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Abstract
In this paper, we propose an accurate and controllable rendering process for implicit surfaces with no or unknown analytic
Lipschitz constants. Our process is built upon a ray-casting approach where we construct an adaptive Chebyshev proxy along
each ray to perform an accurate intersection test via a robust and multi-stage searching method. By taking into account
approximation errors and numerical conditions, our methods comprise several pre-conditioning and post-processing stages to
improve the numerical accuracy, which potentially applied recursively. The intersection search is performed by evaluating a
QR decomposition on the Chebyshev proxy function, which can be done in a numerically accurate way. Our process achieves
comparable accuracy to other techniques that impose more constraints on the surface, e.g., knowledge of Lipschitz constants,
and higher accuracy compared to approaches that impose similar constraints as our approach.

Keywords Rendering · Implicit surfaces · Ray casting · Root finding · Chebyshev approximation

1 Introduction

Implicit surfaces have a long tradition in computer graphics
as they are a powerful abstraction of many geometric models
[6, 23] and as they provide construction operations on the
underlying shapes either directly, e.g., using metaballs [5],
or indirectly, e.g., using skeleton-based representations [2].
Implicit surfaces are commonly defined as an iso-contour of
a 3D scalar field s(x), x ∈ R

3, where x is inside and outside
the object, if s(x) < 0 and s(x) > 0, respectively.

Direct rendering of implicit surfaces,e.g., without con-
version into a mesh, is, however, a non-trivial task, and
is commonly handled with ray-casting [26, 33, 44]. This
involves finding the first root of s(r(λ)) along a ray r(λ) =
o + λ�d cast from a viewpoint o in direction �d. For polyno-
mial scalar fields s of degree ≤ 4, several accurate or even
analytic approaches for root finding exist, e.g., interval arith-
metic [45], which can also be utilized by approximating s
by polynomials of degree ≤ 4 [28, 43] or Taylor expan-
sions [45]. This often induces an approximation error that is
hardly controllable, as finding a sufficiently accurate approx-
imation of s(r(λ)) is a very challenging task, especiallywhen
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being restricted to low degree approximations. Alternatively,
if the global or local Lipschitz constant for the scalar field is
known, more accurate root finding algorithms can be used,
e.g., LG-surfaces [29] and Sphere Tracing [26]. However,
while Lipschitz constants are known when rendering, e.g.,
SDFs, they are generally not known a priori when rendering
surfaces based on arbitrary implicit functions.

In this paper, we propose a rendering approach for implicit
surfaces that approximates the scalar field along rays with
controllable accuracy and does not require any knowledge
of Lipschitz constants. The only technical requirement is,
that the scalar field is globally C0-continuous. The specific
contributions of this paper are:

(a) An efficient and accurate approach to find the first
root along a ray, which involves an efficient Cheby-
shev approximation method, comprising several pre-
conditioning and post-processing stages, as well as an
optional, recursive root finding, to achieve as-optimal-
as-possible scalar field approximations along rays,

(b) a performance analysis of our method using scalar fields
of varying types, e.g., polynomial and non-algebraic,
regarding both, computational aspects and achievable
numerical accuracy, which are compared to existing ren-
dering approaches, and

(c) an open source CPU-based C++ implementation of the
Chebyshev proxy construction process, the rendering
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approach and an implicit surface rendering framework
that also includes implementations of other common ren-
dering approaches, namely LG-Surfaces [29], Sphere
Tracing [26], Adaptive Marching Points [44], a local
quartic polynomial approximation process [43], Seg-
ment Tracing [21] and a simple ray marching approach.

Limitations. Our method is not well-suited for functions that
are defined piecewise, e.g., discrete Signed Distance Fields,
due to their large number of discontinuities in somederivative
terms, which involve many recursions and high polynomial
degrees, yielding a significant drop in runtime performance.

2 Related work

Implicit surfaces are described based on a position in space
x ∈ R

3 and an arbitrary scalar field S(x) [6], where the
surface is some iso-contour of S, commonly S(x) = 0. We
distinguish three distinct ways to visualize implicit surfaces:
(i) polynomial approximations that locally approximate the
surface using piecewise polynomials of various degrees, (ii)
rendering approaches that require prior knowledge of the
Lipschitz constant of the scalar field, either locally or glob-
ally, and (iii) interval refinementmethods using root isolation
techniques.
Polynomial approximations. For polynomial scalar functions
along rays up to degree 4 closed-form solutions can be
applied [24], while for higher-degree polynomials no gen-
eral analytic solutions can exist. Instead, for higher degree,
and/or piecewise polynomial surfaces, numerical root find-
ing approaches can be utilized, e.g., Bézier clipping [30,
38]. For arbitrary scalar fields, approximating polynomi-
als can be constructed along a ray, to which various root
finding methods are applied [28, 43], involving, e.g., Tay-
lor expansion [45] or Bernstein polynomials [30]. However,
increasing the degree of a monomial polynomial arbitrar-
ily does not necessarily yield a better approximation due
to Runge’s phenomenon [41], which is a fundamental limi-
tation when constructing polynomial approximations using
interpolation methods in existing rendering approaches. Our
method addresses these limitations by utilizing Chebyshev
polynomials that do not suffer from Runge’s phenomenon
and which can scale to much greater numerical accuracy for
arbitrary implicit surfaces.
Lipschitz constant-based approaches. Knowing theLipschitz
continuity of the scalar function and its Lipschitz constant k
significantly simplifies the root finding procedure. Kalra and
Barr [29] utilized theLipschitz continuity of the surface func-
tion and of the gradient of the surface function to construct
an approach in which surfaces are guaranteed to be inter-
sected. If only a global Lipschitz constant is known, sphere
tracing [26] can be applied, which provides a robust render-

ing approach that iterates along a ray based on the current
function magnitude. Several extensions have been proposed
to sphere tracing, e.g., using overrelaxation [32], locally
defined Lipschitz constants [22], or nonlinearly deformed
signed distance fields [42]. Sphere tracing-like approaches
can, however, be arbitrarily slow for grazing rays, which can
be diminished using local Lipschitz constant, e.g., using Seg-
ment tracing [21]. Our method circumvents these limitations
by not relying on a known Lipschitz constant.
Interval refinement. For arbitrarily defined polynomial func-
tions a robust ray tracing approach is to utilize interval-based
approaches [14, 37], where the main goal is to perform a root
isolation, i.e., finding an interval along the ray that contains a
single root, notably the first root for surface rendering. This
can be done in a variety of ways, e.g., using Budan’s theo-
rem [16], Descartes’ rule [25] or Sturm’s theorem [48], but
these approaches generally rely on the surface function being
polynomial or monomial polynomial approximations of the
surface function that may not be accurate for challenging sur-
face functions. Several improvements over these approaches
have been proposed in the past, e.g., using affine arithmetics
to obtain tighter interval bounds [19], Taylor tests for root
bracketing [40] or GPU-based algorithms [34]. Recently,
Keeter [31] proposed an interval refinement approach that
realizes a hierarchical approach to render implicit surfaces
involving thousands of arithmetic operations efficiently on
GPUs. Our method is able to work with traditional arith-
metic operations, while preserving numerical robustness, by
directly incorporating numerical error approximations into
the rendering procedure.

3 Chebyshev proxy rendering

Rendering an implicit surface function s(x) can be formu-
lated as finding intersections along a ray r(λ) = o+λ�d, that
are cast from a viewpoint o in direction �d, where the intersec-
tions are the roots along r . Consequently, we can reformulate
the problem of intersection testing along rays as a root search
problem for an arbitrary unary function f : R → R. More
specifically, for rendering problems we are only interested in
intersections along a compact interval, i.e., intersections in
front of the camera up to some maximum depth b < ∞ with
a minimum distance a ≥ 0, which means that we need to
find roots of an arbitrary function f : [a, b] → R. However,
finding roots of arbitrary functions is a challenging problem
and, accordingly, we aim to transform the problem into a
form that can be readily handled.

Our approach comprises five separate steps as

(a) Constructing a Chebyshev proxy f p, which allows for
robust root finding, see Sect. 3.1.
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(b) Finding the roots of the Chebyshev proxy f p, see
Sect. 3.2.

(c) Improving the pre-conditions for the approximation
accuracy of f p to enhance the numerical accuracy of
the root finding for f , see Sect. 3.3.

(d) Post-processing steps to refine the estimated root, see
Sect. 3.4.

