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Abstract

A key property of neural networks is their ca-
pacity to adapt to data during training. Yet, our
current mathematical understanding of feature
learning and its relationship to generalization re-
mains limited. In this work, we provide a random
matrix analysis of how fully-connected two-layer
neural networks adapt to the target function
after a single, but aggressive, gradient descent
step. We rigorously establish the equivalence
between the updated features and an isotropic
spiked random feature model, in the limit of large
batch size. For the latter model, we derive a de-
terministic equivalent description of the feature
empirical covariance matrix in terms of certain
low-dimensional operators. This allows us to
sharply characterize the impact of training on
the asymptotic feature spectrum, and in partic-
ular, provides a theoretical grounding for how
the tails of the feature spectrum modify with
training. The deterministic equivalent further
yields the exact asymptotic generalization er-
ror, shedding light on the mechanisms behind
its improvement in the presence of feature learn-
ing. Our result goes beyond standard random
matrix ensembles, and therefore we believe it
is of independent technical interest. Different
from previous work, our result holds in the chal-
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lenging maximal learning rate regime, is fully
rigorous and allows for finitely supported sec-
ond layer initialization, which turns out to be
crucial for studying the functional expressivity
of the learned features. This provides a sharp
description of the impact of feature learning on
the generalization of two-layer neural networks,
beyond the random features and lazy training
regimes.

1 INTRODUCTION

An essential property of neural networks is their capacity
to extract relevant low-dimensional features from high-
dimensional data. This feature learning is usually signaled
by an array of telltale phenomena — such as the improve-
ment of the test error over non-adaptive methods [Bach,
2021], or the lengthening of the tails in the spectra of the
network weights and activations [Martin and Mahoney,
2021, Martin et al., 2021, Wang et al., 2024a]. Yet, a precise
theoretical characterization of the learned features, and
how they translate into the aforementioned generalization
and spectral properties, is still largely lacking, and arguably
constitutes one of the key open questions in machine learn-
ing theory.

In this work, we provide a rigorous answer to these ques-
tions for two layer neural networks trained with a single
but large gradient step. More precisely,

« we provide an exact characterization of statistics as-
sociated to the learned features, and in particular the
achieved test error;
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« we quantitatively characterize how feature learning
results in modified tails in the spectrum of the feature
covariance matrix, as illustrated in Fig. 1.

Our results provide a sharp mathematical description of
feature learning in this context and allow us to explore the
interplay between representational learning and general-
ization. Before exposing our main technical results, we first
offer an overview of known results on feature learning (or
the lack thereof) in two-layer neural networks, so as to put
our work in context.

Models — The present manuscript addresses the sim-
plest class of neural network architectures (used in Fig. 1),
namely fully-connected, shallow two-layer neural net-
works:

12
flz;W,a) = % J; aja(w;rx), (1)

where W = {wj,j € [p]} € RP*?and a = {a;,j €
[p]} € RP denote the first and second layer weights, re-
spectively, and o is an activation function. Motivated by
the lazy regime of large-width networks [Jacot et al., 2018,
Chizat et al., 2019], the generalization properties of two-
layer neural networks have been thoroughly investigated in
the simple case where only the second-layer weights a are
trained (typically by ridge regression), while the first-layer
weights W = W0 are fixed at (typically random) initial-
ization. This model, which is equivalent to the Random
Features (RF) approximation of kernel methods introduced
by Rahimi and Recht [2007], is particularly amenable to
mathematical treatment. The reason is that, besides be-
ing a convex problem, in the asymptotic regime where
the number of samples n, width p and dimension d scale
asn,p = O(d) with d — oo, the random feature map
¢(x) = o(w " z) statistically behaves as a linear function
with additive noise — a result often referred to as the Gaus-
sian Equivalence Principle (GEP) [Goldt et al., 2022, Hu
and Lu, 2022, Mei and Montanari, 2022]. While this sur-
prising property makes the problem tractable with random
matrix theory arguments, it implies that in this regime ran-
dom features can learn, at best, a linear approximation of
the underlying target function. This sets a benchmark for
the fundamental limitation of not adapting the first-layer
weights to the data.

Gradient descent — Going (literally) one step beyond
random features, Ba et al. [2022] showed that training the
first layer weights with a single Gradient Descent (GD) step
on a batch of data {(z,,y,) : i € [no]} from the same
target distribution:
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Figure 1: Bulk spectrum of the empirical features co-
variance at initialization (dashed blue) and after training
(green); the red line corresponds to the theoretical charac-
terization derived in this manuscript.

followed by ridge regression on the second layer weights
a with n fresh samples can drastically change the story
above, depending on the scaling of the learning rate 7
where n o< d, ng o d. More precisely, they showed that for
n = ©4(V/d), Gaussian Equivalence asymptotically holds
as d — oo, implying that an exact asymptotic treatment
based on the GEP still holds. However, in the regime of an
aggressive learning rate n = ©4(d) (the so-called Maximal
Update parametrization [Yang et al., 2022]) they showed
that the first-layer weights adapt to the data distribution,
translating into an improvement over the RF lower-bound.

This finding has sparked considerable interest in exactly
characterizing the asymptotic generalization error achieved
under this single, large step setting. Dandi et al. [2023]
proved a novel Conditional Gaussian Equivalence Princi-
ple (cGEP), and derived more general lower-bounds for
the performance of two-layer neural networks after the
gradient step. However, these bounds do not provide a
fine-grained description of what is learned in the feature
learning regime. Reaching such a sharp description in-
stead requires addressing the challenging Random Ma-
trix Theory (RMT) problem of characterizing the non-
linear transformation of a highly structured random matrix
o (W —nG) with G denoting the gradient matrix, in the
regime O4(||nG| ) = ©q(||W]|F). Moniri et al. [2023]
provided the first result in this direction for the intermedi-
ate learning rate regime 7 = ©4(d"/>*¢), with ¢ € (0, 1/2),
proving a polynomial GEP together with an exact RMT
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analysis of the asymptotic generalization error. Their find-
ings, however, do not hold in the more challenging Max-
imal Update regime 7 = O(d). Leveraging the results on
the low-rank approximation of the Gradient matrix [Ba
et al., 2022] and the ¢cGEP from [Dandi et al., 2023], Cui
et al. [2024] studied the latter regime approximating the
two-layer network by a Spiked Random Features Model
(SRFM) with the non-rigorous replica method [Mezard et al.,
1986]. Though such heuristic arguments are inspirational,
they often lack interpretability when compared to other
approaches.

Summary of main results — In this work, we provide
a rigorous RMT treatment of feature learning after a sin-
gle GD step in the challenging Maximal Update step size
regime. Beyond proving the conjectured results from Cui
et al. [2024], our analysis extends these findings in sev-
eral key directions, enabling a quantitative exploration and
deeper understanding of fundamental aspects of feature
learning, particularly with respect to generalization and
spectral properties. Specifically:

« We prove a deterministic equivalent (Equation 16 in
Theorem 4.5) description for the empirical feature ma-
trix after the gradient step. This characterization is
non-asymptotic in the problem dimensions, and in
particular sharply holds in the Maximal-update scal-
ing in the proportional regime where n, p,n = ©(d)
and ng = Q(d'*) as d — oo, for some € > 0. This
result characterizes the spectral properties as well as
the generalization error upon updating the second
layer.

« Our proof proceeds through multiple stages of de-
terministic equivalences and the asymptotic descrip-
tion of the high-dimensional features through low-
dimensional non-linear functions.

« We derive an exact asymptotic formula for the gen-
eralization error of ridge regression on features up-
dated via a gradient step in the proportional high-
dimensional regime, where n,p,n = ©(d) with d —
00. Our result offers a rigorous proof of the conjec-
tures in Cui et al. [2024], while extending them in
several directions, as it applies to finitely supported
second-layer initialization and structured first-layer
initialization.

« Using the deterministic equivalent, we demonstrate
how the “spikes” in the weights resulting from feature
learning alter the entire shape of the feature covari-
ance spectrum and its tail behavior. This observa-
tion aligns with the empirical findings of Wang et al.
[2024a] and provides a rigorous foundation for them
in the context of our setting.

« Finally, we precisely characterize the effect of the vari-
ability in the second-layer initialization on the func-
tional expressivity of the network after one GD step.

These findings provide a detailed understanding of the
consequences of feature learning in our setting, helping
to establish several widely accepted intuitions on a more
quantitative and rigorous basis.

Further related works

Fixed feature methods — A plethora of works character-
ized the generalization capabilities of two-layer networks
in the high-dimensional regime when the first hidden layer
is not trained, with the most prominent example of such
fixed feature method being kernel machines [Bordelon et al.,
2020, Canatar et al., 2021, Cui et al., 2021, 2023, Dietrich
et al., 1999, Donhauser et al., 2021, Ghorbani et al., 2019,
2020, Opper and Urbanczik, 2001, Xiao et al., 2022]. This
class of algorithms is amenable to theoretical analysis and
comes with sharp generalization guarantees. However,
these methods adapt to relevant low-dimensional struc-
tures at much higher sample complexities than fully trained
two-layer networks. In simple terms, the sample complex-
ity of kernel methods is not driven by the presence (or lack
thereof) of a low-dimensional target subspace. Identical
considerations hold for Random Feature Models, where the
number of samples n in the generalization guarantees is
replaced with min(n, p), with p being the number of ran-
dom features [Gerace et al., 2020, Mei and Montanari, 2022,
Mei et al., 2022, Hu et al., 2024, Aguirre-Lopez et al., 2024].

Feature learning — The discussion above portrays the
limitations of fixed feature methods. Inspired by this, a
large body of work has studied the sharp separation be-
tween the generalization capabilities of such methods ver-
sus fully trained two-layer networks that learn features
through gradient-based training. Many of these works
fall under the umbrella of the so-called mean-field regime
[Chizat and Bach, 2018, Mei et al., 2018, Rotskoff and
Vanden-Eijnden, 2022, Sirignano and Spiliopoulos, 2020].
The authors mapped the optimization of two-layer shallow
networks onto a convex problem in the space of measures
on the weights and paved the way for understanding how
features are learned in the high-dimensional regime. The
arguably most popular data model in the theoretical com-
munity for addressing this question is the multi-index data
model with isotropic Gaussian data. This setting has at-
tracted considerable attention in the theoretical community
with numerous works that have analyzed the feature learn-
ing capabilities of shallow networks trained with gradient-
based schemes [Ben Arous et al., 2021, Abbe et al., 2023, Ba
et al., 2024, Bardone and Goldt, 2024, Berthier et al., 2023,
Bietti et al., 2023, Damian et al., 2024, Dandi et al., 2023,
Paquette et al.,, 2021, Veiga et al., 2022, Zweig and Bruna,
2023, Dandi et al., 2024].



A Random Matrix Theory Perspective on the Spectrum of Learned Features and Asymptotic Generalization Capabilities

Deterministic equivalents — Deterministic equivalents
of large empirical covariance matrices have been ex-
tensively studied, beginning with the seminal work of
Marchenko and Pastur [1967]. This was extended by Burda
et al. [2004], Knowles and Yin [2017] to separable data co-
variances, and further by Bai and Zhou [2008], Louart and
Couillet [2018], Chouard [2022] for non-separable covari-
ances. These methodologies have enabled precise asymp-
totic characterizations of the learning dynamics in single-
layer neural networks [Louart et al., 2018] and deep random
feature models [Schroder et al., 2023, 2024, Bosch et al., 2023,
Chouard, 2023]. The propagation of spiked eigenstructure
in the input data through a deep random feature model
was recently studied by Wang et al. [2024b].

2 NOTATIONS and SETTING

Consider a supervised learning problem with training data
D = {(z,y,) € R¥™ 1 € [N]}. As motivated in the
introduction, our goal is to study the problem of feature
learning with two-layer neural networks defined in (1). A
widespread intuition in the machine learning literature
for why learning is possible despite the curse of dimen-
sionality is that real data distributions typically exhibit
low-dimensional latent structures [Bellman et al., 1957].
To reflect and model this intuition, we assume our train-
ing data have been independently drawn from an isotropic
Gaussian single-index model:

Yu = f*(zu) = g(IZW*)a Ty ~ N(O,Id), (3)

where the unit norm vector w* denotes the target weights
and ¢g : R — R is the link function. We assume the map-
ping g to be determistic for simplicity, and more general
stochastic mappings can be incorporated into our analysis
straightforwardly. Note that in 3, the high-dimensional
covariates X = () e[ € R"* are isotropic in R%, and
therefore the structure in the data distribution is in the
conditional distribution of the labels y|z, which depends
on the covariates only through their projection onto a 1-
dimensional subspace of R<. Therefore, learning features
in this model translate to learning the target weight w*.

Given a batch of N samples D = {(z,,y,), n € [N]} in-
dependently drawn from model (3), we are interested in
studying how our two-layer neural network (1) learns the
target feature w* through the Empirical Risk Minimization
(ERM) on the training data. We follow the same proce-
dure as in [Ba et al., 2022, Dandi et al., 2023, Moniri et al.,
2023, Cui et al., 2024] and consider the following two-step
training procedure:

1. Let W° and a° denote the first and second layer
weights at initialization. Consider a partition of the
training data D = Dy U D; in two disjoint sets of
size ng and n == N — ny, respectively. First, we ap-
ply a single gradient step on the square loss for the

first-layer weights, keeping the 2" layer a° fixed:

wj=w) —ngj (4)
1 T
g? = Z(f(mu; wo, aO)—yu) a?xual(wjo- )
no\/ﬁﬂe[no]

In this first representation learning step, the hidden
layer weights adapt to the low-dimensional relevant
features from the data.

2. Given the updated weights W', we update the second-
layer weights via ridge regression on the remaining
data Dq:

ay) = argmin

2
(0 = f@usa, W)+ Allal 3
acRpP

neE(n]

= <<1>T<1>/p + )\[n)

Ty 5)

where we defined the feature matrix ® € R"*? with
elements ¢,,; = o(z, w;) and the label vector y =

n
(yu)ue[n]-

In the following, we will assume the following initial con-
ditions for the training protocol above:

Assumption 2.1 (Initialization). We assume the first layer
weights are initialized uniformly at random from the hyper-
sphere w) ~ Unif (S?=1(1)) and the second-layer weights
read af = @}/./5, where the {a9, j € [p]} are O4(1) scalars
initialized i.i.d. by sampling from a dimension-independent
vocabulary of size k, with probabilities ™ = (7¢) e[k

Our goal in the following is two-fold. First, to characterize
the properties of the empirical feature covariance matrix
® T ®. Second, to characterize the generalization error asso-
ciated with the minimizer of equation (5), which is defined
as:

2
Egen - EDlEynew,muew |:(ynew - f(wnew; le &A)> }
(6)

where the expectation is over the joint distribution defined
by the model in 3. In particular, we will focus on the pro-
portional high-dimensional regime with Maximal Update
scaling, which we formalize in the following assumption.

