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Abstract

Graph neural networks (GNNs) have demon-
strated remarkable capabilities in learning
from graph-structured data, often outper-
forming traditional Multilayer Perceptrons
(MLPs) in numerous graph-based tasks. Al-
though existing works have demonstrated the
benefits of graph convolution through Lapla-
cian smoothing, expressivity or separability,
there remains a lack of quantitative anal-
ysis comparing GNNs and MLPs from an
optimization and generalization perspective.
This study aims to address this gap by exam-
ining the role of graph convolution through
feature learning theory. Using a signal-noise
data model, we conduct a comparative anal-
ysis of the optimization and generalization
between two-layer graph convolutional net-
works (GCNs) and their MLP counterparts.
Our approach tracks the trajectory of signal
learning and noise memorization in GNNs,
characterizing their post-training generaliza-
tion. We reveal that GNNs significantly pri-
oritize signal learning, thus enhancing the
regime of low test error over MLPs by D72
times, where D denotes a node’s expected de-
gree and ¢ is the power of ReLU activation
function with ¢ > 2. This finding highlights a
substantial and quantitative discrepancy be-
tween GNNs and MLPs in terms of optimiza-
tion and generalization, a conclusion further
supported by our empirical simulations on
both synthetic and real-world datasets.
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1 Introduction

Graph neural networks (GNNs) have recently demon-
strated remarkable capability in learning graph rep-
resentations, yielding superior results across various
downstream tasks, such as node classifications [32, 50,
21], graph classifications [55, 20, 36, 60] and link pre-
dictions [33, 61, 35], etc. Compared to multilayer per-
ceptron (MLPs), GNNs enhance representation learn-
ing with an added message passing operation [64].
Take graph convoluational network (GCN) [32] as an
example, it aggregates a node’s attributes with those
of its neighbors through a graph convolution opera-
tion. This operation, which leverages the structural
information (adjacency matrix) of graph data, forms
the core distinction between GNNs and MLPs.

There is substantial evidence showing that GCNs con-
sistently outperform MLPs empirically [32, 46, 64, 48,
12, 17, 41]. This success has led to numerous the-
oretical studies aimed at understanding the under-
lying reasons for the effectiveness of graph convolu-
tions. One prominent explanation is that graph con-
volutions leverage Laplacian smoothing to filter out
noise from input features, as highlighted by several
works [39, 9, 44, 45]. Another line of research inves-
tigates the expressivity of graph neural networks in
distinguishing complex graph structures [18, 40, 55].
Recent studies have also explored the theoretical role
of graph convolutions in enhancing separability. For
instance, [5] considered a setting of linear classifica-
tion of data generated from a contextual stochastic
block model [15], showing that graph convolution ex-
tends the regime where data is linearly separable by
a factor of approximately 1/v/D compared to MLPs,
with D denoting a node’s expected degree. Building
on this, [6] further examined multi-layer graph nerual
networks and demonstrated improved non-linear sepa-
rability with the incorporation of graph convolutions.

Despite the valuable insights provided by the existing
literature, there has been limited theoretical research
that offers a quantitative understanding of the opti-
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mization and generalization properties of GNNs com-
pared to their MLP counterparts in a unified frame-
work. To address this gap, we aim to answer the fol-
lowing key question from a theoretical perspective:

What role does graph convolution play during gradient
descent training, and to what extent do GCNs exhibit
better generalization compared to MLPs?

To address this critical question, we conduct a feature
learning analysis [8, 3| for graph neural networks to es-
tablish a unified theoretical framework that analyzes
both the convergence and generalization properties of
GCNs, enabling a quantitative comparison with MLPs.
Specifically, we introduce a data generation model,
termed, that combines a signal-noise model [2, 8] for
input feature creation with a stochastic block model
[1] for graph construction. This setting serves as a
representative case study for our analysis. Our theo-
retical investigation focuses on the optimization tra-
jectory and post-training generalization of two-layer
GCNs trained using gradient descent, and compares
these results with the established findings for two-layer
MLPs [8]. While both GCNs and MLPs are shown to
achieve near-zero training error, our analysis reveals a
distinct quantitative advantage for GCNs in terms of
generalization on test data. The key contributions of
our study are as follows:

e Global Convergence Guarantees: We provide
global convergence guarantees for graph neural net-
works trained on data generated by the SNM-SBM
model. By characterizing signal learning and noise
memorization in feature learning, we show that, de-
spite the inherent nonconvexity of the optimization
landscape, GCNs can achieve zero training error
within a polynomial number of iterations.

e Test Error Bounds for Overfitted GINNs: We
derive theoretical test error bounds for overfitted
GNN models trained using gradient descent. Un-
der specific conditions on the signal-to-noise ratio,
we demonstrate that GCNs can achieve small (near-
zero) test error, even when the model is over-fitted
to the noisy data.

e Quantitative Generalization Comparison: We
provide a quantitative comparison of the generaliza-
tion performance between GCNs and MLPs. Our re-
sults identify a regime where GCNs achieve nearly
zero test error, while MLPs exhibit a significantly
higher test error. This finding is further validated
through empirical experiments.

2 Related Work

Role of Graph Convolution in GNNs. Existing
studies [12, 41, 63, 23, 51] have shown that graph con-
volutions significantly enhance the performance of tra-
ditional classification methods, such as MLPs. Moti-
vated by these benefits, various graph network archi-
tectures and methods have been proposed to further
harness the power of graph convolutions [53, 19, 54].
From a theoretical standpoint, [57] highlight the su-
periority of GNNs for extrapolation problems in com-
parison with MLPs, based on the graph neural tan-
gent kernel (GNTK) [28, 16, 26, 47]. [26] use a sim-
ilar approach to examine the role of graph convolu-
tion in deep GNNs, revealing that excessive graph lay-
ers can degrade optimization and generalization, thus
supporting the well-known over-smoothing problem in
deep GNNs [39]. In addition, [58] attribute the major
performance gains of GNNs to their inherent general-
ization capability. [10] primarily examine the expres-
sivity of Graph-Augmented MLPs. Similarly, [24] pro-
pose two smoothness metrics to quantify the quality of
information extracted from graph data and introduce
a novel attention-based framework to optimize GNN
performance. Besides, [56] investigate the impact of
skip connections, increased depth, and favorable la-
bel distributions on the training dynamics of GNNs.
In contrast to these existing theoretical results, our
work moves beyond GNTK analysis and differs from
common approaches like Laplacian smoothing, expres-
sivity, or separability studies. Instead, we focus on
developing a unified framework to quantitatively com-
pare GNNs and MLPs through a comprehensive con-
vergence and generalization analysis.

Feature Learning in Deep Learning. This work
builds upon a growing body of research on how neural
networks learn features. [2] formulate a theory illus-
trating that when data possess a “multi-view” feature,
ensembles of independently trained neural networks
can demonstrably improve test accuracy. Further, [3]
show that adversarial training can eliminate specific
small dense mixtures from the hidden layers, thereby
refining the learned weights. Additionally, [4] identify
that the initial gradient update introduces a rank-1
‘spike’, waligning the first-layer weights with the linear
component of the teacher model’s features. The semi-
nal work by [8] investigates the benign overfitting phe-
nomenon in two-layer convolutional neural networks
(CNNs) and reveals that under certain signal-to-noise
ratio conditions, gradient descent can drive a two-layer
CNN to achieve near-zero test loss through effective
feature learning. Related works [59, 65, 52, 14, 66,
11, 43, 29, 34, 13, 37, 25, 22, 30, 7, 27] have simi-
larly highlighted the role of feature learning in neural
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networks during gradient descent training, forming a
critical area of research that our study continues to
explore. While [38, 62] apply feature learning theory
to analyze GNNs, they do not quantify the differences
in optimization and generalization between GNNs and
MLPs. Our work addresses this gap by providing a
quantitative comparison, offering new insights into the
distinct behaviors of these architectures.

3 Problem Setup

3.1 Notations

We use lower bold-faced letters for vectors, upper bold-
faced letters for matrices, and non-bold-faced letters
for scalars. For a vector v, its fo-norm is denoted
as ||v|l2. For a matrix A, we use ||A]2 to denote its
spectral norm and ||A||r for its Frobenius norm. We
employ standard asymptotic notations such as O(-),
o(+), (), and O(:) to describe the limiting behav-
ior. We use O(-), Q(-), and O(:) to hide logarith-
mic factors in these notations respectively. More-
over, we denote a, = poly(b,) if a, = O((b,)?) for
some positive constant p and a, = polylog(b,) if
a, = poly(log(b,)). Lastly, sequences of integers are
denoted as [m] = {1,2,...,m}.

3.2 Data Model

We adopt a combined signal-noise model (SNM) for
feature generation and a stochastic block model for
graph structure generation as a case study.

Signal-noise Model Specifically, let the feature
matrix be denoted as X € R™*2?¢ where n repre-
sents the number of samples and 2d is the feature
dimensionality. Each feature associated with a data
point is generated from a SNM, conditional on the
Rademacher random variable y € {—1,1}, and a la-
tent vector p € R%:

X = [X(l)vx(z)] = [yﬂaSL (1)

where x1), x(? € R?, and & ~ N(0,02 - (I — ||p[|5? -
pp')) with o7 as the variance. The term I — pell5 -
pp' ensures that the noise vector £ is orthogonal to
the signal vector p.