(e) A recursive process to improve numerical accuracy in
cases where extreme numerical conditions lead to visual
artifacts, see Sect. 3.5.

3.1 Chebyshev proxy construction

In R the Weierstrass Approximation Theorem [49] guar-
antees the existence of a proxy function f p for every C0

continuous function f over a compact interval [a, b] ⊂ R

with arbitrary precision ε, i.e.,
∥
∥ f − f p

∥
∥∞ ≤ ε, using a

polynomial function of finite degree n, depending on ε. To
construct f p, we utilize Chebyshev polynomials as these do
not suffer from Runge’s phenomen [41], i.e., increasing the
degree results in better approximations, and as they can be
efficiently constructed using DFTs. In general, Chebyshev
basis polynomials of the first kind Tn , of degree n, are recur-
sively defined via

T0(x) = 1; T1(x) = 2x; Tn+1(x) = 2xTn(x) − Tn−1(x),

Based on this orthogonal basis over [−1, 1], a Chebyshev
polynomial p(x) = ∑n

i=0 ci Ti (x), with Chebyshev coef-
ficients C = {c0, . . . , cn}, can be constructed, which can
be used for approximating a C0-function f . The corre-
sponding coefficients C are calculated by sampling f on a
Chebyshev-Lobato and performing a discrete Fourier trans-
form (DFT) with O(n log n) time complexity [8]. Sampling
at the Chebyshev-Lobato grid, defined over [−1, 1] as xk =
− cos( kπn ), k = 0, 1, . . . , n, guarantees uniform conver-
gence for analytic functions with an approximation error
O (

e−nμ
)

[4] in the mathematical sense, with n being the
polynomial degree and μ being a positive constant. Note,
that arbitrary compact finite intervals can be transformed to
the interval [−1, 1] via an affine transformation.

While theWeierstrassApproximationTheoremprescribes
the existence of a polynomial degree noptεu with an L∞ approx-
imation error of ε for f : [a, b] → R, there is no general
approach to find this lower bound degree. Therefore, heuris-
tic approaches, e.g., [1, 3, 7, 9, 15, 18, 27, 35, 36, 46], exist
to determine nε ≈ noptε , e.g., using the interstitial error [12]
as an approximation of the L∞ error.

In our proposed method, we utilize the approach of
Aurentz and Trefethen [1] that employs the round-off plateau
behavior of the Chebyshev coefficients, and has been well
tested for a large variety of functions and is integrated into
thewidely utilizedChebfun library [17].Using nε , a uniquely

determined proxy function f p exists as

f p =
nε∑

i=0

ci Ti , with
∥
∥ f − f p

∥
∥∞ � εu . (1)

MachinePrecision&Discretization.At this point, it is impor-
tant to note that in computer science we always operate
on the finite set M of machine numbers and that we deal
with the machine approximation fm : M → M of the
“real” function f given by the numerical implementation.
As we do not address this level of approximation, we assume
fm = f , i.e., fm represents the “real” function whose near-
est root we are looking for. We, therefore, use f and fm
for analytic aspects with infinite precision and numerical
aspects with finite precision. Moreover, there are limits in
transferring “ infinitely precise” analytical concepts to finite
precision machine operators and representations, which we
will address in the following. Specifically, there is always
an underlying limitation relating to the achievable computa-
tional precision, e.g., based on the number and magnitude of
coefficients.

Several heuristics exist to estimate this approximation
accuracy limit εa for Chebyshev proxys [12, 39], where we
utilize the estimated proposed by Boyd [12] given as

εa = n2εmachine max
i∈[0,...,n)

|ci |
︸ ︷︷ ︸

mmc( f p)

≤ ∥
∥ f p − fm

∥
∥∞ , (2)

where mmc( f p) is the maximum magnitude coefficient.
For our proxy construction process, we utilize the adaptive

approach of Boyd [12] and the heuristic chopping pro-
cess of Aurentz and Trefethen [1], which tries to achieve
∥
∥ fm − f p

∥
∥∞ ≤ εu by appropriately setting the threshold

for the round-off plateau detection. This round-off plateau
is the result of the difference in magnitude of coefficients
being limited by the machine precision εm , as any coefficient
smaller than mmc( f p)/εm will (most likely) not affect the
result of machine precision operations. Therefore, εu can not
be chosen below a value that depends on mmc( f p) and the
approximation error is bound on both sides

εa ≤ ∥
∥ fm − f p

∥
∥∞ ≤ εu, (3)

where both limits depend on mmc( f p) [1, 12]. mmc( f p)
is considered as being proportional to the magnitude of the
function [12]

mmc( f p) ∝ mag fm (a, b), (4)

where mag denotes the absolute magnitude of the function
over the given interval range. Under the assumption of Eq. 4,
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Fig. 1 The logarithmic per-pixel ratio log10(mmc( f p)/mag f p (a, b))
for the Bohemian star surface (Fig. 2b), estimated using the proxy

εa and εu have to strictly relate to εm mag fm (a, b), i.e., εu <

εm · mag fm (a, b) can, in general, not be achieved [12].
Since this proportionality is semi-well understood for

many cases, we evaluated the proportionality hypothesis for
all test functions to ensure that this also applies to render-
ing problems. The determination of themaximummagnitude
mag fm (a, b) = ∥

∥ fm |(s,t]
∥
∥∞ is challenging for an arbitrary

function, as it requires root finding for derivatives.We, there-
fore, evaluate the assumption indirectly using the maximum
magnitude mag f p (a, b) of the proxy f p by applying QR-
based root search on the Chebyshev proxy’s derivative (see
Sect. 3.2). We evaluated log10(mmc( f p)/mag f p (a, b)) for
all 16 functions from Fig. 2 and found that the maximum dif-
ference of 0.2, i.e., a difference factor of 5, which occurs for
the Bohemian Star test function (Fig. 2b), as shown in Fig. 1.
Consequently, we assume that the proportionality is valid for
ray casting polynomial surfaces, rational surfaces, analytic
algebraic surfaces, algebraic surfaces, and non-algebraic sur-
faces, which we use for testing (see Sect. 4).

3.2 Root finding for chebyshev proxies

After constructing the proxy function f p , we nowneed to find
the roots of f p for the intersection tests. This can be achieved
using the companionmatrixM , which is the uniquely defined
matrix that has f p as its characteristic polynomial. Conse-
quently, the real Eigenvalues of M are the real roots of p.
Commonly, for Chebyshev polynomials the Eigenvalues of
the companionmatrix are computed via a QR algorithm [47],
which estimates roots of the polynomial simultaneously in
time complexityO(n3) [11]. Due to this computational com-
plexity and the limited numerical accuracy for largematrices,
reducing the polynomial degree has clear benefits. However,
simply excluding higher polynomial terms is not feasible, as
it would negatively affect the approximation accuracy εp.

We utilize the subdivision approach proposed by Boyd
[10, 11] that reduces the polynomial degree during the cal-
culation. This approach relies on the concept that, in general,
a function fm on [a, b] approximated by f p with degree

n can be alternatively approximated on the intervals [a, d]
and [d, b], with d ∈ (a, b), with lower degree and similar
approximation accuracy. This subdivision process is espe-
cially useful for functions f that are C∞ everywhere on
[a, b] besides a few Ck points. In this case, the subdivision
ultimately excludes the Ck points and yields intervals over
which f is C∞ and for which the polynomial degree for
approximation is significantly reduced [12].

More precisely, fm : [a, b] → M is transformed to
the canonical interval [−1, 1] using an affine mapping [12,
17]. [−1, 1] is split at the heuristically chosen value d =
−0.004849834917525 [17], and two new approximation
functions f lp and f rp are determined over f p

∣
∣[−1,d] and

f p
∣
∣[d,1], respectively. The new proxies f lp and f rp are con-

structed by evaluating f p on a Chebyshev-Lobatto grid of
degree n, equal to the degree of f p, on each sub-interval, with
time complexityO(n2), and applying a DFT, with time com-
plexity O(n log n), to find the respective coefficients [17].
See, Boyd and Gally [13] for further numerical properties of
Chebyshev root searching.