Assumption 2.2 (High-dimensional regime). We assume
that ng = Q(d'*°) for some € > 0. We work under the
proportional regime with Maximal Update scaling, defined
as the limit where n, p, 7, d — oo at fixed ratios:

o= ﬁ::g ﬁ::ﬂ (7)

Assumption 2.3 (Activation function). o is odd, uni-
formly Lipschitz such that ¢’ ¢’ exist almost surely and
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are bounded in absolute value by some constant C' al-
most surely with respect to the Lebesgue measure. Fur-
thermore, ¢ is uniformly bounded and Lipschitz with

E.n(0,1) [9(2)] =0and E. x0,1) [/ (2)] # 0.

For non-odd o, the gradient update may contain certain
non-vanishing residual terms due to a non-zero mean and
second-order Hermite coefficients (see Prop. F.2 for de-
tails). Therefore, we restricted ourselves to odd o so that
Lemma 3.1 applies and the bulk in the weight matrix is
asymptotically isotropic. However, under the exact spike
model W (1) = W + u(w*) " (i.e assuming the validity
of Lemma 3.1), our exact analysis continues to hold for
non-odd activations. We illustrate this in Figures 1, 2 and 3
where our predictions hold for & = ReLu.

3 ASYMPTOTICS OF THE FIRST
GRADIENT STEP

We introduce in this section our first result that establishes
a rigorous framework for studying the exact asymptotics
after one GD step. This question has been the subject
of intense theoretical scrutiny in recent years. First, Ba
et al. [2022] proved that in the high-dimensional regime,
specified in Assumption 2.2, the hidden layer weights after
one GD step are approximately low rank:

WH=w'4+uw' +A (8)

where the spiked structure is identified by: i) u =
neicia’/ /5 is proportional to the second layer at initial-
ization a?, the learning rate 7, and the first Hermite coeffi-
cients of the network activation o and the target activation
g.ie c1 = Eenon) [0()E]. ¢f = Eenon) [9(6)E]: D)
v lies along the first Hermite coefficient of the target f,(-),
ie, v Z#G[n] YuZyu. The spike component v is corre-
lated with the target vector w* in eq. (3). It is precisely
the presence of such correlated components that enables
the trained model to surpass the Random Features perfor-
mance [Damian et al., 2022, Abbe et al., 2022, 2023, Dandi
et al., 2023]. The “noise” term A, arises from higher-order
components of the activations (see details in F.2)

The decomposition in eq. (8) underlies the analysis of Ba
et al. [2022], Moniri et al. [2023], Cui et al. [2024] in the
propotional regime p o d,p  n. Heuristically, one could
hope to analyze the trained weights by mapping the prob-
lem to a Spiked Random Feature Model (SRFM), where the
weights F' in a feature map o (Fz) — can be decomposed
as the sum of a random bulk (Fp) and a spike:

F=Fy+w' 9)

Along these lines, Cui et al. [2024] approximate the noise
term A in eq. (8) as an isotropic Gaussian matrix to reach
an asymptotic description of the equivalent SRFM model us-
ing non-rigorous tools from Statistical Physics. It however

remained unclear whether the uniform/Gaussian isotropic
description of W° + A in eq. (8) is an accurate approxima-
tion of the bulk in the actual GD step. We offer a rigorous
answer to the validity of the approximation.

Anisotropic bulk covariance - We provide the asymp-
totic description of the covariance for the bulk weights
in eq. (8) after one GD step. For no/a = O(1), we unveil
the presence of anisotropic components that contrast with
the uniform approximation considered in Cui et al. [2024],
which corresponds to taking a diagonal approximation of
the covariance. We refer to Appendix F for formal results
and additional investigations.

Diagonal approximation regime — On the other hand,
we provably show that the diagonal approximation con-
sidered in Cui et al. [2024] for the covariance of the bulk
weights is valid as soon as the number of samples ng used
in the GD step is sufficiently large (ng = ©(d**¢) for any
€ > 0). In this regime, the spike v in Equation 8 can be
further replaced by the signal w*:

Lemma 3.1. Let W) € RP*? denote the weight matrix
after the first gradient step. Then, under Assumptions 2.1, 2.2,
and 2.3:

2%50. (10
2 d—oo

Hw<1> - (W<0> + u(w*)T)

where w* is the target vector in eq. (3), and u = ncicia®/ /5
as defined in eq. (8), with n being the learning rate.

From eq. (8), we see that the finite support assumption
for the second layer (2.1) translates to finite support of
the entries u; and we denote with A, = {¢},...,{}'}
its vocabulary with the corresponding probabilities 7 =
(7q)qe[k)- The above Lemma rigorously characterizes the
regimes in which the isotropic SRFM approximation of Cui
et al. [2024] is justified and correctly describes the network
after one GD step.

4 MAIN RESULTS

We are now in the position to state our main technical
results. Namely, a rigorous characterization of the empiri-
cal feature matrix after one gradient step through a deter-
ministic equivalent description. This picture enables the
characterization of the features spectrum and the resulting
asymptotic generalization error.

Extended features and resolvent — As is well estab-
lished in random matrix theory, the resolvent G(z) =
(%@Tq) — 2I)7!, where ® = o(X(W1)T), allows the ex-
traction of a large class of summary statistics related to the
spectrum of ® [Bai and Zhou, 2008, Anderson et al., 2010].
To additionally characterize the generalization error, and
capture the mean dependence of {¢,,, it € [n]} on the spike
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def
components K, = xTu)*, we construct an augmented ver-

sion of G(z). We find that the relevant statistics in our
setup are captured by the resolvent of certain extended
features that we introduce below:

Definition 4.1 (Extended resolvent). Let (X, y) denote a
batch of data drawn from the Gaussian single-index model
in Eq. (3), and consider the feature matrix ® = o(X (W1)")
after the first gradient step (Eq. 4), with x,, = x;trw*. Let
sq denote the subset of coordinates such that u; = (; and
the “mean” ¢% = ﬁ > jes, u.j- We define the extended

features ¢, € R(P+++1) and the extended resolvent G (z) €
RPHE+HDx(P+E+D) for » € C/RT as:

Yu T de -1
o= | ou |, Gue) (W-ﬁ (11)
i

where ¢, ; = ¢uj — ¢, ©° = {¢F, € RFTEHL s € [n]}

A few comments about the definition of the extended fea-
tures ¢}, and the resolvent G (z) in Definition 4.1 are in
order. First, due to the extensive spike and the finite sup-
port over u by Assumption 2.1, each subset s, possesses

- g — 1 . i
a non-zero mean ¢j, = o] Zjesq ®,,;, asymptotically

converging to co(ky, (') defined below.

Definition 4.2 (Shifted Hermite coefficient). We define
the shifted Hermite coefficient ¢;(k, {) of the activation

a(")
ce(k, Q) = E.onio,) [0 (2 + £CQ) he(2)] (12)
where (hy)¢>o denote the Hermite polynomials.

Therefo_re, unlike typical random-matrix ensembles, the
means ¢, have O(1) fluctuations due to a large dependence
on k. Note that the means (EZ can be equivalently described

as the projections of ¢,, along the directions (e!,- - - , e)
defined as:

iij = Cé‘

1 J1
q. = —_— ] = s
g /P {0 otherwise Jell

q € [k]. (13)

By decomposing ¢,, as 2221 ézeq + éu’ we realize that
the first term varies only along a k-dimensional subspace
with variations governed by &, while the second term
contributes to the “bulk" of the feature covariance. The
surrogate form ¢y, splits the features into (;_SM, q~5# precisely
to account for these different scales of fluctuations.

Deterministic Equivalent - The extended resolvent
G.(z) is a high-dimensional random matrix, inheriting the
randomness from the training data (X, ) and the initializa-
tion weights WP. To reach the deterministic equivalent G,
for the above extended resolvent G, (z), our proof proceeds

by subsequently addressing and removing the randomness
over the data X, and the weights WO, eventually obtaining
an equivalent dependent only on the coefficients u; and
the projections of W° on w* denoted as 6 := Wo%w* € RP.
This “special" dependence on u; and 6; is expected, since
by Lemma 3.1, these determine the component along the
spike in the updated matrix W1, while the remaining di-
rections in the weights maintain isotropic dependence and
are averaged out. The resulting description is character-
ized through low-dimensional kernels and functions. Con-
cretely, we show that for a large class of functions J as-
sociated to the feature matrix covariance ® " ® and labels
y € R", with entries {y,}"'_,, F(®7®,y) 22 FH0, u)
In contrast to the high dimensional matrices (X, W1),
F*(0,u) depends only on sequences of scalars (¢, u), turn-
ing F* (0, u) into finite-dimensional expectations.

As stated in Assumption 2.1, we consider a finitely sup-
ported second layer, leading to the entries of u being sup-
ported on finitely-many values A, = {¢}*,--- , {}'} with
probabilities m = (74)4e[x)- From Lemma 3.1 and equation
8, we see that neurons with identical values of u; contain
identical contributions from the spike. This leads to the
deterministic equivalent G, of the extended resolvent in-
heriting a block structure, with blocks corresponding to
different values of u;. Let py, - - - , pr denote the number
of neurons with u; taking values (', - - , (}' respectively.
Then, by the strong law of large numbers %q 22, Tq as
p — oo. Without loss of generality, we assume that the
neurons are arranged such that:

[uh T 7up} = [C%llxpwcgllxpw s Clgllxpk] (14)

To compactly express this block structure, we introduce a
notation for block-structured matrices and vectors:
Definition 4.3. Let py,---p; be the sequence defined
above with 22 “% 7. Let C' € RF** be a fixed matrix.
We define the extended matrix C., as:

Cik Iy xpi
Cak Lpsxps

Cii 1171 X P19

Ca1lp, xps s

C, = C221p, xps»

We are now ready to state the definition of the extended
deterministic equivalent:

Definition 4.4 (Deterministic equivalent). Let C*,C~
denote the set of complex numbers with positive and nega-
tive imaginary parts respectively. Suppose that z € C/R™.
Let V* € CF*k v* € CF,b* € C* be uniquely defined
through the following conditions:

(i) V*,v*,b* satisfy the following set of self-consistent
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equations:

c1(k, Cer (s, C)
1+ x(25)

l/*(z) :En Z acé("{agg)

2T x (i)

bi(2) = 7B (Lgq(2) + (diag(v*(2)) — 2Ik))g0)

where k£ ~ N(0,1), (c¢(k,())e>0 are defined in 4.2 and
(x(z; k), L(2)) read as follows:

Bx(zik) = > vager(r, (ier(r, Ci)+

9,9’ €[K]
+ D0 (s ),
qelk]  €>2

L(z) = (V*(2)V2Q()(V* ()2,
where 1(2), Q(z) € R¥*¥ are defined as:
9(z) = b(2) — L) © (B ()01 (2) ),
Q=) = (I + (V* () ding(0* () (V(2)2)

(i) V*,v*,b* are analytic mappings satisfying V7
Ct — C fori,j € [k,vf : Ct — C~ fori € [k],
b* : CH — C* fori € [k]. For z € C* with imaginary

part ¢ > 0, [b}(z)| < 3

We define the deterministic equivalent extended resolvent
96(2) € RO+D*(p+1) 44

ATl — ZIk
0® A}

(A5) T o607

Se(z) = A32 + OéSZ ® 99T

;o (15)

where § = Ww* € RP, and S} € RP*P, A}, €
REFDX(k+1) A% RP*(+1) are defined as:

S* =R, | (x* - 1)01(??)1@(?)(}‘)]
. a5
Ay = Eg |:1+X(Z;I€)L L } ;

A5l = aE, {mﬁﬁ] Vi € [p]

17
Ay = (diag (;b*) — diag (ﬁz* + zw) © p) )

where k ~ N(0,1),¢ = (g(k), co(k, ), co(k, () T
and the subscript e in S}, A3, refers to the block matrix
notation in Definition 4.3.

We are now in a position to state our main result, which
states that G.(z) approximates G,(z) for “typical" linear
functionals.

Theorem 4.5 (Deterministic equivalent). Consider the ex-
tended resolvent G (z) (Definition 4.1) associated to a batch
of training data (X,y) Eq. (3) after one gradient step. Let
Ge(z) denote the deterministic equivalent (4.4). Then, under
Assumptions 2.1, 2.2, and 2.3, with neurons arranged as Equa-
tion 14, for any z € C/R™ and sequence of deterministic

matrices A € CPTUX(P+Y) wirh || A, = tr((AA*)1/2>
uniformly bounded in d:

Tr(AG.(2)) ﬁ) Tr(AG.(2)). (16)

The class of linear functionals A characterized above in-
cludes weighted traces as well as low-rank projections [Ru-
bio and Mestre, 2011]. A direct consequence of Theorem
4.5 is that it yields the Stieltjes transform of the bulk co-
variance:

Corollary 4.6 (Stieltjes transform). Let uq denote the
empirical spectral measure of the bulk covariance ®' ®/p.
Let mg(z) denote the Stieltjes transform mgy(z) =
[ s dpa(N). Let by (2) be as defined in Definition 4.4,
then:

k
ma(z) === By b (2). (17)
g=1

Equipped with the above result and the Stieljtes-inversion
formula we can directly characterize the support of the em-
pirical spectral measure of the covariance matrix (see Fig. 1
for an example where to bulk appears to be bounded). Fur-
thermore, as discussed previously, the deterministic equiv-
alent G.(z) contains all the necessary summary statistics
for a full asymptotic characterization of the generalization
error. This is the objective of the following theorem.

Theorem 4.7 (Generalization Error). Under the propor-
tional asymptotics 2.2, the generalization error Eq. (6) is given
by the following low-dimensional, deterministic formula:

n’dl)ipIgOOE[Egen] = En An({TO,q77—1,q}q€[k]>7—27T3)
(18)

where {10 4, T1,q4,,q € [k]}, T2, T3 are certain scalar deter-
ministic functions of V5, (=), v* (=) reported in App. E
along with the precise expression of the function A, (-).

Remark: We note that the effect of the step-size 1 and the
scale of initialization of a” on the generalization error and
spectrum is captured by the above equivalence through the
dependence of G on {(;' }4cx-

Intepretation and proof sketch — Unlike the high-
dimensional interactions in the true feature covariance
&7 ®, the interactions between neurons i, j in Ge(z) de-
pend only on the scalars (u;, ). G.(z) therefore reflects
the structure of a non-linear low-dimensional Kernel on
(u;,0). Note that the dimensions of the order-parameters
V* € CF*F v+ € CF b € C* grows with the support
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size k. We refer to Lemma D.14 for the analysis of the
conditions under which we guarantee existence of solu-
tions. In the continuous support limit k& — oo, the self-
consistent equations are rather cumbersome to solve and
we expect {V*, v*,b*} to converge to certain limiting Ker-
nels and functions respectively, satisfying functional fixed
point equations. The precise characterization of this regime
constitutes an interesting avenue for future research where
we expect an analytical ansatz to pave the way for an effi-
cient solution.