We make the following remarks on the data model.

e Feature Composition: The data model simulates
a setting where the input features consist of both
signal and noise components. In particular, the term
yp represents task (label)-relevant features, while &
captures task-irrelevant features. Recent works |2,
8, 65, 49] have explored similar signal-noise models

to investigate the feature learning process of neural
networks, including studies focused on graph neural
networks [38, 62].

e Real-world Relevance: The SNM reflects the in-
put feature structure of real-world graph datasets
used in node classification tasks. For example, ci-
tation network datasets such as Cora, Citeseer, and
Pubmed [32] typically use a bag-of-words represen-
tation for node features. Conceptually, these words
can be divided into two categories: task-relevant and
task-irrelevant. Words like “algorithm” or “neural
network” are task-relevant for the field of computer
science, whereas more generic words like “study” or
“approach” are task-irrelevant.

Stochstic Block Model We employ a SBM to gen-
erate the graph structure, with intra-class edge prob-
ability p and inter-class edge probability s. Specifi-
cally, each entry in the adjacency matrix A = (ai;)nxn
follows a Bernoulli distribution: a;; ~ Ber(p) when
y; = y;, and a;; ~ Ber(s) when y; # y;. The use
of p and s are explicitly modeled, allows us to explic-
itly model different graph structures and analyze the
impact of varying connectivity patterns.

When p > s, the graph structure exhibits homophily,
meaning that nodes are more likely to connect with
others that share the same label, resulting in clusters
of similarly labeled nodes. Conversely, when s > p,
the graph reflects a heterophily, where nodes are more
likely to connect to those with different labels. This
flexibility makes SBM a powerful tool for simulating
diverse graph topologies, and it is widely used in re-
lated studies on GNNs [5, 42, 6, 41, 31].

We represent the combination of the SNM and SBM
as SNM — SBM(n, p, s, i, 0y, d). This combined model
captures both feature and structural variations, pro-
viding a unified framework for studying GNNs. Note
that when p = s = 0, the graph structure disappears,
and SNM — SBM reduces to the standard SNM.

3.3 Graph Neural Network Model

Graph neural network (GNNs) integrate both graph
structure and node features to learn meaningful rep-
resentations for nodes. Consider a two-layer GCN
model, denoted as f, where the first layer performs
a graph convolution operation, and the second layer
parameters are fixed to either +1 or —1. The output
of the GCN is given by:

f(W7AaX) = F+1(W+17A7X) - F—l(W—laA7X)7
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where F1(W,i1,A x) and F_
fined as:

1(W_1, A x) are de-

= a2 [

r=1

F;(W;, A x) +0(wj x(2))]

(2)
where j € {+1,—1}, and W refer to the first layer
weights associated with the second-layer fixed param-
eters. Besides, o(-) is a polynomial ReLU activation
function defined as o(z) = max{0, 2z} for some ¢ > 2,
and m is the width of hidden layer. The notation
X 2 [X1, %2, ,X,] T = D !AX e R"*2d represents
the node features after the graph convolution.

Specifically, the adjacency matrix with self-loops is de-
fined as A = A+1,, where A is the original adjacency
matrix and I, is the identity matrix of size n. The
diagonal degree matrix D records the degree of each
node, with entries given by D;; = Zj flij. For sim-
plicity we denote D; £ f)“

Remark 3.1. The use of a polynomial ReLU activa-
tion function ensures a significant gap between signal
learning and noise memorization. This type of activa-
tion function has been widely adopted in related works
[2, 3, 8, 65, 34] to facilitate the theoretical study of
neural network training dynamics.

Moreover, the symbol W collectively denotes the first
layer’s weights, and w;, € R? refers to the weight
of the first layer, in which r corresponds to hidden
neuron index and j € {+1, —1} refer to the fixed value
of second layer. The first-layer weights are initialized
by sampling from a Gaussian distribution, i.e., w;, ~
N(0,02 - I4xq) for all r € [m] and j € {—1,1}, where
o controls the strength of the initial weights.

Given the training data S £ {x;,y;i}",; and
adjacency matrix A € R"*"™ drawn from
SNM — SBM(n, p, s, 4, 0p, d), we aim to learn the pa-
rameter W by minimizing the empirical cross-entropy
loss function:

1
LEN(W) = = Ui f(W, Axi). (3)
i=1
Here, the cross-entropy loss is defined as {(y
F(W,A x)) = log(1 + exp(—f(W,A,x) - y)). The

gradient descent update for the first layer weight W
in GCN can be expressed as:

(t+1) _
Wy

(t) —n- ij rLGCN(W(t))

t n t) /
=W, . — ¢

™ Z

n /(t) s () gz
_ E g \
nm P i ¢ (<WJ7T7

,7yzu>) JYitk

) gk (4)

where we define the loss derivative as ¢, = #(y; -

f) _ __exp(=yi-fi)
¢ Itexp(—yi-fi)’
D; Zke/\/( ) Yk and the “aggregated noise vector”

£ = Dy Eke/\/ o &k~ Here N(i) denotes the set of
neighbors of node i, o’ (-) represents the derivative of
the polynomial ReLLU activation function, and 7 is the
learning rate.

the “aggregated label” y;, =

To quantify the learning capabilities of GNNs com-
pared to MLPs, we analyze the generalization ability
of GNN models through the lens of population loss,
which is defined based on unseen test data. After
training the network on n data points, we generate
a new test data point following the SNM — SBM dis-
tribution. Its connections to the training data points
are determined using the stochastic block model, form-
ing an updated adjacency matrix A’ € R+ x(n+1),
The population loss is then calculated by taking the
expectation over the randomness of the new test data,
and is expressed as follows:

LEN(W) = Ex 4 ay~snm—seml(y - fF(W, A/, x)).
(5)
This approach for formulating the generalization error
is consistent with the methodology used in [38].

3.4 Weight Decomposition for Optimization
Analysis

To track the complex training dynamics described
by Equation (4), we employ a weight decomposition
method inspired by feature learning theory [8]. From
the gradient descent rule in Equation (4), we observe

that each gradient descent iterate W](-t?n can be repre-

sented as a linear combination of its initial random
weight w;?r) , the signal vector p, and the noise vectors
¢, from the training data for i € [n]. For r € [m], the
weight decomposition at iteration ¢ can be expressed:

w® = wl® ¢ o0

7T
Zpgtrz

. and pJ i = {pj P p(?ﬂ.} are the coefficients

elz? - p+ ij R [ Py

€112 - €. (6)

where *y(

of the signal learning and noise memorization, respec-

tively. To provide a more precise characterization of
® a @ (t)
jT"L_pjT’L]l(pjT"L —0)7

We refer to Equation (6)

the coeflicients, we define p
ph 2 PN a1l < o).

Zgry
as the signal-noise decomposition of w(t) The nor-
malization factors |||y % and ||€;]|; % are 1ntroduced to

'By referring to Equation (4), we see that the gradient

descent update moves in the direction of £,, which can be
further decomposed into &; through &, = D! Zke/\/’(i) 3N
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¢ ¢ ¢ ¢

ensure that fyj(r), ~ (wﬁ-},u% and p§21 ~ <W§l,£l> We

use 7572 to characterize the process of signal learning
t

and pgzz

certain 7](;2 values are sufficiently large while all | p§t32|

remain reiatively small, this indicates that the network
is primarily learning the label through signal learning.
Conversely, if some |p§tlz| values are large while all 'yj(tg
values remain small, the network is primarily focused

on noise memorization.

to characterize the noise memorization. If

4 Theoretical Results

In this section, we introduce our key theoretical find-
ings that demonstrate the optimization and generaliza-
tion of GCNs through feature learning. Our analysis
is based on the following assumptions:

Assumption  4.1. Suppose that (1) The
dimension d is sufficiently large: d =
Q(m2V1/(a-2)pv(2a-2/@-2))  (2) The size of
the training sample n and width of GCNs m adhere
to n,m = Q(polylog(d)). (3) The edge probability
p,s = Q(y/log(n)/n) and = = E=% s a positive
constant.

g (4) The learning rate n satisfies n <
O(min{||p||3 2, 0;2d~"}), and the weight initialization

p ~
strength follows oy < O(m~2/(a=2)p~[1/(a=2)V1 .

min{(op/d/(n(p+ )~ E7 |ully -

The rationale for these assumptions is as follows: (1)
The requirement for a high dimension is specifically
aimed at ensuring that the learning occurs in a suf-
ficiently over-parameterized setting when the second
layer remains fixed. Similar choice can be found in
[8, 34]. (2) This condition guarantees that certain sta-
tistical properties of the training data and weight ini-
tialization hold with high probability at least 1 —d .
(3) The condition on edge probabilities p and s guar-
antees a sufficient concentration in node degrees and
captures the level of homophily in the graph data. (4)
The condition on 1 and oy ensures that gradient de-
scent can effectively minimize the training loss.

Furthermore, we introduce a critical quantity called
the signal-to-noise ratio (SNR), which measures the
relative learning speed between the signal and the
noise. It is defined as SNR = ||u|2/(0,Vd). To
prepare for our main result, we also define an effec-
tive SNR for GNNs as SNR¢ = ||p|2/(0pVd) - (n(p +
5))(4=2)/(29) " Given the above assumptions and defini-
tions, we present our main result for GNNs as follows:

Theorem 4.2. Let T = (:)(n_lmaof(qd)E_qHuH;q +
n~re 'm3||ulls?).  Under Assumption 4.1, if n -
SNRY = Q(1), then with probability at least 1 —d =",
there exists a time 0 < t < T such that:

e The GCN learns the signal: max, VJ(? = Q(1) for
j € {x1}.

e The GCN does mnot memorize the

maxj,.i |p\";| = O(o0oy\/dfn(p + s)).

o The training loss converges to e, i.e., LgCN(W(t)) <
€.

noises:

e The trained GCN achieves a small test loss:
LEN(W®) < cre + exp(—can?), where ¢1 and cy
are positive constants.