3.3 Improving pre-conditions

As discussed in Sect. 3.1, the error bounds εa and εu both
depend on the maximum magnitude coefficient of the poly-
nomial proxy mmc( f p) and, as mmc( f p) ∝ mag fm (a, b),
they both depend on the maximum magnitude of fm . It is
important to keep in mind that uniformly scaling the func-
tion, e.g., searching for roots of g : x → x

1000 f (x), does
not improve the root searching process as the errors are still
bound in the same relative ratio to the maximum magni-
tudes. Consequently, to achieve smaller εa and εu we have
to either exclude regions of large relative magnitude from
the root search interval to reduce mmc( f p), or regions that
are difficult to approximate using Chebyshev proxies, i.e.,
regionswithC0 locations, that require highChebyshev proxy
degrees.

Using the fact that fm : [a, b] → M has an (unknown)
machine Lipschitz constant, yields that mag fm (a, b) can be
reduced by lowering fm(a), fm(b) and b − a. Reducing
fm(a) and fm(b) can be efficiently achieved by excluding
segments on either end of the interval that do not contain the
first root of the function. Moreover, reducing the root search
to a sub-interval [as, bs] � [a, b] always reduces the interval
length b − a.

As we aim to find the first root ξ0, we shift fm by the
approximation error εa] of f p to guarantee that ξ0 will not be
missed when using f p for root search. This also holds, if ξ0 is
a double root of fm . The shifted function f ε

p : [a, b] → M is
constructedbydirectlymodifying theChebyshev coefficients
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cpi of the proxy function f p of fm :

f ε
p (x) =

n
∑

i=0

cε
i Ti (x), c

ε
i =

{

cpi , i �= 0,

cpi − s sgn( fm(a))ε, else
.

(5)

Note that if | f p(a)| ≤ ε then a was already the approximated
first root and the process can be stopped.

Performing this shift requires estimating εa =
∥
∥ fm − f p

∥
∥∞, which we achieve using Eq. 2. Subsequently,

we shift f p by s ·εa , where empirical experiments reveal that
s = 100 is sufficient in all our test cases, i.e., no roots of fm
are missed.

However, this shift is not without drawbacks. The first
root ξ̃0 of f ε

p is an estimate for the actual first root ξ0 of
fm that is located left of ξ0. Depending on the shift value
s · εa , this offset may be large. For example, f (x) = e−x −
0.5, x ∈ [−100, 100], yields an estimated approximation
error of εa ≈ 5.9 · 1027. Moreover, the shift can generate a
pseudo-root, i.e., ξ̃0 does not correspond to ξ0. Consequently,
we may have ξ̃0 � ξ0 in specific cases. These problems
are addressed in our post-processing (Sect. 3.4) and in our
recursive approach (Sect. 3.5).

3.4 Post-processing

Given a root ξ̃ of the proxy f p, or f ε
p , two main categories

of errors exist that we try to diminish via post-processing: (i)
errors on the proxy, i.e., ξ̃ may not be the exact first root of
f p, and (ii) errors of the approximation, i.e., ξ̃ may not be
the exact first root of fm . We utilize two separate approaches,
i.e., iterative refinement usingNewton’smethod and an incre-
mental shifting.
Iterative Refinement. Newton’s method is commonly used
to polish estimated roots of polynomial functions [12]. This
approach improves the estimate of the first root ξ̃0 = ξ̃ by
iteratively estimating a new approximate root ξ̃n+1 for fm ,
as

ξ̃n+1 = ξ̃n − fm(ξ̃n)

f ′
m(ξ̃n)

, (6)

until a convergence criterionhas been reached, e.g., | fm(ξ̃n+1)|
≤ ε, which can be applied either to the proxy f p or fm itself.

Applying Newton’s method to f p is straightforward [12]
as the derivative of f p can be calculated directly from the
coefficients of f p, but it does not necessarily improve the
root’s accuracy relative to fm as the approximation accuracy
for fm by f p remains unchanged (see also Sect. 4). Apply-
ing Newton’s method to fm directly requires a derivative
estimate, e.g., using finite differences, which may not be suf-
ficiently accurate to achieve convergence. Moreover, there

is no guarantee that starting the Newton process at ξ̃ will
converge toward the corresponding root of fm , i.e., it may
diverge or converge to a different root, potentially outside
the search interval.

Considering the shifted function f ε
p , the approximate root

ξ̃ ε is generally left of the first root ξ of fm , if ξ̃ ε is no pseudo-
root. Accordingly, Newton’s method can yield significant
improvements, but it may, depending on the specific con-
stellation, also reduce the accuracy considerably, see Sect. 4.
Incremental Shifting. This approach successively evaluates
ξ̃+ or ξ̃−, i.e., the previous or next number in machine preci-
sion to ξ̃ , to improve the root estimate of fm , or f , i.e.,

ξ̃ i+1 =

⎧

⎪⎨

⎪⎩

ξ̃ i+, | f (ξ̃ i+)| < | f (ξ̃ i )|,
ξ̃ i−, | f (ξ̃ i−)| < | f (ξ̃ i )|,
ξ̃ i , else,

(7)

which is repeated until ξ̃ i+1 = ξ̃ i . This process is guaranteed
to improve the error of the root estimate, but it may get stuck
in a local minimum. Applying this process to f may incur
significant computational costs, as the offset ξ−ξ̃ canbe large
and, thus, may require � 106 iterations, while applying it to
f ε
p requires only a few iterations. Therefore, our root finding

process applies incremental shifting to f p only, see Sect. 3.5.

3.5 Recursive proxy root finding

Themain objective in rendering implicit surfaces is the visual
quality and correctness; see Sect. 4.2.2. It is, however, hardly
possible to robustly determine qualitative failure cases by
algorithmic or numerical means. Specifically, locally nearly
flat or multiple roots of the per ray scalar function can cause
strong visual artefacts; see Sect. 4.3.

We, therefore, propose amanually activatable root search-
ing algorithm that recursively combines the pre-conditioning
via shifting (Sect. 3.3), the proxy root finding using Cheby-
shev approximation (Sect. 3.1), and post-processing refine-
ment procedures (Sect. 3.4), as depicted in Algorithm 1.
This recursive procedure works by splitting the initial search
interval into more granular intervals that can be processed at
higher approximation accuracies. As we are only interested
in finding the first root along a ray, we perform this recursion
in a depth-first manner, i.e., we evaluate the left-most inter-
vals first, as we can stop the entire process once the first root
of fm has been found.

We search for sub-intervals where f p provides a more
accurate approximation to fm and that potentially con-
tains a root. For example, given a function fm over [a, b],
with fm(a) = 100 and an approximation accuracy of
ε = 1, then, instead of searching for roots of fm directly,
searching for intervals where fm(x) ≤ ε and subsequently
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re-approximating fm over these intervals, yields amore accu-
rate and efficient root search in most cases.

To perform this interval division, we shift fm by the
approximation error of f p over the entire interval by

σ = smax
{

εu, n
2εm mmc( f p)

}

, (8)

where εa = n2εm mmc( f p) (see Eq. 2) is a lower bound for
∥
∥ f p − fm

∥
∥∞ and s is set to 100; see also Sect. 3.3. No root

for f σ
p is a root of f , but indicates a location at which | f p|

drops below the threshold |σ |. The roots of f σ
p define sub-

intervals with lower magnitudes, and, thus, can increase the
approximation accuracy. For now, we assume that fm(a) >

σ .

Algorithm 1: Recursive root finding algorithm for f : [a, b] → M

using a user-defined precision threshold parameter εu and a global scal-
ing parameter s.