As mentioned earlier, our proof proceeds through two
stages of deterministic equivalent, successively eliminating
the randomness over X and W0 respectively. A crucial
aspect of our analysis is to decouple the randomness of
X, W9 along the spike w* and the orthogonal subspace -
this is due to the fact that the dependence of the features
¢ponkK, = a?;—w* is of a larger order than on the compo-
nents of z,, in the orthogonal space. Conditioned on ,, we
show that the covariance of ¢, can be well-approximated
through an equivalent linear model. However, due to the
variability in «, the description of the resolvent does not re-
duce to a standard random matrix theory ensemble. Lastly,
we obtain the generalization error through the introduction
of certain perturbation terms into the deterministic equiv-
alent, with the resolvent acting as a “generating function"
for additional relevant statistics. The detailed proofs are
provided in the Appendices.

5 CONSEQUENCES OF THE MAIN
RESULTS

Tight characterization of the feature covariance spec-
trum - The singular values of the features after one, but
non-maximal gradient step — 7 =< p¢*"/2 with ¢ < /2 -
have been characterized in Moniri et al. [2023], showing
how a series of ¢ spikes appear after the step, in addition
to the RF bulk corresponding to the features at initializa-
tion, as characterized in e.g. [Pennington and Worah, 2017,
Benigni and Péché, 2021, 2022, Fan and Wang, 2020, Louart
et al,, 2018]. The number of spikes is given by the integer
¢ such that ¢=1/2¢ < ¢ < ¢/2¢+2. Note that in the maximal
step size limit ¢ = 1/2, the corresponding ¢ diverges, and it
is largely unclear how the bulk and spikes recombine into
the limiting features covariance spectrum.

Our results further provide a tight asymptotic character-
ization of the bulk spectrum (represented in red in Fig. 1
fork = 1,a = 0.8,0 = ReLu, g = sin, 77 = 3.3). Note
how this bulk is modified from the unspiked RF spectrum
(the dashed blue line in Fig. 1), displaying in particular a
wider support and longer tails in this particular instance.
The spectrum also exhibits outlying eigenvalues of order
O(d), arising from the means ¢,,, not represented in Fig. 1
for readability. This theoretical result ties in with numer-
ous previous empirical observations [Martin and Mahoney,

—— k=1 Theory

® k=1 Simulation
—— k=2 Theory

® k=2 Simulation
—— k=4 Theory
® k=4 Simulation

0.6

0.5 A
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Generalization Error

0.3

0.21

T T T T T
0.5 1.0 1.5 2.0 2.5
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Figure 2: Increase fitting accuracy through second
layer variability: Illustration of the benefits of larger sup-
port for the 2 layer values ¢ = ReLu, 0, = tanh. Theo-
retical (continuous lines) and numerical (dots) predictions
for the generalization error as a function of the number of
samples per dimension « for different values of the second
layer vocabulary size k € (1,2, 4). The numerical simula-
tions consider A = 0.01,y = 0.5, 8 = 1.5, p = 2048. Note
the significant drop in the generalization error for £ > 1.
The choice of the probabilities 7 = {, }4¢[x] and the vo-
cabulary ¢ = {(;}geppare:a) k =1 : 7 = {1},¢ = {1};
b)k=2:7={09,01},{ ={l,-1};0)k=4:7 =
{0.7,0.1,0.1,0.1},¢ = {1, -0.5,1.5 — 2}

2021, Martin et al., 2021, Wang et al., 2024a] that heavier
tails can emerge after feature learning, a behaviour which
further tends to correlate with better generalization abil-
ities. Interestingly, this phenomenon persists even when
the network is trained with multiple large stochastic GD
steps, or with adaptive optimizers such as Adam [Kingma,
2014], as empirically observed by Wang et al. [2024a].

On a qualitative level, the departure of the bulk from its
untrained shape can be intuitively seen as a result of the
recombination between the untrained bulk and some of
the spikes predicted by Moniri et al. [2023], as they pro-
liferate when ( — 1/2. We stress that in addition to these
spikes, the feature covariance spectrum includes & addi-
tional spikes related to the non-zero mean property of the
features ®. Such “spurious spikes” are not illustrated in
Fig. 1 and are present due to the finite support assumption
for the second layer (Ass. 2.1). It is an interesting avenue of
future research to study the recombination of such spurious
spikes with the bulk in the limit k¥ — oo.

Precise characterization of the learned features —
While two-layer neural networks are known to be universal
approximators [Cybenko, 1989, Hornik et al., 1989], a pre-
cise characterization of the approximation space spanned
by a given trained neural network feature maps remains to
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a large extent elusive. As we discuss in this paragraph, for
features resulting from a maximal update on the first layer
weights, the diversity of the second-layer initialization a°,
namely the number of different values its components take,
plays a crucial role in allowing for expressive feature maps.
Indeed, there is a net increase of the expressivity of the neu-
ral network for larger vocabulary sizes k. More precisely,
the network is able to express non-linear functions in x —
the projection on the spike. This is reflected in Def. 4.4 con-
taining non-linear dependence on x along the functional
basis {co(k,(q), kc1(k, (4) }qe[k)- This functional basis is
larger, and thus the neural network more expressive, for
larger vocabulary sizes k, i.e. when the second layer is
initialized with more variability. Furthermore, we note that
the non-linear dependence on « of the basis is modulated
by {{;}qex) that relates to the learning rate strength 7 as
per Lemma 3.1.

To illustrate this point concretely, consider for definiteness
the case of an error function activation o (-) = erf(-). Then,
{eo (5 Cq) Yaermy = {erf(Ca/v3:) }oer)- While a uniform sec-
ond layer initialization a® o 1, (k = 1) only allows the
network to express monotonic sigmoid functions, allowing
the second initialization to take k = 2 values already al-
lows to express non-monotonic function with a derivative
which can change sign twice. Pushing the second layer
diversity to vocabularies of size k£ > 3 further enriches the
pool of expressible functions with further non-monotonic
functions. Depending on the functional form of the tar-
get activation o,, the variability of the second layer can
thus prove particularly instrumental in reaching a good
approximation and learning. In Fig. 2, we illustrate the role
of the vocabulary size k, for the simplest possible setting
(single-index target,c = relu,o, = tanh), by plotting
the test error as a function of the sample complexity «
for varying vocabulary sizes k € {1,2,4}. We observe a
net decrease in the test error performance with increasing
second layer variability k at initialization. Furthermore,
we exemplify in Fig. 3 the comparison between two-layer
networks and kernel methods. In the proportional sample
regime probed in our analysis (Ass. 2.2) fixed-feature meth-
ods attains asymptotically the errror achieved best linear
predictor (see e.g. Mei and Montanari [2022]). In contrast,
learning features with two-layer nets enables to fit non-
linear function of the projection on the spike x (Def. 4.4)
and therefore surpassing such limitations.

6 CONCLUSIONS AND LIMITATIONS

We present a rigorous random matrix theory analysis of fea-
ture learning in a two-layer neural network, when the first
layer is trained with a single, but aggressive, gradient step,
in the limit where the number of samples n, the input di-
mension d, the hidden layer width p and the learning rate 7,
jointly tend to infinity at proportional rates. We rigorously
justify how the trained neural network can be approxi-

o
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Figure 3: Surpassing Kernel Methods: Illustration of
the superiority of two-layer networks over kernel meth-
ods. Learning features enables two-layer networks to
surpass the lowest achievable test error by fixed-feature
method, corresponding to the best linear predictor (dashed
horizontal black line). The numerical simulations con-
sider A = 0.1,7v = 0.5,8 = 4,p = 1024,k = 1 and
o =0, = ReLu.

mated by a spiked random features model in the limit of
large batch sizes. We derive a deterministic equivalent for
the empirical covariance matrix of the resulting features.
We further provide a tight asymptotic characterization of
the test error, when the second layer is subsequently trained
with ridge regression. Our results provide a rigorous proof
to the heuristic work of Cui et al. [2024], while extending it
in multiple aspects. In particular, we allow for non-uniform
initialization for the second-layer weights. We discuss how
the second-layer variability enhances the expressivity of
the trained network, and its ability to fit a single-index
target. Among the limitations are the finitely supported
second layer initialization, the use of Gaussian data, and
asymptotic nature of the results. We note, however, that
numerical experiments shows that predictions are accurate
even at fairly moderate sizes. Secondly, a number of univer-
sality results shows that such ensembles extend over larger
datasets [Dudeja et al., 2023, Gerace et al., 2024, Loureiro
et al,, 2021, Pesce et al., 2023, Wang et al., 2022].
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SUPPLEMENTARY MATERIAL

A Structure of the Appendix
The Appendix is organized as follows:

« In section B, we list some notations, definitions and preliminary results utilized throughout the proof.

« In section C, we prove the the isotropic-spike approximation of the gradient and show that in the limit @ — oo, it
suffices to establish the deterministic equivalent and generalization error under the isotropic-spike approximation.

« In section D, we prove the main Theorem 4.5 characterizing the asymptotic deterministic equivalent of the sample
covariance of the extended features.

« In section E, we show how the generalization error can be expressed through certain functionals of the deterministic
equivalent and finally obtain Theorem 4.5.

+ Finally in Section F, we provide proofs of certain auxiliary results used in the analysis along with additional theoretical
investigations

B Preliminaries

B.1 Stochastic Domination

Throughout the analysis, we use the following notation for controlling high-probability bounds over stochastic error
terms:

Definition B.1. [Stochastic dominance [Lu and Yau, 2022]] We say that a sequence of real or complex random variables
X is stochastically dominated by another sequence Yj if for all € > 0 and £, the following holds for large enough d:

Pr(|X]|, > d|Y|,] <d7* (19)

We denote the above relation through the following notation:

X =0L(Y). (20)
We further denote:
X -Y|=0x(2), (21)
as:
X-Y=02). (22)

Similarly for vectors X,Y € R*4 for some sequence of dimensions k4, we use the shorthand:
X -Y =0.(2), (23)
to denote:

X =Y =0(2), (24)

It is easy to check that stochastic dominance is closed under unions of polynomially many events in d. We will often
exploit this while taking unions over p = O(d) neurons and n = O(d) samples. Furthermore, < absorbs polylogarithmic
factors i.e:
Furthermore, it subsumes exponential tail bounds of the form:

Pr[Xy > tYy <e ", (26)
for some o > 0, as well as polynomial tails of arbitrarily large degree:

C
Pr[Xd > tYd] < T:, (27)

for some sequence of constants Cj, dependent on k.
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Definition B.2 (Hermite Expansion). Let f : R — R be square-integrable function w.r.t the Gaussian measure. Then, f
admits a series expansion in the orthonormal basis of Hermite polynomials given by:

f(z) = Z a;hi(z), (28)
i=0

where the convergence holds in Ly w.r.t the Gaussian measure.

Lemma B.3 (Resolvent Identity). Let, A, B € RP*P be two invertible matrices, then:

ATl B l=A"Y(B-A)B! (29)
Lemma B.4. Let z € C/R™ be arbitary and let A € RV*N denote a p.s.d matrix. Let { = max(’lm(z) , —Re(z). Then:
1
(A== < (30)

Lemma B.5 (Burkholder’s inequality (Lemma 2.12 in Bai and Zhou [2008])). Let X;,7 = 1,---n be a complex-valued
Martingale difference sequence w.r.t a filtration F;, then for any p > 1, there exists a constant K, such that:

p

E Y Xi| | <KE (znsz-?)”/2 (31)

i=1 i=1

Definition B.6 (Lipschitz concentration [Louart and Couillet, 2018]). A random variable X € R is said to be a-Lipschitz
concentrated if for any 1-Lipschitz function f:

PIf(X) > t] < af(t) (32)
Definition B.7 (Trace norm). For any A € CP*P, the Trace norm is defined as:

All,, = Tr(VA*A), (33)

where A* denotes Hermitian conjugate of A.

Lemma B.8 (Trace-norm inequality). For any A, B € CP*P:
IABI, < Al [IBIl, (34)

where || B|| denotes the operator norm.

Definition B.9 (Schur complement). Let p, ¢ two non-negative integers such that p + ¢ > 0, consider the matrix

A € Reta)x(p+a),
A A
A =
<A21 A22>

If Ags is invertible, the Schur complement of the block Ass of the matrix A is the matrix A/As € RP*P defined as:
AfAgy = Ay — A1 AZy) Ay (35)
Similarly, the Schur complement of the block A1; of the matrix A is the matrix A/A;; € R7%9 defined as:
AJA1 = Agy — Ag1 AT Avs (36)

Lemma B.10. [Theorem 5.2.2 in Vershynin [2018]] Let z ~ N(0, Iy) denote a standard Gaussian random vector in RY and
let f : RN — R be a Lipschitz-function with Lipschiz-constant bounded by L. Then:

o

fz) -E [f(z)H > t] < 2e~ct/L (37)
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Lemma B.11. [Theorem 5.1.3 in [Vershynin, 2018]] Let z ~ U(S™~1(\/d)) denote a random vector uniformly sampled from
the N dimensional sphere of radius /N. Then, for any Lipschitz-function f : RN — R with Lipschiz-constant bounded by L:

o

Lemma B.12. [ Theorem 5.3 in Vershynin [2010] and Theorem 4.3.5 in [Vershynin, 2018]] Under assumptions 2.1, the operator
norms |[Wo||, || X || satisfy, for some constants Cy, Co

f(z)—E [f(z)} ’ > t] < 9e—ct’/L (38)

IWol < %oﬂm V) + 0

X < Co(v/n+ Vd) + 0<(1)

1
(ﬁ)

Lemma B.13. [O’Donnell, Proposition 11.33, p. 338] The Hermite polynomials (hs)aen form a complete orthonormal basis.
Further, for any p € [—1, 1] and two standard normal Gaussian random variables z, z' that are p-correlated, we have

pe ifa=p,
0 ifa#p.

Lemma B.14. Let f1(z) and f2(z) be two twice-differentiable functions with the first and second derivatives bounded almost
surely. Suppose that f1(2), fo(z) admit the following Hermite expansions:

() =) ahi(z)  falz) =) @), (40)

k>0 k>0

(39)

E, . [ha(z)hﬁ(z/)] = {

where {hk (2) }k denote the set of normalized Hermite polynomials. Given three unit norm vectors wy, wa, w’ such that:

T,/ L
\wu)—04¢f (41)
fori =1,2. Then for g ~ N(0, I), the following holds:
E [fl(wfg)fz(wgg)gTw’} = coér(wg w') + Gocr (wi w') + O<($)7 (42)
E[f1(w] 9)f2(w] 9)(gTw)?] = coto + O(d/2), @)

C Spiked isotropic approximation

In this section, we justify the assumption of an isotropic bulk in the regime oy — 0o, We first establish Lemma 3.1 and
subsequently control the resulting approximation error for deterministic equivalence and generalization errors.