— MLP

= GCN nSNR? /np+s) =1

nSNR? =1

Sample size

SNR

Figure 1: Tllustration of test performance comparison
between GNN and MLP. The region below the red
curve but above the blue curve (highlighted in orange)
indicates the area where GNN can generalize well, but
MLP fails to generalize to the test set.

Theorem 4.2 reveals that, provided n - SNRE, = Q(l),
the GCN is capable of learning the signal, achiev-
ing max, fy](tr) = Q(1). On the other hand, the
noise memorization during gradient descent train-
ing is suppressed, as indicated by max; ,; |p§7;)l| =
O(ogopr/d/n(p + s)), given that ogo,/d/n(p + s) <
1, according to assumption 4.1. Because the signal
learned by the network is sufficiently strong and much
larger than the noise memorization, the model can
generalize well to the test samples. Consequently, the
learned neural network achieves both low training and
test losses.

We compare the result in Theorem 4.2 with the result
of MLPs presented in [8] to highlight the quantita-
tive advantage in generalization of GCNs over MLPs.
According to [8], when n - SNRY = Q(1), MLPs can
achieve a small test error; otherwise, they experience
a large test error when n - SNR? = O(1). Together,
these results highlight the differences in generaliza-
tion, showing that GCNs have a broader regime for
achieving low test errors, which is qualitatively repre-
sented by [n(p + 5)](@=2/(29) " This outcome further
requires a dense setting, where n(p + s) > 1, which is
consistent with Assumption 4.1. The reason for this
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improved performance is that, during feature learning,
graph convolution can effectively suppress noise mem-
orization, enabling GCNs to generalize better than
MLPs, especially in low SNR settings. Finally, we il-
lustrate the quantitative difference established in this
work through Figure 1. By precisely characterizing the
feature learning dynamics from optimization to gener-
alization for GNNs, we have successfully shown how
GCNs gain a significant advantage over MLPs due to
the benefits provided by graph convolution.

5 Proof Roadmap

In this section, we present proof sketches for GCNs
using feature learning theory. We discuss the primary
challenges encountered in the study of GNNs and out-
line the key techniques used in our proofs to address
these challenges. These techniques are further elabo-
rated in the subsequent sections, and detailed proofs
can be found in the appendix. Although we adopt the
feature learning framework from prior works [2, 8], our
focus is fundamentally different, making the existing
results not directly applicable to GCNs.

5.1 Iterative of coefficients

To analyze the feature learning process in GCNs,
we introduce an iterative methodology based on the
signal-noise decomposition (6) and gradient descent
update rule (4). The following lemma provides a
means to track the iteration of signal learning and
noise memorization under graph convolution:

Lemma 5.1. The coefficients 7( ) p(t) BE_?Z_ with the

(0) 50 p(.?),i = 0 in decomposi-

initialization value v; ., p;. ryir P

tion (6) adhere to the following equations:

1 n .
Ve = vfr—anW o' (w1 Gty s
(7)
. 1 pré
Pini) =Py — = > Do (Wi &€
keN()
Lye = j), (8)
(t+1) — (@) n —1 /() 1 (t)
P =o)L S D (wil &Il
keEN (1)
1y = —). (9)

Lemma 5.1 simplifies the analysis of feature learning in

GCNs by reducing it to the examination of the discrete

dynamical system defined by Equations (7 - 9). Our

proof strategy emphasizes an in-depth evaluation of
) =)

the coefficient values ;. p; ”,p() throughout the

training process.

5.2 The importance of dense graphs in
trajectory analysis

Note that graph convolution aggregates information
from neighboring nodes to the central node, which of-
ten leads to a loss of statistical concentration for the
aggregated noise vectors and labels. To mitigate this
challenge, we utilize a dense graph structure by setting
the edge probability p,s = Q(y/log(n)/n), as stated
in Assumption 4.1. As a result, we show that the
node degrees exhibit good concentration properties, as
demonstrated by the following lemma:

log(n/9)
n

Lemma 5.2. Let p,s = Q and § > 0,

then with probability at least 1—4, we have n(p+s)/4 <
D; < 3n(p+ s)/4, where D; is the degree of node i.

Lemma 5.2 establishes the concentration of node de-
grees, which is crucial for the trajectory analysis of
iterations for both signal learning and noise memo-
rization.

5.3 The Role of Homophily

To preserve the sign of the graph-aggregated labels, we
introduce “homophily” by setting p > s. This setting
ensures that the convolution process effectively inte-
grates neighborhood label information into the central
node. The formal result is provided in the following
lemma:

Lemma 5.3. Suppose that 6 > 0, p > s, and n >

8(pp+;)2 log(4/6). Then with probability at least 1 — 0,

it holds that %i;ﬂyi\ <lmi| < %Z;z|yi|'

Lemma 5.3 shows that the effective label after graph
convolution retains the same sign as the original node
label. It is worth noting that if we consider heterophily
(where s > p), the same generalization results hold in
our setting, except that the sign of the aggregated label
will be opposite to that of the central node.

5.4 Optimization analysis

We provide a two-stage dynamics analysis to track the
trajectory of the coefficients for signal learning and
noise memorization, using Lemma 5.1, Lemma 5.2,
and Lemma 5.3.

Stage 1. Intuitively, the initial neural network
weights are small enough such that the network at ini-
tialization exhibits constant-level loss derivatives on
all training data points Z;(O) =y FIWO A x;)] =
©(1) for all ¢ € [n]. This is guaranteed under As-
sumption 4.1 on og. Motivated by this observation,
the dynamics of the coefficients in Equations (7 - 9)

can be greatly simplified by replacing the é;(t) factors
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Figure 2: Training loss, test loss, training accuracy, and test accuracy for both MLP and GNN over a span of
100 training epochs. Each curve represents the average of five experimental runs, with shaded regions indicating

the error bars to capture variability.

by their constant upper and lower bounds. The follow-
ing lemma summarizes our main conclusion for feature
learning in Stage 1:

Lemma 5.4. Under the same conditions as Theo-

rem 4.2, there exists Ty = O(n ‘moy 9279 )59
such that maxrvgf) = Q) for j € {£1}, and

|p§tzz| = O(a()ap\/a/\/n(p—l—s)) for all j € {1},

re[ml,i€n] and0<t<Ty.

The proof can be found in Appendix C.1. Lemmas 5.4
leverages the period of training when the derivatives of
the loss function remain at a constant order. It is im-
portant to note that graph convolution plays a signifi-
cant role in differentiating the learning speeds between
signal learning and noise memorization. Originally,
without graph convolution, the learning speeds are pri-
marily determined by |||z and ||€]|2 for the signal and
noise, respectively [8]. In contrast, with graph convo-
lution, the learning speeds are determined by [7|[| |2
and ||£]|2 respectively. Here, |g|||p[|2 is close to |||z,
but ||£]|2 is much smaller than ||&||2 (see Figure 7 for
an illustration). This implies that graph convolution
can slow down noise memorization, thereby allowing
GNNs to focus more on signal learning.

Stage 2. Building on the results from the first stage,
we move to the second stage of the training process. In
this stage, the loss derivatives are no longer constant,
and we show that the training error can be minimized
to an arbitrarily small value. Besides, the scale differ-
ences established during the first stage of learning are
preserved throughout the second stage:

Lemma 5.5. Under the same conditions as Theo-
rem 4.2, for any t € [T1,T), it holds that max,. 73(.7;1) >

2,Vj € {£1} and \p§t7)1| < ggopr/d/(n(p + s)) for all
Jj € {x1}, r € [m] and i € [n]. Moreover, there exists

at € [Ty, T) such that L§EN(W®) < e.

Lemma 5.5 presents two primary outcomes: (1)
Throughout this training phase, it ensures that the
noise memorization coeflicients remain significantly
small, while the coefficients of the signal learning reach

large values. (2) It guarantees convergence for the
GNN, showing that the training loss can be reduced
to an arbitrarily small value.

5.5 Test error analysis

Analyzing the generalization performance of graph
neural networks is a challenging task. To tackle this is-
sue, we introduce an expectation over the distribution
for a single data point. Specifically, we consider a new
data point (x,y) drawn from the SNM-SBM distribu-
tion. The following lemma provides an upper bound
on the test loss of GNNs after training:

Lemma 5.6. Let T be defined as in Theorem 4.2. Un-
der the same conditions as Theorem 4.2, for anyt <T
with L§CN(W®) < 1, it holds that LEEN(W®) <
c1 - L§N(W®) 4 exp(—con?), where ¢; and cy are
positive constants.

Lemma 5.6 demonstrates that GNNs can achieve a
small test error. Combined with the results stated in
Lemma 5.5, this completes the proof for Theorem 4.2.

6 Experiments

In this section, we validate our theoretical findings
through numerical simulations using synthetic data
and modified real-world data.

Synthetic data. We generated synthetic data using
the SNM-SBM model. The signal vector wp is drawn
from a standard normal distribution A(0,I), and the
noise vector & is sampled from a Gaussian distribution
N(0,20I). We set the training data size to n = 50,
the input dimension to d = 500, the edge probability
to p = 0.5, and s = 0.08. We train a two-layer MLP
and GNN using Equation (2) with polynomial ReL.U
activation ¢ = 3. The optimization is by the gradient
descent method with a learning rate of n = 0.03. The
primary task is node classification, aiming to predict
the class labels of nodes in a graph. Figure 2 shows the
training loss, test loss, training accuracy, and test ac-
curacy for both the MLLP and GNN. Our observations
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Figure 3: Test accuracy heatmap for MLPs and GCNs after training.
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between CNN (dashed lines) and GNN (solid lines)
models under varying homophily levels while keeping
graph density constant.

reveal that both the GNN and MLP can achieve zero
training error. However, while the GNN attains nearly
zero test error, the MLP fails to generalize. This sim-
ulation result validates our theoretical findings.

