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ABSTRACT
In this manuscript, we develop multiple machine learning (ML) models to accelerate a scheme for parameterizing site-based models of
exciton dynamics from all-atom configurations of condensed phase sexithiophene systems. This scheme encodes the details of a sys-
tem’s specific molecular morphology in the correlated distributions of model parameters through the analysis of many single-molecule
excited-state electronic-structure calculations. These calculations yield excitation energies for each molecule in the system and the net-
work of pair-wise intermolecular electronic couplings. Here, we demonstrate that the excitation energies can be accurately predicted
using a kernel ridge regression (KRR) model with Coulomb matrix featurization. We present two ML models for predicting intermolec-
ular couplings. The first one utilizes a deep neural network and bi-molecular featurization to predict the coupling directly, which we
find to perform poorly. The second one utilizes a KRR model to predict unimolecular transition densities, which can subsequently
be analyzed to compute the coupling. We find that the latter approach performs excellently, indicating that an effective, generalizable
strategy for predicting simple bimolecular properties is through the indirect application of ML to predict higher-order unimolecular
properties. Such an approach necessitates a much smaller feature space and can incorporate the insight of well-established molecular
physics.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0016009., s

I. INTRODUCTION

The performance of organic-based semiconductors depends
not only on their molecular composition but also on how molecules
are arranged within the material. The inter- and intramolecular
interactions that underlie this dependence are well understood, but
predicting how many such interactions combine to produce macro-
scopic material properties remains a significant scientific problem.
Because these materials are often amorphous, lacking in micro-
scopic periodicity, this problem cannot generally be solved with
analytical theory. Computational modeling has played and will
continue to play a vital role in advancing our understanding of

these materials and guiding their development. Unfortunately, cur-
rent methods for modeling materials with specific molecular struc-
tures include computational bottlenecks that limit their scope to
system sizes that are too small to infer bulk properties. Here,
we demonstrate that these bottlenecks can be effectively elimi-
nated through the application of machine learning (ML), thereby
enabling the existing frameworks for computational modeling to
be extended to larger and more experimentally relevant system
sizes.

Organic molecular semiconductors (OMSs) provide an attrac-
tive alternative to the traditional inorganic semiconductors and
have been increasingly utilized in the development of devices with
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notable applications to lighting, solar energy conversion, and even
nanoscale electronic circuitry.1–5 The performance of these mate-
rials is determined in large part by the properties of Coulombi-
cally bound excited electron–hole pairs, known as Frenkel excitons.
When molecules within the material are weakly coupled, the static
and dynamic properties of these excitons can be efficiently simu-
lated with the Frenkel–Davydov model6,7 in which the molecular
system is described in terms of a Hamiltonian for a coupled network
of singly excitable chromophores. When appropriately parameter-
ized, this efficient model has been shown to accurately reproduce
experimental measurements8,9 and large scale electronic-structure
calculations.9–12

The Frenkel Hamiltonian can be parameterized directly from
first-principles based on all-atom configurations of representative
systems of many organic conjugated molecules.7,9,11,12 Unfortu-
nately, the procedure for this parameterization requires perform-
ing, at a minimum, one excited-state electronic-structure (ES)
calculation per fragment. This cost is further exacerbated if one
incorporates time dependence into the parameters, for exam-
ple, by analyzing a time-series of configurations generated from
molecular dynamics (MD) simulation. Despite the computational
cost, including explicitly derived time dependence in the Frenkel
Hamiltonian provides several key advantages over static models
or models with phenomenological time dependence. Most signif-
icantly, trajectory-based parameterizations allow one to systemat-
ically evaluate the consequences of molecular disorder and corre-
lated environmental noise on exciton transport.9,13 However, even
for a system containing ∼10 chromophores (far below any reason-
able approximation of the bulk), a 1 ns simulation can require
∼106 ES calculations. Even with the least demanding ES methods,

this requirement represents an extremely large computationally
expense.

Notably, however, many of the systems of interest, such as
organic semiconductors,9,13–16 DNA nanowires,17,18 and biological
light-harvesting complexes12,19–21 are composed of many identical
chromophore units with very similar electronic-structure proper-
ties, e.g., differing in nuclear or environmental configuration. Here,
we circumvent the costly model parameterization by developing
a ML model to accelerate the computations associated with the
ES calculations. This model utilizes the similarities across differ-
ent configurations to rapidly predict molecular excitation ener-
gies and intermolecular electronic couplings. In this manuscript,
we present this ML model and examine its application to two
different OMSs morphologies made up of sexithiophene (T6)
molecules.

The first system is a monolayer phase in which molecules are
aligned longitudinally in a manner analogous to experimental struc-
tures obtained via vapor deposition.22–24 The second system is a
completely amorphous bulk phase. We choose to study T6 because
it has been widely characterized experimentally,22,24–35 and its opto-
electronic properties can be generalized to polythiophenes (such as
P3HT). Mechanistic insight into the interplay between spatial disor-
der and exciton transport in these systems and other OMSs is key to
making them more efficient and tunable, and our ML approach is an
important step for building computer models capable of giving such
insight.

Our approach to building a ML model Frenkel Hamilto-
nian, as illustrated in Fig. 1, is to train separate models for the
diagonal and off-diagonal elements, corresponding to the excita-
tion energies, Em, and intermolecular electronic couplings, Vmn,

FIG. 1. Depiction of machine learning schemes described by this work. Three machine learning models are tested, one for the excitation energy and two for the excitonic
couplings. The deep neural network (DNN) model for the direct prediction of couplings is shown to perform worse than the transition charge based kernel ridge regression
(KRR) model.
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using information only from the nuclear conformations of the con-
stituent molecules. We consider two distinct approaches to build-
ing a ML model for Vmn. The first is to predict Vmn directly
from bimolecular features. The second is to predict a set of atom-
centered transition charges using unimolecular features from which
the coupling may be obtained. We show that this transition charge
approach is far superior to the direct approach, even when tak-
ing into account the additional error from the transition charge
embedding.

In all cases, we evaluate the performance of our ML model
through a set of four rigorous criteria. The first criterion is that
the model applies to a broad range of ES methods, and therefore,
we study its performance on both semi-empirical Pariser–Parr–
Pople/Configurations Interaction Singles (PPP/CIS)36 and time-
dependent density functional theory (TDDFT) calculations. The
second criterion is that the model requires no more than 10 000
ES calculations as training data to yield error levels below that
of the intrinsic uncertainty in the ES method. Third, the model
should produce significantly less error than the intrinsic fluctua-
tions in Em and Vmn, given by the interactions within the MD bath.
The final criterion is that the model be transferable, meaning it
should still perform well when encountering molecular conforma-
tions far outside what it was trained on. This criterion not only
gives us added confidence in the performance of our model but also
allows us to apply our model beyond the morphology it was orig-
inally trained on. We show that both our Em ML model and our
transition charge based Vmn ML model satisfy the aforementioned
criteria.

The organization of this manuscript is as follows: We outline
the derivation the Frenkel Hamiltonian and associated matrix ele-
ments from first-principles in Sec. II. We then give a description
of methods used for data generation, organization, and machine
learning in Sec. III. In Secs. IV–VI, we develop and evaluate
the ML models for the excitation energies and intermolecular
electronic couplings. Finally, in Sec. VII, we provide concluding
remarks.

