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Abstract—The Johnson-type upper bound on the maximum w if every codeword inC has weightw, and is said to
size of a code of lengthn, distanced = 2w — 1 and constant  have constant composition if every codeword inC has
composition w is Lw—lJ, where w is the total weight and w1 is  compositionw. Hence, every constant-composition code is
the largest component ofw. Recently, Cheeet al. proved that a constant-weight code. In this paper, attention is resttic

thiz uppfer bf‘?,“',“d ?ar; be ?Chie‘r’fd EOVU\?” ?or;séant-hcompos”mh to constant-composition codes. For constant-weight godes
codes of sufficiently large lengths. LetN,..(w) be the smallest

such length. The determination of N...(w) is trivial for binary interested readers are referr_ed i0][33].
codes. This paper provides a lower bound onN...(w), which A g-ary code of length, distanced, and constant compo-

is shown to be tight for all ternary and quaternary codes by sitionw is denoted ar{n, d, @),-code. The maximum size of
giving several new combinatorial constructions. Consequ#ly, an (n,d,w),-code is denotedi,(n,d,w), and an(n, d,w),-
by refining method, we determine the values OWCCC(@) forall  ode attaining the maximum size is said to bptimal
g-ary constant-composition codes such tha8w; > w with a few In an (n,d,w),-code, reordering the components @f or
ossible exceptions. LV a ’ 2 .
P P deleting zero components @ will not affect the distance
|. INTRODUCTION and composition properties. H_e_nce, through out this paper,
N when we talk about a compositian = [w,ws ..., we—1],
Constant-composition codes have attracted a lot attentigig always assume that all components are positive and listed
[1]-[21] in recent years due to their vast applications,hsuGn non-increasing order, that is;; > wo > --- > wy_1 > 1.
as in determining the zero error decision feedback capacityr succinctness, define the total weight= S wy
. P . ) i= .
of discrete memoryless channels [[22]. [[23], multiple-asce The Johnson-type bound of Svanstrom for ternary constant-

communications([24],[[25], spherical codes for modulatiogomposition codes 1] could be easily extends to the folhgi
[26], DNA codes [27], [[28], powerline communications [29]see also[[4]).

[30], and frequency hoppin@I[4]. N
Although constant-composition codes have been used sifig@Position 1. (Johnson Bound):
the early 1980s to bound error and erasure probabilities iny
decision feedback channels [31], their systematic study on
began in late 1990s with Svanstrom [32]. Nowadays, the {ﬂAq(n 1,d, [w; — 1,w2,___,wq1]])J _
problem of determining the maximum size of a constant- w1
composition code constitutes a central problem in theidystu Definition 1. A compositionw = [wi, ..., w,] is arefine-
due to their close relations to combinatorial design thé®Fy mentof 7 = [vi,...,vy] if there exist pairwise disjoint
(5], [7], [O1, [10], [14]-[17], [19], [20]. sets Sy,...,5y C I, satisfyingUjer,S; = I, such that
For integersn < n, the set of integer§m,m +1,...,n} Zies- w; = v; for eachj € I,,.
is denoted byl,, ,. Whenm = 1, the setl;, is further !
abbreviated td,,. If m > n, thenl,, ,, is defined to be empty.
The ringZ/nZ is denoted byZ,,. For finite setsk and X, RX  Lemma 1. If w is a refinement ofs, then Aq(md7 w) >
denotes the set of vectors of leng#|, where each componentA, (n, d, 7).
of a vectoru € RX has value inR and is indexed by an . )
element of X, that is,u = (uz)scx, andu, € R for each In [2], Cheeet al. show th_at.Aq(p,.d,w) = O(n). if and only
r e X, if d>2w—1.Ford > 2w, itis trivial to determine values of
Ay(n,d,w). Ford = 2w — 1, the knowledge of4,(n, d, W)
is limited. By PropositiorL11,

g d, [wi,wa .., we1]) <

Chu et al. [4] made the following observation.

A g-ary code of length is a setC C Zf, for someX of
sizen. The elements of are calleccodewordsThesupportof
a vectoru € Zy is supp(u) = {z € X : u, # 0}. The Ham-
ming weighbf a vectoru € Z is defined agul| = [supp(u)|.
The distance induced by this weight is tHamming distance B
denoted byl (-, ), so thatdy (u,v) = [lu—v], for u,v € ZX. fo7rlall w. Whenq = 2, we know thatAs(n, 2w — 1, [[wll])_:

A codeC is said to havelistanced if dy(u,v) > d for all Lw—lJ, trivially. When ¢ = 3, the values ofds(n, 2w — 1,w)
distinctu,v € C. The compositionof a vectoru € Z is the has been completely determined by Svanstrémal. [3].
tuplew = [wi,...,we—1], wherew; = [{x € X : u; = i}|, Besides this, the following asymptotic statement was piove
i € Zg \ {0}. A codeC is said to haveconstant weight in [2].