Graph Density We maintained a fixed ratio of
p/s 10, varying only the absolute values of p
and s. Specifically, we considered values of p in the
range {0.01, 0.02,0.03,...,0.1,0.2, ..., 0.7}. This
experimental setup preserves the relative homophily
while systematically adjusting the overall graph den-
sity. The results, depicted in Figure 5, utilize a color
gradient from blue (sparser graphs) to red (denser
graphs) to highlight changes in model performance.
We observe a significant improvement in test accuracy
as the graph becomes denser. Beyond a certain density
threshold, the model consistently achieves near-perfect
test accuracy. These findings empirically support our
claim that dense graphs facilitate effective aggregation.

Graph Homophily We fixed the sum p + s to
a constant value, varying only the individual values
of p and s. Specifically, we considered values of p
within the range {0.1, 0.15, 0.2, ..., 0.6}. This con-
figuration maintains a constant overall graph density
while altering the level of homophily. Results are
presented in Figure 6, where we employ color cod-
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ing from blue (strongly homophilic) to red (strongly
heterophilic). We observe that both strongly ho-
mophilic and strongly heterophilic graph structures
achieve higher test accuracy, whereas graphs with in-
termediate homophily exhibit relatively lower perfor-
mance. These findings empirically support our theo-
retical claims concerning the effects of homophily.

Heatmap of test accuracy We then explore a
range of Signal-to-Noise Ratios (SNRs) from 0.045 to
0.98, and a variety of sample sizes, n, ranging from
200 to 7200. Based on our results, we train the neu-
ral network for 200 steps for each combination of SNR
and sample size n. After training, we calculate the
test accuracy for each run. The results are presented
as a heatmap in Figure 3. Compared to MLPs, GCNs
demonstrate a perfect accuracy score of 1 across a more
extensive range in the SNR and n plane, indicating
that GNNs have a broader high test accuracy regime
with high test accuracy.

Real-world data. We conduct an experiment using
the MNIST dataset. To align with the theoretical set-
ting, we added Gaussian noise sampled from 01211 to the
digit images and then divide both the noise component
and the digit component into two groups of patches of
equal size, inspired by [8]. The details for creating
this data can be found in Appendix G. We select the
digits ‘1’ and ‘2’ from the ten MNIST digits, using a
training sample size of n = 100, while the remaining
samples are used as the test set. The graph structure
was generated using a stochastic block model, with an
edge probability of p = 0.2, and s = 0.01. We set the
learning rate 7 = 0.0005 and the noise level o, = 0.1.
Detailed results are shown in Figure 4. The results are
consistent with our theoretical conclusions, reinforcing
the insights derived from our analysis.

7 Conclusion and Limitation

This paper leverages feature learning theory to analyze
the optimization and generalization behavior of GCNs.
Specifically, we adopt a signal-noise decomposition to
characterize the signal learning and noise memoriza-
tion processes during the training of a two-layer GCN.
We establish specific conditions under which a GNN
primarily focuses on signal learning, resulting in low
training and testing errors. When combined with re-
sults for MLPs, our findings quantitatively demon-
strate that GCNs, by utilizing structural information,
outperform MLPs in terms of generalization ability
across a broader benign regime.

Limitation Our theoretical framework is limited to
analyzing the role of graph convolution within a spe-

cific two-layer GCN and a particular data model. In
practice, the feature learning dynamics of neural net-
works can be influenced by various factors, such as
the depth of the GNN, the choice of activation func-
tion, the optimization algorithm, and the underlying
data distribution [34, 65, 66]. Future work could ex-
tend our framework to account for the impact of these
additional factors on feature learning in GCNs.
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A Preliminary Lemmas

In this section, we present preliminary lemmas which form the foundation for the proofs to be detailed in the
subsequent sections. The proof will be developed after the lemmas presented.

A.1 Preliminary Lemmas without Graph Convolution

In this section, we introduce necessary lemmas that will be used in the analysis without graph convolution,
following the study of feature learning in CNN [8]. In particular, Lemma A.l states that noise vectors are
“almost orthogonal” to each other and Lemma A.2 indicates that random initialization results in a controllable
inner product between the weights at initialization and the data vectors.

Lemma A.1. [8] Suppose that § > 0 and d = Q(log(4n/d)). Then with probability at least 1 — 6,
opd/2 < ||&;3 < 307d/2,
(€3, €30)| < 207 - \/dlog(4n?/d),
for all i,i’ € [n].
Lemma A.2. [8] Suppose that d = Q(log(nm/9)), m = Q(log(1/6)). Then with probability at least 1 — 0,

(W%, )] < /21og(8m/3) - ool 2,
[(w ) &,)] < 21/log(8mn/6) - ooo,Vd,

for allr € [m], j € {£1} and i € [n]. Moreover,

oollulla/2 < max j - (wii), ) < \/2log(8m/8) - oo |l

goopVd/4 < m[ax]j . <W(0) ¢;) < 2¢/log(8mn/d) - oyo,Vd,
relm

j7r’
for all j € {£1} and i € [n].

A.2 Preliminary Lemmas on Graph Properties

We now introduce important lemmas that are critical to our analysis. The key idea to ensure a relatively dense
graph. In a sparser graph, the concentration properties of graph degree (Lemma A.3), the graph convoluted
label (A.4), the graph convoluted noise vector (Lemma A.7 and Lemma A.5) are no longer guaranteed. This
lack of concentration affects the behavior of coefficients during gradient descent training, leading to deviations
from our current main results.

Lemma A.3 (Degree concentration). Let p,s = Q (\/ log(:/&)) and 0 > 0, then with probability at least 1 — 6,

we have

n(p+s)/4 < D; <3n(p+ s)/4.

Proof. 1t is known that the degrees are sums of Bernoulli random variables.

Di =14+ zn:aij,
J#i

where a;; = [A];;. Hence, by the Hoeffding’s inequality, with probability at least 1 —d/n

|D; — E[D,]] < /log(n/8)(n — 1).

Note that a;; = 1 is a fixed value, which means that it is not a random variable, thus the denominator in the

exponential part is n — 1 instead of n. Now we calculate the expectation of degree:
n n
E[D“] =1 + —s+ (5 -
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then we have

1D —n(p+s)/2+1—p| < +/nlog(n/é).
Because that p,s = Q < log(g/é)) we further have,
n(p+s)/4 < D; <3n(p+s)/4.

Applying a union bound over i € [n] conclude the proof.

Lemma A.4. Suppose that § > 0 and n > 8(”‘*'g log(4/68). Then with probability at least 1 — 4,

1p—s
2p+

3p—
<5 Ii\-

1<
| < 1% 2p+s

Proof of Lemma A.4. By Hoeffding’s inequality, with probability at least 1 — §/2, we have

log(4/d
Z o — P75 < [ Josld/d)
v p+ 5 2n(p+s)
Therefore, as long as n > 8(5_4';)2 log(4/6), we have:
1p—s 3p—
5 "S‘yJ<_ |iL
2p+s 2p+s

This proves the result for the stability of sign of graph convoluted label.

Lemma A.5. Suppose that 6 >0 and d = Q(n*(p + s)?log(4n?/6)). Then with probability at least 1 — 6,
apd/(4n(p + 5)) < €13 < 30pd/(4n(p + s)),

for alli € [n].

Proof of Lemma A.5. Tt is known that:

2

) 1 A (D | A D d D,
SRS 3 03T IS 9) SRS 3p LS
j=1 \k=1 i j=1k=1 J=1 k£k’
By Bernstein’s inequality, with probability at least 1 — §/(2n) we have
d D;
>N & —02dD;| = O(0) - \/dD;log(4n/5)).
j=1k=1

Therefore, as long as d = Q(log(4n/d)/(n(p + s))), we have
d D,
302dD; /4 < ZZ < 502dD; /4.
j=1k=1

By Lemma A.3, we have,

d D,
1 i
202d/(4n(p +3) g @k < 602d/ (4n(p + s)).
j:lk:l

w\
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Moreover, clearly (£,,&,/) has mean zero. For any k, k' with k # k’, by Bernstein’s inequality, with probability
at least 1 — §/(2n?) we have

|(€r: )| < 20% -/ dlog(4n?/9).

Applying a union bound we have that with probability at least 1 — 6,

(€ &) < 207 - /dlog(4n?/0).

Therefore, as long as d = Q(n?(p + s)? log(4n?/J)), we have
opd/(n(p+ ) < |13 < 3od/(An(p + 5)).

Remark A.6. We compare the noise vector both before and after applying graph convolution. By examining
Lemma A.1 and Lemma A.5, we discover that the expectation of the £ norm of noise vector is reduced by a
factor of \/n(p+ s)/2. This factor represents the square root of the expected degree of the graph, indicating
a significant change in the noise characteristics as a result of the graph convolution process. We provide a
demonstrative visualization in Figure 7.

O

[}

Figure 7: An illustrative example of noise vector before and after graph aggregation. In this example, we consider
d = 3 and all degree are 1. The black vectors stand for noise vectors € before graph convolution. Each of them
are orthogonal to each other. The red vectors represent noise vectors after graph convolution E . They are graph
convoluted noise vectors of two original noise vectors. Note that the ¢5 norm between two kinds of vector follows

€2 = g“&HQ This plot demonstrates how graph convolution shrinks the ¢ norm of noise vectors.
Lemma A.7. Suppose that d = Q(n(p + s)log(nm/4§)), m = Q(log(1/6)). Then with probability at least 1 — 4,

(Wit &) < 4+/log(8mn/5) - 000,v/d/ (n(p + )),
000y /] (n(p+ 5))/4 < max - (wii) &) < 2/ 0g(8mn/5) - o0y /d/ (np + 5)).

for all j € {£1} and i € [n].