II. THE FRENKEL–DAVYDOV MODEL
The Frenkel–Davydov model supposes that the excited-state

properties of an N molecule system may be expressed in terms of
a reduced excitonic Hamiltonian

ĤF = ∑
m
Em∣m⟩⟨m∣ + ∑

m≠n
Vmn∣n⟩⟨m∣, (1)

where |m⟩ represents the basis state where molecule m is in the
excited state (all other molecules are assumed to be in the ground
state), Em is the excitation energy of molecule m, and Vmn is the cou-
pling between excitations on molecules m and n. When using CIS or
TDDFT with the Tamm–Dancoff approximation (TDDFT/TDA),
the basis states in Eq. (1) may be expressed as

∣m⟩ = ∑
ia
Dm

ia∣ψ
m
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where ψm
i refers to the ith orbital of molecule m and Dm

ia is the CIS
coefficient for an excitation from the occupied orbital i to virtual
orbital a on molecule m. This basis can readily be expanded to the

full N molecule case by appending ground state MOs to the deter-
minant. Assuming that the molecules interact weakly, we may opti-
mize the CIS and MO coefficients for each fragment independently
and derive the Frenkel Hamiltonian matrix elements by projecting
the supersystem electronic Hamiltonian into this basis. The cou-
plings (off-diagonal elements) that result from this procedure may
be expressed as

Vmn = ∑
iajb
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where (ia∣jb) = ∫dr1dr2ψi(r1)ψ∗a (r1)
1
r12
ψj(r2)ψ∗b (r2). It is common

to make several additional approximations to make calculating this
coupling more tractable. Many studies neglect the exchange terms in
Eq. (3) under the assumption that the MOs on different molecules do
not have a significant spatial overlap.7,37–42 We examined the contri-
bution of exchange to the coupling in Sec. VI of this study; however,
it is also worth noting that it is not clear if the Frenkel exciton model
itself is appropriate in strong-coupling regimes where exchange is
significant.

The Coulomb couplings in Eq. (3) may also be simplified in
terms of an interaction between transition charge monopoles qf on
the atoms of each molecule,37

Vmn ≈ ∑
f ,g

qmf q
n
g

∣rf − rg ∣
, (4)

where the summation is taken over pairs of atoms belonging to sep-
arate molecules, rf is the position of atom f, and qmf is the charge of
atom f of molecule m. The transition charges may be determined
via a variety of methods. One popular approach is to use Mulliken
population analysis on the transition density matrix,

qf = ∑
ia

Nao,f

∑

μ

Nao

∑

ν
DiaCiμCaνSμν. (5)

Here, the summation over μ and ν is taken over the atomic orbitals.
Ciμ are atomic orbital coefficients, and Sμν is the overlap between
orbitals μ and ν. Nao ,f is the number of atomic orbitals on atom
f. In PPP/CIS theory, Eq. (4) is essentially equivalent to the exact
coupling integral due to the zero-differential overlap approxima-
tion and highly localized orbitals.9 However, for TDDFT and other
ab initio methods, Eq. (4) is an approximation that should hold
if the two molecules are sufficiently far apart. This approach has
been adopted in several studies37,38,40,41,43 due to how it is signifi-
cantly more computationally efficient than directly computing the
two-electron integrals in Eq. (3). In Sec. VI A, we benchmark differ-
ences when calculating couplings using transitions charges derived
from Mulliken, Löwdin, and natural population analyses to the exact
Coulomb coupling from TDDFT.

III. COMPUTATIONAL DETAILS
A. Data generation

We consider two materials, each with identical chemical com-
position, but differing molecular morphology. Specifically, we con-
sider a monolayer morphology of 150 molecules, where molecules
are in rough mutual alignment, as illustrated in Fig. 2(a), and an
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FIG. 2. Snapshots of different molecular morphologies used in this study. Panels
(a) and (b) show the monolayer and amorphous morphologies, respectively.

amorphous bulk morphology of 343 molecules, as illustrated in
Fig. 2(b). For each morphology, we generate a 10 ps trajectory of the
nuclear dynamics using molecular dynamics (MD) simulations with
the OPLS/2005 force field.44,45 Periodic boundary conditions were
employed with the monolayer system periodically replicated in the
plane parallel to the film, while the amorphous system was periodi-
cally replicated in three dimensions. All simulations were done in an
NVT ensemble at 300 K with a Nosé–Hoover thermostat46,47 with
a coupling constant of 2.0 ps after equilibration. Simulations were
done with the DESMOND package48.

We map the MD snapshots to the Frenkel Hamiltonians
using a set of independent one-molecule excited-state electronic-
structure (ES) calculations (see Sec. II). We use two different ES
methods to calculate Frenkel Hamiltonians: PPP/CIS and TDDFT
with the Tamm–Dancoff Approximation (TDDFT/TDA). For our
TDDFT/TDA calculations, we employ the CAM-B3LYP func-
tional,49 along with 6-31 + G(d) basis set, due to the func-
tional’s demonstrated performance at reproducing the coupled-
cluster excitation energies of organic chromophores.50–52 Despite
the functional’s incomplete use of long-range corrections, Lu et al.
demonstrated that the accuracy of lowest singlet excitation energy
increases with the size of the number of monomers in an oligoth-
iophene.50 TDDFT/TDA calculations were done with the PySCF
package.53

Using PPP/CIS, we mapped MD snapshots to Frenkel Hamil-
tonian calculations at 10 fs intervals, assuming that we may treat the
Frenkel Hamiltonians to be roughly constant within 10 fs. Due to
the significantly increased cost of TDDFT/TDA, a longer interval

of 100 fs was used when calculating Frenkel Hamiltonians. We note,
however, that one of the advantages of our proposed ML model
is that it may be used to calculate Frenkel Hamiltonians at inter-
vals much smaller than even 10 fs with little added cost. Couplings
for molecules at intermolecular separations greater than 20 Å are
neglected due to the fact that they are extremely small (1 meV
on average for the monolayer system). While the 20 Å cutoff has
not been explicitly shown to have a negligible effect on exciton
dynamics, we hope to use the efficiency of the ML model described
herein to further elucidate the effects of coupling cutoffs in future
studies.

B. Data preparation and machine learning
To train and evaluate our unimolecular ML models (for pre-

dicting Em and transition charges using KRR), the data (features
and associated values) were separated into training and testing
sets. The term “features” refers to the inputs X of the regres-
sion algorithm: information about the molecular conformations.
The term “values” refers the quantities, Y = f (X), we are trying
to predict with the ML model. The training sets ranged in size
from 100 to 10 000 datapoints, and the testing sets contained 5000
datapoints. We found that 5000 testing examples were sufficient
to get an unbiased estimate of the error (Fig. S1 of the supple-
mentary material). The training and testing data are always inde-
pendent and randomly sampled, meaning that no two datapoints
are shared between training and testing sets, and both are ran-
domly chosen from the master dataset containing all of the available
data.

To train and evaluate our deep neural network (DNN) for the
direct prediction of Vmn, data were separated into independent ran-
domly sampled training, validation, and testing sets. The training
sets ranged in size 130 000–520 000 datapoints, the validation set
contained 200 000 datapoints, and the testing set contained 3 000 000
datapoints. The validation set was used to pick the optimal num-
ber of epochs for early stopping during the training phase of the
DNN. Only PPP/CIS data were used in the training of our direct
Vmn model. In Sec. V, we report the sizes of the training sets in terms
of the equivalent number of ES calculations needed to produce the
couplings, as we believe the number of ES calculations to be a more
informative measure when trying to ascertain the cost vs accuracy
trade-off of the machine learning approach.

KRR models were trained using the scikit-learn Python pack-
age.54 The KRR hyperparameters were selected via fivefold cross-
validation. The DNN described in Sec. V was trained with Tensor-
flow 2.0.55 The network consisted of three layers with 1200, 1000,
and 800 neurons, respectively. The first and third layers used sig-
moid activation functions, while the second layer used an expo-
nential activation function to avoid the vanishing gradients’ prob-
lem. ADAM was used as the optimizer, and early stopping with the
validation dataset was used to avoid overfitting.