Ay(n, 2w —1,W) < {ﬂJ

w1
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Theorem 1 (Cheeet al. [2]). Letw = Jwq,ws. .., wy—1]-
ThenA,(n,2w — 1,W) = Lij for all sufficiently largen.
wq

A. Problem Status and Contribution

In Theorem[]L, the hypothesis thatis sufficiently large
must be satisfied. But how large mustbe? More precisely,
for a compositiorw = Jwq, ws ..., we—1], define

Nccc (m)

=min{ne € N: 4;(n,2w — 1,w) = {EJ for all n > ng}.
w1

For binary codes, it is trivial thal,..(Jw:]) = 1. Explicit
bounds onN...(w) for generalw were given in[[2].

Proposition 2. For any compositiono, we have
w2 - wl(w - 1) < Nc(:c(m) < 4w1(w — 1)2 + 1.

The upper and lower bounds dW...(@) in Propositior 2
differ approximately by a factor offw;. Our interest in
this paper is in determining the values &f...(w) for all

possible compositiongs. In fact, a stronger lower bound
of N...(w) is established in SectionlIl, and proved to be

tight for ternary constant-composition codes. Sectlofisuid

[VIserve to prove our new lower bound df...(w) is also
tight for quaternary constant-composition codes. Findily

refining and lengthening techniques, we determine the salue

of N...(w) for all w provided thatdw; > w. We summarize
our main results as below.

Main Theorem 1. Given a compositionr with at least two
components. Lek = [%] and s = Aw; — w. Then

25
)\J'
Equality holds for all w provided that 3w; > w,
and w is not a refinement of any composition
{[4,4,2],[4,3,3],[5,5,3],[5,4,4] }

II. LOWER BOUNDS

In this section, we prove the lower bound d%...(w) in
Main Theoren{Il. Cheet al. [2] showed that the following
two conditions are necessary and sufficient farary codeC
of constant weightv to have distanc@w — 1:

(C1) for any distinctu,v € C, |[supp(u) N supp(v)| < 1,

and

(C2) for any distinctu,v € C, if z € supp(u) Nsupp(v),

thenu, # v,.

Nccc(m) > )\(A - 1)10% — 2()\ — 1)5’[1)1 —+ wyp — L

two conditions, which have been used if [2] to obtain t
lower bound in Propositiohl 2.

LetC = {u™,...,ull} be an(n, 2w — 1,@),-code. Then,
C can be regarded as a6| x n matrix C, whoseith row

is u¥, i € Ij¢|. Let N; be the number of nonzero entries in

column: of C. Then,

>N =[Clw.

i€l,

1)

In each column ofC, we associate each pair of distinct
nonzero entries with the pair of rows that contain thesdestr
There are(lgi) such pairs of nonzero entries in colurhaf C.
Therefore, there arg ", (%) such pairs in all columns of
C. Since there are no pairs of distinct codewordg iwhose
support intersect in two elements, the,.,; (%) pairs of
rows associated with the.,, () pairs of distinct nonzero
entries are also all distinct. Hence,

(2)=(5)
> (7)< ().
= 2 2
We will use Eq. [2) to obtain our lower bound 0¥,...(w).
Given a compositionw, let A := [i=] and s := Aw; — w.
Hence,\ > 2 (sinceq > 3) and0 < s < wy.

We first deal with the case whem;|n. Let n = Muw,
and |C| = M. It is easy to show that the left hand side of
Eq. @), ;c;, () achieves the minimum value when a}
have almost the same values, thatA§, equalsA or A — 1,

1 € I, by Eq. [1). Assume that there arecolumns such that
N; =X — 1. Then by Eq.[{lL),

)

Mw = A(Mw; —z) + (A= 1)z.
Hencer = A\Mw; — Mw = Ms. By Eq. [2), we have

(;)(Mwl — Ms) + <’\2 1)Ms < (24)

which yields thatM > A(A — 1)w; — 2(A — 1)s + 1. Hence,
n > A\ = Dw? —2(\ — 1)sw; + w.

Next, suppose thdt| = A\(A — 1)w; —2(A —1)s andn =
|Clwy + 7, wherel < r < w;. We need to find the smallest
integerr such that Eqs[{1) andl(2) both hold. By doing the
same steps as the case whern, we deduce thax(A—1)r >

S LQSJ
r=-wy — |—|.
A

Hence, we have proved the following lower bound on

Neee(W).

inC|, that is,

Proposition 3. Given a compositiorto with at least two
components. Lek = [ ;-] and s = Aw; — w. Then

Noao®@) > Lucew) ~ | 5]

where Lec.(w) := A\ — 1)w? — 2(\ — 1)sw; + w;.
The idea of deducing our lower bound is based on the abﬁvﬁ\lote that .

ccc(W) is the smallest possible integersuch
t%atw1|n and Ay (n, 2w — 1,w) = | ;- |. Further,

Lecel) — H

2
=w? —wi(w—1) + (w15 — 5% — L—S

).