Proof of Lemma A.7. According to the fact that the weight w; ,.(0) and noise vector £ are sampled from Gaussian

distribution, we know that <Wj(02 , él> is also Gaussian. By Lemma A.5, with probability at least 1 —§/4, we have
that

opV/d/(n(p+)/V2 < &l < V/3/2- 0p\/d/ (n(p + 5))

holds for all ¢ € [n]. Therefore, applying the concentration bound for Gaussian variable, we obtain that

(w7, €| < 4+/log(8mn/5) - 500,/ (np + 5)).
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Next we finish the argument for the lower bound of maximum through the follow expression:

P(max(w),&,) > c0o,/d/(n(p + 5))/4) = 1 — P(max(w("), &,) < 000,/d/(n(p+ 5))/4)
=1 Plmax(w'?, &) < 000, /& (n(p T ))/4)™
>1-4/4.

Together with Lemma A.5, we finally obtain that

Joap\/TM < maxy ;02,5 < 24/log(8mn/9) - Joap\/T

B General Lemmas for Iterative Coefficient Analysis
In this section, we deliver lemmas that delineate the iterative behavior of coefficients under gradient descent.
We commence with proving the coefficient update rules as stated in Lemma 5.1 in Section B.1. Subsequently,

we establish the scale of training dynamics in Section B.2.

B.1 Coefficient update rule

Lemma B.1 (Restatement of Lemma 5.1). The coefficients 'yj . (j(tr) i J 7, ; defined in Eq. (6) satisfy the following
iterative equations:
i i ) =0,
(t+1) _ (t) o~ 2
’er jT nm z;e jr’yl >)yzyz||IJ’H2v
_(t+1 —(t n - t t) .
D = a3 D o (WL E) - € - 1wk = ),
keN (i)
Pl =) - Z Dt 0 o' (W, &) - 1613 - Ly = —i),
keN (i

for allr € [m], j € {£1} and i € [n].

Remark B.2. This lemma serves as a foundational element in our analysis of dynamics. Initially, the study of
neural network dynamics under gradient descent required us to monitor the fluctuations in weights. However, this
Lemma enables us to observe these dynamics through a new lens, focusing on two distinct aspects: signal learning
and noise memorization. These are represented by the variables 'y ) and pJ i+ respectively. Furthermore, the
selection of our data model was a conscious decision, designed to clearly separate the signal learning from the
noise memorization aspects of learning. By maintaining a clear distinction between signal and noise, we can
conduct a precise analysis of how each model learns the signal and memorizes the noise. This approach not only
simplifies our understanding but also enhances our ability to dissect the underlying mechanisms of learning.

Proof of Lemma B.1. Basically, the iteration of coefficients is derived based on gradient descent rule (4) and

weight decomposition (6). We first consider %(',Or) , /3§02 , =0 and

NN . .
D = 43 - nm-Zeﬁ%'aw;fz,yiu»)yiyiuuuz,
1=1

N 1 ~ _ ot
P =30 ST D o (w1 E0) - I
keN (i)

Taking above equations into Equation (4), we can obtain that

t 0 t — A(t _
wi) = w45 A lally” e+ AR - &
=1



Quantifying GNN vs. MLP

This result verifies that the iterative update of the coeflicients is directly driven by the gradient descent update
process. Furthermore, the uniqueness of the decomposition leads us to the precise relationships v(t) = ’yj(tr) nd

pgtT) i pgtT) ;- Next, we examine the stability of the sign associated with noise memorization by employing the

following telescopic analysis. This method allows us to investigate the continuity and consistency of the noise
memorization process, providing insights into how the system behaves over successive iterations.

n s s .
P = Z Z Dt = 48 o (w) €40) - il13 - e

s=0 keN (i

Recall the sign of loss derivative is given by the definition of the cross-entropy loss, namely, Eg(t) < 0. Therefore,

_ n — b .
P = —Z Sy DY (L) & - L = ), (10)
kEN (2)
n p .
P, =- Z >0 D6 o (W€ - 65 - T = ). (11)
nm
kEN (1)
Writing out the iterative versions of (10) and (11) completes the proof. O

Remark B.3. The proof strategy follows the study of feature learning in CNN as described in [8]. However, com-
pared to CNNs, the decomposition of weights in GNN is notably more intricate. This complexity is particularly
evident in the dynamics of noise memorization, as represented by Equations 10) and 11). The reason for this in-
creased complexity lies in the additional graph convolution operations within GNNs. These operations introduce
new interaction and dependencies, making the analysis of weight dynamics more challenging and nuanced.

B.2 Scale of training dynamics

) =) (@)

Our proof hinges on a meticulous evaluation of the coefficient values v; . p; rir Py . throughout the entire

training process. In order to facilitate a more thorough analysis, we first establish the following bounds for these
coefficients, which are maintained consistently throughout the training period.

Consider training the Graph Neural Network (GNN) for an extended period up to T*. We aim to investigate
the scale of noise memorization in relation to signal learning.

Let T* = n~'poly(e !, |uls",d 0,2, 04", n,m,d) be the maximum admissible iterations. Denote o =

4log(T*). In preparation for an in-depth analysis, we enumerate the necessary conditions that must be sat-
isfied. These conditions, which are essential for the subsequent examination, are also detailed in Condition 4.1:

n= o(min{nm/(qagd), nm/(q272a9%02d), nm /(g24 22| u||§)}), (12)
o0 < [16+/log(Smn /)]~ min {Z|ullz", (0, /d/(nlp + ) '} (13)
d > 10241og(4n?/8)a’n?. (14)

Denote = 2max; ;. T{|< W T,yz wh, |< e 5 )|}, it is straightforward to show the following inequality:

(15)

2
4max{ﬁ,8n WQ} <1

First, by Lemma A.4 with probability at least 1 — §, we can upper bound 8 by 4./log(8mn/é) - o

max{Z|| |2, 0p/d/(n(p+ s))}. Combined with the condition (13), we can bound § by 1. Second, it is easy to
check that 8n WOZ < 1 by inequality (14).

Having established the values of a and 8 at hand, we are now in a position to assert that the following proposition
holds for the entire duration of the training process, specifically for 0 < ¢ < T*.
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Proposition B.4. Under Condition 4.1, for 0 <t < T*, where T* = n~'poly (e, ||ull5 d_105270617n,m, d),
we have that

0<49 5% <a, (16)
0>pf) > —a, (17)

for allr € [m], j € {£1} and i € [n], where o = 4log(T™).

To establish Proposition B.4, we will employ an inductive approach. Before proceeding with the proof, we need
to introduce several technical lemmas that are fundamental to our argument.

We note that although the setting is slightly different from the case in [8]. With the same analysis, we can obtain
the following result.

Lemma B.5 ([8]). For anyt >0, it holds that <W(.t) —wl® pwy=7j- ’yj(tr) for allr € [m], j € {£1}.

2,7 7,77

In the subsequent three lemmas, our proof strategy is guided by the approach found in [8]. However, we
extend this methodology by providing a fine-grained analysis that takes into account the additional complexity
introduced by the graph convolution operation.

Lemma B.6. Under Condition 4.1, suppose (16) and (17) hold at iteration t. Then

. log(4n?/4) 0 . log(4n?/4)
P — 8\ = < (wil) —wi) £) < i)+ 8ny [

where pj i = Zke/\/(i) D;l Zi,;ék pg?ﬂ’i,, for allr € [m], j € {£1} and i € [n].

Remark B.7. Lemma B.6 asserts that the inner product between the updated weight and the graph convolution
operation closely approximates the graph-convoluted noise memorization.

Proof of Lemma B.6. 1t is known that,

O _ n B _ n B _
(Wi —wl &) =3¢ el (€ &) + D w0l g1z - (€ &)

i'=1 i'=1

n

=3 > DG lE s (€& +Z Z D' W) 1€z - (€6

=1 keN (i) i'=1keN (i

log 4n2/5 4 £ log(4n? /5 1

<4y = Z S IG el FE ST D Y e

kGN ’#k kEN(’L) i' £k
-1 (t) —1 ()

+ D DI GRat Do DY wily

keN (4) i'#k kEN (4) i'#k
< 50 log(4n?/6)

< pjrit8n — @

where we deﬁne ,5] > KEN () D ! Zi,?ﬁk p;tr),l/ the second inequality is by Lemma A.1 and the last inequality
is by |C(t) | < ain (16).

=, | .,
NEARYA _]T"L
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Similarly, we can show that:

<W;t7)" Z Cj rz’llSi'”Q Sz 7£ + Z j r,a’ ||£ ||2 <£z'7éz>

=1 =1

(€, &) +Z ST D7l g 172 (€€

n

> > bl

i'=1keN (i) i'=1kEN (i)
log(4n? /o log(4n?/0)
>~y PR 57 oS - ey S p S
kEN (i) i #k kEN (i) i #k
D DIVAD D IIESD DIV RD T
keEN (7) i £k keN (i) i #k
) log(4n2/9)
j’m—Sn Ta,

where the first inequality is by Lemma A.1 and the second inequality is by |Cj(tr) s | W i \ < « in (16), which

completes the proof. O

Lemma B.8. Under Condition 4.1, suppose (16) and (17) hold at iteration t. Then

<”,é> (w °>£>+8 Lefo),,

for allr € [m] and j # y;. If max{’yﬂ,pﬁiﬁ = O(1), we further have that Fj(Wy)jci) = 0(1).

Remark B.9. Lemma B.8 further establishes that the update in the direction of é can be constrained within
specific bounds when j # y;. As a result, the output function remains controlled and does not exceed a constant
order.