IV. ML MODEL FOR EXCITATION ENERGIES
There are numerous ML models and featurizations that are

very successful at predicting various molecular energies from uni-
molecular conformational data.56–65 Recently, Lu et al.50 compared
the performance of a series of molecular DNNs at predicting
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excitation energies of high-temperature gas-phased T6 and showed
a mean absolute error (MAE) of around 50 meV when compared to
the actual TDDFT results. Here, we adopt a simpler approach using
a kernel ridge regression (KRR) model with a Gaussian kernel. KRR
offers several advantages to neural network models since it is gener-
ally much less expensive to train, has fewer hyperparameters, and is
guaranteed to give the optimal solution (lowest training error) for a
given set of training data and hyperparameters. Additionally, KRR
is a well-understood, well-tested ML model that has already been
shown to perform excellently as a way of accelerating non-adiabatic
excited-state dynamics.65–68

For features, we employ the Coulomb matrix (CM),56

Cij =
ZiZj

rij
, (6)

where Zi are a set of atomic partial charges taken from semi-
empirical model and rij is the distance between atoms i and j. While
traditionally the diagonal elements of the CM are given by 0.5Z2.4

i ,
here, we neglect the diagonal elements since they give no additional
information about the conformation of the molecule. We tested the
performance of a series of four different charge models, as well as just
using pairwise atomic distances without any charges, and found that

while performances were comparable, the Gasteiger charge model69

gave the lowest error [Fig. 3(a)]. Thus, in subsequent analysis, the
Gasteiger charge model was used whenever employing Coulomb
matrix features.

We evaluate the performance of our ML model subject to the
criteria outlined in the Introduction through a series of numerical
experiments. We begin by evaluating the dependence of the test-
ing set MAE on the size of the training set for both the monolayer
and amorphous systems [Fig. 3(b)]. We see that, in both systems,
the error converges well, with a difference of only 10 meV or less in
the error between training with 5000 examples vs 10 000 examples.
For both systems, the converged errors are significantly lower than
the intrinsic uncertainty of a TDDFT calculation with CAM-B3LYP
or similar range-separated hybrid functional, which based on pre-
vious studies we estimate to be around 200 meV.9,50 When training
with 10 000 examples, the errors are only about 0.4% of the mean
Em in the monolayer system and 0.7% of the mean Em in the amor-
phous system. However, comparing ML errors to the mean value
of the excitation energy is not a very informative metric, as one
can subtract any constant value out from the diagonal elements of
the Frenkel Hamiltonian without changing the dynamics. It is more
appropriate to compare the ML errors to the fluctuations (standard
deviation) in Em, as one would expect that ML errors that are of the

FIG. 3. (a) Differential performance of using several different charge models with the Coulomb matrix. Performances reported here are using the 10 000 example monolayer
PPP/CIS training set. atom-dist = pairwise atomic distances (no charges), atm# = atomic numbers, uff = Universal Forcefield,70 gastg = Gasteiger charges,69 and opls =
OPLS/2005 Forcefield.44 (b) Mean absolute error in Em predictions vs training set size used. (c) 2D principal component analysis of pairwise atomic distances and Coulomb
matrices taken from T6 conformations. (d) Cross-morphology error analysis on the predictions of Em from TDDFT. Dashed lines indicate fluctuations (standard deviation) in
Em from the MD bath.
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same order of magnitude or greater than the fluctuations would lead
to significant errors in the exciton dynamics.13 The standard devia-
tion in Em from the MD bath is about 150 meV and 210 meV for
the monolayer and amorphous systems, respectively, if calculated
with TDDFT, and about 103 meV and 181 meV if calculated with
PPP/CIS. These fluctuations are significantly higher than the MAE
in Fig. 3(b) so long as 1000 or more training examples are used.
Thus, our model satisfies our first three performance criteria. The
strong performance of our model matches results from other stud-
ies using kernel based regression methods to predict unimolecular
quantities.58,59,61,71

Interestingly, the errors for the amorphous system tend to be
higher than the MAE for the monolayer system. We attribute this
increase to the greater range of intermolecular forces and larger con-
formational space sampled by the amorphous system. In Fig. 3(c),
we demonstrate this larger sampling by performing principal com-
ponent analysis (PCA) in two dimensions on the internal coor-
dinates, showing that the area covered by the amorphous con-
formations is far larger than the area covered by the monolayer
conformations. The wider range of intermolecular forces is also
reflected in the larger standard deviation of Em in the amorphous
system.

Also of note is the fact that the error for the TDDFT data
tends to be slightly higher than the error for the corresponding
PPP/CIS data. The reduced performance on TDDFT data can be
attributed to the increased complexity of the excited-state energy
landscape from TDDFT as compared to PPP/CIS, which is a nat-
ural result of the more complex equations and much larger basis
sets.

To evaluate the final performance criterion, transferability
across morphologies, we take a model trained with 10 000 examples
on a given morphology and test it against conformations from the
other morphology. Despite the wider sampled space, the error of
the model trained on monolayer conformations does not increase
significantly when evaluated against conformations from the amor-
phous system [Fig. 3(d)]. Indeed, while the KRR model’s predictive
performance is best on the morphology it was trained on, the errors
from the cross-morphology predictions are still small fractions of
the fluctuations in Em. We take this result to indicate that our model
can generalize to morphologies of T6 beyond what it was originally
trained (if at roughly the same temperature), satisfying our fourth
performance criterion.

V. DIRECT ML MODEL FOR COUPLINGS
In principle, the increased scaling between the number of ES

calculations and the number of coupling values merits using a dif-
ferent ML model than KRR. Each unique pair of molecules equates
to a single coupling value, giving a total of N(N−1)

2 coupling dat-
apoints per N molecules in a single time step. Roughly, this scal-
ing equates to 10 000 ES calculations per 260 000 couplings in both
the monolayer and amorphous systems. The O(N3) cost of invert-
ing the kernel matrix makes KRR unsuitable for datasets much
larger than 50 000 examples in size, but DNNs have been shown
to be excellent at handing “big-data.” Thus, we chose to use a
three-layer neural network model for the direct ML of the cou-
plings. For features, we employ an intermolecular Coulomb matrix,
with pairwise distances between atoms of separate molecules.

A very similar model for electron-transfer coupling using a much
smaller dataset with KRR was recently reported by Wang et al.72

We decided to test this model only on the PPP/CIS data due to
the poor convergence of the model and need for larger training
sets.

The predictive performance of the direct Vmn model is signifi-
cantly worse than the performance of the Em ML model. Figure 4(a)
demonstrates that the errors do not converge as quickly as they did
in the Em model. Although the errors here appear small, especially
in comparison to the corresponding errors for Em, one must keep in
mind that the magnitude for Vmn is about two orders of magnitude
smaller than the magnitude of Em in these systems. The mean mag-
nitude for Vmn is only 14.7 meV and 8.8 meV for the monolayer
and amorphous systems, respectively, while the mean magnitude
of Em is about 2960 meV and 3120 meV, respectively. Thus, the

FIG. 4. Vmn prediction performance using the direct model. (a) Mean absolute error
in PPP/CIS Vmn predictions vs the number of one-molecule PPP/CIS excited-state
calculations used to generate the training set. (b) Cross-morphology error analysis
on the predictions of Vmn using 10 000 ES calculations = 260 000 coupling training
sets.
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% error is much larger than what we had for Em even when train-
ing with only 1000 examples. Perhaps more importantly, the errors
are a large proportion of the fluctuations in Vmn, and the cross-
morphology error is very significant. The latter suggests that even
if we accept the lower accuracy to training size trade-off of this cou-
pling ML model, for every different morphology that one might want
to simulate, one would need to do tens of thousands of additional
ES calculations, significantly hampering the efficiency bonus of
using ML.

We believe that the poor performance of the direct Vmn model
can be attributed to the very large bimolecular conformational space,
which requires significantly more data to properly sample than those
of the unimolecular space for Em. The unimolecular conformational
space only includes small perturbations of the nuclear positions due
the vibrations and intermolecular forces, whereas bimolecular con-
formational space contains the same small perturbations as well as
the myriad of different ways the two molecules (and constituent seg-
ments/rings) may be oriented with respect to each other. Clearly,
sampling such a space thoroughly would require much more data.
Even with the ratio of the naturally higher ES calculation to the num-
ber of datapoints (1:1 for Em vs 1:26 for Vmn), the amount of ES
calculations required to train a Vmn model from bimolecular data
far exceeds the number of calculations required to train an equiva-
lent accuracy Em model from unimolecular data. Motivated by this
difficulty, we sought to find a ML approach whereby we could pre-
dict Vmn from unimolecular features, which leads to our transition
charge model.