Sincew;s — s? — [Q—fj > 0 when )\ > 2, the lower bound in
Propositior B is stronger than that in Proposifion 2.



Observe that in Propositidn 3, the lower bound only depensigice it could be computed from and k, that ist =

on the total weightw and the biggest component;. By
Lemmall, it is easy to prove the following fact.

Lemma 2. Suppose that is a refinement of such thatw; =

vy. If Ne..(v) achieves the lower bound in Propositibh 3, s$

doesN,..(w).

n—1
i i ) k-1
Sincet must be an integer, for a Dk, k) exists, we must

haven =1 (mod k(k — 1)).

The sizes of base blocks are same in a difference packing.

t is natural to generalize difference packings to a coidecof
subsets with the same property but witharying block sizes.
If t =e1 +...+ es, and if there arez; base blocks of size

Next, we show that for ternary constant-composition codes, then the generalized difference packing isbidck type

the lower bound in Propositidd 3 is always achievable.

Proposition 4. For all w; 1, we have

Nccc([[wlan]]) = 2wiwz + wa.

> wy =
Proof: Letw = Jw;, ws]. Hence A = 2 ands = wy —ws.
By PI’OpOSitiOTEBNccc([[wl,wgﬂ) > 211)111}2 —+ ws. By [3],

As(n,2w — 1, Jwy, ws])
M-1
— .01}
So we only need to check that for all > 2w;wy + wo,
n
As(n, 2w — 1, Jwy,ws]) = |—]. Let
w1

= max{M : n > M(w; + max{ws —

M—-1
2

F(n) :==n — M (w; + max{ws — ,0}),

whereM = Lij is a function ofn. SinceAs(n, 2w—1,w) <
w1

Lij for all w, it suffices to check thaF'(n) > 0 for all
w

1 . . . .
n > 2wiws +wo. We prove it by induction. It is easy to show

that F'(2w;ws + we) = 0. Suppose that'(n) > 0 for some
n > 2wiws + we, We want to show thaf'(n + 1) > 0 too.
Letn = Mw; +r, where0 < r < w; and M > 2ws. If
r<w; —1,thenn+1=Mw; +r+ 1. HenceF(n+ 1) =
Fn)+1>1.If r=w; —1, thenn+1= (M +1)w;. Hence
F(n+ 1) =0. This completes the proof. [ |

kSt --- ke, and denoted by GDR, k' - - - kS=). Without loss
of generality, we assume that > --- > k, > 2.

We associate a generalized difference packing with a matrix

as follows. Given a GD@, k7' ---kS°) with base blocks
By,...,B;. Let g ki1 + 1. For any base blockB; =

{b1,...,b;}, and any subsef = {si,...,sx} C I,—1 of

the same size, defin€(B;,S) be the cyclic (right-shifted)
n X n matrix with rows and columns indexed b, and
with the first rowu having entriesu,, = s;, ¢ € I, and
zero entries otherwise. Some useful propertiesT'¢B;, S)

are listed below:

(P1)

for each row and each column, each symbol fiom
appears exactly once, and

for each column, rows, andr, both have nonzero
entries if and only ifr; — ro € AB,. Further, such
pairs{r1,ro} are all distinct for all columns.

(P2)

Proposition 5. If there exists a GDRV/, 3¢12¢2), then there
exists an(n, 2w — 1,w),-code of sizeM, wheren = wy M,

w = [wy,ws, ws], andw; = e1 + ea, for anyw; > we > w3
such thatU)Q + w3 = 2eq + es.

Proof: Given a GDRM, 3¢12¢2). Partition the set of base
blocks into three part$,, B> and B3, where3; consists of
all e; blocks of size three, anl; containws — e; blocks of
size two, and3; contains the remainings — e; blocks of size

The next two sections will study linear size quatemwo. LetS; = I3, So = {1,2} and S3 = {1, 3}. DefineC be

nary constant-composition codes. Given a compositios-
[[wl,wg,wg]], if wi > wy + ws, thenw is a refinement of

the concatenation af; cyclic M x M matrices:e; matrices
T(B,S1) with B € By, followed byws—e; matricesT'(C, S2)

[wi, w2 + ws]. By Lemmal2 and Propositidd 4, the value ofvith C' € B,, andws — e; matricesT'(D, S3) with D € Bs.
Neeo(w) can be determined for this case. Hence we assume et C be the collection of rows of. It is immediate that

that w; < wy + ws, that is,\ = 3 in the remaining of this
paper.

[1l. CONSTRUCTIONS FORn > Lece([wy, wa, ws])

In this section, we show thads(n, 2w — 1,w) = Lij for
w

C is a quaternary code of lengthwith constant composition

w fulfilling Conditions (C1) and (C2). ]
In a DRn, k), if n = tk(k — 1) + 1, thent blocks B; =

{bi1,...,bi 1} form aperfect(n, k) difference family ovetZ,,

if the tk(k —1)/2 differencesh; ;, —b; g (€ 1, 1 < g < h <

1 .
all n > Leo(W) = 6w? — 4sw; + w; based on the existencek) cover the se{1,2, ..., (n—1)/2}. If instead, they cover the

of difference families.