Proof of Lemma B.8. For j # y;, we have that

0
(Wi Gy = (W o) + i G < (Wi G, (18)

where the inequality is by A/( ) > 0 and Lemma A.4 stating that sign(y;) = sign(g;) with a high probability. In

gsr
addition, we have

(wi &) =wl € + Y D lzpm I

kEN (i) =1

2
< w07 [ 3w+ 30| s/ B0,

7,77 R 3,750
Yr#] yr=J d
log(4n2?/8
< <W502’ i) +8n %m (19)

where the first inequality is by Lemma B.6 and the second inequality is due to p( ) < 0 based on Lemma A 4.

]’I‘Z
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Then we can get that
L& i
Fy (W3 %) = — 3 [o((wi'). - ) + o (w7, &:))]

r=1
1 & _
= = lo(wS ) g w) +o(wWi. D ST g))

r=1 kEN (1)
1 . -
= Y lo(twi g w) +o((wi) &) + (Wi —wi D7t Y €))]
r=1 kEN (7)
1 & - log(4n2 /6§ .
< LS (Wl )+ ol &) + sy B )
r=1
log(4n?/6) \?
< 2 e i ) w2, € sy 25
Jyryi d
<1

9

where the first inequality is by (18), (19) and the second inequality is by (15) and max{%(-i),, pgt)”l} =0(1). O
Lemma B.10. Under Condition 4.1, suppose (16) and (17) hold at iteration t. Then

(Wi Gy = (W, i) + 1),

R log(4n2/§
(w8 < (i &)+ L0, sy [
forallr € [m], j =y; and i € [n]. If max{yj 7ﬂ,pgtv)w} = O(1), we further have that Fj(W;t),fci) = 0(1).

Remark B.11. Lemma B.10 further establishes that the update in the direction of p and € can be constrained
within specific bounds when j = y;. As a result, the output function remains controlled and does not exceed a
constant order with an additional condition.

Proof of Lemma B.10. For j = y;, we have that

where the equation is by Lemma B.5. We also have that

log(4n?/6) N

P 0 ~
(Wit &) < (Wit &) + pjl) 4 8ny [ == a,

where the inequality is by Lemma B.6. If max{’y] s ,0J . z} O(1), we have following bound
¢ IS 0 z
Fi (W %) )= 2l Wil i - 1) + o (w0, &)

0 0) z log(4n?/5) "

< 230 {30 10 w2 s w2 & sy 2D
= O(]‘)ﬂ

where p;tz,l = 5 Do keN (i) ﬁgtz Lk =7) +ﬁ§t2k (yr £ 7), the first inequality is by (20), (21). Then the becond

inequality is by (15) where f = 2max; j, T{|< r,yl wh|, (w r,é‘ )|} <1 and condition that max{fyj T,pj ”} =
O(1). O

Equipped with Lemmas B.5 - B.10, we are now prepared to prove Proposition B.4. These lemmas provide the
foundational building blocks and insights necessary for our proof, setting the stage for a rigorous and compre-
hensive demonstration of the proposition
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Proof of Proposition B./. Following a similar approach to the proof found in [8], we employ an induction method.
This technique allows us to build our argument step by step, drawing on established principles and extending
them to our specific context, thereby providing a robust and systematic demonstration.

At the initial time step ¢ = 0, the outcome is clear since all coefficients are set to zero.

Next, we hypothesize that there exists a time T less that T* during which Proposition B.4 holds true for every
moment within the range 0 < ¢ < T — 1. Our objective is to show that this proposition remains valid at ¢t = T.

We aim to validate that equation (17) is applicable at ¢ = T, meaning that,

log(4n2/0
wj(tr)l > -3 —16n 7g( ;L / )a,
for the given parameters. It’s important to note that w](tzl = 0 when j = y;. So we only need to consider

instances where j # y;.

1) Under condition

o log(4n?/6
T < 055 sy [ B0
Lemma B.6 leads us to the following relationships:
F—1) - (T— - log(4n?/6
T ) < A0 (o )+ s [ EEE ) o <

d
and thus

T T-1 n _ T—1 T-1) % .
Wik =l ST D Y ol (w Y 8) - L = —D)I€13
k

P log(4n2/6
= W;Tm,l) > 3 — 16ny /%o@

with the final inequality being supported by the induction hypothesis.

2) Given the condition w(f_l) > —0.58 — 8ny/ WO&, we can derive the following:

Jsrsi

T T-1 n —1/(T—1 T-1) z ;
Wi =wis = ST DT o (WY 6) - L = )16 3

keEN (1)
; log(4n2
(?)0”(0.5ﬁ+8n Og(n/(S)a)

[P, d
2
—0.58 — 8”\/@0[ -0 (%) (0.55 +8n bg(4;2/5)a)

2
25— tony O,

Y

Y

where we apply the inequalities E;(T_l) <1 and &2 = O(c2d), and use the conditions 1 = O(nm/(qagd)) and

P
0.58 4 8ny/ %a < 1, as specified in (12).

Next, we aim to show that (16) is valid for ¢ = T. We can express:
1
1 R (WO %) F (WO k.
+ exp{yi - [Fa( +1axz) (W xa)]}
< exp{—y; - [Fr (WU, %) — FLi (WY, %)}
< exp{—F,,(W{",%;) + 1}. (22)

10| =
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with the last inequality being a result of Lemma B.8. Additionally, we recall the update rules for %(Hl) nd
(t+1),
G

3yt

t+1 t t ~
f)/](’ ) ](7) nm ZE/( : / ],T’y'L >)yzyl||/'l’||ga

¢ = ZDV o (W &) - Ly = D)2

keN (i)

We define ¢;,; as the final moment ¢ < T™ when Cj(?z < 0.5a.

We can express CJ i as follows:

Fori U — RN tiri) .
Grr =G = L S Dt g o (il 8)) - L = DI

kEN (4)
Iy
- > - Y D! o (W, &) - Ly = DIEN3- (23)
tj,m-<t<T kKEN (i)

Iz

Next, we aim to establish an upper bound for I;:

2 q-1
log(4n?/4) a) o2d

1| < 2qn_1m_1n(maxﬁ§ti;€1) £ 058+ 8n ; 2

< @2'n"t'm o old < 0.250,

where we apply Lemmas B.6 and A.1 for the first inequality, utilize the conditions 8 < 0.1a and 8n Wa <

0.1« for the second inequality, and finally, the constraint n < nm/ (q2q+2aq_202d) for the last inequality.

Second, we bound I5. For t;,; <t < T and yr = j, we can lower bound < W, T, £k> as follows,

R log(4n?/8
w8 > (w0 )+ AL, — s B
2
> 05ﬁ+4p+ a—8n wa
> 0.250,
A(t) 1p—

so and (W', &) > —0.58

.77"’

where the first inequality is by Lemma B.6, the second inequality is by p; ., > 3 P

log(4n?/4)
d

due to the definition of ¢, ; and 3, the last inequality is by 8 < 0.1« and 8n a < 0.1a. Similarly, for

tirs <t< T and y = j, we can also upper bound (w W, T,£k> as follows,

) log(4n2/6
(w §t7),£k> (w ;07)a€k> §t3k+8n %a
2
<0. 55_’_ ,L + 8n Ma
p+s d

< 2a,

where the first inequality is by Lemma B.6, the second inequality is by induction hypothesis ﬁgtil < a, the last
inequality is by 8 < 0.1a and 8ny/ W& <0.1a.
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Hence, we can derive the following expression for I5:

Bl< 30 e Y Dptess(ool(wi )+ 1o (w0 ) Lok = )&
i <t<T keN (i)
< S2IL exp(—at/47)a" o2
< 0.257 exp(—a?/49)
< 0.25T" exp(—log(T*)")«
< 0.25¢,

where we apply (22) for the first inequality, utilize Lemma A.1 for the second, employ the constraint n =
O(nm/(q29 20 ?02d)) in (12) for the third, and finally, the conditions ov = 4log(T™) and log(T™*)? > log(T™)
for the subsequent inequalities. By incorporating the bounds of I; and I into (23), we conclude the proof for (.

In a similar manner, we can establish that 'y](-?;) < a by using n = O(nm/(q2972a%2||p||3)) in (12). Thus,
Proposition B.4 is valid for t = T, completing the induction process. As a corollary to Proposition B.4, we
identify a crucial characteristic of the loss function during training within the interval 0 < ¢ < T*. This

characteristic will play a vital role in the subsequent convergence analysis.

O

C Two Stage Dynamics Analysis

In this section, we employ a two-stage dynamics analysis to investigate the behavior of coefficient iterations.
During the first stage, the derivative of the loss function remains almost constant due to the small weight
initialization. In the second stage, the derivative of the loss function ceases to be constant, necessitating an
analysis that meticulously takes this into account.

C.1 First stage: feature learning versus noise memorization

Lemma C.1 (Restatement of Lemma 5.4). Under the same conditions as Theorem 4.2, in particular if we
choose

n-SNR? - (n(p + 5))9271 > Clog(6/00|||2)229 [41og(8mn,/8)] (1~ 1/2, (24)

Clog(6/a¢l|p][2)2% " m
—2 —
nod | ul|i=a

such that

where C' = O(1) is a positive constant, there exists time Ty =

e max, ’yﬁl) > 2 for j € {£1}.

o |p§t,)l| < ogopy/d/(n(p+5))/2 for all j € {£1},r € m], i € [n] and 0 <t <T.

Remark C.2. In this lemma, we establish that the rate of signal learning significantly outpaces that of noise
memorization within GNNs. After a specific number of iterations, the GNN is able to learn the signal from the
data at a constant or higher order, while only memorizing a smaller order of noise.