Procedure FirstRootRec( fm , εu , l, r)
// Proxy construction (Sec. 3.1)

{cpi } ← ChebApprox( fm , l, r , εu)
εa ← n2εεm max{ fm(a), fm(b),mmc( f p)}
If εa ≤ εu

// Root finding incl. splitting (Sec. 3.2)

Rσ ←RootsQRCompanionMatrix(cpi , l, r )
If |R| > 0 // Eq. 3

ξ̃0 ← first root in R
return PostProcess(ξ̃0) // Sec. 3.4

else if return no root
// Shifting & reduction of intervals

σ ← c0ε − sgn( f (a))smax{εa, εu} // Eq. 5

c̃ p0 ← cp0 − σ// f p becomes f σ
p due to σ-shift

R̃σ ←RootsQRCompanionMatrix(c̃ pi , l, r )
If

∣
∣R̃σ

∣
∣ = 0 return no root

Else If
∣
∣R̃σ

∣
∣ = 1

ξ̃ σ
0 ← first root in R̃σ

return FirstRootRec
(

fm , εu , ξ
0
σ , r

)

Else //
∣
∣R̃σ

∣
∣ ≥ 2

{ξ̃ σ
0 , ξ̃ σ

1 } ← first two roots in R̃σ

ξ̃ ← FirstRootRec
(

fm , εu , ξ̃
σ
0 , ξ̃ σ

1

)

If root found: return ξ̃

Else If
∣
∣R̃σ

∣
∣ = 2: return no root

Else
return FirstRootRec

(

fm , εu , ξ̃
σ
1 , r

)

If no root was found for f σ
p then no root can exist for fm ,

as the function remains above the threshold σ everywhere in
absolute magnitude and has no sign changes. If a single root
ξ̄0 is found for f σ

p , this marks the transition from
∣
∣ f p

∣
∣ > σ to

∣
∣ f p

∣
∣ < σ . In such cases, a new root search can be performed

on the interval [ξ̄0, b] as [a, ξ̄0) can not contain a root of fm .
If two roots ξ̄0 and ξ̄1 are found for f σ

p ,
∣
∣ f p

∣
∣ < σ is only valid

between ξ̄0 and ξ̄1. Consequently, a root of fm can only occur

in this interval, and a new root search is performed on [ξ̄0, ξ̄1].
Finally, if there exist three or more roots {ξ̄0, ξ̄1, ξ̄2, . . . } for
f σ
p then, analogously, roots can occur on the intervals [ξ̄0, ξ̄1]

and [ξ̄2, b], where a root search is performed on each sub-
interval.

Overall, this process recursively narrows down onto the
first root, as given in Algorithm 1. As the approximation gets
more accurate with each subdivision, it would be possible to
reduce the scaling parameter s in each iteration. However,
there was no practical benefit in our experiments and, thus,
we use s = 100 in all cases.

In the case of | fm(a)| ≤ σ , the argumentation above is
inverted, e.g., if a single root ξ̄0 was found then a root exists
in the interval [a, ξ̄0] instead of [ξ̄0, b]. However, if no roots
were found and f (a) ≤ σ , then we assume that a already
was a root of fm .

4 Evaluation

Implementation and system. We implemented our proposed
approach, including the adaptive Chebyshev approximation,
in an open source C++ program included in the supplemen-
tary material. We perform our evaluations on a system with
an AMD Ryzen 3950X CPU, an Nvidia 3090 RTX GPU and
64 GiB of host memory. The actual rendering performed on
the CPU using double precision arithmetic, while the GPU
is utilized only to visualize the results. Note that there are no
technical limitations that would prevent implementing our
procedure on a GPU, however, due to limitations regard-
ing double precision arithmetic performance on consumer
GPUs, such an implementation would not be widely useful.
All images are ray traced at a 1920 × 1080 pixel resolution
with no antialiasing or subsampling applied.
Test functions. The 17 implicit surfaces used for the evalua-
tion are shown in Figs. 2 and 7. Their definitions are given
in Appendix B, and meta information for the functions is
provided in Table 1. The test surface functions are of five dif-
ferent classes. The classes are (a) polynomial surfaces (C∞
everywhere) that can be represented exactly usingChebyshev
proxies, (b) rational surfaces (C∞ outside sparse singular-
ities), e.g., using division operations, (c) analytic algebraic
surfaces (C∞), (d) algebraic surfaces (C∞ outside sparse
singularities), utilizing, e.g., the square root function, and (e)
non-algebraic (transcendental) surfaces that may be onlyC0

in large regions of the image, e.g., using max and abs.
Evaluation procedure. The evaluation consists of three dis-
tinct parts: (1) Evaluation of the proposed rendering approach
on its own. This comprises the evaluation of (1.a) the required
polynomial degrees and the resulting coefficient distributions
(Sect. 4.1.1), and (1.b) the computational performance and
effects of post-processing (Sect. 4.1.4). (2) Comparisons of
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Fig. 2 Evaluated surfaces, normals color coded
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the proposed rendering approach to existing rendering tech-
niques, including (2.a) a discussion of the various visible
failure modes occurring in rendering of implicit surfaces
in Sect. 4.2.1, and, (2.b) a quantitative comparisons against
baseline methods separated by the five categories of implicit
surfaces (Sect. 4.2.2). (3) An evaluation of our recursive root
searching approach applied to the Bohemian Star function in
Sect. 4.3.
Precision control.Ourproposed rendering techniquedepends
on the user desired precision parameter ε∗

u , which transforms
to εu = 10ε∗

u εm (see Sect. 3.1). While ε∗
u = 0 would be ideal

in all cases, the process is bound by the approximation accu-
racy εa (see Eq. 3). Thus, too small ε∗

u enforces infeasible
high polynomial degrees. We, therefore, apply a heuristic by
choosing ε∗

u based on the portion of the image that is notC∞,
as these regions require “allocate” the majority of computa-
tional resources. For surface functions that are C∞ (besides
a few points; Fig. 2j), we set ε∗

u = 1, for functions with
discontinuities in small regions, we set ε∗

u = 4, and for func-
tions with discontinuities in most of the image, i.e., the cube
function (see Fig. 2p), we set ε∗

u = 6. Note that for poly-
nomial functions of low degrees, e.g., the sphere function
(Fig. 2a), the underlying function can be exactly represented
using a Chebyshev proxy f p and thus the choice of ε∗

u does
not matter.

4.1 Evaluation of the proposedmethod

We evaluate our method regarding different properties spe-
cific to our method, focusing on both numerical aspects, e.g.,
the polynomial degrees required for different functions, as
well as computational aspects, e.g., the computational cost
of constructing Chebyshev proxies.

4.1.1 Polynomial degree distributions

Regarding the polynomial degree of the proxy f p, we need
to consider both, the maximum degree of all pixels, which
requires the “highest approximation effort” for a pixel-ray,
and the distribution of the degrees, which relates more to the
average approximation effort for a surface. As mentioned
before, using a Chebyshev-Lobato grid guarantees uniform
convergence for analytic functions with an approximation
error O (

e−nμ
)

[4], with n being the polynomial degree and
μ being a positive scaling coefficient and approximating non
analytic functions, i.e., functions that are not C∞ every-
where, ismore challenging [12].Consequently, functions that
are polynomial, e.g., a sphere, require only few coefficients
to be approximated, whereas C0-continuous non-algebraic
functions require significantly more coefficients.

Table 1 describes the distribution of polynomial degrees
across different surface functions, revealing the strong varia-
tion in the requiredpolynomial degree. In general,weobserve

Fig. 3 Computational cost of the proxy construction in milliseconds
per ray for our proposed rendering technique

Fig. 4 Computational cost of the root search, excluding proxy con-
struction, in milliseconds per ray for our proposed rendering technique

that the polynomial surfaces require only very low poly-
nomial degrees, as they can be represented exactly using a
Chebyshev proxy, which is in line with the expected behav-
ior. Analytic surfaces require moderate polynomial degrees
everywhere, with a relatively low ratio of themaximumpoly-
nomial degree to the median polynomial degree, which is
in line with the expected behavior as the function is only
difficult to approximate in some regions. Rational surfaces
require higher polynomial degrees everywhere and exhibit a
much higher ratio ofmaximum tomedian polynomial degree.
This behavior is exacerbated for algebraic surfaces, e.g., the
Morph surface (Fig. 2j) exhibits a relatively low median
degree of 25, but requires at worst a degree 5755 polyno-
mial,where the high degree polynomials occurs for rays close
to the four points in which the function is C0-continuous,
see Fig. 2j. Finally, for non-algebraic surfaces the overall
required polynomial degree increases significantly with sim-
ilar outliers in the maximum polynomial degree, e.g., the
Cut (min) surface (Fig. 2n) requires high degree approxima-
tions along the seam between the two input surfaces, shifting
the overall median degree up to 508, while yielding a signifi-
cantly lower approximation accuracy than theMorph surface
Fig. 2j.
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Table 1 Meta information for
the test surfaces: User desired
precision εu in terms of machine
precision (εu = 10ε∗

u εm ), the
estimates of the dynamic range
dr and the Lipschitz constant k
using a polynomial proxy.
Coefficients: The number of
polynomial coefficients of the
proxy function as median (med),
lower (Q1) and upper (Q3)
quartile, and maximum (max)
over all pixels