A. Difference Families

Let B = {b1,...,bx} be ak-subset ofZ,. The list of
differences fromB is the multisetAB = (b; — b; : i,j €
I, # j). Acollection{ By, ..., B;} of k-subsets o%,, forms
an (n, k; t) difference packingor ¢t-DP(n, k), if every nonzero
element ofZ,, occurs at most once iNB; U---U AB;. The
setsB; arebase blockslf every nonzero element &, occurs
exactly once iMAB; U- - -UABq, it is well known as arn(n, k)
difference familyor DHn, k) [34]. The parameteris omitted

set{1,2,...,(n —3)/2} U {(n + 1)/2}, then the difference
family is quasi-perfect We denote them by PDF, k) and
quasi-PDFn, k) respectively. The existences of PDEk)s
and quasi-PDfn, k)s are known wherk = 3.

Theorem 2. [B4] A PDF(n,3) exists whemn = 1or?7
(mod 24), and a quasi-PDFn, 3) exists whem = 13 or 19
(mod 24).

Corollary 1. Let e;,es > 0 be two integers. Then a
GDP(M, 3°12¢2) exists for all M > 6e; + 2e2 + 1 except
whene; =2 or 3 (mod 4) and (M, e2) = (6e1 + 2,0).



Proof: For eache; = 0 or 1 (mod 4), let m = 6e; +
1. By TheoreniR, there exists a PDF, 3) over Z,,. Let B
be the collection ofe; base blocks. Given any, > 0, let

P ={0,21 44}, i€ I, ThenBU{P; :i € I,} is a
GDP(M, 3¢12¢2) for all M > m + 2es.
For eache; = 2 0or3 (mod 4), let m = 6e; + 1. By

Theoreni®, there exists a quasi-RDF, 3) overZ,,, which is
also a GDRM, 3°1) for all M > m except whemV/ = m+1.
Let B be the collection oé; base blocks. Given arys > 1, let
Py ={0,2-1} and P, = {0, 1 +i} for all i € I5,. Then
BU{P, :i€l.,}isa GDRM,3°2°) for all M > m+ 2es.

By the relations among all parameters in Proposifibn 5, IJ6

is easy to show thate; +2es +1 = 6wy —4s+ 1. Combining

Corollary[d, it is immediate that the following holds.

Proposition 6. Let w = [w,ws,ws]. Then Ay(n,2w —
n

1,w) = |—] for all n = Mw,, where M > 6w; — 4s + 1,
w1

except whenw; = wz = 2o0r3 (mod4) and
n = 6wi + 2w.

wo =

B. Exceptions in Proposition] 6

the nonzero elemeritoccurs in rowa;, i € I3. Let A = { A, :
ce IGUJ%HMI}' then A has the following properties.

(T1) For eache, three elements i, are all different.
Let B. be the set with elements id, and B =
{Bec i ¢ € Igw2 490, }- Then(low, +2, B) is an(6w: +
2, 3)-packing of size6w? + 2wy, which is optimal
according to the packing number.

For each position € I3, each element iNg,,+2
occurs in positiors of w; triples from A.

The converse is true. Suppose this a collection ofw? +
2w triples in I, +2 Satisfying (T1) and (T2). We construct
an (6w +2) x (6w?+2w;) matrix C in a natural way, then the
ws of C form an(n, 2w — 1, w)4-code of sizew; + 2 with
compositiomw = w1, wy,w;] and lengthn = 6w? + 2w;.

Now we aim to construct a collection 6fv? +2w; triples in
Isw, +2 satisfying (T1) and (T2) for allv; =2 or 3 (mod 4).
Actually, they exist for all positive integers; . Before stating
our general construction, we give a small example first.

(T2)

Example 1. Let w; = 2 and G = Zs & Zs. Write z,
for the pair (z,y) € Z, ® Zs. Let By = {00,01,02},
B; = {00,20,11} and By = {00, 40, 21 }. For eachB;, define

Now we settle the exception cases in Proposition 6. That {§yp, B; .= {Bi+g:g¢€ G} ThenB' = Ujcy, ,OrbeB;

we need to prove that

A4(6w% + 2’[1)1,210 — 1, [[wl,wl,wl]]) = 6’[1)1 + 2

is the block set of an ST$5) over G due to Skolem[[36].
Let B = B'\{B € B’ : 43 € B}, then (G \ {42},B) is
an optimal (14, 3)-packing of size28. View blocks inB’ as

for all w; = 2 or3 (mod 4). First, we introduce several ordered triples. We show the reordering procedures in Table

necessary terminology in combinatorial design theory.