Proof of Lemma C.1. Let us define

nmn~toy Yo, 9d= 12 (n(p + s))4=D/2
20+4¢[41og(8mn/§)](a—2)/2

T = (25)

We will begin by establishing the outcome related to noise memorization. Let ¥®*) be the maximum value over
all j,r, i of |p§tzz|, that is, ¥() = man,T-,i{pﬁ,iv _Bg»tz ;- We will employ an inductive argument to demonstrate
that -

0 < go0,0/d/(n(p + 5)) (26)
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is valid for the entire range 0 < ¢ < T,". By its very definition, it is evident that U = 0. Assuming that there
exists a value T' < T;" for which equation (26) is satisfied for all 0 < ¢ < T — 1, we can proceed as follows.

(t+1) < ‘IJ t) _|_ Z D— ‘E
keN( )

< jT’Ek +Zq}(t) 51’ gk _|_Z 517£I;>| ||£1||%
1€ 113 1€ 115

/=1

w0s LY b ( w0 &)+ 2.3 w0, ﬁg’ﬁ’j')-nau%

kEN (i) i'=1
t)+ Z D 1
kEN (i)
/ 0) g ow(®) 4 9. S v . p-l [(€ir, &) ) 2
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<g® 1 (4 /log(8mn/§) - ooopr/d/(n(p + s)))q_1 -207d,

nm

where the second inequality is due to the constraint |£;(t)| < 1, the third inequality is derived from Lemmas A.1
and A.7, the fourth inequality is a consequence of the condition d > 16Dn? log(4n?/ d), and the final inequality
is a result of the inductive assumption (26). Summing over the sequence t = 0,1,...,T — 1, we obtain

v@ < 7. % - (4 V/log(8mn/d) - ogop/d/(n(p + s)))q_l ~20§d
<71t Sa ( log(8mn/d) - aoop/d/(n(p + s)))*~ 2012,d

< 0% d/(n(p+ s))
= 2 b

where the second inequality is justified by T < Tfr in our inductive argument. Hence, by induction, we conclude
that V) < ggo,\/d/n(p+s)/2 for all t < T;".

Next, we can assume, without loss of generality, that j = Let T7, represent the final time for ¢
(

1
within the interval [0,7;"] such that max, ’V1) < 2, given o9 < /n(p+s)/d/op,. For t < Ti,, we have

man,r,i{|P§fl7i|} = O(ogopy/d/(n(p+s))) = O(1) and max, 78 < 2. By applying Lemmas B.8 and B.10,
we deduce that F,l(W(f)17 Xi), FH(WEQ, x;) = O(1) for all ¢ with y; = 1. Consequently, there exists a positive
constant C; such that —E;(t) > (C for all ¢ with y; = 1.

By (7), for t < T3 1 we have

A 00 SO g (w120 - il
nm P
A0 4 0177 )y, pP—s
Z er’”>+yzu Yr) Pt

yi=1
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Denote 'y(t) 7(71 + <w§°2, p) and let A®) = max, ﬁ{tl Then we have

Gin
nm

At+1) > A® L . Z a/(EA(t)) : EHH”%
yi=1
g—1

>A(t)+0177QI|u||§ =A® =
- 4m

2
> (1 + Cungllplly [A(O)]q—25q> A®
4m

q—2 q
> (1 L 0177q(;2m||ﬂ||2 Eq)A(t),

where the second inequality arises from the lower bound on the quantity of positive data as established in
Lemma A .4, the third inequality is a result of the increasing nature of the sequence A*), and the final inequality
is derived from A(®) = max, <w§?2, w) > ool|pl]2/2, as proven in Lemma A.7. Consequently, the sequence A

exhibits exponential growth, and we can express it as

t
A® >< Clﬁqffo M|35q) A
> ST

C
> eXp( 177233_1 ||p‘2f—qt)A(0

Cingod |l pllg =\ oollell2
>exp( S+, =a¢ 9 ,

where the second inequality is justified by the relation 1 + z > exp(z/2) for z < 2 and our specific conditions
on 7 and o as listed in Condition 4.1. The last inequality is a consequence of Lemma A.7 and the definition of
A0 Thus, A® will attain the value of 2 within T} iterations, defined as

_ log(6/00]|pl2)27 "' m
Cingod || p)|3=e

(t)

Since max; 7; ;.

> A® — 1, max, fyfl will reach 2 within T} iterations. Next, we can confirm that

T < nmn_lag_qa;qd_Q/Q(n(p + 5))(a=2)/2

< 20+5¢[41og(8mn/8)](a~D/2 /2,

where the inequality is consistent with our SNR condition in (24). Therefore, by the definition of T} 1, we deduce
that 711 <7y < T;" /2, utilizing the non-decreasing property of 7. The proof for j = —1 follows a similar logic,

leading us to the conclusion that max, fy(_Tf,'T_l) > 2 while 71,1 < Ty < T, /2, thereby completing the proof.
U

C.2 Second stage: convergence analysis

After the first stage and at time step 77 we know that:

(Tl) (0) (T1) | (Tl) (T1) | 3
Wi = Wir ¥ % || G ||€ || Z EACANTHE
2 =1 2 =1

And at the beginning of the second stage, we have following property holds:
® max, q/j( Tl >2,Vj e {£1}.

e max;, ; |Pgr)| < B where 8 = 000,\/d/(n(p+5))/2.
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(®) (t+1) 5 (@)

Lemma 5.1 implies that the learned feature ;. Will not get worse, i.e., for t > Ty, we have that Yir = Vi

and therefore max, fy( ) > 2. Now we choose W* as follows:

Wi, = W;?,? + 2gmlog(2q/e) - j - W
2

While the context of CNN presents subtle differences from the scenario described in CNN [8], we can adapt the
same analytical approach to derive the following two lemmas:

Lemma C.3 ([8]). Under the same conditions as Theorem 4.2, we have that |[W(T) —W* |z < O(m3/?| |5 1).

Lemma C.4 ([8]). Under the same conditions as Theorem 4.2, we have that
WO — W[5 — WD — W% > (2 - 1)nLs(W®) —

forall Ty <t <T*.
Lemma C.5 (Restatement of Lemma 5.5). Under the same conditions as Theorem 4.2, let T = Ty +

(T1) _wW* ~ - ~
{WJ =T, + O(m3n~te Y| pull3?). Then we have max;,; \pgflﬂ| < 26 = goop/d/(n(p+s)) for
all Ty <t <T. Besides,

t *
Z W) W) — W2 €
t7T1+ = (2qfl)7](t7T1+1) 2qg —1
for allTy <t <T, and we can find an iterate with training loss smaller than € within T iterations.

Proof of Lemma C.5. We adapt the convergence proof for CNNJ8] to extend the analysis to GNN. By invoking
Lemma C.4, for any given time interval ¢ € [T7,T], we can deduce that

W — W[5 — [WEHD — W% > (2 — 1)nLs (W) — e,

which is valid for s < t. Summing over this interval, we arrive at

! () — W*|2 + ne(t — Ty + 1)
)y < IW ¥ e 1
> Ls(W®) < TR . (27)

This inequality holds for all 7} < ¢ < T'. Dividing both sides of (27) by (t — T1 + 1), we obtain

W) —w
ZL s) [ i3 + €
t—T1—|—1 (2q—1) t—-T1+1) 2¢-—1

By setting t = T, we find that

r (T1) _ W+||2
T_T1+15:T 2q—1)(T-T1+1) 2¢—17" 291

< €,

WD w3

where we utilize the condition that ¢ > 2 and the specific choice of T'= T7 + { T

J. Since the mean
value is less than e, it follows that there must exist a time interval T} < ¢ < T for which Lg (W(t)) <e.

Finally, we aim to demonstrate that max;, ; |p§t21| < 26 holds for all t € [T}, T]. By inserting T = Ty +

(T1) _ =12
LMJ into equation (27), we obtain

2ne
= oy 2WTD W
> Ls(WW) < = O(n~'m®||ul3), (28)
= (2 —1)n

3/2

where the inequality is a consequence of |[W(T) — W*|| < O(m?/?||u|5") as shown in Lemma C.3.
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Let’s define ¥®) = max; ,.; |p§til| We will employ induction to prove () < 23 for all t € [T}, T]. At ¢t =T, by
the definition of 57 it is clear that U(T1) < B < 23.

Assuming that there exists T' € [T}, T] such that ¥®) < 23 for all t € [T}, T — 1], we can consider t € [T}, T — 1].
Using the expression:

(t+1) _ (t) 1 /()
pj 7 j ri Z D E
keN (i)
: (I (D)
a/<<wg('(,)2a€k> + Z CJ(‘Z?-,i’ ”2 ”k + Z ]7)1 ”é Hg ' ||£z||% (29)
=1 i’ i’=1

we can proceed to analyze:

\I/(t+1)<\11(t)+max{n D 0 &y 1oy g G &Il 42}
= LLAA nm Z | | < J’l‘ Ek? Z H£ H2 ||£z||2

I kEN (i) =1
w®) I/ —11 /()]
+max - keZW)Dk 16"
0) ¢ - — <€i’7€ ’>|
o'<<w§,2,ek>+2w<f>+22W-Dkl > |||s||k €13
ik K eN (k) 12
<0+ e 3 DGO |2 Tormn ) - ca /AT )
keN (i)
—1
4no? - \/dlog(4n2/6) !
P ) . 952
+ (2 + a2d/2 v 20pd
\Il(t)—i-— max Z D, |£/(t)|
kEN (3)

(2 log(8mn/6) - ooop/d/(n(p+s)) + 4 - \I/(t))(k1 . 20’;d.

The second inequality is derived from Lemmas A.1 and A.7, while the final inequality is based on the assumption
that d > 16n2log(4n?/§). By taking a telescoping sum, we can express the following:

g &y 1 Zmax S D e 10(o2d)fr
s=T keN()

()

< g 4 (ond )39t Z max Z D, 16(5
s=T1 kEN (4)
(2i1) T-1
< O 4 O(mm~lold)BI Y Ls(WW)
s=T1

(iv) . .
< U™ 4 O(m?SNR™?)p97!