VI. INDIRECT ML MODEL FOR COUPLINGS VIA
TRANSITION DENSITIES

A. Coupling calculation benchmarking
In this section, we benchmark several methods of calculating

the excitonic coupling. We begin by comparing couplings calcu-
lated via PPP/CIS to the exact couplings calculated via TDDFT
[Fig. 5(a)]. The PPP/CIS couplings tend to significantly under-
estimate the TDDFT couplings for larger values. The decreased
couplings of PPP/CIS would result in lower exciton transport
rates when compared to TDDFT, highlighting the importance of
the ML approach for allowing us to use higher levels of the-
ory when parameterizing Vmn. However, given the very low com-
putational cost and severe simplifications of PPP/CIS, we are
encouraged by how well the PPP/CIS and TDDFT couplings are
correlated.

There appears to be no clear consensus in the literature about
whether exchange (Dexter transfer) is physically significant when
considering the excitonic couplings in small-molecule organic semi-
conductors; hence, here, we benchmark the error when neglect-
ing exchange. In Fig. 5(b), we illustrate that the exchange contri-
bution to coupling is completely negligible in the monolayer sys-
tem, with an average difference of 0.03 meV from using exchange
or not. This result is somewhat surprising as T6 molecules come
in very close proximity to each other during the MD simulation,
with the minimum center of geometry distance between two T6
molecules being as small as 3.5 Å. Examining the LUMO of a

FIG. 5. Parity plots for benchmarking coupling calcula-
tions. All values are from monolayer simulation. (a) Exact
PPP/CIS vs TDDFT couplings. (b) TDDFT couplings with
and without exchange. (c) TDDFT Coulomb couplings from
Mulliken transition charges. (d) TDDFT Coulomb couplings
from Löwdin transition charges.
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typical T6 from the monolayer simulation (Fig. S4 of the supplemen-
tary material), it appears tightly bound to the molecule, supporting
the low-exchange interactions from our calculations. However, such
tight-binding orbitals may be just an artifact of the Frenkel exciton
model’s use of independent single-molecule calculations. We specu-
late that outside the Frenkel exciton model, in real systems, the elec-
tronic polarization due to the neighboring T6 molecules may lead to
more delocalized molecular orbitals, thus more spatial overlap and
strong exchange.

Now that we have established that Coulomb couplings are suf-
ficient when computing couplings in T6, we test whether they can be
reproduced using a set of transition charges localized on each atom
as in Eq. (4) (Fig. 6). Both Mulliken and Löwdin population analyses
were tested. The Mulliken-charge based couplings show a significant
deviation from the exact Coulomb couplings due to the significant
overestimation of the charge on the central atoms of T6 [Fig. 4(b)].
Mulliken population analysis is well known to be highly basis set
dependent;73 in the limit where a complete basis set is localized on a
single atom, Mulliken analysis will assign the entire transition den-
sity to that atom. In T6, the high overlap between the atomic basis
functions of the carbons on the central rings with the surrounding
atomic orbitals can lead to an artificial concentration of charge on
a few carbon atoms. This concentration of charge leads to couplings
that are highly dependent on the positions of these carbons, i.e., if the
central carbons are too close together, Mulliken charges can give up
to double the actual coupling. Although it is well-known that Löwdin
analysis may also show a significant basis set dependence, in T6, the
Löwdin orbital orthogonalization procedure leads to charges that are
more evenly spread across the atoms, giving a better representation
of the actual charge density and thus better couplings. The Löwdin
charges do an excellent job at reproducing the Coulomb couplings,

FIG. 6. Charges and density visualizations for a typical molecule taken from
monolayer simulation. (a) Isosurface of transition density using a value of 0.07:
violet lobes are positive, and red lobes are negative. (b) Mulliken charges, the
size of each sphere indicates the magnitude of the assigned charge. (c) Löwdin
charges.

with an average difference of only 0.6 meV from the exact Coulomb
integral calculations.

One may think that given the high predictive performance
of the Löwdin transition charges, it may be possible to calcu-
late the couplings using a single-set of transition charges, similar
to how interactions between molecules are calculated in molec-
ular dynamics. This approach would side-step the need for high
dimensional regression algorithms such as NN and KRR; however,
in Fig. S5 of the supplementary material, we show that such an
approach leads to an enormous increase in error, with an MAE of
1.74 meV.

We also explored charge embedding based on the natural
atomic orbitals as opposed to the Löwdin orbitals (the so-called
natural population analysis), and found that the results were essen-
tially equivalent to the Löwdin analysis (Fig. S4 of the supplementary
material), and therefore proceed with using the Löwdin charges for
the remainder of this study.

We would also like to emphasize that the transition charge
method is effective not only because it gives us another avenue
for machine learning the couplings but also because it is signif-
icantly less computationally demanding than calculating the cou-
plings exactly. In Table SI of the supplementary material, we show
that computing the exact Coulomb coupling calculation takes 8300
CPU h for the monolayer system. Meanwhile, the cost of the Löwdin
transition charge couplings is only 22 CPU h. While, as shown in
Fig. 5(c), the Löwdin transition charge method produces some sys-
tematic error for molecules very close together, we believe that this
degree of error is acceptable in light of the enormous improvement
in computational efficiency.

B. Machine learning model
In Sec. VI A, we described how Löwdin transition charges can

effectively reproduce the excitonic coupling Vmn; in this section,
we proceed with describing a ML model for Vmn by predicting the
Löwdin transition charge on each atom from molecular conforma-
tions. Our strategy is generally the same as our model for Em: a KRR
model with Coulomb matrix features. However, here, we train an
individual KRR model per transition charge. This approach is simi-
lar to the one described by Brockherde et al.,71 as a way of predicting
the ground-state one-electron density.

Even using the same model and features, the percent mean
absolute error (%MAE) when predicting individual transition
charges is higher than the %MAE when predicting the excitation
energies (Table SII of the supplementary material). This increase
is to be expected however; both the transition density and tran-
sition charges vary greatly with small perturbations in the posi-
tions of the nuclei. Fortunately, the prediction quality when cal-
culating the couplings from the transition charges improves dra-
matically due to how this approach captures the 1

r dependence
of the Coulomb interaction between charge densities exactly, as
opposed to relying on the ML algorithm to determine this depen-
dence on its own. The performance of this transition charge ML
model for predicting Vmn is significantly better than the perfor-
mance of the direct model. In Fig. 7(a), we see that the error con-
vergence is much improved, almost on par with the energy calcu-
lations, and the increase in error from cross-morphology predic-
tions is negligible. Overall, when training with 10 000 examples, the
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FIG. 7. Comparing the error between actual transition charge couplings and machine-learned transition charge couplings. (a) Mean absolute error in Vmn predictions vs
training set size used. (b) Cross-morphology error analysis with TDDFT data. (c) Average coupling vs center of geometry distance: solid lines are from the exact transition
charges, and dashed lines are from ML predicted charges. (d) Coupling distributions.

MAE is only a small fraction of the fluctuations in Vmn and roughly
the same as the degree of intrinsic error from the Löwdin charge
embedding. Thus, in stark contrast to the direct Vmn model, the
transition charge Vmn model satisfies all of our ML performance
criteria.

To further illustrate the high performance of this transition
charge model, we analyzed the performance of the model at predict-
ing the average distance dependence of Vmn as well as the probabil-
ity distribution of Figs. 7(c) and 7(d). In both cases, the agreement
between ML results and actual values is almost exact due to how the
ML errors are largely random and these random errors are effectively
averaged out. Such high accuracy is a very desirable property, as
these distributions are an important visual tool for giving mechanis-
tic insight into exciton transport and assessing why exciton diffusion
rates differ between systems.