First look at the set OwWwB,UOrbgB,, in which each

A set systenis a pair (X, B) such thatX is a finite set element fromG occurs twice in each position. After delet-

of pointsand B is a set of subsets ok, calledblocks The

ing triples containing the elemedt, elements2y, 31,02, 22

order of the set system i$X|, the number of points. For aoccurs only once in the first position, elemefis1y, 12,35

nonnegative integek, a set system{X, ) is said to bek-
uniformif |B| =k for all B € B.

occurs only once in the second position, and elements
0o, 19, 29, 39 0ccurs only once in the third position. It is natural

Let v > k. A (v,k)-packingis a k-uniform set system to think of reordering triples from OghB, to increase the

(X, B) of orderwv, such that each pair of occurs in at most occurrences of these elements. After reordering the réngain
one block inB. Thepacking numbeD (v, k) is the maximum triples of Orh; B, as in Tabléll, elemenit, occurs three times
number of blocks in any(v, k)-packing. A (v, k)-packing in the first position but only once in the second position, levhi
(X,B) is said to beoptimal if |B] = D(v, k). The values element2, occurs only once in the first position but three

of D(v, k) have been determined for allwhenk € {3,4}
[35]. In particular, we have

5[5 )] - o= o
Hexl!

In fact, whenv = 1,3 (mod 6), an optimal (v, 3)-packing

D(v,3) =
otherwise.

times in the second position. Finally, we exchange the fivet t
elements in the triplel(, 32, 2¢) from Orbs B, and @2, 22, 0o)
from Orh; B, to balance the occurrences.

Proposition 7. For all positive integersw;, there exists a
(6w + 2, 3)-packing of sizésw? + 2wy, such that the blocks
can be directed to satisfy (T2).

Proof: Let v = 2w, +1. We start from an ST@u) which

is also calleda Steiner triple system of order, denoted by is due to Skolem [36]. Le: = Z,, & Z3. Choose base blocks
STSw). In this case, each pair of points occurs exactly onc8y = {0¢, 01,02} and B, = {0¢, (2x)0, 1}, & € Ly, . It s

Suppose thaf is an(n,2w — 1, w)4-code of sizebw; + 2
with compositionw = [wy,w,w;] and lengthn = 6w? +
2w;. As in Sectior(l, letC = {u™®, ... uS*1+2}, Then,C
can be regarded as dfw; + 2) x (6w} + 2w;) matrix C,

whoseith row is u, i € I4,, +o. Using the same notation

in Section[), for each columm € Ig,2,9,,, Nc = 3 and

easy to see thdOrbg By| = v and|Orbg B,| = 3u, x € I, .
Let B’ = Uger, ,,, Orbg B, Then(G, B') is an ST$3u). Let
B=B\{BeB : (2w )2 € B} andX = G\{(2w1)2}. Then
(X, B) is an optimal(6w; + 2, 3)-packing of size5w? + 2w .
Now we direct blocks inB to satisfy (T2). For each €
Io w, , let A, be the triple with entries fronB3,, and orders as

each nonzero entry frorfy occurs exactly once. Thus we cardisplayed. Then define Og, accordingly by keeping the

define a tripleA. = (a1, a9, a3) for each columry, such that orders. To be clear, Od4y = { (4o, ?1,12) :

i € Zy,}. Let



TABLE I: Reordering Procedures in Examjle 1 Combining Propositiong]6 andl 8, we have shown that

Orbg By reordering Ay(n, 2w — 1, Jwy, wa, w3]) = \_ij for all n = Muws,
w

88?1?3 :E?;?i?gg where M > 6w, — 4s + 1. By the lengthening method

(20,21,22) — (21,22, 20) (adding zeros in the end of codewords) used_in [2], we have

(30,31, 32) = (31,32, 30) Ag(n, 2w — 1, [wy, wa, ws]) = |—] for all n > Leec(w) =

il ) w

Orbg B1 reordering Orbg B2 reordering 6w? — 4swy + w1. !
©0, 20, 11) ©0, 40, 21) '
(10, 30,21) (10,00,31) V. CONSTRUCTIONS FOR? < Lece([wr, we, ws])
(20,40,31) (20,10, 41) . .
(30, 00, 41) (30,20, 01) To determine values df%cc(w%, we still need to prove that
532’52’23 2‘3375;2’;;; Ag(n, 2w —1, [wy, wa, ws]) = Lw—lj for n = Lec.(@) — [ ].
(11,31,22) (11,01, 32) If s < 1, thenn = L..(w), which has been settled in
(21,41, 32) ((3211’2111’0422)) Section[Tll. From now on, we assume that > 2. We
(41.11,0) (41,31, 12) generalize the method in Sectibn1ll-B to deal with this case
(02,22, 1) 42 Let K be a set of positive integers. @, K)-packingis a
(12,32,20) | — (32,12,20) | (12,02,30) set system X, B) of orderwv, with block sizes fromk’, such
E22742730) 2 71 74 -7 ., . !
(32,02, 40) §3§72§,083 — (22, 32,00) that each pair ofX occurs in at most one block iB.
Yot o) HYo3ote) Let A be a collection of triples with distinct elements in