Meta-Information Coefficients
Figures ε∗

u dr k Q1 med Q3 max

Poly Figure 2a 1 6.83984 5.0727 3 3 3 3

Figure 2b 1 15.3801 75637.2 9 9 9 9

Figure 7 1 11.0607 3270.72 6 6 6 6

Rational Figure 2c 1 6.24209 0.0930553 18 37 119 365

Figure 2d 1 6.55949 0.576778 31 115 467 1619

Figure 2e 1 5.4152 0.736367 39 109 484 2758

Analytic Figure 2f 1 10.6895 2.09062e+06 22 28 33 37

Figure 2g 1 7.49514 7.83121 37 56 76 102

Figure 2h 1 6.10179 8.33593 10 14 31 84

Algebraic Figure 2i 4 5.82641 1.94538 11 19 38 13506

Figure 2j 1 7.05396 66.9928 14 26 53 5756

Figure 2k 4 6.82806 3.62877 19 40 145 16100

Figure 2l 4 7.31895 65.8066 18 36 130 7949

Non-alg Figure 2m 4 7.61522 12.531 3 508 2171 7853

Figure 2n 4 8.03372 63.233 5 295 1274 4780

Figure 2o 4 6.38274 8.0803 11 335 936 12024

Figure 2p 6 6.25081 1.65233 290 487 601 3910

Table 2 Accuracy evaluation of some example functions. ξ̃N is the
result of applying Newton’s method to ξ̃ on fm . Q1 and Q3 denote
the lower and upper quartile values and med the median for the signed

distribution of errors. The max value denotes the absolute maximum
magnitude value and its sign

Fn. f (ξ̃ ) f (ξ̃N )

Q1 Med Q3 max Q1 Med Q3 max

Sphere: f p 2.22e−16 4.44e−16 6.66e−16 2.22e−15 −1.11e−16 0.00e+00 0.00e+00 8.88e−16

Sphere: f ε
p 5.35e−12 5.81e−12 6.59e−12 1.28e−11 −1.11e−16 0.00e+00 0.00e+00 8.88e−16

Blend II: f p −5.90e−17 8.67e−18 8.33e−17 1.48e−15 −4.16e−17 −6.94e−18 1.39e−17 −1.18e−15

Blend II: f ε
p 7.52e−11 1.67e−10 3.45e−10 −1.18e−16 −1.39e−17 1.69e−19 6.25e−16 5.09e−13

Union (soft): f p −1.37e−10 −1.98e−11 6.31e−11 −8.76e−04 −1.11e−16 0.00e+00 1.11e−16 7.51e−01

Union (soft): f ε
p 7.50e−09 1.91e−08 7.73e−08 −8.76e−04 0.00e+00 1.11e−15 5.02e−14 7.46e−01

4.1.2 Proxy construction

The computational costs of the proxy construction aremostly
determined by the sampling of the surface function on a
Chebyshev–Lobatto grid and the subsequent DFT. In our
proposed rendering approach, we utilize the adaptive Cheby-
shev proxy construction of Boyd [12], where the function is
evaluated on Chebyshev-Lobatto grids of size 2k + 1, start-
ing with k = 4, and performing a subsequent chopping of
the coefficients using the approach of Aurentz and Trefethen
[1]. Performing the DFT of the Chebyshev-Lobato has time
complexity O(n log n), independent of the computational
complexity of f . Accordingly, the computational require-
ments of constructing the proxy function are tightly coupled
to the polynomial degree of f p. Furthermore, as our test
surface functions are computationally efficient to evaluate,
the DFT is dominant in the overall computational require-

ments of the proxy construction in our experiments. For an
overview of the computational requirements for eachmethod
see Fig. 3, and for more detailed results for each individual
implicit function, please see the supplementary material.

4.1.3 Root finding

Regarding the computational performance of the root search-
ing, we observe that the overall computational cost mainly
depends on the polynomial degree of f p and not on the
underlying surface function. However, the overall computa-
tional costs are significantly higher due to the computational
complexity of the QR decomposition of O(n3), which is
dominating theO(n log n) for theDFT in the proxy construc-
tion. For an overview of the computational requirements for
each method see Fig. 4, and for more detailed results for
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each individual implicit function, please see the supplemen-
tary material.

4.1.4 Post-processing

To assess the impact of the post-processing, we investi-
gate three exemplary functions, i.e., the polynomial surface
Sphere, the rational surface Blend II, and the algebraic sur-
faceUnion (soft), by evaluating the implicit surface function
f at the estimated roots ξ̃ and ξ̃ ε found for the proxy f p
and the shifted proxy f ε

p function, respectively, see Table 2.
Note that the quartiles Q1 and Q3 indicate errors away from
and toward the ray origin, respectively, as the functions are
positive outside the surface. For the Sphere surface, the error
without any shifting is very low, i.e., in the order of εm , where
applying the post-processing yields a median error of exactly
zero. Finding the root for the shifted function f ε

p yields a
positive error, as the root is shifted toward the ray origin.
Applying the post-processing yields errors identical to the
non-shifted and post-processed function.

For the Blend II surface, the behavior is similar for both
the non-shifted and shifted variant, i.e., the error for the non-
shifted variant is close to machine precision whereas shifting
the function yields a similar increase in error magnitude of
about 6 orders of magnitude. We see that applying a New-
ton iteration based post-processing on the shifted function,
yielding the root estimate ξ̃N , does not yield the same accu-
racy as for the non-shifted variant of the Blend II surface, in
fact, the median error magnitude increases by about an order
of magnitude.

For the Union (soft) surface, the error of the non-shifted
variant is significantly higher than for the previous two func-
tions and can become f (ξ̃ ) = −8.76×10−4 in outlier cases.
The shifted variant yields a smaller relative absolute error
as the non-shifted variant, i.e., the error only increases by
3 orders of magnitude regarding the median instead of 4
or 8. Similar to the other examples, the estimated root is
also pushed toward the ray origin and applying the post-
processing yields a significant improvement in the error
magnitudes for both variants regarding Q1, median and Q3,
but the maximum error magnitude increases significantly.
This behavior indicates that for this specific function, the
estimated root ξ̃ of f p is not a good starting point for a
Newton-based post-processing and generates outliers with
significantly higher error.

Overall, applying the shift to the proxy function yields the
expected behavior, i.e., the estimated intersection is pushed
toward the ray origin, and applying a Newton iteration-based
post-processing does significantly increase the accuracy in
most cases. However, the post-processing, also in combina-
tion with shifting, does not robustly improve the accuracy in
all cases. Accordingly, the post-processing should be com-

Table 3 Comparison of the requirements of the different rendering
techniques regarding Lipschitz constants, derivatives, and the number
of user-supplied hyperparameters that need to be adjusted on a per
function basis for optimal results

Method Lipschitz? d f
dx ? # Params

Ours No None 0

Ray-March No None 2

AMP-Sign [44] No None 4

AMP-Taylor [44] No d f
dx 4

Sherstyuk [43] No d f
dx 2

Sphere [26] f Global None 1

Segment [21] f Local None 1

LG [29] f , d f
dx Local d f

dx ,
d2 f
d2x

1

bined with a sanity check, i.e., if the absolute magnitude of
f actually decreased after applying the post-processing.

4.2 Comparison against baselinemethods

To compare our method against existing approaches, we
distinguish existing methods based on their requirements
regarding the prior knowledge of Lipschitz constants and
derivatives, and the number of tuning parameters to be spec-
ified per surface function; see Table 3. We compare against
twomethods that do not require any prior knowledge, i.e., ray
marching (RayMarch) andAdaptiveMarching Points (AMP-
Sign) [44], that uses a sign-test to isolate roots. All other
methods either require Lipschitz constants (Sphere Tracing
(Sphere) [26] and Segment Tracing (Segment) [21]), deriva-
tives (Adaptive Marching Points (AMP-Taylor) [44] using
a Taylor-test to isolate roots and a piecewise polynomial
approach (Sherstyuk) [43]), or both (LG Surfaces approach
(LG) [29]).

In general, there is no direct option to estimate the Lips-
chitz constant for a given black-box function f : [a, b] →
M, i.e., finding the maximum derivative of f , besides finding
all roots of f ′′ on [a, b]. In other words, computing the Lip-
schitz constant of f is as expensive as computing all roots
of f . Consequently, it is not possible to apply methods that
require Lipschitz constants, such as sphere tracing, without
a second method that does not require Lipschitz constants
to estimate the same. Note that while approximations could
be used for the Lipschitz constant, significantly underesti-
mating the Lipschitz constant would lead to missing surface
intersections and overestimating Lipschitz constants would
increase computational costs. Accordingly, using an accu-
rate value for the Lipschitz constants is important for a fair
comparison with baseline methods that rely on this constant.