It is worth noting that the error analysis shown in Fig. 7 focuses
on differences between the ML predictions and the actual transi-
tion charge coupling from Eq. (4), not the exact couplings from
Eq. (3). Thus, in Fig. 8, we compare the MAE of the ML pre-
dicted couplings to the exact Coulomb couplings in the mono-
layer morphology. The error between the ML predicted transition
charge couplings and exact Coulomb couplings is only 0.03 meV
greater than the error induced by the charge monopole approxi-
mation itself [Fig. 5(d)]. This result once again indicates the effi-
cacy of the ML approach, as it highlights how the errors induced
by the ML (when trained with sufficient data) are insignificant

compared to the standard approximations already necessary for
computing the electronic structure of the extended condensed phase
systems.

C. Trajectory analysis
Now that we have described ML models capable of repro-

ducing Em and Vmn at high accuracy, we turn to using the said
models in tandem to predict a time-series of Frenkel Hamiltoni-
ans. As proof that our ML models can give accurate dynamics, we
compare exciton trajectory statistics from the ML predicted Hamil-
tonians (using 10 000 training examples) to those directly from
PPP/CIS calculations. In order to asses the transferability of the
ML models, we only include only conformations from the mono-
layer simulation in the training data. We do not test TDDFT here
since the large time interval makes it difficult to accurately assess
dynamics.

Exciton dynamics are propagated using a discrete set of time-
ordered propagators calculated at 10 fs intervals from MD confor-
mations,

∣Ψ(nΔt)⟩ =
⎡
⎢
⎢
⎢
⎢
⎣

n

∏

j=0
exp(−iHjΔt/̷h)

⎤
⎥
⎥
⎥
⎥
⎦+

∣Ψ(0)⟩, (7)

where Ψ(t) denotes the time-dependent exciton wavefunction,
Δt is the time step interval, and Hj represents the jth Frenkel
Hamiltonian. We study two experimentally observable statistics of
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FIG. 8. Parity plots for comparing accuracy of ML predic-
tions to (a) the exact values, and (b) the values computed
with TDDFT Coulomb couplings from Löwdin transition
charges. All values are from monolayer simulation. The ML
model was trained using 10 000 molecular conformations.

interest: the exciton mean-square displacement (MSD) and the low-
est energy eigenvalue (LEE) of the Frenkel Hamiltonian. The MSD
is defined as

MSD(t) = ⟨∑
n
∣rn(t) − rm(0)∣2∣cn(t)∣2⟩

m

, (8)

where rn(t) is the center of the mass position of molecule n at time t,
and |cn(t)|2 is the probability of finding the the exciton on molecule n
at time t. The angled brackets indicate an average over an ensemble
of trajectories with the exciton initially localized on each different
molecule. Without exciton delocalization, this MSD is equivalent to
the usual MSD for particles.

FIG. 9. PPP/CIS trajectory statistics from monolayer and amorphous simulations.
Solid lines are using exact calculations, and dashed lines are using the ML model
trained with 10 000 training examples selected only from the monolayer simulation.
(a) Mean-square displacement. (b) Lowest energy eigenvalue.

In both cases, the predictions from the ML model match the
exact PPP/CIS results very well (Fig. 9). There is virtually no differ-
ence in the MSD, as the ML predictions do not produce systematic
errors, and the random errors are washed out when averaging over
many trajectories. The agreement for the LEE is not as quantitative
as the MSD, particularly for the amorphous system, but still quite
strong as the PPP/CIS and ML lines are very well correlated. We
believe that the close fit between actual MSD/LEE and the ML pre-
dictions illustrates that our model can not only predict individual Em
and Vmn elements accurately but also give very good predictions for
the Frenkel Hamiltonian as a whole.

VII. CONCLUSIONS
In this paper, we presented a novel ML strategy for gener-

ating Frenkel Hamiltonian trajectories from MD conformations.
We built separate models for the diagonal excitation energies,
Em, and off-diagonal couplings, Vmn, and tested the ML mod-
els against a set of four rigorous criteria: (1) applicability across
electronic-structure methods, (2) lower errors than intrinsic uncer-
tainty in the electronic-structure method, (3) lower errors than
fluctuations from the MD bath, and (4) transferability across mor-
phologies. We showed that a simple KRR model with Coulomb
matrix features is capable of satisfying all four criteria when pre-
dicting Em. We then attempted to build a ML model to directly
predict Vmn from two-molecule features but illustrated that such
an approach failed the performance criteria, likely due to the much
larger size of the bimolecular conformational space. The failure
of this approach motivated us to pursue building an ML model
for Vmn from unimolecular features by predicting a set of atom-
centered transition charges. We demonstrated that these transition
charges reproduce the coupling quite poorly when assigned with
Mulliken population analysis but do much better when assigned
with Löwdin population analysis. We then built another ML model,
completely analogous to the Em model, but for predicting each indi-
vidual transition-charge independently. We demonstrated that like
the Em model, it satisfied the performance criteria. While regres-
sion algorithms other than KRR may be proposed and utilized
in the future, we hope that the insight into the relative ease of
predicting a vectorial unimolecular quantity vs a scalar bimolec-
ular quantity will prove to be generally helpful to the broader
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community interested in combining machine learning and quantum
chemistry.

The strong performance of both our Em and transition charge
Vmn models with 10 000 training examples suggests that an even
smaller training set may be employed if necessary. However, 10 000
ES calculations are still orders of magnitude less than the num-
ber of calculations necessary to produce a single Frenkel Hamilto-
nian trajectory in many systems. In the future, it would be interest-
ing to expand the models built here using “active learning” meth-
ods,74,75 where the ML algorithm retrains itself when encountering
datapoints far outside the training set.

While we studied the application of our model only in T6 sys-
tems, we believe that it may be applied in across a variety of systems
where the Frenkel–Davydov model is appropriate. Of course, care
must be taken in systems such as polymers, where individual frag-
ments may have a significant wavefunction overlap and exchange
coupling is not negligible, as our transition charge Vmn model breaks
down with significant exchange. However, it may be possible to
build a very similar unimolecular Vmn model by predicting the
entire transition density matrix using features taken from lower level
electronic-structure data, such as overlap and Fock matrices. We
believe that this is another exciting area for future development.
It is also worth noting that it is dubious whether the assumptions
made in the standard Frenkel–Davydov model are appropriate in
strong-coupling situations where exchange is significant.

Finally, we note that parameterizing Frenkel Hamiltonians
directly from MD conformations does neglect the backaction of
the exciton on the nuclear bath. However, we hope that with the
improved efficiency of our ML-Frenkel model, we may begin to
address this limitation by introducing corrections to the MD forces
based on the state of the exciton. We hope to further develop this
ML-Frenkel protocol and, after careful validation against experi-
ment, employ it to understand the effects of molecular morphology
and correlated environmental noise on exciton diffusion in organic
semiconductors and guide organic semiconductor design.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional error analysis of
ML methods and charge monopole approximation.