Zy U {x} satisfying the following two properties.
(T1) For eachA € A, let B4 be the set containing all

A be the collection of all triples from O#A,, x € Iy, elements inA but notx. Let B = {Bs: A € A}.
which do not contain the elemefitw, )2. Note that4 doesn't (Zpg,B) is an (M, {2, 3})-packing of sizen.
satisfy (T2) at this moment. The first three rows of Tdble Il (T2") for each position € I3, each element iZ,; occurs
point out the sets of elements occurring — 1 or w; + 1 in in positions of w; triples in A.

each position, all others occur in the corresponding psiti From 4, we can construct afw, 2w — 1, w),-code withw =
exact_lywlltimes inA. Thew; —1 occurrences happen when[y, w, ws] of size M. The construction is similar to that in
deleting triples from Orh A,, = € I.,,, while w; +1 happens SectionII[-B but simply ignore the symbel

because of triples from OgA4,. To construct.A, we use different method from that in
For convenience, denote = [%-] andx = [%*]. We Propositior[¥. We first find a candidate df satisfying (T2’),
follow the steps below. then try to modify it to satisfy (T1'). We show the idea by the

(S1) In Orhy Ay, change((2i + 1), (2i 4 1)1, (2i +1),) following example.

0 ((2i+ 1)1, (2i+1)s, (2i+1)o) forall i € Luwi—1 Example 2. Let M = 10 and @ = [3,2,2]. Let A; =
(S2) In Orlz Ay, change((2i)o, (2i)1,(2i)2) 10 ((20)1, (0,1,6), A, = (0,2,%) and A3 = (0,*,3). Then A =

(21)2, (2d)o) for all i € L w, -1 Uier,Orbyz,, A; is a candidate satisfying (T2') ové,. Note
(S3) _'” Orly; Ao, change(io, i1, i2) 0 (iz,i1,i0) for all  that'the differences occurs twice inAA;. We first do the
S IO-,wljl- following changes in Orh, A;:
(S4) Finally, in Orl; A, change((2i + 1)2, (2k + 2i +
1)a, (K +2i+1)0) t0 ((2k +2i + 1), (2i + 1)a, (k + (0,1,6) = (0,%,6),
2i + 1)o) for all i € Ip,—;. At the same time, in (1,2,7) — (1,2,%),
Ol'bGAwl, change((2i + 1)2, (Qi)g, (w1 + 21+ 1)0) (37 4, 9) N (37 *, 9)7
to ((27)2, (2i+1)a, (w1+2i+1)o) forall i € I w, 1. (4,5,0) > (4,5,%)
Note that{(2H+2Z+1)2 RS I()ybfl} = {(2Z+1)2 : » Tl
i€ Iapy_1}- (7,8,3) = (7,8, %).
After each step, all elements occur at least — 1 and Then add two more triples
at mostw; + 1 times in each position. We list the elements (,1,0)

occurringw; — 1 or wy + 1 in each position after each step in
Table[dl. It is easy to check that after (S4), all elementsuocc (%,4,3).
w; times in each position. Thus triples i can be reordered Finally, change the following triple in Ogl, As
to satisfies (T2).
- (1,3,%) = (1,3,7).

The following consequence is immediate. Note that we do not change the positions of symbols ffm
appearing ind. Further, the pairs newly occurring in the last
two steps are pairs deleted in the first step. Thus we have a
set of 32 triples satisfying both (T1’) and (T2’), which yields
Ag(n, 2w — 1, [wr, w, wi]) = 6wy + 2. that A4(32,13,[3,2,2]) = 10 and N...([3,2,2]) = 32.

Proposition 8. For all positive integersw; andn = 6w? +
2wn,



TABLE II: Abnormal elements in three positions jA in Propositior ¥

Originally 0 1 2
wp — 1 {(2i)2 :iGIO,u;1—1}U{(w1)1 :ielwl’le_l} {(2i+1)2 :Z'Glo’wl_l} 20 :iEIO,le—l}
wy + 1 {io 1 € Jo2w, 1} {(w1)1 :4 € Ty 2w, -1} 12 141 € Ioow, —17}
After (S1) 0 1 2
wp — 1 {(2i)2 11 E 1071‘,1_1} ] {(2i)1 11 E I'i,wl—l} {(22 + 1)2 11 € IO’L_l} {io 11 € 1071‘,1_1 ] {(2i)0 11 € I&wl_l
w1 + 1 {io :Z'Glo’wl_l}U{(Qi)o :ie[,.;’u,l_l} {(Qi)l :Z'GI,.;’wl_l} {iQ :iGIO,wl—l U{(2i)2 :iel&wl_l
After (S2) 0 1 2
wp — 1 {(2i)2 11 E 1071‘,1_1} {(22 + 1)2 11 € IO’L_l} {io 11 € 1071‘,1_1
w1 + 1 {Z'O AS IO,wl—l} {(21')2 (i€ I"'@,Uu—l} {iQ s 107“71—1
After (S3) 0 1 2
wp — 1 {(2i)2 ) elm,wl—l} {(2i+1)2 :ieIO7L_1} [1]
w1 + 1 {(22 + 1)2 1€ IO’L_l} {(2i)2 NS I,.;’wl_l} [1]

