̃Eθ in turn simplifies to

diag(b⋆(Vd, νd)). We then replace the occurances of M̃ withM⋆(Vd, νd) =
b⋆

πβ to obtain:

diag(
b⋆

πβ
)− diag(

b⋆

πβ
)eEθ(V

−1
d + diag(b⋆))−1Eθ diag(

b⋆

πβ
)e. (187)

Subsequently, analogous to Equation (185), we have the following equivalent representation of the middle-block:

Eθ(V
−1
d + diag(b⋆))−1Eθ = (V −1

d + diag(b⋆))−1
e ⊙ θθ⊤. (188)

We thus obtain:
M⋆ ≃ diag(

b⋆

πβ
)− (V −1

d + diag(b⋆))−1 ⊙ (
b⋆

πβ
)e(

b⋆

πβ
)⊤e ⊙ θθ⊤ (189)

where ≃ denotes deterministic equivalence in the sense of Equation (183), which follows from proposition D.9.

We can finally claim the second level of deterministic equivalence, by replacing GW (z) with a sequence of matrices
depending only on θ, u:
Proposition D.11. Consider the sequence of (random) resolvents defined by:

GW (z) =

(
α

p
Σ⋆ − zI

)−1

, (190)

, and:

G̃e(z) =

(
A∗

11 − zIk+1 (A∗
21)

⊤ ⊙ θ⊤

θ ⊙A∗
21 ( b⋆

πβ − b⋆

πβ (V
−1
d + diag( b⋆

πβ ))
−1
e ⊙ θθ⊤ b⋆

πβ )

)
(191)

Then, for any sequence of deterministic matrices A:∣∣∣∣Tr(GW (z)A
)
− Tr

(
G̃e(z)A

)∣∣∣∣ = O≺(
∥A∥tr√
d

) (192)
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Proof. Applying Lemma B.3 twice, we obtain:

GW (z)− G̃e(z) =
α

p
GW (z)((M∗

d )
−1 −Mθ−1

d )G̃e(z)

α

p
GW (z)(M∗

d )
−1(M∗ −Mθ−1

d )Mθ−1
d G̃e(z)

By Lemma B.4,
∥∥GW (z)

∥∥∥∥∥G̃e(z)
∥∥∥ are bounded by 1

ζ while the norms of
∥∥(M∗

d )
−1
∥∥,∥∥∥(Mθ)−1

d

∥∥∥ are bounded by constants
due to Lemma B.12. Therefore:∣∣∣∣Tr(GW (z)A

)
− Tr

(
G̃e(z)A

)∣∣∣∣ ≤ C

ζ2

∣∣∣∣Tr(GW (z)M⋆
)
− Tr

(
G̃e(z)M

θ
d

)∣∣∣∣ (193)

Applying Lemma D.10 then completes the proof.

D.4 Self-consistent Equation for χ(κ)

G̃(z) is almost identical to the desired equivalent matrix Ge(z) in Theorem 4.5, except for χd(κ) still being dimension-
dependent unknowns. We resolve this by utilizing D.3 to obtain a self-consistent equation for χ(κ)
Lemma D.12. Let ψ, b⋆ be as defined in Lemma D.9. Then, almost surely over κ ∼ N(0, 1), the following holds:

χd(κ, z) =
∑

q,q′∈[k]

ψqq′(Vd, νd)c1(κ, ζ
u
q )c1(κ, ζ

u
q′) +

∑
q∈[k]

b⋆q((Vd, νd))
∑
ℓ≥2

c2ℓ(κ, ζ
u
q ) + O≺(

κℓ√
d
).

Proof. We first recall that ∥R⋆
κ∥2 = O≺(κ

ℓ) for some ℓ ∈ N. Now, note that χd(κ) = E
[
Tr
(
G̃e(z)R

⋆
κ

)]
involves

dependency onW in R⋆
κ. Therefore, we cannot directly apply Proposition D.3 and must resort to Proposition D.3. we

have:

χd(κ) = E
[
1

p
Tr
(
GW (z)R⋆

κ

)]
+ O≺(

κℓ√
d
) (194)

We start by expressing GW (z) through a Schur-complement decomposition:

GW (z) =

[
CW −CWQ⊤

W

−QWCW G̃W +QQCWQ⊤
W ,

]
, (195)

, where:
G̃W = ((V e ⊙WW⊤+ diag νd + λIp)) + αS ⊙ θθ⊤ − zI)−1, (196)

andCW , QW in Equation (195) contribute only finite-rank components of bounded operator norm. Since ∥R⋆
κ∥2 = O≺(κ

ℓ),
such components contribute O( 1p ) to E

[
1
p Tr

{
GW (z)R⋆

22(κ)
}]

and can therefore be ignored. We’re left with:

1

p
E
[
Tr
{
G̃WR⋆

22(κ)
}]

(197)

, which evaluates to:

E
[
Tr
{
(c1(κ, u)c1(κ, u)

⊤)⊙WW⊤)(V e ⊙WW⊤+ diag (νd) + λIp)
−1
}]

︸ ︷︷ ︸
T1

+ E

Tr
diag(

(∑
k≥2

c2k(κ, u)

)
(V e ⊙WW⊤+ diag (νd) + λIp)

−1




︸ ︷︷ ︸
T2

+O(
1

p
),
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where we again supressed contributions from finite-rank terms. Since diag(
(∑

k≥2 c
2
k(κ, u)

)
is independent ofW , by

Lemma D.9, T2 simplifies to: ∑
q∈[k]

b⋆q((Vd, νd))
∑
ℓ≥2

c2ℓ(κ, ζ
u
q ) (198)

While T1 can be decomposed into terms of the form Tr
(
ei ⊙WM∗W ⊙ ej

)
, which converge to ψ(V, ν) by Lemma D.9.