Exclusively for the purpose of comparing with methods
that require Lipschitz constants, e.g., Sphere Tracing, we
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Fig. 5 Examples of the different qualitative errors observed in ray-
surface intersections for the Bohemian Star function (see Fig. 2b). The
left image (usingRayMarching) displays a jagged outline of the surface

and a discontinuous surface. The middle image (using Ray Marching)
displays large regions of missed surface. The right image (using AMP-
Taylor) displays significant amounts of false surfaces

Fig. 6 The Bohemian Star surface rendered using different approaches with surfaces normal colorized

construct a Chebyshev proxy f p of degree nε for all sur-
face functions f and estimate their Lipschitz constant using
our methods for root finding. Our results indicate, that the
high root finding accuracy of our approach yields Lipschitz
constants with comparably marginal errors.

4.2.1 Qualitative evaluation

When evaluating the different surface functions, we iden-
tified three distinct categories of qualitative errors in the
visualized surface (see Fig. 5): (i) Deformations, e.g., the
surface was visible dilated or showed a jagged instead of a
smooth boundary/silhouette, (ii) Holes in the surface, e.g.,
a rendering method missed the ray-surface intersection, and
(iii) False Surfaces, e.g., the rendering method found false
surface intersections. A good example of the various kinds
of error modes is the Bohemian Star function, due to the
large amount of multiple roots that comprise the surface of
the function (see Fig. 6). When using the shifted function f σ

p
as described in Sect. 4.1.4, our method does not exhibit any
noticeable qualitative errors in the surface rendering, how-
ever, if no shifting was applied then our method also misses
some surface intersections (see Fig. 9a); see also the detailed
discussion in Sect. 4.3.

As depicted in Fig. 6, the only other methods that do
not display any noticeable errors for the Bohemian Star are
the Sphere Tracing and Segment Tracing approaches, which
require additional knowledge about the Lipschitz constant.
Using a naïve ray marching approach with sign tests yields
significant gaps in the surface, with similar behavior asAMP-
sign. While the AMP-Taylor approach yields no holes in the
surface, it generates a large amount of false surfaces close
to the multiple roots of the surface. The approach by Sher-
styuk [43], yields both, false surfaces and holes in the surface,
especially close to the coordinate axis. Finally, LG surfaces
exhibited some false surfaces, but this error is mainly due
to difficulties in estimating the Lipschitz constant and the
gradient of the function, and is not necessarily a conceptual
problem of the method itself. The overall qualitative results
are summarized in Table 4, which highlights that the only two
methods not exhibiting any visually noticeable problems are
our proposed method and Sphere Tracing, which requires a
globally known Lipschitz constant and which can be arbi-
trarily slow for grazing rays.
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Fig. 7 The Kiss surface ( f (x, y, z) = (1 − z)z4 − y2 − x2) rendered
using our method

4.2.2 Quantitative evaluation

Evaluate the quantitative accuracy of our method, and the
baseline methods, is done by evaluating an intersection point
ξ̃ using the absolute value of the actual surface function f ,
i.e., | f (ξ̃ )|. The resulting error distributions are visualized
as box plots in Fig. 8. It is important to note that the actual
magnitude of the error | f (ξ̃ )| depends on the Lipschitz con-
stant of the underlying surface function. The Bohemian Star
(see Fig. 6) and Kiss (see Fig. 7) surfaces, for instance, have
large Lipschitz constants (see Table 1), which means that a
small error in the estimation of ξ̃ may yield a large error in
the actual function magnitude. Furthermore, to evaluate the
computational performance, we only measure the actual root
searching process, i.e., for methods that require evaluating
Lipschitz constants (either locally or globally), the execution
time of these steps is excluded as there is no fair compari-
son possible as finding the Lipschitz constant of a black-box
function is a broader problem that is beyond the scope of
our paper. Moreover, as we evaluate the Lipschitz constant,
and derivatives along rays, using a Chebyshev proxy (of high
numerical accuracy), including this in the evaluation of base-
line methods would lead to an unfair comparison regarding
computational performance as our method does not require
this additional root search and thus has to be necessarily
faster.
General Observations. Considering the results in Fig. 8, we
observe several effects across all surface categories, which
we summarize here. Firstly, Sphere and Segment tracing
exhibit a very tight spread on the achieved error in the render-
ingwhich is primarily based on the stopping criterion of these
methods, i.e., they use an absolute threshold value ε andmake
no further attempts in improving the results after achiev-
ing this threshold. Conversely, these methods tend to show
large variations in computational performance, especially
for Sphere Tracing, as their computational performance is
directly coupled to the Lipschitz constant of the underly-
ing surface and especially for grazing rays Sphere Tracing
required up to 1011 iterations. Secondly, while theLG surface

approach also shows a similar thresholding behavior for the
error, the observed accuracy can be much greater as this is
an upper bound for the method and not a stopping criterion,
i.e., the error can be much lower than the threshold value.
Finally, the ray marching approaches (Ray-March, AMP-
Sign, AMP-Taylor and Sherstyuk) show relatively consistent
computational performance across the different surfaces as
their performance only directly depends on the computa-
tional cost of evaluating f .
Polynomial Surfaces. Our proposed method achieves a
numerical accuracy comparable to the best baselinemethods,
e.g., Sphere Tracing. Regarding the computational perfor-
mance. our method is better than most methods, i.e., only
Sphere Tracing and the adaptive marching point approaches
occasionally outperform our method. For this surfaces cat-
egory, the Lipschitz constants can be fairly large and, con-
sequently, the computational performance of Sphere Tracing
can vary greatly for different parts of the rendered image due
to grazing rays. Finally, LG-Surfaces demonstrates the worst
overall computational performance in this category.
Rational Surfaces. For this category, our proposed method
outperforms all baseline methods considering the achieved
numerical accuracy by several orders of magnitude. How-
ever, our methods has the second highest computational cost,
i.e., only LG-Surfaces exhibits higher computational efforts.
Analytic Surfaces. In this category, the performance of all
methods is comparable to the rational surfaces with a few
notable differences. Our proposed method performs notably
worse for the exponential cube function regarding numeri-
cal accuracy, as the function is approximated with a much
lower polynomial degree, than the other analytic surfaces,
see Table 1. Moreover, as this function also has a Lipschitz
constant that is noticeably smaller than the other surfaces of
this category, Sphere Tracing also performs notably worse,
regarding computational performance. Finally, the com-
putational performance of our proposed methods and of
LG-Surfaces is comparable across the category with all other
methods performing noticeably better.
Algebraic Surfaces. This category shows behavior analogous
to the analytic surfaces in quantitative aspects and requires
no further specialized discussion.
Non-Algebraic Surfaces. In this category, our method still
yields a better numerical accuracy than the other non-
Lipschitzmethods, i.e.,RayMarching and adaptivemarching
points, while performing worse than all other baselines
by relatively small margins, with the single exception of
the Sherstyuk approach, which performs exceptionally well
for the cube surface. Regarding computational complex-
ity, our proposed rendering approach performs worse than
most baselines methods besides Segment Tracing and LG-
Surfaces. It also can be observed, that there is awide spread of
computational performance, specifically forSegmentTracing
and LG for surface category.