Proposition 9. Lete; > 0, e; > 3, 2|]M and M > 8 be {0,2} and{0, M/2—1},whereM = 6w;—4s,e; = w1 —s—1
integers. If there exists a GOQRY, 3¢ 2°2) with three specified ande; = s + 2, for all wy > s > 2.

base block0, 1}, {0,2} and{0, M/2 — 1}, then there exists " : .
. , ) >
an (n, 2w — 1,)-code of sizeVl, wheren = w; M + [%1- Proposition 10. Given integersw; > s > 2 and (w1, s) &

_ {(4,2),(5,2)}. There exists a GDR/, 3°12°2) overZ); with
= = - > wy > v

w Sglgﬁ’tlﬁ;’twg’]handig ilJreQ L foranyws = ws 2 00 specified base blocks, 1}, {0,2} and {0, M/2 — 1},

w3 W2 T W = 2€1 T €2 whereM = 6w; —4s,e; =w; —s—1 andey = s + 2.

Proof: Suppose thaf3’ is the set of base blocks of a

GDR(M, 32?) overZy. Let By = {0, 1, M/2+1}}, By = w; — s. For all cases, the, base blocks of size two are of

{0,2} and type {0, d}, whered covers all differences that do not appear
B=(B"\{{0,1},{0,M/2—1}}) U{B}. in base blocks of size three. To save space, we only listthe
base blocks of size three in each case. Note that the diffesen
1,2, M/2 and M/2 — 1 do not appear in any base blocks of
size three. Thus the GDP contains the three mentioned base
B isicall 4B tains th - e 1 blocks of size two. Further, in the first two cases, that isnhe
2 spectlically, andbs contains fhe remainings = c1 w; — s = 0,1 (mod 4), the set of base blocks of size three

blocks of size two. For each block € B;, let Ag be an . o .

ordered triple with elements fron8. For each blockB = i:'?]re[so?t])tamed by modifying some blocks in a @, 3) found
{a,b} € By, let Ap = (a,b,*). For each blockB = {a,b} € Whenw — s = 4k, thenM = 24k + 2s ande; = 4k — 1.
Bs, let Ap = (a,x,b). Especially, letdp, = (0,1, M/2+1) 1t 'S 5 then thee; base blocks are

and Ap, = (0,2,%). Let A = UpegOrby,, Ap, then A is a -

Proof: We split it into four cases based on the values of

Note thatB hase; +e; — 1 blocks. Partitions into three parts
Bi, B> and Bs, whereB; consists of alke; + 1 blocks of size
three, and3; containwy —e; — 1 blocks of size two including

candidate ofw; M triples overZ,; U {x} satisfying (T2’). {0, 6k —1, 18k + 25 — 1},

Now we do modifications on triples froml to make it {0, 4k —1, 9k — 1},
satisfy both (T1") and (T2’). The main idea is as follows. {0, 2k, 10k — 1},
The set.A does not satisfy (T1’) since the differendd/2 {0, 4k, 10k},
occurs twice inAB;. Thus, we first choosa//2 triples from {0, 2k+2r—1, Tk+r—1}, 1<r<k-1,
Orbz,, Ap, to change one symbol from the repeated pairs to 10> 2k + 27, Hk+r—1} 1<r<k-1,
«. Besides thel//2 repeated pairs, there aié/2 other pairs 0, 2r+1, 10k + 7}, 1<r<k-1,
also broke in this step. We let them appear somewhere else {0; 27 6k + 1}, 2<r<k-1

by adding[%] triples of type(x,-,-), and changingthe to If k = 1, ands = 2, that is6w — 4s = 28, then the base
some symbol ofZ,; in M/2—2[4L] triples from Orly,, Ap,. blocks are{0,3,11}, {0,4,9},{0,6,16}. If s > 3, then the
Details for different congruent classes are listed in T@llle base blocks ar¢0, 3,13}, {0,4,12},{0,5,11}.

[ | Whenw; —s = 4k+1, thenM = 24k+2s+6 ande; = 4k.

Note that for alls > 2, If &> 2, then thee; base blocks are
2 {0, 6k 18k + 2s + 4}
:Lccc — L5 ’ ’ ’
" @) - 5] {0, 4k —1, k),
2s 4k 10k + 1}
= 6w? — 4dsw; +wy — | — {0, ) )
1 ! 16 L3J4 {0, 4k+1, 12k + 11,
= wy (6w — 4s) + [ 7, {0, 2k, 12k},
6 {0, 2k+2r—1, Tk+r}, 1<r<k-—1,
To prove As(n,2w — 1,[wy,we,ws]) = 6wy — 4s for {0, 2k+2r, 11k + r}, 1<r<k-1,
n = Leee(W) — LQ—;J, by Propositiod B, we need to construct {0, 2r +1, 10k+r+1}, 1<r<k-1,

a GDR M, 3°12¢2) with three specified base blocK$), 1}, {0, 2r, 6k +r+1}, 2<r<k-1.