D.5 Self-consistent equations for V ⋆, D⋆

Using Lemma D.9, we obtain a deterministic equivalent G′
e that doesn’t depend on the realizations of X,W . However, the

quantities Vd, Dd still depend on dimension d due to the dimension dependent definition of χd(κ). While D.12 defines a
self-consistent equation for χ(κ), it remains an infinite-dimensional (functional) order parameter. Instead, we show that
we can directly construct dimension-independent self-consistent equations on Vd, νd:
Proposition D.13. For C,D ∈ Rk,k , let ψi,j be as defined in Theorem 4.5. Define:

χC,D(κ) =
1

β

k∑
i=1,j=1

ψi,j(C,D)c1(ui, κ)c1(uj , κ) +
1

β

k∑
i=1

(bii(
∑
k≥2

c2k(κ, ui)) (199)

Then, V,D defined as:

V = E
[

α

1 + χd(κ)
c1(ui, κ)c1(uJ , κ)

]
,

D = E

 α

1 + χd(κ)

∑
k≥2

c2k(ui, κ)


satisfy:

Vi,j = E

[
α

1 + χV,D(κ)
c1(ui, κ)c1(uJ , κ)

]
+ O≺(

1√
d
) (200)

Di,i = E

 α

1 + χV,D(κ)

∑
k≥2

c2k(ui, κ)

+ O≺(
1√
d
). (201)

Proof. Note that α
1+χV,D(κ) is uniformly Lipschitz in κ. Consider independent sample κ1, · · · , κ′n for some n′ ∝ d. Then

sup |κi| =
√
log d and:

E

[
α

1 + χV,D(κ)
c1(ui, κ)c1(uJ , κ)

]
=

1

n′

n′∑
i=1

α

1 + χV,D(κi)
c1(ui, κ)c1(uJ , κ) + O≺(

1√
d
). (202)

Proposition D.13 then follows from Proposition D.11 and the self-consistent equation for χ(κ) in Lemma D.12.

Next, we show that the above fixed point equations are contractive, allowing us to translate approximate satisfiability to
distance of Vd, Dd from the unique fixed points satisfied by V ⋆, D⋆ defined in Theorem 4.5:

Lemma D.14. Let z ∈ C+. Define S(z) as the set of C,D ∈ C−k×k × C−k satisfying:

• b⋆(C,D) ∈ C+.

•
∣∣b⋆(C,D)

∣∣ ≤ πi

βζ
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Then, there exists C > 0 such that for ζ = Im(z) > C , the fixed point iteration defined in Proposition D.13 i.e:

F : C−k×k × C−k → C−k×k × C−k

F (C,D) = E

[
α

1 + χV,D(κ)
c1(u, κ)c1(u, κ)

⊤

]
,E

 α

1 + χC,D(κ)

∑
k≥2

c2k(u, κ)

 ,
is contractive in S(z), i.e for any C,D:∥∥F (C1, D1)− F (C2, D2)

∥∥ ≤
∥∥(C1, D1)− (C2, D2)

∥∥ (203)

Proof. From the definition of χ(κ), we directly obtain that for any C,D such that |b| ≤ βπ
ζ∣∣χ(κ, b1)− χ(κ, b2)

∣∣ ≤ C1∥b1 − b2∥+ C2|b|∥C1, D1 − C2, D2∥ (204)

The restriction
∣∣b⋆i (z)∣∣ ≤ πi

βζ therefore implies that
∣∣χC,D(κ)

∣∣ ≤ K
ζ for someK > 0. Now, since:∣∣∣∣∣ 1

1 + χV,D(κ)

∣∣∣∣∣ ≤ 1−
∣∣χV,D(κ)

∣∣, (205)

for small enough
∣∣χV,D(κ)

∣∣, we obtain the following entry-wise upper -bound for any-feasible solution of C,D:

|C| ≤ K ′, |D| ≤ K ′, (206)

for someK ′ > 0. This ensures that the boundedness condition on C,D in Lemma D.9 applies.

Recall the definition of b⋆(C,D) :

b⋆(C,D) = πuiβ((C
−1 + diag(b))−1 + (diag(D)− zIp))

−1
p,p (207)

Subsequently, we may apply Lemma B.3 to obtain: (See also Lemma F.1 in the proof of Lemma D.9)

∥∥b(C1, D1)− b(C2, D2)
∥∥ ≤ K ′′

ζ2
∥C1, D1 − C2, D2∥, (208)

, for some constantK ′′ > 0 Combining the above with 209 yields:

∣∣χ(κ,C1, D1)− χ(κ,C2, D2)
∣∣ ≤ K ′′′

ζ
∥C1, D1 − C2, D2∥ (209)

, for some constantK ′′′ > 0.

D.6 Proof of Theorem 4.5

Lemma D.14 and the Banach-fixed point theorem imply that F (C,D) admit unique fixed points V ⋆(z), ν⋆(z) for ζ > C
and that:

Vd(z) −−→
a.s

V ⋆(z), νd(z)
ν−−→
a.s

⋆
(z) (210)

Next, we note that from Proposition D.11, for each q ∈ [k], b⋆(z)q can be expressed as:

b⋆(z)q =

p∑
i=1

(v⊤i e
q)2

z − λi
+ O≺(

1√
d
). (211)

Theorem 4.5 then follows by noting that by the standard properties of Stieltjes transforms Bai and Zhou [2008],
b⋆(z), V ⋆(z), ν⋆(z) admit unique analytic-continuations to C/R+.
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E Generalization Error

Having obtained the full-deterministic equivalent in Theorem 4.5, we now show how it can be exploited to yield the
asymptotic generalization error after a gradient step.