C.1 Proof of Lemma 3.1

Let 1, - - - , U, denote the outputs of the network at initialization, i.e:
i = [ W, a) (49
We start by expressing the gradient as:
1
n./p

where X € n x d denotes the matrix with rows the data vectors in the first batch, {y; } ic[n] A€ the corresponding labels,
and o’ (-) is the derivative of the student activation function.

diag{ai,...a,}o'(WOX) diag{ys — 91, -, Yn — Jn} X € RPX? (45)

Next, we decompose o' as:
o'(x) = c1 + 0l (), (46)
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where

oLy (@) 3 VR e b (), (47)

k>2

and ¢, denote the Hermite coefficients of 0. Using the decomposition in (281), we can rewrite the weight matrix W as

W=w'+uw' + g diag{\/pai, ... /pay ol (W°X) diag{y, ...,y } X T
Ay
- % diag{\/pay . .. /pay ol (W°Z) diag{in, .. ., jn+ 27

Az

where u = yi7/paand v = X "y/n.

Our goal is therefore to bound the contributions from Aj, Ay. We start by expressing A; as a sum of rank one terms:

1 X
== buz, (48)
n
p=1

where b} = y,0'(WOX)[\/pay, ... \/pap).

Let {c} }ken denote the Hermite coefficients of g. An application of Stein’s Lemma and Hermite expansion yields (See
Lemma 7 in Damian et al. [2022] or Lemma 4 in Dandi et al. [2023]) yields the following expansion for the i, row of A;:

oo
k k
E,, [tion] = Z cepriih 1 (W) wfR) 37 ek ((w) 2 wfFuw,) (49)
k=1
By assumption ¢y = 0, therefore the term cg, c;w*(w*, w;) vanishes. Since (w*,w;) = O<(id) for all i € [p], the
remaining terms are bounded in term by O (15 ). We obtain:

; 1
E., |Vl =0<(=), (50)
[E= ]|, = 0<G
which results in the following bound on the operator norm:
1
[Ea [Aa]]| = 0<(—5)- (51)

Vd

. . 2 .
Next, note that the uniform boundedness of ¢’, c* imply that Hb# || < Cp for some constant C' > 0. Consider the
symmetrized matrix:

B, = x,f)bT bug: c R(P+d)x (p+d) (52)
Then, for all k > 1:
T -
[ o e 0
2k 2k=2, 5T
Sl L ] “
Now, let 2 € RPT4 with ||z|| = 1 and let 2, = 2[: p], 24 = 2[p :] denote the first p and the remaining components of z

respectively. From Equation (53), we have:

B =781 = [l B 22| B [l 2 0n20)] - 69)
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Applying Cauchy-Schwarz to each term in the RHS yields:

B [+782412] <& [l Il ™) B [0 2002 20?] 42 [l 001] " [ Gz ?]
(56)

Now, the boundedness of ¢’, c* imply that HbMHMC < O*Fp?k for some constant C;. While qu H2 is a sub-exponential
random variable with parameter d and therefore [Vershynin, 2018]:

E [lou]*] < c3*a22r?*, (57)
for some constant Cy > 0. Therefore:

E |:||xu||4k||bu||4k:| S 022k:d2k2k2k x Cilkak (58)

Finally, by assumption 2.3, ¢’, g are uniformly-lipschitz. Furthermore, with high probabilty over W, ||| < Cj5 for some
constant Cy. We therefore obtain that  — (b,,, z,) is uniformly lipschitz in « with high probabilty over W.

Furthermore, applying Lemma B.13 to ¢’, g and using ¢ = 0, yields:

E [(byr 2)] = o%» (59)

Therefore, E [((by,, 2p))*((z 4, 2a))?] '/2 is further bounded by some constant Cy > 0.

Since p/d = (3 is a constant, substituting in Equation (56) we obtain:

E [ZTBf/f“z} < (Cyd)? 14, (60)
Similarly,
E {ZTBikZ} < (Csd)?*—24, (61)
for some constant C's > 0.
Therefore:
E[BE] < (Cad)*2dI, 0, (62)

for some constant Cy.

Subsequently, we apply the matrix-Bernstein inequality for self-adjoint matrices with subexponential tails (Theorem 6.2
in Tropp [2012]) to obtain that:

1 n
Pri||—> By - HE [B,] H > t| < de—tlosd? /(erear) (©3)
p=1

for some constants c1, co > 0. Borel-Cantelli Lemma then implies:

A 4222 0. (64)

Now, to bound As, we use:

8s]| < 2 diag{ypar, .. vpa} |

oL (WOZ)| | ding{n, ., g} 11Xl (65)

We show that:

|ding{. -G }]| = O<(—=) (66)

€
Vd
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Recall that: ,
" 1 T
Yu = —1 Zaja(wj Ty) (67)
VP i
By Theorem 3.1.1 in Vershynin [2018], quH — J&’ for © € [n] are independent sub-Gaussian random variables.
Therefore:
su[p] ||x#H =Vd+ 0<(y/logn). (68)
pne|n

Therefore, we may condition on the high-probability event:

&, = {sup ||9CuH < CVd}, (69)
nE[n]

for some C' > 1. Conditioned on the event &,, Lemma B.11 and assumption 2.3 imply that for each p € [n],
vpai{o(w] x,),j € [p]} are independent sub-Gaussian random variables with mean 0. (Recall that by assumption 2.3, o

is odd). Therefore Vi € [n):
N 1
Yu = O<(ﬁ)» (70)

where we absorbed polylogarithmic factors through the stochastic domination notation (Definition B.1).

.
Lastly, it remains to show that the spike v converges to w*. Recall that v := %* Xn Y
0

. By assumptions 2.3, yuajft are

independent sub-Gaussian random variables for 7 € [d]. Therefore:

lo —w*|| = 0<(v/d/no). (71)

Since, ng = O(d' ), we obtain:
v — w* (72)

a.s

It remains to show that the equivalence in the sense of Lemma 3.1 extends to generalization error and deterministic
equivalence:

Proposition C.1. Let G¢, (G, )¢ denote the extended resolvents with features W) andﬁ/ = WO+ nu(w*) T respectively.
Analogously, let &, a, denote the ridge-regression predictors corresponding to W) and W respectively. Then,for sequence of

deterministic matrices A € CPH>*P+1) with || A, = Tr((AA*)l/Q) uniformly bounded in d:

a.s

‘Tr(AGe(Z)) ~TH(AG,)| = 0. (73)
d—o0
[egen(t, W) = egnlin, W) =25 0. (74)
d—o0
Proof. Consider the matrix: }
E=o(XWUD) —o(XWT) € R™*P. (75)
A straightforward consequence of the proof of Lemma 3.1 and Assumption 2.3, Lemma B.10 is that each row of 2 is a

sub-Gaussian random vector with sub-Gaussian norms O( . Therefore, through tail bounds on the operator
norms of matrices with sub-Gaussian rows [Vershynin, 2010], we obtain:

1 -
—=IIEl — 0 76)

VP

The claim in Eq (73) then follows since by Lemma B.8:

polylog d 6)
d

‘Tr(AGe(z)) — Tr(AG,)*

< Al [|Ge(2) — G|

b

C T ~
< Al g [ (XWOT) — o (xWWT)

for some constant C'. In the last line, we used Lemma B.3 and ( is defined as in Lemma B.4. Similarly, Equation (76) implies
the almost sure convergence for the generalization error. 0
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D Deterministic Equivalent

The proof of Theorem 4.5 proceeds in three parts:
- Approximation of the covariance E [¢¢ " | through the covariance R, of a conditional-Gaussian equivalent model at
fixed values of W. R}, possesses a block-structure due to the finite-support assumption over u;

« First-stage deterministic equivalent: here we average over the randomness in the inputs X and construct a determin-
istic equivalent dependent on W and expressed as a functional of R}.

« Second-stage deterministic equivalent: Here we further average over the randomness in W' to establish deterministic
equivalents for R} and associated transforms.

We describe each of these stages below:

D.1 Gaussian-equivalent covariance approximation

We start by showing that conditioned on £, the covariance of the extended features ¢}, can be well-approximated through
that of an equivalent linear model. This approximation is similar to the conditional Gaussian equaivalence in Dandi et al.
[2023], Cui et al. [2024]. However, we emphasize that we do not directly utilize any universality result on generalization
errors established in recent works [Lu and Yau, 2022, Montanari and Saeed, 2022, Dandi et al., 2023]. Instead, we will
directly utilize the approximation of the covariance in our analysis of the spectrum and generalization errors in the
subsequent sections.

Recall the definition of the surrogate feature vectors in equation (11):

p=| % (77)

We observe that the sample covariance matrix of z,, posseses the following block structure:
yy| Pl yo?
(@) 7T(25) = |2y @27 DOT (78)
oy’ 0T PDT

Define:

yy’ y‘ﬂ Sy l?yT] Son = [0 (79)

Proposition D.1. For a vectoru € R™ , let ¢;(u, k) € R™ denote the vector with entries cj(u;, k). Let E,; [-] denote the
expectation w.r.t x conditioned on the sigma-algebra generated by k = x " w*. Define:

‘o g*(k) g(r)co(k, ur) "
(k) = [g(f{)co(n,uﬂ) co(/@uﬂo)co(/i,uﬂ)—rl ’ (80)
where u, denotes the vector (uy,- - ,ug)
51(K) = c1(k,u) © Ok [0x(k)  co(k,ur) -+ colk,up)], (81)

50(k) = (cr(k,u)er(kyu) ) @ WIWT) + diag((Z ci(ﬁ,u)) + (k% = Der(k, u)er(kyu) T © 06"
k>2

1
+ gCQ(KJ,U)CQ(KJ,U)T
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Then, there exists an ¢ € N such that, the following holds almost surely over k:

* _ KZZ

. |Ex [S11] — BRI, (0)]| = O<(7a) (82)
* "ie

H:}g/pgo HEN [Eo1] — Rm(“)H = O<(7a) (83)
* _ [ﬁ:e

K;E/PEO B [S22] — R3s()|| = o<(7a) (84)

Proof. Let w; denote the ith row of W and & ~ N(0, I;). By the rotational invariance of the Gaussian measure, we can
express T as:

r = rw* + (Ig — w* (w*) "), (85)
where & ~ N(0, I) is independent of z
We obtain:
ol w! = ku; +w] €+ w w (s — £ w") (86)
Therefore,
¢ilw) = o(kui + wl & +ww(k —¢Tw")). (87)
Since

w] w*(k — & w*)

= O-<( )7 (88)

o
Vd
by assumption 2.3 an application of the Taylor’s theorem yields:

¢ = o(wu; +w] €) + o (ku; +w; €) [w] w(rx — € w*)]

1 : (89)
+ 50”(/—@% +w; &) [w] w*(k — §Tw*)}2 + O (k3d73/2).
To simplify the expectations of the second, third terms, we leverage the Hermite expansion and Lemmas B.13, B.14.
We begin by expanding o along the Hermite-basis for a fixed value of xu;:
o(ku; + 2) = co(ku;) + c1(kug)ha(2) + ca(kui)ha(2) + ... + (90)
Using the identity A} (2) = V/khy_1(z), we also have
o' (uik + 2) = c1(k, us) + V2¢(k,ui)hi(2) + V3es(k, ui)ha(2) + ... (91)
and
o (uik + 2) = V2ea(k, us) + V6es(r, ui)ha (2) + ... (92)

Consider the second term in Equation (89):

Ex [ s + w] €) [w] w* (5 — €Tw")] | = n(w]w")E [o'(ku; + 0] )] ~ (] w")E [o'(xu; + w] )¢ Tw*|  (93)

From (91), the the first term in the RHS equals x(w," w*)c; (k, u;) while from Lemma B.13, the second term equals

E, {U’(/@ui + wiTé)fTw*] = V2¢5(k, u)w w*. (94)
Combining, we obtain:

E,. |0’ (ku; +w, €) [wTw*(/i — fTw*)” = k(w] wer (kyus) — V2 (K, w) (w; w*)2. (95)
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Next, consider the third term in Equation (89):

E,. %O‘N(/{ui +w; ) [w w* (k — fTw*)f} = (ij*)2%E,€ [O'N(Iiui +w &) [k — 26 w* + (fTw*)QH (96)

Again applying Equation (92) and Lemma B.13 to each term in the RHS yields, simplifies as follows:

E, BﬁZ(w;w*)QU”(Hui + w;rf)] = %5202("@“2’)
E, {(w;rw*)QU”(HUi + w;f)fTW*} = Voes(r, i) (w] w?)® = 04(#)
]EH |:;( ;F’LU*)2O'H<K,’U@‘ _’_w;l'g)(g'l'w*)?] — %02(57%)(10;10*)2 + O<(%)a

where in the second equation, we used that c3 (%, ;) is uniformly bounded in k by Assumption 2.3 and in the last equation,
we used (£ w*)? = V2ho(€Tw*) + 1.

Combining, we obtain:

Ex [¢1] = co(s, u) + 1 (k) kw, w* + Cz(jéu) (] 0 (s = D) + 0-(a7). (97)
gives us:
E [¢] = co(k,u)lp + c1(k,u) © W(/@w*) + O<(d_1) (98)
Now, since (wq,w*), - -+ , (w,, w*) € R? are i.id. sub-Gaussian random variables, we obtain that:
E (6], = colr, (g)- (99)
Furthermore, by Assumption 2.3 and since ||W ||, < C a.s for large enough C, we obtain that ¢, is an O( jg)-Lipschitz
function of z, we obtain:
- - 1
—E, =0<x(— 100
¢ ] <( \/g) (100)
Therefore, in what follows, we will utilize:
~ 1
bi = ¢i — co(k,ui) + 0<(—=). (101)

Vd

Combining the above approximation with Equation (97) and using the uniform boundedness of g directly yields the
estimates for X171, 391 in Equations (82) and (83).