ACKNOWLEDGMENTS
A.F. and A.P.W. were supported by the Office of Science of

the U.S. Department of Energy under Contract No. DE-SC0019441.
This research used resources of the National Energy Research Sci-
entific Computing Center, a DOE Office of Science User Facil-
ity supported by the Office of Science of the U.S. Department of
Energy under Contract No. DE-AC02-05CH11231. We would like
to thank Amr Dodin and Maria Alejandra Castellanos for helpful
discussions on exciton dynamics. Ardavan Farahvash acknowledges
support from the National Science Foundation Graduate Research
Fellowship Program.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

REFERENCES
1B. Kippelen and J.-L. Brédas, “Organic photovoltaics,” Energy Environ. Sci. 2(3),
251–261 (2009).
2C. J. Brabec, “Organic photovoltaics: Technology and market,” Sol. Energy
Mater. Sol. Cells 83(2-3), 273–292 (2004).
3J. Thompson, R. I. R. Blyth, M. Mazzeo, M. Anni, G. Gigli, and R. Cingolani,
“White light emission from blends of blue-emitting organic molecules: A general
route to the white organic light-emitting diode?,” Appl. Phys. Lett. 79(5), 560–562
(2001).
4R. Gómez-Bombarelli, J. Aguilera-Iparraguirre, T. D. Hirzel, D. Duvenaud,
D. Maclaurin, M. A. Blood-Forsythe, H. S. Chae, M. Einzinger, D.-G. Ha, T. Wu
et al., “Design of efficient molecular organic light-emitting diodes by a high-
throughput virtual screening and experimental approach,” Nat. Mater. 15(10),
1120–1127 (2016).
5M. A. Castellanos, A. Dodin, and A. P. Willard, “On the design of molecular
excitonic circuits for quantum computing: The universal quantum gates,” Phys.
Chem. Chem. Phys. 22(5), 3048–3057 (2020).
6J. Frenkel, “On the transformation of light into heat in solids. I,” Phys. Rev. 37(1),
17–44 (1931).
7A. S. Davydov, “The theory of molecular excitons,” Sov. Phys. Usp. 7(2), 145
(1964).
8F. C. Spano, “Excitons in conjugated oligomer aggregates, films, and crystals,”
Annu. Rev. Phys. Chem. 57(1), 217–243 (2006).
9L. Shi and A. P. Willard, “Modeling the effects of molecular disorder on the prop-
erties of Frenkel excitons in organic molecular semiconductors,” J. Chem. Phys.
149(9), 094110 (2018).
10D. Beljonne, J. Cornil, R. Silbey, P. Millié, and J. L. Brédas, “Interchain inter-
actions in conjugated materials: The exciton model versus the supermolecular
approach,” J. Chem. Phys. 112(10), 4749–4758 (2000).
11A. F. Morrison, Z.-Q. You, and J. M. Herbert, “Ab initio implementation of the
Frenkel–Davydov exciton model: A naturally parallelizable approach to comput-
ing collective excitations in crystals and aggregates,” J. Chem. Theory Comput.
10(12), 5366–5376 (2014).
12X. Li, R. M. Parrish, F. Liu, S. I. L. Kokkila Schumacher, and T. J. Martínez, “An
ab initio exciton model including charge-transfer excited states,” J. Chem. Theory
Comput. 13(8), 3493–3504 (2017).
13C. K. Lee, L. Shi, and A. P. Willard, “Modeling the influence of correlated molec-
ular disorder on the dynamics of excitons in organic molecular semiconductors,”
J. Phys. Chem. C 123(1), 306–314 (2019).
14W. Barford, E. R. Bittner, and A. Ward, “Exciton dynamics in disordered poly(p-
phenylenevinylene). 2. Exciton diffusion,” J. Phys. Chem. A 116(42), 10319–10327
(2012).
15O. R. Tozer and W. Barford, “Intrachain exciton dynamics in conjugated
polymer chains in solution,” J. Chem. Phys. 143(8), 084102 (2015).
16E. M. Y. Lee and A. P. Willard, “Solving the trivial crossing problem while pre-
serving the nodal symmetry of the wave function,” J. Chem. Theory Comput. 15,
4332 (2019).
17E. R. Bittner, “Frenkel exciton model of ultrafast excited state dynamics in AT
DNA double helices,” J. Photochem. Photobiol., A 190(2-3), 328–334 (2007).
18E. Graugnard, D. L. Kellis, H. Bui, S. Barnes, W. Kuang, J. Lee, W. L. Hughes,
W. B. Knowlton, and B. Yurke, “DNA-controlled excitonic switches,” Nano Lett.
12(4), 2117–2122 (2012).
19S. Tretiak, C. Middleton, V. Chernyak, and S. Mukamel, “Exciton Hamilto-
nian for the bacteriochlorophyll system in the LH2 antenna complex of purple
bacteria,” J. Phys. Chem. B 104(18), 4519–4528 (2000).
20A. Sisto, D. R. Glowacki, and T. J. Martinez, “Ab initio nonadiabatic dynamics of
multichromophore complexes: A scalable graphical-processing-unit-accelerated
exciton framework,” Acc. Chem. Res. 47(9), 2857–2866 (2014).
21J. Ye, K. Sun, Y. Zhao, Y. Yu, C. Kong Lee, and J. Cao, “Excitonic energy transfer
in light-harvesting complexes in purple bacteria,” J. Chem. Phys. 136(24), 245104
(2012).
22E. Da Como, M. A. Loi, M. Murgia, R. Zamboni, and M. Muccini, “J-aggregation
in α-sexithiophene submonolayer films on silicon dioxide,” J. Am. Chem. Soc.
128(13), 4277–4281 (2006).

J. Chem. Phys. 153, 074111 (2020); doi: 10.1063/5.0016009 153, 074111-11

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/5.0016009#suppl
https://doi.org/10.1039/b812502n
https://doi.org/10.1016/j.solmat.2004.02.030
https://doi.org/10.1016/j.solmat.2004.02.030
https://doi.org/10.1063/1.1388875
https://doi.org/10.1038/nmat4717
https://doi.org/10.1039/c9cp05625d
https://doi.org/10.1039/c9cp05625d
https://doi.org/10.1103/physrev.37.17
https://doi.org/10.1070/pu1964v007n02abeh003659
https://doi.org/10.1146/annurev.physchem.57.032905.104557
https://doi.org/10.1063/1.5044553
https://doi.org/10.1063/1.481031
https://doi.org/10.1021/ct500765m
https://doi.org/10.1021/acs.jctc.7b00171
https://doi.org/10.1021/acs.jctc.7b00171
https://doi.org/10.1021/acs.jpcc.8b11504
https://doi.org/10.1021/jp307041n
https://doi.org/10.1063/1.4929378
https://doi.org/10.1021/acs.jctc.9b00302
https://doi.org/10.1016/j.jphotochem.2006.12.007
https://doi.org/10.1021/nl3004336
https://doi.org/10.1021/jp9939930
https://doi.org/10.1021/ar500229p
https://doi.org/10.1063/1.4729786
https://doi.org/10.1021/ja056060s