We will proceed as follows:

• Use the covariance approximation in Proposition D.1 to identify certain “statistics" involving the resolvent that
characterize the asymptotic generalization error.

• Relate these statistics to projections of the extendent resolvent onto certain deterministic matrices. Introduce
perturbation terms to extract more complicated functionals.

• Replace these statistics with the corresponding quantities obtained through the deterministic equivalent Ge, and
where necessary average over θ to obtain the asymptotic generalization as a function of the parameters V ⋆, ν⋆, b⋆ in
Theorem 4.5.

E.1 Order Parameters for Generalization Error

We start by using the covariance approximation D.1 to simplify the expression for the generalization error with an arbitrary
fixed choice of a ∈ Rp

Lemma E.1. Let a ∈ Rp be a fixed vector such that ∥a∥/√p = O(1) and let e1, · · · , ek denote the “spike" directions defined
in Equation (13). Define for i ∈ [k]:

τd0,i
def
=
a⊤ei√
p
, τd1,i

def
=
a⊤ei ⊙ w⋆

√
p

, τd2
def
=
a⊤C ⊙WW⊤a

p
and τd4

def
=
a⊤Da

p
, (212)

where C = E
[
c1(κ, u)c1(κ, u)

⊤] and Dj,j, = Eκ

[∑
k≥2 c

2
k(κ, uj)

]
. Then, the generalization error can be expressed as:

E
[
eg
]
= E


σ⋆(s)− k∑

j=1

c0(κ, uj)τ0,j −
k∑

j=1

c1(κ, uj)κτ1,j)

2
+ τ3

− E

( k∑
j=1

c1(κ, uj)τ1,j)
2 + (

k∑
j=1

c1(κ, uj)τ2,j)
2

+ τ3 + O≺(d
−1/2).

(213)

Proof. The prediction at a point x under the simplified updated weights is given by:

f(x, W̃ , a) =

k∑
j=1

τ0,j ϕ̄
j
x + a⊤ϕ̃x (214)

The generalization error is then given by:

E
[
eg(a)

]
= E

[
[σ⋆(s)− f(x, W̃ , a)]2

]
E
[
eg
]
can be equivalent expressed through the following quadratic form applied to the extended features ϕeµ:

E
[
eg(a)

]
= E

[
(ϕeµ)

⊤uau
⊤
a ϕ

e
µ

]
= E

[
Tr
(
uau

⊤
a ϕ

e
µ(ϕ

e
µ)

⊤
)]

where ua = [1,−τ0, ã] ∈ Rp+k+1. By Proposition D.1, we have:

E
[
Tr
(
uau

⊤
a ϕ

e
µ(ϕ

e
µ)

⊤
)]

= E
[
Tr
(
uau

⊤
a R

⋆
κ

)]
+ O(

polylog d√
d

). (215)

Expanding each of the terms in R⋆
κ then yields Equation (213).
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E.2 Extended Resolvent to Generalization Error

From Lemma E.1, we note that obtaining the limiting generalization error requires characterizing the functionals
τd0,i, τ

d
1,i, · · · when â is set as the ridge-regression estimator:

âλ = argmin
a∈Rp

∑
i∈[n]

(
yi − f(xi;a,W

1)
)2

+ λ||a||22

=
(
Φ⊤Φ+ λIn

)−1

Φ⊤y. (216)

To extract these relevant functionals, we introduce certain perturbation terms in the extended resolvent.

Ge(ρ1, ρ2)
def
=
(
(Φe)⊤(Φe) + λI + ρ1L+ ρ2D

′
)−1

∈ R(p+1)×(p+1), (217)

where the matrices D′,L ∈ R(p+1)×(p+1) are given by:

L =

[
0k+1,k+1 0k+1,p

0p,k+1 C ⊙WW⊤

]
, D′ =

[
0k+1,k+1 0k+1,p

0p,k+1 D

]
, (218)

with C = E
[
c1(κ, u)c1(κ, u)

⊤] and Dj,j, = Eκ

[∑
k≥2 c

2
k(κ, uj)

]
. We will demonstrate that the introduction of the

perturbation terms L,D′ allows extraction of all the relevant functionals in Lemma E.1.
Proposition E.2. Let âλ denote the ridge-regression minimizer with regularization λ > 0 i.e:

âλ = argmin
a∈Rp

∑
i∈[n]

(
yi − f(xi;a,W

1)
)2

+ λ||a||22

=
(
Φ⊤Φ+ λIn

)−1

Φ⊤y. (219)

Let G̃(ρ1, ρ2) denote the resolvent of the “bulk" component i.e:

G̃(ρ1, ρ2) = (ϕ̃ϕ̃⊤ + λIn)
−1 (220)

Consider the following Schur-complement decomposition of Ge:

Ge(ρ1, ρ2) =

[
C −CQ⊤

−QC P

]
, (221)

where
P = G̃(ρ1, ρ2) +QCQ⊤, (222)