To study the block o5, we separate the case of diagonal and off-diagonal entries. For the former, we apply Lemma B.13 to
Equation (89) to obtain:

Ex |0F] = 3 el wi) + 0= (/V). (102)

k>1

For the off-diagonal terms with ¢ # j, we start by noting that

Ex [667] = (1, - P)E 007 | (1, — P)T, (103)

1

where P denotes the projection on the directions e!, - - - €¥ defined in Equation (13). The Taylor expansion in (89) and the
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approximation (101) then gives us:

E. [ids] = B [(o(mus + 0] €) = 61) (olmu; +w] €) = 6,))] (109
(4)

+E,. [(o(nui +w; &) — co(k, u))o’ (kuy + w;rf) [ijw*(m - fTw*)H - +(B)iesj (105)

+ %EH {(O’(Hui +w] ) = co(k, u))o” (kuj + w; &) [w] w*(k — fTw*)]Q} +(C)iesj (106)
()

+E. [o’(ﬁui +w; &) [w] w*(k — T wh)] o’ (kuy + w] &) [w] w*(k — §Tw*)]] (107)

(D)
+ O(k3d™3/%), (108)

where (B);+j, (C)iw; denote the corresponding terms with the roles of 7, j interchanged. Next, we consider each term
on the right-hand side. Applying Lemma B.13, we obtain that the term A results in:

(4) = (I, = P) (1 (. wer (5, 0) T @ WTW + 3, w)ea(i, )T © (WTW)R) (I, = P)T 4+ 04(d%2). (109)
For terms in (B), we apply Lemma B.14 with w1, we = w;, w; and w’ = w* to obtain:

(B) + (B)icry = (V31 (i, wi)ea (i, uy)w] w; ) (w; + w;)” ()

—2¢1(k,u)er (K, uy) [(w:w*)(w;w*)] +O(d™3/%). o
Similarly, for terms in C, Lemma B.14 directly implies that:
(C) + (O)isj = 0<(d73/?). (111)
Finally,
(D) = ex(rs, wi)es (s, uy) (62 + 1) (w] w”) (w] w*) + O (™) (112)

We are now ready to establish an approximation of the correlation matrix E [(;;d;q , up to an error term whose operator
norm is of size O (d~'/?). Starting with (A), since w; e? = O<(ﬁ) for i € [p], q € [k], we have:

H(zp _P) (cl(n,u)cl(f{,u)T ® WTw) (I, — P)T — c1(k,w)er(k,u) T © WTwH —0.(—=).  (113)

x
Vd

Therefore, the extra term compared to R3,(k) is the one containing (w, w;)2. Write

1 2p
(w'w;)? = 5 41/ 55 (H2)ij, (114)

Hsy € RP*P is a symmetric matrix such that

T N2
(Hy)ij = M‘h”i\/%)l Lis;. (115)

This is in fact a Kernel gram matrix where the “kernel” function is the second Hermit polynomial ho(z). As studied in e.g.
[Zhou & Montanari, 2013], [Lu & Yau, 2023], the spectrum of this kernel matrix is asymptotically equal to the semicircle
law. Moreover, the operator norm of this matrix is bounded by O (1). It follows that the term 4/ Z—Q(H 2)i; in (114) can be

ignored due to its vanishing operator norm. Thus, what is left is the contribution from the term %, which vanishes since
(I, — P)ca(k,u)ez(k,u) T (I, — P)T = 0.
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For each k, let hy, ,+ be the vector in RP, defined as
(P )i & hi(Vdw] w*) (116)

with fy, being the kth Hermite polynomial. By substituting (w;" w*)? = 1 (hy(Vddw, w*) — 1)

Next, we examine (B) + (B);«; and capture its main terms. First, note that (v, w;)

i w;' (kw*) can be ignored, since it
corresponds to a matrix

Wdiag{mu;w*} wT, (117)
whose operator norm is bounded by 9 (d~'/?) by Lemma B.12.

Let §; = W*w; for i € [p] The remaining components in (B) + (B);,; can be expressed as:

—2c1 (K, u)er (K, u)0;:0;

It is also easy to verify that the last component (D) can be expressed as follows:

(D) = c1(k, u)er (K, u) (k2 + 1)6;0,, (118)

The terms B and D combine to give the component:
(k%2 = Dey(k, w)er (k,u) T © 6007 (119)

Combining with the contribution from A and the diagonal terms in Equation (102), we obtain Equation (84). O

Before moving further, we note down a bound on R}, that will prove useful late:
Proposition D.2. Let R} be as defined in Proposition D.1. Then, 3¢ € N such that:

IR = 0<(x") (120)

Proof. The above is a direct consequence of Proposition D.1 and Assumption 2.3, with the later implying that |Co(li, u)| <
K |uk| for some constant K while |c;(k, u)| are uniformly bounded for j = 1,2, 3. O

D.2 First-Stage Equivalent

We now proceed with establishing the first stage of deterministic equivalence, aiming to remove the randomness w.r.t X.
Concretely, our goal in this section is to construct a sequence of matrices G}, dependent on W but not X such that G, is
deterministically equivalent to G for all suitably-bounded linear functions independent of X (but possibly depending on
W). Ideally Gf;, will possess a simpler structure than §°, allowing us to further simplify it in the next stage.

For subsequent usage, we shall establish a more quantitative version of deterministic equivalent than Theorem 4.5, with
an explicit error bound of O (%)

Proposition D.3. Let X4, W, be a sequence of random matrices generated as in Assumption 2.1. Let = € C/R™ be arbitrary.
Let Gy (z) denote the the following sequence of random matrices dependent only on W':

-1
Sw(z) = (ZE* +C¢L - ZI) , (121)

where:
of Ew x | Tr(GHR®
Xd("f) d—f X [ ( < n)] ) (122)

and the expectation is w.r.t both W, X conditioned on the projection ,, along the spike v as fixed. Since G¥ is independent of
Kk, Xa(K) is a fixed function of k alone. The subscript d is to remind us that x 4(k) defined as in Equation (122) is an unknown
dimension-dependent function.
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We further define:
2" =B [%R*(m)} ) (123)
with R*(k) denoting the matrix:
R0 = (i o) (120

and R*(k)11, R*(k)12, R*(k)21, R*(K)a2 are as defined in Proposition D.1.
Then for any sequence of matrices A, possibly dependent on W, but not X :

Te{AGw (=)} — Tr{AG, ()} = 0 (1A]m) (129)

Proof. We start by defining:
(¢5) " G5, (126)

’UM—‘

XXW( ) =

Note that unlike x () which is solely a function of &, x x,w
define:

—~

() is a random variable depending on X, W, z,,. We further
Ry, =B [65(65) I = 1, (127)

We proceed through a leave-one-out argument, analogous to the one for Wishart-type matrices [Bai and Zhou, 2008]. By
definition, GG, satisfies:

6(12¢Z(¢Z)T —z2I)=1. (128)
(et

Let GL = (32, ., ¢4( ;)T + AI)~* for u € [n] denote the resolvent with the sample y removed.

Using the Sherman-Morrison formula, we can express G, for any u € [n] as:

1 e/ e\T
Ge = Gl: - 1+ l(¢e)TGH¢e p,( p,) . (129)
p\TH erp

Next, for each xu € [n], we replace G in the term G.(¢%,(¢%) ") by the above decomposition to obtain:

" 1 1
— - — o5 (65) o (05) " —21G. = 1. (130)
D T AN
The first set of terms simplify as:
1
Gel@(0}) ") = (G - - -Gl (07) GOG(e5) T
u\Pp 1+%(¢H)TG5¢H p\Pp u\Pp
1
— GH e (B¢ T.
L+ xx,w(p) <9ul90)
Substituting in (130) yields:
= GFoc(¢°)T — 2IG, =1, 131
ZHXXW(M) GLop (o) — = (131)

By concentration of xx w (i) and averaging over gbfL(d)fL)T, we expect the first term to be well-approximated by
> el (WG’;@EL ((;SZ)T) We therefore, isolate the errors in x x w (£) to obtain:

= Z T & (@) "+ ELuGleL(05) " + E0,,GEG(05) T + €3, GER (k) — 2Ge = 1. (132)

ue[n]
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where &1 ,,, €2 41, €3, account for the error in x x w (¢) due to randomness over ¢,,, approximation of covariance R,, by

R}, and the concentration of Tr (G’gR;) to x (k) respectively.

e TG;; ey _ ﬂ(G/;Rl")
1= (1%) %) ;r(chL)
(1+ () TGEP;) (1 + ———)
Tr(GER,)  Tr(GER})
o= Tr(CZJ)’;‘R;) ﬁ(chﬁ)
1+ ———) 1+ ———)
Tr(G*R*
e e
Ea =

(14 x())(1 + ZLOERR,

Next, due to the average over n samples and the small error in replacing G¥ by G., we further ex-
pect Y Me[n](mG‘;qﬁZ((bZ)T) to be well-approximated (in the sense of deterministic equivalence) by

1 *
Ge(X e Trem )

Therefore, we explicitly introduce the above term into Equation (132) at the cost of additional errors:

1 1
~Ge — R —2G. =1+ A, 133
p (ZHX(H) 2 - (133)
HE[n]
where:
A=A, (134)
HE[n]
where:
1 1 1
i * I e(reNT _ e(eNT _ e(reNT _ e(e\T
iz P <1+XW(N) GeR,u Gel_"XW(:u) ¢,u(¢/,¢) Gegl,u¢y(¢p) Ge 82,u¢y(¢y) Ge 83,/L¢/_L(¢H) >

(135)

With the above error terms defined, we're now ready to analyze the linear functional Tr (AGe(z)) in Equation (125). We
perform the analysis in two-stages:

« Show that Tr{AG.(z)} — Tr{AS.(2)}.

« Show that Tr{AGe (z)} concentrates around its expectation.
We start with the first stage. We have:
1
E [Tr(AG.)] = E L? Tr{(A(I + A)(aR* — 21)1)}} , (136)

where R* := " R,..

1
ne€n] T+xw (1)

Our next goal is therefore to bound the contribution from A.

The independence of G¥ and ¢¢, implies that:

E [Gﬁwaﬁzwif} =E {Ggl—&-xlw(u)R“} (137)
Thus, we have:
E B Tr(AAH)] =E [TT(A(EI,M + &+ 33,H)G5¢Z(¢Z)T)]
1 1 " 1 1 (138)
e [Tr (AGCth)} e — [Te(AGER,)|

T>
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We start with the term 7. We proceeed by bounding the contributions from €1 ,,, €2 ,,, €3 ;..

First, note that cyclicity of the trace implies that for i = 1,2, 3:

1 1
Tr(pA(Ei,N)G‘;qSZWZ)T) = (€0),, T ((0f) T AGES,) (139)
Our strategy is to bound the tail behavior of ’&7 u ’, Tr(%( ¢ YTAGH qﬁi) and translate them into expectation bounds on
the product.
Tr(GE R, Tr(GER Te(G R, _ T(GER;
Lete; , = %(gﬁfL)TGé‘(d)Z) _ T(GeR) m ),62# = ol . w) _ I s ),63,# — m(een) - ) _ Xd(%). Then:
&, = L
e Tr(GER, Tr(GYR,
(1 + % + 617M)(1 + %)
2
_ €1, I 1,
r(GER, t(GLR v(GER,)
(4 2GR RO ) R

and analogous relations hold for €5 ,,, €3 ;.

1

P
one could hope to exploit a Hanson-Wright type inequality. This requires ¢, to be “well-concentrated” in some sense.
Fortunately, assumption 2.3 directly yields the following regularity property:

We start with bounding the term Tr( (¢5) T AGH ;) Since Tr(%( g)TAGg¢;) is a quadratic form in the features ¢¢,

Proposition D.4. Let§,, ~ N(0, ;) be defined through the decomposition:
z,, = kw* + (I —w*(w*)")E, (140)

Then, w.h.p as d — oo, The map §,, — ¢y, is Lipschitz-continuous

The Lipschitz-continuity of ¢,, allows us to apply a generalization of the Hanson-wright inequality for Lipschitz-maps of
independent Gaussian i.i.d vectors [Louart and Couillet, 2018], leading to the following result:

Lemma D.5. For any sequence of matrices M € CP*P, independent of ¢},

(¢5)TMof, = Tr(MR,)| = 0<(|M]| ), (141)

Applying the above Lemma with M = AG¥ and noting that:

lAGE N p < [IAGE |7
<l AlnlGel

1
< =l All,
C T
Therefore, Lemma D.5 yields:

[

. ). (142)

Te{ ()7 AGze) | = 0

We next claim that to obtain the desired bound on Tr(AA), it suffices to show that:

€iu = O<(7), (143)

for i = 1,2, 3. To see this, note that R}, is positive semi-definite and G/ has a positive Hermitian component. Therefore,
the absolute values of the term

— in €, is uniformly bounded by 1, and similarly for
(1+M+61’”)(1+

€2 4, €3, Therefore, fori = 1,2, 3:

(Gt Ry
p

)

Eip=0x(€ip+6€ ) (144)
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Applying Cauchy-Shwartz inequality to the sequence of variables &; ,,, (z;r Az,) yields:
T 11
Eies () Azu)‘ —O(r'>—), (145)

E[ pVd

for some £ € Nand i = 1,2, 3. Subsequently, combining with sup,,(x,,) = O(v/log n) and summing over y = 1---n, we
obtain:

polylog d
Vd

In light of the above discussion, we now move to bounding ¢; , for i = 1,2, 3:

E[Ty] = 0O( ) (146)

Tr(GER,,) _ T(G¥R,)  Tx(GER}) __ Tr(GR})

- €2,y = . - - €3, = - — xd(kK).

Proposition D.6. Lete; , = %((ﬁi)TGE(Qﬁ) -
Then fori =1,2,3, 3¢ € N such that:
¢
K
€ip = O0(= (147)
1 <(\/&)
Proof. We start with €; ,. Since %( C)TGE(¢5) — w corresponds to the deviation of the quadratic form
(¢E)TG5(¢Z) from it’s mean, we may again apply the generalized Hanson-Right inequality (Lemma D.5). Note that

IGE|, < % by Lemma B.4 implying ||G# || . < % Sine G* is independent of ¢¢, Lemma D.5 yields:

) (148)

ST

€l,u — O{(

€2,,, is directly bounded through Proposition D.1

Bounding the third term containing €3 ,, is more challenging and will take up the bulk of the remaining discussion.

To bound €3 ,,, we require establishing the concentration of Tr (ij R;) around x4(k), both w.r.t X, W (recall the definition
of x(k) in Equation (122)).

A standard way of achieving this is through the use of Martingale-based arguments [Bai and Zhou, 2008, Cheng and
Singer, 2013, Hastie et al., 2022]. We proceed through a similar technique, however, our analysis is complicated by the
presence of structured covariance [?;, and the joint-randomness over X, .

Lemma D.7. Almost surely over k,, ~ N(0, 1):
L}
Vd

Proof. As mentioned above, the proof follows through a martingale argument. Concretely, proceed by succesively
applying Burkholder’s inequality w.r.t the doob martingales on filtrations generated by X, W respectively. We first start
by conditioning on the following high-probability event over W'

=0<(—=), (149)

Tr (GZR;) — Xd(ku)

1
Ew ={W ||W], = O(1), {w;, w;) = O (—=)}. 150
(W [Wlly = 0(1), (wi, wj) <(\/g)} (150)
It is easy to check that the moments of x 4(x) are bounded, and therefore, the error in the expectation upon restriction to
& can be bounded by O (%k) for arbitrarily large k.