TABLE IlI; Modifications made

on triples ofd in Propositior

Orbz,, Ap, | (35,3 + 1,3+ 3k + 1) — (35,3t + L, %), 4 € Ip 1
M =6k, k>2 (3i + 3k — 1,3 + 3k, 31) — (36 + 3k — 1,3i + 3k, %), i € o p_1
(3i +3k +1,3i +3k+2,3i +2) = (3i+3k+1,%3i +2), i € Iop_1
Add triples (+,3t+3k+2,3t+3k+1), 1€ Iy 1
Orbz,, A, (31 +3k—1,30+3k+1,%) = (3¢ +3k—1,3t+3k+1,3¢),7 € Io 1
Ombz,, Ap, | 31+ 1,31+ 2,3 + 3k +3) — (3 + 1,31 + 2,%), 5 € Ig.p_1
M=6k+2k>1 (3i + 3k, 30 + 3k +1,3i) — (36 + 3k, 3i + 3k + 1,%), i € I p—1
(36,30 4+ 1,3i + 3k +2) — (34,%,3i + 3k +2), 4 € Ig 1
(6k, 6k + 1,3k) — (6K, *, 3k)
Add triples (+,3t+1,31), 0 € Ip p—1
(%, 6k + 1,6k)
Orbz, Ap, | (3 + 1,31 +3,%) — (31 + 1,30 13,3 1 3k 1+ 3),6 € loxo
Orbz,, Ap, | (3i+1,3i+2,3i +3k+3) — (3i + 1,31 +2,%), 1 € Iop_1
M=6k+4,k>1 (30 43k + 1,30 + 3k +2,3i) — (3i + 3k + 1,30 + 3k + 2,%), i € Io 1
(34,31 +1,3i + 3k +3) — (3i,%,3i + 3k +3), i € Iy1
Add triples (+,31+1,31), ¢ € Tp 1
Oby, Ap, | (3i + 1,31 +3,%) — (31 + 1,31 + 3,31 1 3k +4),5 € Iop1

If k 1, and s > 2,
{0,3,14},{0,4,12},{0,5,15},{0, 6, 13}.

Whenw; — s = 4k + 2, then M = 24k + 2s + 12 and
e1 = 4k + 1. If k > 1, then thee; base blocks are

0, 4k+1, 10k + 6},

[0, 4k +3, 10k + 7},

{0, 2r, 6k+r+5}F 2<r<2k+1,
{0, 2r+1, 10k+r+7}, 1<r<k,
{0, 2k+2r+1, 1lk+r+7}, 1<r<k-L

If £ =0, ands > 3, then the only base block I8, 3, 7}.
Whenw; — s = 4k + 3, then M = 24k + 2s + 18 and
e1 = 4k + 2. If k > 1, then thee; base blocks are

{0, 4k+1, 10k + 91,
{0, 4k+3, 10k + 10},
{0, 4k +4, 8k + 91,
{0, 2r, 6k +r+ 7}, 2<r<2k+1,
{0, 2r+1, 10k+r+10}, 1<r<k-1,
{0, 2k+2r—1, 1lk+7r+9}, 1<r<k
If ¥ = 0, and s > 3, then the base blocks are

{0,3,8},{0,4,10}. n

Combining Proposition]9 ard 110, we obtain the following

result.

Proposition 11. Given a compositiofs = [w;, wa, ws] such
that2 < s < wy, wheres = 3wy —w. Letn = L...(w)— LQ—QfJ
We have

n
Ay(n, 2w — 1, Jwr, we, ws]) = Lw—lJa

for all w; > we > ws > 1 such that(wy, s) & {(4,2), (5,2)}.

By Propositiond b[18, 11 and the lengthening method, wésl

have determined the value 8f...(w) for quaternary constant-
composition codes. We state it in the following proposition

Proposition 12. Given a compositio = Jw;, w2, ws] such
that wi < we + wsz. We have

2s

Nccc(w) = 6’[1)% — 45wy + wy — L 3

J 3

then the base blocks arewhere s

3w — w, except possibly wherw
{[4,4,2],[4,3,3],[5,5, 3], [5,4, 4] }.

S

V. CONCLUSION

Several new direct constructions for optimal quaternary
constant-composition codes are given based on combiahtori
method. Consequently, we determine the valuevVaf.(w),

/

the smallest length such thatd,(n/,2w —1,w) = Llj for
wy
all n” > n, with only four possible exceptions. The exact

values of N...(w) show that our newly established lower
bound of N...(w) is tight in these cases. Our main result,
Main TheorentIl follows from Propositions 3, [4.]12 and the
refining method in Lemma] 2.
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