Q = G̃(ρ1, ρ2)Σ21/p, (223)

where Σ12 = Φ̃
[
y Φ̄

]
with y

def
= [y1, y2, . . . , yn], Φ̄

def
= [ϕ̄1, ϕ̄2, . . . , [ϕ̄n], and

C−1 =

[
∥y∥2/p+ λ y⊤Φ̄/p
y⊤Φ̄/p Φ̄⊤Φ̄/p+ λ

]
− 1

p

[
y⊤
]
Φ̃⊤G(ρ1, ρ2)Φ̃

[
y Φ̄

]
. (224)

Let τ̂0, τ̂1i, τ̂2i, τ̂3 be as defined in Lemma E.1, then:

τ̂0 = (C−1)01((C
−1)11 + λ(1− 1

p
diag(πu)))

−1 (225)

τ̂1,j = (θ ⊙ ej)⊤Q

[
1

−τ̂0

]
+ O(

τ̂0√
p
) (226)
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τ̂2 =
[
1 −τ∗0

] ∂

∂ρ1

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O(

τ̂20
p
) (227)

and

τ̂3 =
[
1 −τ∗0

] ∂

∂ρ2

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O(

τ̂20
p
). (228)

, where O(τ̂0) denotes error bounded as C∥τ̂0∥ for some constant C > 0.

Proof. We decompose âλ into projections along e1, · · · , ek and the orthogonal complement, denoted as ã = (I −Π)a,
where Π denotes the projection operator along e1, · · · , ek .

The ridge-regression objective can be re-expressed as:

R(τ0, ã) = min
τ0∈Rk,ã

n∑
µ=1

(
yµ − ϕ̄⊤µ τ0 − ã⊤ϕ̄µ

)2
+ λ

∥∥∥∥ 1√
π
· τ0
∥∥∥∥2 + λ∥ã∥2, (229)

where · denotes element-wise multiplication by π ∈ Rk , accounting for the variability in the number of entries with value
ζuq for q ∈ [k].

The optimality condition can similarly be expressed in terms of τ0, ã. Differentiating the objective in Eq. (229) w.r.t τ0
yields:

τ̂0 = (
∑
µ

ϕ̄µyµ −
∑
µ,ν

ϕ̄µϕ̃
⊤
µ G̃ϕ̃µyν)(

∑
µ

ϕ̄µϕ̄
⊤
µ −

∑
µ,ν

ϕ̄µϕ̃µG̃ϕ̃µϕ̄µ + λ diag(π))−1.

Similarly, differentiating w.r.t ã, we obtain:∑
µ

ϕ̄µϕ̄
⊤
µ τ0 + λ diag (1/π)τ0 =

∑
µ ϕ̄µyµ −

∑
µ ϕ̄µϕ̃µã (230)

Simplifying, we obtain that orthogonal component of the minimizer ã is given by:

ã = G̃
∑
µ

ϕ̃µ(yµ − ϕ̄⊤µ τ0), (231)

where G̃ is defined as before:
G̃

def
= (
∑
µ

ϕ̃µ(ϕ̃µ)
⊤ + λI)−1. (232)

Therefore, we obtain:
ã = Q

[
1

−τ̂0

]
, (233)

Isolating the contributions from the projections along e1, · · · , ek in τ1, i, we obtain:

a⊤ei ⊙ w⋆

√
p

=
ã⊤ei ⊙ w⋆

√
p

+ O(
τ̂0√
p
)

Comparing the above with Equation (224), we obtain Equation (225).

The expressions for τ̂2i, τ̂3 then follow directly from the expressions for ∂
∂ρ1

[
(C)−1

]
ρ=0

, ∂
∂ρ2

[
(C)−1

]
ρ=0

E.3 Deterministic Equivalent for the perturbed Resolvent

Note that the relations established in Proposition E.2 still involve the full high-dimensional matrices X,W . Our goal now
will be to use the deterministic equivalence we established earlier to obtain deterministic limits for each of the quantities.

We begin by incorporating the perturbation terms into our deterministic equivalence. Fortunately, this simply corresponds
to rescaling certain terms by constants, as we explain below:
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Theorem E.3. Let V ⋆ ∈ Ck×k, ν⋆ ∈ Ck, b⋆ ∈ Ck be uniquely defined through the following conditions:

• V ⋆, ν⋆, b⋆ satisfy the following set of self-consistent equations:

V ⋆
qq′(z) = Eκ

[
α
c1(κ, ζ

u
q )c1(κ, ζ

u
q′) + ρ1 + ρ1χV,d,b

1 + χV,d,b (κ)

]

ν⋆q (z) = Eκ

∑
ℓ≥2

αc2ℓ(κ, ζ
u
q )

1 + χV,d,b(κ)
+ ρ2

∑
ℓ≥2

c2ℓ(κ, ζ
u
q )

 ..,
b⋆q(z) = πqβ((V

⋆)−1 + diag(b⋆) + (diag(ν⋆)− zIp))
−1
q,q

where κ ∼ N(0, 1) (cℓ(κ, ζ))ℓ>0 are defined in 4.2 and where κ ∼ N(0, 1), (cℓ(κ, ζ))ℓ>0 are defined in 4.2 and
(χ(z;κ), L(z)) read as follows:

βχ(z;κ) =
∑

q,q′∈[k]

ψqq′c1(κ, ζ
u
q )c1(κ, ζ

u
q′) +

∑
q∈[k]

b⋆q
∑
ℓ≥2

c2ℓ(κ, ζ
u
q ),

L(z) =
(
V ⋆(z)−1 + diag(b⋆(z))

)−1

,

where ψ(z) ∈ Rk×k is defined as:

ψ(z) = b⋆(z)− L(z)⊙ (b⋆(z)(b⋆(z))⊤),

(234)

• V ⋆, ν⋆, b⋆ are analytic mappings satisfying V ⋆
i,j : C+ → C− for i, j ∈ [k], ν⋆i : C+ → C− for i ∈ [k], b⋆ : C+

i → C+

for i ∈ [k].