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

23R. Fitzner, E. Mena-Osteritz, A. Mishra, G. Schulz, E. Reinold, M. Weil,
C. Körner, H. Ziehlke, C. Elschner, K. Leo, M. Riede, M. Pfeiffer, C. Uhrich, and
P. Bäuerle, “Correlation of π-conjugated oligomer structure with film morphol-
ogy and organic solar cell performance,” J. Am. Chem. Soc. 134(27), 11064–11067
(2012).
24G. Schwabegger, T. Djuric, H. Sitter, R. Resel, and C. Simbrunner, “Morpho-
logical and structural investigation of sexithiophene growth on KCl (100),” Cryst.
Growth Des. 13(2), 536–542 (2013).
25A. Mani, J. Schoonman, and A. Goossens, “Photoluminescence study of sex-
ithiophene thin films,” J. Phys. Chem. B 109(11), 4829–4836 (2005).
26T. Wagner, D. R. Fritz, and P. Zeppenfeld, “α-6T on Ag(110): The formation of
the wetting layer,” Synth. Met. 161(17), 2006–2010 (2011).
27T. Djuric, G. Hernandez-Sosa, G. Schwabegger, M. Koini, G. Hesser, M. Arndt,
M. Brinkmann, H. Sitter, C. Simbrunner, and R. Resel, “Alternately deposited
heterostructures of α-sexithiophene–para-hexaphenyl on muscovite mica(001)
surfaces: Crystallographic structure and morphology,” J. Mater. Chem. 22(30),
15316–15325 (2012).
28K. Hinrichs, M. Levichkova, D. Wynands, K. Walzer, K. J. Eichhorn, B. Peter,
K. Leo, and M. Riede, “Morphology and molecular orientation of ethyl-substituted
dicyanovinyl-sexithiophene films for photovoltaic applications,” Thin Solid Films
525, 97–105 (2012).
29E. Varene, L. Bogner, C. Bronner, and P. Tegeder, “Ultrafast exciton popula-
tion, relaxation, and decay dynamics in thin oligothiophene films,” Phys. Rev. Lett.
109(20), 207601 (2012).
30A. Moser, I. Salzmann, M. Oehzelt, A. Neuhold, H.-G. Flesch, J. Ivanco, S. Pop,
T. Toader, D. R. T. Zahn, D.-M. Smilgies, and R. Resel, “A disordered layered
phase in thin films of sexithiophene,” Chem. Phys. Lett. 574, 51–55 (2013).
31G. D’Avino, L. Muccioli, and C. Zannoni, “From chiral islands to smectic
layers: A computational journey across sexithiophene morphologies on C60,”
Adv. Funct. Mater. 25(13), 1985–1995 (2015).
32L. Bogner, Z. Yang, S. Baum, M. Corso, R. Fitzner, P. Bäuerle, K. J. Franke, J. I.
Pascual, and P. Tegeder, “Electronic states and exciton dynamics in dicyanovinyl-
sexithiophene on Au(111),” J. Phys. Chem. C 120(48), 27268–27275 (2016).
33B. Klett, C. Cocchi, L. Pithan, S. Kowarik, and C. Draxl, “Polymorphism in α-
sexithiophene crystals: Relative stability and transition path,” Phys. Chem. Chem.
Phys. 18(21), 14603–14609 (2016).
34T. Taima, M. Shahiduzzaman, T. Ishizeki, K. Yamamoto, M. Karakawa,
T. Kuwabara, and K. Takahashi, “Sexithiophene-based photovoltaic cells with high
light absorption coefficient via crystalline polymorph control,” J. Phys. Chem. C
121(36), 19699–19704 (2017).
35W. Bronsch, T. Wagner, S. Baum, M. Wansleben, K. Zielke, E. Ghanbari,
M. Györök, A. Navarro-Quezada, P. Zeppenfeld, M. Weinelt, and C. Gahl, “Inter-
play between morphology and electronic structure in α-sexithiophene films on
Au(111),” J. Phys. Chem. C 123(13), 7931–7939 (2019).
36J. A. Pople, “Electron interaction in unsaturated hydrocarbons,” Trans. Faraday
Soc. 49, 1375–1385 (1953).
37J. C. Chang, “Monopole effects on electronic excitation interactions between
large molecules. I. Application to energy transfer in chlorophylls,” J. Chem. Phys.
67(9), 3901 (1977).
38C. Y. Wong, C. Curutchet, S. Tretiak, and G. D. Scholes, “Ideal dipole
approximation fails to predict electronic coupling and energy transfer between
semiconducting single-wall carbon nanotubes,” J. Chem. Phys. 130(8), 081104
(2009).
39M. Kasha, H. R. Rawls, and M. Ashraf El-Bayoumi, “The exciton model in
molecular spectroscopy,” Pure Appl. Chem. 11(3-4), 371 (1965).
40M. E. Madjet, A. Abdurahman, and T. Renger, “Intermolecular Coulomb cou-
plings from ab initio electrostatic potentials: Application to optical transitions
of strongly coupled pigments in photosynthetic antennae and reaction centers,”
J. Phys. Chem. B 110(34), 17268–17281 (2006).
41I. A. Howard, F. Zutterman, G. Deroover, D. Lamoen, and C. Van Alsenoy,
“Approaches to calculation of exciton interaction energies for a molecular dimer,”
J. Phys. Chem. B 108(50), 19155–19162 (2004).
42B. P. Krueger, G. D. Scholes, and G. R. Fleming, “Calculation of couplings and
energy-transfer pathways between the pigments of LH2 by the ab initio transition
density cube method,” J. Phys. Chem. B 102(47), 9603–9604 (1998).

43K. A. Kistler, F. C. Spano, and S. Matsika, “A benchmark of excitonic couplings
derived from atomic transition charges,” J. Phys. Chem. B 117(7), 2032–2044
(2013).
44W. L. Jorgensen, D. S. Maxwell, and J. Tirado-Rives, “Development and
testing of the OPLS all-atom force field on conformational energetics and
properties of organic liquids,” J. Am. Chem. Soc. 118(45), 11225–11236
(1996).
45K. H. DuBay, M. L. Hall, T. F. Hughes, C. Wu, D. R. Reichman, and R. A.
Friesner, “Accurate force field development for modeling conjugated polymers,”
J. Chem. Theory Comput. 8(11), 4556–4569 (2012).
46S. Nosé, “A unified formulation of the constant temperature molecular dynam-
ics methods,” J. Chem. Phys. 81(1), 511–519 (1984).
47W. G. Hoover, “Canonical dynamics: Equilibrium phase-space distributions,”
Phys. Rev. A 31(3), 1695–1697 (1985).
48K. J. Bowers, D. E. Chow, H. Xu, R. O. Dror, M. P. Eastwood,
B. A. Gregersen, J. L. Klepeis, I. Kolossvary, M. A. Moraes, F. D. Sac-
erdoti, J. K. Salmon, Y. Shan, and D. E. Shaw, “Scalable algorithms for
molecular dynamics simulations on commodity clusters,” in SC’06: Proceed-
ings of the 2006 ACM/IEEE Conference on Supercomputing (IEEE, 2006),
p. 43.
49T. Yanai, D. P. Tew, and N. C. Handy, “A new hybrid exchange–correlation
functional using the Coulomb-attenuating method (CAM-B3LYP),” Chem. Phys.
Lett. 393(1), 51–57 (2004).
50C. Lu, Q. Liu, Q. Sun, C.-Y. Hsieh, S. Zhang, L. Shi, and C.-K. Lee, “Deep learn-
ing for optoelectronic properties of organic semiconductors,” J. Phys. Chem. C
124(13), 7048–7060 (2020).
51Y. Shao, Y. Mei, D. Sundholm, and V. R. I. Kaila, “Benchmarking the per-
formance of time-dependent density functional theory methods on biochro-
mophores,” J. Chem. Theory Comput. 16(1), 587–600 (2020).
52A. D. Laurent and D. Jacquemin, “TD-DFT benchmarks: A review,” Int. J.
Quantum Chem. 113(17), 2019–2039 (2013).
53Q. Sun, T. C. Berkelbach, N. S. Blunt, G. H. Booth, S. Guo, Z. Li, J. Liu, J. D.
McClain, E. R. Sayfutyarova, S. Sharma, S. Wouters, and G. K. L. Chan, “PySCF:
The Python-based simulations of chemistry framework,” WIREs Comput. Mol.
Sci. 8(1), e1340 (2018).
54F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel,
M. Blondel, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vanderplas, A. Passos,
D. Cournapeau, M. Brucher, M. Perrot, and E. Duchesnay, “Scikit-learn: Machine
learning in Python,” J. Mach. Learn. Res. 12, 2825–2830 (2011).
55M. Abadi, A. Agarwal, P. Barham, E. Brevdo, Z. Chen, C. Citro, G. S. Corrado,
A. Davis, J. Dean, M. Devin, S. Ghemawat, I. Goodfellow, A. Harp, G. Irving,
M. Isard, Y. Jia, R. Jozefowicz, L. Kaiser, M. Kudlur, J. Levenberg, D. Mané,
R. Monga, S. Moore, D. Murray, C. Olah, M. Schuster, J. Shlens, B. Steiner,
I. Sutskever, K. Talwar, P. Tucker, V. Vanhoucke, V. Vasudevan, F. Viégas,
O. Vinyals, P. Warden, M. Wattenberg, M. Wicke, Y. Yu, and X. Zheng, “Ten-
sorFlow: Large-scale machine learning on heterogeneous systems,” 2015, Software
available from www.tensorflow.org.
56M. Rupp, A. Tkatchenko, K.-R. Müller, and O. A. von Lilienfeld, “Fast and accu-
rate modeling of molecular atomization energies with machine learning,” Phys.
Rev. Lett. 108(5), 058301 (2012).
57R. Ramakrishnan, P. O. Dral, M. Rupp, and O. A. von Lilienfeld, “Big data Meets
quantum chemistry approximations: The δ-machine learning approach,” J. Chem.
Theory Comput. 11(5), 2087–2096 (2015).
58K. Hansen, G. Montavon, F. Biegler, S. Fazli, M. Rupp, M. Scheffler, O. A.
von Lilienfeld, A. Tkatchenko, and K.-R. Müller, “Assessment and validation
of machine learning methods for predicting molecular atomization energies,” J.
Chem. Theory Comput. 9(8), 3404–3419 (2013).
59M. Rupp, “Machine learning for quantum mechanics in a nutshell,” Int. J.
Quantum Chem. 115(16), 1058–1073 (2015).
60J. Behler and M. Parrinello, “Generalized neural-network representation of
high-dimensional potential-energy surfaces,” Phys. Rev. Lett. 98(14), 146401
(2007).
61M. Welborn, L. Cheng, and T. F. Miller, “Transferability in machine learning
for electronic structure via the molecular orbital basis,” J. Chem. Theory Comput.
14(9), 4772–4779 (2018).