123



7938 R. Winchenbach et al.

Fig. 8 This figure shows the absolute errors | f | evaluated at the computed ray-surface intersection (top) and the overall timing of the ray-surface
intersection test (bottom) as statistics for the entire frame for all the different surface functions grouped by the respective rendering approaches

Fig. 9 The Bohemian Star surface visualized using our standard rendering process (left), using the high precision mode (middle) and with a dilated
surface using f ε

p and setting s = 108 (right) with detail views for the bulk surface, axis aligned roots and diagonal aligned roots

4.3 Recursive root searching

The Bohemian Star is a challenging implicit surface function
as it comprises axis aligned lines and diagonally oriented
curves of roots with even multiplicity, see Sect. 3.5 and
Fig. 9. Visualizing the bulk surface is straight forward as
these regions have single roots, i.e., there is a change of sign
with large enough magnitudes on either side of the surface.
On y = 0, f star(x, y, z) gets

f star(x, 0, z) = 16x2z2, (9)

which is 0 if x and/or z are 0, and all of these roots have an
evenmultiplicity. Evaluating this function close to these axes
yields discretization errors of 0, leading to root intervals for

f . For x = ±z, f star(x, y, z) gets

f star(x, y, x) =
(

2x2
(

y2 − 2
)

+ y4
)2

, (10)

which is zero for y = ±
√

√

x2
(

x2 + 4
) − x2, see the dilated

surface in Fig. 9 for a visualization of these curves of roots
with even multiplicity. These curves of roots are numeri-
cally rarely rounded to 0 in M if evaluated in proximity to
these curves. Using our recursive root search approach, a few
single pixels containing these surface segments can be iden-
tified. Consequently, very few, if any, rays hit these points
making them difficult to visualize, even with knowledge of
their existence. Applying a shift to the function ensures that
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even multiplicity roots are found, and the surface is closed in
the main region (Fig. 9, bottom detail view). In this case the
lines of roots along the main axes are clearly visible, whereas
the diagonal curves are not clearly visible as no rays inter-
sect these curves. Note, that applying Newton’s method to
pseudo-roots as post-processing in case of roots with even
multiplicity may diverge significantly, as, for instance, there
are no roots along the ray to converge to.

5 Conclusions

In this paper we presented a novel rendering approach for
black-box implicit surface functions based on Chebyshev
proxy function. Our approach can handle a wide variety
of surfaces, ranging from polynomial to non-algebraic sur-
faces, all without requiring any knowledge of the underlying
function. Furthermore, by utilizing numerically accurate and
fast to evaluate Chebyshev proxy functions, our method is
able to outperform methods that require similar amounts
of knowledge of the underlying implicit function regard-
ing numerical accuracy. Moreover, our proposed rendering
method achieves better visual results and numerical accu-
racy than methods with similar requirements on the implicit
function being rendered. Overall, our proposed method can
serve as a useful baseline method for the evaluation of the
numerical accuracy of othermethods and can be used to accu-
rately visualize complex implicit surfaces, e.g., polynomial
surfaces with large regions of very thin surfaces, without
requiring any derivation of properties of the function, such
as their local Lipschitz constants. In the future we intend
to expand this approach, e.g., using beam tracing, to reliably
find small features that no individual ray is likely to intersect.
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Appendix A: Finite precision root search

In general, the set of all roots for a C0 continuous function
f : [a, b] ⊂ R

2 → R, is defined as

R( f ) = {x | f (x) = 0}. (A.1)

Our goal is to identify the first, i.e., leftmost root. Note
that we ignore the cases of f (a) = 0 and f (b) = 0 as these
can be readily detected and require no specific treatment.
Assuming the cardinality of R( f ), n > 0, we strictly order
R( f ) the roots ξi as a < ξ0 < . . . ξn−1 < b and partition
[a, b] into sub-intervals �i

I = {(a, ξ0]
︸ ︷︷ ︸

�0

, . . . , (ξn−1, b]
︸ ︷︷ ︸

�n

}, (A.2)

Consequently, the i−th root ξi has two adjacent intervals �i

and �i+1, which can be used to describe the behavior of the
function around the root ξi . We define the sign of the interval
sgn f (�) and the magnitude of the function mag f (�) over
the interval � = (s, t] as

sgn f (�) = sgn

(

f

(
s + t

2

))

and mag f (�)

= ∥
∥ f |(s,t]

∥
∥∞ . (A.3)

We furthermore define the dynamic range of a root ξi as

dr f (ξi )

=
⎧

⎨

⎩

log10
mag f (a,b)

min
(

mag f (�i ),mag f (�i+1)
) , sgn f (�i ) �= sgn f (�i+1)

∞, else,

(A.4)

which describes the relative range of values before and after
a root compared to the overall magnitude of the function.
Boyd [12] shows that, a Chebyshev proxy f p of f is bound
in its precision relative to the supremum of the function
over the entire interval [a, b], i.e., ∥

∥ f p,(a,b] − f(a,b]
∥
∥∞ ≈

∥
∥ f(s,t]

∥
∥∞ ε, that is, the highest achievable dynamic range by

an approximation is bound by ε, which for ε = εm in double
precision arithmetic is approximately 16.5.

The explicit determination of R( f ) for f : [a, b] →
R, a, b ∈ R is not generally possible within finite pre-
cision, i.e., over M. Therefore, f is discretized using a

123

https://github.com/wi-re/chebyshevSurfaces
https://github.com/wi-re/chebyshevSurfaces
https://github.com/wi-re/chebyshevSurfaces
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


7940 R. Winchenbach et al.

machine implemented variant fm : [a, b] → M, assuming
that a, b ∈ M, utilizing finite precision arithmetic over the
machine numbers M. Using fm for root finding for f needs
specific consideration.

Note, that in the following, all variables are assumed to be
in M. Discretizing f , yielding fm , and subsequently approx-
imating fm by f p involves four types of errors:

1. Domain discretization, when moving from [a, b] ⊂ R to
[a, b] ⊂ M

2. Image discretization, when outputting function image val-
ues in M instead of R

3. Evaluation errors due to finite precision operations used
during function evaluation

4. Approximation errors from fm to f p

Appendix A.1: Domain discretization

Domain discretization of [a, b] ⊂ R gets [a, b] ⊂ M, and
requires handling any root ξ ∈ [a, b]\M. To handle inter-
vals of real numbers between adjacent machine numbers, we
define the higher x+ and lower x− of x ∈ M as

x− = max{y ∈ M : y < x}, x+ = min{y ∈ M : y > x}.
(A.5)

Given the rounding operator �xR� : R → M that yields the
closest value inM for x ∈ R, we define themachine precision
interval [xl , xr ] for a real number x ∈ R as

[xl , xr ] =
{

[�x�, x+], �x� ≤ x,

[x−, �x�], else.
(A.6)

Operating onM, a root ξ ∈]a, b[\M is not captured by the
definition ofR f in Eq. A.1.More precisely, ξ ∈]a, b[\M can
only be captured, if sgn( f (ξl)) �= sgn( f (ξr )), for which the
intermediate value theorem guarantees the existence of a root
in (ξl , ξr ) for C0-continuous functions. For all other cases,
i.e., f (ξl) = 0, f (ξr ) = 0, or sgn( f (ξl)) = sgn( f (ξr )),
no conclusion can be made regarding roots within (ξl , ξr ).
Accordingly, the definition in Eq. A.1 is expanded to

Rd( f ) = {x ∈ M | f (x) = 0 ∨ f (x) · f (x+) < 0}. (A.7)

Lipschitz argument. While we focus on rendering functions
without any knowledge about Lipschitz constants, some opti-
mizations can be applied for Lipschitz continuous functions
(see Sect. 3.3). Given that f is Lipschitz continuous with
Lipschitz constant k < ∞, i.e.,

| f (x1) − f (x2)| ≤ k|x1 − x2|,∀x1, x2 ∈ R, (A.8)

a necessary condition for the existence of a root within
the interval [s, t] can be deduced from f : [s, t] →
[max{ f (s), f (t)} − k(t − s),min{ f (s), f (t)} + k(t − s)}].
Specifically, the condition

0 ∈ [max{ f (s), f (t)} − k(t − s),

min{ f (s), f (t)} + k(t − s)}], (A.9)

is required for f to have a root in [s, t].

Appendix A.2: Image discretization

Image discretization refers to the mapping of the output val-
ues of f from R to M, yielding fd(x) = � f (x)�. As 0 ∈ M,
no zeroes get lost, but as the mapping is non-bijective, non-
zero values can be mapped to zero. More precisely, any
value 0−/2 < f (x) < 0+/2 will be mapped to zero when
using fd instead of f , yielding a pointwise error function
eround : M → R:

f (x) = fd(x) + eround(x). (A.10)

Important note. It is not possible to distinguish if a value x
with fd(x) = 0, is an actual root, i.e., f (x) = 0, or only an
apparent root due to rounding, using finite precision arith-
metic. For example, consider f (x) = x2, for which any
x ∈ (−√|0−|/2,√0+/2) (≈ 1022 values) yields fd(x) = 0.
Practically, any value within such an interval is treated as the
same root for our purpose.