•
∣∣b⋆i (z)∣∣ ≤ πi

βζ .

Define Ge(z, ρ1, ρ2) ∈ R(p+1)×(p+1) as:

Ge(z) =

[
A∗

11 − zIk (A∗
21)

⊤ ⊙ θ⊤

θ ⊙A∗
21 A∗

22 + αS∗
e ⊙ θθ⊤

]−1

, (235)

where A∗
11, A

∗
12, Se are identical to Theorem 4.5.

Then, for any z ∈ C/R+ and sequence of deterministic matricesA ∈ C(p+1)×(p+1) with ∥A∥tr = Tr
(
(AA∗)1/2

)
uniformly

bounded in d:
Tr(AGe(z, ρ1, ρ2))

a.s−−−→
d→∞

Tr(AGe(z, ρ1, ρ2))). (236)

Proof. We observe that the introduction of perturbation terms ρ1, ρ2 simply amounts to shifting V ⋆, ν⋆ by constants. To
see this, first note that the perturbation matrices C ⊙WW⊤, D do not depend on X . Therefore the proof of Proposition
D.3 applies to Ge(z, ρ1, ρ2) with the only modification being the inclusion of L,D′ along with −zI as constant terms.
Subsequently, in the second stage, the structure of L,D′ allows them to be directly absorbed into the componentM⋆

with changes upto constants in Vd, νd.

As a direct corollary, we obtain the deterministic equivalents of the Schur-complement Representations in the following
sense:
Corollary E.4. Let Ge(ρ1, ρ2) denote the deterministic equivalent for the perturbed resolvent as per Theorem E.3 with z set
as −λ. Define the following block-matrix representations for Ge,Ge:

Ge(ρ1, ρ2) =

[
C −CQ⊤

−QC P

]
. (237)
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Ge(ρ1, ρ2) =

[
C −CQ⊤

−QC P

]
. (238)

Then:
C = C+ O≺(

1√
d
), (239)

Furthermore, for any fixed r ∈ Rp−k with ∥r∥ = O(1):

Qr = Qr + O≺(
1√
d
), (240)

Proof. The above equivalences follow from Theorem 4.5 by setting A as matrices acting on the individual blocks of
Ge(ζ, ρ). Concretely, to obtain Ci,j we set A as the matrix with Ai,j = 1 and 0 otherwise.

We derive the resulting expressions for C,Q below for subsequent usage:
Lemma E.5. Consider the Schur-decomposition of the equivalent resolvent Ge (with z = −λ) defined by Equation (238) and
let ψ, S be as defined in Theorem E.3. The matrices C,Q satisfy:

C−1 = A∗
11 + λIk+1 − (A∗

21)
⊤((ψ)−1 + αS)−1A∗

21 + O≺(
1
√
p
)

Q = ((diag(
b⋆

πβ
)e −

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
)−1 + αSe ⊙ θθ⊤)−1θ ⊙A⋆

21 + O≺(
1
√
p
), (241)

where in the expression for C, we’ve further averaged over θ.

Proof. Throughout, we shall use the following simplification:

(ei ⊙ θ)(ej ⊙ θ) = πδi=j + O≺(
1√
d
) (242)

, which follows from the definition of ei, π and θi being independent sub-Gaussian random variables.

By Theorem E.3 and the definition of C, we have:

C = A∗
11 + λIk+1

− (A⋆
21)

⊤ ⊙ θ⊤((diag(
b⋆

πβ
)e −

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
)−1 + αSe ⊙ θθ⊤)−1θ ⊙A⋆

21︸ ︷︷ ︸
T

,

To simplify the above expression, we apply the matrix-Woodbury identity to the term T . We first recognize from the
definition of ψ in Equation (179) that the following relation holds:

(V −1
d + diag(b⋆))−1 ⊙ (

b⋆

πβ
)e(

b⋆

πβ
)⊤e ⊙ θθ⊤ =

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
(243)

Further, noting that αSe ⊙ θθ⊤ corresponds to a finite-rank perturbation EθSeE
⊤
θ along with additional simplifications

by Equation (242), we obtain:

T = (A⋆
21)

⊤ ⊙ θ⊤((diag(
b⋆

πβ
)e −

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
)θ ⊙A⋆

21

− (A⋆
21)

⊤ψ((αS)−1 + ψ)−1ψA⋆
21 + O≺(

1√
d
)

= (A⋆
21)

⊤ψA⋆
21 − (A⋆

21)
⊤ψ((αS)−1 + ψ)−1ψA⋆

21 + O≺(
1√
d
)

= (A⋆
21)

⊤((αS) + ψ−1)A⋆
21 + O≺(

1√
d
)
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Next, for Q, the expression follows by direction substitution. Recall from Proposition E.2, that Q = G̃(ρ1, ρ2)Σ21/p.
From the structure of G(ρ1, ρ2) in Theorem E.3, we obtain that the corresponding matrix Q, in the equivalent G(ρ1, ρ2) is
similarly given by:

((diag(
b⋆

πβ
)e −

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
)−1 + αSe ⊙ θθ⊤)−1θ ⊙A⋆

21. (244)