< B4 Olmn?1(n(p + 5)) ~132)3

(vi) .
< 25,

where (i) follows from our induction assumption that U(®) < 23, (ii) is derived from the relationship |¢'| < ¢,
(ili) is obtained by the sum of max; } ;¢ D' <Y, Kl(-s) = nLs(W®)), (iv) is due to the summation of

Zf:_Tll Lg(W®) < ZZ:Tl Ls(W®)) = O(n~'m?||||2) as shown in (28), (v) is based on the condition nSNR? -
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(n(p+ s)A)q/2_1 > Q(1), and (vi) follows from the definition of 3 = o¢o,+/d/(n(p + ))/2 and O(m2n2/1(n(p +
$))'2/96972) = O(m*n/4(n(p + 5))'~*/4(000,\/d/ (n(p + 5)))* %) < 1.

Thus, we conclude that gD < 23, completing the induction and establishing the desired result. O

D Population loss

Consider a new data point (x,y) drawn from the SNM-SBM distribution. Without loss of generality, we suppose
that the first patch is the signal patch and the second patch is the noise patch, i.e., x = [y - , €]. Moreover, by
the signal-noise decomposition, the learned neural network has parameter:

(0) (t) (t) i
A ||2+Z AT ||2+Z R THTE

i) -

for j € {£1} and r € [m].

Although the framework of MLP diverges in certain nuances from the situation of MLP outlined in [8], we are
able to employ a similar analytical methodology to deduce the subsequent two lemmas:

Lemma D.1. Under the same conditions as Theorem 4.2, we have that max; , |(w ﬁ €)1 <1/2 forall0<t<T,
and i € [n].

Lemma D.2. Under the same conditions as Theorem 4.2, with probability at least 1 — 4mT -
eXp(—C’Q_lao_zop_Qd_ln(p—&— s)), we have that max; . [(w; T,£>| < 1/2 for all 0 <t < T, where Cy = O(1).

Lemma D.3 (Restatement of Lemma 5.6). Let T be defined in Lemma 5.4 respectively. Under the same
conditions as Theorem 4.2, for any 0 < t < T with Ls(W®) < 1, it holds that Lp(W®) < ¢; - Lg(W®) +
exp(—con?).

Proof of Lemma D.3. Consider the occurrence of event &£, defined as the condition under which Lemma D.2 is
satisfied. We can then express the loss Lp(W®) as a sum of two components:

E[¢(yf(WD,%))] = E[L(E)e(yf (WD, %)) +E[L(E)(yf (WD, %))]. (30)

Term I Term Io

Next, we proceed to establish bounds for I; and I5.

Bounding I;: Given that Ls(W()) < 1, there must be an instance (X;,;) for which E(yif(W(t),fci)) <
Ls(W®) < 1, leading to y; f(W® %;) > 0. Hence, we obtain:

exp(—y; f(W, %)) < 2log (1 + exp(—y: f(W, %)) = 20(y: f(W), %)) < 2Ls(W®), (31)

where (i) follows from the inequality z < 2log(1 + z),Vz < 1. If event & occurs, we deduce:

<
~
—~
g
&
B
»
&
|
<
&H
—~
2
.
s
~
\/\

= Z (Wi, &)+ = S 0 (w0, €)

1. (32)

IN

Here, f(W® %)) refers to the input x = [0,%(?)]. The second inequality is justified by Lemmas D.2 and D.1.
Consequently, we have:
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I <E[1(E) exp(—yf (W, %))]
= E[1(&) exp(—y; (W, ()))exp(—yif(W(t),i(Q)))]
<2e-C-E[1(E)exp(—yif(W (t) %! )))GXP(—yif(W(t),iZ@)))]

< 2¢ - E[L(E)Ls(W®))],

where the inequalities follow from the properties of cross-entropy loss, (32), Lemma A.4, and (31). The constant
c1 encapsulates the factors in the derivation.

Estimating /5: We now turn our attention to the second term I5. By selecting an arbitrary training data point
(xi7,yir) with y =y, we can derive the following:

((yf(W %)) <log(1 + exp(F_, (W %))
<1+ F,(WW %)
_ 1 (t) 1 (t)
=1+ Z o((w; . gu)) + - Z o((w5'),.€))
j=—y,r€[m] Jj=—y,r€[m]

- 1 %
SLHF L (Woy %)+ — Y o((w)). )

<24 (Wi E)

m
j=—y,r€[m]

<2+ O((00Vd)")I€] 1, (33)

where the inequalities follow from the properties of the cross-entropy loss and the constraints defined in
Lemma B.8. The last inequality is a result of the boundedness of the inner product with €. Continuing,
we have:

I, < \E[L(€°)] - \/ E[¢(yf (W0, %))’
< VP(E - /4 + O((o0V/dyE] €3]
o) ((M) - polylog(d)l

< exp(—c1n?),

< exp

where ¢; is a constant, the first inequality is by Cauchy-Schwartz inequality, the second inequality is by (33),
the third inequality is by Lemma D.2 and the fact that \/4 + O((ooVd)20)E[||€]59] = O(poly(d)), and the last

inequality is by our condition oy < O(m~=2/(=2n=1) . (g,1/d/(n(p + 5)))~" in Condition 4.1. Plugging the
bounds of I1, I completes the proof. O

E Parallels between our data model and real-world dataset

The citation network (Cora, Citeseer, and Pubmed) employ a bag-of-words feature representation, typically
represented by one-hot vectors, thereby ensuring orthogonality between features. We can conceptually divide
words into two categories: label-relevant and label-irrelevant. For example, words like “algorithm” or “neural
network” are label-relevant to the subject of computer science, while general words like “study” or “approach”
are label-irrelevant. In our SNM, p represents label-relevant features, while £ represents label-irrelevant ones.
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Furthermore, the datasets Wiki-CS, Amazon-Computers, Amazon-Photo, Coauthor-CS, and Coauthor-Physics
[48] also parallels with our theoretical model and we provide the more discussion as follows:

e The Cora dataset includes 2,708 scientific publications, each categorized into one of seven classes, connected
by 5,429 links. Each publication is represented by a binary word vector, which denotes the presence or
absence of a corresponding word from a dictionary of 1,433 unique words.

e The Citeseer dataset comprises 3,312 scientific publications, each classified into one of six classes, connected
by 4,732 links. Each publication is represented by a binary word vector, indicating the presence or absence
of a corresponding word from a dictionary that includes 3,703 unique words.

e The Pubmed Diabetes dataset includes 19,717 scientific publications related to diabetes, drawn from the
PubMed database and classified into one of three classes. The citation network is made up of 44,338 links.
Each publication is represented by a TF-IDF weighted word vector from a dictionary consisting of 500
unique words.

e Coauthor CS (Computer Science) & Coauthor Physics (Coauthor Phy.): The dataset typically includes
features based on the keywords of an author’s papers, and the task is often to predict each author’s research
field or interests based on their publication record and collaboration network.

e Amazon Computers & Amazon Photo: Node features are derived from product reviews, and the classification
task involves predicting product categories based on the co-purchase relationships and review data.

e WikiCS Node features could be derived from the text of the articles, such as word vectors. The classification
task usually involves categorizing articles into different areas or subjects within Computer Science based on
their content and the article network structure.

We have broadened our analysis to include the measurement of cosine similarity between two equal-sized parts of
node features (excluding the final feature for odd-sized representations) across a diverse range of datasets. This
extended analysis bolsters the orthogonality relation posited in our model. The results are presented in Table 1.

Dataset Feature Dimension | Cossin Similarity
Cora 1433 1.57 x 1075
Citeseer 3703 3.99 x 1076
Pubmed 500 2.00 x 1074
Coauthor CS 6805 2.28 x 1076
Coauthor Phy. 8451 1.08 x 1076
Amazon Comp. 767 9.00 x 104
Amazon Photo 745 9.00 x 1074
WikiCS 300 1.00 x 10~*

Table 1: Cosine similarity analysis of node features across various datasets.

F Phase transition in GCN

In Figure 3, we illustrated the variance in test accuracy between MLP and GCN within a chosen range of SNR,
and sample numbers, where GCN was shown to achieve near-perfect test accuracy. Here, we broaden the SNR
range towards the smaller end and display the corresponding phase diagram of GCN in Figure 8. When the
SNR is exceedingly small, we observe that GCNs return lower test accuracy, suggesting the possibility of a phase
transition in the test accuracy of GCNs.

G How to Transform MNIST into a Signal-Noise Data Model

To verify the theoretical study, we used the real-world data MNIST and modified it to align with the theoretical
data model. In particular, we added Gaussian noise to the position of the image border while retaining the
numbers in the middle. The final renderings are shown in Figure 9, where the noise level is chosen as o, = 0.5.
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Figure 8: Test accuracy heatmap for GCNs after training.

Figure 9: Examples of adding noise patch to the numbers in the MNIST dataset.

A similar strategy can be found in [8]. As can be seen from Figure 9, the surrounding noise forms a patch, and
the numbers in the middle form a signal patch. In subsequent experiments, we will separate noise patches and
signal patches.

H Computation Resources

We implement our methods with PyTorch. For the software and hardware configurations, we ensure the consistent
environments for each datasets. We run all the experiments on Linux servers with NVIDIA V100 graphics cards
with CUDA 11.2.

I Broader Impacts

This work focuses on the theoretical understanding of the differences in optimization and generalization between
GNNs and MLPs. The results established for GNNs may be applied to both theoretical and empirical research
on GNNs. Additionally, we do not foresee any form of negative social impact induced by our work.