Appendix A.3: Evaluation errors

Evaluation errors occurwhenperformingoperations x opM y,
x, y ∈ M in finite precision, which may not yield the exact
result of the infinite precision operation x opR y in over R,
yielding the relative error z(x, y) with

x opM y = (

x opR y
)

(1 + z(x, y)) . (A.11)

|z(x, y)| ≤ εm for the machine precision εm (2−52 in double
precision) for elementary operations (e.g., +,−). Complex
operations and function implementations comprise several
elementary operations and may lead to catastrophic cancela-
tion, e.g., divisions of values at extreme different scale.
Important note. As evaluation errors induced by machine
implementation fm of a mathematical function f are out-
side our control and the scope of this paper, we assume the
machine implementation fm to be “correct,” i.e., we assume
an ideal implementation fm(x) = fd(x) = � f (x)�, x ∈ M.
Specifically, we assume fm to be properly defined, i.e., it
maps to M\{±∞}. Therefore, while a (mathematical) func-
tion f may not have a Lipschitz constant k < ∞, fm has
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a machine Lipschitz constant due to the discrete representa-
tion.More precisely, any two adjacentmachine representable
numbers x, x ′ ∈ M have a finite difference in function mag-
nitude

∣
∣ fm(x) − fm(x ′)

∣
∣ and, thus, there is an upper bound

for this local discrete change rate of fm . We will use the fact
that a machine Lipschitz constant exists for fm , even though
we do not require the specific constant.

Appendix A.4: Approximation errors

For the following section of this paper, we will make heavy
use of approximations f p to fm using Chebyshev polynomi-
als. Therefore, we discuss the impact of approximations to
root finding in general. In combination with Eq. A.10, the
approximation adds another pointwise error eapprox : M →
R, yielding

f (x) = fd(x) + eround(x) = f p(x)

+eround(x) + eapprox(x). (A.12)

As we assume fm to be an ideal implementation and as
eround(x) is unknowable, but small, the approximation error
eapprox(x) is dominant, and we consider

fm(x) = f p(x) + eapprox(x), (A.13)

and we define the upper bound of the error as

ε = max
x∈[a,b] |eapprox(x)| = ∥

∥ fm − f p
∥
∥∞ . (A.14)

Accordingly, the (ideal) machine implementation fm of f
lays in the interval f p(x) − ε ≤ fm(x) ≤ f p(x) + ε and
any value | f p(x)| ≤ ε potentially indicates a root for fm(x).
Considering the set of (potential) roots of fm when using its
approximation f p, we expand Eq. A.7 by incorporating the
error bound ε

Rapprox( fm) = {x ∈ M | | f p(x)| ≤ ε

∨ ( f p(x) − ε) · ( f p(x+) + ε) < 0

∨ ( f p(x) + ε) · ( f p(x+) − ε) < 0}
. (A.15)

Rapprox( fm) includes significantly more values than R( f ).
Important note.Root searchingmethods commonly consider
Eq. A.7 also in case they use a proxy function f p. As the root
set in Eq. A.15 is “overcomplete,” our approach presented in
Sect. 3 finds the leftmost root using f p in combination with
Eq. A.15 and optionally refines the root using fm based on
Eq. A.7.

Considering the task of finding the root ξi of fm using the
proxy f p requires that fm has a magnitude of at least ε on

either side of the root, i.e.,

mag fm (�i ) ≥ ε ∧ mag fm (�i+1) ≥ ε ∧
sgn fm (�i ) �= sgn fm (�i+1). (A.16)

In general, the approximation error ε from Eq. A.14 steers
the set of potential roots of fm given f p; see Eq. A.15. If we
specify f p to be a Chebyshev proxy function to fm , it is pos-
sible to decrease ε by increasing the polynomial degree of the
Chebyshev polynomial f p for infinite precision (Weierstrass
Approximation Theorem). However, higher-degree Cheby-
shev polynomials do not necessarily improve the accuracy
of the approximation in finite precision arithmetic due to
the accumulation of numerical errors inherent to evaluating
larger sets of operations.

Consequently, there is a lower bound of accuracy when
constructing the Chebyshev proxy f p that is independent of
the polynomial degree of f p, and several heuristics estimate
ε [12, 39]. We utilize the bound estimate εa proposed by
Boyd [12], which is based on the coefficients ci and degree
n of the Chebyshev proxy, that, according to Boyd [12], can
not provide a better approximation accuracy than εa , i.e.,

εa = n2εmachine max
i∈[0,...,n)

|ci |
︸ ︷︷ ︸

mmc( f p)

≤ ∥
∥ f p − fm

∥
∥∞ , (A.17)

where mmc( f p) is the maximum magnitude coefficient.
Furthermore, within our proxy construction process we

utilized the adaptive approach of Boyd [12] and the heuristic
chopping process of Aurentz and Trefethen [1], which relies
on a user provided parameter εu that steers the accuracy of
the proxy function that tries to achieve

∥
∥ fm − f p

∥
∥∞ ≤ εu .

The approach of Aurentz and Trefethen [1] uses the parame-
ter εu to set the threshold for the round-off plateau detection.
This round-off plateau is the result of the difference in mag-
nitude of coefficients being limited by εm , as any coefficient
smaller than mmc( f p)/εm will (most likely) not affect the
result of machine precision operations. Therefore, εu can not
be chosen below a value that depends on mmc( f p) and the
approximation error is bound on both sides

εa ≤ ∥
∥ fm − f p

∥
∥∞ ≤ εu, (A.18)

where both limits depend on mmc( f p) [1, 12]. mmc( f p)
is considered as being proportional to the magnitude of the
function [12]

mmc( f p) ∝ mag fm (a, b), (A.19)

where the error terms are bound in terms of relative machine
precision as εa, εu ≤ εm mag fm (a, b) [12].
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Appendix B: Function definitions

The blend functions used throughout the evaluation in Sect. 4
are given by:

morph( f , g, α) = α f + (1 − α)g (B.1)

blend( f , g) = 0.01 − 0.019

1 + f f
0.589 + g g

0.943

(B.2)

unions( f , g) = 1

2

(

f + g −
√

f 2 + g2
)

+ β (B.3)

unionh( f , g) = min( f , g) + β (B.4)

cuts( f , g) = 1

2

(

f + g +
√

f 2 + g2
)

+ β (B.5)

cuth( f , g) = max( f , g) + β (B.6)

The functions used throughout the evaluation of the paper:

f sphere(x, y, z) = x2 + y2 + z2 − 1 (B.7)

f star(x, y, z) = y4x4 + 2y6x2 + 2y4x2z2 + y8 + 2y6z2

+ y4z4 − 4y4x2 − 4y4z2 − 16x2z2y2

+ 16x2z2 (B.8)

f root(x, y, z) =
√

x2 + y2 − z (B.9)

f const(x, y, z) =
√

(x − 1)2 + y2 + z2·
√

(x + 1)2 + y2 + z2

·
√

(x2 + (y − 1)2 + z2·
√

(x2 + (y + 1)2 + z2 − 1.1 (B.10)

f torus(x, y, z) = (x2 + y2 + z2 + 1 − 0.25)2 − 4(x2 + y2)
(B.11)

f SOR(x, y, z) = x2 + y2 − log(z + 3.2)2 − 0.02 (B.12)

f exp(x, y, z) = e10x−1.5 + e10y−1.5 + e10z−1.5 − 1
(B.13)

f cube(x, y, z) = max{|x |, |y|, |z|} − 1 (B.14)

f spike(x, y, z) = e−5|x−0.5|−5|y−0.5| − z (B.15)

f hat(x, y, z) = 1

σπ

(

1 − x2 + y2

2σ 2

)

e− x2+y2

2σ2 − z, σ = 1

5
(B.16)

f quart(x, y, z) = x2y2 + y2z2
x2

100
+ z2

100
− 1

100
(B.17)

f C8(x, y, z) = 64x8 − 128x6 + 80x4 − 16x2 + 2

+ 64y8 − 128y6 + 80y4 − 16y2 + 64z8

− 128z6 + 80z4 − 16z2 (B.18)

f klein(x, y, z) = 16xz
(

x2 + y2 + z2 − 2y − 1
)

+
(

x2 + y2 + z2 + 2y1
)

[(

x2 + y2 + z2 − 2y − 1
)2 − 8z2

]

(B.19)

f kiss(x, y, z) = (1 − z)z4 − y2 − x2 (B.20)

Functions (B.8), (B.17), (B.18) and (B.19) were taken from
[20], while (B.10) and (B.12) are from [50].
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