E.4 Extracting order-parameters through the deterministic equivalent

Armed with the deterministic equivalent for the perturbed resolvent (Theorem E.3), it remains to justify and extract the
quantities τ0, τ1, τ2, τ3.
Lemma E.6. Let C−1,C−1 denote the corresponding blocks of Ge and Ge respectively. Then, w.h.p as d→ ∞

∂

∂ρ1

(
C−1

)
ρ=0

=
∂

∂ρ1

(
C−1

)
ρ=0

+ O≺(
1

d1/4
) (245)

∂

∂ρ2

(
C−1

)
ρ=0

=
∂

∂ρ2

(
C−1

)
ρ=0

+ O(
1

d1/4
) (246)

Proof. We have:

∂2

∂ζ2

(
C−1

)
ζ
=

1

p

[
y⊤

Φ̄⊤

]
Φ̃⊤G̃(WW⊤)2GΦ̃

[
y Φ̄

]
+

1

p

[
y⊤

Φ̄⊤

]
Φ̃⊤G̃(WW⊤)G(WW⊤)Φ̃

[
y ϕ̄

]
. (247)

Recall that ∥G∥µ <
1
γ and

∥∥WW⊤
∥∥ = O≺(1) by Lemma B.4. By the submultiplicity of operator norms, we have that

norm ∂2

∂ζ2

(
C−1

)
ζ
is uniformly bounded in ζ, d with high-probability as d → ∞. Therefore, applying the mean-value-

theorem entry-wise to C−1 and C−1
⋆ yields that for any ζ > 0 :

∂

∂ζ

(
C−1

)
ζ=0

=
(C−1(ζ)− C−1(0)

ζ
+Kζ, (248)

and
∂

∂ζ

(
C−1

)
ζ=0

=
(C−1(ζ)− C−1(0)

ζ
+Kζ, (249)

for some constantK > 0.

Combining the above with the bounds from Corollary E.4 yields:

∂

∂ρ1

(
C−1

)
ρ=0

=
∂

∂ρ1

(
C−1

)
ρ=0

+Kζ +
1

ρ
O≺(

1√
d
) (250)

Therefore, setting ζ = 1
d1/4 yields:

∂

∂ρ2

(
C−1

)
ρ=0

=
∂

∂ρ2

(
C−1

)
ρ=0

+ O≺(
1

d1/4
) (251)

E.5 Proof of Theorem 4.7

The proof of Theorem 4.7 follows directly from Lemma E.1 combined with the next result, which defines the parameters
τ̂0, τ̂1, τ̂2, τ̂3 using the fixed point parameters V ⋆, ν⋆:
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Proposition E.7. Let âλ = argmin
a∈Rp

∑
i∈[n]

(
yi − f(xi;a,W

1)
)2

+ λ||a||22 denote the ridge-regression estimator after a

gradient update to the first layer. Let τ̂0, τ̂1, τ̂2, τ̂3 be defined as in E.1 with a = âλ and let C⋆(V ⋆, ν⋆), ψ(V ⋆, ν⋆) be functions
of V ⋆, ν⋆ defined in Theorems 4.5, Lemma D.9 with z set as −λ and let S ∈ Rk×k be as defined in Theorem 4.5. Then, with
V ⋆, ν⋆ being the unique solutions to the fixed-point equations defined in Theorem 4.7.

τ̂0 = (C−1)01((C
−1)11 + λ(1− 1

p
diag(πu)))

−1 + O≺(
1√
d
) (252)

(
τ̂1
)
= ((ψ)−1 + αS)−1Ã∗

21


1

−τ̂0,1
...

−τ̂0,k

+ O≺(
1√
d
) (253)

τ̂2 =
[
1 −τ̂0

] ∂

∂ρ1

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O≺(

1√
d
) (254)

and

τ̂2 =
[
1 −τ̂0

] ∂

∂ρ2

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O≺(

1√
d
) (255)

where:
C−1 = A∗

11 + λIk+1 − (A∗
21)

⊤((ψ)−1 + αS)−1A∗
21, (256)

and Ã∗
21 ∈ Rk×k+1 is defined analogous to A∗

21 in Theorem 4.5 but with u1, · · · , up replaced by ζu1 , · · · , ζuk i.e:

A∗
21[j, :] = αEκ

[
c1(κ, ζ

u
j )

1 + χ(z;κ)
κι⊤

]
, ∀j ∈ [k] (257)

Proof. For τ∗0 , the result follows directly from Proposition E.2, Corollary E.4 and Lemma E.5. This further implies that τ̂0
has entries O(1).

Therefore, we may again apply Proposition E.2 to obtain:

τ̂2 =
[
1 −τ∗0

] ∂

∂ρ1

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O(

1

p
) (258)

and

τ̂3 =
[
1 −τ∗0

] ∂

∂ρ2

[
(C)−1

]
ρ=0

[
1

−τ̂0

]
+ O(

1

p
). (259)

The expressions for τ̂2, τ̂3 in Equations (254),(258) are then direct consequences of Corollary E.4, Lemma E.5 and Lemma
E.6 (to justify differentiating through the deterministic equivalent). It remains to obtain the resulting expression for τ̂1.
Applying Proposition E.2, and using τ̂0 = O(1), we obtain:

τ̂1,j = (θ ⊙ ej)⊤Q

[
1

−τ̂0

]
+ O(

1
√
p
). (260)

Next, applying Lemma E.5 and Corollary E.4 with r = (θ ⊙ ej) yields:

τ̂1,j = (θ ⊙ ej)⊤((diag(
b⋆

πβ
)e −

1

β2
(diag(b⋆)− ψ(Vd, νd))e ⊙

θ

π

θ

π

⊤
)−1 + αSe ⊙ θθ⊤)−1θ ⊙A⋆

21 (261)