J. Chem. Phys. 153, 074111 (2020); doi: 10.1063/5.0016009 153, 074111-12

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1021/ja302320c
https://doi.org/10.1021/cg3010823
https://doi.org/10.1021/cg3010823
https://doi.org/10.1021/jp045916x
https://doi.org/10.1016/j.synthmet.2011.07.014
https://doi.org/10.1039/c2jm32023a
https://doi.org/10.1016/j.tsf.2012.10.069
https://doi.org/10.1103/physrevlett.109.207601
https://doi.org/10.1016/j.cplett.2013.04.053
https://doi.org/10.1002/adfm.201402609
https://doi.org/10.1021/acs.jpcc.6b07325
https://doi.org/10.1039/c6cp01405d
https://doi.org/10.1039/c6cp01405d
https://doi.org/10.1021/acs.jpcc.7b07953
https://doi.org/10.1021/acs.jpcc.8b07280
https://doi.org/10.1039/tf9534901375
https://doi.org/10.1039/tf9534901375
https://doi.org/10.1063/1.435427
https://doi.org/10.1063/1.3088846
https://doi.org/10.1351/pac196511030371
https://doi.org/10.1021/jp0615398
https://doi.org/10.1021/jp040417h
https://doi.org/10.1021/jp983589l
https://doi.org/10.1021/jp310603z
https://doi.org/10.1021/ja9621760
https://doi.org/10.1021/ct300175w
https://doi.org/10.1063/1.447334
https://doi.org/10.1103/physreva.31.1695
https://doi.org/10.1016/j.cplett.2004.06.011
https://doi.org/10.1016/j.cplett.2004.06.011
https://doi.org/10.1021/acs.jpcc.0c00329
https://doi.org/10.1021/acs.jctc.9b00823
https://doi.org/10.1002/qua.24438
https://doi.org/10.1002/qua.24438
https://doi.org/10.1002/wcms.1340
https://doi.org/10.1002/wcms.1340
https://doi.org/10.5555/1953048.2078195
http://www.tensorflow.org
https://doi.org/10.1103/physrevlett.108.058301
https://doi.org/10.1103/physrevlett.108.058301
https://doi.org/10.1021/acs.jctc.5b00099
https://doi.org/10.1021/acs.jctc.5b00099
https://doi.org/10.1021/ct400195d
https://doi.org/10.1021/ct400195d
https://doi.org/10.1002/qua.24954
https://doi.org/10.1002/qua.24954
https://doi.org/10.1103/physrevlett.98.146401
https://doi.org/10.1021/acs.jctc.8b00636


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

62K. T. Schütt, H. E. Sauceda, P.-J. Kindermans, A. Tkatchenko, and K.-R. Müller,
“SchNet—A deep learning architecture for molecules and materials,” J. Chem.
Phys. 148(24), 241722 (2018).
63K. T. Schütt, M. Gastegger, A. Tkatchenko, K.-R. Müller, and R. J. Maurer, “Uni-
fying machine learning and quantum chemistry with a deep neural network for
molecular wavefunctions,” Nat. Commun. 10(1), 5024 (2019).
64A. Grisafi, A. Fabrizio, B. Meyer, D. M. Wilkins, C. Corminboeuf, and M. Ceri-
otti, “Transferable machine-learning model of the electron density,” ACS Cent.
Sci. 5(1), 57–64 (2019).
65P. O. Dral, “Quantum chemistry in the age of machine learning,” J. Phys. Chem.
Lett. 11(6), 2336–2347 (2020).
66P. O. Dral, M. Barbatti, and W. Thiel, “Nonadiabatic excited-state dynamics
with machine learning,” J. Phys. Chem. Lett. 9(19), 5660–5663 (2018).
67W.-K. Chen, X.-Y. Liu, W.-H. Fang, P. O. Dral, and G. Cui, “Deep learning
for nonadiabatic excited-state dynamics,” J. Phys. Chem. Lett. 9(23), 6702–6708
(2018).
68J. Westermayr, M. Gastegger, M. F. S. J. Menger, S. Mai, L. González, and
P. Marquetand, “Machine learning enables long time scale molecular photody-
namics simulations,” Chem. Sci. 10(35), 8100–8107 (2019).
69J. Gasteiger and M. Marsili, “A new model for calculating atomic charges in
molecules,” Tetrahedron Lett. 19(34), 3181–3184 (1978).

70A. K. Rappe, C. J. Casewit, K. S. Colwell, W. A. Goddard, and W. M.
Skiff, “UFF, a full periodic table force field for molecular mechanics and
molecular dynamics simulations,” J. Am. Chem. Soc. 114(25), 10024–10035
(1992).
71F. Brockherde, L. Vogt, Li Li, M. E. Tuckerman, K. Burke, and K.-R. Müller,
“Bypassing the Kohn-Sham equations with machine learning,” Nat. Commun.
8(1), 872 (2017).
72C.-I. Wang, M. K. E. Braza, G. C. Claudio, R. B. Nellas, and C.-P. Hsu, “Machine
learning for predicting electron transfer coupling,” J. Phys. Chem. A 123(36),
7792–7802 (2019).
73A. Szabo and N. S. Ostlund, Modern Quantum Chemistry: Introduction to
Advanced Electronic Structure Theory, Dover Books on Chemistry (Dover Pub-
lications, 1996).
74J. S. Smith, B. Nebgen, N. Lubbers, O. Isayev, and A. E. Roitberg, “Less is more:
Sampling chemical space with active learning,” J. Chem. Phys. 148(24), 241733
(2018).
75M. Zhong, K. Tran, Y. Min, C. Wang, Z. Wang, C.-T. Dinh, P. De Luna, Z. Yu,
A. S. Rasouli, P. Brodersen, S. Sun, O. Voznyy, C.-S. Tan, M. Askerka, F. Che,
M. Liu, A. Seifitokaldani, Y. Pang, S.-C. Lo, A. Ip, Z. Ulissi, and E. H. Sargent,
“Accelerated discovery of CO2 electrocatalysts using active machine learning,”
Nature 581(7807), 178–183 (2020).

J. Chem. Phys. 153, 074111 (2020); doi: 10.1063/5.0016009 153, 074111-13

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.5019779
https://doi.org/10.1063/1.5019779
https://doi.org/10.1038/s41467-019-12875-2
https://doi.org/10.1021/acscentsci.8b00551
https://doi.org/10.1021/acscentsci.8b00551
https://doi.org/10.1021/acs.jpclett.9b03664
https://doi.org/10.1021/acs.jpclett.9b03664
https://doi.org/10.1021/acs.jpclett.8b02469
https://doi.org/10.1021/acs.jpclett.8b03026
https://doi.org/10.1039/c9sc01742a
https://doi.org/10.1016/s0040-4039(01)94977-9
https://doi.org/10.1021/ja00051a040
https://doi.org/10.1038/s41467-017-00839-3
https://doi.org/10.1021/acs.jpca.9b04256
https://doi.org/10.1063/1.5023802
https://doi.org/10.1038/s41586-020-2242-8