Let E,, denote the conditional expectation w.r.t the sigma-algebra generated by x,,
”w
decomposition:

'y We apply the following martingale
Tr(GeR;) — E [Tr(G.R})]

=Y E,Tr(GeR}) — B, 1 Tr(GeRY).

p=1
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Lete, = E,Tr(G.R}) — E,—1Tr(GR}). We have:
E,(Tr(GeR;) — E,_1Tr(G.R})) = E, (Tr(G.R)) — Tr(GERY)) — E,—1(Tr(GeRy) — Tr(GERY)), (151)

where we used that E, 1 Tr(G¥R})) = E,Tr(G¥R},)) since G¥ does not depend on z,,

Applying the Sherman-Morrison formula yields:

1
E,Tr(G.R)) — Tr(GER)) = ——E

1 e * e
T (T aEg ) Rl (152)

1

Now, R CANIerr T < 1 while (¢7, )TRZQSZ has moments bounded polynomially in x by Lemma D.5.

Therefore, Lemma B.5 combined with Markov’s inequality for large enough p, implies:

1 1
- BR* ) _ = —
’pT‘r(GeRH> v ()| = 0<(2) (153)
Where: ot
xw (k) = Ex [Tr(GeRy)] (154)
where the expectation is only w.r.t the matrix X.
It remains to show by establishing concentration w.r.t W that:
v () = x(9)] = (=), (159)
Vd
We again condition on the following high-probability event:
Ex = {X : [Wll, = O(Vd), (i, w;) = 0(1)}. (156)

We again apply a martingale argument, except that unlike the concentration w.r.t X, both G., R* now depend on .

Let E; denote the conditional expectation w.r.t the sigma-algebra generated by wj; ;- Let G.(—1) denote the extended

resolvent obtained after the removal of the (k + 1 + i)y, row and column in (®¢) T ®¢, except for the diagonal (k + 1 +
i), (k + 1 4 %) entry. Note that this corresponds to a finite-rank perturbation:

1
];(‘I’e)T‘I’e — ehprib] = biClii1pi); (157)
where b, denotes the (normalized) (k + 1 + i), row of (®¢) T ®° given by:

K2

BT = (@) (@) (158)

Analogously, let R’ (—i) be obtained by the removal of the (k + 1 + i)y, row and column in R, (except for the diagonal
(k+141),(k+1+1) entry).

Using the Woodbury-matrix identity, we have:

0

G. = Ge(—i) — Ge(—i) [e(k+1+i) bi] ([1 é:l + \I/)—l [3(k+1+i) bi]T

Ge(_i)v (159)

where ¥ = [€(51144) bi]T Ge(—1) [errts) i) € R*?
Lete; = E;E, [Tr(GeRy)] — Ei—1E, [Tr(GeRY)]. We express Tr(G.R},) as:

Tr(GeRy) = Tr(Ge(—i)RL(—1)) + A,
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where A arises from the low-rank projections.

To Apply Lemma B.5, it remains to bound the second moments of the residual terms A. It is easy to check that conditioned
on the high-probability events €,,, €, for any uniformly Lipschitz f : R? — R, f (%bi) is a uniformly Lipschitz map of
w;. Therefore, Lemma B.11 implies that ,/pb; is a Lipschitz-concentrated vector in the sense of Definition 9 in Couillet
and Liao [2022]. Therefore the generalized Hanson-Wright inequality implies that:

=072, (160)

Similarly, we obtain that the remaining entries of ¥ concentrate around their expectations. As a result, § decomposes into

quadratic forms in € 14), b; which can be bounded as 0« (%) Applying Lemma B.5 then completes the proof. O

b Ge(—i)b; — E [bJGe(—i)bi]

The proof of Lemma D.7 completes the proof of Proposition D.6 and thus bounds 7} in Equation (138) O

We now return to bounding the term 75 in Equation (138). Let ¢ be as defined in Lemma B.4 First, Proposition D.1 and
Lemmas B.4, B.8 imply that:

Tr(AGLR,) - Tr(AGLR) | < 0(—=). (161)

1
Vd
Therefore, we may replace 1, by 2}, at the cost of an error O (ﬁ)

Next, we apply the Sherman-Morrison formula to G. — G¥ to obtain

1 1
* o % _ - e/ e\ T px
E {Tr (AGQRM)] E {Tr(AGe Ru)} ol Fenprarer et (400507 R;,) (162)
By the cyclicity of trace, the second term can be expressed as the quadratic form (¢Z)TR;A¢Z
We start by noting that, Lemmas B.4 B.8 imply:
C
E@M@&ﬂgM@&MSthmmg? (163)
for some constant C'.
Therefore, using Lemmas B.3 and B.8, we obtain::
1 1 1A]
—— E |Tr(AG.R,)| - ————E |Tr(AGER =0 Iy, 164
gt [Te )] - e (e o es
We therefore obtain: .
E [Tr(AAM)} = o(ﬁ) (165)
The convexity of || then implies that
_ lylog d
E [Tr(AG,)] = E | Te{ (A(aR* + AI)~! }Jropo. 166
[1i(46)] = |Te{ (4 1} + oo, (166)
Next, we show that the averaging over x allows us to replace R* with >*:
Lemma D.8. There exists { € N such that almost surely over k:
Xu(k) = O(kY) (167)

Proof. Recall that Gj, doesn’t depend on x, while R}, depends on « only through scalars, c;(k,u;) for j = 1,2, 3. The
claim then directly follows using assumption 2.3. 0
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Since £, for ju € [n] are independent Gaussians, the above Lemma implies that the covariance €] mR“ )

can further by replaced by X* in proposition D.3 with additional error O(ﬁ).

It remains to show that Tr(G.A) concentrates around its expectation w.r.t X. This follows from a martingale argument
identical to the first part of the proof of Lemma D.7, with the role of R* being replaced by A. Then, we have the following
martingale decomposition:

Te(G.A) - E [Tr(G.A)] = zn: E,Tr(GeA) — E,_1Te(GA).

pn=1
Lete, =E,Tr(GeA) —E,_1Tr(G.A). We have:
E,(Tr(GeA) —E,—1Tr(G.A)) =E,(Tr(GeA) — Tr(GHA)) — E,—1(Tr(GeA) — Tr(GHA)) (168)

where G¥ denotes the resolvent with the y;, example removed. Next, exactly as in Lemma D.7, we apply the generalized
Hanson-Wright inequality to show that:

(Tr(GeA) = Te(GEA)) = 0<(=). (169)

1
p

Lemma B.5 for p = 4 and Markov’s inequality then imply that, with high-probability:

TH(G.A) = 5 [1(G.A)] + 0 (2], (170)

completing the proof of Proposition D.3

D.3 Second stage of Deterministic Equivalent (Averaging over W)

Substituting R}, from Proposition D.1, we obtain that X" in proposition D.3 posseses the following structure:

0O A5 (V.oWW Ttdiag(ve)))+aS.000",

where:
* (e *
Al =Eq [1 T x(z:k) 11("5)}
- E « o2(k O'*(K)C(](I{,uﬂ—)—r
T T (= k) [ox(R)co(k, ux)  co(k, tun)co(k, ug) T
* . (0% *
Al =Eg L (2 1) R21("5)}

and V', v,, S are defined as:

S=E l(f”»Q — Ex {(Cl(ﬁlﬂj—i);(lg uj)H ’



Yatin Dandi, Luca Pesce, Hugo Cui, Florent Krzakala, Yue M.Lu, Bruno Loureiro

with k ~ N(0, 1) throughout.

Note that A];, A3, are deterministic, while the terms dependent on 0, including § contribute finite-rank spikes. Therefore,
the bulk statistics of >* arise out of the term V. ©® WW.

To average-out the randomness over W in , it will be convenient to first extract a deterministic equivalent for the following
matrix:

M* = (VD o WW T + diag(v(?) — 21,)~* (172)
where V,, diag(v(9))., denote the extended block-structured matrices as per definition 4.3.

Additionally, to express xw (k) self-consistently in terms of V, v, we will require the following additional functional:
1/d*Tr(e; @ WM*W © e;) (173)

Lemma D.9 (Deterministic Equivalent for Block-Structured Wishart). Let C(z) € C¥** D(z) € C* be analytic mappings
such that C(z) : Ct — C~ and D(z) : C* — C~ entry-wise with ’Ci,j ,|D;| uniformly bounded by some constant
independent of (. Furthermore, suppose that D(z) is diagonal. Let C.(z), D. € CP*P denote the extended matrices as defined
in Definition 4.3. Let Rc p denote the block structured resolvent defined as:

def

Rep = ((Ce)® WO(WO)T + diag(D,) — zlp)_l. (174)

Define M*(C,, D.) as the diagonal matrix:
*

M (Cuy D) o= ding() (175)

where above, b*, m € R* are divided element-wise and b* satisfies the following self-consistent equation:

b*(C, D)y = w0y, B((C™" + diag(b*)) ™" + (diag(D) — 21,)) 4 (176)

a9’
for q € [p]. Then for any sequence of matrices A € CP*P:

Te{AM*} — Tr{ARC’D}‘ - o<(”A\/”gTr) (177)

Furthermore, the expression:
K;,(C,D) = l/d*Tr(eiQWM*W@ej) (178)

satisfies the following deterministic equivalence:

K" =9¢(C, D)+ 0<(—=)

€
Vd
where 1)(C, D) is defined as:

¥(C,D) =b"(C, D) = L(C, D) ® (b*(C, D)(b*(C, D)) ), (179)

with:
L(C,D) = ((0)*1 + diag(b*(C, D)))_ . (180)

Proof. The proof relies on the observation that due to the block structure in V, removing a coordinate in WW " results
in a finite rank perturbation to M*. We then proceed through a leave-one out argument similar to section D. The proof is
deferred to section F. O

In light of Lemma D.9, we obtain the following candidate for the deterministic equivalent to G, (2):

(%Z* —20), (181)
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where 3* is obtained by replacing (V¥ ®@ WW ' + diag(uéd)) + AI,) = (M*)~! by M*(V, diag(v)) L.

However, while obtaining M* (V, diag(r)) ~!, we averaged over the dependence on # = Ww* in addition to the remaining
components of W. This is undesirable since the dependence on 8 captures the correlations amongst blocks 32, Y21 in
the extended resolvent which will be relevant for the characterization of the generalization error. We obtain back this
dependence through in the following result:

Lemma D.10. Let M} = (VI o WW T + diag(uéd)) + AI,)~ L. Define:

* b* *

b
0 (Yool 2 N — (V=11 Jiaol* =1 (2 y (O T T

M§ = (dlag(wﬁ)e (V, +diag(d*))" o (WB)E(wﬁ)e ©00"), (182)

where 1)(Vy, vq) is as defined in Lemma D.9. For any sequence of matrices A € CP*P, possibly dependent on § = Ww*:

£ AL — 0 Al 1,
Te{(MFA)} = Tr{(MdA)} FOL(F ). (183)
Proof. To obtain back the dependence on 6, we write:

Mj=(VP oW, (W) + VP00 + diag(v!”) + AL,) ", (184)

where W = W — §(w*) T denotes the components of the weights upon the removal of the components # along w™*.

Next, note that ng) ©® 607 is a finite-rank perturbation along directions e, - - - , €* defined in Equation (13). Concretely,

let E € RP** denote the matrix with columns €', - - - €¥ and define Ey = 6 ® E. Then, Véd) ® 007 canbe expressed as:

VWD ©e0" = EyV4E, . (185)
Therefore, we apply the Woodbury matrix identity to obtain:
M* =M — MEy(V;*+ EJ MEg) *EgM (186)

, where M = (VY o (W, (W,)T) + diag(z/éd)) — 2I,)7" denotes the inverse upon the removal of components
alog 6. By the rotational invariance of wj, M asymptotically shares the deterministic equivalent for M* described in
Lemma D.9. Since M is independent of 0, and 0; are asymptotically distributed as N(0, é), E; M Ey in turn simplifies to
diag(b* (V, va)). We then replace the occurances of M with M*(Vy, v4) = £- to obtain:

B
diag( o ) — diag( o )eEg(V ;! + diag(b*)) ™! Ep diag( r ) (187)
iag(—) — diag(—). i iag(—)e-
&8\ 3 S 3 0V g g o dragl— 3
Subsequently, analogous to Equation (185), we have the following equivalent representation of the middle-block:
Eg(V ;' + diag(b*)) 1By = (V' + diag(b*));1 © 607 (188)
We thus obtain: " " "
M* ~ diag(—) — (V' + diag(b*)) ™' © (=)e(—). © 607 189
tng(5) = (Vi + diag6) ™! © (1)) © (189)
where ~ denotes deterministic equivalence in the sense of Equation (183), which follows from proposition D.9. O

We can finally claim the second level of deterministic equivalence, by replacing Sy (z) with a sequence of matrices
depending only on 8, u:
Proposition D.11. Consider the sequence of (random) resolvents defined by:

—1
9W(z>:<g2*—z1> , (190)
, and:
. AY =2l (A3 o0’
Se(2) ="y . A L . 191
< ( 00 A3 (- (V' +dina() 0067 L) (on
Then, for any sequence of deterministic matrices A:
G 1Al
Tr 2)A) —Tr(Ge(2)A)| =0 fr 192
(Sw()4) - T (500214 | = 011 (152)
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Proof. Applying Lemma B.3 twice, we obtain:

S (2) = Ge(2) = §9W<z><<M;>*1 — M%")5.(2)

%Sw(z)(M;)—l(M* ~ M )M G (2)

Z)H ge(z)

due to Lemma B.12. Therefore:

Tr(SW(z)A) — Tr(ge(z)A)’ < C—CQ

Applying Lemma D.10 then completes the proof. O

are bounded by ¢ while the norms of (M)~

()|

are bounded by constants

Te(Gw (2)M*) = Tr(Se(2) M)

(193)

D.4 Self-consistent Equation for x(x)
G(z) is almost identical to the desired equivalent matrix G, (z) in Theorem 4.5, except for y4() still being dimension-
dependent unknowns. We resolve this by utilizing D.3 to obtain a self-consistent equation for x (k)

Lemma D.12. Let 1), b* be as defined in Lemma D.9. Then, almost surely over k ~ N(0, 1), the following holds:

xa(k.2) = 3 Wy (Vi vaer (e, C)er (k, ) + S0 05((Viva) S 63, € +o<<\"””7>

7,9’ €[k] q€E[k] 0>2

Proof. We first recall that |R}||, = O<(k’) for some ¢ € N. Now, note that yq(k) = E {Tr(ge(z)R;)] involves

dependency on W in R}. Therefore, we cannot directly apply Proposition D.3 and must resort to Proposition D.3. we
have:

ol
xa(k) =E Ll) Tr(SW(z)R;)} + O<(ﬁ) (194)

We start by expressing Sy (2) through a Schur-complement decomposition:

Cw —CwQyy
= ~ 195
Sw(2) —QwCw Gw + QoCwQjy, (195)
, where: )
Gw = (V.o WW T tdiagvg + M\,)) +aS®00" — 2071, (196)

and Cy, Qw in Equation (195) contribute only finite-rank components of bounded operator norm. Since || R%||, = O (k"),

such components contribute (9(%) to E [% Tr{Sw (2) B3, (k) }] and can therefore be ignored. We're left with:

1 ~ .
];E [Tr{GWRm(m)H (197)
, which evaluates to:

E |:TI‘{(61(I<§, w)er (K, u)T) ® WWT)(VS OWW ' + diag (va) + )\Ip)_l}}

Ty

+E [Trq diag( ( Z ci(k, u)) (V.o WW T + diag (vg) + M,) —H‘)(l),
p
k>2

T>
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where we again supressed contributions from finite-rank terms. Since diag( < > k>2 ci(k, u)) is independent of W, by

Lemma D.9, T, simplifies to:

Zb (Va,va) ZC?(H,C;) (198)

qe k] £>2
While T can be decomposed into terms of the form Tr(ei OWM*W ® ej), which converge to ¢(V, v) by Lemma D.9.
O

D.5 Self-consistent equations for V*, D*

Using Lemma D.9, we obtain a deterministic equivalent G/, that doesn’t depend on the realizations of X, W. However, the
quantities Vg, Dy still depend on dimension d due to the dimension dependent definition of x4(x). While D.12 defines a
self-consistent equation for x(k), it remains an infinite-dimensional (functional) order parameter. Instead, we show that
we can directly construct dimension-independent self-consistent equations on Vy, vg:

Proposition D.13. For C, D € R¥¥, [et ;.5 be as defined in Theorem 4.5. Define:

k
+ =Y (0a(D c(m,w) (199)
R

Q\H

k
1
xc,p(kK) =3 E Vi, 5(C, D)y (ug, k)er (ug, &
1,7=1

1=

Then, V, D defined as:

V= | salu i)

satisfy:
Vig = B | -t —ei(ui, mes(ug, )| +0(52) (200)
i =E | ——————ci(ui, k)er(ug, & —
j 1 T XV’D(K/) 1 1 J < \/a
D;;=E Zc ui, k)| +0O (i) (201)
1+XVD k>2’“ v vz
Proof. Note that m is uniformly Lipschitz in k. Consider independent sample 1, - - - , &/, for some n’ & d. Then
sup |k;| = v/log d and:
E |t —er(u nen( Ly (s )es (g, ) + O<(—=). (202)
——a(u, k)a(uy, k)| = = ——c1(ui, k) (ug, K —).
1 +XV)D(I§J) 1 1 J n/ gt 1 +XVD K;Z) 1 1 J < \/&
Proposition D.13 then follows from Proposition D.11 and the self-consistent equation for x(x) in Lemma D.12. 0

Next, we show that the above fixed point equations are contractive, allowing us to translate approximate satisfiability to
distance of Vy, Dy from the unique fixed points satisfied by V*, D* defined in Theorem 4.5:

Lemma D.14. Let z € C*. Define 8(z) as the set of C, D € cF* xc* satisfying:

. b*(C,D) € C*.
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Then, there exists C' > 0 such that for ( = Im(z) > C, the fixed point iteration defined in Proposition D.13 i.e:

F:c "ot 5o ot

@ @
F(C,D)=E | — ¢ (u, k)1 (u,5) " | |\ B | ———M— A(u, k)|,
( ) ]-+XV,D(H) 1( ) 1( ) ]-+XC,D(K:)’;2 k( )
is contractive in 8(z), i.e for any C, D:
||F(ClaDl)_F(027D2)|| S ||(OlaD1)_(027D2)|| (203)

Proof. From the definition of x(k), we directly obtain that for any C, D such that |b| < ﬁ%
[X(%,b1) = x(, b2)| < C1[lbr — ba| + Cob|[|Cy, Dy — Ca, Dy | (204)

The restriction |b;(2)| < 3¢ therefore implies that Ixe,p(k)| < % for some K > 0. Now, since:

1
S , 205
T xvn(m) | = Ixv,p(K) (205)
for small enough |XV, p(K)|, we obtain the following entry-wise upper -bound for any-feasible solution of C, D:
IC| < K',|D| < K, (206)
for some K’ > 0. This ensures that the boundedness condition on C, D in Lemma D.9 applies.
Recall the definition of b*(C, D) :
b*(C, D) = m,,B((C™" + diag(b)) ™" + (diag(D) — 21,)),, (207)
Subsequently, we may apply Lemma B.3 to obtain: (See also Lemma F.1 in the proof of Lemma D.9)
K//
|6(Cy, D1) = b(Ca, Dy)|| < CﬁHCl,Dl — Co, Dy, (208)
, for some constant K" > 0 Combining the above with 209 yields:
K///
|x(r, C1, D1) — x(k, Ca, Da)| < c |C1, D1 — Ca, D] (209)
, for some constant K" > 0.
O

D.6 Proof of Theorem 4.5

Lemma D.14 and the Banach-fixed point theorem imply that F'(C, D) admit unique fixed points V*(z), v*(z) for { > C
and that:

Va(z) — V*(2), va(z) == (2) (210)

Next, we note that from Proposition D.11, for each ¢ € [k], b*(z), can be expressed as:

T 2
(g =Y (ji_ei)_ + OA%)- (211)
i=1 ¢

Theorem 4.5 then follows by noting that by the standard properties of Stieltjes transforms Bai and Zhou [2008],
b*(z), V*(2),v*(z) admit unique analytic-continuations to C/R™.
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E Generalization Error

Having obtained the full-deterministic equivalent in Theorem 4.5, we now show how it can be exploited to yield the
asymptotic generalization error after a gradient step.

We will proceed as follows:

« Use the covariance approximation in Proposition D.1 to identify certain “statistics” involving the resolvent that
characterize the asymptotic generalization error.

- Relate these statistics to projections of the extendent resolvent onto certain deterministic matrices. Introduce
perturbation terms to extract more complicated functionals.

« Replace these statistics with the corresponding quantities obtained through the deterministic equivalent G., and
where necessary average over 6 to obtain the asymptotic generalization as a function of the parameters V*, v*, b* in
Theorem 4.5.

E.1 Order Parameters for Generalization Error

We start by using the covariance approximation D.1 to simplify the expression for the generalization error with an arbitrary
fixed choice of ¢ € R?

LemmaE.1. Leta € R be a fixed vector such that ||a||//p = O(1) and lete',- - -, e* denote the “spike” directions defined
in Equation (13). Define fori € [k]:

T T * T T
def @' €; defa' e; ®w defa COWW ' a
4 def @€ d def @i ©w T L L , (212)

T . = R T = ,
0}7, \/ﬁ 1,7, \/23 p p

where C = E [c1(k,u)er (k,u) "] and D; j = E,, {Zkzz ci(k, uj)] Then, the generalization error can be expressed as:

2

k
E[eg] :E 0*(8) _ZCO(H7uj)TO,j —ch(lﬁ:,’u]‘)lﬁ’ﬁy]’) +’7'3
=1 j=1
! ! (213)

k k
—E | almu)ng)® + Qalku)m,)?| +m+0<(d?).
j=1 j=1
Proof. The prediction at a point « under the simplified updated weights is given by:

k
fla,W,a) =Y 10,0} +a ¢, (214)

Jj=1

The generalization error is then given by:
E [eg(a)] = E [[04(s) = (2, W, 0]

E [eg] can be equivalent expressed through the following quadratic form applied to the extended features qﬁi:
E [eg(a)] = E [(65) Tuau] o5

=E [Tr (uauI¢Z(¢Z)T)]

where u, = [1, —79,a] € RPT*+1 By Proposition D.1, we have:
polylog d

Vd

Expanding each of the terms in R} then yields Equation (213). O

E {Tr(uauz i(qSZ)T)} =E {Tr(uauaTRZ)} + 0O ). (215)
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E.2 Extended Resolvent to Generalization Error

From Lemma E.1, we note that obtaining the limiting generalization error requires characterizing the functionals
7., 7, -+ when @ is set as the ridge-regression estimator:

2
a) = argmin Z (yi - f(zi; a, Wl)) + )\||a\|§

p
ack i€[n]

- (<I>T<I> + )\In)

1
oy. (216)

To extract these relevant functionals, we introduce certain perturbation terms in the extended resolvent.
-1
Gelprp2) & ((99)7(@) + AT+ p1 L+ p2D') € RIHDX0HD), (217)

where the matrices D', L € R(P+1)x(P+1) are given by:

L =

Op+1,6+1 Or+1,p / Ors1,6+1 Oggr
’ : ; D' = ’ 7 218
Opin COWWT Opus1 D (218)

with C = E [c1(k,u)c1(k,u) | and D; ; = E, [Z}pz ci(k, uj)} We will demonstrate that the introduction of the
perturbation terms L, D’ allows extraction of all the re?levant functionals in Lemma E.1.
Proposition E.2. Let ay denote the ridge-regression minimizer with regularization A > 0 i.e:
2
a, = argmin (yZ — f(zy; a, Wl)) + Nlal|?

ackr i€[n]

— (<1>T<1> + )\In)

1
oy. (219)

Let é(pl, p2) denote the resolvent of the “bulk" component i.e:
G(p1,p2) = (607 + Al,) 7" (220)

Consider the following Schur-complement decomposition of G..:

C —-CcQT
Ge(p1,p2) = e PQ , (221)
where .
P =G(p1,p2) +QCQT, (222)
Q = G(p1,p2)S21/p, (223)
where Y15 = ® [y @] with y d:ef[yl, vyt @ d:ef[d_Jl, 2, ..., [gﬁ"], and
N 171 7 P S AR -/ T B W s e P&
Let 79, T1;, T24, T3 be as defined in Lemma E.1, then:
. _ _ 1 . _
To = (C 1)01((0 1)11 + /\(1 — ];dlag(ﬂ'u))) 1 (225)
. ; 1 T
fy=00e)"Q {%o} * O(%) (226)
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0 1 0
A:l—*—[cfl} ARG 227
T P [ O A PR @27
and
fa=[1 —1g] 2 [(C)*l} [ L ] + O(ﬁ). (228)
0p2 p=0 | ~T0 p
, where O(7) denotes error bounded as C||7y|| for some constant C' > 0.
Proof. We decompose @y into projections along e!, - - - , ¥ and the orthogonal complement, denoted as @ = (I — II)a,
where II denotes the projection operator along e, - - - , €.
The ridge-regression objective can be re-expressed as:
n 9 1 2 )
N\ . T ~T7 ~
R(19,a) = mrgﬂ&l,a 2 (yu —¢,T0—a ¢u) + )\Hﬁ 1ol + Allal”, (229)

where - denotes element-wise multiplication by 7 € R¥, accounting for the variability in the number of entries with value

¢y for g € [k].

The optimality condition can similarly be expressed in terms of 79, . Differentiating the objective in Eq. (229) w.r.t 7
yields:

To = (Z (lguyu - Z éuélé&uyu)(z QE;L(EI - Z quqgué(lgu(lgu + )\diag(w))_l.
n

v Iz Hov

Similarly, differentiating w.r.t a, we obtain:

Z (Z_S;L(Z_SITO + Adiag (1/71—)7—0 = Zu (Z);Ly,u - ZM QZ)MQZ)#(NI (230)
I
Simplifying, we obtain that orthogonal component of the minimizer a is given by:
i=GY " buly— ,m0), (231)
“w
where G is defined as before: et o
G= Qo 0u(d) + A0 (232)
“w
Therefore, we obtain:
- 1
a=0aQ [%J , (233)
Isolating the contributions from the projections along e', - - - , e¥ in 71, i, we obtain:

T * ~T * A
a e Ow a e Ow T
= +O(—~

VP VP VP

)

Comparing the above with Equation (224), we obtain Equation (225).

The expressions for 74;, 73 then follow directly from the expressions for 8%1 ()] p—0” 6%2 [(C)71] p=0 O

E.3 Deterministic Equivalent for the perturbed Resolvent

Note that the relations established in Proposition E.2 still involve the full high-dimensional matrices X, W. Our goal now
will be to use the deterministic equivalence we established earlier to obtain deterministic limits for each of the quantities.

We begin by incorporating the perturbation terms into our deterministic equivalence. Fortunately, this simply corresponds
to rescaling certain terms by constants, as we explain below:
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Theorem E.3. Let V* € CF*¥ v* ¢ CF b* € CF be uniquely defined through the following conditions:

o V*, v* b* satisfy the following set of self-consistent equations:

Ve () = E. aC1(n, CHei(r, Gr) + p1+ pixviap

L+ xv,dp (k)
2 u
ac@("<‘-’7Cq) 2
vi(z) =E, — + o (K, ¢ .y
a?) §1+Xv,d,b(“) é 1 G)

by(2) = mgB((V*) ™" + diag(b*) + (diag(v*) — 21,))

where k ~ N(0,1) (ce(~s,())e>o are defined in 4.2 and where & ~ N(0,1), (c¢(£,))eso are defined in 4.2 and
(x(z; k), L(2)) read as follows:

Bx(zik) = > hgger(r,CMer(r, Co)+ Y by (k. ¢,
4,9’ €[k] q€lk] €22

Lz) = (Vi) + diag(b*(z))>_l,

where 1)(z) € R¥** is defined as:

(234)

« V*,v*,b* are analytic mappings satisfying V;*; : C*t — C™ fori,j € [k],v} : Ct — C~ fori € [k], b* : C?‘ — C*
fori € [k].

by ()| < 2.

Define G (z, p1, p2) € RPTDX (1) g

Afy — 2l (A3)" @07

9e(2) = 190 a3, Apy+aS: @007 (235)

)

where A7, Al,, Sc are identical to Theorem 4.5.

Then, for any z € C/R* and sequence of deterministic matrices A € CP+1)*P+1) with || A, = Tr((AA*)1/2) uniformly
bounded in d:
TH(AG. (2. p1.p2)) ~5s Tr(AGe (2. pr. ). (236)

Proof. We observe that the introduction of perturbation terms p;, p2 simply amounts to shifting V*, v* by constants. To
see this, first note that the perturbation matrices C ©® WW T, D do not depend on X. Therefore the proof of Proposition
D.3 applies to G.(z, p1, p2) with the only modification being the inclusion of L, D’ along with —zI as constant terms.
Subsequently, in the second stage, the structure of L, D’ allows them to be directly absorbed into the component M*
with changes upto constants in V, v4. O

As a direct corollary, we obtain the deterministic equivalents of the Schur-complement Representations in the following
sense:

Corollary E.4. Let G.(p1, p2) denote the deterministic equivalent for the perturbed resolvent as per Theorem E.3 with z set
as — . Define the following block-matrix representations for G., Ge:

—CQT

Ge(p17p2) = _gc P (237)
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C —eQ’
9e(/)17P2) —|=Qe P ‘| (238)
Then: 1
C=C+04(——), 239
Furthermore, for any fixed € RP~F with ||| = O(1):
Qr = 0r+0.(—), (240)

Vd

Proof. The above equivalences follow from Theorem 4.5 by setting A as matrices acting on the individual blocks of
G (¢, p). Concretely, to obtain C; ; we set A as the matrix with 4; ; = 1 and 0 otherwise. O

We derive the resulting expressions for €, Q below for subsequent usage:
Lemma E.5. Consider the Schur-decomposition of the equivalent resolvent G, (with z = —\) defined by Equation (238) and
let 1), S be as defined in Theorem E.3. The matrices C, Q satisfy:

_ % % — — * 1
Cl = A 4+ Miy1 — (A3) () '+ a8) 1A% + 0<(—)
VP
* T

Q= ((diag(i—ﬁ)e — — (diag(b*) — ¥(Vg,v4))e © %g Y4 aS. @007 oo A%, + (L(L), (241)
VP

where in the expression for C, we’ve further averaged over 0.