Subsequently, analogous to the derivation of C in Lemma E.5, we simplify the above expression using the Woodbury
identity to obtain Equation (253).
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F Proofs of auxilary results

F.1 Proof of Lemma D.9

We proceed using the leave-one out argument for the Wishart spectrum. LetW−i denote the weight matrix with the ith
column removed and define:

Ewi
:= wi ⊙ [e1, · · · , ek] ∈ Rp×k. (262)

Then:
Ce ⊙WW⊤ = Ce ⊙W−iW

⊤
−i + Ce ⊙ wiw

⊤
i . (263)

Similar to the term Ve ⊙ θθ⊤ term in Section D.3, we observe that Ce ⊙ wiw
⊤
i is a rank k matrix generated through the

vectors e1, · · · , ek:
Ce ⊙ wiw

⊤
i = EwiCE

⊤
wi
, (264)

The Woodbury matrix identity yields:

R = R−i −R−iEwi((C)
−1 + E⊤

wi
R−iEwi)

−1E⊤
wi
R−i, (265)

where:
R−i = (Ce ⊙W−iW

⊤
−i + (diag(D)e − zIp))

−1 (266)

We substitute the above into the relation:

R(Ce ⊙WW⊤ + (diag(D)e − zIp)) = I (267)

to obtain:
d∑

i=1

R−iEwi
CE⊤

wi
−

d∑
i=1

R−iEwi
((C)−1 +Bm)−1BmCE

⊤
wi

+R(diag(D)e − zIp) = I (268)

Therefore, we obtain:

dRE
[
EwCE

⊤
w

]
−

d∑
i=1

R−iEwi(C
−1 +Bm)−1BmCE

⊤
wi

+R(diag(D)e − zIp) = I +∆ (269)

where ∆ includes error terms and Bm is an k × k matrix given by:

Bm = E
[
E⊤

wR−iEw

]
. (270)

Bounding the error terms exactly as in Proposition D.3, we obtain that contributions from δ are of order O≺(
∥A∥Tr√

d
)

Now, since (C−1 +Bm)−1Bm = I − (C−1 +Bm)−1(C)−1,we obtain:

dREwi((C)
−1 +Bm)−1E⊤

wi
+R(diagDe − zIp) = I + O≺(

∥A∥Tr√
d

).

which leads to the following deterministic equivalent for R(C,D):

R = (M+ (diagDe − zIp))
−1, (271)

where:
M = dE

[
Ew(C

−1 +Bm)−1E⊤
w

]
, (272)

To obtain the deterministic equivalent, it remains to next derive a self-consistent equation for the matrix Bm itself.
Substituting Equation (272) into Equation (270) we obtain that Bm is diagonal with entries satisfying

bq := Bq,q = πqβ(((C)
−1 + diag(b))−1 + (diag(D)− zIp))

−1
q,q, (273)

for q ∈ [p].

Lastly, it remains to establish the uniqueness of the fixed points of bq :
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Lemma F.1. Let Fb : C+ → C+ denote the mapping:

F (b)q = πqβ(((C)
−1 + diag(b))−1 + (diag(D)− zIp))

−1
q,q, (274)

for q ∈ [k]. Then for large enough ζ and C,D with entries in C− satisfying |C|ij ≤ K for some constantK independent of ζ
: ∥∥F (b′)− F (b)

∥∥
2
<
K ′

ζ2
∥b− b∥2 (275)

, for b, b′ satisfying |b|q ≤ π
βζ and some constantK > 0.

Proof. Lemma B.3 and Lemma B.12 along with the bounds on b, C,D imply:∥∥F (b′)− F (b)
∥∥
2
≤ K1

ζ2

∥∥∥((C)−1 + diag(b′))−1 − ((C)−1 + diag(b))−1
∥∥∥, (276)

for some constantK1 > 0. Again applying Lemma B.3 and using the bounds on entries of C yields:∥∥F (b′)− F (b)
∥∥
2
≤ K2

ζ2
∥∥b′ − b

∥∥
2

(277)

The control of all the error terms and concentration bounds follows ezactly as in Proposition D.3

F.2 Equivalence between gradient update and the spiked random feature model

In this section, we discuss the regime n0 = α0d for some constant α0. In this regime, we show that the “bulk" in the
gradient update possesses a non-isotropic component.

The starting point is the following relationship between the initial weight matrixW 0 and the new versionW 1 after one
gradient step:

W 1 =W 0 + (ηp)G, (278)

where G is the gradient matrix constructed as

G =
1

n
√
p
diag{a1, . . . ap}σ′(W 0X) diag{y1, . . . , yn}XT , (279)

whereX is an d× n0 matrix whose columns are the data vectors in the first batch, {yi}i∈[n] are the corresponding labels,
and σ′(·) is the derivative of the student activation function.

Consider the Hermite expansion of σ:

σ(x) = c0 + c1h1(x) + c2h2(x) + . . . . (280)

We can then write
σ′(x) = c1 + σ′

>1(x), (281)

where
σ′
>1(x)

def
=
∑
k≥2

√
k!ck hk−1(x). (282)

Using the decomposition in (281), we can rewrite the weight matrixW 1 as

W 1 =W 0 +
η

n0
diag{√pa1, . . .