Proof. Throughout, we shall use the following simplification:

(" ©0)(e! ©0) =Tdi—; + OJ%) (242)

, which follows from the definition of e, 7 and ; being independent sub-Gaussian random variables.

By Theorem E.3 and the definition of €, we have:

€ =A% + M
b* - 0607 _, T aa
5)e — o5 (diag(t) = p(Va,va)e © —— )71+ @S ©007) 710 © A3,

™

— (43))" © 0" ((diag(

T

5

To simplify the above expression, we apply the matrix-Woodbury identity to the term 7'. We first recognize from the
definition of ¢ in Equation (179) that the following relation holds:
b b 1 00"

25)(Gp)e @097 = Z(diag(b?) — b (Vava))e © (243)

(Vi + ding(5) ™! © (25)el

Further, noting that a.S. ® 60" corresponds to a finite-rank perturbation EyS. E, along with additional simplifications
by Equation (242), we obtain:
T = (A3)" @67 ((ding( ). — = (diag(s* V. QQTH Aj
=(A3) o0 (( 1ag(7r5)e - ﬂQ( iag(b*) —¥(Va,va))e © - )0 © A3y

(A5 TH((08) "t + ) Al + M%)
— (A3) T YA — (A5)TO((S) ! + ) LA, + O

)

E
Vd
— (A3) T ((@S) + 1) AS, + m(%
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Next, for Q, the expression follows by direction substitution. Recall from Proposition E.2, that Q = G (p1, p2)X21/p.
From the structure of G(p1, p2) in Theorem E.3, we obtain that the corresponding matrix Q, in the equivalent §(p1, p2) is
similarly given by:

. T
((diag(?)e — =3 (diag(b*) — ¥ (Va, va))e © g% Y1t aS. 0007100 As,. (244)

O

E.4 Extracting order-parameters through the deterministic equivalent

Armed with the deterministic equivalent for the perturbed resolvent (Theorem E.3), it remains to justify and extract the
quantities 7, 71, T2, T3.

Lemma E.6. Let C~', G~ denote the corresponding blocks of G and G respectively. Then, w.h.p as d — 0o

aam (C_1>p=0 - 82 (e_l)pzo + O<(d11/4) (245)

i ()= 2 ()00

Proof. We have:

2
et

Recall that |G|, < % and |[WWT|| = O<(1) by Lemma B.4. By the submultiplicity of operator norms, we have that

STEWWTPCR [y @] + ]1)

g}} STGWWHGWW [y 4.  (247)

normaa—;2 (c=1) cis uniformly bounded in ¢, d with high-probability as d — co. Therefore, applying the mean-value-
theorem entry-wise to C~! and C ! yields that for any ¢ > 0:

0 (1) _ (CTHO-C7H0)
pe (C )g:o - : + K¢, (248)
and
9 (o1 (€' —c71(0)
— = K 249
5 (e )420 ; + K¢, (249)
for some constant K > 0.
Combining the above with the bounds from Corollary E.4 yields:
0 0 1 1
— (™! =_—(e! K(+-0<(— 250
op1 ( )p=0 Ip ( )p=0+ C+P « d) (250)
Therefore, setting { = dl% yields:
0 1 0 1 1
o (c )p:o =5 (e )p:0+o<(d1/4) (251)
O

E.5 Proof of Theorem 4.7

The proof of Theorem 4.7 follows directly from Lemma E.1 combined with the next result, which defines the parameters
70,71, T2, 73 using the fixed point parameters V*, v*:
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Proposition E.7. Let ) = argmin Y (yi — f(z;; a, Wl)) + M|al||3 denote the ridge-regression estimator after a
a€R?  je[n]

gradient update to the first layer. Let 7y, 71, T2, 73 be defined as in E.1 witha = ay and let C*(V*,v*),4(V*,v*) be functions
of V*,v* defined in Theorems 4.5, Lemma D.9 with z set as —\ and let S € R¥*¥ be as defined in Theorem 4.5. Then, with
V*,v* being the unique solutions to the fixed-point equations defined in Theorem 4.7.

. _ _ 1., _ 1
70 = (€ o1 (€™ + A1 - » diag(m,))) ™" + O<(ﬁ) (252)
1
(71) = ()" + aS) A3 o L OL(2) (253)
1 21 : =< \/3
=70,k
0 1 1
B=[1 —F] — [(©)7" |+ 0<(—= 254
n=[l ~n] 5 -|© L_O[_ 0]+ () (254)
and
0 1 1
f=[1 —F] — [(©)7" L+ O0<(—= 255
n=[l n] 5 |© L_O[_ 0]+ () (255)
where:
C7h = Ay + Mia — (45) T (¥) " + a8) 7145, (256)
and Aél € RF>**+1 s defined analogous to A%, in Theorem 4.5 but withuy, - - - ,u, replaced by (i, - -+ ,(* i.e:
Cl(livgu)
A5, = aE, | ——22— kT j 2
5100, = aEx 1+X(z;/<;)m ]7V]€[k?] (257)

Proof. For 73, the result follows directly from Proposition E.2, Corollary E.4 and Lemma E.5. This further implies that 7
has entries O(1).

Therefore, we may again apply Proposition E.2 to obtain:

=1 -] 8%1 [(c)fl]pzo [_*;0] + O(%) (258)
and
Fy=[1 —7¢] a% {(C)—l}pzo [_1%0] + O(%). (259)

The expressions for 7o, 73 in Equations (254),(258) are then direct consequences of Corollary E.4, Lemma E.5 and Lemma
E.6 (to justify differentiating through the deterministic equivalent). It remains to obtain the resulting expression for 7.
Applying Proposition E.2, and using 7y = O(1), we obtain:

ny=ode| Lol (260)

Next, applying Lemma E.5 and Corollary E.4 with r = (6 ® €’) yields:

* T
F;=(00 €j)T((diag(7%)e - %(diag(b*) — (Vi va))e © gg Yl aS. 000706 A3, (261)

Subsequently, analogous to the derivation of € in Lemma E.5, we simplify the above expression using the Woodbury
identity to obtain Equation (253). 0
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F Proofs of auxilary results

F.1 Proof of Lemma D.9

We proceed using the leave-one out argument for the Wishart spectrum. Let W_; denote the weight matrix with the 4y,
column removed and define:
Ey, =w; O leq, - ,ex] € RPXE, (262)

Then:
C.oWW' =C,oW_ W', +C. 0 ww,. (263)

Similar to the term V, ® 00" term in Section D.3, we observe that C,, ® w;w, is a rank k matrix generated through the
vectors e, - - , €k:

C. ®wyw; = E,,,CE,,, (264)
The Woodbury matrix identity yields:
R=R_;—R B, ((C)" + Ej R E,) 'Ey R, (265)
where:
R_; = (Co® W_ W], + (diag(D). — z1,)) ™" (266)
We substitute the above into the relation:
R(C.© WW T + (diag(D). — 21I,)) = I (267)
to obtain: .
> R_E,,CE,, —Y R_iEy,((C)"" + Buw) 'B,CE,, + R(diag(D). — 2I,) = I (268)
i=1 i=1
Therefore, we obtain:
d
dRE [EwCEJ ] ~ > " R_iBy,(C™' + By) ' BnCE], + R(diag(D). — 2I,) = I + A (269)

i=1
where A includes error terms and B,,, is an k x k matrix given by:
Bu =E|[ELR-Ey]. (270)

Bounding the error terms exactly as in Proposition D.3, we obtain that contributions from § are of order O «( H%T')

Now, since (C~ + B,,)"!'B,, = I — (C~! + B,,)'(C)~!,we obtain:

1Al g,

dRE,,((C)~' + By,) 'E,, + R(diag D, — zI,,) = I + O( i

).

which leads to the following deterministic equivalent for R(C, D):
R = (M + (diag D. — zI,))" ", (271)
where:

M = dE [Ew(C_l + B, BT, (272)

To obtain the deterministic equivalent, it remains to next derive a self-consistent equation for the matrix B,, itself.
Substituting Equation (272) into Equation (270) we obtain that B,, is diagonal with entries satisfying

by = Byq = mB(((C) ™! + diag(b)) " + (diag(D) — 21,)) 4, (273)
for ¢ € [p].

Lastly, it remains to establish the uniqueness of the fixed points of b,:
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Lemma F.1. Let F}, : Ct — C* denote the mapping:

F(b)q = maB(((C)™" + diag(b)) ™" + (diag(D) — 21,))g 4, (274)
for g € [k]. Then for large enough ¢ and C, D with entries in C™ satisfying |C|;; < K for some constant K independent of ¢
: / K,

|F@®) = FO)f], < 1l =l (275)
, for b, ' satisfying [b] , < ¢ and some constant K > 0.

Proof. Lemma B.3 and Lemma B.12 along with the bounds on b, C, D imply:

K _ . _ _ . _
[P0~ PO, < F ()7 +dig@) ™ = ((0) + ding(8) (276)
for some constant K; > 0. Again applying Lemma B.3 and using the bounds on entries of C' yields:
Ko
IF®) = FO)l, < Z [ - b, (277)
O

The control of all the error terms and concentration bounds follows ezactly as in Proposition D.3

F.2 Equivalence between gradient update and the spiked random feature model

In this section, we discuss the regime ng = agd for some constant «y. In this regime, we show that the “bulk” in the
gradient update possesses a non-isotropic component.

The starting point is the following relationship between the initial weight matrix W° and the new version W! after one
gradient step:
Wt =w?+ (np)G, (278)

where G is the gradient matrix constructed as

1
G=——
n./p

where X is an d X ng matrix whose columns are the data vectors in the first batch, {y; } ic[n] aTe the corresponding labels,
and o’ (-) is the derivative of the student activation function.

diag{ai, . ..a,} o' (W°X) diag{y, ... Lyt X T (279)

Consider the Hermite expansion of o:
o(x) = co + crhi(x) + caha(@) + ... (280)

We can then write
o'(z) =1 + 0Ly (2), (281)

where
oLy (2) 3" Ve hia (). (282)

k>2

Using the decomposition in (281), we can rewrite the weight matrix W* as

wl=w?+ % diag{./pai, ... \/ﬁap}agl(WoX) diag{y1, ..., yn} X7 4uv ', (283)

w

where u = c1ciny/pa and v = %X y/no, where ¢7 denotes the first Hermite coefficient of the target activation g. Next,

we examine I, which is the “bulk” of the weight matrix W1 after one gradient step.
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Observe that, conditioned on X and y, the rows of W are independent centered random vectors. For i € [n], the ith row
of W, denoted by b; € R is

n(v/Dai)

- X diag {yl,...,yn}J;I(XTwi). (284)
0

b; = w; +

Proposition F.2. Let E,,, || denote the conditional expectation with respect to w;, with X, {yj }jE[no] and a; kept fixed.
Then

22 ;
0
2 2,2 2
1 . 6csn” (y/pas)
+20%¢5(v/pai)® (nX diag {y1,- .- ,yno}XT> + %XZJZFXT (285)
0

1 .
() s (& vt 2}

where A € R4*? js small error term such that

1A, < d™/2. (286)

Proof. From (284),

n(y/pai)

E.,, [bibj } ~E,. [wiw: } n
no

X diag{y1,- -, Yng} Eu, [agl(XTwi)wﬂ —%—(*)T

(*) (287)

2 2
n ( pai) . .
+ 7\7/1; X diag {y1,- -, Yno | Euw, [ng(XTwi)(agl(XTwi))T} diag {y1, .. Yng } X .
0

By symmetry, it is straightforward to check that E,,,, [wle } = I/d. To compute the last three terms on the right-hand
side of the above equation, we first make the simplifying assumptions that w; ~ N(0, I /d) and that each column of Z has
a fixed norm equal to v/d. Note that these assumptions are asymptotically accurate as d — oo. For finite d, we can absorb
the errors introduced by these assumptions into the error matrix A. Under the above assumptions, it is easy to check that:

2
Ey, |0l (X Tw)u]| = %X T (288)
and
/ T / T T 23 7 6c3 .7 1,3 X
E,, {a>1(x wi) (ol (X Tw;)) ] = Z2XTX + 2207+ [ Yk} | I+ A, (289)
k>3
where Hﬁ ~< d~'/2. Substituting these estimates into (287) gives us (285), with
op
1 . <

A= 772(\/]3a1—)2(d/n0) <n0X diag {y1,...,yn} Adiag{y1,...,yn} XT) . (290)

Let us further evaluate the trace of the expression (285) in the setting of Cui et al. [2024], for odd activations (implying in
particular p2 = 0), and uniform initializations Vi, ,/pa; = 1. Since

d
1 1 . 2 2 T 1 T )22
dﬁ[noxmag v} x } = E;Ezww,m[g(w* z)";]

d
1
=3 Z (2wz'*]Ez~N(o,Id)[g(wjl‘)gl(ij)%] + ]Ez~N(O,Id)[g(w:Z)2])
i=1

=< Eeonio,)[9(€)?] (291)
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Thus,
1 1
o1 [Ewl [b bTH =1+ (D K |n *ng\r(o nlg(€)? =1+ ]E§~N(o,1)[0;1(5)2]772;013@3«(0,1), (292)
k>3
which corresponds to the term c in Cui et al. [2024] up to conventions. O

F.3 Proof of Lemma B.14

Proof. We start by rewriting g = z + w’(s — 2 ' w’), where s ~ N(0, 1) and z ~ N(0, I) are independent. It follows that

fi(w) g) fa(wg g)g"w' = sy (wlTZ + (w] w')(s — 2 w") fo(wy 2+ (wy w')(s — 2" w')) (293)
= sfi(w) 2) fa(wg 2) + sfr(w] )f2(w2 @) (wg w')(s =z w) (294)
+sfa(wy 2) fi(w) @) (w) w')(s — 2" w') + 0 (d7). (295)

Taking expectation, and applying Lemma B.13, we get (42). The estimate in (43) can be treated similarly. Note that

fi(w] ) f2(wg 9)(07 9)* = s> f1(w z) fo(wg 2) + O (d~/?), (296)

which immediately leads to (43). O