√
pap}σ′

>1(W
0X) diag{y1, . . . , yn}XT︸ ︷︷ ︸

W̃

+uv⊤, (283)

where u = c1c
⋆
1η
√
pa and v = 1

c⋆1
Xy/n0, where c⋆1 denotes the first Hermite coefficient of the target activation g. Next,

we examine W̃ , which is the “bulk” of the weight matrixW 1 after one gradient step.
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Observe that, conditioned on X and y, the rows of W̃ are independent centered random vectors. For i ∈ [n], the ith row
of W̃ , denoted by bi ∈ Rd, is

bi = wi +
η(
√
pai)

n0
X diag {y1, . . . , yn}σ′

>1(X
⊤wi). (284)

Proposition F.2. Let Ewi [·] denote the conditional expectation with respect to wi, with X ,
{
yj
}
j∈[n0]

and ai kept fixed.
Then

d · Ewi

[
bib

⊤
i

]
= I +

2
√
2c2η(

√
pai)

n0
X diag {y1, . . . , yn}X⊤

+ 2η2c22(
√
pai)

2

(
1

n
X diag {y1, . . . , yn0

}X⊤
)2

+
6c23η

2(
√
pai)

2

n20
Xyy⊤X⊤

+

∑
k≥3

k!c2k

 η2(
√
pai)

2(d/n0)

(
1

n 0
X diag

{
y21 , . . . , y

2
n0

}
X⊤
)
+∆,

(285)

where ∆ ∈ Rd×d is small error term such that
∥∆∥op ≺ d−1/2. (286)

Proof. From (284),

Ewi

[
bib

⊤
i

]
= Ewi

[
wiw

⊤
i

]
+
η(
√
pai)

n0
X diag {y1, . . . , yn0}Ewi

[
σ′
>1(X

⊤wi)w
⊤
i

]
︸ ︷︷ ︸

(∗)

+(∗)⊤

+
η2(

√
pai)

2

n20
X diag {y1, . . . , yn0

}Ewi

[
σ′
>1(X

⊤wi)(σ
′
>1(X

⊤wi))
⊤
]
diag {y1, . . . , yn0

}X⊤.

(287)

By symmetry, it is straightforward to check that Ewi

[
wiw

⊤
i

]
= I/d. To compute the last three terms on the right-hand

side of the above equation, we first make the simplifying assumptions that wi ∼ N(0, I/d) and that each column of Z has
a fixed norm equal to

√
d. Note that these assumptions are asymptotically accurate as d→ ∞. For finite d, we can absorb

the errors introduced by these assumptions into the error matrix∆. Under the above assumptions, it is easy to check that:

Ewi

[
σ′
>1(X

⊤wi)w
⊤
i

]
=

√
2c2
d

X⊤ (288)

and

Ewi

[
σ′
>1(X

⊤wi)(σ
′
>1(X

⊤wi))
⊤
]
=

2c22
d
X⊤X +

6c23
d

11⊤ +

∑
k≥3

k!c3k

 In + ∆̃, (289)

where
∥∥∥∆̃∥∥∥

op
≺ d−1/2. Substituting these estimates into (287) gives us (285), with

∆ = η2(
√
pai)

2(d/n0)

(
1

n 0
X diag {y1, . . . , yn} ∆̃ diag {y1, . . . , yn}X⊤

)
. (290)

Let us further evaluate the trace of the expression (285) in the setting of Cui et al. [2024], for odd activations (implying in
particular µ2 = 0), and uniform initializations ∀i, √

pai = 1. Since

1

d
Tr

[
1

n0
X diag

{
y21 , . . . , y

2
n

}
X⊤
]
=

1

d

d∑
i=1

Ex∼N(0,Id)[g(w
⊤
⋆ x)

2x2i ]

=
1

d

d∑
i=1

(
2w⋆

i Ex∼N(0,Id)[g(w
⊤
⋆ x)g

′(w⊤
⋆ x)xi] + Ez∼N(0,Id)[g(w

⊤
⋆ z)

2]
)

≍ Eξ∼N(0,1)[g(ξ)
2] (291)
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Thus,

1

d
Tr

[
Ewi

[
bib

⊤
i

]]
= 1 +

∑
k≥3

k!c2k

 η2
1

α0
Eξ∼N(0,1)[g(ξ)

2] = 1 + Eξ∼N(0,1)[σ
′
>1(ξ)

2]η2
1

α0
Eξ∼N(0,1), (292)

which corresponds to the term c in Cui et al. [2024] up to conventions.

F.3 Proof of Lemma B.14

Proof. We start by rewriting g = z + w′(s− z⊤w′), where s ∼ N(0, 1) and z ∼ N(0, I) are independent. It follows that

f1(w
⊤
1 g)f2(w

⊤
2 g)g

⊤w′ = sf1
(
w⊤

1 z + (w⊤
1 w

′)(s− z⊤w′)
)
f2
(
w⊤

2 z + (w⊤
2 w

′)(s− z⊤w′)
)

(293)
= sf1(w

⊤
1 z)f2(w

⊤
2 z) + sf1(w

⊤
1 z)f

′
2(w

⊤
2 x)(w

⊤
2 w

′)(s− z⊤w′) (294)
+ sf2(w

⊤
2 z)f

′
1(w

⊤
1 x)(w

⊤
1 w

′)(s− z⊤w′) + O≺(d
−1). (295)

Taking expectation, and applying Lemma B.13, we get (42). The estimate in (43) can be treated similarly. Note that

f1(w
⊤
1 g)f2(w

⊤
2 g)(θ

⊤g)2 = s2f1(w
⊤
1 x)f2(w

⊤
2 z) + O≺(d

−1/2), (296)

which immediately leads to (43).


